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Abstract

We prove that every connected cubic graph with n vertices has a maximal match-
ing of size at most %n + % This confirms the cubic case of a conjecture of Baste,
Fiirst, Henning, Mohr and Rautenbach (2019) on regular graphs. More generally,
we prove that every graph with n vertices and m edges and maximum degree at most
3 has a maximal matching of size at most 4"5’” + % These bounds are attained by
the graph K3 3, but asymptotically there may still be some room for improvement.
Moreover, the claimed maximal matchings can be found efficiently. As a corollary,
we have a (% + 0 (%))—approximation algorithm for minimum maximal matching

in connected cubic graphs.
Mathematics Subject Classifications: 05C70, 05C69

1 Introduction

All graphs in this paper are undirected, finite and simple. A graph G is said to be subcubic
if G has maximum degree at most 3, and cubic if G is 3-regular. A subset M of edges of a
graph G is a matching if no two edges of M are adjacent in G. A mazimal matching is a
matching that cannot be extended to a larger matching. For a graph G, let v(G) denote
the minimum size of a maximal matching of G. The parameter v(G) is sometimes also
called the edge domination number.

The problem of finding a minimum maximal matching goes back a long way [17]
and is known to be NP-hard, even when restricted to cubic bipartite or cubic planar
graphs [29, 20, 12, 14| or subcubic induced subgraphs of the grid [13]. Approximating the
problem within a factor smaller than 7/6 (in general) or 1+ 5= (when restricted to cubic
graphs) is NP-hard as well [8].
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On the other hand, it is well known that every maximal matching of G provides a
2-approximation for «(G). There exist efficient algorithms that approach v(G) within a
factor strictly smaller than 2, see e.g. [6, 7, 19, 28], yet most of the works just mentioned
focus on the general case or on very dense graphs. There also exist polynomial-time
algorithms that compute 7(G) for more restricted graph classes, e.g. trees [25], series-
parallel graphs [27] and graphs of bounded clique width [16]. In this paper, we instead
focus on graphs with bounded degree. Concretely, we study the following recent conjecture
of Baste, Fiirst, Henning, Mohr and Rautenbach.

Conjecture 1 ([2]). Let G be a connected A-regular graph of order n for some A > 3,
then
2A —1 1

7(G) < N + 5

For every A > 3, the authors of [2] provided evidence for Conjecture 1 in the form
of a weaker upper bound which for cubic graphs (i.e. A = 3) specialises to v(G) <
%n—l— %. Furthermore, for cubic graphs they confirmed Conjecture 1 under the additional
conditions that the graph is bipartite and does not contain a certain 6-vertex tree as an
induced subgraph. The g—g + O(1) bound for cubic graphs was previously derived by
Duckworth and Wormald through a linear programming analysis of greedy algorithms on
cubic graphs [15]. With a more problem-specific approach, Zwozniak [30] obtained the
better bound v(G) < 22 + 1.

In this paper, we improve these results by proving Conjecture 1 for cubic graphs:

Theorem 2. Let G be a connected cubic graph of order n. Then

5 1
A< 2nt =,

with equality if and only if G is isomorphic to the complete bipartite graph Ks 3.

In doing so, we derive the following slightly more general result, which also applies to
non-regular graphs.

Theorem 3. Let G be a connected subcubic graph on n vertices and m edges. Then
7(G) < %T’m + %, with equality if and only if G is isomorphic to Ks 3. Moreover, if G is

not cubic then v(G) < 4.

An effective and widely used approach to prove theorems on subcubic graphs is to
take a hypothetical minimum counterexample and then analyse small cut sets as well as
the local structure around vertices of small degree, followed by an analysis of the local
structure in a highly connected cubic graph, eventually leading to a contradiction (see
e.g. [4, 3, 21] for some recent examples). This paper is no exception. However, one way
in which perhaps our approach stands out is how we carefully almost avoid the need to
analyse any cubic graph (at the cost of a slightly worse result than is perhaps possible;
see the discussion of Conjecture 7). This is desirable because the cubic graphs form the
hard cases in our context. Relatedly, to make the ‘induction” work, we have devised the
following technical theorem, which has Theorems 2 and 3 as direct corollaries.
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Theorem 4. Let G be a connected subcubic graph which is not isomorphic to Ks3 and
has n vertices, m edges and ny vertices of degree 1. Let I be the indicator variable being
1 if G is cubic, and equal to 0 otherwise. Let K be the indicator variable being 1 if G is
1somorphic to the complete graph K, and equal to O otherwise. Then

Y(G) < u(G),

where A o+ K
n—m -y
G) = :
u(@) et 5
Moreover, if G is not isomorphic to Ky and has a degree-1 vertex v with neighbour u,
then G has a mazximal matching of size at most u(G) which avoids the edge uv.

