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Abstract

We study the moduli space of d-dimensional linear subspaces contained in a
fixed (d + 1)-dimensional linear variety X, and its tropicalization. We prove that
these moduli spaces are linear subspaces themselves, and thus their tropicalization is
completely determined by their associated (valuated) matroids. We show that these
matroids can be interpreted as the matroid of lines of the hyperplane arrangement
corresponding to X, and generically are equal to a Dilworth truncation of the free
matroid. In this way, we can describe combinatorially tropicalized Fano schemes
and tropicalizations of moduli spaces of stable maps of degree 1 to a plane.

Mathematics Subject Classifications: 14T15, 14T20, 05B35, 14M15

1 Introduction

The study of moduli spaces such as Grassmannians, flag varieties, and moduli spaces of
curves has a long tradition in algebraic geometry. These moduli spaces and their tropical
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analogues are central in the active field of tropical geometry [32]. In this article we study
the geometry and combinatorics of the moduli space L(X) of codimension-1 subspaces of
a linear variety X C P"~!. We then use this to describe its tropicalization trop(L(X)),
whose points parametrize tropicalized linear spaces in X = trop(X) that can be obtained
as tropicalizations of codimension-1 linear subspaces of X.

If X is a (d+1)-dimensional linear space then L(X) is a subvariety of the Grassmannian

Gr(d,n) C P(i) =1 cut out by certain linear incidence relations (see Section 2.1). We show

in Proposition 3 that L(X) itself is a linear subspace of p(a)-1 and we present explicit
descriptions of it. Motivated by tropical geometry, we ask the following question.

Question 1. Given a linear variety X C P*~!, what is the matroid corresponding to the
subspace L(X) C P(i)~1 of codimension-1 subspaces of X7

Theorem 8 answers this question by giving several characterizations of this matroid.
In particular, we show that the matroid of L(X) is the matroid of lines of the hyperplane
arrangement corresponding to X (see Section 2.3). Generically, this matroid is equal to
a Dilworth truncation of the free matroid, as we prove in Section 2.4.

A motivation for Question 1 arises from the following observation when X is 2-
dimensional. Classically, the dual projective plane (P?)V parametrizes lines in P2, offering
the opportunity for a rich theory of duality for classical plane curves. In tropical geometry,
there are many models of a plane: all 2-dimensional tropical linear spaces; see Section 3 for
further details. The basic model of a tropical plane, R?, allows for a well-known concept
of duality: the space of non-degenerate tropical lines in R? can be identified with itself,
by sending a line to (minus) the coordinates of its vertex. (If we choose the minus sign,
also point-line incidences are respected under this tropical map to the dual plane.) The
concept of dual tropical curves and tropical point-line geometry has been investigated in
this setting in [29, 6].

The theory of embedded planar tropical curves makes it evident that the basic model
of a tropical plane, R?, is not always sufficient to study certain geometric features on
the tropical side — sometimes we have to take other tropical planes into account, see e.g.
[7, 25]. If we pick another tropical model of the plane, the concept of duality might be
different: for instance, the space of tropical lines in the standard tropical plane X in R?
cannot naturally be identified with & itself (see Example 28). Thus, self-duality does not
necessarily hold for tropical planes. This observation motivates us to ask the following
question (also studied in [31]):

Question 2. Given a tropicalized plane X C R"™!, what is the space of tropicalized lines
in X? More generally, given a tropicalized linear space X C R"!, what is the space of
tropicalized codimension-1 spaces in X7

Question 2 is intimately related to Question 1, as we now explain; again see Section 3
for further details. Since the locus L(X) of codimension-1 subspaces of X is a linear space

in }P’(Z)*l, its tropicalization depends exclusively on its (valuated) matroid. In the case
where X has constant coefficients, for instance, so does L(X), and thus its tropicalization

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.31 2



is equal to the Bergman fan of its associated matroid. Our results from Section 2 allow us
to characterize the tropicalization of L(X) as the Bergman fan of a Dilworth truncation
whenever X is generic. However, our tools also apply to the non-constant coefficient case
— see Remark 9 and Example 30.

The tropicalized moduli spaces that we investigate are closely related to other moduli
spaces studied in the literature. For example, in some cases it can be viewed as a special
case of a tropicalized moduli space of stable maps (of degree one), or as a tropicalized
Fano scheme. Moreover, the study of the tropicalizations of L(X) can be useful in the
investigation of tropicalizations of flag varieties by allowing the space X to vary (see
Subsection 3.3.3). We explain these relations in further detail in Section 3.3.

In summary, this paper is organized as follows. The main body is divided into two
parts, Section 2 and 3, which do not require any knowledge about tropical geometry.

The first part, Section 2, is focused on answering Question 1 and deals with the matroid
of the locus L(X) of codimension-one subspaces of X. In Subsection 2.1, we recall facts
about Pliicker coordinates, Grassmannians, and incidence relations. In Subsection 2.2, we
show with Proposition 3 that the moduli space L(X) is itself a linear subspace. The short
argument we give there builds merely on linear algebra. In Theorem 5 and its proof which
can be found in the Appendix A, we present a deeper algebraic argument that shows how
the ideals of the incidence relations and the Pliicker relations are related. In Subsection
2.3, we answer Question 1 in Theorem 8, providing different perspectives on the matroid
of L(X). In Subsection 2.4 we show that, in the case where X is generic, the matroid of
L(X) can be described as a Dilworth truncation of the free matroid.

The second part, Section 3, deals with the tropicalization of the moduli space L(X)
of codimension-1 subspaces in X. In Subsection 3.1, we introduce preliminaries on tropi-
calizations and tropical linear spaces. In Subsection 3.2, we build on Theorem 8 to study
tropicalizations of spaces of subspaces, thus giving a partial answer to Question 2. We
present various examples enlightening the different perspectives. In Subsection 3.3, we
discuss connections to other tropicalizations of moduli spaces which have been studied in
the literature.

Finally, as mentioned before, in the Appendix A we prove a special relation between
the ideals generated by the Pliicker relations and the codimension-1 incidence relations,
which is formulated in Theorem 5. Furthermore, in the Appendix B and Example 30
we demonstrate how to use the open source software polymake to compute the moduli
space trop L(z) and analyze the combinatorics of linear subspaces tropY C trop X of
codimension-1.
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1.1 Index of notation

For convenience of the reader we provide a table of notation.

X The (d + 1)-dimensional linear space in which we consider subspaces
qr The Pliicker coordinates of the linear space X
Rap The Pliicker relation for A € (,,Ei]l) and B € (%ﬂl)
Gr(m,n) The Grassmannian parametrizing m-dimensional linear spaces in K"
L(X) The moduli space of d-dimensional subspaces contained in X
Py Variables for the Pliicker coordinates of a subspace Y of the space X
Iup The incidence relation for A € ( d[fll) and B € ( 11[1}2)’ see Equation (1)
W A matrix whose rowspace is X
1% A matrix with certain minors of W as entries, see Equation (2)
U The matrix of incidence relations, see Equation (3)

X =trop(X) The tropicalization of X, see Definition 20

2 The locus of codimension-1 subspaces and its matroid

2.1 Preliminaries

We start by recalling some basic facts about Pliicker coordinates, Grassmannians, and
incidence relations. A more detailed exposition about these topics can be found in, for
example, [23].

Let m < n be non-negative integers. We will use the notation [n] := {1,...,n}, 2"
for the power set of [n], and ([TZ]) = {Ac 2l ||A| =m}. If AC [n] and i € [n], we also
abbreviate AU := AU{i} and A\ i:= A\ {i}.

Fix an algebraically closed field K. The Grassmannian Gr(m,n) is a projective al-
gebraic variety parametrizing all m-dimensional linear subspaces of K", or equivalently,
all (m — 1)-dimensional projective subspaces of P*~1. Tt can be embedded into projective

space P(n)=1 via its Plicker embedding: An m-dimensional subspace L C K" presented
as the rowspace of a full-rank matrix M € K™*" corresponds to its vector of Plicker

coordinates .
(det(Mh)), € Pln)~1,

where I varies over all m-subsets of [n] and M! denotes the maximal square submatrix
of the matrix M consisting of the columns indexed by 1.
Consider the polynomial ring S = K[P;: [ € (["])]. Under its Pliicker embedding, the

Grassmannian Gr(m,n) C P(7) =" is the zero locus of the homogeneous prime ideal of S,
called the Pliicker ideal, generated by the quadratic Pliicker relations: For any A € ( @1)

[
and B € (Tﬁl), the Pliicker relation Ry p € S is
Rap = Z (_1)|[ﬂﬂAl+Hi]ﬂBlpAUi Pgy;.

i€B\A
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Now, let d < e be a pair of nonnegative integers, and suppose X is a fixed e-dimensional
linear subspace of K", with Pliicker coordinates q; for I € ( ) A d-dimensional linear
subspace Y of K" Wlth Pliicker coordinates P; for J € ([ ]) is contained in X if and

only if the following linear incidence relations are equal to zero: For any A € ( d[ ]1) and

B e (€[+1)’ the incidence relation 14 p is

Lip= 3 (—)lPAIB, Py 1)
i€B\A

2.2 The locus of codimension-one subspaces

Suppose X is a (d + 1)-dimensional linear subspace of K™. Fix a matrix W € K(@+)xn

such that
X = rowspace(W).

