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Abstract

In a recent work, Keith and Xiong gave a refinement of Glaisher’s theorem by
using a Sylvester-style bijection. In this paper, we introduce two families of colored
partitions, flat and regular partitions, and generalize the bijection of Keith and
Xiong to these partitions. We then state two results, the first at degree one, where
partitions have parts with primary colors, and the second result at degree two for
secondary-colored partitions, using the result of the first paper of this series on
Siladi¢’s identity. These results allow us to easily retrieve the Frenkel-Kac character
formulas of level one standard modules for the type Agi), Dfll and Bfll), and also to
make the connection between the result stated in paper one and the representation

theory.
Mathematics Subject Classifications: 11P84, 056A19, 17B37

1 Introduction

1.1 History

Let n be a positive integer. A partition of n is defined as a non-increasing sequence of
positive integers, called the parts of the partition, and whose sum is equal to n. For
example, the partitions of 5 are

(5)7 (47 ]')7 (37 2)’ (37 17 ]')7 (27 27 1)7 (27 ]'7 17 1)7 and (17 17 ]'7 17 17 17 ]')
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A partition identity is a combinatorial identity that links two or several sets of integer
partitions. The study of such identities has interested mathematicians for centuries, dating
back to Euler’s proof that there are as many partitions of n into distinct parts as partitions
of n into odd parts. The Euler distinct-odd identity can be written in terms of g-series
with the following expression:

(@) 1
(~60) = (D0 (6670 @

In the latter formula, (z;q), = [[1 (1—2¢") for any m € NU{oo} and z, ¢ such that |g| <
1. We also define for any ay, ..., as the expression (ay,...,as;q)m = (a1;¢@)m -+ (s @)m

We note that while the Euler identity is not difficult to prove by computing the gen-
erating function of both sets of partitions, the bijection that links these sets is not trivial.

In [7], Glaisher bijectively proved the first broad generalization of the Euler identity.
Let m be a positive integer. We define an m-flat partition to be a partition where the
differences between two consecutive parts, as well the smallest part, are less than m, and
an m-regular partition to be a partition with parts not divisible by m. The generalization
of Euler’s identity given by Glaisher, and which makes the connection between m-flat and
m-regular partitions, is stated in the following theorem.

Theorem 1 (Glaisher). For a fized positive integer n, the following sets of partitions are
EqUINUMETOUS!

1. the m-reqular partitions of n,
2. the partitions of n with fewer than m occurrences for each positive integer,
3. the m-~flat partitions of n.

The corresponding q-series is

- 1 (¢ 4™)s
I+q"+¢"+ - +q"m )= = : (2)
g g 1=q") (¢

min

Another bijective proof of the Euler identity was given by Sylvester [21]. However,
it was a open problem to find a suitable generalization of Sylvester’s bijection for the
Glaisher identity.

This problem was solved, a century after the paper of Sylvester, by Stockhofe in his
Ph.D thesis [20]. In the 90’s, seminal works of Bessenrodt [2], and Pak and Postinkov [16],
related the Sylvester algorithm to the alternating sign sum of integer partitions. They
then gave new refinements of the Euler identity.

In this paper, we focus on a broad refinement of Glaisher’s identity given by Keith and
Xiong [12]. Their proof used a variant of the Sylvester-style bijection given by Stockhofe.
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Theorem 2 (Keith-Xiong). Let m > 2, uy, ..., u,—1 be non-negative integers, and let n
be a positive integer. Then, the number of m-flat partitions of n with u; parts congruent
to i mod m is equal to the number of m-reqular partitions of n into u; parts congruent
to ¢ mod m.

The main goal of this second paper is to state two results, beyond the refinement of
Keith-Xiong, that link a general definition of flat partitions and regular partitions given
in terms of weighted words.

1.2 Statement of Results
1.2.1 Generalized flat and regular partitions

We first recall the notion of grounded partitions, introduced by the author and Dousse in
6].

Let C be a set of colors, and let Z¢ = {k. : k € Z,c € C} be the set of colored parts.
We here refer to |k.| = k and c(k.) = ¢ respectively as the size and the color of the colored
part k..

Definition 3. Let > be a binary relation defined on Z¢. A generalized colored partition

with relation > is a finite sequence (7, ..., ms) of parts, where for all i € {0,...,s — 1},
(U > TG+1-
In the following, the quantity |m| = |m| + - - - + |7m,| is the size of the partition 7, and

C(m) = ¢(m) - - - ¢(ms) is its color sequence. Note that from a set C, one can build the
colors of degree k as products of k colors in C, for any positive integer k. The set of degree
k colors is denoted C*, and is equal to {c; -+ - ¢y : ¢1,...,cx € C}. Therefore, Ct = C refers
to the set of primary colors, and we say that we use weighted words at degree k if the
colors of the parts have degree at most k, i.e if the set of colors equals C! LI --- LI CF.

We now extend the notion of flatness to the grounded partitions.

Definition 4. Let € be a function from C? to Z, called energy. A flat partition with

ground ¢, and energy ¢ is a grounded partition with ground ¢, and the relation >, defined
by

ke>clg<—=k—1=¢(c,d). (3)

These partitions are determined by their sequence of colors as well as the energy e.

This comes from the fact that for such a partition 7 = (m, ..., m_1,0,,), the computation
of the size of m; gives the following relation,

—_

S—

|| = e(c(m), c(my1)).

|
B

Example 5. A good example of flat partitions are the m-flat partitions. It suffices to
consider the set of colors C = {cy,...,cm-1}, ¢g = ¢y and define the energy € by

( ) 1—J if 1>
€\Gi, C5) = . R . .
! m+41—j if 7 <.
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With these definitions, for any flat partition, its parts with color ¢; necessarily have a size
congruent to ¢ modulo m. Moreover, observe that € has values in {0,...,m—1}. We then
associate to any m-flat partition A = (A, ..., As) the flat partition 7 = (7, ..., ms_1,04)
such that, for all k € {0,...,s — 1},

[Tk = A1 and (k) = i)

where [Agy1]m = Agy1 mod m.
Let us now generalize the notion of regularity.

Definition 6. A c-regular partition with ground c, and with relation > is a grounded
partition © = (m, ..., ms_1,0.,) with ground ¢, and relation >, such that c(m;) # c for
all k € {0,...,s —1}. When ¢ = ¢, it is called a regular partition in c,.

Example 7. An example of such partitions are the m-regular partitions. It suffices to
consider as in Example 5 the set of colors C = {cp,...,cm-1}, ¢ = ¢o and define the
relation > by

ke, > 1, <= k=21 and k—Il=i—j modm,

so that, in any regular partition, the size of parts with color ¢; are necessarily congruent
to ¢ modulo m. We then associate to any m-regular partition A = (Ay,..., As) the regular
partition m = (7, ..., Ts—1, 0 ) in ¢o and such that, for all k£ € {0,...,s — 1},
1Tkl = Mer1 and (k) = -
In the remainder of this paper, we take for regular partitions a relation >, associated
to a energy €, and defined by

ke>clg<=k—1>¢€(c,d). (4)

We then call the relation >, the minimal difference condition given by energy e, and a
regular partition with relation >, is referred to as regular partition with energy e.

Considering the set of colors and the energy € given in Example 5, by Theorem 2, there
exists a bijection between the corresponding flat partitions with ground ¢y and energy €
and the regular partitions in ¢y and with energy ¢, such that the parts with color ¢;
have sizes congruent to ¢ mod m. The latter regular partitions are those described in
Example 7. Furthermore, the bijection occurs between the partitions of both kinds with
a fixed size and numbers of occurrences of the colors different from the ground c¢q. In this
spirit, the main theorems of this paper make a connection between the flatness and the
regularity, and have the following formulation.

Theorem 8. Let C be a set of colors and let ¢, € C be the ground. Then, for some
suitable energies € and €, there exists a bijection between a certain set of flat partitions
with ground c, and energy € and a certain set of reqular partitions in ground c, and with
enerqgy € .
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Two such theorems are stated in Section 2. The first result, Theorem 22, is related to
weighted words at degree one, i.e. for primary colors and parts, and energies satisfying
e = ¢/. We here give a corollary of Theorem 22 as the following analogue of Glaisher’s
theorem for m-regular partitions into distinct parts.

Corollary 9. Let m and n be positive integers. Then, the number of m-reqular partitions
of n into distinct parts is equal to the number of (m + 1)-flat partitions of n, such that

e the smallest part is less than m,
e two consecutive parts divisible by m are necessarily equal,

e two consecutive parts not divisible by m and with the same congruence modulo m
are necessarily distinct.

Example 10. Here we take m = 3 and n = 16, and the 3-regular partition of 16 into
distinct parts are

(16), (14,2), (13,2,1), (11,5), (11,4, 1), (10,5, 1), (10,4, 2),

(8,7,1),(8,5,2,1), and (7,5,4)
and the 4-flat partitions of 16 of the second kind are

(8,5,2,1),(7,5,3,1),(7,4,3,2),(6,5,4,1), (6,5,3,2), (6,4,3,2,1),
(5,4,3,3,1),(5,3,3,3,2), (4,3,3,3,2,1), and (3,3,3,3,3,1).

Another consequence of Theorem 22 consists in easing the computation of characters
of the representations of some affine Lie algebras. Formulas for such characters are given
in [6] as generating functions of the flat partitions with respect to a ground and a suitable
energy function of perfect crystals.

The second result, Theorem 27, concerns weighted words at degree two, and energies
satisfying € = ¢’ up to some exceptions. This second theorem uses Theorem 22 and the
result from the first paper of this series [14], which we summarize in Section 2.1. In the
particular case of representations of affine Lie algebras we study here, Theorem 27 allows
us to connect the difference conditions of the result on Siladi¢’s identity, given in the first
paper, and the ener%y function of the square, in terms of tensor product, of the vector
representation of Agi . We here state a corollary of Theorem 27, presented as a companion
of Siladi¢’s identity.