Efficient approximation algorithm

The proof of Theorem 4 is of an inductive nature (formally we will proceed by vertex-
minimum counterexample). As such, the proof can be viewed as a polynomial-time algo-
rithm that constructs for every connected subcubic graph G a maximal matching of G of
size at most ((G). Indeed, we repeatedly identify a set Vi of at most nine vertices and
apply the theorem to the smaller graph G’ that is obtained from G by deleting V; and
possibly adding one or two edges. Thus we obtain a small maximal matching of G’ that
subsequently can be completed to a small maximal matching of G. In determining the
appropriate set 1 and the edges that are to be added back, the only external procedures
that we require are (i) find a bridge e (if present) and determine the number of vertices
and edges in each component of G — e and (ii) determine which pairs of neighbours of V4
are connected in G — V. For both of these subroutines, there exist O(|V(G)| + |E(G)|)
time algorithms. The number of iterations required is O(|V(G)|) and therefore in total
the required time is at most O(|V (G)]?).

Until now, we have solely focused on upper bounds on v(G). On the other hand,
it is not hard to see that (G for every cublc graph G on n vertices (see e.g.
Lemma 3.(i) in [2]). Since ( ﬁ / € = 2n+ 2, it follows that our proof constitutes
a (% + O(%)) —approximation algorlthm for minimum maximal matching in connected
cubic graphs. We reiterate that before this work, the same approximation ratio was
already attained in a much more restricted setting, namely for the class of connected bi-

partite cubic graphs that do not contain a certain 6-vertex tree as an induced subgraph [2].

Tightness

Theorem 3 is best possible insofar that the complete bipartite graph K33 and several
non-cubic graphs, such as the four-cycle and K33 with one subdivided edge, attain the
bound. Likewise, Theorem 2 is best possible due to K33 Furthermore, there exists a
cubic graph on as many as n = 24 vertices with 7 = 2n (e.g. see Figure 1) Nevertheless,
we suspect that asymptotically the pre- factor in Theorem 2 is not optimal:

Let K33 denote the graph that is obtained from K33 by deleting an edge. In [2], it
was conjectured that for cubic connected graphs G, it holds that v(G) = ‘?—’QL + % if and
only if G has a spanning subgraph that is the union of an odd number of copies of Kj 3.
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(In particular this would have implied that infinitely many graphs attain the bounds of
Theorems 2 and 3.) However, this turns out to be false, as we will now detail. Let
Hy, ..., Hy be k > 1 vertex-disjoint copies of K3 3. Writing p;, ¢; for the degree-2 vertices
of H;, we let Gy, be the graph obtained by adding the edges ¢;p; 41 for all 1 < i < k (where
Pr+1 should be understood to mean p;); see Figure 1. Then Gy, is a cubic connected graph
on n := 6k vertices, which however has ! a minimum maximal matching of size (7—;31, SO

that v(Gy) = W'gég]n < f&n+ 2. For every k > 3, this is smaller than $;n. This raises

the question whether asymptotically, as the number of vertices increases, the bound of
Theorem 2 is improvable.

Figure 1: Minimum maximal matchings of the graphs G, Gs, ..., Gr.

Question 5. What is the infimum py over all constants p > 0 for which there exists an
N > 0 such that every connected cubic graph G on n > N vertices satisfies

(&)

n

< p?

The graphs {G},-, and Theorem 2 certify that = < po < 5. We suspect that
po = 1—78 and that moreover the following is true.

!The equality v(Gy) = f%} follows from an induction applied to Gj_3; we omit the formal proof.
For the upper bound, see the pattern emerging in Figure 1. To quickly see that v(Gj) > L%kj, observe
that for every maximal matching M of Gy, every three consecutive copies H;, H;t1, H;+2 together with
the edges ¢ipit1, ¢i+1Pi+2, ¢i+2Pi+3 must contain at least 7 edges of M.
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Conjecture 6. Let G be a connected cubic graph of order n. Then

72
< on+ =

In a different direction, we believe the following minor strengthening of Theorem 3 is
plausible.

Conjecture 7. Let G be a connected subcubic graph with n vertices and m edges. Then

7(G) < 4”6_’” unless G is isomorphic to the complete graph K4 or the complete bipartite

graph Kj 3.

Despite the small gap with Theorem 3, we would not be surprised if considerably more
work is required to prove Conjecture 7. This is because in the current paper we were able
to almost avoid the analysis of cubic graphs. In particular, once we have deduced that our
minimum counterexample to Theorem 4 is cubic, we are done in only a few extra lines,
due to the extra room in our bound arising from the additive factor é This ‘shortcut’
approach turned out to be fruitful but does not seem possible for an attack on Conjec-
ture 7.

Some remarks on maximal independent sets and line graphs

Before going to the proof of Theorem 4, we would like to point out that the problem
of determining v(G) can be viewed as a special case of a more general problem. These
remarks can be freely skipped.