For i € [d+ 1] and J € ([Z]), let W7, be the square submatrix of W whose rows are
indexed by [d+ 1]\ {i} and whose columns are indexed by J. We define the (d+1) x (%)
matrix V' via

Vs = (~1)* det(W7)). 2)

The rowspace of V' encodes the codimension-1 subspaces of X, as the following theorem
shows.

Proposition 3. Let X C K" be a (d + 1)-dimensional linear subspace, and L(X) C
Gr(d,n) C p(i)-1 be the moduli space of d-dimensional linear subspaces contained in X .
Then L(X) is itself a d-dimensional projective subspace of p(3)-1, Indeed, if X 1is the

rowspace of a matriz W, then L(X) is equal to the rowspace of the matriz V € K@D (3)
(depending on W) defined in Equation (2) above.

Proof. Any d-dimensional subspace Y of X is equal to the rowspace of a matrix 7' - W
where T € K¥(@+1) By the Cauchy-Binet Formula, the maximal minors of 7" - W satisfy

d+1
det Z det dH]\’ det (W‘] )

where T\ denotes the maximal submatrix of T' obtained by deleting column 4. If
t € K™ denotes the vector with coordinates t; = (—1)"* det (T1\) it follows that
the vector y € Gr(d,n) of Pliicker coordinates of Y satisfies y = ¢ - V, showing that y
belongs to the rowspace of V. Moreover, as T varies over all full rank matrices in K #*(@+1),
its maximal minors vary over all of Gr(d,d+1) = P? and so t also varies over all of K9t1,
which shows that L(X) is in fact equal to the rowspace of V.

Finally, to see that L(X) is a d-dimensional projective subspace of IP’(Z)_I, we note
that the matrix V' has full rank d + 1. Indeed, since X is a (d 4 1)-dimensional linear
subspace, the matrix W contains an invertible maximal square submatrix W/, indexed
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by a (d + 1)-subset of columns I C [n]. The maximal square submatrix V! of V| whose
columns we index by subsets of the form I\ {j} where j € I, has entries equal to the d x d
minors of W/ up to sign. In fact, this matrix can be obtained from the cofactor matrix
of W' by negating every other column. Since the cofactor matrix of W7 is invertible and
negating columns preserves invertibility, this shows that the maximal square submatrix
VI of V is invertible, and thus V has full rank d + 1. O

We now describe the subspace L(X) in a different way, as the kernel of a matrix

encoding the incidence relations which are defined in Equation (1). For I € ( d[fl), denote

by q; the Pliicker coordinate q; := det (WI) of the subspace X. Let U be the ((dfl) (dzz) X

) matrix whose rows encode the coefficients of the incidence relations. That is, for

Ae (M), Be([r), and J € (")), the entry of U in the row indexed by (A, B) and the

column indexed by J is

n

Ui = (—=D)IENAIENBlg g, if J = AU for some i € B\ 4, )
(A5, 0 otherwise.

Corollary 4. Let X C K" be a (d 4 1)-dimensional linear subspace. The projective sub-
space L(X) C Gr(d,n) C p(i)-1 consisting of all d-dimensional linear subspaces contained
i X is equal to the kernel of the matrix U € I () > (2) defined in Equation (3).

Proof. The kernel of the matrix U is the zero set in ]P’(Z)_l of all incidence relations /4 g,
which express the conditions on the Pliicker coordinates of a d-dimensional subspace for
it to be contained in X. This means that ker(U)NGr(d, n) is the d-dimensional projective
subspace L(X). However, as we show next, the kernel of U has (projective) dimension at
most d, and so it must be equal to L(X).

It is enough to prove that U has at least (g) — (d 4 1) independent rows to conclude

that ker(U) is at most d dimensional. Let C' € ( d[_’ﬂl) be such that ¢ # 0. There are
() — (d+ 1) sets I such that |I| = d and I ¢ C. For every such I, let i € I\ C, and
consider the row (A, B) of U with A =1\ i and B = C Ui. The I-th entry of this row
is Ua,)r = *qc # 0. Furthermore, for J € ([Z]) with J # [ and |[JNC| > |[I NC|
we have Uiap)y = 0,as J = AUj = (I \i)Uj for some j € B = C Ui implies
|lJNC| < [INC]|ori=j, and hence I = J. This proves that, up to permutation, U
contains a ((;}) —d—1) x ((}}) —d—1) lower triangular matrix with diagonal entries equal

to £q¢ # 0. m

The fact that the subspace defined by the incidence relations /4 p lies inside the
Grassmannian Gr(d,n) implies that the incidence relations of codimension 1 imply the
Pliicker relations (up to radical). In fact, a stronger algebraic statement holds. We could
not find this result in the literature, thus for the sake of completeness we state it here and
provide a proof in Appendix A.
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Theorem 5. Consider the values qr in the incidence relations as variables (see Equa-
tion (1)). Then the Pliicker relations are in the saturation of the ideal generated by the
incidence relations of codimension 1. More precisely, for any fired C € (d[i]l) we have
Rap € (Z : (qc)™), where T is the ideal generated by all incidence relations Ip g with

D,EC|n], |D|=d—1, and |E| = d + 2.

We conclude this section with an example showing that the fact that the incidence
relations imply the Pliicker relations is a phenomenon unique to the codimension-1 case.

Example 6. The hypothesis that e = d + 1 is essential for the results in this section.
Consider the case n = 4, d = 2 and e = 4, for instance. There are no incidence relations
(since any 2-dimensional linear subspace is contained in the only 4-dimensional linear
subspace of K%), and so clearly the Pliicker relation defining Gr(2,4) is not implied by
the incidence relations. Also, the space of 2-dimensional subspaces contained in K* is not
a linear subspace of P°; it is equal to the Grassmannian Gr(2,4).

As a different example, take n = 5, d = 2 and e = 4. It can be computationally verified
that, in this case, the ideal Z generated by the incidence relations contains no polynomials
involving only the variables { P} . G not even after saturating by all the variables g,

and so the Pliicker relations defining Gr(2,5) are not contained in the saturation of Z.

2.3 The matroid of codimension-1 subspaces

We now present various ways of describing the matroid of the subspace L(X) C p(i)-!
parametrizing codimension-1 subspaces of a linear subspace X C K™. We start by recall-
ing the concept of matroid of lines of a hyperplane arrangement.

Definition 7. Let A = {Hy}?_, be a hyperplane arrangement in K41, For J € ([Z]), let

/.- {ﬂkeJ Hj, if this intersection has dimension 1,
J =

0 otherwise.

The matroid of lines of A is defined as the matroid on the ground set ([Z}) that encodes the
dependencies among the lines £ ;. Here a collection of lines is independent if the dimension

of the smallest linear subspace containing these lines equals the number of lines.

If X ¢ K" is a linear subspace of dimension d + 1, the n coordinate hyperplanes
{x; = 0} of K™ restrict to an arrangement A(X) of n hyperplanes in X = K91, The
matroid of X is the matroid on the ground set [n] where the rank of a subset A C [n] is
equal to the codimension in X of the intersection (. ,{z; = 0}.

The hyperplane arrangement A(X) can also be presented in the following way. Let
W be a (d + 1) x n matrix whose rowspace is equal to X. Denote by w;, € K% the
k-th column of W, for k = 1,...,n. Let H, C K%' be the hyperplane consisting of all
r € K™ such that wy - x = 0. Then A(X) is linearly isomorphic to the hyperplane
arrangement { Hy}7_, in K.

We now get to one of our main results.
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Theorem 8. Let X C K" be a (d + 1)-dimensional linear subspace, and L(X) C
Gr(d,n) C P(2)=1 be the subspace of d-dimensional linear subspaces contained in X. The
matroid of L(X) C P~ has rank (d+ 1) and can be described in the following ways:

(1) as the matroid of dependencies among the columns of the matriz V' defined in Equa-
tion (2),

(i1) as the dual matroid to the matroid of dependencies among the columns of the matriz
U defined in Equation (3), and

(i1i) as the matroid of lines of the hyperplane arrangement A(X) induced by X.

