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Abstract

We introduce H-chromatic symmetric functions, Xg , which use the H-coloring
of a graph G to define a generalization of Stanley’s chromatic symmetric functions.
We say two graphs G1 and G2 are H-chromatically equivalent if X g1 =X g2, and use
this idea to study uniqueness results for H-chromatic symmetric functions, with a
particular emphasis on the case H is a complete bipartite graph. We also show that
several of the classical bases of the space of symmetric functions, i.e. the monomial
symmetric functions, power sum symmetric functions, and elementary symmetric
functions, can be realized as H-chromatic symmetric functions. Moreover, we show
that if G and H are particular types of multipartite complete graphs we can derive
a set of H-chromatic symmetric functions that are a basis for A™. We end with
some conjectures and open problems.

Mathematics Subject Classifications: 05E05

1 Introduction

In this paper we introduce a new variation on chromatic symmetric functions: the H-
chromatic symmetric functions, XX. The original chromatic symmetric functions, Xg,
were defined in 1995 by Stanley [15] using the colorings of a graph G to label the inde-
terminates in a symmetric function. The variation we define employs the H-colorings of
a graph G, using H to restrict the colorings of G and thus produce a different symmetric
function.
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Stanley’s original paper produced two main conjectures, neither of which has been
fully solved although significant progress has been made (e.g. [7], [8], [11], [13], [14]). The
first concerned e-positivity of clawfree, incomparability graphs. The second concerned
the uniqueness of chromatic symmetric functions for trees. We take inspiration from the
second of these and look at uniqueness results for H-chromatic symmetric functions. We
can approach this from two angles and the two overarching questions are:

1. Given a fixed graph H, do there exist two graphs, G; and G5, such that Xgl = XgQ?

2. Given a fixed graph G, do there exist two graphs, H; and H,, such that Xgl = Xg2?

With respect to the first question we introduce the term H-chromatically equivalent and
say that two graphs Gy and G are H-chromatically equivalent if X = X/ . At the end
of this section we detail the individual questions and results we explore.

The concept of a H-coloring has been well-studied in graph theory, particularly from
a complexity angle (one of the classic papers in this area is [9]). Informally, given a graph
H and a coloring of H, a H-coloring of a graph G colors the vertices of GG using the colors
on H while respecting the adjacencies in H. Formally, let ¢ be a labeling (i.e. an injection
on the vertex set) of H. A proper (H,¢)-coloring of G is a map k : V(G) — ¢(V(H))
such that v; ~g vy implies ¢~ (k(vy)) ~g ¢~ (k(v2)). We say that G is H-colorable if
there is a labeling of H, ¢, such that there is a proper (H, ¢)-coloring of G. We define
our H-chromatic symmetric functions as follows:

Definition 1. Let G, H be two graphs and n be the number of vertices in H. Let
V(G) = {v1,vq,...,v}. Then,

wg = Z Z'xﬁ(m) co LTg(vg)s
1) K

where ¢ ranges over all labelings ¢ : V(H) — [n] of H and x ranges over all proper
(H, ¢)-colorings, is a symmetric polynomial in indeterminates 1, xs, ..., x,. Therefore,
wl extends naturally to a homogeneous symmetric function of degree k. We denote this
symmetric function by X, and call it the H-chromatic symmetric function of G.

Note that it might have been tempting to define the H-chromatic symmetric function
as >, > [[j=1 Tu(v;), where ¢ ranges over all possible labelings ¢ : V(H) — N, x ranges
over all possible (H, ¢)-colorings, and V(G) = {vy,vs,...,v,}. However, unless we re-
strict the colours allowed for H, this definition will, in general, result in possibly infinite
coefficients. A simple example that demonstrates this is G = K; and H = K5, in which
case the term z; appears infinitely many times.

When n > k, Xg" is simply a scalar multiple of Xs. In contrast to the ordinary
chromatic symmetric functions, the H-chromatic symmetric functions may sometimes
vanish-—namely, when G is not H-colorable. It is natural to define XZ = 0 in that case.
When H has a loop, however, then X}/ never vanishes. While we could confine ourselves

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(1) (2022), #P1.28 2



Figure 1: Example of a H-chromatic symmetric function: 8x1x§m3 + 81’%1’2%’3‘1‘ lexzxg +
8x3xs +8x5x35 + 8riri + .

to simple H’s, we will discuss a specific type of non-simple graph in Section 6.

Throughout the paper we will address the following specific questions:

Given a pair of non-isomorphic graphs G, G, does there exist H such that X gl +
X ?(Yes, Corollary 23, Section 3.2)

Given a set of (mutually non-isomorphic) graphs G, what is the smallest size of a set
of graphs H such that for any Gy, G, € G, there exists an H € H with X§ # X4 ?
(Section 4)

Given a fixed complete bipartite graph H, and two non-isomorphic graphs Gy, G,
what is the easiest way to determine whether G; and Gy are K,, ,-chromatically
equivalent? (Section 5)

Given a pair of non-isomorphic graphs, GG1, G2, what are conditions that guarantee
51 St . : :
X = X", where S) |, is the star graph on n+1 vertices (n > 2) with an extra

loop at its center? (Section 6)

What is the description of a set of H-chromatic symmetric functions that is a basis
for A™, the space of symmetric functions of degree n? (Section 7)

If G is the star graph S, are the H-chromatic symmetric functions unique? (Yes,
up to degree sequences, Proposition 73, Section 8)

If G is fixed, is it possible to find a set of H-chromatic functions that is a basis for
A™? (No, Proposition 74, Section 9)

As we said at the beginning of this introduction, there are two overarching questions
to consider, one where we fix H and consider when Xgl =X gZ, and one where we fix G

and consider when Xg =X 52. In fact, the majority of the problems we consider in this
paper are in the first category. Among our results, those that involve determining when

Hy
XG

= XgQ, or related problems, are Results 12, 4347, 51, 70-73, and 74. A possible

avenue for future work would be to consider more widely when Xgl =X gQ.
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The paper is organized as follows. Section 2 provides background definitions both
from graph theory and symmetric function theory. Section 3 introduces the fundamental
concepts specific to H-chromatic symmetric functions and establishes a selection of general
results. Section 4 explores constructing a single H that distinguishes all graphs in a set
G. Section 5 considers questions about H-chromatic symmetric functions where H is a
complete bipartite graph. Section 6 looks at uniqueness questions when H is an augmented
star graph—a star graph with an extra loop at its center. Section 7 provides a basis for
A,, using H-chromatic symmetric functions defined by complete multibipartite graphs.
Section 8 builds on Section 7 and furthers our investigation into H-chromatic symmetric
functions where H is complete bipartite, in particular, the star graph. We close in Section
9 with possible future directions of research.

2 Background

We will first recall some standard notation and concepts that will be useful later. See
2] and [12] for background details on graphs. A (undirected) graph consists of a vertex
set V(G), an edge set E(G), and an incidence relation 1) that maps each edge to an
unordered pair of vertices. These two vertices are called the endpoints of the edge. An
edge is called a loop if its two endpoints are the same. A graph has parallel edges, also
known as multiple edges, if there are two or more edges between the same two vertices in
the graph. A graph is called simple if it has no loops or parallel edges. When G is a simple
graph, we sometimes omit its incidence relation, and denote the edges (u,v) directly by
their endpoints.

The number of vertices in a graph G is |V| = |[V(G)]|, and the number of edges is
|E| = |E(G)|. Two vertices vy,v2 € V(G) are said to be adjacent, written vy ~¢g vg, if
they are the endpoints of an edge in E(G). The degree of a vertex v, written deg(v), is
the number of terminal points of edges incident with v. Therefore, a loop contributes 2
to the degree of a vertex. A graph G' = (V(G'), E(G'),v¢ ) is a subgraph of a graph G =
(V(G), E(G),ve) if V(G') C V(G), E(G") C E(G), and Yo = Ye|E(G"). An induced
subgraph G' of G is a subset of vertices in G paired with any edges from G whose endpoints
are in this subset. More specifically, given a graph G = (V, E'), an induced subgraph, H,
on the vertex set V' C V has vertex set V'’ and edge set E' = {(4,7)|(i,7) € (‘;/) NE}. A
graph G is said to be H-free if H is not an induced subgraph of G.

Given two graphs G, H, we say G is isomorphic to H if there exists a pair of bijections
¢:V(G)—=V(H),0: E(G) — E(H), such that for every e € E(G), ¥¢g(e) = (u,v) if and
only if ¥y (0(e)) = (¢(u), d(v)). We call such a pair of bijections an isomorphism from G
to H. When G, H are both simple, an isomorphism can equivalently be represented by
a single bijection ¢ : V(G) — V(H) such that ¢(u) ~g ¢(v) if and only if v ~¢ v for
every u,v € V(G). We shall also call such ¢ an isomorphism. An automorphism of G is
an isomorphism from G to itself.

Let G = (V,E,1g) and X C V. The coboundary of X, denoted by 0X, is the set
{e € E | exactly one endpoint of e is in X}. A graph G is said to be disconnected if there
exists a non-empty proper subset of IV whose coboundary is empty. Otherwise, G is said to
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be connected. A connected component, or sometimes simply component, of G is a maximal
(under set inclusion) connected subgraph of G. Two graphs are disjoint if their vertex sets
(and edge sets) are disjoint. Let Gy = (V4, By, ¢q, ), Go = (Va, Es,1¢,) be two disjoint
graphs, their disjoint union, denoted by G W Gy, is the graph (V; W V,, By W Ey, Y wa, ),
where g, wq, is the map whose domain is F1WEy and Vg, wa, | E1 = Ya,, Yawa, | Er = Ya,-

Let G = (V,E,¢¢) and X C V. We say X is an independent set of G if the vertices
in X are mutually non-adjacent and say X is a clique if the vertices in X are mutually
adjacent. A complete graph on n vertices, denoted by K, is a simple graph on n vertices
whose entire vertex set is a clique. An edgeless graph (or null graph) on n vertices, denoted
by N,, is the graph on n vertices whose edge set is empty. A cycle of size n, denoted by
C,, is a connected graph on n vertices such that every vertex has a degree of 2. (So C is
a single loop.) A path of size n, denoted by P,, is C,, with an edge removed.

We say that a graph is bipartite if its vertices V' can be partitioned into two independent
sets, V1 and V5. A simple graph is complete bipartite if it is bipartite such that every vertex
in V) is adjacent to every vertex in V5. We denote by K,; the complete bipartite graphs
whose two parts contain a,b vertices, respectively. A star graph on (n + 1) vertices,
denoted by 5,1, is the complete bipartite K, ,. We call the vertex of degree n the center
of the star, and the rest the leaves. A complete n-partite graph is a simple graph whose
vertex set can be partitioned into n independent sets, such that there is an edge between
any two vertices that are not in the same independent set. A graph is cyclic if it contains
at least one subgraph that is a cycle. Otherwise, it is acyclic. A forest is an acyclic graph.
A tree is a connected forest.

Let G = (V,E,vq) be a simple graph. The complement of G, denoted by G, is
G = (V,(}) \ E). That is, given u # v, (u,v) € E(G) if and only if (u,v) ¢ E(G).

