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Abstract

Motivated by Stanley’s conjecture on the multiplication of Jack symmetric func-
tions, we prove a couple of identities showing that skew Jack symmetric functions
are semi-invariant up to translation and rotation of a m angle of the skew diagram.
It follows that, in some special cases, the coefficients of the skew Jack symmet-
ric functions with respect to the basis of the monomial symmetric functions are
polynomials with nonnegative integer coefficients.

Mathematics Subject Classifications: 05E05

1 Introduction

Jack symmetric functions Jy(z;a) form a basis of the ring of symmetric functions in the
infinite (countable) set of indeterminates x = (x1, 22, ...) with coefficients in the fraction
field Q(«v), as A = (Ay, Mg, .. .) varies in the set of (integer) partitions. We recall here some
notation and basic facts from [5, 8, 4].

The symmetric functions Jy = J\(x; «) are uniquely defined by the following proper-
ties:

1. they are pairwise orthogonal, that is, (Jy, J,) = 0 for all X # p;

2. triangular with respect to the monomial symmetric functions my(x), that is,

Ta(w;e) =) oau(a) my();

H<A

3. normalized as vy ny(a) = n! if [A] = n.
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The partial ordering among partitions is the usual dominance order. The scalar product
is uniquely defined by the following properties: the power sum symmetric functions py(x)
are pairwise orthogonal and

(pA(x), paA()) = Z/\O/()\),

where 2, = (1F12F2 ... ) (kylko! - -+ ) if k; = K;()\) denotes the number of parts of X equal to 4,
and £(\) is the length of A (the number of nonzero parts of A). Notice that specializing o =
1 one has the usual scalar product on symmetric functions, therefore the Jack symmetric
functions specialize to scalar multiples of the Schur symmetric functions s, (z).

As conjectured by 1.G. Macdonald ([5, VI (10.267)], [8, Conjecture 8.1]) and proved
by F. Knop and S. Sahi [4], the above functions v, ,(«) are polynomials in o with non-
negative integer coefficients. Furthermore, Knop and Sahi have found an explicit integral
combinatorial formula for vy ,(a) in terms of certain admissible fillings of weight 1 of the
Young diagram of .

As for skew Schur symmetric functions, skew Jack symmetric functions Jy/,(z; ) are
defined by the following identities, for all partitions v:

<J>\/u> Ju) = <J/\, JuJV>-

Therefore,
(Ins Judv)
D =) 7 v
M Z (Jos Ju)
the sum is clearly finite as the coefficient of .J, can be nonzero only if |v| = [A| — |p|.

For a partition A, set uy =[], k;!, where k; denotes the number of parts of A which
are equal to ¢ as above.

Let

=1

Tyl @) = 3 vrg (@) my (2)

v

and let 0y, (@) = u, ' vy/ (). As far as we know the following was never considered.
Main Question. Are the vy, ,(a) polynomials with nonnegative integer coefficients?

By explicit computation with SageMath [7] we know the answer is affirmative for
|A| < 10.

A complete affirmative answer to the above question and especially an explicit integral
combinatorial interpretation of the functions vy, ,(«) could be seen as a first step toward
a possible proof of the following interesting and still open conjecture made by R. Stanley.

Stanley’s Conjecture ([8, Conjecture 8.3]). The functions (Jy,J,J,) are polynomials
with nonnegative integer coefficients.

It is already known that the functions g, (@) := (J\, J,.J,) are polynomials in a with
integer coefficients, this follows from the fact that the v, , () are polynomials with integer
coefficients. We will refer to the gﬁ’y(oz) as the Stanley g-polynomials.
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Let us briefly comment on Stanley’s conjecture. For any couple of partitions p and v
we clearly have

_ N U )
JuJy—; AN Jy.

The squared norm of Jy, denoted by j,(«), is known to be a polynomial with nonnegative
integer coefficients, see Theorem 2 below. Therefore, from Stanley’s conjecture we would
have that the nonvanishing of the Littlewood-Richardson coefficient cf‘W in

_ A
S8, = E S
A

implies the nonvanishing of the coefficient g/’)’y /jx in

g)\
Ju J, = Z ﬂj)\
T A

for all @ > 0. This would provide a quite complete information on the multiplication of
spherical functions of certain symmetric spaces. Indeed, for certain values of a > 0, such
as a = 1/2 or a = 2, Jack symmetric functions specialize to certain (restricted) spherical
functions, such as the so-called zonal polynomials. For further details in this direction see
3, 1].

Our main results, which are contained in Section 2, are the formulas of Theorem 10 and
Theorem 15 which allow to affirmatively answer in some special cases to the main question
above, see Corollary 11 and Corollary 16. Proposition 23 also provides affirmative answer
to the main question in another special case.

