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Abstract

A conjecture of the first two authors is that n matchings of size n in any graph
have a rainbow matching of size n — 1. We prove a lower bound of %n — 1, improving
on the trivial %n, and an analogous result for hypergraphs. For {Cj5, C5}-free graphs
and for disjoint matchings we obtain a lower bound of %" —O(1). We also discuss a
conjecture on rainbow alternating paths, that if true would yield a lower bound of
n —+/2n. We prove the non-alternating (ordinary paths) version of this conjecture.
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1 Introduction

Using a common terminology, a family is a multiset, namely elements may repeat. While
the notation for sets uses curly brackets, families are denoted using ordinary parentheses,
so in the notation (a; | i € I) equality may hold between some a;s.

Given a family S = (S1,...,9,) of sets, we write ||S]| for >, [Sil.

For such S, an S-rainbow set (or just “rainbow set” if the identity of S is clear from
the context) is the range of a partial choice function. That is, it is a set {z;;, | 1 <141 <
iy < ... <im <N}, where z;, € S5, (1<j<m).

For integers a, b, ¢, r we write (a,b) —, ¢ if every family of @ matchings in an r-uniform
hypergraph, each of size b, has a rainbow matching of size ¢. If we demand this condition
only for r-partite hypergraphs, we write (a,b) =% c¢. If r = 2 we omit its mention and
write just (a,b) — ¢ and (a,b) = ¢, respectively.

A famous conjecture of Ryser-Brualdi-Stein [8, 14] is that in an n x n Latin square
there exists a transversal (sub-permutation submatrix with distinct symbols) of size n—1,
and that for n odd there exists a transversal of size n. In [1] the first part of this conjecture
was strengthened to:

Conjecture 1 (Aharoni-Berger [1]). (n,n) — n — 1.

In [1] this was conjectured only for bipartite graphs, but there is no counterexample
known also for general graphs. Here are some known facts:
(F1) (n,5n) =" n [5].
(F2) (n,3n+o(n)) = n [9].
(
[

(F3) (2n — 1,n) =¥ n (The Latin rectangle case was proved in [11], the general case in

1]).

(F4) 2n—1 matchings in a bipartite graph, of respective sizes 1,2,3,....,n—1,n,n,...,n
(n is repeated n times) have a rainbow matching of size n. [6].

(F5) Let m > n. Any 2n — 1 matchings of size m have a matching of size m representing
n of them [1].

(F6) (n,n) =F n—/n[15].

(F7) (I2n] = (k+1),m) = n— k [7)

(F8) (3n—3,n) — n [3].

(F9) 2n matchings of size n have a rainbow set with a fractional matching of size n [4].
)
)

(F10) (1 + o(n)) —F n [13].

(F11) n disjoint matchings of size n + o(n) in any graph have a rainbow matching of size
n. [12].
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It was conjectured in [7] and in [1] that (2n,n) — n. This would follow, in particular,
from Conjecture 1.
In r-uniform hypergraphs a greedy argument yields (n,n) —, [%]. We shall improve
this to (n,n) =, 1t + O(3). In the case r = 2, the explicit calculation yields (n,n) —
2

2n — 3. This improves upon the result (n,n) — 2n — o(n), that follows from (F2). When

the graph is {C3, Cs}-free or the given matchings are disjoint, the bound can be improved
to 2n — O(1):
4

Theorem 2.

1. (n,n) — 2n— 4.
[ ——
2. (n,n) —, —2—1=".
2

3. If F=(F,...,F,) is a family of matchings of size n in a {Cs, Cs}-free graph, then

there exists a rainbow matching of size at least %n — %.

4. If F=(Fy,...,F,) is a family of disjoint matchings of size n in a graph, then there
exists a rainbow matching of size at least %n — %.
Theorem 2 is proved in Section 2.

A main tool used in the study of rainbow matchings is alternating paths. For example,
among facts (F1-F10), only for two, (F4) and (F8), there is no alternating paths proof
known (the existing proofs use topology). Often the proof goes through results on rainbow
directed paths. To state the latter, we need some definitions.

Though the graphs we are considering are all undirected, all paths will be assumed
below to be directed. The initial and terminal vertices of a path P are denoted by in(P)
and ter(P), respectively.

