Cutting a cake for infinitely many guests
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Abstract

Fair division with unequal shares is an intensively studied resource allocation
problem. For i € [n], let p; be an atomless probability measure on the measurable
space (C,S) and let ¢; be positive numbers (entitlements) with y ;" t; = 1. A fair
division is a partition of C' into sets S; € S with p;(S;) > t; for every i € [n].

We introduce new algorithms to solve the fair division problem with irrational
entitlements. They are based on the classical Last diminisher technique and we
believe that they are simpler than the known methods. Then we show that a fair
division always exists even for infinitely many players.

Mathematics Subject Classifications: 91B32, 91A07, 68W30
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1 Introduction

Cake cutting is a metaphor of the distribution of some inhomogeneous continuos goods
and is intensively investigated by not just mathematicians but economists and political
scientists as well. The preferences of the players P; involved in the sharing are usually
represented as atomless probability measures p; defined on a common o-algebra § C P(C)
of the possible ‘slices’ of the ‘cake’ C'. One option of how a division can be “good” is
proportionality. This means that each of the n players gets at least one nth of the cake
according to their own measurement, i.e. C = | [, S; with ;(S;) > L. The division is
called strongly proportional if all these inequalities are strict. For n = 2 a proportional
division can be found by the so called “Cut and choose” procedure. This was used by
Abraham and Lot in the Bible to share Canaan. Abraham divided Canaan into two
parts which have equal value for him and then Lot chose his favourite among these two
parts leaving Abraham the other one. For a general n, Steinhaus challenged his students
Banach and Knaster to find a solution that they successfully accomplished by developing
the so called "Last Diminisher” procedure (see [12]). In this method P; picks a slice Ty
with gy (T1) = L. If po(Ty) > %, then P, diminishes T in the sense that he takes an
Ty C Ty with ps(Ts) = %, otherwise he lets Ty := T;. They proceed similarly and slice
T, is allocated to the player who lastly diminished or to P; if nobody did so. Then the
remaining cake worth at least ”T’l for each of the remaining n — 1 players and they can
continue using the same protocol.

A natural extension of the concept of proportional division is the so called “fair division
with unequal shares”. In this variant there are entitlements ¢; > 0 associated to the players
satisfying ) .t; = 1. A division is called (strongly) fair if the slice S; given to player P,
worths for him at least (more than) ¢;, i.e. 1;(S;) > t; (u:(S;) > t;) holds for each 4. If all
of these entitlements are rational numbers, say %, cee %, then a fair division according to
them can be reduced to a proportional division problem for Y | p; players where measure
1; is “cloned” to p; copies. In the presence of irrational entitlements such a “player-cloning*
argument is no more applicable.

Several finite procedures were developed to find a (strongly) fair division allowing
irrational entitlements. In the special case of the problem where C' = [0,1], S is the
Borel o-algebra and the measures p; are absolute continues, Shishido and Zeng developed
and algorithm in [11]. In their protocol the players choose intervals that worth the same
and exchange these intervals among each other exploiting the possible differences of their
evaluations. A more recent algorithm in the same model but based on completely different
ideas was given by Cseh and Fleiner in [5]. In a general step they reduce the problem to
two sub-problems in one of which the number of players is smaller by one while in the
other all the entitlements are rational and the number of players remains the same.

Our first contribution (Section 2) is two procedures solving the fair division problem
with potentially irrational entitlements which we believe are simpler than the known
methods. We keep working in the general settings we have already introduced which
originated from Barbanel (see [2]). Our aim is to demonstrate that ‘Last diminisher’-
type of ideas are already powerful enough to design simple finite procedures. We provide
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two algorithms both of which solves the problem in finitely many steps. The first one
reduces the problem to another one in which either the number of players is smaller by
one or all the entitlements are rationals and the number of players is the same. This can
be considered a direct improvement of the algorithm given in Section 7 of [5|. Taking
rational numbers from non-degenerate intervals (which was used in the algorithms given
in [5,13]) is necessary in this procedure. In our second algorithm not even such a rational
approximation is needed.

It was shown in [6] based on Lyapunov’s theorem that if not all the measures are
identical, then a strongly proportional division exists. A constructive proof was obtained
later in [13] which was then further developed for the case of unequal shares (i.e. strong
fairness) in [2]. We point out in Section 3 that the strongly fair division problem (for
potentially infinitely many players) can be actually reduced to the fair division problem
in a completely elementary way, which reduction we need later.