Let G = (V, E,¢¢) be a graph. A proper coloring, or sometimes simply coloring, of a
graph is a function x : V' — N that satisfies x(u) # k(v) if u ~ v. In this definition, we
do not require u # v. Hence, a graph with a loop can never have a proper coloring. The
chromatic number of G, denoted by x(G), is min{|x(V')| | x is a proper coloring of G'}.

Let G = (V(G),E(G),v¢),H= (V(H), E(H),¥n) be two graphs. A labeling of H is
an injective function ¢ : V(H) — N. Let ¢ be a labeling of H. Recall from Section 1 that
a proper (H, ¢)-coloring of G is a map k : V(G) — ¢(V(H)) such that v; ~g vy implies
¢ H(k(v1)) ~u ¢ (k(vg)). When we have a known fixed labeling ¢, we sometimes omit
it and write just H-coloring. We also use H-coloring as a name of the subject, even if no
labelings may have been presented. This will be the main subject of this paper. We shall
remark that we do not require G, H to be simple graphs. For example, when H contains
a loop, then a proper H-coloring may assign the same color to two adjacent vertices in
G. In particular, a proper coloring is not always a proper H-coloring.

We say that A = (Ay,..., Ax) is a partition of a positive integer n, written A\ - n, if
A is a list of weakly decreasing positive integers whose sum is n. We refer to each \; as
a part. The function r;(\) gives the number of parts of A equal to i. The length of this
partition is denoted by [(\) := k. Let s : V(G) — N be a coloring. Let k; be the number
of vertices that are colored by i. If we arrange the non-zero terms in {k;};en in weakly
decreasing order, we will obtain a partition of n, where n is the number of vertices of G.

ot
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We call this partition the type of k.

Symmetric functions, f(x), are formal power series in infinitely many variables, z =
(21,2, ...), that are invariant under permutations of the subscripts. See [10] or [16]
for background on notation and terminology for symmetric functions. The terms of a
symmetric function are referred to as monomials. A symmetric function is said to be a
homogeneous symmetric function of degree k if the sum of the powers of each monomial
is equal to k. The space of homogeneous symmetric functions of degree k is denoted
AF, and the graded vector space A = & ,AF is the space of symmetric functions. Let
A = (A1, A2, ..., A)) be a partition of k. The monomial symmetric functions are defined
by

A A
mA = DT Tl Tl
where o varies over all [-tuples of positive integers. The set {m, | A F k} is a basis for
AF.
Other classical symmetric functions are the elementary and power sum symmetric
functions:

€n — m(ln) = E Ly LijgLig =+ Ly s
11 <12<...<in

Do =My = T}

i1

and

respectively. For k < 0, we define p, = e, = 0, and py = ¢y = 1. Then we can define

€\ — 6)\16)\2 s 6)\1
and
Px = DxiPxg " - PN

for partition A - n. The Schur functions are defined as:
S\ — det(€)\;,i+]’),

where i, 7 € {1,2,...,1} and X is a conjugate partition of a given partition A = (A1, ..., ;).
In 1995, Stanley introduced a generalization of the chromatic symmetric polynomial
of a graph—the chromatic symmetric function. We will recall its basic definition. For a
more in-depth cover refer to his original paper, [15].
Let G = (V, E,¥) be a (not necessarily simple) graph. Let V = {vy,vq,...,v,}, we
define chromatic symmetric function of G by

XG = ZI,{(Ul)IH(UQ) <o Li(vy)

where the sum ranges over all proper colorings of G. Throughout this paper, we will refer
to Stanley’s chromatic symmetric functions as “ordinary chromatic symmetric functions”.
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In this paper, we will mostly be concerned with simple graphs, although we will look at
graphs with loops in some later sections. From now on, unless otherwise stated, whenever
we say graphs, we always mean simple graphs.

Throughout this paper, the multinomial coefficients

( n ) _ n!
ny,Ng,y ..., Nk nl'ng'nk'

will be used for several times, where n = _;_ n;. For notational cleanness, however, we

require only that n is greater than or equal to Z?Zl n; and we interpret that

( ) ) 5
ni,Na, ..., N nilng! . ngln —ny —ng — ... — ny)!

3 H-chromatic symmetric functions

Before we explore the properties of H-chromatic symmetric functions we will introduce
some additional concepts. As in Definition 1, computing the H-chromatic symmetric
functions requires considering all labelings ¢ : V(H) — [n]. The total number of possible
labelings is n!, which grows rapidly as n — oco. Nevertheless, the following Lemma allows
us to compute X} using only one labeling.

Lemma 2. Let H be a graph on n vertices with an arbitrary fixed labeling ¢. Suppose
G is a graph on k wvertices, and X = (A1, Aa,..., N) F k. Let dy denote the number of
(H, ¢)-colorings of G of type \. Then,

o
Xo = g CAy,
Ak I\ <n

where
d)ﬂ’b!

C\ = n .
(7”1 ()\),rg()\),...,rk(/\))

Note that n > Zle ri(A) and we recall the convention of writing multinomial coefficients
introduced in Section 2.

Proof. Since each labeling ¢ of H induces the same number of (H, ¢)-colorings of type A,
there will be dyn! terms of type A in wl, where wf is defined in Definition 1. To compute
the number of distinct monomials of type A in indeterminates 1, x», ..., z,, we choose
r1(A) from the n indeterminates and assign them degree 1, and then 75(\) from the rest of
(n—r1()\)) indeterminates and assign them degree 2. This process is done sequentially for

Jj =1,2,...,k, where in each iteration, r;(\) indeterminates are chosen from the remaining
(n— 3721 r;(\)) and assigned degree j. Therefore, there will be (m(/\) ()i (3 ) distinct

monomials of type \. Hence, ¢, is the coefficient of any particular monomial of type A in
wl. The conclusion follows from the definition of X}. O
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In light of Lemma 2, it is convenient to define the n-augmented monomials as follows.
We include the n in the name to distinguish from the augmented monomials used by
Stanley [15].

Definition 3. Given a number n € N and a partition A - k with [(\) < n, we define the
n-augmented monomial my by
n!
(Tl()\),rg()\),..,,rk()\))

Suppose G, H are graphs on k,n vertices, respectively. Clearly, when k is less than
or equal to n, the set {m4y}, is a basis for A¥. When k > n, the only non-vanishing
monomials in XZ must have type of length no larger than n. Therefore,

X € span{my}rrri0)<n = span{mi}yxi(n)<n-

Therefore, we can always write X2 uniquely as Y, ()<n dym?. In the rest of this paper,

when we write XZ =3, , dym?%, we always assume dy = 0 for every [(\) > k, although
m% has not been formally defined. Lemma 2 says d is the number of (H, ¢)-colorings of
G of type A for any fixed ¢.

It is worth mentioning the caveat that the transformation between my and m} is not
uniform over all A\. For example, if we write X = ", cxmy = Y, dym?, then it is not
true in general that cy,/dy, = cy,/dy, for any pair of partitions A;, Ay - k. Furthermore,
if we have ny,ny > [(\), then

P D DY) IR CTy (V) LI
S S S IR N A PV I

This relation, albeit elegant, is seldom used in the rest of this paper.

A natural question is whether we can actually obtain H-chromatic symmetric functions
that are not ordinary chromatic symmetric functions? Indeed, we can. To see this,
we observe that an ordinary chromatic symmetric function of degree k always contains
the monomial mx). By containing the monomial mx) we mean that if we write the
symmetric function in terms of the monomial basis, the coefficient of m;xy is non-zero.
On the other hand, every monomial m, can be written as a multiple of a H-chromatic
symmetric function, as the following proposition shows.

Proposition 4. Given a partition X\ = (A, Ae,..., N) F k, denote by K, the complete
l-partite graph whose parts contain A1, \o, . .., \; vertices, respectively. Then,

K, !
Xy, = Ullmj.
Note that in particular, if A = (n), then

K
Xy = M)
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Given Lemma 2, the proof of Proposition 4 is obvious, and thus omitted. We shall see
a stronger version of the above proposition in Section 7.

In the setting of ordinary chromatic symmetric functions, we have the property that
Xewe, = X, Xa, [15]. This is, however, not true in general for H-chromatic symmetric
functions when we fix a H. The easiest example to show this is G; = Gy, = H = Kj,
in which case X X/ contains the monomial m, 1), whereas X ,., does not. Another
nice property that holds for ordinary chromatic symmetric functions but not H-chromatic
symmetric functions is the weighted deletion-contraction result. To formulate the exact
statement the notion of weighted chromatic symmetric functions will be useful, which we
will not introduce here. Interested readers should refer to Crew and Spirkl’s paper for a
detailed discussion [4]. The main difference in H-colorings is that a proper H-coloring
of G\ (u,v) that colors u,v differently is not necessarily a proper H-coloring of G. On
the other hand, if we replace H-coloring by ordinary coloring, then the implication in the
previous statement will hold, and is a key observation used in the proof of the weighted
deletion-contraction result for ordinary chromatic symmetric functions.

In the previous paragraph, we see that there is very little we can say when G is written
as a disjoint union of its components. When we consider the connected components of
H, there is a simple but useful result. The restriction here is that G has to be connected.

Proposition 5. Let G, Hy, Hs, ..., H; be connected graphs, and H = @;:1 H;. Letnj =
\V(H;)| and n = |V(H)|. For each 1 < j <, we write ng =S s AMY. Then,

XG = C)\m)\’
A=k

where ¢y = S, ¢l

Jj=1

Proof. Fix a labeling ¢ on H. Since G is connected, we can only use one component of H
to color G. Hence, the number of proper (H, ¢)-colorings of G is the sum of the number
of proper (Hj, ¢jv(u,))-colorings of GG. The conclusion follows from Lemma 2. m

3.1 Some fundamental H-chromatic equivalence and uniqueness results

In this subsection, we deal with problems involving situations when H-chromatic sym-
metric functions of two graphs GG; and G5 for a fixed H are not equal. We explore results
pertaining to when X # X .

Definition 6. We say that two graphs G; and G, are H-chromatically equivalent if
and only if Xg1 = ng' We note that this is an equivalence relation that partitions
the set of graphs into equivalence classes. Elements in the same equivalence class are
H-chromatically equivalent to each other.

Definition 7. We say that a graph G is H-chromatically unique in a set of graphs S if
there is no graph Go € S such that X = XJ .
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Proposition 8. If two H-colorable graphs G, and G5 differ in the minimum number of
colors needed to H-color them or the maximum number of colors that can possibly H-color
them, they cannot have the same H-chromatic symmetric function.

Proof. Suppose two H-colorable graphs GG and G differ in the minimum (resp. maximum)
number of colors needed to H-color them. Suppose Xg1 = Z/\akk Cr, M, - Let By pin (TeSp.
Ry maz) denote the minimum (resp. maximum) number of colors needed to H-color Gj.
Then there exists some Mg, s Mg, such that \,,, Aaj have length Ay min (resp. i maz)-

Suppose ng = ZAM Cax,M, - Let homin (resp. homar) denote the minimum (resp.
maximum) number of colors needed to H-color Ga. Then there exists some my, , M,
such that Ay, Ap; have length hgnin (resp. hamaz). Without loss of generality, suppose
hl,min < h2,min or hl,mam < h2,mam-

If himin < homin O Rimaz < homaes, then My, Ty s TN, - - will span monomial
symmetric functions corresponding to partitions with length hgpin 01 ho e, but not
those of length Ay i and Ry e

If the two graphs differ in the minimum (resp. maximum) number of colors needed
to H-color them, then when we write X/ and X/ as linear combinations of monomial
symmetric functions whose partitions correspond to viable H-colorings, we would see
terms corresponding to partitions of different lengths so X, 511 and X, 512 cannot possibly be
the same. O

Corollary 9. Suppose Gy and G are both H-colorable, 1i.e. Xgl,Xg2 are non-zero. If
G 18 bipartite and G5 is not bipartite then G, and Gy cannot have the same H -chromatic
symmetric functions.