Definition 3. Given two sets S, T of vertices, a directed path P is called an S — T-path
if in(P) € S, ter(P) €T, and V(P)N(SUT) = {in(P),ter(P)}.

Definition 4.

1. Let H be a family of (not necessarily distinct or disjoint) sets of paths. A path
is called strongly rainbow if each of its edges is chosen from a path belonging to a
different F' € H.

2. Let M be a matching, and let H be a family of sets of M-alternating paths. An
M-alternating path is called strongly rainbow if each of its non-M edges is chosen
from a path belonging to a different F' € H.

This is “double rainbow-ness”: a rainbow set of edges, one from each path in a
rainbow set of paths.
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3.

Let F = (Py,..., Py,) be an ordered family of directed paths. A directed path P
is called rainbow-monotone (with respect to F) if its edges, as ordered by P, are
(€1,...,em), satisfy e; € E(P;,), where j; < jo < ... < jm.

i

Similar definitions applys to M-alternating paths, where M is a matching, and the
edges referred to in the definitions are the non-M edges.

Here is a list of known facts about rainbow paths. Part (3) was proved in [2], Part (4)
was proved in [5], and the others are taken from [6]. We use the following notation: G is an
undirected graph, M is a matching in G, S, T are subsets of V(G), and Y = V(G)\ (SUT).
In each of these facts we add something fact that was in fact included in the original proof,
without explicit mention - rainbow monotonicity.

Theorem 5.

1.

Let F' be a sequence of (not necessarily distinct) directed S —T paths. If SNT = &
and |F| > |Y| then there exists a directed S — T rainbow-monotone path.

(Corollary of (1)): Let G be bipartite. Let F' be sequence of augmenting M -alternating
paths with |F| > |M|. Then there ezists a rainbow-monotone augmenting M -
alternating path.

nothing In a general graph, if F is a family of augmenting M-alternating paths
with |F| > 2|M| then there ezists a rainbow augmenting M -alternating path. (No
monotonicity claim in this case).

(Strengthening of (1)): Let H be a family of sets of disjoint directed S —T paths. If
SNT =@ and ||H|| > |Y| then there exists a directed strongly rainbow S — T path.
(Recall, | 1|l = X ey [HI.)

The proof in [6] yields a monotonicity, stronger version:

For S, T be as above, any sequence of more than |Y| S — T paths has a rainbow-
monotone S — T path.

(Corollary of (4)): If G is bipartite, M is a matching, H is a family of sets of sets of
disjoint augmenting M -alternating paths and |H|| > | M|, then there exists a strongly
rainbow augmenting alternating path. Again, this is a corollary of a monotonicity
Version.

All these are sharp. For example, the sharpness of (4) is shown by the family H
consisting of the path svjvy. .. vt repeated m times (here S = {s},T = {t}).

The proof of fact (F5) uses strongly rainbow alternating paths. Extending that proof
to general graphs will require proving the following:

Conjecture 6. Let G be a graph and let M be a matching in G. Let H be a family of
sets of disjoint augmenting M-alternating paths in G. If ||| > 2|M| then there exists a
strongly rainbow augmenting M-alternating path.
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Let us show how this conjecture implies (n,n) — n—v/2n. Let F, ..., F, be matchings
of size n in a general graph. Let M be a maximal size rainbow matching. We claim that
|M| > n — +/2n. Assume for contradiction that |M| < n — /2n. For every i € I we
have |F;| — |F| > v/2n, implying that MAF; contains a set H; of /2n M-augmenting
alternating paths. Let H = (H;, i € I). Then ||H|| > 2n > 2|M|, and by the conjecture
there exists a strongly rainbow M-augmenting path P. Then M AP is a strongly rainbow
matching larger than |M]|, a contradiction.

Our second main theorem is the ordinary (non-alternating) path version of Conjecture

6 — a possible first step.

Theorem 7. Let the vertex set of an undirected graph be partitioned into two sets, S,Y .
Let H be a family of sets of paths, each consisting of disjoint S — S paths. If ||H|| > 2|Y|
then there exists a strongly rainbow S — S path.

