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Abstract

Random intersection graphs are models of random graphs in which each vertex
is assigned a subset of objects independently and two vertices are adjacent if their
assigned subsets are adjacent. Let n and m = [fn®] denote the number of vertices
and objects respectively. We get a central limit theorem for the largest component
of the random intersection graph G(n,m,p) in the supercritical regime and show
that it changes between a > 1, a =1 and a < 1.

Mathematics Subject Classifications: 05C80; 60F05

1 Introduction

Given positive integers n and m, let V.= {vy,vg,...,v,} and W = {wy,wy, ..., wy}.
For p € [0, 1], we construct a random bipartite graph B(n,m,p) with bipartition (V, W)
in which each one of the nm possible edges between vertices from V and vertices from
W is occupied independently with probability p. The random intersection graph model
G(n,m,p) is a graph with vertex set V in which v;,v; € V are adjacent if and only if
there exists some w € W so that both v; and v; are adjacent to w in B(n,m,p).

The random intersection graph G(n,m, p) was introduced by Singer [14] and Karonski,
Scheinerman and Singer-Cohen [9] and has been further studied and generalized by Gode-
hardt and Jaworski [6], Stark [15], Barbour and Reinert [2], Bloznelis [4]. Random inter-
section graph also has been used in various applications. These applications include, but
are not restricted to, secure wireless sensor networks [12], social networks [1] and circuit
design [14].

Erdés-Rényi random graph model G(n, p) considers a fixed set of n vertices and edges
that exist with a certain probability p independently of all other edges. Fill, Scheinerman
and Singer-Cohen [5] showed that the total variation distance between G(n,m,p) and
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G(n,p) tends to 0 for any 0 < p = p(n) < 1 if m = [n®] with a > 6, where p is chosen so
that the expected numbers of edges in the two graphs are the same, i.e., p = 1— (1 —p*)™.
Kim, Lee and Na [10] proved that the total variation distance still tends to 0 for any
0 < p=p(n) <1 whenever m > n?.

Let N(G(n,m,p)) denote the number of the largest component of the random inter-
section graph G(n,m, p). In this paper, we assume that m = [3n®] and nmp? = \, where
a, B, A are fixed positive constants.

Behrisch [3] studied N (G(n,m,p)) for « # 1,8 =1 and A # 1. Lageras and Lindholm
[11] considered N (G(n,m,p)) when o = 1 and A # 1. In the supercritical regime, i.e.,
mnp? = X\ > 1, Behrisch [3] and Lageras and Lindholm [11] derived the following weak
law of large numbers:

N(G(Z7map)) p 1 . b, (1)
where
>
I p={ P 7L (2)
nmp7 a<17 pﬁ? azl?

p € (0,1) is the smallest nonnegative solution to
7 = exp(A(x — 1)), 3)

and ps € (0,1) is the smallest nonnegative solution to

zzexp{ﬁ(e Am(x_”—l)}. (4)

The aim of this paper is to establish a central limit theorem for N'(G(n,m,p)) in the
supercritical regime. Our main result is stated as follows.

Theorem 1. Assume that m = [fn®] and nmp? = X\ > 1. Let Cymyp € (0,1) be the unique
positive solution to

xb, /n + exp { - mp(l - e’xb"p>} =1, (5)
and let
(Ae(L = e)pf + ps(L = pg)) (1 = Aeps) 2, a =1,
o2 =4 p(1=p)(1—xp)2 a>1,
Ap(L=p)(1=Ap)72, a<l,

where ¢ = e®s~IVMB - Then, for a > 1/2, we have

N(G(?’L, map)) B Cn,m,pbn
\/ﬁ
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Figure 1: Q-Q plots of sample data versus normal distribution.

Remark 2. For a < 1, the largest component of G(n,m,p) is Op(b,) = Op(n@t1/2)
(see 1), and the second largest component of G(n,m,p) has size Op(y/n/mlog®n) =
Op(n1=*/210g? n) (see Theorem 12 in [8]), the number of the largest component and the
second largest component are both close to v/n for small a. Therefore, we guess that the
central limit theorem for N (G(n,m,p) doesn’t hold for small positive a.

