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Abstract

We study the generating function of descent numbers for the permutations with
descent pairs of prescribed parities, the distribution of which turns out to be a re-
finement of median Genocchi numbers. We prove the y-positivity for the polynomial
and derive the generating function for the ~-vectors, expressed in the form of con-
tinued fraction. We also come up with an artificial statistic that gives a g-analogue
of the ~-positivity for the permutations with descents only allowed from an odd
value to an odd value.
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1 Introduction

1.1 Genocchi numbers and median Genocchi numbers

The (signless) Genocchi numbers {gn,}n>1 = {1,1,3,17,155,2073,...} [21, A110501],
which are in relation to Bernoulli numbers By, namely g, = 2(1 — 22")(—1)"Bs,, can be
defined by their exponential generating function [5, page 305]

Z v = g tan <
Inom) ~ 2

n=1

Let &,, be the set of permutations of [n] := {1,2,...,n}. Among numerous combinatorial
interpretations of Genocchi numbers, g, counts the following four kinds of Dumont
permutations:

1. the number of 0 € Gy, such that if o(7) is even then o(i) > o(i + 1) and i < 2n,
otherwise o(i) < o(i+ 1) or i = 2n,

2. the number of o € &,, such that 2i > ¢(2i) and 2i — 1 < 0(2i — 1) for all ¢ € [n],

3. the number of o € &y, such that if o(i) > o(i + 1) then both of (i) and o(i + 1)
are even for all i € [2n — 1], and

4. the number of 0 € &, such that if i > o(7) then both of i and o(7) are even for all
i € [2n].

The objects (i), (ii) are due to Dumont [5], and (iii), (iv) are given by Burstein, Josuat-
Verges, and Stromquist [4].

The (signless) median Genocchi number {h,}.>0 = {1,2, 8,56,608, 9440,...} [21,
A005439] can be defined combinatorially in terms of Dumont derangements [6, Corollary
2.4], i.e., hy is the number of 0 € &y,42 such that 2i > 0(2i) and 20 — 1 < 0(2i — 1)
for all i € [n + 1]. According to Lazar and Wachs [16, Corollary 6.2], h,, also counts the
number of o € Sy, such that if i > (i) then ¢ is odd and o (i) is even for all i € [2n].
Recently, Hetyei proved that the number of regions in the homogenized Linial arrangement
is counted by median Genocchi number [15].

1.2 Gamma-positivity for palindromic polynomials

A polynomial A(t) = ag + ait + - - - + a,t™ with palindromic coefficients (i.e., a,_; = a;)
can be written as a sum of the polynomials of the form #/(1 + )"~2/,

[n/2]
AW) = D7 4t (40",
§=0

The coefficients 7; form a sequence called the y-vector. The palindromic polynomial A(?)
is said to be y-positive if v; > 0 for all j.
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For any 0 € &, let 0 = 0109 -+ - 0y, where 0; = o (i) for 1 <i < n. A descent in o is
an i such that o; > 0,41, 1 <7 < n— 1. Here the element o; (0,41, respectively) is called
a descent top (descent bottom, respectively), and the ordered pair (o;,0;.1) is called a
descent pair. Moreover, the descent pair (o;,0;11) is called even-odd (odd-even, odd-odd,
and even-even, respectively) if the parities of (0;,041) is (even, odd) ((odd, even), (odd,
odd), and (even, even), respectively). Let des(o) denote the number of descents of o.

It was first proved by Foata and Schiitzenberger [10] that the nth Fulerian polynomial
is y-positive, i.e.,

[(n—1)/2]

SO = N () (1.1)

oeG, 7=0

where 7, ; is the number of 0 € &,, with des(c) = j, 01 < 02, and no double descents
(defined in subsection 1.4). Foata and Strehl [11] gave an interesting combinatorial proof
of this result; see also [20, Chapter 4]. Various g-analogues of Eq.(1.1) appeared in
[13, 17, 18]. For the ~y-positivity of generalized Eulerian polynomials, see some results
in [2, 22] for posets, and Gal’s result [12] for combinatorial invariants of flag simplicial
sphere.

In this paper we study the ~-positivity for the generating function of descent numbers
for the permutations with descent pairs of prescribed parities, the distribution of which
turns out to be a refinement of median Genocchi numbers.

1.3 On permutations with only even-odd descent pairs

Let &, be the set of permutations in &,, that contain only even-odd descent pairs. Notice
that |Xs,| = h,, the nth median Genocchi number; see Proposition 2.11. Define

Xo(t) =) 9=,
oEXon,
the descent polynomial for Xs,. Several of the initial polynomials are listed below:

Xi(t) =1+t
Xo(t) =1+ 6t + %
X3(t) = 1427t + 27t* + 13,
Xy(t) =1+ 112t + +382* + 112¢% + ¢,
X5(t) = 14 453t + 4266t + 4266t + 453t* + ¢°.

Some different refinements of median Genocchi numbers have been studied [8, 14, 23].
Notice that these palindromic polynomials can be written as follows:

X(t) =1+t

Xo(t) = (141t)* + 4,

X3(t) = (1+1) +24t(1 + 1),

Xy(t) = (1 +t)* + 108¢(1 + t)? + 160¢%,

X5(t) = (14+1)° + 448t(1 + t)® + 2912t*(1 + t).
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One of our main results is the following v-positivity for the descent polynomial for A5,
(Theorem 1.2). We remark that the interpretation of the 7-vector (Definition 1.1) is
quite different from the permutations with ‘no-double-descent’ feature for the y-vector in
Eq(ll) Here we use the notation § 32 _--- = a1 /(81 — az/(f2 — -+ )) for continued
fractions.