This is sharp, as shown by the following construction. Let S = {u,v}, and let Y =
{1, -, ym}. Let H consist of 2m families F, ..., Fom, each F; consisting of a single path
F;, where F; = uwy1ys . .., ynv for t < m, and F; = vy, Ym_1-..,y10 for m < i < 2m.

We shall prove a monotonicity version:

Theorem 8. Let S,Y be as above, and let F be a sequence of 2|Y |+ 1 S — S directed
paths. Then there exists a rainbow-monotone S — S directed path.

Theorem 8 implies Theorem 7. Given a system of sets of disjoint directed paths
H = (Hi,...,Hy), order |JH so that all paths in H; appear before all paths in H;
whenever ¢ < 7. A rainbow-monotone path is then clearly strongly rainbow.

In Section 3 we shall give two proofs for Theorem 8. They are quite different, and
may point at two possible proof strategies in the conjectured alternating paths case.

Remark 9. Since the submission of this paper, the following beautiful results have been
proved by Correia, Pokrovskiy and Sudakov [10]:

(a) (n,n) = n—o(n),
(b) (n,n+o(n)) — n.

Part (b) is easily seen to imply part (a). Interestingly, the authors prove (a), and give
a general probabilistic construction showing that (a) implies (b).

2 Proof of Theorem 2

2.1 Definitions and lemmas

Definition 10. Two sets of edges, A, B are orthogonalif |aNb| = 1 for every a € A,b € B.

The following lemma is (up to niceties) a well-known fact, usually expressed as “there
do not exist n mutually orthogonal Latin squares of order n”.
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Lemma 11. Let My, M, ..., M; be mutually orthogonal matchings in an r-uniform hy-
pergraph, where My = {h} and |M;| =1 for 1 <i<t. Thent <r.

Proof. Let e € My and let u € e\ h. Since the edges in M; meet e at distinct vertices,
each M;, 2 < i < t, contains an edge e; meeting h at u. Orthogonality implies that the
edges e;, 2 < i < t, meet h at distinct vertices in & \ e, and hence their number ¢ — 1 is
at most |h\ el =1r—1. O

The proofs of all four parts of Theorem 2 start the same way. Let F = (F},..., F},)
be a collection of matchings of size n in an r-uniform hypergraph (in the last three parts
of the theorem r = 2). Let R be a rainbow matching of maximal size, say q. Let G be
the collection of matchings in F not represented in R.

Given G € G and e € R we say that e is G-wasteful if either (1) e meets at most r — 1
edges from G (meaning e is not using its full hitting potential with respect to G), or (2)
there exists an edge ¢ € G meeting both e and another edge f € R (meaning e is not
essential for hitting g). For an edge e € R let T'(e) be the set of matchings G € G for
which e is non-G-wasteful. By the definition of “wastefulness” the following holds:

(¥x) G € T(e) if and only if there exist r edges in G intersecting e and not intersecting
any other edge of R.

For a matching G € G let T be the set of edges e € R such that G € T'(e). Write
tHG) = |T°|.

Lemma 12. |T'(e)| < r for every e € R.

Proof. Suppose there are r + 1 matchings in T'(e). For each G € T'(e) let G, be the set
of edges of G meeting e. Then G, is a matching of size r orthogonal to e. By Lemma 11
there exist A, B € T(e) such that A., B, are not cross-intersecting, meaning that there
are a € A, and b € B, such that aNb = @. Since A, B € T(e), a and b do not intersect
any edge in R\ {e}. Then RU{a,b} \ {e} is a rainbow matching, and it is larger than R,
contradicting the maximality of R. O

Lemma 12 implies

D IT(e) < ra. (1)

e€ER

2.2 Parts (1) and (2) of Theorem 2

Given t = t((), the maximal size of G is attained when the edges in R\ T are arranged

in pairs, so that the two edges in each pair meet at most 2r — 1 distinct edges of GG, and

the last edge, if it exists (namely if R is odd), meets at most » — 1 additional edges of G.
Since |J R is a cover for GG, this implies

1 1
n=|G|<Tt+(q—t)(7“—§)=qr—§(q—t)-
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So, t > 2n—2qr+q. Summing up over all G € G and changing the order of summation,

we get

DT @)=Y 1T = (2n = q(2r = 1)|G] = (20 — q(2r = 1))(n — q).

eER Geg

Combining this with (1) yields

(2n —q(2r —1))(n —q) < rq.