Through numerical simulations, we obtain the number of the largest component in
random intersection graph models, all on n = 100000 vertices, with # = 1, A = 2 and
different a. For each model, we take 2000 replications and our results are shown in Figure
1. The Q-Q plots show samples’ quantiles compared to the normal distribution. When
a < 0.5, the Q-Q plot shows that the points do not align along a line. While when
looking at the Q-Q plots for @ > 0.5, we see the points match up along a straight line
which shows that the quantiles match. This leads us to reason that the largest component
is most likely asymptoticallynormallydistributed when a > 0.5. Q-Q plots show that the
limit distributions of order of the largest components change greatly near a = 0.5.

Remark 3. From Lemma 7 in Section 2, we always have 02 > 0 for A > 1.

Remark 4. We write
f(x) =exp {mp(e_mp - 1)} +x—1,

then f”(x) > 0 for x € R. This implies that f(x) is a convex function. Note that
f(0) =0, f(1) > 0and f'(0) = —=A+1 < 0. The equation f(z) = 0 has only one non-zero
solution x,, ,, € (0,1). Hence Gy mp := pmpn/by, is the unique positive solution to (5)
and Cump = Tnmyp € (0,1) for o > 1. As for a < 1, by noting that mp — 0 and applying
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the inequality 1 — e™ < x for all x € R, we also have

1—exp{—mp(l—e Snmrt)}

mp

<1 —e Smmpr <1,

0 < Cump =
Furthermore, if & > 1, then np — 0 and
1Og<1 - gn,m,p) = _mp(l - e—Cn,m,pnp> ~ _)‘Cn,m,p-

If « <1, then mp — 0 and

1 —exp{—mp(l— e Smmrt)}
Cn,m,p =

o] — pCnma)
mp

Therefore by some basic calculations, we can get that ¢, ,,, = 1 — p for a # 1.
If & =1, then we have np — \/A/B, mp — /A and

log(l - Cﬂ,m,p) = —mp(l — e*Cn,m,pnp)

= —mp(l — e SnmaVAE) (1 +

1 — eSnman(y/ATB—n)
e(n,m,p\/ )\/5 _ 1 )
~  —\/AB(1 — e Smma VB,

We can also get that ¢, — 1 — ps for a = 1.
Combining the above facts, we always have

Comp = 1 —b. (6)

Hence the weak law of large numbers (1) is an immediate consequence of Theorem 1.

The basic idea of the proof of Theorem 1 follows from the proof of corresponding result
for Erdés-Rényi random graph G(n,p) (see, for instance, Chapter 4 in [13]). In section 2,
we construct a related random variable S;, get a central limit theorem for S; and estimate
the probability that S; = 0. The proof of Theorem 1 is given in Sections 3. Throughout
this paper, all limits are taken as n — oo and m — oo. We denote by a A b := min{a, b}
for any a,b € R.

2 Preliminaries

For two vertices v,v" € V, we write v <— v when there exists a path of occupied
edges connecting v and v’ in G(n, m,p). For v € V, we denote the connected component
containing v by
Clv)={v eV:iv+—}
Assume that V = {vy,v2,...,v,}. Fix k =k, < n, which will be chosen later on, and
let
Ck; = U?ZIC(UZ').
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To study the growth of Ci, we consider the random bipartite graph B(n,m,p) with bi-
partition (V, W) which is defined in Section 1. For any v € V and w € W, if v and w
are adjacent in B(n,m,p), then we set n,, = 1, otherwise 1, ,, = 0.