In the last section (Section 4) we consider the (strongly) fair division problem for
infinitely many players. Rational entitlements do not make this problem easier since
representing them with a common denominator is impossible in general. Since the en-
titlements sum up to 1, they must converge to 0, thus extension of protocols in which
one need to start with the smallest positive entitlement (like the one given in [5]) is
problematic. By Last Diminisher-type of methods we are facing in addition the difficulty
that diminishing infinitely often might be necessary in which case no “last diminisher”
exists, moreover, we may end up with the empty set as a limit of the iterated trimmings.
Eliminating one player and using induction for the rest is also not applicable for obvi-
ous reasons. Although the so called Fink protocol (see [7]) can be considered as such a
player-eliminating recursive algorithm, it inspired our procedure that finds a fair division
for infinitely many players:

Assume that (C,S) is a measurable space and for i € N, y; is an atomless probability
measure defined on § and t; is a positive number such that Z?io t; = 1. Then there is
a partition C' = | |2, S; such that S; € S with y;(S;) > t; for each i € N. Furthermore,
if not all the yu; are identical, then ‘u;(S;) > t;" can be strengthened to ‘w;(S;) > t;” for
every ¢ € N.

Let us mention that cake cutting problems have a huge literature and this particular
model and notion of fairness that we consider is only a tiny fragment of it. About the so
called exact, envy-free and equitable divisions (none of which are extendable to infinitely
many players for obvious reasons) and the corresponding existence results a brief but
informative survey can be found in [4]. For a more general picture about this field,
including completely different mathematical models of the problem, we refer to [1], [3],
[9] and [10].

2 ‘Last Diminisher’-type of procedures for fair division with ir-
rational entitlements

Our aim is to find a fair division Sy, ..., .S, for players P, ..., P, with respective atomless
probability measures 1, ..., 1, and (potentially irrational) entitlements 0 < t; < to <

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(1) (2022), #P1.42 3



<t <1 where Y " t; =1
As it is standard in the cake cutting literature, algorithms use certain queries. We
allow the following operations.

e The four basic arithmetical operations and comparison on R.

The set operations on S.

Computing p;(S) for some i € [n] where slice S is obtained in a previous step.

Cutting a slice 8" C S with y;(S) = a for an i € [n] and « € [0, ;(S)] where either
S = C or S is obtained in a previous step.!

2.1 Algorithm I

Player P, picks some Ty with uy(77) = t1. If T; is already defined for some i < n, we let
Tiv1 =T, if pi1(T;) <ty and we define T;44 to be a subset of T; with p;1(Ti1) = t4
if pi1(T;) > ty. After the recursion is done, p;(7,) < t; holds for each i and there is
equality for at least one index.

If 1(T},) = t1, then we let Sy := T, and remove player P; from the process. Since the
rest of the cake Worth at least 1 —t; for all the players dividing it fairly with respect to
the entitlement
for this sub- problem with less players

If 11(T,) < ti, then there must be a player who diminished the slice during the
recursion. Let k be the largest index for which Py is such a player. We allocate T,, to
P, but we do not remove P, from the process unless t; = t,. In order to satisfy P, he
needs to get at least the t), := Mktfg\t%n) fraction of the rest of the cake C'\ T,, according
to his measure py, while for i # k player P; should get at least the fraction ¢, := m
of C\ T, wr.t. p;. As we already noticed ;(T,,) < t; and hence p;(C'\ T,,) > 1 — t; for
every i, furthermore, the inequality is strict for ¢ = 1 in this branch of the case distinction.

Therefore
- ty — 1 t; > t) =t
t; < S =1
ZZ 1—t1+21—t1 -4
i=1 i#k
t! = 1. Finally, we use a subroutine

Thus we can pick rational numbers #; > ¢} with » ., ]
to divide C'\ T, fairly among the players w.r.t. the rational entitlements t7 to obtain a
strongly fair division for the original problem.

2.2 Algorithm II

In this algorithm no ‘rounding up to rationals’ is necessary. We shall make several rounds
and in each of them allocate a slice chosen in a ‘Last diminisher’ manner. The satisfied
players are dropping out of the process. The algorithm itself is quite simple in this case
as well but the proof of the correctness is somewhat more involved.

Tt is well-defined because p; is atomless (see [8, Theorem 5]).
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For i € [n], we denote by S the portion allocated to player P; at the beginning of
round m. We set SY = () for every i. The rest of the cake is Cp, := C'\ J}_, S". We also
have improved entitlements ¢! where t{ := t;. We say that player P; is satisfied at the
beginning of round m if t; < p;(S!™). Let us define I,,, as the set of indices of the players
that are unsatisfied at the beginning of round m, i.e.