Corollary 11. Let n be a non-negative integer. Denote by A(n) the number of partitions
A= (A1,...,As) of n, into parts different from 2, such that \; — X\ix1 = 5 and

Ai— A1 =5= N+ N1 =13 mod 16,

Ai— A1 =6= N+ X1 =0,£4,8 mod 16,

Ai— A1 =7= N+ N\y1 = 21,45, +£7 mod 16,

Ai— A1 =8= N+ X1 =0,£2,£6,8 mod 16.
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Denote by B(n) the number of partitions X = (A1, ..., \s) of n, such that the parts con-
gruent to 0 mod 8 can be overlined, the last part is less than 11 and different from 2 and
8, and 0 < \j — \iy1 < 16 with the additional conditions

)‘i-i-l =0= )\Z + )\H—l = 6 mod 16,
)‘i+1 =1= /\Z + )‘i-i—l =+1 mod 16,

i— A1 =2=> N+ X1 =0 mod 16,
_)\i+1:3:> )\2+)\z+15i§ mod 16,

A
A
A
A
AN —Aig1 =4= N+ Ny =£2,44 mod 16,
A
A
A
A

)

i—XNig1 =5 = AN+ XNy = £3,£5 mod 16,
—Xig1=6= N+ A1 =0,44,8,£6 mod 16,
C— Ay =T= A+ Ay =41, 45 4747 mod 16,
i—XNig1 =8 = A+ XNy =0,4£2,46,8,8 mod 16,

)

where the number of lines of A\; + \jx1 mod 16 indicates the numbers of overlined parts
Ais Aiy1 (which must be congruent to 0 modulo 8). We then have that A(n) = B(n), and
the corresponding identity his

> B(n)g" =Y An)q" = (=¢;¢")ee (5)

n=0 n>0

1.2.2 Character formulas for level one standard modules

We refer the reader to [8] for the definitions in the theory of Kac-Moody algebras.

Let n be a non-negative integer, and consider the Cartan datum (A, II, 11V, P, PV) for
a generalised Cartan matrix A of affine type and rank n. Here II is the set of the simple
roots ;(i € {0,...,n}), and denote by P = ZAg @ - - - ® ZA,, the lattice of the classical
weights, where the elements Ay (¢ € {0,...,n}) are the fundamental weights. Denote by
d the null root. Let L(A) denote the irreducible module of highest weight A, also called
the standard module. Using Theorem 22 and [6, Theorem 3.8|, we retrieve the Wakimoto
character formulas [22] for the following.

Theorem 12. Letn > 2, and let Ao, . .., A, be the fundamental weights and let a, . . . , ay,

be the simple roots of AL . We have in Z[[e=®0, e~ - ¢=°]] that
e Mch(L(Ag)) = H(_e—(s'—%an—z?gi 23 e gantin) i, 6_25/)00, (6)
u=1

where 20" = 0 = 209 + - -+ + 201 + @, 1S the null root.
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Theorem 13. Letn > 2, and let Ao, . .., A, be the fundamental weights and let ay, . . . , oy,

be the simple roots of Dfizl. We have in Z[le=*, e, --- je~*]] that
- 1 S TR S T S
e AOCh(L(AO)) — (676.6726) H(_e § Zz:u z’_e 5+Z7,:u 1;6 25)00’ (7)
I o0 u=1
- 1 S NV TE S
e A”ch(L(An)) = (6_5‘6_25) -H(—e 2izu i —e 204370, e 26)007 (8)
’ © u=1

where 6 = ag + -+ - + a, s the null root.

Theorem 14. Letn > 3, and let Ag, . .., A\, be the fundamental weights and let a, . . . , au,

be the simple roots of BY. We have in Zlle= 0, e ... e ]| that
1 - . "
e Meh(L(Ay)) = 5 - [ [(mem Ze e —e TR0 ) (9)

(e70; e i1

where 6 = ag + o + 209 + -+ - + 20, 18 the null root.

The remainder of the paper is organized as follows. We first provide in Section 2 the
tools and the main result of the first paper [14], as well as the main results connecting flat
and regular partitions at degree one and two. Second, assuming Theorem 22, we recover
in Section 3 the Frenkel-Kac character formulas. After that, we prove Theorem 22 and
Theorem 27 respectively in Section 4 and Section 5. We finally discuss in Section 6 the
possibility of a suitable Theorem 8 at degree k for k£ > 3 and conclude with some remarks
in Section 7.

2 The setup

2.1 Weighted words: parts as energetic particles

We here recall the basic tools and results of the first paper [14].

Let C be a set of primary colors, countable or not. Recall the set of primary parts
Z¢, which is also denoted by P = Z x C. A primary part with size k and color ¢ is then
identified as k. or (k,c).

Definition 15. A minimal energy is an energy € from C? to {0,1}. WhenC = {ci,...,c,},
the data given by € is equivalent to the matrix M, = (e(c;, ¢;))7;=;, denoted the energy
matriz. The energy relation =, with respect to € is the binary relation on P? defined by
the following,

(kyc) = (K, ) <= k—FK > €(c,c). (10)

Example 16. Let C = {c1,...,¢,} be a set of colors, and let Iy, Iy be a set-partition of
{1,...,n}. We then define the minimal energy

eciycj) = {X(Z <j)if i#j (11)

x(iely) if i=j.
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Then, the general order on the parts is
e (k+1)ey e ke, =c ke, =c e key =c ke, =c -+,

and k., > k., if © € I, and k., %, k., if i € I;. This means that a part k., can be repeated
in the well-ordered sequence of parts if and only if 7 € I5.

Example 17. Suppose that C = {¢1, ¢2} and define the minimal energy
e(ci,¢5) = x(i = j). (12)
We then have the general relation on the parts,
e (k4 1)e, e key ¢ key e key =c key ¢ (K —1)¢ ¢ -+,

and k., ¢ ke,. A well-related sequence of parts with the same size is then an alternating
sequence.

Definition 18. We define the secondary parts to be the sums of two consecutive primary
parts in terms of .. Denote by S, = Z x C? the set of secondary parts, in such a way
that the part

(kye,d) = (k+e(e,d),c) + (k, ) (13)

has size 2k+€(c, ¢) and color ¢c’. In the following, we identify a secondary part as (k, ¢, )
or (2k + €(c,))eer. We denote by v(k, ¢, ) and p(k, ¢, ') the primary parts

’Y(kvg Cl) = (k + 6(07 C,),C) and :u(ka G, C,) = (kacl)7
respectively called upper and lower halves of the secondary parts (k,c, ).

Definition 19. We define the relation >, on P U S, as follows:

(k,c) > (k ,(’)<:>k: K > e(c,d), (14

(kyo) > (K, ") <=k — 2K +¢e(d, ") = elc,d) +e(d, "), (15
(k,c,c) > (k" ") = (2k +e(e,d)) =k >ele,d)+e(d, ), (16
(kye,d) > (K, ", ")y <= k=K = e(d, ")+ e, ). (17

~— — —— —

Definition 20. Let O, (respectively &) be the set of all generalized colored partitions
with parts in P (resp. P U S.) and with relation >, (resp. >.). For p € {0,1}, we
consider the following sets:

o Pr+ :Z>p><Cand Sf* :ngxczz{(kacacl> €S k>’0}’
o PP~ =7, xCand 8 = {(k,c,d) €S.: k+e(c,d) < p}.

We then denote by O?+ (respectively O?-) the subset of O, with parts in PP+ (respectively
Pr-), and by £+ (respectively £/~ ) the subset of £ with parts in PP+ LUSP+ (respectively
Pr-1SP).
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Since secondary colors are products of two primary colors, the color sequence of par-
titions in O, and &, is then seen as a finite non-commutative product of colors in C.
The main theorem of [14] is then stated as follows.

Theorem 21. For any integer n and any finite non-commutative product C' of colors in C,
there ezists a bijection between {\ € O, : (C(N), |\|) = (C,n)} and {v € & : (C(v), |v]) =
(C,n)}. In particular, for p € {0,1}, we have the identities

{v e & : (CW),[v]) = (Cin)}| = {A € OF - (C(A), [A]) = (C;n)}], (18)
{v e & : (Cw),[v]) = (Cin)}] = [{A € O : (C(A), [A]) = (Cn)}. (19)

Note that the partitions in O, and &, are not grounded partitions, but we will see in
Section 5.2 how to render them as regular partitions.

2.2 Weighted words, flat partitions and regular partitions

Let C be a set of primary colors, and let € be a minimal energy as defined in Definition 15.

2.2.1 Weighted words at degree one

Let us fix a ground ¢, € C. We set F;' to be the set of primary flat partitions, which
are the flat partitions with ground ¢, and energy e. Recall that the energy e defines a
relation >, as follows,

ke>c kl <=k — K =e(c,)- (20)

Let us also recall the energy relation >, defined by
ke =kl <=k — K > ¢€(c, ), (21)

and let Ry“ be the set of primary regular partitions, which are the regular partitions in
ground ¢, and with energy e.

Assuming that ¢, = 1, one can see, for both flat or regular partitions, the color
sequence as a product of colors in C\ {¢,}. Let us set C' = C\ {¢,}. Depending on certain
properties of €, we can build a bijection between Ry and F;'“ which preserves both the
size and the color sequence of partitions.

Theorem 22 (degree one). Let o, € {0,1}. Assume that €(cy,¢,) = 0, and that for all
¢ # g,

(59 = E(Cga C) =1- E(Ca Cg>. (22)
There then exists a bijection Q between Fy;' and Ry which preserves the total energy
and the sequence of colors different from c,.

This theorem is a generalization of Theorem 2. To see that Theorem 22 implies
Theorem 2, we take the set C = {co,...,cn_1}, and set ¢, = ¢o. Theorem 2 then
corresponds to the energy €(c;, ¢;) = x(i < j), followed by the transformation

(C_Za Co,C1, - - 7Cm—1) = (qma 17(17 oo 7qm_1)‘
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The latter operation means that the part is k., is transformed into the part mk + 4, and
the relations in (20) and (21) induced by € then become
i—d if i >4

mk +i > mk' + i <= (mk +1) — (mk' +4) = e
m+i—1if i <7,
i i
mk +1i = mk' +i < (mk +1i) — (mk' +4') > ! Z,l ,Z, Z, ,
m-t+i—dif 1 <.

Note that the last part corresponds to 0 for both flat and regular partitions after this
transformation. We then retrieve the flat partitions of Example 5 and the regular parti-
tions in Example 7, except that we implicitly assimilate the congruence modulo m of the
part size to the unique corresponding color in C.

Similarly, Theorem 2 is also implied by Theorem 22 with the energy €(c;, ¢;) = x(i > j)
followed by the transformation (g, o, c1,- -+, ¢m1) = (¢™, 1,471, ..., ¢*™™), in which case
the part k., is assimilated to the part km — 1.

In the same way, we obtain the analogue of Glaisher, stated in Corollary 9, by consid-
ering the same set of colors C = {co, ..., -1}, the ground ¢, = ¢, the transformation
(q,co,C1,- s Cm_1) — (™ 1,q,...,¢™ 1), but a slightly different energy ¢, given in Ex-
ample 16 with I, = {0},

<) it i
eci,c;) =10 if i=35=0
1if i=5#0.
Note that the restriction of € to C \ {¢o} = C’ then gives €(c;, ¢;) = x(i < j).