Jun

3

Claim 13. ¢ > 295
3

Proof. Rearranging (2), we get
(2r — 1)¢®> — (n+ 2rn +7)q + 2n* < 0.

Solving for ¢, we have ¢ > ¢, where

n+2rn+r—/(n+2rm+r)2—82r—1)n2

n= 202r — 1)

Let
A=(n+2rm+r)?—82r—1)n?
=n*(4r? — 12r + 9) + n(4r* + 2r) + 1

be the discriminant in (3). Completing A to a square entails

2r? 2
A <n?(2r —3) +2n(2r° + 1) + (; +;> :
r —

implying that

2r +r
A<n2r—3 =n2r—3 2
VA < n(2r )+2r—3 n(2r —3) +r+ to 3
Thus
_n+2rn+r—\/z
"=
n+2rm+r—n2r—3)—r—2— 32
>
2(2r — 1)
1 3
I T T
=
This shows ) 5
n_—_
g > 2~ Fe
=3

The claim entails Part (2) of Theorem 2. Part (1) follows upon plugging in r = 2.
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2.3 More definitions

For the proofs of parts (3) and (4) of Theorem 2 we need additional definitions. For a
matching G € G, we say that a pair of edges {e, f} in R is half-G-wasteful if there are
three edges ge, g7, gey € G satisfying the following:

e g. intersects e and no other edge in R,
e g intersects f and no other edge in R, and
® g.s intersects both e and f.

We also say then that each of e and f are half-G-wasteful. Denote by HW (e) the set of
all G € G for which the edge e € R is half-G-wasteful. Let W be the set of edges e € R
such that G € HW (e), and write w = |[W|.

Let B be the bipartite graph with respective sides G and R, in which G € G is adjacent
to e € R if and only if e € HW(G). Then

D IHW(e)| =) degg(e) = |E(B)|. (4)

e€ER ecR

Let Ng(e) be the neighborhood of e € R in the graph B.

The maximal size of G' € G is attained when the edges in R\ (T%UW?Y) are arranged
in triples, so that the three edges in each triple meet at most four distinct edges of G.
Since |J R is a cover of every G € G, we have

3 4
n:|G|<2t+§w+§(q—t—w),

implying 3n — 4¢q < 2t + 5. Summing over all G € G we obtain

237 T(0) 4 5 3 [HW ()| = ST+ W)

e€ER e€ER Geg (5)
> (3n —4q)|G] = (3n — 4q)(n — q).

2.4 Part (3) of Theorem 2

Assume the conditions of Part (3) of Theorem 2 hold, namely that there is no C3 or Cj
in Uiy Fi-

Lemma 14. |T'(e)| = 1, hence Y .5 |T(e)| < gq.

Proof. Assume G, H € T'(e). Let g,¢' € G and h,h' € H be edges intersecting e and not
any other edge in R, such that g, h meet at the same vertex of e. Since the graph contains

no triangles, the set (R\ e)U{g, h'} is a rainbow matching of size g+ 1, contradicting the
maximality of R. O
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Lemma 15. Let f € R and g., gy, gey € G be edges witnessing the fact that G € HW (e).
Suppose G' € G, G # G', and there exists g, € G' intersecting e in one vertex and not
intersecting any other edge in R. Then g.N g, Ne # &.

Proof. We have to show that g. and g, meet e at the same vertex. If not, then since the
graph contains no triangles, the set (R \ €) U{ge, g.} is a rainbow matching of size ¢ + 1,
contradicting the maximality of R. O]

Lemma 16. ) . |HW(e)| < 2gq.

Proof. By (4) it is enough to show |E(B)| < 2q.

Claim 17. Let G1,Go € G and e, f € R. If (e, f) is a half-wasteful pair for both Gy, G
then degg(e) = 2.