Notice that Theorem 10 and Theorem 15 are derived from a combinatorial formula
due to Stanley [8, Theorem 6.3] (see Theorem 4) which readily generalizes to the two
parameter Macdonald symmetric functions (see [5, VI (7.13) and (8.3)]). It is easy to see,
as explained in Remark 13 and Remark 21, that our formulas generalize to the Macdonald
symmetric functions, too.

In Section 3 we provide some remarks directly on the Stanley g-polynomials which
under some special hypotheses are conjectured to be product of linear factors.

In Section 4 we formulate a combinatorial conjecture on the lowest coefficient of the
skew Jack symmetric functions which could be the first step toward a generalization of
Knop and Sahi’s combinatorial formula to the skew case.

2 Remarks and partial answers to the main question

2.1 The squared norm

Let us fix some more notation. If A is a partition, by s € A we mean that s is a box in
the diagram of . For all s € A we set

Cns =Cns(@) =aysat+ly s+ 1, dy,=c)\ ()= (ars+ 1o+l
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where ay s is the arm of s in A (the number of boxes on the same row of s, on the right
of s) and ¢, s is the leg of s in A (the number of boxes on the same column of s, below
s). We will use also the following notation

o =a(@) =[Jensl@), & =d@=]]d (.

SEX SEA

Example 1. For A = (5,4,2)

we have ¢y (1,1) = 4a + 3, c’)\’(l,l) = ba + 2, and totally

ey = (4o + 3)(3a + 3)(3a + 2) (2 + 2)* (o + 2) (e + 1)?,
Ay = (ba +2)(4a + 2)(4a + 1)(3a + 1)*(2a + 1)(2a)*a?.

Notice that for all partitions A we have ¢} (o) = al* cy/(a™!), where ) is the conjugate
of A, that is, the partition obtained by interchanging rows and columns of \.
Let us denote by jy = ji(«) the squared norm of Jy(z;«a) and notice that jy(a) =

U)\/,\,Q(OA).

Theorem 2 ([8, Theorem 5.8]). For all partitions A,
Jx = e ch.

2.2 Stanley’s combinatorial formula

A (rational) combinatorial formula for the function vy, ,(«) has already been found by
Stanley.

Recall that a skew partition \/u is called a horizontal strip if the corresponding skew
diagram contains at most one box in every column.

A tableau T of shape A/ is called semi-standard if it is nondecreasing along rows and
strictly increasing along columns. This is equivalent to require that by deleting the boxes
labelled with j > i one gets the diagram of a skew partition A /; such that, for all i > 1,
the skew partition A /X0~ is a horizontal strip.

For all semi-standard tableaux T" of shape A/u set

_ T Hz Hse)\(i> B,\(i>/>\<i71),s
[T [Tsera-n Caorjacn s

wr = wr(a)

where

cxin, s if AW /A0 has a box in the same column as s

B . - g :
AD /AG-D) Cl)\(i) i otherwise
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o Cxi-n, s if A /G~ has a box in the same column as s
AD /NG s = vy , Otherwise

Notice that the above product is finite since

[Leex Baor - s
[Liexi-n Criryni-n

is definitely equal to 1 for ¢ > 0.
When A/ is a horizontal strip, we will also use the compact notations

Byu=[]Byms  Cyu=]]Corms

SEA sEp

In particular, if A/u is a horizontal strip and T is the skew tableau of shape A/ obtained
by filling all the boxes with the same label, then

;= juBA/u
C/u

Example 3. Let A = (4,3,1), p = (2) and T as follows.

HE12]
2[2

1
3

We have O)\(l)/,u,(l,l) =a+ 1, BA(I)/Mv(lvl) =2a + 2, C)\(Q)/)\(l),(l,l) =3a+ 1, B)\(2)/)\(1)7(171) =
4a 4 1 and so on, obtaining

Ju=(a+1)2a)a, Cyw,, = (a+1)a,
Byw, = 2a+2)(20), Cyopnm = (Ba+1)(a+1)a,
Bya o = (4a+1)(3a)(2a +2)(a +2)(a + 1),
Cho jp = (3 +2)(3a + 1)(2a + 1)*(2a) 0,
By@ae = (3a+3)(3a+ 1)(2a + 2) (20 + 1) (2a)0.
Thus, after some cancellations,

(4o + 1)(3a + 3)(3a) (2 + 2)3(2a)* (o + 2)

(Ba+2)(3a+1)2a+ 1)
~11520% 4+ 72000" 4 178560° + 22464a° 4 149760 + 48960° + 57607
B 1803 + 27a2 + 13ar + 2

wr =

Denoting as usual by 27 the product of the xf“s where k; is the number of labels of
T equal to i, one has

Theorem 4 ([8, Theorem 6.3]). For all skew partitions A/,
Iju(z;a) = Z wr(a)z?’.

T semi-standard
of shape \/p
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2.3 The leading coefficient

Let us first recall the formula for the leading coefficient in

In(z;a) = Z Uy, u() my(z).

I

Theorem 5 ([8, Theorem 5.6]). For all partitions A,
U\ = Cx.