2.2.2 Weighted words at degree two

Let us now assume that e satisfies the conditions of Theorem 22 and consider the set of
secondary parts S, defined in Definition 18. Recall that d, is the common value of €(c,, c)
forallce .

Definition 23. We define F,“ to be the set of secondary flat partitions, which are the
flat partitions into secondary parts in S., with ground cz and energy ey defined by

ex(cd ., dd') = e(c,d) + 2¢(d,d) + e(d, d"). (23)

Remark 24. The definition of €, equivalent to defining a relation >., on secondary parts
which satisfies the following:

(2k +e(e, ) eer e, (214 €(d, d))aar <= (2k +€(c, ) — (21 + €(d, d'))
=e(c,d)+2¢(d,d) +e(d,d).
< k—(l+e(d,d)) =€, d)
= u((2k +e(c, d))ee) > V(2L + €(d, d))aar). (24)
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Definition 25. We set Ry to be the set of secondary regular partitions, which are the
regular partitions into secondary parts in S, with ground cf] and the energy €, defined by

en(cd,dd") = ex(cd, dd') + 26(cc, dd'), (25)
where §¢(cc, dd’) = 0 apart from
§(ccyycyd) = €(c,d’) forall e, d eC, (26)

and the additional exceptions when d, = 1:

. , c=c¢, c,d,d el and €(d,d)=1
O(ed,dd) = =1 if {c’:cg c,d,d €C and €(c,d)=0 (27)
g Y Y ?
d = '.deC and ¢(d,d)=0
§(ec dd) =1 it {7 G ¢, de€C and elc,d)=0 (28)
=cq o, d el and e(d,d)=1.

Remark 26. Note that the energy €, defines a binary relation >¢ on secondary parts of
S, as follows,

2k +e(c,d))eer > 2+ e(d,d))gw <k — 1 — e(c’, d) —e(d,d") = §(cc,dd').  (29)
The level above Theorem 22 can be stated as follows.

Theorem 27 (degree two). Assuming that ¢, = 1, there exists a bijection between Ry
and Fy° which preserves the total energy and the sequence of colors different from c,.

Let us give a example of such identity. Consider the set C = {a,b, c}, ¢, = ¢ and the
energy matrix

a b ¢

afl1 1 1

Mc=0b(0 1 1

c\0 0 0

We then obtain the energy matrices for e; and €,
a’> ab ac ba V> bc ca cb
a>/4 4 4 3 4 4 3 3 3
abl 2 2 2 3 4 4 3 3 3
acl 2 2 2 1 2 2 1 1 1
bal 3 3 3 2 3 3 2 2 2
M,="bvV]2 2 2 3 4 4 3 3 3|,

bcl 2 2 2 1 2 2 1 1 1
cal 3 3 3 2 3 3 2 2 2
¢l 1 1 1 2 3 3 2 2 2
A\1 1 1 0 1 1 0 0 0

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(1) (2022), #P1.54 11



a’> ab ac ba b bc ca cb

a/4 4 4 3 4 4 3 3 3

abl 2 2 2 3 4 4 3 3 3

ac|l 2 2 2 1 2 2 3 3 1

bal 3 3 3 2 3 3 2 2 2

Mer2 =2 2 2 3 4 4 3 3 3
bcl 2 2 2 1 2 2 1 3 1

cal 3 3 3 2 3 3 2 2 2

chb| 1 1 1 2 3 3 2 2 2

A\1 1 1 0 1 1 0 0 0

Since in the regular partitions we never have a color ¢? except for the last part 0., one
can consider partitions into parts with color in {a?, ab, ac, ba, b?, be, ca, cb}, satisfying the
minimal difference condition in

a’> ab ac ba b be ca cb

/4 4 4 3 4 4 3 3

abl 2 2 2 3 4 4 3 3

acl 2 2 2 1 2 2 3 3

M — bal 3 3 3 2 3 3 2 2
eyl 2 2 2 3 4 4 3 3
bcl 2 2 2 1 2 2 1 3

cal 3 3 3 2 3 3 2 2

cb\1 1 1 2 3 3 2 2

and such that the minimal sizes for the part with color a2, ab, ac, ba, b2, be, ca, cb are re-
spectively 3,3,1,2,3,1,2,2. By applying the transformation (q,a,b,c) — (¢*,¢73,¢71, 1),
we obtain the companion of Siladic’s identity given in Corollary 11.

3 Applications to level one perfect crystals

3.1 Notion of crystals
3.1.1 Crystals

We here introduce the basic tools which will be useful for the computation of level one
standard modules’ characters. For further references, see [8, 10].

Let n be a non-negative integer, and consider the Cartan datum (A, 11,11V, P, P) for
a generalised Cartan matrix A of affine type and rank n. The set II is the set of the simple
roots a;(i € {0,...,n}), and we denote by P = ZAy®- - - ®ZA,, the lattice of the classical
weights, where the elements A, (¢ € {0,...,n}) are the fundamental weights. The null
root 0, can be uniquely written

§:d0a0—|—-~~+dnan

with dy, ..., d, being positive integers. Let us now introduce the notion of crystal.
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Definition 28. Let A = (a;)o<ij<n be a Cartan matrix with associated Cartan datum
(A, TILITY, P, PY). A crystal associated with (A, I, 11V, P, PV) is a set B together with
maps

wt: B — P,

&, fi: B— BU{0} (i €{0,...,n}),
gi,pi i B— ZU{—0o0} (1€{0,...,n}),

satisfying the following properties for all i € {0,...,n}:
L @i(b) = €i(b) + (hi, wt(D)),

wt(€;b) = wtb + «; if €;b € B,

wt(fib) = wtb — o if fib € B,

gi(é;b) = ¢g;(b) — 1if ;b € B,

wi(€:b) = ¢;(b) + 1 if é;b € B,

ei(fib) =ei(b) + 1if fib € B,

i(fib) = ¢i(b) — 1 if fib € B,

fib="V if and only if b = &b for b,V € B,

© . N e otk W

if ;(b) = —oo for b € B, then &b = f;b = 0.
A graphical representation of a crystal B, called the crystal graph, consists of a graph
whose vertices are the elements of B, and whose edges are i-arrows satisfying
b— ¥ ifandonlyif fib =1V (or equivalently &b = b).

In the following, for i € {0,...,n}, we define the functions ¢;, p; : B — Z by

gi(b) = max{k > 0| erb € B},

@i(b) = max{k > 0| fFb € B}.
In other words, ¢;(b) is the length of the longest chain of i-arrows ending at b in the
crystal graph, and ¢;(b) is the length of the longest chain of i-arrows starting from b.
These definitions for ¢; and ¢; will be possible because of the nature of the crystals

coming from the crystal base of integrable modules that we will consider in the following.
Furthermore, by setting

e®) =Y e, and  @(b) = @i(b)A;, (30)
=0 =0
we then have wt(b) = ¢(b) — £(b) for all b € B, where wt(b) is the projection of wt(b) on
P.

We now define the tensor product of crystals.
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Definition 29. Let By, By two crystals associated with (A, I, 11V, P, P¥). The tensor
product B = B; ® By = By x By is the crystal satisfying the following:

e b b if ©;(b1) = €;(bo),
€i(by ® by) = 621(}? 2 1 pilby) 2 €i(b2)

bl X ez‘bg if sz(bl) < Si(bg), (31>
N fby @b if (b i(ba),
fi(by ® be) = f1@12 1 pilby) > €i(bo)

by @ fiby if i(b1) < ei(ba),

where by ® 0 = 0 ® by = 0 for all by € B; and by € By, and

Wt(bl ® bg) = Wtb1 + Wtbg,
gi(b1 ® by) = max{e;(b1),&:(b1) + €i(b2) — wi(b1)},
©i(b1 @ by) = max{pi(ba), pi(b1) + @i(ba) — &i(b2)}.

To fully understand the tensor rule, we can picture it on the crystal graph with the
following maximal chains of 7-arrows and j-arrows with ¢ # j.

An important property of the tensor product is its associativity: (B; ® Bs) ® By =
B ® (By ® Bs).
We finally introduce the notion of energy function.

Definition 30. Let B be crystal base. An energy function on BB isamap H : BRB — 7Z
satisfying

H(by @ by) + x(i = 0) if @i(b1) > €i(b2) (32)

0
(Ei(by ®2)) {H(bl®b2)—x( =0) i 0i(by) < 5(bs),
for all i € {0,...,n} and by, by with é(b; ® by) # 0.

By definition, in the crystal graph of B ® B, the value of H(b; ® bs), when it exists,
determines all the values H (b) @ b)) for vertices b} ® b} in the same connected component
as b1 & b2
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3.1.2 Character formula

The notion of perfect crystals, introduced by Kang and al. [10, 11], appears as a possible
method to compute the characters of standard modules. The notion of grounded parti-
tions, introduced by the author and Dousse, was deeply influenced by the behaviour of
the perfect crystals and the related character formula.

Let us consider a perfect crystal B of level ¢, a classical weight A of level ¢ satisfying
pr = (- ®g®yg), where p, is the ground state path, and let us assume that H(g®g) = 0.
We then define the set of colors indexed by B

CB—{Cb bEB}

and the energy € by
E(Cb, Cb/) = H(b/ &® b) (33)

We then obtain the following theorem from [6].

Theorem 31 (Dousse-K.). By a change of variable ¢ = e~%/% and ¢, = e™® for allb € B,
we have ¢, = 1 and the following identity:

Z C(m)g™ = e Ach(L(A)), (34)

7r6.7:

where Fy'“ is the set of flat partitions with ground c, and energy €, and we assume that
the colors ¢, commute in the generating function. !

In the remainder of this section, by using the above theorem and Theorem 22, we
compute the character formula corresponding to the following level one weights:

e Aq for the affine type Aéi) (n > 2),
e Ag and A, for the affine type Dgl(n > 2),

e A, for the affine type Bﬁl)(n > 3).

3.2 Case of affine type A;i) (n>2)

The crystal B of the vector representation of Agi) (n > 2) is given by the crystal graph in
Figure 1.
Here, we have wt(0) = 0 and for all u € {1,...,n},

n—1
S — 1
—wt(u) = wtu = 50 + Z: Q. (35)

Moreover, § = a,, + 2 ZZ _o @;. We thus obtain the crystal graph for B ® B in Figure 2.