Proof of the claim. Clearly, degg(e) > 2 since G1,Go € Np(e). Assume to the
contrary that Np(e) contains G3 € G so that G5 # G, Go. Then by Lemma 15 the edges
in G, G5, G3 that meet only e intersect at the same vertex of e. Since the graph does not
contain Cj, this implies that the edges in G, G5 that meat both e and f coincide.

Let a € GGy be an edge meeting only f in R, let b € G5 be an edge meeting e, f in R,
and let ¢ € G5 be an edge meeting only e in R. Note that a,c do not intersect since the
graph contains no C5. Replacing e, f in R with a,b, ¢ we obtain a rainbow matching of
size ¢ + 1, a contradiction. O

Let D ={e € R | deggp(e) > 3}.
Claim 18. For every e € D there exists a subset S(e) C R with the following properties:

1. 1S(e)| = degs(e).
2. For every f € S(e), degp(f) = 1.
3. S(e)NS(f) = whenever e, f € D and e # f.

Proof of the claim. Let e € D and write d = degg(e). Let Ngp(e) = {G1,...,Gq},
and let f1,..., fa € R be edges such that (e, f;) is a half-G;-wasteful pair. Let S(e) =
{fiso s fa}-

To prove (1), we have to show that f; # f; if i # j. Indeed, if f := f; = f; then
(e, f) is a half-wasteful pair for both G;,G;, implying by Claim 17 that deggz(e) = 2,
contradicting the fact that e € D.

To prove (2), we show that degg(f;) = 1 for every i. First, G; is adjacent to f; in
B, showing degg(f;) > 1. Assume for contradiction that there exists G € G, G # G}, so
that f; is also a half-G-wasteful edge. Let j € [d] so that G; # G;, G (such j exists since
d > 3). Let a € Gy, b € G; be edges meeting only e in R. Let ¢ € G; be an edge meeting
both e, f;. Let d € G; and g € G be edges meeting only f in R. Then by Lemma 15, a,b
meet e at the same vertex and d, g meet f at the same vertex. Since the graph contains
no C, this implies that b c = cN g = @. Since the graph contains no C5, we have also
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bNg = &, implying that (R \ {e, f}) U {b,c, g} is a rainbow matching of size ¢ + 1, a
contradiction.

To prove (3), let e # f € D and suppose h € S(e) N S(f). Let Gy € HW (e, h) and
Gy € HW(f,h). Since G is a matching G; # Go. Let G3 € Np(e) so that G5 # Gy, Gs (it
exists because degp(e) > 3). By Lemma 15, the edges in GG, G meeting only h intersect
at the same vertex of h. Let b € G5 be an edge meeting only h in R, let a € G; be an edge
meeting e, h, and let ¢ € G3 be an edge meeting only e in R. Again, aNb=aNc=2
for otherwise we have a C3, and bN ¢ = & for otherwise we have a Cs5. Then like before,
replacing e, h in R by a, b, ¢ results with a larger rainbow matching, a contradiction. <

For i = 1,2 let U; = {e € R | degg(e) = i}, and let U3 = D = R\ (U; UUy). For
i € [3] let E; be the set of edges in B adjacent to a vertex in Uj.
By Claim 18 |E3| < |Uy| = |E4|. Therefore,

3 3
|E(B)| =) _|E| <2|Ei| + |Ea2| <2) Ui < 2g.

i=1 i=1
This completes the proof of the lemma. O

Combining (5) with Lemmas 14 and 16 we get
(3n —4q)(n — q) < 3¢,

entailing (using similar calculations to those in Claim 13) ¢ > 3 — 2. This completes the
proof of Part (3) of the theorem.

2.5 Part (4) of Theorem 2

Assume the conditions of Part (4) of Theorem 2 hold. That is, the matchings Fi, ..., F,
are pairwise disjoint.

For e € R, let E. be the set of edges g € |JHW (e) intersecting e and no other edge
in R.

Lemma 19. Suppose e € R has degg(e) = 3. Then all the edges in E, intersect e at the
same vertex (i.e., (1E.Ne # &).