Definition 1.1. For any o € A5, with descent tops {ti,...,tx} and descent bottoms
{b1,..., b} (k > 0), we say that o is a primary even-odd-descent permutation if for any
(F

t; > bj =t — bj > 3. (12)

Theorem 1.2. For all n > 1, the descent polynomial for Xy, can be expanded as

Ln/2]

Z%j, (14t)"%, (1.3)

where v, ; is the number of primary even-odd-descent permutations in Xs, with j descents.
Moreover, the generating function for v, ; can be expressed in the form of continued frac-
tion as

& n 1 )\11’2 /\21’2 )\3:52
Z Z Vn,]t] €T = e (14)
n=0 \ j=0 I —por —1—px—1— por —1— pgx —

where

7

un = (h+1)% forh >0
Ao =h*(h+1)%, forh>1

The initial terms of the expansion of Eq.(1.4) are

1 4tx?  36tx®  144tx?
l—-r—1—-42—-1—92—1—16x —
=1+az+ (1+4t)2* + (1 + 24t)2> + (1 + 108t + 160t%)z* + (1 + 448t + 2912¢%) 2
+ (1 + 1812t + 35520t + 27136¢)2® + (1 + 7272t + 370496t> + 1106944¢*) 2" + - - - .

Most recently, Pan and Zeng [19, Theorem 13] obtained a (p, ¢)-analogue of the descent
polynomial X,,(¢) in the spirit of Brandén’s (p, ¢)-Eulerian polynomials [3].

1.4 On permutations with only odd-odd descent pairs

Let W, be the set of permutations in &,, that contain only odd-odd descent pairs. Notice
that [Whn11| = gna2, which is in connection with the Dumont permutations in &g, that
contain only even-even descent pairs [4]. Let W, , be the subset of Wh,; consisting
of the permutations with an odd last element. Notice that |W;, | = |A%,| and W5, .,
shares the same descent polynomial with Xy,; see Theorem 3.8. We come up with an
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artificial statistic that gives a g-analogue of ~-positivity for the descent polynomial for
;nJrl'

Forany o0 = 0y --- 0, € 6, the element 0; (1 < i < n) is a peak (valley, double descent,
double ascent, respectively) if 0,1 < 0; > 0541 (0521 > 0y < Oiy1, 01 > 07 > Oigq,
0i_1 < 0; < 0;41, respectively), where we use the convention 0y = 0,41 = 0. In particular,
the element oy (0, respectively) is a peak if o1 > 09 (0,1 < 0y, respectively).

Definition 1.3. Let 0 € G,,. For each i € [n], let v(i) (p(i), respectively) be the number
of valleys (peaks, respectively) less than ¢ and on the left of the element i in 0. Define

art(0) := Y _ (v(i) — p(i)). (1.5)

i=1

For example, given 0 = 512467389 € &y with peaks {5,7,9} and valleys {1,3},
the values of v(7) and p(i) are shown below. We have art(o) = 3.

1 23456789
v(@)[001 1 1011 2 2
p(i)]00 00 0 1 1 2 2

For n > 1, define
Wn(q, t) = Z qart(cr)tdes(g-)’

J€W§n+l
a g-generalization of the descent polynomial for W3, ;. For example,
Wl (Q7 ) =1 + tv

t
Wa(q,t) =14 (3 +2q + ¢*)t + 1%,
Wi(q,t) =14 (6 + 8¢ +8¢* +4¢° + ¢*)t + (6 + 8¢ + 8¢ + 4¢° + ¢")t* + 12

The polynomials for n = 2 and n = 3 can be written as follows:

Wa(q,t) = (1+)> + (1+2¢ + ¢)t,
Wi(q,t) = (1+1)> + (34 8¢ + 8¢ + 4¢* + ¢M)t(1 + 1).

Our second main result is the following g-v-positivity for the descent polynomial for
Wi,.+1- We use the notation [k], ;=14 ¢+ ---+ ¢*~! for all positive integers k.

Definition 1.4. For any 0 = 01+ 02,41 € W5, ., we say that o is a primary odd-odd-

descent permutation if o contains no double descent, and the last entry of o is a peak,
ie., o9 < Oon+1-
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Theorem 1.5. For alln > 1, the descent q-polynomial for Wy, | can be expanded as
[n/2] A A
Wl t) = Y (@) (146", (1.6)
§=0

where

Ynil@) =Y _ ¢,

and the sums run through all primary odd-odd-descent permutations in Wi, , with j
descents. Moreover, the generating function for v, ;(q) can be expressed as

Ln/2] 2 2 2
: n 1 )\11’ )\QZIZ' )\3$
D2t )at = e e e e e (L)
>0 \ =0 HoT H1T 2T H3x
where

pn = [h+1]2, for h > 0;
A = [h2[h+1]2t, forh>1

The initial terms of the expansion of Eq.(1.7) are

1 [12[207t2®  [202[3)2t2>  [3]2[4]2ta? o
L—[12z - 1-[22x — 1= [3]2x — 1 - [4]2x —

=l4+z+(1+1+2¢+¢*)t)2* + (1+ 3+ 8¢+ 8¢ +4¢° + ¢*)t)a + -+

Pan and Zeng [19] obtained a multivariate generalization of the g-y-positivity for Wi, ..