Proof. By Proposition 3, the projective subspace L(X) is equal to the rowspace of V,
which proves description (i). By Corollary (4), the subspace L(X) is also equal to the
kernel of the matrix U, proving (ii). To prove description (iii), consider the hyperplane
arrangement A(X) = {Hp}"_, in K%' where Hj, consists of all z € K% orthogonal
to the k-th column wy of W. For any J € ([Z]), the subspace ¢; in Definition 7 is a line
if and only if the (d + 1) x d submatrix W7 of W consisting of the columns indexed by
J has rank d, which is the case precisely when it has a nonzero maximal minor. The
maximal minors of the submatrix W are (up to sign) the entries of the column V; of the
matrix V', so £; # {0} if and only if V; # 0. In this case, the line £; is equal to the left
kernel of W, and by Cramer’s Rule, £; is spanned by V. This, together with description
(i), proves description (iii). O

Remark 9. In Section 3 below, we consider the case where K is a field with a non-
Archimedean valuation. If the coefficients of the equations defining the linear space X
are not contained in a subfield on which the valuation is trivial, it is interesting to study
the valuated matroid of the linear subspace L(X). In fact, a valuated analog of Theorem 8
holds, with the same proof. An example of this is given in Example 30 below.

Example 10. Consider the 3-dimensional space X C K* spanned by the rows of the
matrix

1 0 01
W=10 -1 0 0
0 0 11

Its Pliicker vector is (—1,—1,0,—1), listed in lexicographic order. The moduli space
L(X) C Gr(2,4) C P° of planes in X is equal to the rowspace of V or the kernel U, where

L

V=[0 -1 -1 0 0 1| and U=
1 0 0 0 -10 SO
0 0 -10 0 1

The maximal minors of V' are (up to sign) the Pliicker coordinates of the linear space
L(X). In lexicographic order, they are

(0,1,1,0,1,1,0,0,1,1,0,0,0,—1,0,0, —1,0,0, 1).
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Figure 1: The hyperplane arrangement A(X) in K (left), its intersection lattice (center),
and the matroid M of L(X) (right), from Example 10.

The subsets that index the nonzero coordinates of this Pliicker vector form the bases of
the matroid M of L(X), which is equal to the matroid of the columns of V' and also the
dual of the matroid of the columns of U.

We end this example by describing M as a matroid of lines. The subspace X is the
vanishing set of the equation z; + x5 — 24 = 0. The four coordinate hyperplanes in K*
induce a hyperplane arrangement A(X) in X. Eliminating the last coordinate projects
the arrangement A(X) onto the three coordinate hyperplanes H; = {x; = 0} where i < 3
and H; = {r; + z3 = 0} in K3. By Theorem 8, the matroid of lines of the arrangement
{H,, Hy, Hs, H,} is M. Figure 1 shows this hyperplane arrangement in K* together with
the six lines (three of them coincide), its intersection lattice, and the matroid M as a
point configuration.

2.4 Genericity and Dilworth truncations

The moduli space L(X) and its matroid depend in general on the linear space X. In this
subsection we show that the matroid of L(X) is constant for generic spaces X, and we
give a explicit combinatorial description of this matroid.

Proposition 11. There is an open dense subset (in the Zariski topology) of the Grass-
mannian Gr(d+ 1,n) such that for all X in this subset the matroid of L(X) is the same.
We call a subspace X in this subset generic.

A word of warning on our terminology: the subset parametrizing generic subspaces is
in general a strict subset of the set of linear subspaces whose matroid is uniform.

Proof. Assume X is the rowspace of the matrix WW. Denote by ¢; := det(W?) the Pliicker
coordinates of X, for I € ( d[j_]l). Assume without loss of generality that g = 1. We
can row-reduce the matrix W so that its submatrix W41 is equal to the identity matrix.

In this situation, the entries of the matrix V' defined in Equation (2) satisfy
Vig = (=1)"tdet(W7,) = det(e; | W),

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.31 9



where (e; | W) denotes the (d+ 1) x (d + 1) matrix whose first column is the coordinate
vector e; and whose last d columns are the submatrix W*. This shows that, in fact,

v, - {(—1)[’]”J|qju{i} 1fz ¢ J, (4)
0 iti e J

The maximal minors of V' are thus polynomials in the Pliicker coordinates ¢;. Some of

these polynomials might be identically zero in the Grassmannian Gr(d+1,n). The desired

open subset of Gr(d+1,n) is obtained by requiring that all the maximal minors of V' that

are not identically zero do not vanish. Note that this results in an open dense subset of

Gr(d + 1,n), as this is an irreducible algebraic variety. O

Remark 12. Tt is interesting to study the matroid of the moduli space L(X) also for non-
generic X. In particular, given a realizable matroid M, one could ask what the matroid
of L(X) is for “sufficiently generic” X realizing the matroid M. In the case where M is
not a uniform matroid, though, it is not even clear that the matroid of L(X) is constant
in a dense open set of the realization space of M, as this space might not be irreducible.

Example 13. Let d = 2 and n = 6. After row-reduction, we may assume the matrix W
whose rows span the space X is equal to

1 0 0 qosa @35 Q36
W=10 10 —qa3a —qi35 —qi36
0 0 1 qo Q125 d126

Using the lexicographic ordering for the 2-sets of {1,2,...,6}, by Equation (4) the 3 x 15
matrix V' from Equation (2) is

00 0 0 0 1 qi2a qi25 Q126 Q134 G135 G136 G145 146 9156
V =|(0-1—-qi24a —q125 —q126 0 0 0 0 g234 g235 g236 9245 G246 9256 | ,
1 0 —q134 —q135 —q136 0 —q234 —q235 —q236 O 0 O g345 9346 9356

where we used that ¢o3 = 1.

The Pliicker coordinates of L(X) are given by the 3 x 3 minors of the matrix V', and
the matroid of L(X) encodes which of these minors vanish. Sixty out of the (%) = 455
maximal minors of V' always vanish due to the fact that the ¢; satisfy the Pliicker relations
(see also Example 17 and Theorem 18 below). Another 380 of these minors are monomials
in the ¢y when reduced modulo the Pliicker relations. These minors are non-vanishing
if the matroid of X is the uniform matroid Usg, i.e., if all the Pliicker coordinates g;
are nonzero. The remaining 15 maximal minors that do not reduce to monomials might

vanish or not depending on X. For example

det 1 {12:34:56) — q134 - 9256 — 4156 * 9234 = G124 * 4356 — G456,

where the last equality follows from the Pliicker relation Rsg 1234, and
det V116:25:34) — G126 * 9134 * 9235 — G125 * 9136 * 234
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= ({134 * (Q125 * 4236 — q256) —q125 (Q134 * 4236 — 61346)

= (125 * 4346 — 4134 * 4256-

The 15 maximal minors of V' that might vanish are obtained by permuting the labels
1,2,3 and 4,5,6. Up to signs, they are:

124 * 4356 — 4456, 125 * 9346 + G456, 4126 * 4345 — G456,
q134 * 9256 t+ qase, q135 * 9246 — 4456, 4136 * G245 + 4456,
G234 * 4156 — 4456, 4235 * G146 + G456, G236 * 145 — 4456,

G125 * 4346 — 4134 * 42565 G135 * G246 — 4234 * 4156, G235 * Q146 T G124 * 4356,
G125 * 9346 + G234 * Q1565 G135 * G246 — G124 * 43565 G235 * G146 — G134 * (256-

If we require that all Pliicker coordinates ¢; and all these minors are nonzero, we obtain
an open dense subset of Gr(3,6) parametrizing linear subspaces X for which L(X) is
constant.

We now combinatorially describe the matroid of L(X) in the case that the linear sub-
space X is generic. The relevant matroidal construction is called the Dilworth truncation.
The following is the definition from [46, Chapter 7, Exercise 7.55] by Brylawski.

Definition 14. Let M be a rank-e matroid on the ground set [n]. For 1 < k < e, the
k-th Dilworth truncation Dg(M) of M is defined as follows in terms of independent sets.
The ground set of Dy(M) is the set of flats of rank k& of M. The independent sets of
Dy (M) are the sets {Ji, ..., J,} such that for any s > 0 and {ji,...,js} C [m], the union
Uj_, Jj, has rank at least s +k — 1 in M. The matroid Dy (M) has rank e — k + 1.

Note that the first Dilworth truncation Dy (M) of a simple matroid M is M itself, and
the e-th Dilworth truncation D.(M) is the uniform matroid U ; with one coloop.

The following theorem gives a geometric interpretation of the Dilworth truncation of
a matroid M realizable over C.

Proposition 15 ([8]). Let P be a collection of n points in P~ realizing the matroid M.
Suppose H C P! is a generic subspace of codimension k — 1. Each k-flat F spanned
by P (of projective dimension k — 1) intersects H in a point that we label hp. Then this
point configuration {hr} in H realizes the k-th Dilworth truncation Dy(M) of M.

We will prove that the matroid of L(X) for generic linear subspaces X is given by a
certain relabeling of a Dilworth truncation of the free matroid U, ,,.