In the beginning, we construct U, U,,V; and W, recursively with U,,V; C V and
U,W, C W for t = 0,1,2,.... U; and U, are the sets of active vertices which are
investigated at ¢ in V and W respectively, V; and W, are the unexplored vertices in V
and W respectively. For t = 0, we let Uy = {v,---, v}, Uy = @, Vo = V — U and
Wy = W. If U; # @, then we pick v;, from U; according to some rule that is measurable
with respect to % = o(Uy,...,U;) and let

Ut+1 = (Ut - {Uit}) U Nt—f—l;
Vit1 = Vi — Niqa,
Wt+1 =W; — Ut-i-la

where
Ut = {w eW,: Moiy w0 = 1} , Ny = {v €V, :nyyw =1 for some w € Ut+1} )
At time 7 = inf{t : U; = @} the process stops. For ¢t > 0, let S; = |U;|. This implies that
Cr,| £ min{t : S, = 0}. (7)

Lemma 5. Fort >0, let H, = Y"._,|Ui|. Then we have

H; ~B(m,1—(1-p)"), (8)
and conditionally on Hy,
Sy +t—k~Bn—k1—(1-p)). (9)
Moreover, for 0 <1<t <n,
Hy — Hy ~ B(m, (1 -p)' = (1= p)"), (10)

and conditionally on H;, H, and S,
Si— S+t —1)~Bn—1-95,1—(1—p)h), (11)
Proof. Conditionally on H;, we have
m— Hyyy =m — Hy — |Ugq| = m — Hy — B(m — Hy,p) ~ B(m — Hy, 1 —p).

Note the fact that if N ~ B(n,p), and coditionally on N, M ~ B(N,q), then M ~
B(n,pq). For any 0 <1 <t < n, we have m — H; ~ B(m, (1 — p)!) and conditionally on
Hl7

m—H, ~ B(m-—H, (1_]9)#/71)
~ m—H —B(m—H, 1—(1-p)).
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Hence, conditionally on Hj,

Ht—HlNB(m—Hl, 1—(1

This implies (10).

Conditionally on S; and |Uy; 1], we have |Nyiq| ~

then
n—t—St+1:n—t—St—‘Nt+1’N

Therefore for any 0 <

n—t—S ~ Bn—-101-5,(1-p)
B(n—1— 8,1~ (1—p)f—H).

~ n—l—Sl—

This proves (11).

By taking | = 0, (8) and (9) follow from (10) and (11

Lemma 5 is completed.

Let vy € Rand 6 € (0,1). Assume that {6,,,n >
that 6, € (0,1) and 6,, — 6. Define

y 1= (1 — O,bp /1 — exp{ — mp(l —

Bn—t—8, (1

-p)').

B(n—t—5S;,1—(1—p)U+l) and

_p)‘UH-l‘)'

[ <t < n, conditionally on H;, H; and S,

Htle)

), respectively. The proof of
O

1} is a sequence of real numbers such

e“”‘“”) })n +yu(0)v/n,

where
A
(0) =19 1o o (12)
Ae N —1 a#1,
and
co(0) == V/AB(1 M)
Let
/\ /5 —0+/7/B CO —200(9) + 6—60(9)(1 _ 6_00(0)), a=1,
v(0) := 9k(1 e, a>1, (13)
N1 — e, a < 1.
Lemma 6. Assume that m = [n®], nmp® = X\ and k = o(\/n). Then we have
S - Hn
I TEL 8 N(0,1), (14)

nv(0)

where b, is defined in (2)
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Proof. Let a, := [0,b, + v/n] and

Ay = —tpt+k+n—-k)(1-(1~- )E(Ha"))a
Ay = —an+k+ (n—k)(1 - (1-p)Tn),
B: = (1 (1—p)Ten)(1 - p)tier

By (9) and applying the classical Berry-Esseen inequality for the binomial distribution,
there exists some absolute constant C' > 0 such that

leéug ]P)<\/nTAB :L“Han> — (D(m)‘ < Bn\/% (15)

This implies that

sup P(W’Z <alt,.) - o(c+ =20 )|

- PG <o ) oo+ )

z€R n—B 7’L—B ]{?Bn
C

S Bng

Hence

ileIIIR? P<%\/——;I;431 < x) —E<¢<x+ é;\/——;lg))‘ < E<Bn\/% A 1).
If (v/nB,)~' & 0, then we have

S, —A A, — A,
P " <) —E(® n ‘—>0 16
sup [P <) —E(e(r+ =) (10
Note that
1—(1—p)™ = 1—emhlP =1 _ ¢ 4 O(p)
= 1 — e tnber VI L O(p)

= 1—6_9”17””(1 7\/\/__>+O(p+m .