The rest of the paper is organized as follows. In Section 2 we prove Theorem 1.2 and a
byproduct of y-positivity for the permutations with only even-odd drops (Corollary 2.13).
In Section 3 we prove Theorem 1.5 in a similar manner and present an algorithmic bijection
between the objects in Theorem 1.2 and Theorem 1.5. For the permutations with descent
pairs of the remaining parities, we mention analogous results in Section 4.

2  On permutations with only even-odd descents

In this section we shall give a combinatorial proof of Theorem 1.2, which involves a
“hopping” operation used in [3, 11].

2.1 Inter-hopping operation

Let 0 € Xy,. For each i € [2n], the element ¢ is called saturated in o if it is a descent
top or a descent bottom of . For each j € [n], the pair {2 — 1,25} of elements is called
free in o if both of 25 — 1 and 2j are saturated, or neither of 25 — 1 and 27 is saturated.
By Definition 1.1, notice that ¢ is a primary even-odd descent permutation if for each
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J € [n] the two elements 2j — 1 and 25 are not simultaneously saturated. We partition the
permutations in Ay, into equivalence classes by an inter-hopping operation on free pairs
of elements.

Given w = xy - - - Ty, € Ay, with a free pair {2r — 1,2r}, let {x,, zp} = {2r — 1,2r} for
some a < b. We shall construct a permutation w’ € X», with |des(w’) — des(w)| = 1 by
the following process.

Algorithm A.

(A1) Neither of 2r — 1 and 2r is saturated. If the elements 2 — 1 and 2r are adjacent in
w then ' is obtained from w by switching 2r — 1 and 2r. Otherwise, we factorize w
as

W ="-- 607 L, OélBIOéQ/BQ e adﬂd? Tphy Og41 "

where a; (3;, respectively) is a maximal sequence of consecutive entries greater than
2r (less than 2r — 1, respectively). (The sequences 5y and oy, are possibly empty.)
There are two cases for w':

(a) x4 = 2r and o, = 2r — 1. Then set
W= foan, (2r — 1), agBrasfa - - aaflai, (2r), Bacagr - -
(b) z, =2r — 1 and x, = 2r. Then set
W= By, (2r), B faay - - - Baca, (21 — 1), gy -

(A2) Both of 2r — 1 and 2r are saturated. The construction of w’ is exactly the reverse
operation of (Al).

Example 2.1. On the left of Figure 1 is the permutation w = 2510143461811127913 €
X4, with a free pair {9,10}. We factorize w as w = [y (10) 1810252 (9) a3, where
By =25, a, =14, B; = 34618, ay = 1112, B, = 7, and a3 = 13. By (A1)(i),
W =251491112346 1810713, as shown on the right of Figure 1. Moreover, if
w=25914346181112710 13 then by (A1)(ii), w’ =25103461814 71112913, as
shown in Figure 2. Notice that des(w’) = des(w) + 1.

Let Hop(w) be the hop-equivalence class of w. Setting each free pair of w unsaturated
yields the unique primary even-odd-descent permutation, say 7, in Hop(w). That is, for
each r € [n] at most one of the two elements 2r — 1 and 2r in 7 is saturated. Note that
7 is the permutation in Hop(w) having the minimum number of descents. Moreover, if
des(m) = j then there are n — 2j free pairs in 7. Hence we have

Z fdes(o) tdes(w)(l + t)n—Z,des(w)_ (2.1)

o€Hop(w)
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Figure 1: An illustration for Example 2.1.

(14)
f
(1)

A RN

&

Figure 2: An illustration for Example 2.1.

2.2 Encoding primary even-odd-descent permutations

We enumerate the primary even-odd-descent permutations by a classification of their
descent tops and descent bottoms (Proposition 2.5).

Definition 2.2. A set S is called a signature in [2n] if it satisfies the following conditions.
1. The set S consists of k odd elements and k even elements for some k£ > 0.
2. For each j € [n], at most one of the two elements 2j — 1 and 2j is in S.

3. For each i € [2n], the number of odd elements is greater than or equal to the number
of even elements in SN{1,2,...,i}.

Notice that by Eq.(1.2), the set of descent tops and descent bottoms of a primary
even-odd-descent permutation in Ab, is a signature in [2n].
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Definition 2.3. Let S be a signature in [2n]. For each i € [2n], let f(i) (¢g(i), respectively)
be the number of odd (even, respectively) elements in S less then i. We associate S with
a vector (s(1),s(2),...,s(2n)) defined by

f@)—g(i)+1 ifieSisodd;
s(i) =< f(i) —g(@) if i € S is even; (2.2)
fi)—g(i)+1 ifigS.

Example 2.4. Take the signature S = {1,3,9} U {8,12,14} in {1,2,...,14}. The asso-
ciated vector is (1,2,2,3,3,3,3,2,2,3,3,2,2, 1), as shown in the diagram of Figure 3(a).

s(i): 1 2 2 2 1
o, O ®
101 2 3 13 14

(b)

Figure 3: The vector and weighted path associated with the signature in Example 2.4.

Proposition 2.5. For any signature S C [2n], let (s(1),...,s(2n)) be the associated vec-
tor. Then the number of primary even-odd-descent permutations in X, with the signature
S as the set of descent tops and descent bottoms is given by

2n
H s(17).
i=1
Consider the following set of sequences determined by a signature S in [2n]
{(b(1),...,b(2n)), |1 <b(i) < s(i),1 <i<2n}. (2.3)

Let S be the set of primary even-odd-descent permutations o in X, such that the set of
descent tops and descent bottoms of o is S. To prove Proposition 2.5, we shall establish
a bijection (b(1),...,b(2n)) — o of the set in Eq.(2.3) onto S.