Definition 16. The matroid f)k(Unn) is the rank n — k£ + 1 matroid on the set of sub-
sets of [n] of size n — k obtained by relabeling the elements of the Dilworth truncation
Dy (Up,n) with their complements. Concretely, a collection of (n — k)-subsets Jy, ..., Jn,
is independent in Dy(U,,,) if and only if for any s > 0 and {ji,...,5,} C [m] we have
N il <n—k+1-s.
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Example 17. We describe the circuits of the relabeling [N)n_g(Unvn). The elements of
f)n,g(Un,n) are subsets of [n] of size 2. In f)n,Q(Umn), there are no 1- or 2-element circuits.
A 3-element subset {.Jy, Ja, J3} is a circuit if and only if these 3 subsets have the form
{a,a1}, {a, a2}, {a,a3}. A 4-element subset is a circuit if and only if it does not contain
a 3-element circuit as above. There are no circuits of size bigger than 4. This matroid
can be represented by the affine point configuration obtained by pairwise intersecting n
generic lines in P2

_ For example, in the case n = 4, an affine point configuration representing the matroid
Dy(Uy,4) is pictured on the left of Figure 2 in Subsection 3.2 below, together with the cor-
responding lattice of flats on the right. Note that this matroid is the (relabeled) graphical
matroid of the complete graph on four nodes. In general, the Dilworth truncation Dy (U, )
is the graphical matroid of the complete graph on n nodes.

Note that, even though the (relabeled) Dilworth truncation Dy(U,,) is a paving ma-
troid when k = n — 2, i.e., all its circuits have size at least rk(ﬁk(Umn)), this is not the
case for lower values of k. For example, the three subsets [n] \ {1,2}, [n] \ {1,3}, and
[n] \ {2,3} form a circuit in Dy(U,,,), while rk(Dy(U,,,)) = n — 1.

The following theorem describes combinatorially the matroid of L(X) in the generic
case. This result also appears in [2], in connection to matroids arising from generic flag
arrangements.

Theorem 18. If X € Gr(d+ 1,n) is a generic linear subspace (see Proposition 11), then
the matroid of L(X) equals the relabeling D,,_a(U, ).

Proof. Let X C P! be a generic linear subspace of codimension n —d — 1. The n
coordinate vectors e; in P"~! realize the free matroid U, ,. Consider the hyperplanes
H; := {z; = 0} of P!, for i € [n]. If J C [n] has size n — d, the intersection of
the d hyperplanes {H;};¢; is the (n — d — 1)-dimensional linear span F; of {e;|i € J}.
By Proposition 15, the points h; = X N F} realize the (n — d)-th Dilworth truncation
Dy—4(Un,n). Note that the point hy = X N (4, H;) corresponds to the line £;c of the
arrangement A(X), as in Definition 7. It follows by Theorem 8 (iii) that the matroid of
L(X) equals the relabeling f)n_d(Un’n). O

In view of Theorem 18, we see that Example 17 characterizes the matroid of the space
L(X) of lines in a generic plane X C P 1.

3 Tropicalizing the locus of codimension-one subspaces

3.1 Preliminaries on tropical geometry

We start with some basic preliminaries on tropical geometry and, in particular, tropical
linear spaces. Readers already familiar with these topics can jump directly to Subsec-
tion 3.2.

Tropical geometry can be viewed as algebraic geometry over the max-plus semifield,
where addition is taking the maximum and multiplication is classical addition. These
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operations can be thought of as large scale estimate of standard operations, in the sense
of what is happening to the order of magnitude of a number. From that point of view,
it comes as no surprise that tropical geometry can be considered as a degeneration of
algebraic geometry. Algebraic varieties are degenerated to certain polyhedral complexes
called tropical varieties. This degeneration process is referred to as tropicalization.

The fact that tropical varieties are polyhedral complexes enables us to view tropical
geometry as a way to infuse combinatorial techniques and methods from convex geometry
to the world of algebraic geometry, and vice versa. Of course, tropical geometry also poses
many interesting intrinsic challenges.

To make use of tropical geometry as a tool in algebraic geometry, the so-called re-
alizability problem is essential. This is the question of whether a given tropical variety
arises as the tropicalization of an algebraic variety. A variation is the relative realizability
problem:

Question 19 (Relative realizability problem). Given a pair of tropical varieties ) C X
and an algebraic variety X tropicalizing to X', does there exist a subvariety ¥ C X
tropicalizing to )7

We offer an approach to the relative realizability problem for linear subspaces by
studying tropicalizations of the spaces L(X) of codimension-1 subspaces of X: by un-
derstanding all tropicalizations of codimension-1 subspaces in X, we know which tropical
codimension-1 linear spaces ) C X = trop(X) are relatively realizable. Since the tropi-
cal Grassmannian parametrizes tropicalized linear spaces, the tropicalization trop(L(X))
parametrizes tropicalized codimension-1 subspaces of trop(X) which are realized by a
subspace of X.

Our study of tropicalizations of spaces L(X) largely builds on Section 2, making use
of the theory of tropicalization of linear spaces. We work over a ground field K which is
algebraically closed and has a non-Archimedean valuation val, e.g., the field of Puiseux
series C{t}.

Definition 20. Let X C P* be an algebraic variety. Then the tropicalization trop(X) of
X is defined to be

trop(X) = — val(X N (K*)*) c R*,

the Euclidean closure of the image of X under the coordinate-wise negative valuation
map.

It is one the miracles of tropical geometry that trop(X) is a polyhedral complex. This
polyhedral complex reflects properties of the algebraic variety X. In general there are no
criteria for determining the realizability of a polyhedral complex as a tropicalization.

Tropical linear spaces are natural generalizations of the polyhedral complexes obtained
as tropicalizations of linear spaces. Their structure is encoded by tropical Pliicker vectors
(also called valuated matroids), as we now explain.

Let T := (RU {—o00}, max, +) be the tropical semiring. A vector p € T(%) is called a
tropical Pliicker vector of rank m if it satisfies the (quadratic) tropical Pliicker relations:

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.31 13



for any A € (W[ﬁl) and B € (W[:r]l), i.e., the maximum

ireng\ﬁ(pm + PB—i)

is attained at least twice (or is equal to —oo). The support supp(p) == {I € ([m"]) | pr #
—o0} of p is the collection of bases of a matroid on the ground set [n], called the underlying

matroid of p.
Let p € ’]T([:L]) be a tropical Pliicker vector. For any B € (W[ﬁgl), let cg € T™ be defined

by
PB—i ifi € B,
(cB)i = .
—oo  otherwise.
When c¢g is not equal to (—o0, ..., —o0) € T", any vector of the form cg+\-1 with A € R

is called a (valuated) circuit of p, where 1 := (1,...,1) € R™. Its support supp(cg+A-1) =
supp(cg) = {i € [n] | (cB)i # —o0} is a circuit of the underlying matroid of p. If C(p)
denotes the collection of circuits of p, the tropical linear space corresponding to p is

L(p) = {m e T": for all ¢ € C(p), max(z; + ¢;) is attained at least twice} :

i€[n]

The tropical linear space L(p) is a pure m-dimensional polyhedral complex, and it de-
termines the tropical Pliicker vector p up to global tropical multiplication by a scalar.
It follows that the set of all m-dimensional tropical linear spaces is parametrized by the

Dressian Dr(m,n), which is the subset of tropical projective space TIP([:fL])_l consisting of
all tropical Pliicker vectors of rank m; see [28, 32, 34| for further details. (Here, Tp() -

. . . o . [n] . .

is obtained by identifying vectors in T(%) that differ by a multiple of (1,...,1).)
Tropical linear spaces play the role of linear subspaces in tropical geometry, and gen-

eralize tropicalizations of classical linear subspaces. As above, let K be a field with a

non-Archimedean valuation, and consider the n-dimensional vector space K". Suppose
n]
X is an m-dimensional linear subspace of K™ with Pliicker coordinates P € P(m)fl,

and let p € ']I'IP’([nm])_l be the tropical Pliicker vector obtained by taking the coordi-
natewise valuation of P. Then the tropicalization of the linear subspace X C K" is
precisely the tropical linear space L(p). Tropical Pliicker vectors arising as valuations of
classical Pliicker vectors are called realizable, and they form the tropical Grassmannian
trop(Gr(m,n)) C Dr(m,n).

The tropicalization of a linear subspace X can be described more easily if X is defined
over a subfield on which the valuation is zero, e.g., C C C{t}}. We call this the constant
coefficient case. Then, the tropicalization of X restricted to R"™ is a fan called the Bergman
fan. Tt only depends on the underlying matroid of X (see [44], § 9.3).

Suppose X is given as the rowspace of a matrix A. The matroid of X (i.e., the matroid
of A) can be specified by its collection of circuits, which are the minimal sets arising as
supports of linear forms in ker(A) (equivalently, minimal sets arising as supports of linear
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forms vanishing on X). These are minimal sets {i1,...,i.} C {1,...,n} such that the
columns a;,,...,a; of A are linearly dependent.
Given a vector u € R", let F(u) denote the unique flag of subsets

@ZIFogFlg"'gmelgFm::{l,...,n}

such that
w<u; <= 3dJk:icF,andj¢IF;.

In particular,
U = Uj = Hkli,jEFk\Fk_l.