By (8), we have

m(l —e VM) a =1,
E(H,,) =m(l = (1 —=p)™)~ < Onmp, a>1, (17)
m(1 —e ), a<l,
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and

me IVANB(1 — e OVNBY o =1,

Var(H,,) = m(1 —p)* (1 —(1—=p)*) ~ 1 Onmp, a>1, (18)
me (1 — =), a < 1.
Therefore,
(1 —p)EHan) =1 pVar(H, ) — ¢, (19)
where

VAB(L — e VB a =1,
cr =ci(f) == 6\, a>1,
0, a <1,

and

VABeTIVAB(1 — e7OVABY g =1,
ca = co(f)) == O, a>1,
0, a < 1.

Furthermore, we get that

(1—p)FHan) = exp{—mp(1 — (1 —p)*)} + O(p)

= exp{ —mp(1—e (1 %j))} +O0(p+n"")

= exp { — mp(l — G_Q”b”p> } (1 — %e_enb"p) +O(p+ n_l).

A, = (n—k) <1 — exp { - mp(l — e’enb"”) } <1 - %ee”b"p> +O(p+ nfl)) —a, + k

= <1 — 0,b,/n — exp { — mp(l — e_enb"”> })n

+ (A Orbrpmme(=e ) )/ 4 o(v/n)
= fin+0(v/n), (20)

where we have used the fact that
n_\/g = /np? =+/A/m — 0.
n

Since Var(H,,) — oo (by (19)), by using (8) and applying the central limit theorem
for the binomial distribution, we have

H, —E(H,) a
e N(0,1). (21)
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It follows from (19) and (21) that p(H,, — E(H,,)) = 0. Hence

(L=p)en g B )n(—p) P
=T =€ Py, (22)
This together with (19) implies that, for o > 1,

B2 L (1 —e)e . (23)

By the mean value theorem, we have
Va((1 = p)ter — (1 = p)Fien))
= V(1 —p)(1 —p)*(Ha, — E(H,,))

_ o/ pVar o énln(l_p)Han_E(Han)
= /np\/pVi (Ha,)(1—p) P Var(H, ) ;

where 0, lies between H,, and E(H,,).
If a =1, then by (19), (21), (22) and Slutsky’s theorem, we have

V(L= p)ften — (1= p)Pfin)) =5 N(0,7/X Bee ™).

This implies that

An— Ay V= k(1 = p)fen — (1 — p)Blen)) d, N<0 \/A/_ﬂ@e““)

B T l—e@

vn — kB, B,

Therefore, for any z € R,

A, — A
E(@@ + ”—@j)) S E@@+Y)=P(X <z+Y)=P(Z< 1),
n— n
where X, Y, Z are independent random variables such that
VM Bese VM Bese
X ~N(0,1), Y ~ N(o,ﬂ), Z ~ N(o,ﬂ + 1).
l—e l—e
Summarizing the above facts, it follows from (16) that
— —c1
Son = An 5 N (0, YA A Bese +1).
vn — kB, l—ea

Hence, by applying (20), (23) and Slutsky’s theorem, we have

San — Hn d —2c1 —c1 o
St —>N<O,\/)\/5026 rea(l—e )).
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Similarly, if & > 1, then we have

An _Zn p

Sa _An d
_—— — 0, ——— — N(0,1),
vn— kB, vn — kB, (0.1)
and
San —Mn d

VR N(O, e (1 — e*CI)>.