Proof. Write e = wv. Let G1,G9,G3 be three distinct matchings in HW(e), and let
gi € G; be an edge intersecting e and no other edges in R. It is enough to show that
g1, 92, g3 meet e at the same vertex. Assume ¢, go meet e at v, and g3 meets e at u. Since
G, Gy are disjoint, g; # g9, and thus g3 cannot meet both g; and gs. Say ¢ Ng3 = @.
Then the set (R \ e) U {¢1,93} is a rainbow matching of size ¢ + 1, contradicting the
maximality of R. O]

Let D ={e € R | deggp(e) > 5}.

Lemma 20. For every e € D there ezists a subset S(e) C R with the following properties:
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1. |S(e)| > %ept@),
2. For every f € S(e), degp(f) < 2.
3. Ife,f € D and e # f, then S(e) N S(f) = 2.

Proof. Let e € D and write d = deggp(e). Let Ng(e) = {G1,...,Gq}, and let fi,..., fs €
R be edges so that (e, f;) is a half-G;-wasteful pair. Let S(e) = {fi1,..., fa}.

To prove (1) it is enough to show that there do not exist three indices j, k, ¢ € [d] such
that f; = fr = f,. Assume for contradiction that such j, k,¢ exist, and let f := f; =
fr = fo. Fori e {j,k, L}, let g, g%, g¢p € Gi be edges witnessing the fact that (e, f) is a
half-Gy-wasteful pair. By Lemma 19, g/ NgFNg‘Ne # @, implying ggf F‘lgff ﬂgﬁf Ne # .
Since the edges gg e gff, g s meet also f, at least two of them must be equal, contradicting
the fact that the matchings are pairwise disjoint.

To prove (2), let f € S(e) and assume degp(f) > 3. Let H € HW (e, f), with edges
he,hf, hey € H witnessing this fact. Let G, G" € HW (f) be two matchings different than
H. By Lemma 19, all the edges in £y meet f N Ay, and all the edges in £, meet e N h,.
In particular, no edge in Ey U E, intersects h.y.

Let g € EfyNG and ¢ € EfNG'. Then g,¢ are distinct. Since degg(e) > 4,
E.\ (HUG UG") contains at least one edge. Thus there exist edges a € {g,¢'} and
be E.\ (HUG UG") such that a,b do not intersect. Replacing e, f in R with a,b and
heg, we get a larger rainbow matching, a contradiction.

To prove (3), let e # f € D and suppose h € S(e) N S(f). Let A € HW (e, h) and
B € HW(f,h). Since A, B are matchings, A # B. Let a.,an, ., € A and by, by, by, € B
be edges witnessing A € HW (e, h) and B € HW (f, h), respectively. By Lemma 19, all
the edges in . meet e at the same vertex, and all the edges in E; meet f at the same
vertex.

Split into two cases.

Case 1: The edges a;, and by, intersect h at the same vertex.
Since |E. \ {ae, be}| = 2 there exists an edge in ¢ € E, \ {a,, b.} not intersecting b,. Thus
(RU {bp, acn,c}) \ {e, h} is a larger rainbow matching, a contradiction.

Case 2: The edges a;, and by, intersect h at two different vertices.
In this case aep, by, do not intersect, and clearly, no edge in .U E intersect either ap, or
bn. Since deggp(e),degp(f) = b, there exist edges ¢ € E. \ {ae,b.} and d € Ef \ {ay,bs}
so that {c, d, acp, bsy} is a rainbow matching in G. Thus (R U {c, d, acn, bsn}) \ {e, f, h} is
a rainbow matching of size ¢ + 1, a contradiction. O]

Lemma 21. ) . |HW(e)| < 4q

Proof. For i € [4] let U; be the set of edges in R of degree ¢ in B, and let Us = D. For
i € [5], let E; be the set of edges in B adjacent to a vertex in U;. By Lemma 20 we have,

| Es| < 2(|U1] + [Ual).
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Therefore,
4 5
[EB)| =Y |E] <Y ilUi] +2(1Ui| + |Us]) <4 ) |Ui] < 4q.
i=1 i=1 i=1
This completes the proof of the lemma. O
Combining (1), (5) and Lemma 21 we get

(3n —4q)(n — q) < 6q,
3n 9

implying ¢ > = — 5 and proving Part (4). This completes the proof of Theorem 2.

Question 22. Does there exist a function f(r) such that (n,n) —, n — f(r)?