The weight class of a flag F is the set of all u such that F(u) = F, which is a polyhedral
cone in R™. For example, the set of all vectors u satisfying us < u; = uy < uy is the
weight class in R* corresponding to to the flag @ C {3} C {1,3,4} € {1,2,3,4}.

A flag F is a flag of flats of the matrix A (or of its associated matroid) if the linear
span of the vectors {a; | j € F;} contains no a; with k ¢ F;. As before, the vectors a;
denote the columns of A.

Proposition 21. [3, Theorem 1], [15, Theorem 4.1]] Let X be a constant coefficient
linear space, i.e., defined over a subfield with trivial valuation. The tropicalization of X,
trop(X), equals the Bergman fan of the matroid of X, i.e., the union of all weight classes
of flags of flats of the matroid of X.

The fan structure given by the flags of flats is the fine subdivision of the Bergman
fan. Generally, there exist fans with coarser structure and same support. By abuse of
notation, we use the term Bergman fan for any fan supported on the tropicalization of
our linear space, and do not necessarily fix a fan structure.

If X is not a constant coefficient linear space, its tropicalization is not a fan, but
a more general polyhedral complex which can be described in terms of the underlying
valuated matroid. One can use the software polymake [20] to compute tropicalizations
of linear spaces with constant or non-constant coefficients, for further details see [39] and
[27]. We used this to compute Example 30, which has non-constant coefficients.

The interested reader will find more details about tropicalizations of linear spaces, their
tropical moduli spaces, and their underlying (valuated) matroidal structure in [41, 32, 40].

3.2 The tropicalization of the moduli space of codimension-1 spaces

As the tropicalization of a constant coefficient linear subspace is the Bergman fan of its
associated matroid (see Proposition 21), the following result describing the tropicalization
of the locus of codimension-1 linear subspaces in a constant coefficient linear space X is
an immediate consequence of Theorem 8.

Corollary 22. Let X C P*! be a d-dimensional constant coefficient linear subspace, and

L(X) C Gr(d,n) C P(i)=1 be the locus of (d — 1)-dimensional linear subspaces contained
in X. Then trop(L(X)) is the Bergman fan of
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(i) the matroid of dependencies among the columns of the matriz V', as defined in Equa-
tion (2) (obtained from a matriz W whose rowspace is X ),

(ii) the dual matroid to the matroid of dependencies among the columns of the matriz
U, as defined in Equation (3), and

(111) the matroid of lines of the hyperplane arrangement A(X) induced by X (see Defini-
tion 7).

Remark 23. An analog of Theorem 8 also holds when X has non-constant coefficients, see
Remark 9. In this case, the tropicalization of L(X) is encoded by the valuated matroid
of the columns of V' or the dual valuated matroid of the columns of U, see e.g. Example

30.

If X; and X5 are two (d + 1)-dimensional linear subspaces tropicalizing to the same
Bergman fan X, it is still possible that the tropicalization of the moduli spaces of d-
dimensional subspaces trop(L(X7)) and trop(L(Xs)) differ (see, for instance, Example 25
below, and Examples 3.3 and 3.4 in [31]). However, trop(L(X)) is constant whenever X
is a subspace in the generic set (see Proposition 11).

Corollary 24. There is an open dense subset (in the Zariski topology) of the Grassman-
nian Gre(d + 1,n) over the complex numbers C such that for all X in this subset (which
are of constant coefficients) the Bergman fan trop(L(X)) is constant. This subset is the
set of generic subspaces in the sense of Proposition 11.

Proof. This follows directly from Proposition 11 and Corollary 22, as the Bergman fan
trop(L(X)) only depends on the matroid of L(X), which is constant for X in the generic
set. In particular, the subset occurring here is the same as in Proposition 11. O

For an example of the generic subset of a Grassmannian, see Example 13 above. In
the next example, we relate our computation in Example 13 of the space of generic planes
for the Bergman fan of Us g to Lamboglia’s Fano schemes [31].

Example 25. Let X’ be the Bergman fan of Usg. In [31], Lamboglia considers the space
of all (realizable) tropical lines contained in X', and which is a 3-dimensional polyhedral
complex that strictly contains the tropicalized spaces of lines that we study here. She also
provides concrete examples to show the space trop(L (X)) depends on the choice of the lift
X of X: two different linear subspaces X; and X, tropicalizing to X' are presented, and
the tropicalizations of their spaces of lines L(X;) and L(X5) are computed. The linear
subspace X is the rowspace of the matrix

0 =271 =92 0 -—-13 -54
o -8 -7 -1 0 —4
—1 12293 4173 0 588 2450
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(see Example 3.3 in [31]). This subspace is generic in our sense: the relations given in
Example 13 are all nonzero (where we use the dehomogenized version involving g3 = 1).
The linear subspace X5 is the rowspace of the matrix

13 0 1 5 7
oo 1 3 -1 -1
14 -1 -3 0 0

(see Example 3.4 in [31]). Even though all Pliicker coordinates ¢; are still nonzero in
this case, this subspace satisfies qio4 - g356 — q123 - us56 = 0. This equation is one of our
relations of Example 13 when ¢i23 = 1. It follows that L(X5) is not generic, whereas
L(X)) is generic. In particular, the Bergman fans of the matroids of L(X5) and L(X;) do
not coincide. Examples 3.3 and 3.4 in [31] construct a tropical line I' in & which is not
contained in the tropicalization of L(X;) but is contained in the tropicalization of L(X3).
We will continue this example in Example 27.

The tropicalization of a generic (d + 1)-dimensional subspace X is the Bergman fan
X of the uniform matroid Ugyq,, and we use the notation L"°P(X') to denote the space
trop(L(X)) for such generic X. We call L"P(X) the generic space of tropicalized d-
dimensional subspaces for X'. Making use of the results of Section 2.4, it follows that
L™P(X) is the Bergman fan of a Dilworth truncation.

Corollary 26. If X € Gr(d+1,n) is a generic linear subspace (see Proposition 11), then
trop(L(X)) = L'™P(X) is the Bergman fan of Dy—a(Up.p).

Proof. This follows directly from Theorem 18 and Corollary 22. O

In the case that the linear subspace X is not generic, Corollary 22 describes the
tropicalization trop(L(X)) as the Bergman fan of the matroid of lines of hyperplane
arrangement A(X).

Example 27. We continue Example 25, and compute the matroids that correspond to
the two tropicalized Fano schemes. The linear subspace X, is generic, so we can deduce
that the matroid of L(X;) is the relabeled 4-th Dilworth truncation D4(Us ), by Corollary
26. It is the matroid with 15 elements that arises from intersecting six generic lines in P2.

The linear subspace X, is not generic, so we cannot apply Corollary 26 to compute
the matroid of L(X5). Nevertheless, this matroid is the matroid of lines of the hyperplane
arrangement A4(X5), following Theorem 8. It is the matroid of the point configuration
arising as the intersections of six lines in P2, but these lines are not generic — concretely,
the points p12, p3s and psg lie on a line. This is similar to the situation of Example 10
that we proceed to analyze in Example 29.

As mentioned in the introduction, the next example shows that, in general, there is no
identification of the plane X with its tropicalized dual plane L™°P(X), as their associated
matroids might not agree.
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Figure 2: The affine point configuration realizing the (relabeled) Dilworth truncation
Dy(Uy4), which is the matroid of L'"P(X) for the Bergman fan X" of the matroid Us 4 on
the left. And its lattice of flats on the right.

Example 28. Let X be the Bergman fan of Usy, i.e., the standard tropical plane in
R3 (see the left part of Figure 4). By Theorem 18, the matroid of the generic space
of tropicalized lines L"P(X) is equal to the Bergman fan of ﬁQ(U474). As discussed in
Example 17, the underlying matroid ]52(U474) is realized by six points labeled 12, 13, 14,
23, 24, 34 in P?, such that, e.g., 12, 13, 14 lie on a line, etc. This matroid is illustrated
on the left in Figure 2.

The Bergman fan of this matroid equals the generic space of tropicalized lines L™P(X’).
In its fine subdivision, it has 13 rays corresponding to the 13 flats of f)Q(U4,4) — 6 points,
4 lines going through 3 points each, and 3 lines going through 2 points. For the lattice
of flats, see the right part of Figure 2. In this Bergman fan, there is a 2-dimensional
cone spanned by two rays if and only if the two rays correspond to a point and a line
on such that the point is incident with the line. This includes the lines that only have
two incident points, e.g. the line with the points 12 and 34. The link of this Bergman
fan is the Petersen graph, with three additional vertices corresponding to the three lines
through only two points (see Figure 3). We obtain the coarse subdivision by dropping
those three extra vertices.

We now describe exactly how the Bergman fan L'°P(X) parametrizes lines inside X.