Proof. GGy is 2-colorable, whereas G5 is not. Applying Proposition 8 above gives us our
result. O

Proposition 10. Let H be a non-edgeless graph. Suppose Bi is a connected bipartite
graph such that V(By) is partitioned into two disjoint sets Vi, V. Suppose Bs is a con-
nected bipartite graph such that V(Bs) is partitioned into two disjoint sets Wy, Wy. Sup-
pose {|V1|, |Va|} # {|W1|, |[Wal|}, i.e. the bipartitions of By and By are not the same. Then
By and By are not H-chromatically equivalent, i.e. Xgl #* XgQ.

Proof. Suppose we color By with two colors such that |V;] vertices are colored the same
color and | V| vertices are colored another color. We then have a partition Ay = (|V1], |V2|)
that corresponds to 2-coloring B;. Consider a similar partition Ay = (|W;], |[Ws|) that
corresponds to 2-coloring B;. Now the bipartition of a connected bipartite graph is
unique, so its 2-coloring is unique up to switching colors. It follows that these are the
only partitions corresponding to 2-coloring B; and By. The partitions of length 2 that
correspond to 2-coloring B; and Bs are not the same, so the corresponding my’s in X {3{1
and X 52 are not the same. Hence X {,5’1 and X 52 cannot possibly be the same. O

Remark 11. We note that disconnected bipartite graphs can have non-unique biparti-
tions. So the analogue of Proposition 10 for non-connected graphs G, G, would involve
comparing the set of possible bipartitions of graphs G, Gs.
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Proposition 12. Let Hy and Hy be two graphs that both have k wvertices, but different
number of edges. Suppose the number of edges in Hy is given by |E(Hy)| and the number
of edges in Hy is given by |E(Hy)|. Let G be a complete bipartite graph on at least two
vertices. Suppose G is Hy-colorable and Hs-colorable, i.e. XHl,Xg2 are non-zero. Then
X0 £ x5

Proof. Let G = K, ,, for some m,n. Consider the coefficient of the k-augmented mono-
mial m’(“m ny- The number of ways of coloring GG using two colors, which must by definition
be adjacent in H; and Hs, is equivalent to counting the number of edges in each of H;

and H,. If |E(Hy)| # |E(H3)|, then they will generate different coefficients of m'(“mvn).
And since they are on the same number of vertices, then X, gl and X, gQ will have different

coeflicients for m’(“mm) . O

Corollary 13. Suppose H is a non-edgeless graph. The star graph is H-chromatically
unique in the set of connected graphs.

Proof. Suppose we partition the vertices of the star into two sets, V; and V5. The star Sy
is the only connected bipartite graph that corresponds to the case where |Vi| = 1, |V3| =
k — 1. From Proposition 10, the star is not H-chromatically equivalent to other bipartite
graphs. Similarly, Proposition 8 implies the star is not H-chromatically equivalent to
non-bipartite graphs. O]

Corollary 14. Suppose a graph H can be used to H-color the complete graph K,, i.e.
X}L(In #0. Then, K, is H-chromatically unique in the set of connected graphs.

Proof. K, is the only n-partite graph on n vertices. All other graphs with n vertices are
colorable with n — 1 colors. So applying Proposition 8 gives us our result. O]

In fact, this idea of H-chromatic uniqueness can be made even stronger.

Proposition 15. Consider a finite set of graphs {G;} with corresponding H -chromatic
symmetric functions {Xg]} Suppose each graph G; has k; vertices. Suppose we write

each ng in the form ng = Z,\ng cxjmy. If each Xge written in this form contains
a my term (with fized partition and nonzero coefficient cy,) that the other H-chromatic
symmetric functions in the set {ng} \ Xge do not have, then the functions in the set

{ng } are linearly independent.

Proof. Since the monomial symmetric functions {m,} form a basis for A, the monomial
symmetric function m,, cannot be written as a linear combination of other monomial
symmetric functions {m,, } where A\, # ;. O

Corollary 16. Suppose we write some non-zero X4 as follows:

Xg: E [SXUSN
A=k
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If G is H-chromatically unique in a set S due to having a component my (with nonzero
coefficient) that no other H-chromatic symmetric function of a graph in S has, then X}
cannot be written as a linear combination of other H-chromatic symmetric functions of
graphs in S. Note that this is a stronger condition than H-chromatic uniqueness.

Proof. This follows from Proposition 15. O]

Corollary 17. Suppose H is a non-edgeless graph. The set of H-chromatic symmetric
functions for connected bipartite graphs on the same number of vertices with different
bipartitions s linearly independent. Let B;; denote a bipartite graph with bipartition
{i,j}. Suppose i +j=n. Then {ng}i:l,...,gj,j:n—i is linearly independent.

Proof. Apply Proposition 10 and Proposition 15. O]

Corollary 18. The H-chromatic symmetric functions for graphs with different number
of vertices are linearly independent. Consider a finite set of graphs {G;} with G; having
1 vertices and corresponding H-chromatic symmetric function Xgi. Suppose each G; is
H-colorable, i.e. each Xgi is non-zero. Then {ng ? 1 15 linearly independent.

Proof. Apply Proposition 15. O]

Corollary 19. The set of H-chromatic symmetric functions for graphs with the same
number of vertices but different chromatic numbers is linearly independent. Consider
a finite set of graphs {G;} with G; having chromatic number i and corresponding H -
chromatic symmetric function ng,. Suppose each G; is H-colorable, i.e. each Xgi 18
non-zero. Then {Xg * 1 18 linearly independent.

Proof. Apply Proposition 8 and Proposition 15. O

Corollary 20. Suppose H is a graph such that an n-vertex star graph S,, and an n-vertex
complete graph K, are H-colorable, 1i.e. XSI{L,XII}'H are non-zero. Then Xé{t and Xgn
cannot be written as a linear combination of H-chromatic symmetric functions of other
connected graphs.

Proof. Apply Proposition 13, and Corollaries 14, 16. The H-chromatic symmetric func-
tion of the star S, is the only H-chromatic symmetric function of a n-vertex connected
graph that contains the term m; ,,—1) when written as a linear combination of monomial
symmetric functions my. The H-chromatic symmetric function of a complete graph K,
is the only H-chromatic symmetric function of a n-vertex connected graph that has no
monomials with partition length less than n. O]

Note that even though these results on H-chromatic equivalence and H-chromatic
uniqueness are true for cases where GG, H are simple graphs, if we allow H to have a loop,
then Propositions 8, 10, and Corollaries 9, 13, 14, 17, 19, 20 fail. If H were a graph
with just one vertex and a loop, then we could H-color all the vertices in some graph G
the same color. Thus GG would have the same H-chromatic symmetric function as other
graphs with the same number of vertices as G.
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3.2 Automorphisms of G and X}

We know that two non-isomorphic graphs can have the same chromatic symmetric func-
tions [1, 15]. Given a H, can we always find two non-isomorphic graphs having the same
H-chromatic symmetric function? The answer is affirmative: indeed, if H has n vertices,
then any graph with a chromatic number larger than n will have a H-chromatic symmetric
function of 0. A more interesting question is the following problem:

Problem 21. Given a pair of non-isomorphic graphs G, G, can we always find a H such
that X # X[ 7

To answer this question, it will be instructive to note that the coefficient of mxy in
XH is closely related to the number of automorphisms of G.

Proposition 22. Let G, H be two graphs and Xt = Z/\HV(G)‘ c,\m|/\V(H)|. Then,
caviony = S(G, H) |[Aut(G)],

where S(G, H) is the number of (not necessarily induced) subgraphs of H that are isomor-
phic to G and Aut(G) is the set of automorphisms of G.

Proof. We define an embedding of G into H to be an injective map ¢ : V(G) — V(H)
such that u ~g v implies ©¥(u) ~p ¥(v). Given each embedding 1, we can obtain a
subgraph of H isomorphic to G by letting the vertex set be ¥(V(G)) and the edge set
be {(¢¥(u),¥(v)) | (u,v) € E(G)}. We denote this graph by ¥(¢). In particular, ¥(v)) is
isomorphic to GG. Conversely, given a subgraph H’ of H that is isomorphic to G, and let
W V(G) — V(H’) be an isomorphism. Then, we claim that ® := {¢po¢ | ¢ € Aut(G)} is
exactly the set of embeddings whose image under W is H'. It is clear that every element
in ® is an embedding whose image under ¥ is H’. Conversely, let ¢ be an embedding
of G into H and that ®(¢/) = H'. Then, ¢! 04’ is an automorphism of G, so ¢ € ®.
Hence, the total number of embeddings of G into H is S(G, H) |Aut(G)].

Now, we count the number of embeddings of G into H in another way. If we fix a
labeling ¢ of H, then given an H-coloring of G of type (1V(@)) it corresponds naturally
to an injection from V(G) to V(H), and it is an embedding by the definition of an H-
coloring. Given an embedding 1, if we use the ¢(¢)(u)) to color u, then we will get
a proper H-coloring. Hence, cav@ly is the number of embeddings of G into H, and
cav@ly = S(G, H) |Aut(G)]. ]

Corollary 23. Let G, Gy be two non-isomorphic graphs on ki, ky vertices, respectively.
Then,

1. If we write XGE = Z)\Hﬂ ckmil, then, cqryy s the number of automorphisms of Gy.

2. Let ng =D arw Cax. Then, cary = 0 if either ky > ky or k1 = ky and |E(Gh)| =
|E(Ga)l.

3. There exists a graph H such that X # X .
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Proof. The first claim is immediate from Proposition 22. The second claim is obvious
when k; > ko. When k; = ky and |E(G1)| = |E(G2)|, G2 cannot possibly contain an
subgraph isomorphic to G; and the conclusion follows from again from Proposition 22.
To prove the third claim, without loss of generality, we may assume the assumptions in
the second claim holds. (Otherwise, interchange G7 and G5.) Now let H = G5 and use
the first two statements. O]

Corollary 23 answers the question that we posed before Proposition 22. In fact, we
can say even more. In the next section, we will show that given finitely many graphs
G1,Go, ..., G, there exists a H such that Xgi #* ng for every 7 # j. The constructive
proof will be heavily based on Proposition 5 and Corollary 23. We now formalize these
discussions.

4 Graph distinguishers and uniform distinguishability of graphs

As shown in the previous section, given any two non-isomorphic graphs Gy, Gs, there
exists an H such that Xg1 #* XgQ. In this section, we look at a generalization of this
problem.

Problem 24. Given a set of (mutually non-isomorphic) graphs G, what is the smallest
size of a set of graphs H such that for any G1,Gs € G, there exists an H € H with
X§ #XE?

Let us give such a ‘H a name and introduce additional terminology.