Suppose the set S consists of £ odd elements and k even elements. Given a sequence
(b(1),b(2),...,b(2n)), we first construct the subword 7 = x5 - - 9, of o consisting of
the descent tops and descent bottoms, which is a down-up permutation, i.e., 1 > x5 <
<o+ < Top_1 > T9k. Then we construct the corresponding permutation o by inserting the
rest of elements into 7 as increasing runs.
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Algorithm B.

(B1) Let y; < y2 < -+ < yo be the elements of S in increasing order. We construct a
sequence mq, o, . .., Mo, = 7 of words, where 1 = y; and 7; is obtained by inserting
the element y; into m;_; for 2 < i < 2k. Note that m;_; contains f(y;) odd elements,
and hence f(y;)+1 spaces. By a space of m;_; we mean the position to the left of the
first odd entry, between two odd entries, or to the right of 7; ;. Among them, g(y;)
spaces have been occupied by the even elements in m;_;. There are f(y;) — g(y;) + 1
unoccupied spaces in m;_1, indexed by 1,2,..., f(y;) — g(y;) + 1 from left to right.
We insert the element y; at the b(y;)-th unoccupied space of m;_;. Note that in the
case where y; is even, we have b(y;) < f(v:) — g(v;), and that as a descent top, y;
will not be at the position to the right of m;_;.

(B2) Assume x¢ = 0 and w9541 = 0o. For each element y € [2n]\ S, an ascent (xs;, T2;41)
of 7 is feasible relative to y if x9; < y < xg9;11. Note that there are f(y) — g(y) +1
feasible ascents relative to y. We insert the element y into the b(y)-th feasible ascent
from left to right. Those elements inserted in the same ascent of 7 are arranged in
increasing order.

Notice that by Eqgs.(2.2) and (2.3), the corresponding permutation o € S is well defined.
Note that des(c) = |S|/2 for all o € S.

Example 2.6. Using the signature S in Example 2.4, we construct the permutation o
corresponding to the sequence (b(1),...,b(14)) = (1,1,2,3,2,2,2,1,1,2,3,2,1,1), with
descent tops {8,12,14} and descent bottoms {1,3,9}. The construction of the words
7, ..., T is shown in Table 1, where the unoccupied spaces of m;_; are indicated by dots.
Since b(2) =1, b(4) = 3, b(5) = b(6) = b(7) = 2, b(10) = 2, b(11) = 3, and b(13) = 1, the
requested permutation o is 0 =28156713149101234 11, as shown in Figure 4.

yi blyi) Ti—1 T

1 1 1
3 2 .1 13
8 1 1.3, 813
9 1 81.3. 8193
12 2 81.9.3. 819123
14 1 81.912 3. 8114 9 12 3

Table 1: The construction of the word 7 in Example 2.6.

To construct the inverse map, given a primary even-odd-descent permutation ¢’ in S ,
the sequence (0'(1),...,0(2n)) corresponding to ¢’ is given by

V(i) = c(i) — d(i) + 1, (2.4)
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Figure 4: The requested permutation ¢ in Example 2.6.

where ¢(i) (d(i), respectively) is the number of descent bottoms (descent tops, respec-
tively) less than 7 and on the left of the element ¢ in ¢’. The proof of Proposition 2.5 is
completed.

Example 2.7. Following Example 2.6, let 0/ = 2815671314910123411 € §, with descent
bottoms {1, 3,9} and descent tops {8,12,14}. The values of ¢(i) and d(7) are shown below.
The sequence corresponding to ¢’ is (¢'(1),...,0(14)) = (1,1,2,3,2,2,2,1,1,2,3,2,1,1).

i |1 2345678910 11 12 13 14
c@)[001 211101 2 3 2 1 1
d@)jo 00000001 1 1 1 1 1

2.3 Continued fractions and weighted Motzkin paths

A Motzkin path of length n is a lattice path from the origin to the point (n,0) staying
weakly above the x-axis, using the up step (1, 1), down step (1,—1), and level step (1,0).
For a Motzkin path M = 2,25 - - - 2, with a weight function p on the steps, the weight of
M, denoted by p(M), is defined to be the product of its step weights. The height of a
step z; is the y-coordinate of the starting point of z;. Making use of Flajolet’s formula
[9, Propositions 7TA, 7B], the generating function for the weighted count of the Motzkin
paths can be expressed as a continued fraction.

Theorem 2.8. (Flajolet) For h > 0, let ay, by, and ¢, be polynomials such that each
monomial has coefficient 1. Let M, be the set of weighted Motzkin paths of length n such
that the weight of an up step (down step or level step, respectively) at height h is one
of the monomials appearing in ay, (by, or cp, respectively). Then the following continued
fraction expansion holds:

Z( > p(M)> z" ! ah® - abr® (2.5)

Cl—cr—1—cixr—1—cor —
n=0 \MeM,, 0 1 2

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.15 11



Given a signature S C [2n], let (s(1),...,s(2n)) be the vector associated with S. With
each odd element in S assigned a variable ¢, we define the weight of S by

(ﬁ 5(1’)) 5172, (2.6)

Let Sy, denote the set of weighted signatures in [2n]. We shall enumerate the signatures
in terms of weighted Motzkin paths. Let U, D and L denote an up step, a down step and
a level step in a Motzkin path, accordingly, and let (") denote a step z at height h for
z € {U,D,L}. Let M, denote the set of Motzkin paths M of length n with a weight
function p on the steps of M given by

p(UM) = (b +1)(h +2)t, for h > 0;
p(L(h)) = (h + 1)2, for h > 0; (2.7)
p(DM)) = (h+1)h, for h > 1

Lemma 2.9. There is a weight-preserving bijection S +— M of So, onto M,,.