If o < 1, then by applying (17), (18) and (21), we have m~'H,, -2+ 1 — ¢~?*. This
together with the facts that mp — 0 and H,, < m implies that

1= (L=p)™  —In(l=p)H,, +OW*H2,) _ pHa, + OWH: +9°Ha) o | oy

mp mp mp
Therefore,

2

By Lyl — e (24)
mp

By the mean value theorem, we have

(L= ) — (1= )
= (= p)(1 =) (1, ~E(1,)
— Ve, ) - gy e =),

P Var(H,,)

where 0§/, lies between H,, and E(H,,). By (18), (19), (21), (22) and Slutsky’s theorem,
we have

ﬁ((l — p)ffan — (1 — p)BHa)y Ly N (0,2 (1 — e=™)).
Hence,
An — Ay _ VA — k) (1 = p)flan — (1 — p)EHen))
vn Vmnp

By (24) and the fact that nmp — oo, we have (B,v/n — k)~' % 0. Therefore, it follows
from (15) that

Ly N(0, de (1 — e ). (25)

i‘Lel]g P(% < x) —(I)(I)’ < E(Bn\/%/\l) — 0.
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This means that _
Sa, — An

vn — kB,

Therefore, by applying (24) and (25), we have

~L5 N(0,1).

Sa - An (n - k)mp Bn Sa - 2{” An - 2{” d —6)\ N
= = - — — N(0, A 1-— .
NG Vi Jibyn—kB. v (0,271 =)

Now (14) follows from (20) for a < 1.
The proof of Lemma 6 is completed. O

Lemma 7. Assume that A > 1 and 5 > 0, then we have
ApgeV MBles=l) < 1 Np < 1,

where p and pg are defined in (3) and (4) respectively.

Proof. Since A\p < 1 is a well-known result for Branching processes, we only need to prove
ApgeV AMBles=1) < 1. Let N be a Poisson random variable with mean /A3 and we define

H=X|+ X4,

where (X/);>; are i.i.d. Poisson random variables with mean /\/f and are independent
of N. Then the probability generating function of the distribution H is

E(z) = E(E@@¥+*¥[N))

= exp {\/)\_ﬁ<e AB=1) _ 1)}

We define f(x) = E(zf1) — x for z > 0. By noting that f(z) is strictly convex on R and
f(1) = f(pg) =0, we have f'(pg) < 0. Recalling the definition of pg, we have

Flog) = )\eXp{ /NB(eVMBlos=1) _ 1)}@ MBlos—1) _ q
— AppeVABes) .
Therefore,
ApgeVMPes=) < 1.
The proof of Lemma 7 is completed. 0

Lemma 8. Let x € R, o > 0 and l, = [Gympbn+2v/1], where Gy is defined in Theorem
1. There ezists eg € (0,1) such that for any 0 < e <eg and l, > 1> (1 —b— )b,

P(S;, > ev/n, S; = 0) < exp{—c2/n/4} + exp{—e(n A m)*/?/3}

holds for sufficiently large n, where b, and b are defined in (2).
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Proof. Let gy be a positive constant which will be chosen later on. For any € € (0, ), we
denote by

hy =€cE(H, — H)+ (nAm)2,  hy:=1, —l+evn—(n—1)(1—(1—p)EHe-H)Th)

Let T be a random variable such that 7'~ B(n — [, 1 — (1 — p)E(He—H)+hy),
By applying Lemma 5 and using the mean value theorem, there exists ¢ € [[,1,] such
that

E(Hi, —H) = m((1—-p)—(1-p)")
= m(1—p)° (1 -p) ")l 1)
< mp(1+0(p)e™ (I 1),
where we have used the inequalities 1 — p < e™? and
In((1-p)™) =Wl +p(l—p)~") <p(l = p)~" = p(l + O(p)).
Then by using the fact that p(l, — ) < pl, < pb, + xpy/n = o(np(n A m)'/?) and the
inequality 1 — (1 —y)* < yz for 0 <y <1 and z > 1, we have
B(T) = (n—0)(1— (1 p)Etim)
< (n—Up((1+e)E(H, — H) + (n Am)"/?)
< (T4+8)(1—=(1=b—e)by/n)Aexp{—(1 —b—&)byp}(ly — 1) + O(np(n Am)'/?).
By Lemma 7, we have A\e*?~D = \p < 1 and

Apgexp{—v/A/B(1—pg)} <1.
Hence, by some basic calculations, for any o > 0, we can choose ¢ > 0 so small that

limsup(1 +€0)(1 — (1 — b —g9)bn/n)Aexp{—(1 — b —€g)bpp} < 1 — &y.