3 Two proofs of Theorem 8

For a rooted tree GG and a vertex v on it let Gv be the path on G from the root to v. The
tree G is called rainbow-monotone if the directed path Guv is rainbow-monotone for every
v € V(G). For a forest F whose components are rooted trees and a vertex v € V(F),
we write Fv for the path Gv, where G is the component of F containing v. Similarly,
vG denotes the sub-tree of G rooted at v. If K, L are trees sharing a vertex v, we denote
by KvL the edege-wise union of the path Kv and the tree vL. This definition does not
imply that KvL is a tree, but in our applications it will be.

First proof of Theorem 8. Inducting on i, we grow trees T;(s) rooted at s for every s € S
and i < m. At each step we shall denote by Y} the set of vertices y € Y that are reached
by precisely k trees T;(s) (k > 0).

The inductive construction will maintain two conditions:

1. Y/ =0 for all k > 2, and

2. T;(s) is rainbow-monotone for every s € S.

For the base, i = 0, let To(s) = (s), a single-vertex tree, for every s € S. Condition
(2) is obvious, and (1) is true since Y =Y and Y = & for every k > 0.

Suppose T;(s) have been defined for all s € S, and that they satisfy (1) and (2). Let
in(Py1) = p and ter(Piy1) = q. Let X = V(T;(p)) UY?2 Then p € X. Since q € S
we may assume that ¢ € V(T;(s)) for any s # ¢, since otherwise the path T;(s)q is the
desired path.

So, there is an edge zy € E(P;;1) such that z € X, y ¢ X.

Case I x € V(T;(p)). Define then T;11(p) = Ti(p) U {zy} (it is a tree since y & T;(p))
and T;,1(s) = T;(s) for all s # p.

Case Il x € Y2\ V(T;(p). Since y ¢ Y%, there exists r € S (possibly r = p) for which
v € V(T(r)) and y & V(T(r)). Then defining T (r) = T3(r) U {zy} and Toos(5) = Ti(s)
for all s # r maintains the inductive assumptions.

Since at each of the m steps we are adding a vertex in Y to the trees, and since no
vertex in Y appears more than twice, m < 2|Y|, as desired. O
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The second proof is longer, but less of a hocus-pocus. It uses part (5) of Theorem 5.
We give it here since it may contain ideas relevant to Conjecture 6, the alternating paths
version of the theorem.

Second Proof of Theorem §. First - a blueprint, which will then be given a rigorous for-
mulation.

Assume that there is no rainbow-monotone S — S path. We grow inductively rainbow-
monotone forests JF;, each consisting of trees T;(s) rooted at s, for all s € S. We also
keep track of sets W;(t) of paths for each t € S. These are “temporarily wasted” paths,
namely paths not adding an edge to F;. A “wasted” path in W;(¢) will be used at the
end of the procedure to find a rainbow-monotone path ending at t.

Let Fy consist of the single vertex trees (s), s € S, and Wy(t) = & for every t € S.

The inductive step: If there exists an edge xy € F(P;y1) such that x € V|[F;] and
y & V[F;] choose one such edge and add it to F; to form F;1. If not, let F;,1 = F; and
let W1 (ter(Pit1)) = Wi(ter(Piy1))U{Pis1}, and Wiy (t) = Wi(t) for every t # ter(Piyq).

Each non-wasted path P; adds a vertex of Y to V[F;]. Hence the number of such paths
is at most |Y|. To get the desired inequality m < 2|Y|, it suffices then to show that the
number of wasted paths is at most |Y|. This will follow from:

(W) < |VI[T,(t)]\ {t}| for every t e S.

To see this, assume |W,,,(t)] > |V [T (t)] \ {t}|. Contract V \ V[T,.(t)] to a single
vertex z. Let );, i < m consist of the part of the path P; contained in V[T, (t)], and let
P! be a path in the contracted graph, defined by E(P/) = E(Q;) U {z in(Q;)} (namely,
@Q; with z appended to its initial vertex). Then by part (5) of Theorem 5 there is a
rainbow-monotone path (with respect to the paths P!) from z to ¢, which can then be
extended (by uncontracting z) to a rainbow-monotone s — ¢t path for some s # ¢.