'Here we use a corrected version of KMN character formula, with §/dy instead of §.
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B
b =by, =0
pAo:(...OOO) 0

- 2=3p=gesd
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' n—QD_ n—l

Figure 1: Vector representation of Aéi)(n > 2).
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v
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| | |
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— @[] - - - @el Do) — (@]
| | |
| | |
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— [@e[] @em - - - Mo — [0eR
EemE - - - Me@ - - - =R — |0
| | |
| | |
v _Vv v
— @@ @@ - - - e — |[0=E
| | |
| | |
v v
= — [O=I

(0[]
—> : O-arrow l
0]
—> ! n-arrow :
Vv
— —» : paths of i-arrows, for consecutive i # 0,n [0]®[u] ——> |[[J®[x]
! !
I:] : connected components without 0-arrows L \L
R — @R
(0l®E —
!
! !
v
[0eE —
!
!
v
e — @
[01=[0]

=0 - = [ell - - - [el] — @e0] - - - @e0] - - - 20 — [0

Figure 2: Crystal graph B ® B for the case Aéi) (n > 2).

We then consider the set of colors C = {cy,..
setting € (cy, ¢,) =
€
C1
C1 2
cr| O
Co 1

. Cpy Cry e v

.CT,Cot, € = Co, and by

H(v®wu) and H(0®0) = 0, we obtain the following energy matrix for

This energy matrix can be obtain by taking the energy matrix of € defined by

€1 T Co
¢ [ 1 1 1
ct|l O 1 1
co \ 0 0 0
followed by the transformation
(qv C1,C1, -+, Cp, Cﬁ) = (q27 Clq_17 qq_lv SR qu_la Cﬁq_l)' (36)

This means that, for ¢ # ¢, the part k. for the energy e is identified as the part (2k — 1),
for the energy ¢, and since we do not modify the ground ¢, the part k., for € is assimilated
to (2k)., for €, so that the last part still remains 0.
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By setting ¢y = 1, we can apply Theorem 22 to the flat partitions with ground ¢, and
with energy €, and we obtain the generation function

Z C(W)qh‘ = Z C(W)qlﬂ = <_01Q> —C1q, ..., —Cng, —Cuq,; q)oo

TeFy Y TeRYI

In fact, by the definition of the energy e, one can view the partitions of Ry as the finite
sub-sequences, ending with 0., of the infinite sequence

e By e 20 et e 20 e Lo e e Loy e Loy e e e Loy e Oy

Using (36), we then have that the flat partitions with ground ¢, and energy € are generated
by the function

(—e1g, —¢14, -+, —Cndy, —Cn; ¢*)oo-
Using Theorem 31 and (35), we obtain the formula for the character for Ay given in
Theorem 12.

3.3 Case of affine type D,(f_')_l(n > 2)

The crystal graph of the vector representation B of D,(fll(n > 2) is given in Figure 3.

5: PR “-Zm"*&@

Pao =
pAn:(...

[en}
ol O

ol 2
ERc]
=

1 2 n—QD_ n—l(n/

]

Figure 3: Vector representation of Dfﬁl(n > 2).

Here, we have wt(0) = wt(0) = 0 and for all u € {1,...,n},
— wi(u) = wtu = Z ;. (37)

Moreover, § = > ;. We obtain the crystal graph for B ® B in Figure 4.
We then consider the set of colors C = {cy,...,¢n, 5 Cry---,01,C0}, and by setting
€ (cy, ) = Hv®u) and H(0® 0) = 0, we obtain the following energy matrix for ¢":

€1 - Cp Cg Cm 0 €[ Co
af2 - 2 2 2 .. 2 1
N
o 2 2 2 2 1
| 0 0 0 2 2 1
e | 0 0 0 2 2 1 (38)
0* :
| 0 0 0 0 2 1
o \ 1 1 1 1 1 0
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—> : O-arrow [0]=[0] @e@ - - - e - - - @eld —e— @[] - - - @] - - - @] — 0[]
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L] : vertex of the form 0 ® - or - ® 0 5‘—@ —_— %C MWeM - - - 'fx H‘_> @ely - - - §‘g E]é‘ﬁ - Q\C
— — > : paths of i-arrows, for consecutive i # 0,n L \L J, \L J, L 1«
R — [@er - - - @eE R0 —e— @M @er - - - Mol — (0=
I:] : connected components without 0-arrows i RN i SN . I SN - RN i
R — |de@ - - - We@E - - - [e@ ¢ ([@em - - - @e@ - - - OeE — |0
! ! ! ! ! ! !
! ! ! ! ! ! !
v v v v v Vv v
e — [@eE - - - MeE [e@ —e— @eE @e@ - - - @MeE — [QeE
! ! ! ! ! ! !
! ! ! ! ! ! !
v ~ v ~ v v ~
=0 — |[M=m @@ - - » [Bed] —e— @A - - - @O e — (=0
mEo] (el - - = [l - - = Eed —e— @] - - - el - - - {20 — Q0]

n

Figure 4: Crystal graph B ® B for the case D(%Zl(n > 2).

3.3.1 Character for Ay

Here we set the ground to be ¢, = ¢ = 1. We obtain the energy matrix in (38) by
considering the energy matrix for e

C1 Cn Cﬁ Cn CT Co
ca (1 1 1 1 1 1
: 1*
cp| O 1 1 1 1 1
cg| O 0 1 1 1
cz| O 0O 0 1 1 1
: 0* : : : S :
{0 - 0 0 0 --- 1 1
co\0 -~ 0 0 0 --- 0 0

followed by the transformation

(¢, gy 1, C1v - Cny ) = (Pcgq e erg ™ e e ). (39)

By applying Theorem 22 to the corresponding flat partitions with ground ¢y and energy
€, we obtain the generation function

—C14, —C¢1q, ..., —Cph{q, —Cu(q, 00

TeFy Y TeERY (cod; 4)

In fact, by the definition of the energy e, one can view the partitions of Ry as the finite
sub-sequences, ending with 0., of the infinite sequence

e Bey e 2o e e 2oy e Lop e me Lo me Lo me Loy e e Loy e O
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with the parts k., possibly repeated. Using (39), we then have that the flat partitions
with ground ¢y and energy € are generated by the function

(—c1q, =14, - - ., —Cnl, —Ca0; ¢%)
(coq; 42)
By Theorem 31, (37) and the fact that ¢; = 1 with the convention of Theorem 31, we
finally obtain the formula for the character corresponding to Ag.

3.3.2 Character for A,

Here we set the ground to be ¢, = ¢ = 1. We obtain the energy matrix in (38) by
considering the energy matrix of €

cG '+ €y Cg Cy -+ C[ Co Cm -+ € C € - Cp Cy
c (1 -~ 1 1 0 --- 0 O (1 - 1 1 1 .- 1 1
2N IR A A 3 ISR S S RS LU A
cn| O 1 1 0 0 0 ct| O 1 1 1 1 1
cg| O 0 0 0 O _ <« 0 0 0 1 1 1
e It 1 1 1 1 1 - al 0 0 0 1 1 10
: R L E 00
el -~ 1 1 0 -~ 1 1 cn| O 0 0 O 1 1
co\V1 -~~~ 1 1 0 --- 0 O cg \ 0 0 0 O 0 0

followed by the transformation

(q7 Co, Cy - - - 7Cﬁ> = <q27 CUq_17 (’Tq_2a s ,Cﬁq_2). (40)

Here the part k., for € is transformed into (2k — 1), for €, and the part k._into (2k —2)...
Since ¢ and ¢; are not modified, the part k. then becomes (2k). for any ¢ € {cg,¢; : i €

{1,...,n}}.
Applying Theorem 22 to the flat partitions with ground ¢ and energy €, and we obtain
the generation function

—C14, —Cc{q4, ..., —Chq, —Cr(g; o)

TEF, TERY (cog; q)

In fact, by the definition of the energy e, one can view the partitions of Ry as the finite
sub-sequences, ending with O, of the infinite sequence

e Ber e 2oy e e 20 e Loy e e Loy me Log e Lo e o e Lo O

with the parts k., possibly repeated. Using (40), we then have that the flat partitions
with ground ¢y and energy €’ are generated by the function

(—a1¢® =i —nd® =3 4%) oo
(coq; ¢%) '
By Theorem 31, (37) and the fact that ¢y = 1 with the convention of Theorem 31, we
obtain the formula for the character corresponding to A,,.
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3.4 Case of affine type B(Y)(n > 3)
The crystal graph of the vector representation B of Br(Ll)(n > 3) is given in Figure 5.
B: —1>—2)M"—’;&@

[y

e =T s @™

Figure 5: Vector representation of Bél)(n > 3).

Here, we have wt(0) = 0 and for all u € {1,...,n},
—wi(@) = whu = Y . (41)

Moreover 6 = ag + a1 + 2 i, ;. We thus obtain the following crystal graph for B ® B
in Figure 6.

Here, the only suitable ground to apply Theorem 31 is c¢;. We then consider C =
{e1,... ¢n,Cmy - .., 01, C5), and by setting €(cy,c,) = H(v ® u) and H(0 ® 0) = 0, we
obtain the following energy matrix for €’

Cy Cy T C1 Co s Cp, Cﬁ
e [ 1 1 1 0 0 0 0
: 0 Do : S
| 0 1 1 0 0 0 0
s 0 0 1 -1 0 0 0
ol 1 1 1 1 1 11
e | 1 1 1 0 1 11
: R L : : L
w1 - 11 0 0 -0 101
G\1 -+ 1 1 0 0 - 0 0

This energy matrix can be obtain by taking the energy matrix of € defined by

Cm G Cf €1 Cop - Cn Cy
cr 1 11 1 1 -~ 1 1
| o I A
| 0 1 1 1 1 1 1
| o 01 0 1 1 1
al 0 0 0 1 1 1 1,
c| 0 0 0 0 1 1 1
Cn 0 0 0 1 1
g\ 0 0 0 0 0 0
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| ~
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O] — @2 - - - 22 M2
| | /_t—_ N
~ ~ v v =~ ~
2R — (@] BleR — [@Mel] el — 2l ~ 2
X N
mEln @20 - - > Bl=0] — [T=[0] e —= 1220 - - > Eel —— sl

Figure 6: Crystal graph B ® B for the case Br(ll)(n > 3).

followed by the transformation

<QJ CTy .- 7Cﬁ) — (q7 CTqila s 7Cﬁq71)' (42)

Here the part k. for e is transformed into (k — 1).. for €. The other parts k. remain
unchanged. By setting the ground ¢, = ¢ = 1, we can apply Theorem 22 to the flat
partitions generated by €, and we obtain the generation function

—C4q, =14, . . ., —Cn(g, —Cxq, o)
Z C(W)g'“‘: Z C(w)q'“‘:( 19 i q q;q) '