The following is a generalization of the above formula, consequence of Theorem 4 and
actually a reformulation of Proposition 8.6 in [8].

Consider the semi-standard skew tableau Tj of shape \/u obtained by labelling the
boxes along every column with consecutive integers, that is, the boxes in column j are
labelled with the integers 1,...,¢;. Set also ¢; = 0 if no label appears on column j.
Similarly, let r; be the rightmost label in row 7, and set r; = 0 if no label appears on the
TOW 4.

Let vy be the weight of the above defined tableau Ty, then v < vq for all partitions v
with vy, # 0, that is vy, ,, is the leading coefficient in

D@ o) = ZUA/W(Q) my ().

v

Proposition 6 ([8, Proposition 8.6]). The leading coefficient vy, ., of Jy/. is equal to

H C,(4,5) H C/A,(z‘,j) H Cpu (i) H C;L,(i,j)'

(i,5)€A (4,5)€A (i,3)En (i,j)€En
Ti<Cj Ti>Cj r¢+cj >cj n-+cj <¢j

Remark 7. 1t follows that vy, ., is a polynomial with nonnegative integer coefficients.
If indeed (i,7) is the rightmost box of Ty labelled by n, then by construction (i,7) is
the last box in its row and r; = n < ¢;. Therefore, in the first factor of the formula of
Proposition 6, the entry (4, 7) gives a contribution of ¢y ;) = £xa ) + 1. On the other
hand, if (19), = (V9)nt1, then every box in Tj labeled by n lies above a box labeled by
n + 1, and if the box above is the last one in its row then the box below is the last one in
its row as well.

Suppose now that k is the number of parts of vy which are equal to m and let (1), be
the first part of 1y equal to m. Suppose that (7, j) is the rightmost box of Tj labelled by n,
then by the previous discussion the boxes (i,7), (i +1,7)...,(i+k—1,7) are respectively
labeled by n,n 4+ 1,...,n 4+ k — 1, and in the formula of Proposition 6 they give a total
contibution of

gy 1) - Ouggy = - - (g —F+2),

which is divisible by k!, since £, ; jy + 1 > k. Therefore, k! divides vy /., 1, -
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Figure 1:
A A i
L]

HELILICIE

Example 8. Let A = (3,2,2,2,2,2) and p = (2,1), then vy = (3,2,2,2,1) with Ty as
follows.

1]

oo — |l

Let m = 2. In the notation of the previous remark we have k = 3, n = 2 and (7, j) = (3, 2).

2.4 Translation of the skew diagram

Another consequence of Theorem 4 is the following.

Given the diagram of a partition A\, we will say that a box is extremal if it appears in
position (i,j) = (A}, ;). Given the diagram of a skew-partition A/, we will say that a
box is black if it belongs to p; with the same terminology, we will also speak of black rows
when \; = p; and black columns when \; = .

Let A/u and A /[i be skew partitions, we say that the corresponding diagrams coincide
up to translation if the diagram of 5\/ fi can be obtained from the diagram of A/ by
adding and/or removing black rows to/from the top of the diagram, and/or black columns
to/from the leftmost part of the diagram, and/or by recursively adding and/or removing
black extremal boxes.

Fix a skew partition A/u. Notice that there exists a unique minimal skew partition
\/fi whose diagram coincides with that of \/u up to translation (see Figure 1 for an
example).

For all s € i set

Cuns = Cuns(@) = ay sa+ 0y 5+ 1, c//\’#’S = c’/\%s(a) = (ars+Da+1,,

and set also

Cux = Cu,)\(a) - H Cu\, s» Cl)\,,u = C/A,,u(a) - H C,)\,,u,s'

SEW sep
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Example 9. For the skew partition 5\/ it given in Figure 1 we have
iz = (a+6)(a+5)4, C/:\,,; = (ba+ 3)(4a+ 1)(3a + 2)(2a)(a + 1)a.
Notice that for all skew partitions A/u we have ¢} ,(a) = altl ey ().
Theorem 10. If the diagrams of \/u and :\/[L coincide up to translation, then
Cu C/,\,u J5n = Cax Cl}\,ﬁ In/u
As a consequence of the previous formula, by [4] we get

Corollary 11. Let A/ju be a skew partition, and suppose that the diagram N/ coincides
up to translation with that of a partition A = \/&. Then

— / ~
Injn = Cu Cap J5

In particular, ¥x/,,,(o) is a polynomial with nonnegative integer coefficients, for all par-
titions v. Furthermore, we have

A
95 = Cun c’/\,# cs CE\.
Thanks to Theorem 4, the previous theorem follows from

Proposition 12. Suppose that the diagrams of \/u and )\/,u coincide up to translation.
Let T and T be semi-standard tableauz respectively of shape A p and )\/ [L arising from a
same filling. Then

Cun c’A,# Wi = c;5 c';\,ﬂ wy
Proof. We can assume that A /[v is the minimal skew partition having the same diagram
of A/p up to translation.
Let s € \. We analyse the contribution of s in wy by distinguishing three different
cases.