A rigorous argument performs both types of steps together. We use the “wasted”
paths as we go along, instead of waiting till the end of the process.

Below we use the symbol ¢ to mark the conclusion of an intermediate step in a proof.

We construct inductively. for j < m, non-decreasing (containment-wise) disjoint trees
T;(s), s € S, and non-decreasing forests Z;(s), s € S.

The inductive construction will maintain the following properties.

(P1) At each step precisely one Tj(s) or one Z;(s) grows, meaning that it is added a
vertex from Y, not met as yet.

(P2) The tree Tj(s) is rooted at s € S, and V(T;(s)) N V(T;(s")) = @ whenever s # 5.
(P3) The union 7; of the trees Tj(s), s € S, is a forest.

(P4) For s € S, the forest Z;(s) is the union of rooted trees, having a special form: each
tree in Z;(s) has its root r in V(G;(s’)) for some s’ € S, s’ # s, and its other
vertices in V' (T;(s)). We denote such a tree by Z;(s, ).
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(P6) At each step a new vertex from Y is added either to 7; or to Z;(s) for some s € S.

(P7) Edges are added to Z;(s,r) for i > j only after the path 7,;r terminating at r has
been constructed.

(P8) The forests 7; and Z;(s) are rainbow-monotone.

(P9) If two trees, U € Z;(s1) and W € Z;(s2) meet, where s; # s, then they share only
one vertex, which is the root of at least one of them.

(The secret wish of the trees in Z;(s) is to reach s. If fulfilled, the path in 7;7Z;(r, s) going
from the the root s’ of the tree in 7; containing r to s, will then be a rainbow S — .S path.)
Combined, these properties yield:

Claim 23. The path T;r does not meet V(Z;(s,r)) \ {r}, hence TjrZ;(s,r) is a tree.

Having introduced the protagonists of the proof and their intended inductively pre-
served properties, let us describe the inductive construction. The preservation of the
properties (P1)-(P8) will be mostly easy to validate - we comment only on those that are
not obvious. Let G0y consist of the singleton trees (s), s € .5, and let Z)(s) = @ for
every s € S. Suppose G; and Z;(s), s € S, have been defined; let j© = (k,4) be the index
following j in the lexicographic order, and let P = P}. We shall use P to extend either 7;
or Z;(s) for some s € S, maintaining monotonicity. Below we assume, for contradiction,
that such an extension is not possible.

Claim 24. V(P) C V(T;).
If not, the first edge on P leaving V(7;) could be added to 7;. &
Claim 25. The forests T;, as well as the trees T;rZ;(s,r), are rainbow-monotone.

Proof of the claim. In the construction we go over the paths PF one by one. When an
edge e from PF is added, it is at the top of a tree. When we get to Pf , J > 1, we cannot
put an edge from it right after e, because P* and ij are vertex disjoint. So e will be
put on top of a path in a tree, that consists of edges from P! for ¢ < k. This explains
the monotonicity of both 7;(s) and Z;(s,r). By (3) it follows that their concatenation

TirZ;i(s,r) is also rainbow-monotone. &
Claim 26. If s € S then s € V(Z;(s)).

Indeed, if s € V(Z;(s,r)) then the path T;rZ;(s,r)s terminating at s is a rainbow-
monotone S — S path. &

Let t = ter(P). By Claim 26, t € V(Z;(t)). Let v be the first vertex on P that belongs
to V(G;(t)) \ V(Z;(t)), and let u be the vertex preceding it on P. We now add the edge
uv to the forest Z;(t). There are two possible cases.

Case I. u € V(G(t)). Then the edge uwv is added to the existing tree in Z;(t)
containing wu.
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Case II. u ¢ V(G,(t)). It is possible that u has been used already as a root of a
tree Z;(t,u) in Z;(t). In this case we add the edge uv to Z;(t,u). Otherwise, a new tree
Zj+(t,u) is created in Z;+(t), consisting of the single edge uv.

Note that in any of these cases Z;(t) is enlarged by the addition of the vertex v.

Since each step uses one path P; and since at each step either a rainbow S — .S path

emerges, or one of the forests 7; or Z; annexes a vertex of Y, it follows that m < 2|Y/,
as desired. O
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