The fan X in its coarse subdivision has four rays, say 1, 2, 3, and 4. To obtain its fine
subdivision we subdivide it by adding the six rays 12, 13, 14, 23, 24, 34, i.e., we subdivide
each of the six 2-dimensional cones, obtaining a total of 12 maximal cones. Each such
2-dimensional cone of X is spanned by two rays, of the form ¢ and ¢5. The fan X in its
fine subdivision is depicted in the left part of Figure 4.

For each ray generator of L™P(X’), we now describe the positions of the vertices of the
corresponding tropical line in R? from its Pliicker coordinates (using, e.g. [32, Example
4.3.19]).

For a ray of the form {ij} of the Bergman fan L"°P(X), the Pliicker vector correspond-
ing to its primitive generating vector has a —1 in coordinate 7j and 0 otherwise. The
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Figure 3: The link of the Bergman fan of [N)Q(U4,4) with the fine subdivision agrees with
the link of the moduli space L'P(X), and is the Petersen graph with 3 extra vertices

(gray).

corresponding tropical line in & has thus vertices at the origin (0,0,0,0) and —(e; + ¢;).
This ray thus parametrizes tropical lines with one vertex at the vertex of X and one vertex
in the ray 7.

A ray of the form {ij, ik, il} yields a Pliicker vector with coordinates —1 in those three
entries and 0 otherwise. This corresponds to a 4-valent tropical line with vertex at —e;.
This ray thus parametrizes tropical lines in X with a 4-valent vertex at the ray i of X.
We therefore choose to relabel it using the letter i (see the left part of Figure 5).

Analogously, for a ray of the form {ij, kl}, we obtain the tropical line with vertices at
—(e; +e€;) and —(ex + €;). These are the rays we drop in the coarse subdivision. The ray
parametrizes tropical lines whose bounded edge passes through the vertex of X', such that
it is divided into two equal parts by the vertex of X'. The tropical lines in the two adjacent
2-dimensional cones differ just by which part of the bounded edge is longer. Since this is
not a combinatorial difference, from the point of view of combinatorial types of lines in
X it hence makes sense to drop these 3 extra rays and use the coarse subdivision for the
Bergman fan L™P(X).

Having discussed the lines corresponding to the rays of the Bergman fan L*°P(X), we
can now turn to its 2-dimensional cones. The 2-dimensional cones spanned by rays of the
form ¢ and ij parametrize tropical lines with one vertex on the ray ¢ and one vertex in the
cone spanned by ¢ and 75 of X. There are 12 such 2-dimensional cones, corresponding to
the twelve 2-dimensional cones of X that contain one vertex of the line in their interior.
The 2-dimensional cones spanned by rays of the form ¢7 and kl parametrize tropical lines
whose bounded edge passes through the vertex of X. There are 3 such 2-dimensional
cones, corresponding to the three directions that a bounded edge of a tropical line may
have.

We can see how the fifteen 2-dimensional cones of the fan L™P(X) (in its coarse

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.31 19



24
24

2
2
4 12
4 12
23
23
14
1
1
34
3
3

13, 14, 34

13

Figure 4: The Bergman fans X of Example 28 (left) and X’ of Example 29 (right) in their
fine subdivisions.

subdivision) correspond to combinatorial types of tropical lines in X'. The fan, using the
coarsening and relabeling from above (i.e., dropping the three extra rays and denoting a
ray ij, ik, il by 7 instead), is depicted in the left part of Figure 5. The combinatorial types
of the lines in X parametrized by the rays of L"°P(X) are depicted in Figure 6 (up to
symmetry). The combinatorial types of the lines in X parametrized by the 2-dimensional
cones of L™P(X) are depicted in Figure 7 (again up to symmetry).

Note that in this example all tropical lines contained in X are actually obtained as
the tropicalization of a classical line in X, for any generic lift X of X. This is not the
case in general, as we discussed, for instance, in Example 25.

12

34 A 2
‘ ' 13, 14, 34 2
<

Figure 5: The link of the Bergman fan L™°P(X), on the left, in its coarse subdivision with
relabeled rays (Example 28). The link of the Bergman fan trop(L(X)), on the right, in
its coarse subdivision with relabeled rays (Example 29).
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Figure 6: The combinatorial type of the tropical lines parametrized by points on the rays
labeled by 1 and 13 respectively in the moduli space L™P(X) in its coarse subdivision
(see the left part of Figure 5 and Example 28).

The next example uses Theorem 8 to compute the matroid of the moduli space L(X)
in the case that X is not a generic subspace. This example is a deformation of Example 28.

Example 29. Let &’ be the Bergman fan of the matroid U, 3®Uh 1, i.e., a degenerate plane
equal to the standard tropical line in R? with a 1-dimensional lineality space attached (see
the right part of Figure 4). The matroid Uy 3@ Uy ; is (generically) realized by the matrix
W of Example 10 (up to reordering the elements of the ground set). The Bergman fan
X' is equal to the tropicalization of the rowspace X of the matrix W. We computed the
matroid of L(X) in Example 10, which is illustrated in Figure 1. The link of its Bergman
fan is depicted in the right part of Figure 5.

It is worth mentioning that the underlying matroid of L(X) is not simple and not a
Dilworth truncation (with & > 2). Indeed, as it is a rank 3 matroid, it would have to
be the Dilworth truncation of a rank-4 matroid on the ground {1,2,3,4} and thus the
Dilworth truncation of the free matroid.

Nonetheless, we note that the matroid of L(X) is constant among all realizations X
of U273 D Ul,l‘

Our last example in this section studies the tropicalization of the moduli space L(X)
for a non-trivially valued subspace X.

Example 30. Let n =5 and d = 2. Consider the tropical linear space X" whose tropical
Pliicker coordinates are q,95 = @35 = 1, @145 = 3, and the other seven coordinates are 0.
A projection of X” onto R? is visualized in Figure 8, although it does not reflect all its
geometric aspects.

Suppose X is a subspace that tropicalizes to X”. In Example 13 we computed all
the Pliicker coordinates of the locus L(X) in terms of the Pliicker coordinates ¢; of X
(when n < 6), and gave a complete list of the ones that are not equal to monomials on
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Figure 7: The combinatorial type of tropical lines parametrized by the 2-dimensional
cones spanned by rays 1, 12 and 12, 34 respectively in the moduli space L™P(X) in its
coarse subdivision (see the left part of Figure 5 and Example 28).

the ¢;. Since all terms appearing in this list involve a subset containing the element 6,
we conclude that, for n < 5, the Pliicker coordinates of L(X) are all monomials on the
Pliicker coordinates of X. In particular, this implies that the moduli space trop(L(X))
is independent of the choice of lift X of X”. A concrete instance of a subspace X that
tropicalizes to X is the span of the rows of the matrix

1 001 1

W=1|(01 01 t
001 1 t+¢

The link of the moduli space of tropical lines trop(L(X)) is a 2-dimensional polyhedral
complex with 10 vertices, 15 rays, and 67 maximal cones. We restrict ourselves here to a
brief description of the tropical lines that correspond to the vertices. The tropical plane
X" has three vertices, say a, b, ¢, with three, four, and three rays attached, respectively.
Moreover, it has two bounded edges, one between a and b and the other between b and c.
There is one tropical line contained in X" that has three vertices, and one that has a single
vertex; both correspond to vertices of trop(L(X)). The one with three vertices (shown on
the left of Figure 8 in black) has the vertices a, ¢ and a third vertex in the 2-dimensional
cell containing a and c¢. The position of this third vertex is fixed to be the component-wise
maximum of @ and ¢. The single vertex of the other line is b, as illustrated on the left of
Figure 8 in red. The remaining eight vertices in trop(L(X)) correspond to tropical lines
with two vertices each. For two of these tropical lines, their bounded part is one of the
two edges of X”; see the right part of Figure 8 in red for an example. All the other six
tropical lines have a vertex on a ray of X” and the other vertex is one of the three points
a, b, ¢ to which the ray is not attached; Figure 8 on the right shows an example in black.
As before, the edge between these points is tropically convex, which determines the exact

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.31 22



location of the point on the ray.

To analyze this example we used the open source software polymake [20] and the
methods to compute tropical linear spaces which arise as valuations of linear spaces over
Puiseux fractions; the commands we used can be found in the appendix. For further
details on the implementation see [30] and [27].

Qecmcccccaaa.

Figure 8: A projection of X" (with a self intersection) from Example 30, together with
four tropical lines contained in it that correspond to vertices of the link of trop(L(X)).

3.3 Background and connections

In this subsection we briefly present additional motivation to study Question 2 beyond
the relative realizability problem, and we relate our study to other research topics in the
literature.

3.3.1 Tropicalized moduli spaces of stable maps

Tropical geometry has been successful in enumerative geometry, where an enumerative
invariant is often treated as a 0O-dimensional Chow-cycle in a suitable moduli space
parametrizing the objects to be counted. This fact, together with the close connection
between tropical moduli spaces and their classical counterparts (which can for example
be exploited to study topology [13] or compactifications [9]), triggered a large interest in
tropical moduli spaces in the last years [33, 17, 1, 12, 38, 10, 11, 24].