Proof. Let (s(1),...,s(2n)) be the vector associated with S. We construct a Motzkin
path M = 2125 -+ z, from S by

U if2j—1¢€5;
2z =< D if25€5; (2.8)
L if2j— 1,2 ¢S,

with a weight determined from (s(1),...,s(2n)) by

s(27 —1)s(2j)t if z; = U;

p<zj>:{ SR 29
s(2j —1)s(2j) if z; € {D,L}.

Notice that if z; = U™ then 2j—1 € S and 2j ¢ S. By Eq.(2.2), we have s(2j—1) = f(2j—
1)—g(2j—1)+1=h+1and s(2j) = s(2j—1)+1 = h+2. Hence p(z;) = (h+1)(h+2)t.
If zj = L™ then 2j — 1,25 ¢ S and 5(2j) = s(2j —1) = f(2j —1)—g(2i — 1)+ 1 =h+ 1.
Hence p(z;) = (h + 1)2. Moreover, if z; = D then 2j — 1 ¢ S and 2j € S. Note that
s(2j —1)=f(2)—1)—g(275—1)+1=h+1and s(25) = f(2j) — g(2j) = h. Hence
p(z;) = (h+1)h. By Eq.(2.7), we have M € M,,. Moreover, the weight of M,

o) = [ ple) = (Hsu)) fs1,

is equal to the weight of S.
The inverse map M +— S can be constructed straightforward by the reverse operation.
The assertion follows. m
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Example 2.10. Following Example 2.4, the corresponding weighted Motzkin path of the
signature S = {1, 3,9} U {8, 12,14} is shown in Figure 3(b).

Proof of Theorem 1.2: Let Ps, be the set of primary even-odd-descent permutations in
Xon. By Eq.(2.1), we have

Z Zfdes(a) _ Z Z tdes(ﬂ')

cE€Xon mE€P2, \ c€Hop()
_ Z tdes(fr)<1_'_t)n72,des(7r)'
TE€Pan

By Proposition 2.5 and Lemma 2.9, we have

Ln/2]

Z tdes(ﬂ') _ Z ’Yn,jtj
TEP2n, 7=0
2n
5 (fo0)

SeSan =1

= > p(M).

MeMy,

By Flajolet’s theory of continued fractions [9, Proposition 7B], we prove Eq.(1.4). This
completes the proof of Theorem 1.2. O]

2.4 Permutations with only even-odd drops

The descent number is closely related to the permutation statistic of drop. For any
o=o01-0, €S, adropin o is an ordered pair (i, ;) such that i > ¢;. The element i
(0;, respectively) is called a drop top (drop bottom, respectively). The drop (i, 0;) is called
even-odd, odd-even, odd-odd, and even-even if the parities of (i,0;) is (even, odd), (odd,
even), (odd, odd), and (even, even), accordingly. Let R, be the set of permutations in
S, that contain only even-odd drops. It is known that |Ro,| is the nth median Genocchi
number [16, Corollary 6.2]. Let drop(c) denote the number of drops of o.

Proposition 2.11. There is a bijection o +— o’ of Xa, onto Ra, with drop(c’) = des(o).

Proof. To describe the map o +— ¢, we write o in its disjoint cycle notation. Within each
cycle, order the entries so that the smallest entry appears last. Then order the cycles in
increasing order of their minimal elements. Then upon removing the parentheses, o’ is
the resulting permutation, written in one-line notation.

To describe the inverse map, read ¢’ from right to left, and insert a divider at the
immediate right of each right-to-left minimum. Insert parentheses so that the entries
between dividers form cycles. Then o is the resulting permutation, written in cycle
notation. O
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As a byproduct of Theorem 1.2, we obtain the v-positivity for the drop polynomial
for Ro,.

Definition 2.12. For any o € R, with drop tops {¢1,...,t} and drop bottoms {by, ..., bx}
for some k > 0, we say that o is a primary even-odd-drop permutation if for any 1, j,

t1>bJ:>tz—bJ>3

Corollary 2.13. For all n > 1, we have

[n/2]
Do O = D st (L), (2.10)
0€R2n Jj=0

where v, ; 1s the number of primary even-odd-drop permutations in R, with j drops.

3 On permutations with only odd-odd descents

In this section we shall prove Theorem 1.5, using an analogous encoding approach as in
the proof of Theorem 1.2. The encoding schemes provide an algorithmic bijection between
these two families of permutations; see Theorem 3.8.

3.1 Peak-hopping operation

Let 0 = 01+ 0241 € W5, ;. Recall that o contains only odd-odd descents and the
last entry os,,1 is odd. Notice that the peaks, valleys, and double descents of o are
odd elements necessarily. With the convention oy = 09,,2 = 0, the element o7 (09,41,
respectively) is a double ascent (double descent, respectively) if o1 < o9 (02, > 09,41,
respectively). An odd element of o is free if it is either a double ascent or a double
descent. We partition the permutations in W, into equivalence classes by a peak-
hopping operation on free odd elements. Note that the peak-hopping operation is similar
to the Brandén’s modified Foata-Strehl action [3] but just acts on free odd elements.