1. Suppose that both the row and the column of s meet A/p. Then s corresponds to

a box § € A. If s € u, then we have ¢, s = ¢;5 5 € = c

/ = C- =
A, 8 Ak, S 5\ 3 THS T Sy

. . Ay
! and if moreover s € AV (resp. s € A1) then we also hav,

Cus = Ci &

B)\(i)/)\(i—l)’ s — .BS\(i)/j\(zél)7 H

C/\(ﬂ/)\(i*l),s = CS\(i)/S\(i—l)j .

2. Suppose that s € p and that the corresponding column in A does not meet A/pu,
namely £ s =€, 5. Then ¢, \ s =c,sand ¢} , ;=) ,, and

Y
B)\(i)//\(i—l)73 = C)\(i),s

_
C)\(i)/A(i—l),s = C\G-D) s
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for all 7. Thus

/

B,\( )/)\(l 1) ;S5 / C)\,S . /
C)u‘7 S C,LL, C C)u" s C}L, S 7 - C)Uﬂ)‘) s C)\,,u, s
A /AG-1) s Cu, s

If s corresponds to a box in ), then the same is true for §:

) By sa-ns .

5 € €55

)

a, s .
i CA(i)/A(i—U,g

3. Suppose now that s € u and that the Corresponding row in A does not meet \/pu,
namely ay s = a, 5. Then ¢, s = ¢y s and C/\u s = c . Denote p = 05— {,, ; and
assume p > 0. Let ¢y < iy < ... <1, be the entries of T appearing in the column of
s, and set 79 = 0. Then

By i1 s = { (axns + Do+ b5 +k %f Zk‘ <.Z' <t
' aysa+Ll, s +k+1 ifi=i

Criy a1, s = { (axs + Do+ b, s +k %f Zk‘ <.Z' <t

° ay s+, s +k if i =1

Thus we obtain

Ba jai-n s OW /

& = C C =C C

n,sC u, | | My S~ s A, sCX\ s
CA(Z)/)\(l 1) .S CM7 s

If s corresponds to a box § € 5\, then a similar equality holds for s.

By the definition of wr, it follows that the only boxes of A which give a contribution in
the product wr/(c,ac) ) are those of the first kind. The claim follows. O

Remark 13. The statement of Theorem 10 actually holds also for the integral version of
the two parameter Macdonald symmetric functions.

Let indeed P/, (x;q,t) and Qx/u(2;¢,t) be the symmetric functions defined in [5, VI
§7]. Replace c) s and ¢) , with their (¢,t)-analogues

C)\,S(Qa t) =1- qax,stf)\,s-‘rl’ Cl)\,s(Qa t) =1- qa/\’s—i_ltb\’sa

and set
Iau(®;4, 1) := e, Py = ACuQnyp-
The formula appearing in Theorem 4 can be easily derived from [5, VI (7.13)].
Setting similarly

au75t€x5+1 a>\’5+1t8u75
Y

Cp,x\,S(Q? t) =1- q ’ Cg\,p,s<q’ t) =1- q

we can deduce exactly the same formula as in Theorem 10. Indeed our proof is only
based on the combinatorics of arms and legs in partition diagrams, and involves only
multiplication and division among factors of type ¢, and . So it generalizes verbatim to
the two parameter case as well.
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2.5 Rotation of the skew diagram

From Theorem 4 we obtain also the following.
Fix 8 = (b") a rectangular partition. Let A be a partition contained in J, that is,
A1 < b and (X) < h. We denote here by A the rotated complement of X in

A= (b=, b—Anc1,....b—\).

If w C A C S, then the diagram of the skew partition [/ A coincides with that of A /e up
to a rotation.

Example 14. For p = (3,1), A = (5,4,2,2) and § = (6,6,6,6), we have the following
diagrams.
wCACp B

C it C
[ I |
H N

LB

Theorem 15. Let n C X be partitions and let A C i be the respective rotated complements
n a rectangular partition containing \. Then

/ /
CuX Cx J/l/X = i In/u
As a consequence of the previous formula, thanks to [4] we get

Corollary 16. Let \/p be a skew partition with A rectangular. Let i be the rotated
complement of p in X\, then
‘]>\/H = Cu,\ Cl)\’u Jﬂ.

In particular y,,,,(a) is a polynomial with nonnegative integer coefficients, for all parti-
tions v. Furthermore, we have

A / I / /
Ipp = Cux Cx G Cp = Can Cxp Cu Cpe

Remark 17. The fact that for a rectangular partition A the functions J,,, and J; are
proportional was known thanks to a result by T.W. Cai and N. Jing [2, Theorem 4.7].
They proved that if A is rectangular and g C A, then gﬁw # 0 if and only if v equals i,
the rotated complement of p in A, which is equivalent to say that J,,, and J; differ for
the rational factor gi i /ja- They gave also a formula expressing gl’) 5 as a product of linear
factors, however the polinomiality of the rational factor is not evident from their formula.