Often, moduli spaces of tropical curves of fixed genus g, possibly with n marked points,
M;oP, are considered. If g > 0, the moduli space M;'?P can be given the structure of an
abstract cone complex. For g = 0, Méfsp is a fan in a vector space, or, in other words,
an embedded tropical variety. The embedding is obtained as a quotient of the Pliicker
embedding of the Grassmannian [45, 22, 42]. It is equal to the Bergman fan of the matroid
of the complete graph K,,_; on n — 1 vertices.

From the point of view of Gromov-Witten theory, it is most natural to study moduli
spaces of stable maps into another variety X next, since these are used to study the
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enumerative geometry of X. The case g = 0, i.e. the moduli space of stable rational maps,
is most accessible; we restrict ourselves to this case for the purpose of this exposition.
Consider the projective space X = P". We may take the tropical (non-compact) model
R"™ and study moduli spaces of rational tropical stable maps of degree d to R™, denoted
by MSTSP(R”, d). These spaces parametrize tuples (I, z1, ..., z,, ), where ' is a metrized
tree with some ends marked by zq,...,z,, and f: I' — R" is locally affine-linear such
that f(I') naturally obtains the structure of a tropical subvariety of R” — i.e., a weighted
balanced graph. The spaces MSTZP(R”, d) are fans, and they are closely related to their
classical counterparts [17, 37].

The case of subvarieties of projective space is more challenging. The tropical analogue
is a tropical subvariety X C R". Now realizability becomes an issue. Naively, we could let
Mgfsp(X, d) parametrize (I', 21, ..., z,, f) such that the tropical variety f(I') is contained
in X. But such a containment does not necessarily come from a tropicalization of a curve
contained in a projective subvariety, so simply requiring containment is not sufficient from
the purpose of realizability. In other words, there is a difference between moduli spaces
of stable maps whose image is a tropical subvariety, and the tropicalized moduli space of
stable maps.

Here, we care about realizability and thus focus on tropicalized moduli spaces of stable
maps. Such tropicalized moduli spaces have been considered only for a few tractable
situations, for example if X" is a smooth rational curve [18], or if X' is a cubic surface [19].
In the first case, Mgf;;p(x ,d) is a tropical variety (i.e., a weighted balanced polyhedral
complex, but not a fan in general). The second moduli space is 0-dimensional and the
main task is to describe the tropical lines in the tropical cubic surface in question [26, 14,
36, 35, 21].

With this paper, we add another class of tractable cases to the list: from the point of
view of Gromov-Witten theory, the spaces M(t)fsp(/'\’ , 1) of stable maps of degree one for
which & is a 2-dimensional (realizable) tropical linear subspace can be treated with our
approach.

Corollary 31. Let X be a realizable tropical plane in R". The space Mgg* (X, 1) (viewed
as the tropicalization of Myo(X,1) for a generic lift X of X ) equals the Bergman fan of

the relabeled Dilworth truncation Dy,_5(U,.,).

This corollary follows immediately from Corollary 26, as My o(X, 1) is equal to the
space of lines L(X) in a generic plane X whose tropicalization is X.

Example 32. Let X C R? be the Bergman fan of Us 4, i.e., the standard tropical plane
(see the left of Figure 4). Then Méfgp(X , 1) is the Bergman fan described in Example 28.

If we add one marked point and consider Mgrf P(X,1), we obtain a tropical line bundle
over this Bergman fan, see Figure 9.

3.3.2 Tropicalized Fano schemes

On the other hand, our main result also offers a new approach for the study of tropicalized
Fano schemes, initiated in [31]. Fano schemes are moduli spaces parametrizing linear
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34 | 2

Figure 9: The space Mgffp()( ,1) for X equal to the standard tropical plane in R? is a
tropical line bundle over the Petersen graph. The three red edges {12, 34}, {13, 24}, and
{14, 23} parametrize lines passing through the apex of the plane X’ (see Example 28 and
the right of Figure 7). Every point on such a line can be marked. The two colors of the
line bundle over the red edge indicates on which side the apex lies.

subspaces of algebraic varieties. In [31], the discrepancy between tropical Fano schemes
(parametrizing not necessarily realizable tropical linear subspaces of a tropical variety)
and tropicalized Fano schemes is discussed. The latter is in general strictly contained in
the former.

Here, we contribute the study of tropicalized Fano schemes of linear subvarieties of
dimension one higher, by describing them combinatorially. In particular, we show that
for generic X, the tropicalized Fano scheme is constant, and equal to the Bergman fan of
a Dilworth truncation. With Theorem 8, we offer a new perspective on tropicalized Fano
schemes, and, in particular, on Example 3.4 in [31]; see our Example 25.

3.3.3 Tropicalized flag varieties

Dressians are polyhedral fans that parametrize tropical linear spaces. They contain the
tropicalized Grassmannians, which parametrize the realizable tropical linear spaces. Both
objects offer a multitude of combinatorially intriguing research problems and results [42,
28, 16, 40, 34, 43].

Flag varieties are subvarieties of products of Grassmannians, and it is natural to
study their tropicalizations. Computationally, these problems are typically challenging.
In [4], the tropicalizations of the full flag varieties F, (parametrizing flags of linear spaces
{P C L C HC P}, where P is a point, L is a line, and H is a plane) and F5 are
computed. In [5], Theorem 5.2.1 shows that the flag Dressian (i.e., the space parametrizing
not necessarily realizable flags of tropical linear spaces) equals the tropicalized flag variety
in these cases.

As an example, the tropicalization of F; (inside the torus) is a 6-dimensional fan in R
with 78 maximal cones (see Theorem 1 [4]). With our study of tropicalized lines in planes,
we offer a new perspective on this result, as we now explain. If no Pliicker coordinates are
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allowed to be zero, all tropical planes in R? are translations of the standard tropical plane
X in R3, so they are uniquely determined by the position of their apex. Thus, inside the
torus, the tropicalization of the flag variety parametrizing flags {L C H C P3} is exactly
our generic tropicalized space of lines L™P(X) times a 3-dimensional lineality space.

If we now want to add a point P sitting on the line L of the flag, we obtain, as in
Example 32, a tropical line bundle over this space (see Figure 9).

From this perspective, we can observe that we have a 6-dimensional fan as the fan over
the Petersen graph is two dimensional, the line bundle over it gives another dimension,
and the lineality space which allows to translate the apex of trop(H) is three dimensional.
This fan has 10 -5+ 3 -6 = 78 maximal cones — 5 cones over each of the black edges of
the Petersen graph in Figure 9 and 6 over each of the red edges. We expect that similar
arguments can be used to compute and analyze further tropicalized flag varieties.
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A The proof of Theorem 5

This section is dedicated to the proof of Theorem 5 that each Pliicker relation R4 p is
contained in the saturation (Z : (go)*°). The proof is somewhat technical, building on a
double induction whose steps we spell out in the following lemmata.

Lemma 33. Let A, B,C C [n] with |A] = d—1 and |B| = |C| = d + 1, and suppose
ac A\ B. Forie B\ A and j € C'\ A with j # i, denote

wi = [AN[][+[BN]] - ([A\aUin]a]| +[CUan]a]]),
bj=pit+[ANaUin[jll+|CUan[f]] = (AN aUi O[] +[BN]]).

Then (—1)¥i is independent of i, and

> (D)% Poy- Inavicue = Ras-qc+ Y (=) Ravauis - dovjoa  (5)
i€B\(A\a) jeC\A

Proof. First we show that 1); modulo 2 does not depend on 4. To see this, notice that the
summands of 1; that depend on ¢ and do not cancel out are

Aj = AN - [A\aUjnfi]l+[A\aUin[j]| - [A\aUinfal.  (6)
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Assume first that j < a. We claim that
Aj=—|A\an{j+1,...,a}| (mod 2). (7)
If 7 is not between j and a then
[A\aUinfj]|—|[A\aUin[a]|=—]A\an{j+1,...,a}|,
and if it is,
|[A\aUin[j]|—|A\aUinla]] = —|A\an{j+1,...,a}| — 1.

Additionally, the first two summands in (6) cancel if i is not between j and a and con-
tribute —1 if it is. Hence (7) holds if j < a. The case a < j is treated similarly, simply
switching @ and j in the argument.

It follows that for fixed j the expression (—1)%/ R ;5 © do\jua 18 well-defined. We
can expand the Pliicker relation and obtain a sum over all i € B\ (A \ a) with i # j. If,
on the other hand, we expand for fixed i € B\ (A\ a) the polynomial I\,u;,cua 85 & sum
over all j € C'\ A, j # i, we deduce the claimed equality. O

Lemma 34. For A,C C [n] with |A] =d—1 and |C| = d+1 we have Rac € (Z : (qc)™).