Definition 25. Let G be a set of (mutually non-isomorphic) graphs. A set of graphs
H is called a G-distinguisher if for any G1,Gy € G, there exists an H € H such that
Xgl #+ ng. The graph G is said to be finitely distinguishable if there exists a finite
G-distinguisher. The graph G is said to be uniformly distinguishable if there exists a
G-distinguisher that contains exactly one graph.

Clearly, uniform distinguishability implies finite distinguishability, and the results in
the last section shows that G is uniformly distinguishable if |G| = 2 and, consequently, G
is finitely distinguishable if G is finite. To extend these results, we will have to construct
new H’s. When both G and H are sets of connected graphs, Proposition 5 seems a useful
tool. We introduce a lemma which shows we can assume a finite distinguisher consists
only of connected graphs.

Lemma 26. A set of connected graphs G is finitely distinguishable if and only if there
exists a finite G-distinguisher that consists of connected graphs only.

Proof. Suppose H is a finite distinguisher of G. Let H' be the set of all connected compo-
nents of graphs in H. Let G1,G> € G be given, and let H € H be such that XF # XZ .

Let Hi, H), ..., H; be its connected components. By Proposition 5, there must be an
H' H

H} such that X,/ # X,7. So H' is a finite G-distinguisher. The other direction is

obvious. ]
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Before we write down the main result in this section we will introduce a final piece of
terminology.

Definition 27. Let G and H be two sets of graphs. We say that G is uniformly bounded
with respect to H if the set

Cl={cl,|GegHeN X =Y cdml"}
V(O]

is bounded.

In particular, when G, H are finite, then G is uniformly bounded with respect to H.
We shall also remark that when G is uniformly bounded with respect to a finite set H,
then it is clear that G is also uniformly bounded with respect to H', which is defined in
the proof of Lemma 26.

Proposition 28. Let G be a set of connected graphs. Suppose there exists a finite G-
distinguisher H, and G is uniformly bounded by H. Then, G is uniformly distinguishable.

Proof. By Lemma 26 and the remark before this proposition, it is safe to assume that
H = {Hy, Hs,...,H} is a finite G-distinguisher that consists of connected graphs, and
that G is uniformly bounded by H. Let N € N be an upperbound of C& as in Definition
27. Now, set

l
H:=H(2N)y H;,
j=1

where nG = WJ_,G is the graph obtained by taking the disjoint union of n copies of G.
We claim that {H} is a G-distinguisher.

Let G1,G2 € G be given. We may assume |V (Gy)| = |[V(G2)|, for otherwise the
degree of Xgl and that of XgQ are different. Note also, in particular, that in order
for H to be a G-distinguisher, it is clearly not the case that Xgl = ng = 0. We write
Xgll => aL,\m‘)\V(Hi)l and Xg; => bz-7,\m‘)\v(Hi)|. By Proposition 5, Xgl => a)\ml)\V(H)l
and XJ =3, by ! where ay = ZgZI(QN)jaj,,\ and by = 22‘21(2]\[)%@/\-

We let m be the smallest number such that {H,,} is a {G1, G2 }-distinguisher, and let
A be such that a,,  # by, x. Then,

m m

0< ) (2N)Yajn— Y (2N)b;

j=1 j=1
= |(2N)mam7)\ — <2N)mbm7>\|

=2MmN™ ]am,,\ — bmy)\‘

< 2MN™HL
But Z;:mH(QN)jaM — Zé’:mH(QN)jbj«\ is a multiple of 2" N™*+1 So ay — by cannot
possibly vanish. Hence, X& # X& . O
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As remarked before, when G, H are both finite, G is uniformly bounded with respect
to H. Hence, we have the following corollary.

Corollary 29. Any finite set of connected graphs G is uniformly distinguishable. Equiva-
lently, for any k € N, the set {G | |V(G)| < k, G is connected} is uniformly distinguish-
able.

Proof. The second claim follows from the first one and the fact that there are finitely many
(connected) graphs with no more than k-vertices up to isomorphism. To show the first
claim, let G be a finite set of connected graphs. Then, there exists a finite distinguisher
of G by Corollary 23. Hence, G is uniformly distinguishable by Proposition 28 and the
remark before this corollary. O

In the previous discussions, we always assume that G is a set of connected graphs. Of
course, a result that generalizes to arbitrary graphs will be more desirable. It turns out
that the assumption that G contains only connected graphs in Corollary 29 is unneces-
sary. To remove this assumption, we will need to use a somewhat different strategy. In
particular, we will be looking at the coefficient of m ). Hence, instead of Proposition 5,
the key tool here is Corollary 23.

Proposition 30. Any finite set of (not necessarily connected) graphs G is uniformly
distinguishable.

Proof. Given a set of graphs G, and let H = {Hy, H,, ..., H;} be the set of all connected
components of graphs in G with isomorphic copies being identified. Without loss of
generality, assume the graphs in ‘H are indexed with respect to the following two rules:

1. If i < j, then |V (H,;)| > |V (H,)|;

2. 1ti < j and |V(H,)| = |V(Hj), then |E(H,)| > |E(H)|.
Therefore, by Corollary 23, a graph in H is not colorable by any other graph that comes
after it in H.

Now we construct an H we claim is a distinguisher of G. Let C; be the maximum

number of connected components of a graph in G, Cy := max{|V(H;)|}'_,, and C5 be the

number of non-negative integer-valued vectors of length [ whose sum of the entries are
no larger than C;. Let Cy be the maximum number of proper H-colorings of G of type
(1V(@I) one can obtain if G € G and H is a graph with at most C,C, vertices. Clearly,
C; (1 < j < 4) are all positive integers. Define {M;},_; C N recursively as follows.

1. M1 = 0304 + Cl + 1;
2. If j > 2, then M; = C5Cy(T[1Z; M,)“* + C.

Hence, we have Cy = M7 < My < --- < M;. Now, we set

l
H = H M;H;,
j=1
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and we claim that H is a distinguisher for G.

Suppose G1,G2 € G. Since H contains an isomorphic copy of each graph in G, every
graph in G is necessarily H-colorable. Thus, it is safe to assume that k := |V(G;)| =
V(G2)|. If we write X =", oz,wn'/\v(H)| and X =", b,\m‘)\V(H)‘, then it suffices to
show that axy # bry. We note that a := a(xy is the number of proper H-colorings of Gy
of type (1¥). Suppose G has m components H;,, Hj,, ..., H;, , where j; < jo < - < jim.
Then, GGy can be associated naturally with a vector of length I, p(G1) := (p1,pa,---, 1),
where p; is the number of isomorphic copies of H; in ;. Now, we can obtain a proper
H-coloring of type (1*) if we choose p; copies of H; from H to color the p; copies of H; in
G1. This is always possible since M; > C) for every 7, and it will give us ngl(aj)pf Pg J
colorings of type (1*), where «; is the number of automorphisms of H; and Pr2 is the
standard notation for the number of permutations that represents the number of ways to
choose and permute n; items from ny distinct items:

ne . TLQ!
P2 = —(n2 It
We can similarly define p(Gs) = (¢1, ¢2, - - ., q) and obtain Hé.:l(ozj)qj quyj such colorings
of type (1¥). We shall now study the two vectors p(G;) and p(Gs).

Given two vectors s = (s1, S2,...,8),t = (t1,t,...,t;), we say that s is reverse domi-
nated by t, and write s <g t, if and only if s # t and if N is the largest number for which
Sy # ty, we have sy < ty. We shall also allow >z, <g, and > to be defined naturally.
Suppose s <p t and > s;,> t; < C. Let N be the largest number for which sy < tx.
We have sy < tny < C;. Therefore,

RAI\/][N o MN' (MN—SN)!
P%N a (MN—tN)! Mp!
> My — sy
> MN—Cl
N-1

= 0304(1_[ M)

=1

Hence, we have

Lo Py P TLL R

j=1"1; j=1
[T, P PO TIL P
A | iy
s Gl e
> CsCa(I1 ' My
B D o
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In particular, szl Pt]]\_Jj > C5C, Hé‘:1 Ps]yj > H§'=1 PSJE./[]'.

Clearly, p(G1) # p(G2), and without loss of generality, we assume p(G;) <g p(Ga). We
shall prove that a(x) < H§:1 quy 7 < szl o P(g/[ 7 < byry. The only non-trivial inequality
is the first one. As a first step we will show the following:

= Y &ﬁ(ﬂfj)

v=(v1,v2,...,vy)  J=1 J

l
< 2 aller
j=1

v=(v1,v2,...,07)

where v ranges over all non-negative integer-valued vectors whose sum is no more than

m and (3, is the total number of 62:1 v;Hj-colorings of type (1¥) of Gy, and that all

l

components in H, := 4 ;—1 v;H; are used in the coloring. To see this, we write

l

m l

> oAI()-X X aI())

v=(v1,02,...,v7)  j=1 J s=1 (|v\:s ) j=1 J
v=(v1,v2,...,U;

where |v| = 22':1 v;. On the right-hand side, the first sum controls the number of
components in H that we use to color G, which shall never be larger than m. The second
sum controls which (up to isomorphism) component and how many of it we choose. There

are Hé’:1 (]ZJ ) ways we can obtain these components from H, and (3, gives the number of

colorings of type (1*) using these components.

As we have noted before, in order to have a proper Hj-coloring of type (1|V(Hji) ) of
H;,, we must have that j is less than or equal to j;. Hence, suppose v = (v1,v2,...,v;)
>r p(G1) and let N be the largest number for which vy > py. The v; components of
H, in H, can only be used to color the p; components of H; in G;. It then follows from
induction that for any j > N, the v; components of H; in H, can only be used to color
the p; components of H; in G;. Now, at least one component of Hy in H, cannot be used
to color any component in G;. Consequently, 5, = 0. Hence,

l
Q(1k) < Z ﬁv H P{)];/[]
j=1

v=(v1,v2,...,01)

l

M,

<o Y IR
v=(v1,02,...,v7) G=1

v <g p(G1)
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l
< 04Cs H PM;

pj
Jj=1

l

M,

< H qu g
Jj=1

Hence, X§ # XE.. O

Before we look into the next topic, we remark that, in general, one shall not expect
that an infinite set of graphs is uniformly distinguishable, even if we assume that G only
contains connected graphs. Indeed, if the chromatic numbers of graphs in G are not
bounded from above, then for any H, there must be infinitely many graphs in G that are
not H-colorable. This argument leads to the following result.

Proposition 31. Let G be a set of graphs, and suppose {x(G) | G € G} is not bounded.
Then, G is not finitely distinguishable.

5 Kji, k,-chromatic symmetric functions

It is clear that the benefit of discussing H-chromatic symmetric functions over ordinary
chromatic symmetric functions is our ability to vary H. On the other hand, we have seen
in Section 3 that, for a general H, the H-chromatic symmetric functions do not inherit
many nice properties from the ordinary chromatic symmetric functions. Nevertheless,
many interesting results can be found by considering specific choices of H. By doing
so, we can actually find explicit expressions for the coefficients in the monomial basis
for the H-chromatic symmetric functions—something we cannot necessarily do for an
arbitrary H. As our focus is on uniqueness results, we will choose graphs for which we
have interesting uniqueness results. One such graph is the complete bipartite graph. We
begin by first constructing an explicit formula for K, ,-chromatic symmetric functions.