I, ={ien]: t;>w(S")}

If I,, = 0, then the process terminates and the sets S for ¢ € [n| form a fair division. If
I,, # 0, then the algorithm does the following. Let

" — ﬂi(Sim)
i€lm Mz(Cm)

and let 7, € I,,, the smallest index where this minimum is taken. Then player P; picks a
17" C Gy with g, (T77) = 77 — 4, (S ). After this, players P; for i € I, \ {4} consider
the (actual) slice one by one and diminish it or keep unchanged in the following way. If
T is defined, k < |I,,| and ¢ is the kth smallest element of I,,, \ {i,,}, then let

{T,;n if —’“Egﬁ" § <c
S with S C T} and%:cm 1f%>cm.
Eventually they obtain T, = R, for which

Ni(Cm) h M, (Cm)

for every ¢ € I, and there is equality for at least one index. Let j,, := i,, if there is
equality at (1) for i, and let j,, be the smallest index in I,,, for which we have equality if
the inequality is strict for ¢,,,. We allocate R,, to player P; , formally Sﬁ“ = ST URy,
and S/t .= S™ for i € [n] \ {jm}. Fori € I, let

m m+1
= i (S7)
Z t;'n_#]' (S;n+1) ’
J€lm+1 pj(Cm+1)

th = (S +

which completes the description of the general step of the algorithm.
Let us shade some more light on the running of the algorithm and on the ideas behind
the formal definitions by a concrete example:

Example 1. Let the cake be the unit interval [0, 1] and the slices are defined to be the
Borel subsets. We have 3 players with respective entitlements t; = %, ty = % and t3 = %.
The measure g is the uniform distribution on [0, 1], z15 is the same but on [1, 1] and s
is the uniform distribution on the whole cake [0, 1].

Then the constant ¢y is simply the smallest entitlement % and ig = 3. Player P cuts off

a slice which could be T? = [0, ¢]. Player P, diminishes this slice, he cuts off for example

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(1) (2022), #P1.42 5



Ty = [0, 73] (this worths & for him ). Since p(7%) = 0, player P; does not change this
slice, i.e. TY = TJ. We have jo = 1 and allocate Ry := T3 to P, more precisely S} := Ry
and S5 := S1:= 0.

1
Now P; still needs % — é = % This is the £ = % fraction of the remaining cake

6
according to his own measure. The removed part has no value for P,, thus he still wants

1
the % fraction of the remaining part. Finally, P; wants the &+ = % fraction of the rest

1
3

12
according to his measure. Now the algorithm “scales” the ratios %,

sum up to 1, i.e. considers

and 1—21 in order to

2 1 2

5 3 11
and =————+
7 1 2) 2 [ 1, 2 2,1, 2
sTsta 5Tt sTsta

norms the measures to be probability measures on the remaining cake and does the same
that it initially did. The improved entitlements ¢} for i = 1,2, 3 are defined in such a way
1i(S})

1_
that the scaled ratios are exactly the quantities tiﬂ_(cl)

We proceed by proving that the steps of the algorithm are well-defined and it always
terminates:

Lemma 2. The steps of Algorithm II can be done and it maintains the equation

= p(S7)
Z Ni(cm) =1 (2>

i€lm
as well as the inequalities t7* > t; for every i € [n].

Proof. We use induction on m. For m = 0, (2) says Y ., ¢; = 1 which we assumed and
t9 = t; by definition. Suppose we are at the beginning of round m and (2) holds so far
and ¢ > t; for ¢ € [n]. By the definition of I,,, and by " > ¢;, the summands at (2)

1

are all positive, thus we have % < 1. Therefore ¢ — 1;,,(S7") < p4,,(Crn) and
hence there is indeed a T{" C Cy, with p,, (T7") = " — p,,, (S ). If we know that the
entitlements 7" for i € I,,;; are well-defined (i.e. no zeros in the denominators), then

a direct calculation shows that they sum up to 1.

Observation 3. If j,, = i, then player P, will be satisfied after round m because in
this case we have equality at (1) for iy, and t7* >1t; .

If I, = {im}, then we must have j,, = i,,. It follows by Observation 3 that I,,.; = () and
therefore the algorithm terminates, thus in this case there is nothing more to prove.

Suppose that |I,,,| > 1. Then the right side of (1) is strictly smaller than 1 because it
is one of the summands at (2) which are: all positive, there are at least two of them and
they sum up to 1. By subtracting both sides of (1) from 1 and taking the reciprocates we
obtain

(Chn 1
,uu((C’ )) S £ — i (S (3)
i\Um41 1— —Mm o)
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for i € I,,. In particular p;(Cy1) > 0 for j € Iqq. Since £ > t; > M(S}”“), the
entitlements ¢ *" are indeed well-defined.