Proof. The proof is by induction on |A\ C|. For the base case, suppose |A\ C| = 0. Then
AcCCand Rac=0¢€ (Z:{(qc)®). The induction hypothesis is that R4 € (Z : (q0)*)
for all A with |[A\ C| < k. Now let |A\ C| =k > 0. Then there exists a € A\ C. With
that choice of a, Equation (5) with B = C reads:

Rac-qc + Z (=1)¥ Ravaujc - dicujpa = Z (=1)%" Peni - L a\aui,cua-
jecnA i€O\A

The right-hand side is clearly in (Z : (go)*°), as Z is generated by the I's. The sum over
j € C'\ A on the left hand side is also in (Z : (Q¢)>°) by our induction hypothesis, since
[(A\aUyj)\C| < |A\C|=k. It follows that Rsc € (Z : (Qc)™). O

Lemma 35. Let A,B,C C [n] with |A| =d—1, |B|=|C]=d+1, and A C C. Let
be B\C and g = |[b|NB|+|[b]NC|+1. Furthermore, fori € B\ A and j € C'\ B, denote
wi = [[NA[+ N BI+[[BINB\i[+[[b]NC| and v; = [[FINB|+[[b]N B|+[[FINC|+[[b]NC].
Then

Rap-qc+ Z (—1)% R B\wuj - qounj =

jeC\B (8)
(—1)6 PB\b . [A,C’Ub + Z (_1)% PAUi . IB\i\b,CUb-
igi})A
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Proof. Let v; = B+ |[j]NA|+|[J]N(CUb)| and p;j = @i+ |[7]]N B\ i\ b+ |[j]N (CUD)|.
Then for ¢ # b we have

Vit pg =1+ (N Bl +|dNnB\i\b|+|bNB|+[bNB\i=1(mod2), (9)
and if 4, j, b are distinct we also have

i+ NA + [[iiNnB\bUj| =pw; (mod2), and

i+ |FNAl+ )N B\bUjl=v; (mod 2). (10)

All three congruences are easily verified by distinguishing all six orderings of the variables
i,j, and b. Furthermore, note that b € B\ C implies b ¢ A as A C C. Substituting the
initial relations and distinguishing the two cases j = b and j # b for the index j leads to
the following equality:

(—1)°Pevo Lacus + Z (=1)%" Pavi Ipvive.cop =

i€B\A
b
Py > (=1)Payj-qeony + Y Pavi Y (=1)" Pryy; - douny =
JEC\A i€ B\ A FEC\(B\1)
or j=b i#b or j=b
(—1)BOAHBOB By Py e+ S (<) EOAHIEOBI P, P g
i€B\A
b
Py > (=1)"Payj-qeuni + Y Pasi Y (=1)" Ppa; - doun-
JEC\A s JEC\(B\1)

The first two terms sum to R4 p - go. Furthermore changing the summation order and
canceling terms using (9) shows that the above is equal to

Ra,Bgc + Pp\p Z (=1)" Pau; - qoun; + Z Paui Z (=1)"9 Pp\ipujdounj+

JEC\(AUB) ieB\(%UC) jeC\B
> Paui Y, (DM Ppgwoigeong + P Y, (=1)"Pay; - qoum+
i€(B\A)NC jEC\B jE(C\A)NB
)
> Pau(=1)""Ppy - qoumi =
i€(B\A)NC
Rap-qoc+Ppw D, (=1)"Pay;-dcom;+
JEC\(AUB)
Y acony Y, (CDMIPaGiPpawo; + Y qcuny Y. (=19 PasiPpia; -
jeC\B ie3_\;£u6'> jeEC\B i€(B\A)NC

Combining the last two sums and then applying (10) leads to:

vj ” (10)
Rapgc+ Y (=D%qewy PasiPeu+ D dqouny O (=1D)" PasiPposy; =
JEC\(AUB) jeC\B igi})A
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R Bqc + Z qoun\;j Z (_1)¢j+|[i}mA\+\[i]”B\bUﬂPAuiPB\z’\buj =

jEC\B ie(auna
R4 Bqe + Z (—1)% Ra By doum- =
jEC\B

Now we put everything together.

Proof of Theorem 5. The proof is by induction on |[A N C|. For the induction base case,
assume |[ANC|=d—1,ie, ACC.

We now use another induction on |[BNC/|. For the second induction base case, assume
|BNC| = d+1, i.e., B = C. Then the claim follows from Lemma 34. The second induction
hypothesis is that Rapg € (Z : (q¢)™) for all A C C' and B with |[BNC| > k. Now let
A C C and B such that |[BNC| = k < d+1. Then there exists b € B\ C and we can apply
Lemma 35. The right hand side of Equation (8) is in the saturation (Z : (g¢)*°). The sum
over j € C'\ Bisin (Z : (g¢)™) by our hypothesis, since |(B\bUj)NC|> |BNC|=k.
It follows that Rap € (Z : (qc)*°). Thus the inductive step for the second induction is
complete, which proves the base case for the first induction.

The induction assumption is that for all A and B such that |[A N C| > k we have
Rap € (T :{(qc)*). Now let A and B be such that |[ANC| =k < d — 1. Then there
exists a € A\ C. We apply Lemma 33. The left hand side of Equation (5) is in the ideal
(Z : (gc)*°). The sum over j € C'\ A on the right hand side is also in (Z : (g¢)*°), since
(A\aUj)NC|>|ANC| = k. It follows that Rap € (T : (gc)™). O

B Polymake code for Example 30

This section demonstrates how to use the open source software polymake to compute the
tropical moduli space trop(L(X)) and lines in the space X" of Example 30. We tested
the code with polymake version 4.6.

We begin by entering the matrix W which is defined over the Puiseux fractions.

application "matroid";

set_var_names< < , >>("t");

$t = new PuiseuxFraction< >( monomials< , >(1) );

$W = new Matrix<PuiseuxFraction<Min>>([[1,0,0,1,1],[0,1,0,1,$t],[0,0,1,1,$tx(1+$t
)11);

Next we compute the matrix V.

$V = new Matrix<PuiseuxFraction<Min>>(3,10);

$j=0;

for my $S (@{all_subsets_of_k(new Set(0..4),2)}){
$V->elem(0,$;) -det ($W->minor (new Set(1,2) ,new Set($3S)));
$V->elem(1,$j) det ($W->minor (new Set(0,2) ,new Set($S)));
$V->elem(2,$j) = -det($W->minor(new Set(0,1) ,new Set($S)));
++83;
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We construct a valuated matroid $vm whose input is the valuation of the Pliicker vector
of V restricted to its support.

$B = new Array<Set>(100);
$v = new Vector< < >>(120);
$i=0; $j=0;
for my $S (@{all_subsets_of_k(new Set(0..9),3)1{
$v->[$il=det ($V->minor (A11l,$S))->val;
if ($v->[$il!="inf"){$B->[$j1=$S;++$j }
++$1;
}
$vm = new ValuatedMatroid<!Min>(BASES=>$B,VALUATION_ON_BASES=>$v->slice(support ($v
)) ,N_ELEMENTS=>10) ;

This is the input to compute the moduli space trop(L(X)) which is a tropical linear space.

$L = tropical::linear_space<Min>($vm);

To obtain the tropical space X" we use the same commands applied to the matrix W.
Note we redefine the variables for the bases $B and the valuated matroid $vm.

$B = new Array<Set>(10);

$w = new Vector< <Min>>(10);

$i=0; my $j=0;

for my $S (@{all_subsets_of_k(new Set(0..4),3)}){
$w—>[$i]l=det ($W->minor (A11,$S))->val;
if (Bw->[$i]!="inf"){$B->[$j1=8S;++8]

++$i;

}

$vm= new ValuatedMatroid<Min>(BASES=>$B,VALUATION_ON_BASES=>$w->slice(support ($w)
) ,N_ELEMENTS=>5) ;

$X = tropical::linear_space<Min>($vm);

We construct the line that corresponds to the vertex labeled by $k = 0 of trop(L(X))
as follows.

$x = 0;

$vm = new ValuatedMatroid< >(BASES=>uniform_matroid(2,5)->BASES,
VALUATION_ON_BASES=>$L->VERTICES->minor (All,”~ [0])->row($k$) ,N_ELEMENTS=>5) ;

$1 = tropical::linear_space($vm);

Now we have everything we need in hand. However, for a visualization we have to project
the complex X first.

$proj = new Matrix
(rfs,0,0,0,01,(0,0,-1,-1,-11,(0,0,1,0,0], [0,0,0,0,1]1, [0,0,0,1,01,
[0,0,-2,0,-111);

$X_proj = new fan::PolyhedralComplex (VERTICES=>($X->VERTICES*$proj)->minor (A1l
,~[1]) ,MAXIMAL_POLYTOPES=>$X->MAXIMAL_POLYTOPES) ;

$line = new fan::PolyhedralComplex (VERTICES=>($1->VERTICES*$proj)->minor (All
,~[11) ,MAXIMAL_POLYTOPES=>$1->MAXIMAL_POLYTOPES) ;

compose ($X_proj->VISUAL, $1line->VISUAL);
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