Proposition 32. Let H = Kp, p, for some hi,hy > 1. Then a connected graph G is
H-colorable if and only if G is bipartite.

Proof. Let G be connected and bipartite. In the case that G has only one vertex, the
result is trivial. Suppose G has at least two vertices. Then G can be colored by any
H as long as H is not edgeless. On the other hand, suppose G is not bipartite, then
G has an odd cycle. Let H be a complete bipartite graph and let U and V' be the two
independent sets of H. If we can use H to color GG, then at least two consecutive vertices
in this odd cycle must be colored both by some u € U or both by some v € V', which is a
contradiction since U and V' are independent sets in H. O]

We need some machinery for the next result. Let G be a graph with connected
components G, ... G, and label the maximally independent sets of each component V;-i,
where 1 <i <[l and j € {1,2}. We adopt the following notation:
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°p=(p1,...m), p € {1,2},

g; = |V;l|7 ki = Zz ggi;i and ky = Zz gé—pi = |G| =k,
A=A, ) Fkyand = (pa,. .., pa) b ko,

r; =r;(A) and s; = 7 ().

A+ is the partition of |G| formed by appending p to the end of A,
e and t; = r;( A+ p).

We will also need to recall that in each of the multinomial coefficients, say (7’1( N f“__rj( /\)),

the term k& — 71 (\) — ... — r;j()) is implicitly included even if it is nonzero (so we mean
k
'rl()\),...rj()\),k—rl(A)—...—rj()\)))'

Proposition 33. Let G be a graph with connected components G1,...G;. Let H = K, p,
for some hy,hs > 1. Then G is H-colorable if and only if each component G; is bipartite.
Furthermore, if G is H-colorable, then using the notation defined above, the H-chromatic
symmetric function of G is given by

H _ E E P
XG - a)\,um)\'FM?

P Ap
where
hl kl h2 k2
hi + ho)!
ap o (Tla"'7rk1) (Ala"'a)\j) (sla"'7skz) <1u17"",ud)< ! 2)
A < hy + ho ) )
[ZTI T

Proof. Give H an arbitrary labeling ¢. By Lemma 2, it suffices to count the number of
(H, ¢)-colorings of G. Let p € {1,2}. Then we use p to make the following assignment
of colors to independent sets in G: V;f is assigned to V{f and sz_pi is assigned to V.

From the h; colors that we have to color ky vertices partitioned by A there are (n hlrk )
EARRS) 1

ways of choosing a color for \; vertices, and for each choice of colors, there are (/\1 ! A_)
LA IV

ways to color these vertices. To color the remaining ko vertices, we now have ho colors
. h . .

to pick from. Hence, there are ( 2 ) ways of choosing a color or the p; vertices, and

517"'7Sk2

ko

e #d) ways to color the vertices. So the number of

for each choice of colors there are (
(H, ¢)-colorings of G is given by

= (o) 0 ) (60 ) ()
Akt Ty oo s Thy ) \ A ooy N \S1y ey Sky ) \ Mooy hd)

Now by Lemma 2, the coefficient of my,, is given by

. O-/]))\”u(hl + hQ)'

a =
o (tl,.}?.l,;];}llik2)
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Hence, summing over all possible A, u and p, the H-chromatic symmetric function of

G is given by
R D T :

poAp

The following corollary is immediate by identifying S, 11 = K .

Corollary 34. Let G be a bipartite graph and Gy, G, . .., Gy be its connected components.
Suppose |V(G)| = k. Let H = S,y1 be a star with n > 1. Let Vi and Vj be the two
independent sets of V(G;). (In the case where G; contains only 1 vertez, we set Vi to be
the set of that vertex and VQJ = ().) For each partition \ & k, and each p = (p1,pa,...,p1) €
{1,2}, define

) 0 | S g E A orl(A) >n+1
AT G k=325 9p; Y+ "), otherwise 7

/ / /
T2 >\/17>\/27“'7)\;'_1 T1,725--Tk

a

where X' is the partition obtained from X\ by removing one part that is equal to Zj ggj,
rj =1j(A), and r; = r;(X). Then, we have

H _ P
X§ =2 akma,
AP

where \ ranges over all possible partitions of k, and p ranges over {1,2}'.

It is a good idea to make sure that these H-chromatic symmetric functions are in-
deed new—that they are not just ordinary chromatic symmetric functions. The following
corollary demonstrates this:

Corollary 35. Let G be a bipartite graph (not necessarily connected) as defined in Propo-
sition 33, and with no star components. Let H = K, ,,, withm fived and m < min{gé 1<
i <l, j=1o0r2}. Then for everyn > 1, XY cannot be written as a chromatic symmetric
function of any graph G'.

Proof. Suppose G and H are given as above. Then with the restriction that m <
min{gj- | 1 < i <, j = 1or2}, the coefficient of mv in X is 0 for any n > 1
by Proposition 33. However, the coefficient of m ) in the chromatic symmetric function
of a graph on k vertices is positive. O

Although we are able to use a counting argument to derive Proposition 33, a simple
observation will allow us to find a much neater expression, as well as some interesting
uniqueness results.

Corollary 36. Let G be a bipartite graph and H = Kp,, p, be a complete bipartite graph.
Then, using the same notations as in Proposition 33,

1
H _ H
xH = §ZXKW€2.
p
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Proof. Define p = (3 —p1,3 —pa,...,3 —p). Observe that ;(af\,# + aiﬂ)m)ﬁw is simply
M

just X% Kiy iy . Summing over all possible p,

P A P
The left hand side is equivalent to 2X[, and so the claim follows. n
Next, we will discuss following general problem in the setting of H = K,,, ,,.

Problem 37. Given a fixed graph H and two non-isomorphic graphs G; and G, find
conditions on Gy, G, that tell whether X = X& .

In light of Definition 6, Problem 37 is simply asking whether G; and G5 are H-
chromatically equivalent. Of course, one way to provide the answer is to simply compute
the two chromatic symmetric functions. The computation, however, is NP-hard in general
[9]. Therefore, any polynomial algorithms that answer this question are advantageous.

Corollary 36 hints towards a close relationship between G’s based on their K, ,-
chromatic symmetric functions. Suppose we define an equivalence relation ~,,, on all
bipartite graphs as follows:

K”YL’VL Kmn
G1 mnGQ@X _XGQ’ .

Then, it is natural to ask whether ~, . =~,, », for each m;, mg, n1,no € N. With these
two questions in mind, we will first consider the more intuitive case of connected GG, and
then progress to include general G.

Proposition 38. Let H = K, ,, be a complete bipartite graph and G, Gy be two connected
bipartite graphs on k wvertices. Then Gy is H-chromatically equivalent to G5 if and only
if the sizes of the two parts of G1 are the same as the sizes of the two parts of Gs.
Moreover, the symmetric functions {XK L, 1<) < |21} are linearly independent as

elements in AF.

Proof. Observe that for any G € G, G is H-chromatically equivalent to K ;_; if and only
if X' contains the term m; ;). O

Our intuition would lead us to believe that in the case of general graphs, G; and G5 are
K, n-equivalent if they have the same number of vertices, same number of components,
and same vertex partitions on said components. This seems obvious from the proof of
Proposition 33. However, the latter condition is sufficient, but not necessary. For a more
careful study, we will introduce the following definitions.

Definition 39. Let G be a bipartite graph. Following the notation of Proposition 33, we

define ‘
G) = {{Z g | pe{1,2}'}}

and

diff(G) == (g1 — g5, |91 — g3] .- .. |9} — G4])-
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Proposition 40. Let G1, Gy be (not necessarily connected) bipartite graphs on k vertices
and H = K,, ,, be a complete bipartite graph. Then Gy is H-chromatically equivalent to
Gs if and only if S(G1) = S(G3).

Proof. Combine Corollary 36 and the linear independence result in Proposition 38.  [J

Proposition 40 answers our second question: ~,, ,, is the same for all m,n € N. Let us
pause and ask whether Proposition 40 provides an efficient method for determining K, ,,
equivalence. Not necessarily. Although the structure of S(G) appears to be simpler than
that of Xgm’", the size of S(G) is still in O(2%), where k is the number of vertices of G.
The following algorithm does even better, giving a linear algorithm:

Proposition 41. Let G1, Gy be two bipartite graphs on k vertices with the same number
of connected components. Then, Gy is K, ,,-chromatically equivalent to Go if and only if
diff (G4) is a permutation of diff(Gs).

Proof. In this proof, we denote the gf ’s associated with G by af and those associated with
Gy by b!. Without loss of generality, we also assume that ] < a} and b} < b} for every
1 < j <, so that the absolute value signs in the definitions of diff(G;) = (d1,ds, ..., d;)
and diff (G2) = (f1, f2, ..., fi) can be omitted. Since permutation of the difference vectors
are allowed, we also assume that the connected components are labeled so that diff(Gy)
and diff(G5) are in (weakly) increasing order.

Next, we observe that s; := minS(G;) = Za{ = %Zdj and sy 1= min S(Gs) =
S b = EXh Moreover, S(Gy) = {{s1 + Yyepd | D € P(diff(G1))}} and S(Gy) =
{s2 + > scp [ | F € P(diff(Go))}}. Here, P is the power set if we identify diff(G) with
a multiset naturally. If d; = f; for every 1 < j < [, then s; = s, and we clearly have
S(G1) = S(Ga).

Conversely, assume diff(G1) # diff (Ga). If > d; # > f;, then sy # so so S(Gh) #
S(G2). So assume otherwise. Let j be the smallest number such that d; # f;. We have

{{51+Zd’DEP((dlad2>---7dj1))}} = {{@“‘ZfFGP((flana---afjl))}}7

deD feF

where the quantity in the equality is denoted by S’. Now, it is clear that min(S(G;)\S") =
s1+d; # s2+ f; = min(S(Gq) \ S’). Hence, S(G1) # S(G2) and the claim is proved. O

The beauty of Proposition 41 is that the size of diff(G) is in O(k), and is fairly easy
to compute. In fact, the computation is not just in polynomial time, but also in linear
time.

Corollary 42. Let G1,Gy be two graphs on N wvertices and My, My edges, respectively.
Then, for any complete bipartite graph H = K, ., it takes O(N + My + My) time to decide
if G1, Gy are H-equivalent.
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Proof. Use breadth first search or depth first search to determine if Gy, G5 are both
bipartite graphs, and to compute their difference vectors. It suffices to note that the
entries in the difference vectors are integers in the interval [1, k£ — 1], so we may bucket
sort the two difference vectors. O]

So far our discussions have centered around a fixed H and varied G. There are no
reasons to not ask if we can find any results for a fixed G and varied H. The problem of
determining if Xgl and ng may not appear as interesting in the setting of H = K, .
Indeed, when G is a non-trivial bipartite and H;, H, have distinct number of edges, then
we always have Xgl #+ XgQ. A more reasonable question to ask here concerns X as
vectors in the linear space A*. We will first look at special case of K,,,—namely, the
star graphs S,y1. Then, we shall briefly discuss the difficulties of dealing with general
complete bipartite graphs. The following lemma is obvious from Corollary 34.