n,Mm—00

By using the fact that
np(n Am)Y3 = O(m'np) = O ( mnp2m_1/6\/ﬁ) = o(v/n),

then for any 0 < € < &g, we have E(T) < (1 —¢)(l, — ) + o(y/n) for sufficiently large n.
Therefore, for sufficiently large n, we have

1—¢

he > (¢/2)vn,  E(T) < —h. (26)

By applying Chernoff’s bound for the binomial distribution (see, for instance, Theorem
2.21 in [13]) and the inequality h; > (n A m)'/3, we obtain

h2
H’D(Hlx — Hl —E(Hlx - Hl) > hl) < eXp{ - 2E<Hl _ [}l) + 2h1/3}
3€h1
< —
S eXp{ 2(3+5)}
< exp{—e(n Am)3/3}. (27)
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By (26), for sufficiently large n, we have
P(T > 1, —l+evn) = P(T—E(T) > hy)

S eXp{ - QE(T)IE 2h2/3}
ha
S eXp{ T 201 —5)/5+2/3}

< exp{—e’Vn/4}. (28)
It follows from (11) that, conditionally on H;, H;, and S; =0,
S+ (o = 1) ~B(n = 1,1 = (1 —p)h="").
We can conclude from (27)-(28) that

]P)(SZI > 5\/5, Sl = 0) < ]P)(Slz + (lx — l) > lx — [+ 5\/5, le — Hl < E(le — Hl) + hl)
‘I’P(Hlx — H, — E(Hlx — Hl) > hl)

< ]P)(T> lz—l—F&\/ﬁ)—i‘P(le _HZ_E(HII —Hl) > hl)
< exp{—e?v/n/4} + exp{—e(n Am)3/3}.
The proof of Lemma 8 is completed. O

Lemma 9. Let 0 <n < 1/2 be a fized constant and set k = ky, ., = [(m A n)"np|. Then
for any fized r € (0,1 —b), we have

[rbn]

> P(S, =0) = o(1).

Proof. By (8), for k < t < rb,, and sufficiently large n, we have

1
EH; = m(1 = (1=p)") = m(l = (1=p)*) > Smpk. (29)
By applying Chernoff’s bound for binomial distribution (see Theorem 2.1 in [7]), we have
EH,)*/?
P(H, — EH, < —(EH,)*3) < exp{ - %}

1
< 1 1/3 ‘
< exp { 4(mpk:) } for large n

Therefore, for large n, we apply (9) to obtain
P(S; =0) PB(n—k1—(1-p)™) =t—k)
P(B(n,1—(1-p)™) <t)
P(B(n,1—(1—-p)™) <t,H, —EH, > —(EH,)*")
+P(H, — EH, < —(EH,)*?)

exp ( - i<mpk>” P+ P(B(n, 1 - (1 - p)=HEH7) <) (30)

NN

N
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By Markov’s inequality, we have that, for s > 0,

P(B(n, 1 — (1 - p)Bh=EI) ) < o (omsBind-(on e
< (1 (- e | )

< exp {st —n(l— e’p(]EHt’(EHt)m))(l - e’s)}.

Let d > 0 be a fixed constant and for ¢ > 0, let
1 — ¢~PdEH: | _ o—pdm(1—(1-p)")
9lt) = t B t

Note that, for any fixed d’ > 0, both (1—(1—p)*)/t and (1—e~%*)/t are strictly decreasing
in (0,00) for ¢t. Therefore, for 0 < t; < to,

1-(1-p)"1 1-(1-p)"1
1— e—pdmtg 1— e—pdmthp 1 — e—pdmtlTp

olt2) - : - o(t)

Then g(t) is strictly decreasing in (0,00). Let &, = supgepcpp,(EH;) 73, then &, — 0.
Hence, we obtain

n(l — e—P(]EHt—(EHt)Q/g))