(c1616% ¢%) oo

€ €

TeF, I TeRyI

In fact, by the definition of the energy e, one can view the partitions of Ry as the finite
sub-sequences, ending with O, of the infinite sequence

ce e Scﬁ e 2Cn et e QCW e 1Cn ettt e 102 e 1CT e 101 e 1CT e 105 ettt e ]‘Cﬁ e OCﬁ’
with the additional condition that we have possibly alternating sub-sequences of the form
>'ekq e ch>'e kcl e ch}e

By reasoning on the parity of the length and the first element, the generating function of
such alternating sequences for a fixed size k, possibly empty or reduced to one element,
is equal to

(14 c1¢®)(1 + exg”)
1 — ciepq?k '
Using (42), we then have that the flat partitions with ground ¢, and energy € are generated
by the function
(=g, =1, - s =G —Cri @)oo
(c161¢; 4%) oo '
Using Theorem 31 and (41), we obtain the formula for the character corresponding to A,
in Theorem 14.
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4 Bijective proof of Theorem 22

We build in this section a bijection Q; between the set F;"“ and Ry of Theorem 22.
This bijection is in the spirit of the transformation described by Stockhofe [20]. In the
following, we illustrate {2y with the set of colors C = {a, b, ¢}, the ground ¢, and the energy
€ defined by the energy matrix

O O = Q
o O o -
S = = 0

4.1 The setup

Recall that 0, be the common value of the €(cy, ¢) for ¢ # ¢, given by (22). Note that for
any c # cg, for any k,l € Z

ke fele, =k —1<¢€(c,cy) —1
= l-k>1—¢€(ccy)
=1 —k > e(cy,0)
e, = ke (43)

so that the parts with color c, can be always related in terms of = with the parts with
color different from cy. One can see the classical integer partitions as the non-increasing
sequences of non-negative integers, with all but a finite number of parts equal to 0.

Let us recall the conjugacy on classical partitions. The partitions v = ()2, and
V' = (V))$2, are conjugate if and only if their part sizes satisfy

v = [{v} > i+ 1} (44)

The conjugacy is an involution, and we then have v} = |{v; > i + 1}|.

4.1.1 The set Ry
Identify a partition 7 = (m, ..., ms_1,0c,) of R as the unique pair of partitions
(1, ) = [(Koy - -+ ths—1, 0y )y (Vs -+ -5 Vs1)],
such that C(m) = C(p) = ¢p- - - cs_1¢4, and for all k € {0,...,s — 1}, we have ¢, # ¢,
s—1
i = (Z e(ck,ck+1)) and vy = |mk| — |pkl-
I=k o

The partition ju is then the unique element in F;'° N RYY satisfying C(r) = C(u) =
Co -+ Cs—1Cq, and v is the residual partition with s parts, possibly ending with some parts
equal to 0. The partition v then corresponds to a unique classical partition, with at most
s parts.
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Example 32. The partition
m = (104, 84, 8, 76, Da, 4a, 3a; 26, La, 1y, 1p, 0c)
is identify with the pair (i, ) with
= (4a;3a; 3, 3b; 305 2a; La, 1o, La, 1y, 15, 0c)
and
v =(6,55,4,2,2,2,1,0,0,0).

We now fix C' = ¢y---cs_1. The partition g in the pair then becomes fixed. By
considering the set of regular partitions in R{® with a color sequence in Cc,, we have
the bijection

RS (C) = {r € R C(r) = Cey} m {11} x {(Wo,-++ Vs 1) € g v > -+ 3 v 1}
(45)
The set Ry (C) is then isomorphic to the set of classical partitions with at most s positive
parts.
We now consider the set of the descents
D={k:{0,...,s}:€(cr1,cr) =0} = {ko < -+ < kjpj_1} and D = {0,...,s — 1} \ D.
(46)
Note that, since €(cs_1,¢4) = 1 — d,, we recursively have for all £ € {0,...,s — 1} that
s—1
el = elcrepn) =1=0,+{k+1,--- s —=1}ND| < s—k -4, (47)
1=k
With Example 32, C' = aabbaaababb, s = 11, D = {2,3,4,7,8,9,10} and D = {0, 1,5,6}.
For a fixed non-negative n, we construct the bijection 2 in such a way that the
partitions 7 in Ry satisfying (|7|,C(7)) = (n,Cc,) map to the partitions m in F;*“
which satisfy (n,C) = (|7|,C(n)jc,=1). The latter means that the sequence of colors
different from ¢, is equal to C.

4.1.2 The set F;“
We now consider the set F;(C) of flat partitions m in F;"™ such that C(7)j=1 = C.

For such a partition 7, there then exists a unique set S = {ug < -+ < us_1} C Zso such
that
T = (71—07”' 77Tus—170C0)7
c(my,) = ¢ Vke{0,...,s—1}, (48)
Cr, = ¢g VEe{0,...,us_1}\S.

In fact, we cannot have c(m,,_,) = ¢4, otherwise 7, _, = €(c,,¢y) = 0, so that m, _, = 0,
and this contradicts the definition of grounded partitions. Let us set

s =us_1+1—s5

W={0<v<|D|:ug, —tp,—1 > 1} ={vg < - <wvpwi-1}, (49)
DW:{kU3UEW},
Dy = D\ Dy
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If we have some parts with color ¢, between u;, and w41, their sizes’ differences gives

e(ck,cg) + 0+ -+ 0 +elcg, char) = €(cr, ¢g) + €(cg, Cht)
fparts inserted—1
—1-06,+4,
—1

and it differs from e(cy, cx11) if and only if £+ 1 € D. We then obtain that
Tl = sl + [{E+ 1, 5 — 1} 01 Dy,
so that by (47). Since |m,, ,| = 1—J,, we obtain recursively that for all £ € {0,...,s—2},
[T | =1 =6, +{k+1,...,s =1} N (DU Dy)|. (50)
Note that by (50), for all ux_; < u < uy, we necessarily have that k € D U Dy, and then
1Tu| = 0 + |Tu | = [{k, ..., s =1} N (DU Dw)|.

4.2 The map 2 from F;*(C) to Ry (C).

For any partition 7 € JF;“(C) described above, we associate the conjugate v of the
classical partition ¢/ whose parts are:

1. for k ¢ D, the uy — up—1 — 1 parts between ui_; and u, with size
[7u| = {k,..., s — 1} N (D U Dy)|,
which the convention u_; = —1.
2. for k € Dy, we take u, — up_1 — 2 parts between u;,_q and u, with size
17u| = {k,...,s — 1} N (D U Dy)|,
and one part (called the weighted part) with size

17| + k= {k,...,s =1} N (DU Dw)| + k. (51)

Example 33. For example, we illustrate these transformations with C' = aabbaaababb
and
™= (60,’ 5(1’ 5b7 4Ca 407 407 4b7 4a7 3C7 3(17 2(17 1ca 107 1ba 1(1’ 1b7 1ba Oc)

Recall that 1 = (44, 34,35, 35, 34> 205 Las 1oy 1a, 1y, 1, 0.), D = {2,3,4,7,8,9,10} and D =
{0,1,5,6}. Here we have that

k
Ug

45 6 7 8 9 10
79 10 13 14 15 16

0123
0126
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and then Dy, = {3,7}. We thus obtain that v/ is the classical partition with parts 3,4,4,7
and 1,8. We thus have v/ = (8,7,4,4,3,1) and the conjugacy then gives the following
partition with 11 parts

v =(6,5,5,4,2,2,2,1,0,0,0).

By adding the parts of v to the corresponding parts of p, we finally obtain
Q(Gaa 5(1; 5b7 40; 407 407 4()7 4@7 307 Saa 2(17 107 107 1()7 1(17 1b7 1(17 Oc) = (1Oaa 8aa 8}), 7ba 5aa 4a7 3@7 21)7 laa lb, 1b7 Oc)

We first note that the size of the partition is conserved by these transformations, since

—_

Ss—

Hk+1,---,s=1}NDw|=t{(k,1):le{k+1,--- ;s—1}:1€ Dy}

k=0
= > #Ho<k<l}
leDw
=D 1
l€Dw
and then
Us—1 S—

1
Dolmd =) Imal+ D (k= ey = 1]
u=0 k=0

1<up—ug_1

Ss—

SIS SIS o

ug S k=0 €Dy

== ‘,U‘ + Z l+ ‘Wul—1| + (’LL[ — Uj—1 — 2)7Tul—1 + Z(ul — Uj—1 — 1)‘7Tul—1‘-
leDw l¢D

The unweighted parts are those which are not weighted. We then remark that for all
ke{o,...,s—1},

Hk,...,s—1}N (DU Dw)| +k = |DU Dw| +|{0,...,k — 1} N D7
= |my| + 04 + {0, ...,k — 1} N Dyl
so that the weighted parts have all sizes greater than or equal to the sizes of the unweighted

parts. We also notice that unweighted parts coming from different k are distinct, since
the sizes’ difference gives

Hk,...,s =1}n(DUDw)| —{k+1,...,s =1} N (DU Dw)| = x(k € DU Dy)

and this is exactly the condition required to insert a part in /. Also when we take two
consecutive weighted parts in k,, < k,,,, € Dy, we obtain the difference of size

o,

3

— ko + {Eoss - Koy — 130 (DU Dy)| = — kv -y Koy — 1} N Dy
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so that the weighted parts appear in a non-decreasing order according to the indices ¢ in
{0, |W]—1}. We then obtain v/ = (v, --- ,v%_,), where we have for all i € {0,...,|W|-1}

Vw1 = {kv, s =1} N (D U Dy )| + ky,
— s — Dy N {ky,...,s—1}]
=s—|{ui<p<[D|:pg W} by (49)
=s+|W|—|D|+v; —1i
<s

9

and the rest of the parts consists of uy — ur_1 — 1 — x(k € Dy) parts for k € D U Dy,
each of them with size -
H{k,s —1} N (DU Dy)| > 1.

Note that ' viewed as a classical partition has s’ parts with size at most equal to s, and
by (44), the partition v then has at most s positive parts and satisfies 1y = §’. Our map
from F;"(C) to Ry*(C) is then well-defined.
We conclude by observing the following equality: for all i € {0,...,|W| — 1} we have
= [{0,... , ky, — 1} + |[{kv,, s — 1} N D|
= 59 + ,ukvl_ + kvm (52)
and for all u € {|W],...,s — 1}, we have

v, —u— 1 < vy — W[ =1 < 0g+ po. (53)

4.3 The map 2! from Ry (C) to F;(C)

Let consider a partition 7 in Ry (C), and the corresponding pair (p1,v). The partition v
then corresponds to a classical partition with at most s positive parts. We first consider
the partition v/ the conjugate of v given by the relation (44). The partitions v/ has
then 1 positive parts, whose sizes are at most equal to s. Let us set s’ = vy and write
vV = (vy, -+ ,v._;). We then apply the following transformations:

1. For each k € {0,...,s — 1}, we change the part uy into uj, with the relations

{c(u;) = c(ur) = cx , (54)

Il = ] + {0 < u <8 0, + || + k< v, —u— 1}

2. For each u € {0,...,s — 1}, we change the part v/, into v/ with the relations

{C(VZ) =Gy (55>

Wil=v,—{0<k<s:0,+ |up| +k < v, —u—1}.
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The final partition Q7!(7) is obtained by inserting the parts v/’ into the sequence of parts
1, according >, and adding the ground 0,,. The partition Q~'(7) then has s + s’ parts
different from 0., and by double counting, we have that [Q~'(7)| = |u| + [v| = |7].