Lemma 43. Let G be a connected bipartite graph and let ki, ko be the sizes of its two
mazximal independent sets. Suppose n > max{ky, ka}. Then,

Sn+1 Sh
X =nXgr.

Moreover, when n < max{ky, ko}, Xg"“ — nXé:” contains monomials whose indexing
partitions have length n + 1 only.

Proof. By Corollary 34, when I(\) < n, the coefficients a} in Xg" and Xg”“ differ by
a factor of n. When n > max{k;, k}, it is clear that a} = 0 in both X2" and Xg”“
whenever [(A\) > n. The statement of the lemma follows. O

Proposition 44. Let G be a bipartite graph on k vertices. Then, span{Xg"+1 | n >
1} = span{Xg”+1 | 1 < n <maxS(G)} is a subspace of A* of dimension max S(G). In
particular, the set {Xé"+1 | 1 <n < maxS(G)} is linearly independent.

Proof. By Lemma 43 and Corollary 36, span{Xs""" | n > max S(G)} = span{XéS(G)“}.
To show X252, X52,. .. ,Xgmxs @+ are linearly independent, we note that whenever n <

max S(G), Xg"“ contains a monomial whose corresponding partition has length n + 1,
whereas this is clearly impossible for a smaller star. O]

Corollary 45. For a fized k > 2, the subspace of A* spanned by {Xg"+1 | [V(G)| = k,n >

1} has dimension of at most w

Proof. By Corollary 36, S.pan{Xg"+1 | V(G)| = k,n > 1} = span{XISg;;ij |1 <j <
[£],n > 1}. For a fixed j, by Proposition 44, dim(span{XIS(’;;ij |ln>1}) =k—j. It
suffices to note that (k — 1) 4+ (k —2) + -+ (k — [£]) = w O

We know that the dimension of A* is asymptotically equivalent to ﬁe” 2k/3 g
k — oo [5]. Hence, the implication of the fact that dim span{Xé"“ | |V(G)| = k,n>1}
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grows at a rate no faster than quadratic is that only very few symmetric functions can be
written as a linear combination of star-chromatic symmetric functions.

Where does the argument from Lemma 43 to Corollary 45 start to collapse for general
complete bipartite graphs? Unfortunately, it is Lemma 43 that fails in the general case.
In fact, we have the following result which shows it is completely hopeless to obtain a
similar result using the same logic.

Proposition 46. Suppose G is a connected bipartite graph, and let g1, go be the sizes

mi,n

of its two mazimal independent sets. Assume min{gi, g2} > 2. Then, X, s not a

(rational) scalar multiple of Xgm”" whenever my # ma, 2 < my, mo.

Proof. We will compare ratios of coefficients of different monomials. Given an m > 2, we

first compute the coefficient of mg, 4,) in Xgm’". There are 2mn proper K, ,-colorings

of G that have type (g1,92). So by Lemma 2, the coefficient of m,, g,) in Xgm’” is

Cm = (2mn)a(m +n — 2)!, where a = 1 if g1 # go and a = 2 otherwise. In particular,
Cmp1 (M +1)(m+n—1)

Cm m

Similarly, we can compute the coefficient of m 4,1 4,—1,1,1) in Xg ™" which we denote
by d,,. To count the number of proper colorings of this type, we need to first choose
two colors from each independent set of K, , to use, and then choose one vertex from
each independent set of G to be colored differently. Hence, the total number of proper
K, n-colorings of G that have type (g1 — 1,90 — 1,1,1) is 2m(m — 1)n(n — 1)g192. By
Lemma 2 again, we have d,,, = (2m(m — 1)n(n — 1)g192)B(m + n — 4)!, where g = 4!, 3!,
or 2!, depending on the values of g; and g,. In particular,

dnss _ (m+ D)(m+n—3)
dy, m—1 ’

Now, (m+n—1)(m—1)=m?>+mn—2m—n+1>m?+mn—3m = (m+n—3)m.
SO Ct1/Cm > dpmy1/dim, and the result follows by induction. O

A similar argument to above leads to the following proposition.

Proposition 47. Suppose G is a connected bipartite graph, and let gy, g2 be the sizes of its
two mazimal independent sets. Assume |g1 — ga2| # 1, min{gy, g2} > 2, and n > 2. Then,

mo,n

Km n - . .
X ™" is not a (rational) scalar multiple of X whenever my # ms, my, My = n.

6 S,i—chromatic symmetric functions

We have mentioned that the definition of H-chromatic symmetric functions does not
require H to be simple. In this section, we work with a class of non-simple H. As in the
previous question, the major question we are trying to answer is regarding the equivalence
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of different GG’s. We first define the principal subject of our discussion, which we will call
augmented stars. We remark that the stars with loops have been studied in the literature
of both mathematics and physics. One of the examples is the so-called Widom-Rowlinson
model [17].

Definition 48. An augmented star on (n + 1) vertices, denoted by S}, is the star S,
with an extra loop on its center.

Figure 2: The augmented star S}

We have seen that the only K, ,-colorable graphs are the bipartite graphs. This is
clearly not the case for augmented stars. Indeed, as long as H contains a loop, then there
is always a proper H-coloring of G of the type (k), where k is the number of vertices in G.
Nevertheless, some results in S} ,-colorings can be derived from those in S,,;-colorings.
To do so, we will need to define a new class of symmetric functions that appear in Section
5, but whose formal definition has not been written down.

Definition 49. Given three integers k1, ko, n > 1. For each A F k1 + ko, we set

0 JAfIA) >n+1orkp €A )

“o (r/l,r/;?.. T )()\’ /\’2,162,)\; 1)(71 + 1)'/(7"1,7"2, ,rk) ) otherwise 7 ( )

where N = (A, A,,...,N._|) F ko is obtained from A by deleting one part of k;, and
ri =1i(A), ri = r;(N). We define X ”*1 = >\ amy.

So, for example, by Corollary 34, we have X}’ ”“ =X kl";; + X k;zl We emphasize

that k; and ke are not symmetric in the deﬁmtlon above Informally speaking, X Sngl is

the symmetric function obtained by forcing ki vertices to be colored by the label on a
fixed vertex in H and the remaining k5 vertices to be colored arbitrarily by the labels on
the other n vertlces in H.

Before we use X ";21 to compute the S}, ;-chromatic symmetric functions, we introduce
a lemma on the linear independence of these symmetric functions. As we have seen in

Section 5, such results can be very useful in the discussion of H-equivalence relations.

Lemma 50. If n > 2, then {X1 WX Z*ll, . ¢4 "*1} are linearly independent in AFT1.

Proof. When n = k, the statement is obvious since my; 1x-;y exists in X7 Z*; but vanishes

in X, ,:ill. for every ¢ > j. So assume 2 < n < k. We set

S, S S,
ClX i + 62X2,Zt11 + -4 CkX = = 0.
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We first observe that m;;4+1—;) exists only in X and X2 and that its coeffi-

cients in the two symmetric functions are the same. Therefore, ¢; 4+ cx11—; = 0. When k
i _ Snt1 . vSnt1 Sn+1 . k
is even, we also have cx = 0. If we set X7 = X330, — X707, for 1 < j < |5], then

the equation can be rewritten as

Sy Sn, Sn
aX]" X 4+ CngXlgj—l =0.

Next, we make some observations of X JS "+ First, for each 1 < j < LgJ, the only
monomial m, exists in Xfol_j where k + 1 — j is a part of A is m41—;;), whereas
leﬁij,j is a linear combination of monomials m) such that k + 1 — j is a part of \.
Therefore, in X]S"“, all monomials m, with k + 1 — 7 € A have non-positive coefficients,
and all monomials m, with £+ 1 — j ¢ X have non-negative coefficients. Given this

observation, we shall note that for 2 < j < LgJ, the monomial m;41—j-1,1) appears in

Sn+1
k4+1—j

SnJrl

Xls "' with a positive coefficient, in X;73" ; with a positive coefficient, in X with a

negative coefficient, and in nowhere else among X' X' X ng“.
2
Now, we claim that ¢;¢; > 0 for every 2 < j < ng We prove it by induction. When

n+1

J = 2, the result follows from the fact that m_; 1) appears in Xf with a positive

coefficient and in Xf "1 with a negative coefficient, and nowhere else, as noted above.
Assume the claim holds for j. The monomials m;—_; ;1) appears in Xf "1 with a positive

n . ... . . S, . . .
1 with a positive coefficient, in X ;77! with a negative coefficient, and

. . S,
coefficient, in X iy
nowhere else. But cic; > 0, so ¢; and c¢j;; cannot have different signs. The claim is
proved.

Finally, consider the monomial My k£ k] 1y This monomial exists in Xf e
2 L2

since

n > 2, and its coefficient is non-negative in all of ng"“, Xg?”“, . ngjl, as noted at
2

the beginning. Since c¢;¢; > 0, we must have ¢; = 0. Now, by an induction argument,

suppose ¢; = 0 for every ¢ < j, then X Jsffl is the only possibly non-vanishing term among

Sn Sn Sn 3
X X ’thjl that contains m41-j1), 50 ¢j+1 = 0. Hence, ¢; = 0 for every
2

1 < j <k, and we are done. O

Now, we are ready to compute the S}, chromatic symmetric functions and discuss its
consequences. To do so, we will have to first introduce some notation. Given any graph
G, denote by Z(G) the set of all independent sets of G. Let I(G) be the multiset I(G) =
{{IS] | S € Z(G)}}. We define Z(G) and I(G) similarly by requiring all independent sets

to be maximal.

Proposition 51. Given a graph G on k vertices that is not edgeless, and a natural number
n > 1, we have

X5711+1 ] X5n+1
¢ =nme) + E : k—k1 k1
klef(G)

Proof. A proper S} ;-coloring of G that is not of the type (k) is obtained by first picking
an independent set S of GG, coloring all vertices in S by the labels on the leaves, and
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coloring all vertices in V(G) \ S by the label on the center of S, ;. Once we find an
independent set .S, the monomials obtained by this manner sum to X h ”E‘ 5|~ The values

of ¢(G) are obvious. O

Given Lemma 50 and Proposition 51, the following result is immediate.

Corollary 52. Suppose G1,Go are two graphs on k vertices, and n > 2. Then, XG’;“ =
G’;“ if and only if I(G1) = I(Gy), if and only if I(Gy) = I(Gs).

Proof. Combine Lemma 50 and Proposition 51 to get the first equivalence. For the second
one, it suffices to note that N; = 3" (;) N;, where N; is the number of independent sets

i>j
of size j and N; is the number of maximal independent sets of size 1. m

We remark that Lemma 50 fails for n = 1. Indeed, XJSk,Jrl L= MGkt1—) = X,fil s
Moreover, Corollary 52 does not hold for n = 1 either. The easiest counter-examples one
can construct are G; and G, in Figure 3. Note that [(Gy) = {{1,1,1,1,1,2,2,2,2,2}},
whereas (Gg) = {{1,1,1,1,1,2,2,2,2,3}}. However, we have X* = X22 = bmzz) +

5m(4,1) + m(5). Another way to see that X, 52 = X_ 52 without computlng is by observing

X33 = X?fg.

Gy Go

Figure 3: Example of Gy and G» such that I(G;) = I(G2).