Claim 4. We have

e — g (SmEL
Z i /é(Sz ) <1
i€l 1i(Crng1)
as well as t]"™ > 7 for every i € 1,11, moreover, all of these inequalities are strict if
Jm F -
Proof.
tgn— iSim-i-l % t — 1 Sm+1

Z i ) < Z M )

,ui(cm-i-l) z m+1

(ST (C)
Mz(cm) Mi(cm-i-l)

D SR B

1€l 41 1€1Lm

i€Im Him (Cm)
< (Z : ;»_(lé(i )> B Zimigm; ' tgn_lmm(sm
i€ln ilm Jm A\Mm 1_W
*** t ¢ Sm 1
] — Jim ~ Hin (55,) o my = 1.
/’le (Cm) 1 — tlm —Him (Szm)

My, (Cm)

% Iy1 C I, and the summands are non-negative,
* % MM(S;Z“) = 5, (ST) + 15, (R) because ST+ is the disjoint union of S and R,

furthermore, S/"** = S™ for i € I,, \ {jm},
% % (2) and there is equality at (1) for j,,.

The overestimation of MG’”)) via (3) is strict if 4, # jm. The part about the

(©

inequalities #]"*' > ™ follows directly from the already proved part and the definition

of "1, O
O

Lemma 5. Algorithm II terminates after finitely many steps.

Proof. Suppose for a contradiction that the algorithm does not terminate for py, ..., t,
and ty,...,t,. Let k be the smallest number for which I, = I,, for every m > k. Then
Jr # i since otherwise we had I..1 = I \ {ix} € I (see Observation 3). By Claim 4 this
implies tf“ > th > t; for every i € I}. Let (my)een be a strictly increasing sequence of
natural numbers with mg > & such that there are *, j* € I, with ¢,,, = ¢* and j,,,, = j*
for every ¢. There cannot be a ¢ > 0 such that p;«(R,,,) > ¢ for infinitely many ¢ because
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then Pj- would be eventually satisfied and removed from the process, contradicting the
definition of k. Thus limy, pj+(R,,) = 0. Since there is equality for j* at (1) for each
my, we know that

m meyy H5*(Cimy)
o (Rp,) = [t — s (S720)] L=
ILL] ( é) [z ( )] ,Uz (Cm)
If liminfy oo t7° — pi= (SiY) = 0, then g« (Si*) > t;» for some £ because tX° > t;« and ;2"
is increasing in ¢, a contradiction. Therefore we must have lim, ., Z Jggmf)) = (. Since
K my

pix(Cy) < = (Cry), this implies limy oo p1j+(Ch,) = 0. But then it follows from (2)
that limg o 7. — pj-(Sj+*) = 0. As earlier with i*, this implies that player Pj- will be
eventually satisfied, which is a contradiction. O]

3 From fairness to strong fairness, an elementary approach

Lemma 6. Assume that (C,S) is a measurable space, I is a countable index set, and for
1 € I, p; s an atomless probability measure defined on S and t; is a positive number such
not all the p; are identical and ), ., t; = 1. Then there is a partition C' = C' U C" and
tit! >0 with Yt =" t] =1 such that t; - p;(C") +t - 1;(C") > t; for each i € I.

Proof Suppose that j, kel and C" € S such that p;(C") < pg(C"). It is enough to find
"> 0with ), ; 85, > ;87 < 1and s)-p;(C") 457 - 11;(C") = t; for every i € I because

’L’ ’L

then

/ S”
th = and t := :

’ Zée[ ZEEI sy

are as desired. We are looking for €, > 0 for which the definitions

R —
osj.—tj €

"._ 4. L (@)
e i =t;+¢ 1 (C7)

o s =t 40 L2

[} Slkl —tk—é
o s/ =g :=t; fori e N\ {j k}

are suitable. Note that whatever ¢ and 0 we choose, s, - /LZ<C, )+ s ,uz(C” ) = t; will hold
for each i € N. Thus the requirements s, s > 0 and ZZGI 5 ZZE[ 7 < 1 mean for ¢ and
0 that they satisfy

e>0-

0>¢-
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If 1;(C") = 0, then the last inequality is redundant and the existence of a solution is
straightforward. Otherwise the last two inequalities demand

u(C) e 1(C7)
ue(C) 0 p(C)

Sinceﬂ’; ’Z((g,/)) < ‘; JJ ((g,/)) follows from y;(C") < p(C’), the desired € and § exist in this cas[(]e
as well.

Let 45 be the restriction of & to SN P(C) if 1;(C") # 0 and an arbitrary atomless
probability measure on S NP(C’) if p;(C") = 0. We define p analogously with respect

to C”.