1-(1-p)'2
t2

n(l _ e—p]EHt(l—En))

inf > inf
k<t<[rby] t k<t<[rby] t

=

[rby]
1_e—m(1—e*TM) o= 1
= g(r,\pB) = e T  E TS
c—, a# 1.
By some basic calculations, we obtain
99(r A B)
or

Then, for A > 1 and r € (0,1 — b), we have g(r,\, ) > g(1 — b, A, ) = 1. Therefore, for
A>1andre€ (0,1 —0), we have g(r, A, 5) > 1. Choose s = log g(r, A, 5), then

P(B(n,1 — (1 — p)EH—EH) <) < exp {st — (1 — e PEHEHY)y (g e_s)}

< exp{—t(g(T, >‘a B) -1- logg(r, )‘7 ﬁ) + 0(1))}
holds uniformly for k£ < ¢t < [rb,]. Since g(r, A\, 3) — 1 —log g(r, A, 3) > 0, we can choose
a constant J(r, A\, 3) such that 0 < J(r,\,58) < g(r,\,8) — 1 —logg(r,\,B) and, for
sufficiently large n, P(B(n,1 — (1 — p)EE—EH)* ) ) < e=t7(AB8) holds uniformly for
k<t < [rby).

This together with (30) implies that, for any 0 < r < 1 — b,

[rbn] [rbn]
1
}:owdn<§j(mp{—1mmmf”}+a““WD:wu>
t=k t=k
This completes the proof of Lemma 9. O
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3 Proof of Theorem 1

Proposition 10. Let n € (0,1/2) be a fized constant. Assume that m = [Bn®], nmp* =
A> 1 and k = kymp = [(m An)™p]. Then for a > 0, we have

|Ck‘ - Cn,m,pbn
NZD
where Cymp and o? are defined in Theorem 1.

Proof. At first, we have k < m"np = m""Y2v/An = o(y/n). Let l, = [Cpmpbn + 4/n] for
any x € R. Then by (7) we have

L5 N(0,0?),

AP — . < < .
P<—\/ﬁ > ;E) =P(|Cx| > I.) =P(S; > 0 for all i < I,) <P(S5,, >0)

Note that (,mp — 1 — b (see (6)), where b is defined in (2). By applying Lemma 6 with
0n = Cumyp and v = x, we have
— 1- —zu(l — —zu(l —
S, —zp(l —b)vn  —ap( b)) . P<Z L b))) (31)
/nv(l—0b) V(1 —10) V(1 =)
where Z is a standard normal random variable, p(f) and v(f) are defined in (12) and
(13). Therefore,

P(S, > 0) = JP(

limsupP(w > x) < ]P’(Z > %) (32)

For the lower bound, we have that for any € > 0,

P(W > x) = P(S; > 0 for all i < I,)
> P(S), >evn, S;>0forall i <l,)

= P(S, >evn) —P(S;, >ev/n, S; =0 for some i < [,,)

lz—1

]P)(Slz > 8\/5) — ZP<SZI > 5\/ﬁ, S = 0)

WV

Similar arguments as in the proof of (31) show that
—zu(l —b)+¢ —zu(l —b)
=P(Z> ——).
v(l —b) ) < \/I/(l—b)>

By applying Lemmas 8 and 9, we obtain that, for every 0 < e <egp, r€ (1—-b—¢,1—0b)
and sufficiently large n,

lim lim P(S), > ev/n) = hglp(z >

€0 n—o0

le—1 [rbn] le—1
Z]P(Sl;c > 6\/5, S; = 0) = ZP(Slx > 5\/%, S = 0) + Z P(Slx > 5\/%, S = 0)
1=k 1=k I=[rbn]+1

< o(1) + bn<exp{—€2\/ﬁ/4} +exp{—e(n A m)1/3/3}) = o(1),
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We conclude that

lnnmfP<E%L%%%mﬁﬁ:>x);2P(Z:>:3£é£:£?>. (33)
n—oo 1% J—

Noting that e=(1=5) = py e~ (=X —

 Aepg—1, a=1,
M(l_b)_{)\p—l, a#1,

and

Ae(1 = c)pg + ps(1 = pg), a=1,
Vb= p(1-p). o1
Ap(L = p), a<l,

where ¢ = ePs VB e have

o2=r (1-0) ‘
p*(1—b)
The proof of Proposition (10) is completed by (32) and (33). O

Proof of Theorem 1. For m = [fn®], the second largest component of G(n,m,p) has size
less than Op(anmp) (see Theorem 1 in [11] and Theorem 12 in [8]), where a,pm, =

VIR 002 . Let k = kpmp = [(m An)mnp], then

mAn

kGnmp < vVmn(m An)" 'nplog?n = Op(n(m An)"'log?n).