Fix B = (b") a rectangular partition, let 4 C A C 3 and let A C it C [ be the respective
rotated complements in 3. If T is a semi-standard tableau of shape A\/u with labels in
{1,...,r}, we denote by T the semi-standard tableau of shape fi/\ arising from the same
filling, after rotating the diagram and reversing the labels z; = x,41_; forall . =1,...,r.

Thanks to Theorem 4, Theorem 15 is an immediate consequence of the following

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.24 10



Proposition 18. In the previous notation, we have

/ A
Cu Ca e Wi = €35 €y 3 WT

We split the proof of Proposition 18 in a few lemmas. The proof will be by induction
on the number r of labels. The base step » = 1, treated in the following lemma, is the
case of the horizontal strips with all boxes filled with the same label.

Lemma 19. Let \/p be a horizontal strip, then

/ < «
uCu Bau &G Buys

/ . / .
Cux O Cx/p Ko i Cﬂ/A

Proof. Let us denote by i; < ... < i, the indices of the nonempty rows of \/u, we must
have forall j=1,...,0—1

>‘ij > iy > /\ij+1 > Hijyq -

We analyze separately the contribution of the boxes s € A in the expressions appearing
in the statement, respectively written as products of factors indexed by s € A on the left
hand side, and by s € 1 on the right hand side.

Case 1. Let s be a box in A/p, then s gives a contribution ¢, s on the left hand side.
Similarly, the corresponding box in ji/ A gives a contribution ¢, , on the right hand side.
Thus the product of the factors on the left hand side coming from the boxes in the i;-th
row of A\/p gives

(Wla+1D2a+1)--- ((A; = pi, =D+ 1),
and the same contribution arises on the right hand side from the boxes in the correspond-
ing row of fi/\.

Case 2. Suppose that s € p lies in a column which does not meet A/p: then

1y

Cux s = Cp,s
Y A
B)‘/#ys - C)\,s - C)\,u,s

o
CA/IMS - Cu,s

and the contribution of s to the left hand side equals 1. The same holds on the right hand
side for the boxes in A whose column does not meet ji/\.
Case 3. Suppose that s € p lies in a row which does not meet \/p: then

/ o
s = Cus
B)\/u,s =C\s = CuNs

C)\ s = Cu,s
/Hs 1,

and the contribution of s to the left hand side equals 1. The same holds on the right hand
side for the boxes in A whose row does not meet [i/\.
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Case 4. We are left with the boxes s € p (resp. s € A) such that both the column
and the row of s meet \/u (resp. s € [L/S\)

By definition, if s € u (resp. s € A) is a box as above, then B/, = ¢\, and
Cijus = Cus (vesp. By 5o = cps and Cp 5 o = ¢ ). Thus the claim follows if we show
that, for all j, k with 1 < j < k </, the next equality holds:

Aig, / Aht1—ig / ) '
Culizg) Mo H Ca (it 1—igq) Co(h+1=ikq)
/
s - N
Ay (h1=ik,q) “ X (h4-1—ip,q)

/
Cur(ia) Cy 1 X ;
q=pij, +1 1A (559) O g, (35,q) g=Ant1—i;+1

In the first term we have

>\i 7 . .
ﬁ C;h(ijv‘I) _ ﬁ (:uij +1 - Q)a +u—1;— 1

/ . . 9
o N, +l—qa+i,—1; — 1
q=p1i, +1 Aty (25,q) q=pi), +1 ( 5 + Q) + 2 J

ﬁ CAliza) _ ﬁ (A, — @)+ zk - Zj +1 '
amnt Gty (0 — Qa1+ 1
In the second term we have
finy1—i / Aij

H 5, (ht1—ip.q) _ 1—1 (p— Ao+ —i; — 1
, _ . . . . L b)
q=5\h+1,ij+1 Cﬁ’v;\a(h"’l_zk:q) p:Nij +1 (p 'LLZk)a + Zk Zj 1
fht1—i; A . .
H T Cihtiing) _ 1—1 (p— piy =Dt ip —i; +1
3 (p—)\,k—l)a—{—zk—z]—}—l

CR - .
N Mo (h1— .
g=Ans1s;+1 ho(htl=ik,q)  p=p; 41

To compare the terms of the stated equality, we compare the above factors separately.
By symmetry we can assume that the difference d := (A, — 15, ) — (Xi; — 14, ) is nonnegative.
First we prove the equality

Ai . . . .
ﬁ (/Lij'*‘l—Q)O{—f'Zk—Zj—]_: 1—]: (p—)\ik)a—f—zk—zj—l
(Aij—l-l—q)a—l—ik—ij—l l(p_ﬂik)a_{—ik_ij_l