Given w = wy - w1 € Wy, with a free element 2r — 1, we shall construct a
permutation w’ € W5, ., such that art(w’) = art(w) and |des(w’) — des(w)| = 1 by the
following process.
Algorithm C.

If w; = 2r — 1 is a double ascent, i.e., w;_ 1 < w; < wjs1, then find the smallest & > ¢
such that wy > 2r — 1 > w41, and set

/
W =Wy Wi Wit 1« - W, (27" - 1)awk+l Cr o Wontl-

Otherwise w; = 2r — 1 is a double descent, i.e., w; 1 > w; > w;y1, then find the largest
k < i such that wy < 2r — 1 < wiy1, and set

/
W =Wy We—1, (27" - 1), W1+ - Wi—1Wig1 * - - Won41.
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Let Hop(w) be the hop-equivalence class of w. Notice that if w has j valleys then it
has 7 + 1 peaks, and hence n — 25 free odd elements. Putting each free odd element of
w in an increasing run yields the unique primary odd-odd-descent permutation, say 7, in
Hop(w). We have

Z qart(o)tdes(a) _ qart(w)tdes(ﬂ')(l + t)n72,des(7r). (31)

o€Hop(w)

Example 3.1. Let w = 281214155346711910131 € Wy;. Note that the free elements
of w are {1,5,7}. The peak-hopping operation is illustrated in Figure 5. The unique
primary odd-odd-descent permutation 7 in Hop(w) is # =125812141534671191013.

Figure 5: An illustration for Example 3.1.

3.2 Encoding primary odd-odd-descent permutations

We shall enumerate the primary odd-odd-descent permutations by a classification of their
peaks and valleys (Proposition 3.4).

Definition 3.2. A set A of odd elements, with each element colored in black or white, is
called an admissible set in {1,3,...,2n + 1} if it satisfies the following conditions.

(i) The set A consists of k white elements (i.e., valleys) and k + 1 black elements (i.e.,
peaks) for some k > 0. One of the black element is 2n + 1.

(ii) For each i € [2n], the number of white elements is greater than or equal to the
number of black elements in AN{1,2,...,i}.
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Moreover, we associate an admissible set A with a vector (a(1),a(2),...,a(2n)) defined
by

a(i) = f(i) = g(i) + 1, (3:2)
where f(i) (g(i), respectively) is the number of white (black, respectively) elements less
then 7 in A for 1 <7 < 2n.

Example 3.3. Let A be the admissible set in {1,3,...,15} with white elements {1, 3,9}
and black elements {7,11,13,15}. The vector associated with A is (1,2,2,3,3,3,3,2,2,3,
3,2,2,1), as shown in the diagram of Figure 6(a).

a(i): 1 2 2 1
o, ®
11 2 13 14

(b)

Figure 6: The vector and weighted path associated with the admissible set in Example
3.3.

Proposition 3.4. For any admissible set A C {1,3,...,2n+ 1}, let (a(1),...,a(2n)) be
the vector associated with A, and let A be the set of primary odd-odd-descent permutations
o in Ws, ., such that the set of peaks and valleys of o is A. We have

S @) = Tla(i).
ceA i=1

Consider the following set of sequences determined by an admissible set A in {1,3,...,
2n + 1}
{(6(1),...,b(2n)),[0 < b(z) < a(i) — 1,1 <i < 2n}. (3.3)

To prove Proposition 3.4, it suffices to establish a bijection (b(1),...,b(2n)) + o of the
set in Eq.(3.3) onto A with art(o) = b(1) + --- + b(2n).
Suppose the set A consists of k white elements and k + 1 black elements. Given a

sequence (b(1),b(2),...,b(2n)), we first construct the subword 7 = 29+ 2941 of o
consisting of peaks and valleys. Since ¢ contains no double descent, the word 7 forms a
down-up permutation, i.e., x1 > x9 < 3 > -+ > Tor < Togr1. LThen we construct the

corresponding permutation ¢ by inserting the rest of elements into 7 as increasing runs.

Therefore, des(o) = k = (JA| — 1)/2.
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Algorithm D.

(D1)

Let y1 < yo < -+ < yoryr1 = 2n + 1 be the elements of A in increasing order.
We construct a sequence 7y, 7o, ..., Topr; = m of words, where m; = y; and m; is
obtained by inserting the element y; into m;_1 for 2 < < 2k + 1. By a space of m;_;
we mean the position to the left of the first white entry of m;_;, between two white
entries of m;_1, or to the right of m;_;. Since m;_; consists of f(y;) white elements
and ¢(y;) black elements, there are f(y;) — g(y;) + 1 unoccupied spaces, assigned a
weight of 0,1,2,..., f(p;) — g(p;) from left to right. For 2 < i < 2k, we insert the
element y; at the space with weight b(y;). The element 2n + 1 is then inserted at
the only available space of 7y, which is of zero weight.

Assume zy = 0. For each element y € [2n] \ A, an ascent (xg;, x9j41) of 7 is feasible
relative to y if x9; < y < 9;41. Note that there are f(y) — g(y) + 1 feasible ascents
relative to y, assigned a weight of 0,1,2,..., f(y) — g(y) from left to right. We
insert the element y; into the ascent with weight b(y;). Those elements inserted in
the same ascent of 7 are arranged in increasing order.