When we have two graphs GG; and G5 and would like to know if they have the same
chromatic symmetric functions with respect to an augmented star S}, is Corollary 52
an easier characterization (i.e. it suggests a polynomial algorithm to the problem) of this
equivalence relation? It is not quite clear yet. It seems hard to show if the problem is
NP-hard: even though computing I(G) is N'P-hard, it is not clear yet whether comparing
I(Gy) to I(Gy) still is. Nevertheless, we shall see that Corollary 52 does lead to some

. .. st st . .
necessary or sufficient conditions of X ;""" = X»*' that will be hard to see directly from
Proposition 51.

Corollary 53. Suppose n > 2. Then,

1
1. If G1,Go are two (simple) graphs on k vertices with XCS?TH = X. ”*1 then G1, G,
have the same number of edges.

2. All (simple) graphs in G,, == {G | |V(G)| = k,|E(G)| = m, G is Cs-free} have the
same S}, -chromatic symmetric function, which is not equal to the S -chromatic
symmetric function of any graph not in G,,.
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3. For each 1 < j < k, all graphs in T; := {T | T is a forest on k vertices with
j connected components } have the same S, -chromatic symmetric function. In
particular, all tree-complements (on the same number of vertices) have the same

S} .. -chromatic symmetric function.
Proof. Suppose Xg%“ = Xé’;l“, then G; and G5 have the same number of non-edges (i.e.
independent sets of size 2), and therefore the same number of edges. If Gy, G are Cs-free,
then G, Gy contain no cliques of size larger than 2, so Z(G;) = Z(G;) if and only if
G, G have the same number of edges. If G ¢ G,,, then either G has different number of
edges, or G contains a C subgraph. Either way, G cannot have the same S} ,-chromatic
symmetric function as those of graphs in G,,. 3 is a special case of 2. m

7 Classical bases of A as H-chromatic symmetric functions of
complete multipartite graphs

In this section, we will show that classical bases of the algebra of symmetric functions, that
is, the monomial symmetric functions, power sum symmetric functions, and elementary
symmetric functions, can be realized as H-chromatic symmetric functions.

As promised in Section 3, we show a stronger result of Proposition 4. We denote by K
the complete [(\)-partite graph whose parts contain Aj, Ao, ..., \; vertices, respectively.
We denote by K the graph obtained by deleting an edge from the complete graph on n
vertices.

Proposition 54. Let A=k, n = I()\), and H be a graph that does not contain K, as
a subgraph. Let m be the number of subgraphs of H that are isomorphic to K,,. Then,

X =menlml =l (T T OOV D] =3 75 (0)tma

j=1 j=1
Proof. We denote the vertices in K by v/,1 < i < n,1 < j < \;, where {vf}jzl is an
independent set. Fixing a labeling on H, we first show that A is the only type of proper
H-coloring possible. Let u; be the vertex in H whose label is used to color v}. Then,
{u;}7_, induces a clique K,, in H. Assume, by way of contradiction, that v is colored by
the label on u; # w;. Then, u; ~p u; for every i # [. But then {u;}7_, U{w;} induces K,
or K, 1, depending on whether u; ~p uj, which is a contradiction either way. For each
subgraph of H that is isomorphic to K,, we can obtain n! distinct proper H-colorings
of G of type A\. Hence, under the fixed labeling of H, we can get m - n! such colorings
in total. The first equality is proved. The second equality follows from the definition of
n-augmented monomials. O

Example 55. We give an example illustrating the concept in the proof for Proposition
54. Consider a partition A = (4, 3,2,2) - 11. We'll show that if G = Ky 322 and H = Ky,
then Xg = 0(473,272)m(4737272).
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G = K399 H = K4

IS Et]

Figure 4: The G and H whose Xg corresponds to 14322

Let’s denote the maximally independent sets of G by Vi, Vs, V3, Vy. Suppose |Vi| =
4, Vo] = 3, V3| = 2,|V4| = 2. Denote the vertices in V; by {vw}‘]‘ill

Now let’s suppose we choose one vertex from each maximally independent set V;.
Suppose we choose v11 € Vi,va3 € Vo,v31 € V3,049 € Vy. If we look at the induced
subgraph created by these vertices, we see that it is K, since v;; € V; must be connected
to every vy, € V, (assuming a # ).

Vi L o o Vo 1
°

V11 i V23
V42

& 'y V31 3
V. 3 Ve
4 3

G = Kiz2o H = K,

Figure 5: A Colored K, subgraph in K439
Now suppose we keep v11 € Vi, 093 € Vo, 040 € V), but replace v3; € Vi with vy € V3.
Now suppose without loss of generality that vy, is H-colored 1, vo3 is H-colored 2, and
V4o is H-colored 4, then the only option for H-coloring vs, is the color 3 because on the
graph H, the only vertex adjacent to the vertices colored 1,2,4 is the vertex colored 3.

V1 Vo
° 1
o
1 oo ° V23
V11
V42
° U31 3
v V32 3 V.
4 3
G = Kiz22 H = K4

Figure 6: Two Colored K, subgraphs in K322

If we repeat this line of reasoning until we have exhausted all vertices in all the
maximally independent sets, then we can see the only way to H-color K4399 is by coloring
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Q
9

H:K4

Figure 7: Coloring All the Vertices of K439

all the vertices in V; the color 1, all the vertices in V5 the color 2, all the vertices in V3
the color 3, and all the vertices in V} the color 4.
SO my(43,2,2) is the only my term that will appear in X&.

Remark 56. If my # mgyn, then it is not possible to write m, as a scalar multiple of a
single chromatic symmetric function X¢. Recall that if G has n vertices, the coefficient
of mi» in X is positive. From Proposition 54, we can write m) as a scalar multiple of
a single X but not Xg. So Proposition 54 holds for H-chromatic symmetric functions
but not chromatic symmetric functions.

Now we use Proposition 54 to prove that certain sets of H-chromatic symmetric func-
tions form a basis for A". We also express the elementary symmetric functions and the
power sum symmetric functions in terms of this basis.

Proposition 57. The following set of H-chromatic symmetric functions is a basis for

A™:
B={X{ : G =Ky where A= (A, Ao M) F A # (n), and H = Ky YU{X 3}
Proof. From Proposition 54, the set [ corresponds to
{exmy : A n,cy # 0}
This is a basis for A™ since {m, : A n} is a basis for A™. O

We also have a basis for A in terms of XZ. In what follows, recall that Par :=

Corollary 58. The set 3 = {XH : G = Ky, ppro A = (A, Ao \) € Par,¥n,\ #
(n) and H = K} U {X% 'n € N} is a basis for A.

Corollary 59. Let A = (A, Aa... \x). Then

).
1 Ky, < Ky
= X, M 2 .. X

ex (A1)2(A2)2. .. (Ap)? Ky, YK, K,
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Proof. First note we can write the {m,} basis in terms of XX . Recall that e, = m» and
EX = €N\ 16y - - B AlSO, EX = TN Mg o TN

We know that there are \; ways of (K),, ¢)-coloring the graph G = K,,. There are
A; ways of fixing colorings ¢ on H = K,. So we know that X[I({i’ = (\;)?my,. Apply
Proposition 54. O

Corollary 60. Let A = (A, Aa... \g). Then,

Ki vK K
= X2L X2 XA
Dx Ky, Ko, K,

Proof. First note that we can write the {m,} basis in terms of XZ. Recall that p, = m)
and px = pa,Px, - - - Day,- Also, Dy = mpyme,) - .- M,

Apply Proposition 54. Note that if H is only 1 vertex, then there is only one way to
color the vertices of G, which is by coloring all the vertices of G the same color. n

Corollaries 59 and 60 show it is possible to write ey and p, as the product of several
XH. An interesting question! would be whether, for some A, ey or py could be written as
a scalar multiple of a single XJ.

Corollary 61. Given an H-chromatic symmetric function of a graph G, X, it is possible
to find sets of graphs {H;|j € N} and {G;|i € N} such that XE can be expressed as a

linear combination of {ng}

Proof. Proposition 54 gives us a way of rewriting my in terms of some XZ. Now since
X is a symmetric function, it’s in the span of {my : A € Par}. So we can rewrite any
XE as a linear combination of other ng : O

8 H-chromatic symmetric functions of complete bipartite graphs

In the beginning of Section 7, we put restrictions on H so that each part in K, must
be colored the same. Similarly, we can also put restrictions on H so that all but except
for one part in K, must be colored the same. Consider K, which is defined to be the
graph obtained by removing two non-adjacent edges from K, ,,. If H does not contain
K, 5, as a subgraph, then it follows immediately that at most one part can be colored
using different colors. In that case, we can think a proper H-coloring as if we first pick a
subgraph of K,,_; from H to color (n — 1) parts of G. Then, we count the number of all
other vertices that are adjacent to all these (n— 1) vertices. These are exactly the vertices
that we can use to (freely) color the remaining part of G. For a general multi-partite G,
this procedure is complicated to carry out and may not be fruitful. However, when G is
bipartite, we are able to use this approach to simply characterize the H-colorings of G
and produce some interesting results. We note that several of our remarks, lemmas, and
corollaries in this section are results on H-coloring graphs, rather than specific results on
chromatic symmetric functions. To the best of our knowledge these have not appeared in
the graph theory literature before.

'We thank an anonymous referee for suggesting this question.
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Remark 62. Let ¢ be a (H, ¢)-coloring of some graph G. Then ¢ corresponds to a subgraph,
C, of H, which is the subgraph induced on the vertices of H used in the coloring of G.

That is, every (H, ¢)-coloring has an associated induced subgraph C' C H. When we
focus on complete bipartite G, we can determine exactly the type of subgraph C' is.

Lemma 63. Let G be a complete bipartite graph and H be a simple graph. Then for any
H-coloring of G, any two colors used to color G must be adjacent to one another in H or
adjacent to a common vertex in H.

Proof. First note that because G is complete bipartite, this induced subgraph must be
connected. Denote the maximally independent sets of G by V; and V5. Trivially, since all
vertices in V; are connected to all vertices in V5, the colors in H used to color V; must be
adjacent to the colors in H used to color V5. So the only potential case where the lemma
fails is within V; or V5. Without loss of generality consider vy,v, € Vi, and suppose we
color them by 1 and 2 in H respectively. Then since all of V] is adjacent to all of V5, both
v1 and v, are adjacent to some vertex vg in V5, which is colored, say, 3. Then it must be
that both 1 and 2 are adjacent to 3 in H. O

This observation is not complicated, but has important implications.

Corollary 64. Let H be a graph that does not contain Cy as a subgraph and G be a
complete bipartite graph. Then a H-coloring of G is an S-coloring of G and vice versa,
where S is a star-subgraph of H.

Proof. For any coloring ¢ of G, ¢ is associated with an induced subgraph on the vertices of
H used in the coloring. Further, by Lemma 63, we know that these subgraphs must have
diameter less than 3. With the restriction that H does not contain Cy as a subgraph, the
only possible subgraphs of H with diameter less than 3 are stars, or stars with additional
edges between the leaf vertices. In the latter case, note that by carefully choosing a central
vertex and deleting unnecessary edges, these too can be reduced to stars. Conversely, if
¢ is an S-coloring of G and S is a subgraph of H, then ¢ is also a H-coloring of G. [

In fact, if we restrict our attention from any complete bipartite G to the star, we can
remove the condition that H does not contain Cy as a subgraph.