P=phi;+

q=piy,+1 7

By the assumption on d, notice that the numerator of the right hand side divides that of
the left hand side, and similarly for the denominators. Thus dividing the first hand side
by the second hand side we get

i, +d . .
HZ:]Cpik+1(“ij +1- Q)Oé + ik — tj— 1 1
i . . -
Hq:k)\ik,fd+l()‘ij +1l-qla+iy—i;—1

Y

which shows the equality.
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The second equality

i o
ﬁ ()\ij_q)a+2k_2j+1:
(1i; — @Ja+ip —i; +1

i
T (0=, — Da+ip—i; +1
g (p—XNi, —Da+i—i; +1

P=Hi;

q=piy,+1
is proved by arguing in a similar way. O
The induction step in the proof of Proposition 18 will follow from

Lemma 20. Let 3 = (b") be a rectangular partition. Let p C X\ C 3 and let ACcacpB
be the respective rotated complements in 3, then

Cur _ “Ai

and - =
CuB X S Ca1

Proof. Notice that the two identities are equivalent, up to taking the conjugate partitions.
So it is enough to prove the first one.

We proceed by induction on the size of the partitions p and A If p=oand A = f
the identity is obvious.

Assume the identity holds for 4 C A C . Provided |A| > |u|, we have to prove that
the identity holds for the partitions obtained by adding a box of A\ 11 to u, or by removing
a box of A\ p from A (that is, adding a box of i \ A to A). Notice that the identity is
symmetric up to taking the rotated complement in 3, so it is enough to consider the first
case.

Let (i,7) € A\ p and let py C A be the partition obtained by adding the box (i, j) to
. We claim that

Cuy A o CS\,;Lr Cut,p
Cu Cxi CuB
which implies the statement thanks to the induction hypothesis.

Notice that by construction we have p; 1 > p; +1 = j and S\k >b+1—j> j\k“ for
some k < h —i (see Figure 2 for an example).

On the left hand side, all the factors of the numerator and of the denominator cancel
out except for those coming from the boxes in the i-th row of p and p,. Setting Ao = b,
it follows that the left hand side equals

)

HP<Hi%J@a+h+1—¢—@)H;$“4”@a+h+1—i—@

(H(] 1) (b+1 Ae) )(pa+h+1 - g)) H(];—l)_(b-i-l—j\k)(pa_}_h_’_]_ —i—k)

p=(—1)— p=0

Y

namely
I (Ge—b—14)athtl—i—0)
[T ((Ae=b—1+)a+h+2—i—0)
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Figure 2:

* |HH-

h+1—Fk

On the right hand side, all the factors of ¢; iy and of ¢; ; cancel out except for those

coming from the boxes in the (b+ 1 — j)-th column of \: therefore

Ga o Il (Ce—=b—14+7a+h+2—i—10)

The factors of ¢, g and ¢, g also cancel out, except for those coming from the i-th row
of p and p. Thus we get

- »
Cursb _ Hézo(pa +h+1—1)
Cu,B H;;g(poﬂ—h—l—l—i)

—(G-Da+h+1—i

and the claim follows. O

Proof of Proposition 18. We proceed by induction on r, the number of indeterminates.
The base step is Lemma 19.

Suppose now that r > 1 and let T' be a semi-standard tableau of shape A\/u with r
labels: thus we have an increasing sequence of partitions

p=A0c XD A A0 =)\

such that A® /A=Y is a horizontal strip for all i = 1,...,7. Let us split the tableau 7" in
two semi-standard tableaux, the tableau S of shape A"~ /i and the horizontal strip R
of shape A/A=Y. Set A_ = A=Y and notice that

wr Wg WR
/ / / '
Cu C“ Cu Cu Cax_Cy_

Assume by the induction that the statement of the proposition holds for S. Then
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using Lemma 19 and writing w; in terms of wy and wg we get

wr wg WR

/ / /
CurCry  CurCyy CX_C)_

~ Cuac C/)\_,u Wg Ca_ 2 C/)\’)\_ Wp
— Cun Cl)\# G C;L,S\, ca_ Ch G5 Clj\ﬂ;\
G C',\_,u G5 C/x_ Ca_ A C’A,,\_ Wi
— Cun c’/\# G C;L,S\, ca_ Ch G5 0/5\775\

On the other hand by Lemma 20 we have the equalities

/ /

~ ~ / / ~ ~
Curo O Chp G Ol Ol Sud Sl ]
. . - / / / -
G Cha Cud O C5 G5 G Oa
and the claim follows. O

Remark 21. The same formula as in Theorem 15 holds also for the integral version of the
two parameter Macdonald symmetric functions, see Remark 13. Indeed, also in this case
the proof is only based on the combinatorics of arms and legs in partition diagrams, and
involves only multiplication and division among factors of type ¢, and ¢|,. So it generalizes
verbatim to the two parameter case as well.