Example 34. For example, we illustrate these transformations with C' = aabbaaababb
and
™= (1Oa7 8&7 8b7 7b7 5(17 4a7 3a7 2b7 1a7 1b7 1b> Oc),

corresponding to
n = (4117 3a7 3b7 3b7 3117 2117 1a; 1b7 1a7 1b7 1b7 00)7

and
v=1(6,5,5,4,2,2,21,0,0,0).

The conjugacy gives
V= (8,7,4,4,3,1)

Recall that we have d, = 0. Using the following tables

k 01 2 9 10 u 01
pe+k|4 45 10 11 vi—u—1[75

345 6 78
6 77 7 89

we obtain that
/le == <6a;5a;5b74b74a73a72a7 1b71a71b7 1b706) ) y// = (187407407467307 16)
and the insertion then gives

Qil(ﬂ) = (6a7 5a7 ’5b7 407 467 407 4b> 4a7 307 3&7 2a7 107 1c; 1b7 1a7 1b7 1b7 Oc)

€,Cq

Let us now show that m € F,"“. First and foremost, note that

69+‘:U’371|+5_1:57

and since v, < s for all uw € {0,...,s" — 1}, we then obtain that |p,_,| = |ps—1] =1 — 4.
Besides, for all the k € {0,...,s — 1}, we have that

(g + || +K) = (g + 1| + K = 1) = T+ || = |pa |
=1- e(ck,l,ck) € {O, 1}

This means that the sequence (d, + || + k);—g is non-decreasing, and with the difference
between consecutive terms at most equal to 1, with equality if and only if £ € D.
On the other hand w € {1,...,s — 1}, we have for all u € {0,...,s — 1} that

vi o i—u— (v, —u—1)=1+v, -, > 1.

The sequence (v, —u — 1)$ -1 is then decreasing.
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Let us now set
Dy ={ke€{0,..., s}« {upo| = li| # lpnal = lpal}-
Since €(cx_1,cx) € {0, 1}, the set Dy then contains all the k € {1,---, s — 1} such that
0<{0<u<s 10,4 || +k—1<v, —u—1<8;+ || + k}H <1 —e(cr—1,cx),
so that Dy C D. For such k, there is a unique u such that
O + lpno1]| +h—1< Vv, —u—1<3, + || + k. (56)

In fact, the sequence (v, — u — 1)-1 being decreasing, and the interval [0, + pp_1 + k —
1,9, + pi + k), being a singleton for £ € Dy, contains at at most one element of the latter
sequence. We also have that
HO< I <s:0,4 || +1<v, —u—1}={0,....k =1} =k
Ho<v<s 10,4+ |up—1| +k—1< v, —v—1}={0,...,u}| =u+1.

Therefore, we have the following

ve = vl + k, (57)
|| = | +

|| = |pth—1| +u + 1,

and by (43) and (56),

Him1 2 Vy > . (58)
The part /] is then inserted between p)_, and pj. Note that this insertion occurs once
for all u such that

[D| =8 + |nol < v —u—1,
so that
[Dv|=[{0 <k <s:d;+ || <v, —u—1}.
Then, for all u > |Dy|, we have

/

v, —u—1<8;+ |pol,

u

so that v/ = v/. In particular, we have
YUpy| = 1Dv] =1 <05+ |po| <= v{p,| < dg + ol + [Dv] = 6y + |o]. (59)

We remark that for all £ € D\ Dy, since |uj_| — || = |pe—1| — |x] = 0, the parts
[_1, 14, then have the same size, and then the same relation with all parts with color ¢,.
This means that, after inserting of the parts v/ into 1/, we do not have any part between
the parts pf,_, and g,. We also note that, for all k € DU Dy, |u}_,| — |u}] = 1, so that
one can insert any number of parts with color ¢, and size d, + |1}.|, and since €(cg, ¢,) = 0,
these part with the same size and color ¢, are well-related by >.. These facts, along with
(58) and (59), imply that 7 belongs to F,;".

We conclude by observing that, by (58), Dy can be also defined as the unique subset
of D with satisfies the following: & € D belongs to Dy if and only if there exists u €
{0,---, s} such that p) | > v > .
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4.4 The maps are inverse each other

Using (52) and (53), we straightforward to observe by the definition of Q! that Q' o
Q= [dff’cg(())- On the other hand, the fact that Q o Q7! = IdR;,Cg(C) comes from the
correspondence between Dy, and Dy . In fact, this correspondence is deduced from the
equivalence between the definition of W and the above definition of Dy,. We also observe
that the only parts whose size changes from one set of partitions to another are those
related to the set Dy, and Dy,. We finally conclude by observing the reciprocity between
the definition of the weighted parts related to Dy, given in (51), and the definition of the
parts related to Dy given by the formula (57).

Remark 35. The bijection built here gives a more refined property, as for a fixed color C'
product of s colors different from c¢,, it makes the correspondence between the partitions
v with at most s parts such that the greatest part has size s’ and the flat partitions having
s" additional parts with colors ¢, different from 0,

5 Bijective proof of Theorem 27

In this section, we prove the following.

Proposition 36. For a fized color C' as product of colors different from c, and a fizved
non-negative integer n, the following sets of generalized partitions are equinumerous:

ECg(

{m € F;’Cg :C 7r)|cg:1 = C,|n| = n},

n) = (

2. F(Con) ={m e F°: C(7)je,=1 = C, 7| = n},
8. Ry“(Cyn) = {r € RY : C(7)j,=1 = C, 7| = n},
Ry (C,n) C(m)

={m e Ry : C(7)|¢,=1 = C,|7| = n}.

In the previous section, we have shown in the proof of Theorem 22 that |F;“(C, n)| =
|Ry(C,n)|. In the following, we first show that there is a bijection between F5(C, n)
and Fy' C"(C n), and after that we build the bijection between Ry (C,n) and Ry (C, n).

5.1 Bijection between F5'“(C,n) and F;"(C,n)

Here we recall that, by Definition 23, the partitions of 7, have the form
(7o, - - - ,ws,l,ch), such that for all £ € {0,...,s — 1}, we have 7, € S, and if we set
c(mr) = cancor1 € C%, we have by (24) that

() >e Y (Thi1)- (60)

We also observe that cos ocos 1 # cf], otherwise the latter equation gives that |ms_;| —
02| = 4e(cy, ¢g) = 0, and then my_; = 0.2, and this contradicts the definition of grounded
partitions. Besides, we remark that u(ms_1) = O, if and only if ca_1 = ¢4.
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Let us consider the map F from Fy“ to F;'“ defined by

('Y(ﬂ'o)v H«(ﬂ'O)7 "/(71-1)7 N(Trl)v v 77(773—2)7 “(775—2)77(773—1)7 OCg) if C2s—1 = Cg
(Tro,...,Trs,l,ch)»—) (61)

(v(m0), (o), v(m1), p(m1), s y(Ts—2)s p(ms—2), ¥ (Ts—1), p(ms—1),0cy) if cos—1 # cq-

It is easy to check that both the total energy and the sequence of primary colors are
preserved. To show that F(m,...,mTs 1, 005) € F;“, we proceed according to whether
Cas—1 = C4 OT C25_1 7# ¢4. Note that by definition of the secondary parts, we have that for
all k € {0,...,s — 1} that

[V(7e)| — [p(me)| = €(cans Cong1) <= y(mr) > p(Tr).

o If cy_1 = ¢4, then the latter equation and (60) give that F(m,... ,ﬂs,l,ch) is
well-defined up to p(ms—1), and with the fact that cps_o # ¢4 and p(m,_1) = 0, we
obtain that F(m, ..., ms1,02) € F7.

o If o5y # ¢y, then the latter equation and (60) give that F(m, ..., 71, ch) is well-
defined up to p(ms_1), with the fact that cos_1 # ¢, and p(ms_1) = €(cas—1,¢,), We
obtain that F(m, ..., s 1, ch) € Fe.

The reciprocal map F~! is even easier to build. We simply proceed as follows:

(mo+ 71, ., M1 + ch,ch) if s=1 mod 2
(’/Tg, e, TTs—1, ch) — (62)
(o + 71,y o oy T + Ws,l,ch) if s=0 mod 2.
The primary parts being consecutive in terms of =, the map F~! is well-defined, and one

can check that the first case of F~! is reciprocal to the first case of F, so as the second
case of F~! is reciprocal to the second case of F.

5.2 Bijection between Ry (C,n) and R5“(C,n)

Let us recall that C' = C\ {¢,}, and set C}, = {cc : ¢, € C'}. We now set p =1—J, the
common value of €(c, ¢;) for all ¢ € C'. Here we refer to O, and &, as the sets corresponding
to the set C’. We now show the following proposition.

Proposition 37. For a fized color C' as product of colors in C' and a fized non-negative
integer n, the following sets of generalized partitions are equinumerous:

1. RY“(Cyn) = {m € F3 : C(n)|e,=1 = C, |7| = n},

2. O+ (Cyn) ={m € O : C(n) = C,|n| = n},

3. EPH(Con) ={m € &P+ : C(m) = C, || = n},

Jo RS (Com) = {m € RE : Clm) eyt = Gl = ).

By Theorem 21, we already have that |O°+(C,n)| = |EF+(C,n)|. We show in the

remainder of this section that Ry (C,n) and OP+(C,n) are in bijection, as are £/+(C, n)

and R5“(C,n).
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5.2.1 Bijection between Ry (C,n) and O?+(C,n)

This is straightforward by considering the following map from Ry (C,n) to O?+(C,n):
(7T(),...,7T5_1,ch)f—)(ﬂ'o,...,ﬂ's_l) (63)
In fact, we have that ¢(m;,) € C’ for all k € {0,...,s — 1}, and by (21), that

\Wk’ - ’Wk+1| = E(C(Wk),c(ﬂkﬂ)),

so that |m,_1| = €(c(m11), ¢g) = 1 — 9y = p. By (10) and Definition 20, we then have that
the partition (o, ..., ms_1) belongs to O+(C,n).