Notice that for each i € [2n], the weight b(i) coincides with v(i) — p(i), where v(i) (p(7),
respectively) is the number of white (black, respectively) elements less than i and on the
left of 7. Hence art(o) = b(1) + -+ + b(2n).

Example 3.5. Using the admissible set in Example 3.3, we construct the permutation
o corresponding to the sequence (b(1),...,6(14)) = (0,0,1,2,1,1,1,0,0,1,2,1,0,0), with
peaks {7,11,13,15} and valleys {1,3,9}. The construction of the words my,..., 77 is
shown in Table 2, where the peaks are indicated in bold face. Since b(2) = 0, b(4) = 2,
b(5) =b(6) =1, b(8) =0, b(10) =1, b(12) = 1, and b(14) = 0, the requested permutation
0cisoc=2813910121415156734 11, as shown in Figure 7.

yi by T v(yi)  p(yi)
1 0 1 0 0
3 1 13 1 0
7 1 173 1 0
9 0 9173 0 0
11 2 917311 3 1
13 0 13917311 0 0
15 1391517311

Table 2: The construction of the word 7 in Example 3.5.

To construct the inverse map, given a primary odd-odd-descent permutations o’ € g,
the sequence (0'(1),...,0(2n)) corresponding to ¢’ is given by

b'(i) = v(i) — p(i), (3.4)

where v(i) (p(i), respectively) is the number of valleys (peaks, respectively) less than i
and on the left of the element 7 in ¢’. The proof of Proposition 3.4 is completed.
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Figure 7: The requested permutation in Example 3.5.

3.3 Enumeration of primary odd-odd-descent permutations

For any admissible set A in {1,3,...,2n+ 1} with vector (a(1),...,a(2n)), we define the

weight of A by
(H[a(i)]q) t(Al=172, (3.5)

i=1
Let As,41 denote the set of weighted admissible sets in {1,3,...,2n + 1}, and let M,,
denote the set of Motzkin paths M with a weight function p on the steps of M given by

p(UM) = [h +1],[h + 2],t, for h > 0;
p(LW)Y = [h + 12, for h > 0; (3.6)
p(DW) = [h + 1]y[R],, for h > 1

Lemma 3.6. There is a weight-preserving bijection A — M of Aspi1 onto M,,.

Proof. Let (a(1),...,a(2n)) be the vector associated with A. The corresponding Motzkin
path M = zy25--- 2z, is constructed from A by

U if 25 — 1 € A is a white element;
z; =< D if 25 —1 € Ais a black element; (3.7)
L if2j—1¢& A,

with a weight determined from (a(1),...,a(2n)) by

p(z) = { [a(2) — 1)]g[a(2))]qt if 2z; = U;
j [a(2] — 1)],[a(27)], if z; € {D,L}.
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By Eq. (3.2), if the height of z; is A then a(2j—1) = f(2j—1)—g(2j—1)+1 = h+1. Notice
that if z; = U™ then 2j—1 is a white element in A, and hence a(2j) = a(2j—1)+1 = h+2.
Thus p(z;) = [h+ 1] [h +2],t. If z; = L then 2j — 1 ¢ A and hence a(2j) = a(2j — 1) =
h+1. Thus p(z;) = [h +1];. If 2z; = D™ then 2j — 1 is a black element in A, and hence
a(2j) =a(2j — 1) — 1 = h. Thus p(z;) = [h + 1],[h],. The weight of M,

HP(Zj) = (H[a(z’)b) $(14I=1/2.

j=1 i=1

is equal to the weight of A.
The inverse map M — A can be constructed straightforward by the reverse operation.
The assertion follows. O]

Example 3.7. Following Example 3.3, let A be the admissible set in {1,3,...,15} with
white elements {1,3,9} and black elements {7,11,13,15}. The corresponding weighted
Motzkin path of A is shown in Figure 6(b).

Proof of Theorem 1.5: Let Py, ; be the set of primary odd-odd-descent permutations in
W;,..1- By Eq. (3.1), we have

Z qart(o)tdes(a) _ Z Z qart(a)tdes(rr)

oeEW3, m€P3, .1 \o€Hop(rm)
_ Z qart(ﬂ)tdes(ﬂ) (1 + t)n—Q,des(ﬂ) )
7T€P§‘n+1

By Proposition 3.4 and Lemma 3.6, we have

Ln/2] .
Z qart(ﬂ')tdes(ﬂ') = Z Yn,j (q)’ v
W€P§n+1 7=

= Z (anrt(o) t1AI=1)/2

A€A2nt+1 \geA
2n
— Z [a(i)]q> H1AI=1)/2
A€A2n+1 =1
= > p(M)
MeM,

By Theorem 2.8 and the weight in Eq. (3.6), we prove Eq. (1.7). This completes the proof
of Theorem 1.5. O

On the basis of the proofs of Theorems 1.2 and 1.5, we establish a bijection between
W1 and Xoy,.
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Theorem 3.8. There is a bijection o — o' of W5, .| onto X, with des(c’) = des(c).