2.6 The case £(p) =1

Recall the following expansion of Jack symmetric functions

Proposition 22 ([8, Proposition 4.2]). Let x = (z1,22,...) and y = (y1, Y2, ...) be two
sets of indeterminates. If \/p is a skew partition, then

J)\/,u T,y Z]V L]/\/1/ T a)JI///L(yv )

This has the following easy consequence for Jy/,(z; o), under some strong assumption
on p which holds in particular when p has only one row or is a prefix of A (the latter case
is also contained in Theorem 10).

Proposition 23. Let \/p be a skew partition and suppose that p; = N; for all i < {(p).
Then

On/pv(@) = ¢, (@) vx, puw ().

In particular 0y, (o) is a polynomial with nonnegative integer coefficients.

Proof. Write
(z,y;a ZJV () (y; ).
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Denote r = ¢(u). By the assumption on y, the unique partition v C A such that y < v is
w itself. Taking the coefficient of y{" - - - y#~ in the previous expansion we get then

Uppu ()
it eyt (s ) = L0 (T ).
[ 1 ] )\( ) ];AO[) A/#( )

Thus the first claim follows by Theorem 2, and from [4] we get the second one. O

3 Remarks on the factorizability of Stanley g-polynomials

3.1 Reflection of the skew diagram

Let w_1 : A®Q(a) - A®Q(«) be the Q(«a)-algebra automorphism defined by w_1 (p,) =

—épr, for r > 1.

In [8, Theorem 3.3], a duality formula relating Jy and J, was given. More generally,
as an easy consequence we have the following formula relating Jy ,,, and Jy, (see also [5,
VI (10.19))).

Proposition 24. Given a skew partition \/u, we have

Ty (s a) = (—a)AFl gy (J)\/M(x; 1/a)>
Moreover, for all partitions v it holds
Ju(a) = e Jo(1/a) and gﬁ:7y,(a) = o gf;,,(l/a).

3.2 Factorizability of Stanley g-polynomials under special hypotheses

In [8] the following conjecture has been made. Let ¢, denote the Littlewood-Richardson
coefficient associated to the triple A, u, v.

Conjecture 25 ([8, Conjecture 8.5]). Suppose that CZ\W = 1. Then gft"l, is a product of
linear factors. Moreover, we have

g = ([T (IT ) (T e

SEA sEp SEV

where for 7 = A\, u,v and s € 7 it holds either ¢} ; = ¢, or ¢} ; = ¢/, and totally the
two choices occur both || times.

When v is the highest partition occurring in J,,,, the conjecture is true thanks to
Proposition 6. Indeed in that case we have

A UN/p,v jy

o /
wy = UA/#,V C,-

Uy,

Thus Proposition 6 yields the following description.
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Proposition 26 ([8, Proposition 8.6]). Suppose that v is the shape of the maximal filling
of M. For (i,j) € A denote r; =i — i, and c; = \j — pj. Then

A / / /

I = | | C,(i,5) | | C),(i,) | | Cp,(i.5) | | Cu,(i.9) | |Cv,s
(4,3)€A (4,5)€A (i.)Em (4,5)€En s€v
Ti<Cj T >Cj Titc; >cj Titc; <cj

In particular, Congecture 25 holds true in this case.

In the notation of Proposition 6, the last statement follows by considering the map
(i,7) — (i4c¢j,j), which defines a bijection between the boxes of 1 and the boxes of \/v.

By duality, we get a similar formula also for gﬁfﬂy,(a) = 2N 95, (). Notice that v is
the weight of the highest filling of \/u if and only if N = i/ + o(v') for some permutation
o of the rows of v/'.

Proposition 27. Suppose that A = p+ o(v), where o is a permutation of the rows of v.
For (i,7) € X denote r; = v,—1;) and ¢; = j — [N - Then

g =11 den II oew 11 duaw I e Tlews

(1:5)EN (0,7)EN (i.7)Epn (i,4)Ep sev
ci<r; Ccj>T; Cjt+r; >Ti Cjtr; <r;

In particular, Conjecture 25 holds true in this case.

In the notation of the previous proposition, notice that if (i,5) € A and ¢; > r; then
i < X is an inversion of o~

The previous formula for gl’)y can also be deduced by a more general result of Ruiten-
burg [6, Appendix], which holds for Jacobi polynomials for arbitrary root systems.

3.3 Skew diagram consisting of two connected components of nonskew type

Conjecture 28. Let p be a rectangular partition and let A D p be a partition such
that A/p has two connected components given by the partitions ¢ and . Let v be such
that c;\W = 1. Then the ratio g/’),y/ 5., decomposes into linear factors compatibly with

Conjecture 25:
g
v
v = H c;,SC;S
g(ﬁ,w sEy,

where for 7 = A\, p and s € p it holds either ¢} ;= c;; or ¢ ;= ¢ , and totally the two

CTI',S’
choices occur both || times.