The reciprocal map is obtain by adding a 0., to the right to a partition in O%+(C,n),
and the latter relations imply that the resulting partition indeed belongs to Ry (C,n).

5.2.2 Bijection between £°+(C,n) and R;“(C, n)

It may seem intricate to map these two sets, as a partition in the first set can have some
primary part while a partition in the second set cannot, but the regularity in cg allows
us to overcome this fact. For simplicity, we write S.(C), S.(C’) and P(C’) respectively
the sets of the secondary parts with colors as a product of two primary colors in C, the
secondary parts with colors as a product of two primary color in C’ and the primary parts
with color in C'. We observe that we have a natural embedding S.(C') — S.(C).

For any ¢ € C’, we have by definition that the size of the secondary part with color
ccy has the same parity as €(c, ¢;) = p, while the size of the secondary part with color ¢,c
has the same parity as €(c,,c) = 1 — p. We then build the embedding P(C’) — S.(C) as
follows:

- {k if k=p mod 2
keye it E=1—p mod 2.

Therefore, we obtain a natural bijection R between P(C’) US.(C') and Sc(C) \ {(2Z)z2 }

with the relations

S.(C) 22k +€(c,d))eer = (2k +€(c, ) e (64)
kee, if k=p mod 2

P k. — ,
ke if k=1—p mod 2.

Cg

We remark that the reciprocal bijection R™! is also the identity on S.(C’), and for a part
with color cc, or ¢g4c, we associate the part in P(C’) with the same size and color c.
We can now extend the map R to the partitions in £+ with

R: (7o, ... ,ms-1) = (R(mo), -, R(ms_1), 0c2), (65)
and we have the following proposition.

Proposition 38. The map R defines a bijection between EP+(C,n) and Ry (C,n).
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Recall that >, in Definition 18 is the relation that relates the parts of a partition in
&P+, and the relation ¢ defined in (29) relates the parts of a partition in R5™.

Note that the map R from P(C’) USc(C') to Sc(C) \ {(2Z)2} conserves the size and
the sequence of colors different from ¢4, so that extended to £+, it also preserves the
total energy and the sequence of colors different from c,. We now prove Proposition 38
by using the two next lemmas.

Lemma 39. Let us fiz a color ¢ € C'UC;, and let us set ¢ = ¢(ms—1). We then have that the
minimal size of sy € PP+ USPE+ is the minimal size of R(ms—1) satisfying R(ms—1) > Oc.

Lemma 40. For all parts k,,l, € P(C") US(C’), we have the following :
ky > l, <= R(k,) > R(1,). (66)

Lemma 39 gives the equivalence of the minimal size condition for the last part, while
Lemma 40 states that the difference conditions are equivalent for both sets of partitions,
and we directly obtain Proposition 38.

Proof of Lemma 39. We reason on whether ¢ € C], or ¢ € C' and m,_; with a size with the
same parity as p or 1 — p.

o If c € C/,, we then write ¢ = cgc;. We then have that

p by Denifinition 20

= R(T5-1) = T5-1 > Oz. (29)

o Ifce(C and w1 =p mod 2,

Ts—1 € PPY < |ms_1| 2 p and |ms_1|=p mod 2 by Denifinition 20
> |ms_1| € 2Z=0+ p
= (p(R(m51)) = ¢ and  [p(R(7s-1))] = 0 (77)
> |[u(R(ms-1))| = €(cg, cq)
= R(ms-1) > 0cz. (29)

e IfcelC’ andm,_1=1—p mod 2,

Ts_1 € PP < |ms1| = p and |m,_1|=1+p mod2 by Denifinition 20
> |ms_1| €270+ 1+ p

= [WR(ms-1))[ Z p and  c(u(R(7m-1))) = ¢ (77)
= |p(R(ms-1))| 2 €(c, ¢)
= R(my_1) > 0. (29)
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One can observe that we always have the equivalence
Ts—1 € PPHUSH <= R(ms-1) > 02
and this conclude the proof of the lemma. n

Proof of Lemma 40. Let us first state some obvious fact: for all integer a, b, we have the
following,

1. if b€ {—1,0,1}, then
20 2b<=a>x(b=1), (67)

2. if b e {—2,—1,0}, then
20 2 b= a>—x(b=-2). (68)

As before, we reason on the types of the parts k, and [,.
o If k, € S, we then write k, = (2u + €(co, ¢1))coer -
— If [, € S, we write I, = (2v + €(c2, €3) ) eyes-
k> l, <= u—v—¢€(c1,c2) —€(ca,c3) =0 (17)
= R(k,) > R(ly). (29)
— IfgeC and I = p mod 2, we write [, = (20 + €(q,¢,)),- We then have
ky>cl, <= 2u+e(co,c1)) — (2v+e(q,¢cq)) = 1+ €(co,c1) +€(cr,q) (16)
= 2(u—v—€(q,¢g) — €(c1,q)) = €(cg,q) — €(cr, q)
= u—v—e€(qcy) —e(cr,q) = €e(cg, q)(1 —€(e,q)) (67)
< R(ky) > R(l,). (28)
—IfgeC andl=1—-p mod 2, we write [, = (2v + €(cy, q))q-
kp>cl, <= 2u+e(co, 1)) — (2v+e€(cy,q)) = 1+ €(co,c1) +€(cr,q)  (16)
> 2(u—v —e(cr, ¢9) = €legiq) 2 €ler,q) +€(eg,q) — 1
— 2(u—v —e€(cr,¢5) —€cgiq)) = €ler, q) — (g, ¢4)
= u—v—ecr,cg) —€(cgiq) = €(er, q)e(cy, q) (67)
= R(kp) > R(l,). (28).
e If pe C' and k = p mod 2, we write k, = (2u + €(p, ¢;))p

— Ifl, € S, we write [, = (2v + €(¢2, 3) )epes. We then have

kp >clg <= (2u+€(p,cg)) — (2v + €(c2, ¢3)) = €(p, c2) + e(ca, c3) (15)
< 2(u— v —€(cg, c2) — €(ca,c3)) = €(p, c2) — €(p, cg) — 2€(cy, C2)
= 2w v — eleg, ) — elea,€3) > (elpr ) — 1) — el p)
= w0 — eleg, ) — elen, ) > —(1 — e(p, e2))e(cy,) (68)

= R(ky) > R(ly). (27)
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—IlfgeC and I = p mod 2, we write [, = (20 + €(q,¢,))q

. We then have

kp >clg = (2u+€e(p.cy)) — (20 +€(q,¢q)) = 1+ €(p, q) (14)

= 2(u—v —e(cg,q) —€(q,¢q)) = e(p,q) —

< u—v—e€(c,q) —€lg,cg) =0
< R(k,) > R(,).

1

—IfgeC andl=1-p mod 2, we write [, = (2v + €(cy, q))q-

kp>cly <= (2u+e(p,cg)) — (2v +€(cy,q)) 2 1+ €(p, q)

= 2(u —v —e(cg,cq) — €lcy, q)) = €(p,q) + €(cy,p) —
= 2(u—v —€(cy, ¢q) —€(cy, q)) = €(p, q)
= u—v—e€(cy,cy) —€lcy, q) = €(p,q)

= R(k,) > R(,).

e IfpeC and k=1—p mod 2, we write k, = (2u + €(cy, D))p-

— If I, € S, we write [, = (2v + €(¢2, 3) )epes. We then have

We then have

(14)
€(cq,q)

ky > l, <= 2u+e€(cy,p)) — (2v+€(ca, c3)) = €(p, c2) + €(ca,c3)  (15)

< 2(u—v—€(p,c2) —€(ca, c3)) = —€(p, ca) —
—U—v— €<p7 C2) - E(CQa 03) 2 _E(pa C2)€(Cgap)

= R(k,) > R(,).

— IfgeC' and I = p mod 2, we write [, = (2v + €(q,¢y))q-

e(cq,p)

We then have

kp > ly == (2u+e(cy,p)) — (2v+€(q,¢4)) = 1+ €(p,q) (14)
e(p, q)

= 2(u—v—€p,q) —€(g. ¢)) = elcg, q) —
= u—v—€p,q) —elq,cq) = (g, q)(1 —

< R(ky) > R(l,).

—IfgeC andl=1—-p mod 2, we write I, = (2v + €(cg,

Q))q-

e(p,q)) (67

We then have

kp > lg <= (2u+€(cy,p)) — (2v +€(cg,q)) = 1+ €(p, q) (14)

< 2(u—v —e(p,cg) —elcg,q)) = €(p, q) —

= u—v—e€pcy) —elcg,q) =0
< R(ky) > R(,).
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6 Degree beyond Theorem 27

We begin this section by defining a part of degree k.

Definition 41. Let C be a set of primary colors. For any k € Z-,, we define the set of
colors of degree k as the set of the products of k primary colors:

C*={ci--cx:ci,...,cr €CY.

For an energy e and the corresponding flat relation >, defined on the set of primary
parts, we define the set P¥ = Z x C* of parts of degree k as the sum of k primary parts
well-related by >.:

(pycy---cp) = Z (p + i €(cy, CUH)) = <kp + iue(cu, Cu+1)) ) (69)

u=1 u=1

We set the function 71, ...,7, on P* such that

Yi(pscre - cx) = (p + Z e(ci, Cz’+1)> (70)

Cq

and we then obtain that

(pcr---cx) = Z%(p, Cie e Cy), (71)

T(pscr-ck) >eva(p,er-cocr) >e s > k(p, e cr). (72)

Definition 42. We can then naturally define a flat relation >* on P* as follows:

k—1
(p7cl"'ck)>k(qad1" d)ﬁp_q_eckadl +Z€ duadu-i-l
u=1
= (pcrer) >eni(g dieo o dy). (73)

The latter is equivalent to saying that the smallest primary part of (p, ¢ - - - ¢x) is greater
than the greatest primary part of (¢, d; - - dg) in terms of >..

One can check that the relation >* is indeed the flat relation linked to the energy €*
defined on C* x C* by

k-1 k-1
ey oy dy - dy) = Z ue(Cy, cur1) + ke(ex, dr) + Z(k‘ —w)e(dy,dys1).  (74)
u=1 u=1

In fact, by using (69) and (73), the difference of sizes of the parts (p,ci---c¢;) and
(q,dy -~ dy) is exactly equal to €*(cy -+~ cp, dy - - - dy).