Corollary 7. Assume the settings of Lemma 6. If {S;: i € I} is a fair division with
respect to pi,t. (i € I) and {S! : 1 € I} is a fair divisions with respect to p!, t! (i € I),

then for S; == SIUSY, {S;: i € I} is a strongly fair division with respect to p;, t; (i € I).
Proof. We have p;(S!) > ;- 11;(C") and p;(SY) > t7 - u;(C") by fairness, thus by Lemma 6

1i(Si) = pa(S; U SY) = wa(S7) + pi(SY) =t w(C') + 7 i (C") > ¢ 0

4 Existence of a fair division for infinitely many players

We repeat the theorem here for convenience. Assume that (C,S) is a measurable
space and for ¢+ € N, p; is an atomless probability measure defined on & and ¢; is a
positive number such that Y ° ¢; = 1. Then there is a partition C' = | |;°, S; such that
S; € S with p;(S;) = t; for each i € N. Furthermore, if not all the p; are identical, then
‘u;(S;) = t;" can be strengthened to ‘u;(S;) > t;” for every i € N,

Proof. Without loss of generality we may look for a sub-partition instead of a partition,
i.e. we can relax ‘C = ||, S’ to ‘C D | |2, S;” since the remaining surplus part of the
cake can be given to anybody. The last sentence of Theorem 1 follows from the rest of it
via Corollary 7.

For n € N, we let t7,t7,. .., to be the first n + 1 entitlements scaled to sum up to 1,
ie.
o
: = )
' ijo tj
Observation 8. (1 — t71))t7 =" and lim, 0 £ = ¢;.
Proof.
n n+1
s D j—oli _ D im0 ti = tnia gt
- 1, — T1 - n+1
t Z?:o tj Z?:o tj
t; t;
lim ¢! = lim : = : =t;. O]
n—soo " n—00 Z?:O tj hmn—>oo Z?:O tj ‘

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(1) (2022), #P1.42 9



We shall define recursively S € § for i,n € N with ¢ < n in such a way that
(i) C =i, S} for every n;

(i) ps(S7') = 85
(iii) For every fixed i € N the sequence (S7'),>; is C-decreasing.

Observe that conditions (i) and (ii) say that for each fixed n the sets Si, ST, ..., S form
a fair division with respect to the measures p; and entitlements ¢}. Although such a fair
division can be found for every particular n, it cannot be guaranteed without condition
(iii) that they have a meaningful “limit” which provides a fair division in the original
settings.

We let SQ := C which obviously satisfies the conditions. Suppose that S§,S7...,S?
are already defined for some n € N. We need to find for each i < n an Sf“ C S with
wi(SPY) = ¢7%1 in such a way that for

n+1 . n+1
Siti=c\Us:
<n

we have fi,,41(S) +1) trt]. For the last inequality it is enough to ensure that

i (SI\ SE) > o (S7) - 117 for i < . (4)

Indeed, since
n+1 n n+1
St =S\ s;
<n

the inequalities (4) imply

L1 (SiE) = pnga (l_l S\ S?“) = paa (SPASPT) = i (S]) - 01
=0 =0

<n

=0 s (SP) = s (C) = 911 - 1= 1071,

where we used (i) combined with the fact that u,1 is a probability measure. Therefore
it is enough to find for every i < n an S]"*' C SP such that

pa(SPH) = 47 (5)

pnpa (PN SPHY) = pina (S7) - i (6)
Let i < n be fixed. If y1,41(SP) = 0, then we let S™™ := S which is clearly appropriate
since t > " (see Observation 8). Suppose that ,unH(SZ”) > 0 and note that p;(S!") >

% > 0 by assumption. We claim that choosing S!""' to be the slice corresponding to i
in a fair division of S between P; and P, ; with respect to the restrictions of % and
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. ‘J‘:J{én) to SN P(S!') and respective entitlements 1 — tZﬁ and tgﬁ is suitable. Indeed,

by the fairness of the obtained bipartition {S™', S\ S} of S* we have

Mi(S?H)

2 1 o tn+1,
14 (ST mH
fni1(S;\ SPHY) >
/Ln+1(5in) m

Here the second inequality is equivalent with (6) and the first one implies (5) since
pa(SPY) = (1=t m(S)) = (1 — ity =67,

where we used p;(S!") > tI' and Observation 8. The recursion is done.
We define S; := 5, 57" for i € N. Then for i < j we have S; N .S; = ) because

S; €57, 8; € 8% and 5/ NS =0 by (i). Furthermore,

)= ()5 = o) > =

n=i

by (iii), (ii) and Observation 8. This completes the proof of Theorem 1. O
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