Example 29. Let A = (4,3,2,1) and g = (2,2). Then \/u has two connected components
o=1v=(2,1).
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Let v = (3,3). By computing with SageMath [7] we have that

A
% = (Ba+4)(3a+2)(2a+ 3)(2a + 1)(a + 2)4a’.
Yo

Proposition 30. Let p be a rectangular partition and let X D p be a partition such that
A/ has two connected components given by the partitions ¢ and 1. Then Conjecture 28
holds true for the partitions v = ¢ + 1 and ¢ U .

Proof. Assume that v = ¢ + 1), the other case is treated similarly (or using the duality).
Assume that £(¢) < (), and apply Proposition 27 to the triple {v, ¢,1}, with o the
trivial permutation. Then we get

955 = (11 ) (1T os) (JLews)-

sev SEP s€
On the other hand
(HCyl,s) (Hcy2’s) = H Ch,s)
s€d SEY SEN/ 1

and with respect to the filling on A\/u defined by v we have r; < ¢; for all (i,7) € \/pu.
Thus by Proposition 26 we see that g;",, is divisible by gg ,,, and their ratio is a product
of 2|u| factors of the desired shape. O

Remark 31. Let us here comment on Conjecture 28 in parallel with Theorem 10 and
Theorem 15.

First recall the invariance of skew Schur symmetric functions by translation and by
rotation of the skew diagram

3/ = SA\/u and S5/ = SMu-

Theorem 10 and Theorem 15 generalize these identities by stating the semi-invariance of
skew Jack symmetric functions by translation and by rotation.

Recall now the equality of a skew Schur symmetric function s,,, with the product
of the skew Schur symmetric functions associated with the connected components of the
skew diagram of A/u. We can also restrict to the special case, as in Conjecture 28, of
a rectangular partition g such that A\/p has two connected components given by the
partitions ¢ and 1), we have

S\ = 5¢ Sy
while in general the skew Jack symmetric function Jy/, is not proportional to the product

of the Jack symmetric functions Jy J,;,. Conjecture 28 is a partial attempt to understand
the relation between Jy,, and Jy Jy.
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4 Looking for a generalization of Knop and Sahi’s combinatorial
formula

Let us recall the integral combinatorial formula due to Knop and Sahi [4] for the Jack
symmetric functions J,(z; «).

A (not necessarily semi-standard) tableau T of shape A is called admissible if for all
boxes (i,7) € \:

o T(i,j) £ T(¥,5) for all i’ > i,
o T(1,7) #T(',7—1) forall ¢/ <iand j > 1.

A box (i,7) € A is called critical for T if j > 1 and T'(i,5) =T(i,j — 1).
For s € A, set
d)\,s = d)\,s(a) = (a)\,s + 1)Oé + €A,s +1

and, for T" tableau of shape A, set

dr = dr(a) = ] drsla).

s critical

Theorem 32 ([4, Theorem 5.1]).

In(z;a) = Z dp(a)x? .

T admissible

We are not able to formulate a conjecture for a generalization of Theorem 32 to
skew Jack symmetric functions. Here we just formulate a rather intricate combinatorial
conjecture only for the lowest coefficient.

4.1 The lowest coefficient

Let us look at the lowest coefficient of Jy,,(x) with respect to the monomial symmetric
functions, that is, the function vy, (1n(c) where (1") denotes the one column partition
(1,...,1) of length n = |A| — |u|. From the definition we have

U/ (1) (@) 3 (M), Ju(@) ()
n! ~ Iy '

A (finite) subset C' of Zso X Zso will here be called a configuration. Generalizing
Young diagrams, we can think of a configuration as a set of boxes at integer positions in
the positive quadrant.

For any configuration C' we define two partitions: p(C), the numbers r;(C) (i =
1,2,...) of boxes of C in the i-th row rearranged in decreasing order, and ~(C'), the
numbers ¢;(C) (j = 1,2,...) of boxes of C' in the j-th column rearranged in decreasing
order. A configuration (of |u| boxes) will be called p-admissible if it can be obtained from
the Young diagram of u by a (possibly empty) sequence of moves of the following kinds:
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1. moving a box of the configuration C' along the same row obtaining a new configu-
ration C" with v(C") < v(C),

2. moving a box of the configuration C' along the same column obtaining a new con-
figuration C" with p(C") < p(C),

3. permuting the rows of the configuration,

4. permuting the columns of the configuration.
By explicit computations on small partitions we have observed the following

Conjecture 33. For all partitions p and all py-admissible configurations C' there exist
(uniquely determined) polynomials 7, ) (o) with nonnegative integer coefficients, invari-
ant by row permutations and column permutations of C, such that for all partitions A

’U)\/ 7(1n)(&)
HT = T (@)

CCA

with C' varing among p-admissible configurations included in the Young diagram of A.
The polynomials do not depend on A but only on p and C.
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