This extension of the flatness to degree k£ has a strong connection with crystal base
theory via the following proposition.
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Proposition 43. Let B be a crystal and suppose that there exists an energy function H
on B® B. Then, the function H* on B¥* @ B®* defined by

2%k—1
bi® @by @byt @+ @by > Y min{i, 2k — i} H(b; ® by (75)
i=1
is also an energy function on B @ B,
Proof. The tensor product being associative, we then have, for all i € {0,--- ,n} and for

all j € {1,...,2k}, that

i i (b1 ® b)) = b1 @ &i(hy)
Eilbj®--- @b =b® - R6;(b) R -+ by, = J J J j
(b 2k) = b1 (b5) o {éi(bj ®bji1) = €(bj) @ bjy1.

We thus obtain by (32) that, for j < k, (the following still holds for j = 1)

H* (b @+ @bay)) = H* (b1 @ - @ boy) = (j — 1) (H(bj—1 ® &(b;)) — H(bj1 ®b;)) +
j(H(éZ(bj) ®bj 1) ( ®bj+1>>
—(J = Dx(i =0) +jx(i =0)
= X(Z =0).

On the other hand, for j > k, we have by (32) that (the following still holds for j = 2k)

H¥(Ei(by ® - @ boy)) — H (b1 @ -+ ®@ byy) = (2k — j + 1) (H(bj—1 ® &;(b;)) — H(bj—1 ® bj)) +
(Qk’ — ]) (H(él(bj) ® bjfl) — H(bj & bj+1))
—(2k —j+ 1)x(i = 0) + (2k — )x(i = 0)

= —x(i=0). =

The tensor of level ¢ perfect crystals being a level ¢ perfect crystal as well [10], we
then obtain that B®* is a perfect crystal if B is.

We note that the energy function of each perfect crystal B studied in Section 3 can be
obtain by operating a transformation, which preserves the ground, on a certain minimal
energy satisfying the condition in Theorem 22 and such that d, = 0. Therefore, we can
define both secondary flat and regular partitions corresponding to this energy function. In
particular, since the corresponding minimal energy satisfies §, = 0, the energies related to
these flat and regular partitions are almost equal by (24) and (29). By Proposition 38, this
means that the partitions, corresponding to those in £1+ after applying the transformation
on the minimal energy, satisfy some difference condition equal to the difference im hed
by the corresponding energy function of B2. In particular, one can view the case A2n as
a result that links the generalization of the Siladi¢ theorem [13] for 2n primary colors to
the unique level one standard module L(Ag). This fits with the original work of Siladi¢
[19], where he stated his identity after describing a basis of the unique level one standard

module of Af) through vertex operators. A suitable subsequent work is then to build the
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vertex operators, for the level one standard module of Aéi) (n > 2), which will allow us to
describe a basis corresponding to the difference conditions given by the generalization of
Siladi¢’s theorem.

We now define the degree k flat partitions.

Definition 44. We define F,“ to be the set of degree k flat partitions, which are the flat
partitions into degree k parts in P*, with ground c’; and energy €* defined in (74).

In particular, when €(cy,¢,) = 0, we can then generalize the bijection built in Sec-
tion 5.1.

Proposition 45. For any k > 1, there is a bijection Fj, between F,“ and F;'” that
preserves the total energy and the sequence of colors different from c, of the flat partitions.

Proof. For any flat partition 7 = (m, ..., ms—1,0a) in F.)%, we associate the partition
Fi(m) defined by the sequence

(v1(m0)s - - s (m0)s Y1 (1), -+ 5 Yk (T1), - s (Ts—2)s - Ye(Ts—2), Y1 (Ts—1), -+ -5 Yi(Ts—1), Ocy ),

where ¢ = max{j € {1,...,k} : vj(me_1) # O }. The existence of such index i is
ensured by the fact that wy_; # Ocr. It suffices to assume by contradiction that for all
Jj €{L,...,k} we have v;(m,_1) = O,. Since €(c,, ¢;) = 0, we then have 0., >.0,,, and we
obtain by (71) that

k

k
Oc’; 7& Tg—1 — Z'}/j(’ffs_l) = ZOCQ = Oclgc.
j=1

Jj=1

To prove that Fi(m) belongs to F;, we use (72) along with (73) to see that Fy(m) is
well related up to v;(ms_1), and to show that v;(ms_1) >, 0. ,» we distinguish two cases.

e If i < k, we then have that ;1 (7,—1) = O,, and we conclude with (72).

e If i = k, we then have by (73) that vy (ms—1) >¢ 71(0) and we conclude.

We now construct the inverse bijection F, '. For any m = (7, ..., T 1, 0,,), we write
the decomposition s = km — ¢ with the unique non-negative integers m, s such that
s'€40,...,k—1}. We then set

Fl(m) = (mo+ 4 Tom1, Mo+ + Tkt Tme2)k +** F Tok—h— 1y T(m—1)k ++ + a1+ 8 X Ocg Ock)-

Here we see by (71), (72) and (73), this sequence is well-defined up to the part mg,_1)x +
P I Y 4 Oc,- Note that since 7,1 #+ Oc,, we necessarily have that 7, _1)p +---+
o1 + 58 X0, # Ok We distinguish two cases.

o If s’ > 0, since my_1 >0, >:0,,, we then have by (71) that 7@, 1)+ - -+ms_1+5" %0,
is in P*, and by (73) that Tm—1)k T+ M1 + 8 X 0, >k Ock-
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o If 5" = 0, we then have by (71) that 7(,—1)x+---+7,_; isin Pk and since m,_1 >0,
we obtain by (73) that m,_1), + - + me_qg > Ock-

The inversion comes from the correspondence between the case s’ = 0 for F, ' and i = k
for Fj. O

The latter proposition allows us to have the following correspondences

€,C, Theorem 22 €,C
degree one : Fe——— R
€,cqg  Theorem 27 €,cq ) _
degree two : F R5 | Bressoud's algorithm at degree k?

Proposition 45

. €,cg  Theorem 8 €,Cg
degree k : F R, -
Definition?

A major subsequent work would be to find a suitable energy to define regular partitions
for degree k& and which would allow us to state an analogue of Theorem 8 at degree k.
This problem appears to be closely related to the problem of finding a generalization to
weighted words at degree k of the result stated in [14].

7 Closing remarks

We close this paper with two remarks. First, we point out that in [5, 6], Dousse and
the author gave a theorem that connects some flat partitions to regular partitions. They
considered the set of n? secondary colors C = {3, : i,j € {0,--- ,n — 1}}, the ground
cg = apby, and the energies €, €;, €o defined by:

e(aibj, apby) = x(i =2 1) = x(i=j=1)+x(G <j)—x(G=7=7) (76)
El(aibj> ai’bj’) = €<aibj7 ai’bj’) + 51(%’5]', ai’b]") (77)
62(6%53'7 Cwbj') = €<aibj7 ai’bj/> + 52<aibj, ai’bj’>7 (78)

where d; equals 0 up to the following exceptions,

i=j=i=7#0
1<j=1i=7.
and 09 equals 0 up to the following exceptions,
i=j=i=7#0
da(aibj,aiby) =1 for i=j=j+1<7
i=zj+1=4id=j.

The flat partitions then correspond to those with energy €, and the first set of regular
partitions corresponds to the energy €, and the second set to the energy ¢,. However, the
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bijections established in [5] link the flat partitions to some subsets of the sets of regular
partitions:

e In the first case, the corresponding regular partitions are those which avoid the
following forbidden patterns:

for al]- Z 2 7:/ > j > j/ (p + 1)¢lib]'Jpaj/+1bj/+17pai/bj/7
forall i<i' <j<j:p+ 1)aibj, (p+ 1)ai+1b¢+1apai/bj/'

e In the second case, the corresponding regular partitions are those which avoid the
following forbidden patterns:

-/

for a‘ll Z', > [ > j/ < J (p + 1)aibj7paz‘/bi/7pai/bj/7
forall ¢ <i<j <j :(p+ D)ag,, (p+ 1)ajbj,pai/bj,.

Furthermore, these bijections preserve the total energy of the partitions, but only the
sequence of colors in which we replace a;b; by 1 for all ¢ € {0,...,n — 1}.

A suitable subsequent work could then be to investigate some analogue of Theorem 8
not only in terms of difference conditions implied by energies, but also in terms of forbidden

patterns.
The second remark concerns the notion of difference d at distance [ for positive integers
d,l. A partition A = (Ag, -+, As) is said to satisfy the difference d at distance [ condition

if \ioy— A\ >dforallie{l+1,...,s}. By considering the conjugated \* = (A},..., \¥)
of A\, we equivalently have that A} ,— A <l foralli e {d,...,r}. Therefore, a difference-
distance condition imply a flatness condition.

Using this term, the partitions with fewer than m occurrences for each positive integer,
described in the Glaisher theorem, are exactly the partitions satisfying difference 1 at
distance m — 1. We can then see The Glaisher theorem as the link between partitions
satisfying difference 1 at distance m — 1 to m-regular partitions. The Andrews-Gordon
identities [1], a broad generalization of the Rogers-Ramanujan identities [17], can be seen
as the level above Glaisher’s identity, dealing with the partitions satisfying difference 2 at
distance m — 1. They state that, for any positive integers n, i, m such that 1 < i < m, the
number of partitions of n into parts not congruent to 0, ¢ mod 2m + 1, is equal to the
number of partitions of n with fewer than ¢ occurrences of 1, and which satisfy difference
2 at distance m — 1. Here again, the connection is made with a subset of 2m + 1-regular
partitions. By Theorem 2, this subset corresponds to the subset of all the 2m + 1-flat
partitions with no parts congruent to +£7 mod 2m + 1. On the other hand, the subset of
partitions satisfying the difference 2 at distance m — 1 corresponds to the subset of m-flat
partitions A = (Aq, ..., As) satisfying the following:

A=A <@ — 1,
Au—2 — Ay <m—1 forall ue{3s}, (79)
As <m— 1.
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The problem of finding a simple bijective proof for the Andrews-Gordon identities, hence
the Rogers-Ramanujan identities, could then be reduced to the problem of finding a
bijection between the corresponding m-flat partitions and 2m + 1-flat partitions, whose
forms are relatively close one to each other. Other analogous identities given by Bressoud
3], allow us to make a connection between subset of m-flat partitions and subsets of
2m-flat partitions. Similarly, the identities conjectured by Kanade and Russell [9], proved
for the cases related to Ag(f), partially by Bringmann, Jennings-Shaffer and Malhburg [4],
and completely by Rosengren [18], can be interpreted in terms of identities which link:

e for the case Agz), subsets of 3-flat partitions to subsets of 9-flat partitions,

e for the case Ag(f), subsets of 4-flat partitions to subsets of 12-flat partitions.

An investigation in the framework of flat partitions could be a new way to approach
the conjectured identities, and this could possibly lead to a more general family of such
identities.
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