For any @ > 1/2, there exists 0 < n, < 1/2 such that ka, m, = op(y/n). We can conclude
that, for any o > 1/2, with high probability,

N(G(n,m,p)) < [Cxl-
Otherwise, with high probability,
Ck| = Op(kanmyp) = op(v/n).
This is a contradiction to Proposition 10. So, we get that with high probability,
N(G(n,m,p)) < |G| < N(G(n,m,p)) + Op(kanmy) = N(G(n,m,p)) + op(v/n).
Then Theorem 1 follows from Proposition 10. O]

Acknowledgements

We thank the anonymous referee for the useful suggestions that greatly improved the
presentation of this work. This work is supported by NSFC (grant number 11671373).

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.30 16



References

1]

[10]

[11]

[12]

[13]

[14]

[15]

F. G. Ball, D. J. Sirl, and P. Trapman. Epidemics on random intersection graphs.
Ann. Appl. Probab., 24(3):1081-1128, 2014.

A. D. Barbour and G. Reinert. The shortest distance in random multi-type intersec-
tion graphs. Random Structures and Algorithms, 39(2):179-209, 2011.

M. Behrisch. Component evolution in random intersection graphs. FElectron. J.
Combin., 14(1): #R17, 2007.

M. Bloznelis. Degree and clustering coefficient in sparse random intersection graphs.
Ann. Appl. Probab., 23(3):1254-1289, 2013.

J. A. Fill, E. R. Scheinerman, and K. B. Singer-Cohen. Random intersection graphs
when m = w(n): An equivalence theorem relating the evolution of the G(n,m,p)
and G(n,p) models. Random Structures and Algorithms, 16(2):156-176, 2000.

E. Godehardt and J. Jaworski. Two models of random intersection graphs for classifi-

cation. Studies in Classification, Data Analysis and Knowledge Organization, pages
67-81. Springer, 2003.

S. Janson, T. Luczak, and A. Rucinski. Random Graphs. John Wiley & Sons, New
York, 2000.

T. Johansson. The giant component of the random bipartite graph. Master thesis,
Department of Mathematical Sciences, Chalmers University of Technology, 2012.

M. Karonski, E. R. Scheinerman, and K. B. Singer-Cohen. On random intersection
graphs: the subgraph problem. Combinatorics, Probability and Computing, 8(1-
2):131-159, 1999.

J. Kim, S. J. Lee, and J. Na. On the total variation distance between the binomial

random graph and the random intersection graph. Random Structures and Algo-
rithms, 52(4):662-679, 2018.

A. N. Lageras and M. Lindholm. A note on the component structure in random
intersection graphs with tunable clustering. FElectron. J. Combin., 15(1): #N10,
2008.

R. D. Pietro, L. V. Mancini, A. Mei, A. Panconesi, and J. Radhakrishnan. How to
design connected sensor networks that are provably secure, in: Proceedings of the
2nd IEEE International Conference on Security and Privacy for Emerging Areas in
Communication Networks, 2006.

R. van der Hofstad. Random Graphs and Complex Networks. The Cambridge Se-
ries in Statistical and Probabilistic Mathematics. Cambridge University Press, Cam-
bridge, 2016.

K. B. Singer-Cohen. Random intersection graphs. PhD thesis, Department of Math-
ematical Sciences, The John Hopkins University, 1995.

D. Stark. The vertex degree distribution of random intersection graphs. Random
Structures and Algorithms. 24(3):249-258, 2004.

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.30 17



	Introduction
	Preliminaries
	Proof of Theorem 1