Proposition 65. Let G be a star graph. Then G cannot be colored using every single
color in H = C}y.

Proof. Label the vertices of Cy by 1,2,3,4 cyclically. Suppose we are able to color G
using all of the colors in Cy, and without loss of generality we color the central vertex of
G using 1. Then there must exist a leaf vertex v; € G colored 3 by assumption. But 1
and 3 are not adjacent in (4, so this is a contradiction. O]

Corollary 66. Let H be any simple graph and let G be a star graph. Then a H-coloring
of G is an S-coloring of G and vice versa, where S is a star-subgraph of H.
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We now can define the key characteristic of a graph that will allow us to distinguish
them: the degree sequence. The degree sequence and star sequence here is defined as in
Martin and Wagner [11].

Definition 67. Let H be a graph on k vertices. Then we define the degree sequence of
H as D = (dy,dy, . ..,d;), where d; = [{v € V(T') : deg(v) =i}

Definition 68. Let H be a graph on k vertices. Then we define the star sequence of H
as Z = (za,...,2), where z; = z;(T') = number of S;-subgraphs of H.

Lemma 69. Let H be a graph on k vertices with degree sequence D = (dy,...,dy). Then
the star sequence of H, can be determined by the formula

Zipr =) (Z)dj

i<y

for2<i<k—1.

Note that in the case of z3, the formula above double counts the number of Sa-subgraphs
of H, as the argument specifies the central vertex of the star. Of course, in the case of
So, the star is symmetric regardless of choice of central vertex, hence the double counting.
To amend this, either use the formula above and divide the result for zo by 2, or simply
set zo to be the number of edges in H (a similar formula appears in [11]).

Lemma 70. Let H be a graph on k vertices, and let G = S, for some n. Then the
H-chromatic symmetric function of G is given by

Z cxmpy,
A
where we sum over all partitions \ = n with length no more than k, and where the coeffi-
cient cy s given by cy := zn) B, with By being the coefficient of mY in the corresponding
Six) -chromatic symmetric function of G.

Proof. Every coloring of G by a graph H has an associated star subgraph in H, as noted
in Corollary 66. Hence, for each n-augmented monomial m?%, the coefficient counts the
number of ways we can make the following choice. We need to choose an Sj(,) subgraph
of H to color G, and then we need to choose a way of using this S;y) to color G. The
number of ways of doing the first is z(y), and the number of ways of doing the second is
the same as the coefficient of mY in the corresponding Sj(»)-chromatic symmetric function
of G. m

The next corollaries follow easily:

Corollary 71. Let H, and Hy both be graphs on k vertices. Let G be a star. If Hy and
Hy share a degree sequence, then Xgl = XgQ.
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Corollary 72. Let Hy and Hy both be graphs on k vertices. Suppose Hy and Hs have
different degree sequences. Then let N be the first entry in the degree sequence where they
differ. Then they also differ at the N-th entry of their star sequences (zn+1). Let G be a
complete bipartite graph on n > N wvertices. Then Xgl #+ ng.

These two results can be combined to yield the following result:

Proposition 73. Let H be a set of graphs on less than or equal to k vertices, and let
G = Si. Then the H-chromatic symmetric functions of G are distinct up to the degree
sequences of H € H.

Proof. For any pair of graphs H; and H, in ‘H with different degree sequences, their
star sequences will differ at some N less than or equal to k. Comparing Xgl and Xg2
in Lemma 70, the coefficients of monomials with corresponding partition length N will
be distinct. Since N less than or equal to k for every H € H, this choice of G works
perfectly. O]

Restricting G to be a star instead of any complete bipartite graph on £ vertices allows
us to classify more graphs, including those that contain C4 subgraphs. However, with the
restriction that we only consider H’s that do not contain C4 as a subgraph, all of the
above can be translated naturally into analogues for general complete bipartite G.

9 Further avenues to explore and some conjectures

In this section, we shall present some open problems and conjectures in H-chromatic
symmetric functions. Since the subject is still new, and experimentation with large graphs
is, in general, impractical, we shall state most of them in the form of problems, as opposed
to conjectures.

9.1 Possibility of constructing a basis for A using Xg where H is fixed

It is natural to ask whether Corollary 61 holds when G; or H; is fixed (and if not, for
which graphs it’s possible). In fact, it turns out it is impossible to generate a basis for A"
using the H-chromatic symmetric functions of a fixed graph G.

Proposition 74. It is not possible to generate a basis for A" using a set of H-chromatic
symmetric functions, { X'}, where G is a fived graph and {H;li € N,1<i < n} is finite
set of graphs.

Proof. Suppose n > 4. We will show it is not possible to generate a basis for A" using a
set of H-chromatic symmetric functions {ng} where G is a fixed graph.

If G has an edge connecting two distinct vertices, then it is not possible to color all
the vertices of G the same color, i.e. we would not have the m,) term in X, and M(n)
would not be in the span of the H-chromatic symmetric functions {X5}. Thus G’ must
be the graph with no edges: K,.
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Now we observe that if H; and H, have the same number of vertices, then X% = X%.

From the definition of H-coloring, since K, has no edges, we can color the vertices of K,
however we want and the edges of H do not affect the H-coloring of K.

We can choose X f{(’ as a representative for the H-chromatic symmetric function of K,
where H is a graph on ¢ vertices.

Here we compute X [I({Z for i < n.

XK~ i "
Ky Z)<iz <)\1,>\2...>\k)m)\

Al

Here we compute XII?' for i > n.
n

X5 =¥ "
Kn ZZ ()\1,)\2...)\k)m)\

AFn

From the above formulas, we observe a scalar multiple property for X? where ¢ > n.
If c >d >0, then:

Kite _ (Z + C)' Kita
Kn (i+d)!" Kn

Let p(n) denote the number of partitions of n. Recall that dim(A™) = p(n).

We can show that if n > 4, n < p(n). The following map on {1,2,...n} is defined on
every i € {1,2,...n}:

f i+ X such that [(\) =1

Note that if n > 4,7 = 2 maps to both (n — 1,1) and (n — 2,2). Comparing the sizes of
the domain and range gives us that n < p(n).
If B= {X?} and |B| = dim(A") = p(n), then B cannot be linearly independent.

Since p(n) > n, B must contain some X?*d and X[I((”c (¢ > d > 0) such that

n

Kite (Z + C)‘ Kiiq

Ko (it d) K

We have shown that any set of H-chromatic symmetric functions of K,, that is of size
dim(A™) = p(n) contains at least 2 linearly dependent H-chromatic symmetric functions
of K,,.

It follows that we cannot create a basis for A" using H-chromatic symmetric functions

of a fixed G. 0

But is it possible to generate a basis for A™ using a set of H-chromatic symmetric
functions where the H is fixed rather than the G?

It turns out the answer is yes. As discussed in Section 3, when you choose H = K,
then you can recover the chromatic symmetric functions up to a scalar multiple. Cho and
van Willigenburg showed that {Xg, |\ = (A1, A2... A\x) F n} forms a basis of A [3]. Here,
G, is a connected graph on ¢ vertices and Gy = G, UG, --- UG,
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But it is still unknown if we can create a basis for A" using H-chromatic symmetric
functions involving a fixed H and varying GG, where H is not a complete graph.

So far, we have primarily considered cases where GG, H are simple graphs. The proof of
Proposition 74 depends on the fact that if G has an edge connecting two distinct vertices,
it is not possible to H-color all the vertices of G the same color. However, if H could have
a loop, this assumption is not true. An interesting question to explore is whether we can
create a basis for A" using H-chromatic symmetric functions of a fixed G where G, H do
not necessarily have to be simple graphs.

9.2 Self-distinguishability of graphs

Given a graph G, the symmetric function X§ never vanishes. A natural question to
ask is if this “self’-chromatic symmetric function can be used to distinguish all graphs
up to isomorphism. It is known that two non-isomorphic graphs can have the same
“self”-chromatic symmetric functions. For example, if G; = K; W Ky and Gy = Ps, then
XE = XG2 =12ma ) + 4me,).

Nevertheless, if we restrict our attention to a smaller class of graphs, then there is
more we can ask. For example, we have checked that up to £ = 9, two trees on k
vertices are self-distinguishable. Of course, when two trees have a different number of
automorphisms, then they must have distinct “self”-chromatic symmetric functions by
Proposition 22. However, this condition is by no means necessary. We shall propose the
following conjecture.

Conjecture 75. Let 17,75 be two non-isomorphic trees, then X%l #+ X%.

9.3 Finite and Uniform distinguishability in a more general setting

In Section 4, we have seen that any finite set of graphs is uniformly distinguishable. We
have also seen that not every set of graphs is uniformly, or even finitely, distinguishable.
When our G’s are connected, we also proved that finite distinguishability implies uniform
distinguishability when a uniform bound on the coefficients of the H-chromatic symmetric
function can be established.

However, we have not shown whether these results are sharp. Therefore, we may wish
to ask the following questions.

Problem 76. Is finite distinguishability equivalent to uniform distinguishability? If not,
can we pose restrictions on G’s, such as connectedness, to make it true?

Problem 77. Is there a simple necessary and sufficient condition for a set of graph
being finitely (uniformly) distinguishable? For example, we have shown that a set of
graphs whose chromatic numbers are not bounded cannot be finitely distinguished. Is the
converse true?
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9.4 Monotonicity with respect to a basis

One of the big open questions in chromatic symmetric function theory concerns e-positivity
and Schur-positivity of the chromatic symmetric functions (e.g. [6, 7, 14]) Clearly, we can
ask similar questions here. Furthermore we say a symmetric function is monotone with
respect to a basis b if and only if its coefficients in the b-expansion are all non-negative or
all non-positive.

Problem 78. Find some necessary or sufficient (or both) conditions on G and H for X4
to be e-positive (monotone) or Schur-positive (monotone).

People are less interested about p-positivity of chromatic symmetric functions since
it is known that w(X¢) is always p-positive, where w is the standard involution on A
[15]. This fact, however, does not generalize to H-chromatic symmetric functions. For
instance,

W(Xg) = 84010(4) - 672]9(3,1) + 1260}9(2,2) - 168}9(2,1,1) + 8410(1,1,1,1)-
Nevertheless, the result does hold when H is a star.

Conjecture 79. Let n > 1. Suppose H = S, is a star. Then, w(X¥) is p-monotone
for every graph G.

This is trivial when G is not a bipartite graph, in which case the symmetric func-
tion vanishes. We have also shown the result when G is a connected bipartite and n is
sufficiently large. Indeed, we have the following formula that can be seen with little effort.

Proposition 80. Suppose G is a connected bipartite graph and H = S,,,1. Assume
n = ki, ko, where ky, ko are the sizes of the two parts of G. If we set

) k
Xi= Y <—1>J-’“n!( 2)p<j,1kl+k2_j),

k1<g<k+ko J = kl
and )
(X2)g = Z (_1>j_k2n!( . _lk )p(j,1k1+kzj).
ko <j<ky+k2 J 2

Then, X = (X1)8 + (Xp)E.

From there, we can prove the result when G is a general bipartite graph and the sizes
of the two parts of each connected component of G have the same parity, and that n is
sufficiently large. However, a further generalization seems non-trivial.
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