Proof. We describe the construction of the bijection in two parts. The first part is for the
primary permutations. Given a primary odd-odd-descent w € W3, _;, let A be the set of
peaks and valleys of w. Remove the element 2n+1 from A. By the formula in Eq. (3.4), we
encode w with a sequence (b(1),...,b(2n)) in Eq. (3.3). Then create a signature S C [2n]
from A by setting 25 — 1 € S (25 € S, respectively) if and only if 2j — 1 is a valley (peak,
respectively) in A for each j € [n], and create a sequence (b'(1),...,b'(2n)) in Eq. (2.3)
by b'(i) = b(i) + 1 for each i € [2n]. Note that S and A share the same associated vector.
The corresponding primary even-odd-descent permutation w’ is then constructed from S
and (b'(1),...,0(2n)) by algorithm B, with des(w’) = |5|/2 = (|A| —1)/2 = des(w). The
inverse map can be constructed straightforward by the reverse operation.

The second part of the construction is within each hop-equivalence class. Suppose
des(w) = k. There are n — 2k free odd elements (free pairs, respectively) in w (',
respectively). Then we establish a bijection between Hop(w) and Hop(w’) by setting the
jth smallest free pair of w’ to be saturated by algorithm A whenever we set the jth
smallest free odd element of w to be a double descent by algorithm C. [

3.4 Cyclic permutations with only odd-odd drops

Let C,, denote the set of cyclic permutations in &,, that contain only odd-odd drops. As a
byproduct of Theorem 1.5, we obtain the v-positivity for the drop polynomial for Cy,, 3.

Proposition 3.9. There is a bijection o — o' of W, ., onto Conyz with drop(c’) =
des(o) + 1.

Proof. To construct the map o — ¢/, create a word w from ¢ by incrementing every entry
by 2 and adjoining the prefix of 1 and 2. Then ¢’ is the resulting cyclic permutation,
written in cycle notation, by enclosing w with parentheses entirely.

For ¢’ + o, since ¢’ contains only odd-odd drops, we have ¢/(1) = 2 and ¢/~!(1) is odd.
The standard cycle notation of o', starting with the element 1, has an odd last element.
Remove parentheses and the elements 1 and 2. Then o is the resulting permutation,
written in one-line notation, by decrementing each remaining entry by 2. O]

Definition 3.10. For any o € &,,, the element i is called a double drop of o if o71(i) >
i>0(i), 1 <i<n. Giveno € Cy,y3, we say that o is a primary odd-odd-drop permutation
if o contains no double drop.

Corollary 3.11. For all n > 1, we have

[n/2]
Z tdrop(a)—l — Z ,yndt](]_ + t)n_2j, (39)
0'662n+3 j:()

where 7y, ; is the number of primary odd-odd-drop permutations in Conqs with j+1 drops.
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4 Concluding remarks

It is a classical result that the Eulerian polynomial for G,, is v-positive. In this paper
we prove that the y-positivity is inherited by the descent polynomials for the subsets of
permutations with descents of prescribed parities. The results in Theorems 1.2 and 1.5
can be easily extended to the remaining parity cases. Given a permutation ¢ € G,,, we
create a permutation in &,,,; by incrementing each entry of o by one and adjoining the
element 1 to the left of o. By this operation, we obtain an analogous result of Theorem 1.2
for the permutations in G&s,1 with only odd-even descents, and an analogous result of
Theorem 1.5 for the permutations in &y, 5 with only even-even descents and an even last
entry. See Table 3 for a summary.

even-odd descents

if t > b.

objects the y-vector references
. For any descent top ¢ and de-
the set of 0 € G5, with only scent bottom b of o, t — b > 3 | Theorem 1.2

the set of 0 € &g, with

For any descent top ¢ and de-
scent bottom b of o, t — b > 3

analogous to

an odd last element

and Oon < O2p41-

only odd-even descents . Theorem 1.2
if t >b.

the set of 0 € &g,,1 with )

only odd-odd descents and o contains no double descent, Theorem 1.5

the set of 0 € &g, with
only even-even descents and
an even last element

o contains no double descent,
and Oon+1 < O2p42.

analogous to
Theorem 1.5

Table 3: The v-positivity for the descent polynomials of four classes of permutations.

objects

the ~y-vector

references

the set of 0 € G4, with only
even-odd drops

For any drop top ¢t and drop
bottom bof o, t—b > 3ift > b.

Corollary 2.13

the set of 0 € Gg,,1 with
only odd-even drops

For any drop top ¢t and drop
bottom bof o, t—b > 3ift > b.

analogous to
Corollary 2.13

the set of cyclic permuta-
tions o in Ggy43 with only

odd-odd drops

o contains no double drop.

Corollary 3.11

the set of pseudo cyclic per-
mutations ¢ in G&g,,4 with
only even-even drops

o contains no double drop.

analogous to
Corollary 3.11

Table 4: The y-positivity for the drop polynomials of four classes of permutations.

By similar proofs of Corollaries 2.13 and 3.11, we obtain analogous results for drop

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.15

21



polynomials. Note that the element 1 is a fixed point in every permutation with only
even-even drops. A permutation in &, is called pseudo cyclic if it contains a cycle of
length n — 1 and a fixed point. We summarize the vy-positivity for the drop polynomials
of four classes of permutations in Table 4.

Genocchi numbers and median Genocchi numbers are ubiquitous in Combinatorics.
There are a number of objects counted by median Genocchi numbers such as Dumont
derangements in &y, [6, Corollary 2.4], strict alternating pistols [7], homogenized Linial
arrangements [15] and a class of permutations in &y, called collapsed permutations [1]. We
are interested in the statistics of these objects whose generating functions are y-positive
(g-y-positive, respectively).
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