First some definitions. An independent set of a graph is a set of vertices that are
pairwise non-adjacent. A maximal independent set is an independent set that cannot be
extended to a larger one. Correspondingly, the independent domination number i(G) of
a graph G is the size of the smallest maximal independent set of G. The well-studied
domination number ~,(G) of G is the size of a smallest subset of V(G) such that every
vertex of G is either in or adjacent to it. Finally, the line graph L(G) of a graph G is the
graph on vertex set E(G) that has an edge between ey, es € F(G) if and only if e; and ey
are adjacent in G.

In this terminology, the edge domination number of G' can be rewritten as v(G) =
i(L(G)). Furthermore, for claw-free graphs (and hence for line graphs) it is known [1]
that the domination number and independent domination number are equal, so that in
fact 7(G) = W(L(G)).

The line graph L(G) of a cubic graph G is 4-regular and has 3|V(G)|/2 vertices.
Therefore an equivalent statement of Theorem 2 is that for every (4-regular) line graph
L(G) of a connected cubic graph G, one has 7,(L(G)) < & - |V(L(G))|+ 3, with equality if
and only if L(G) is the line graph of K3 3. One may wonder to what extent the condition of
being a line graph is essential for this bound. Often problems on claw-free graphs actually
reduce to the case of line graphs (e.g. see [5] for a somewhat similar problem where this
was the case), so it is natural to expect that more generally v,(H) < & - |[V(H)| + 3
holds for every 4-regular connected claw-free graph H. Assuming Conjecture 6, even the
stronger bound v, (H) < 2—77 AV (H)|+ % can be expected. A proof of such a generalization
would be nice.

ot
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To put this into perspective, let us now review what is known for a connected graph
H on n vertices that is not necessarily claw-free. Then 7,(H) < 2 if H has minimum
degree at least three [26], 7,(H) < 22 if n > 8 and H is cubic [22], and 7, (H) < 12 if H
is 4-regular [24]. The first of these two bounds are attained, while for the third bound it
is not clear from the literature to what extent it is best possible. On the other hand, the
parameter i(-) can attain much higher values than (), as demonstrated by the balanced
complete bipartite graphs. There also exists a 4-regular graph H on n = 14 vertices with
i(H) =22 and it is conjectured [18] (and proved [10] after submission of this manuscript)
that this is best possible among all 4-regular graphs other than Kj44. For cubic graphs
more is known in this respect. For instance, if H is an n-vertex connected cubic graph
other than K33 then i(H) < 22, as proved in [23], and it is conjectured [18] that i(H) < 3
up to two exceptions, which would be sharp due to infinitely many graphs.

After submission of this manuscript, it was shown [10] that for every k > 4, every
k-regular graph H other than Ky satisfies i(H) < 2= - |V/(H)|. Subsequently, almost
the same set of authors proved [9] that every cubic graph H without 4-cycles satisfies
i(H) < 2 -|V(H)|, which is tight. Shortly after, it was shown [11] that

i(H) < <1 - m) (V(H) —1)+1

for every connected graph H of maximum degree A, provided A = 4 or A > 6. For
various other results regarding v, (-) and i(-), we refer the reader to the survey [18] and
citing papers.

2 A technical lemma that helps to avoid cubic graphs

The following technical lemma will be used a few times in the proof of Theorem 4. It allows
us to only apply ‘induction’ (between quotation marks because formally we will proceed
by minimum counterexample) to non-cubic graphs, which is of considerable benefit due
to the factor I/3 in our definition of u(G).

Lemma 8. Let G be a bridgeless connected subcubic graph. Let Vo C V(G). Let N
denote the set of neighbours of Vi that are not in V. Let (N, E*) be another graph on N
of which each component is either a singleton or contains at least three vertices. Suppose
furthermore that there is at least one edge in E* which is not an edge of G. Then there
exists e € E* such that e ¢ E(G) and the graph G — Vi + e has no cubic component (and
is subcubic).

Proof. For each z € N, let A(x) denote the component of G — V; that contains x. Let
x1x9 € E* be such that xyzy ¢ E(G). If possible, we choose 1, x2 such that additionally

Note that N —{z1, 25} is non-empty, because by assumption, the component of (N, E*)
containing {x1, x5} has at least three vertices.

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.36 6



Consider the reduced graph G’ := G — Vj + x129 and let 2* € N — {x,22}. Since
x* has a neighbour in V4 in the graph G, it has degree less than three in G’ and so the
component of zx in G’ is not cubic.

It remains to show that the component C' of G’ containing the edge x1z5 is not cubic.
Note that C' is the union of A(z;) and A(xs) and the edge z1x2. We may assume that in
G, the vertex x; has three neighbours of which exactly one is in V; (otherwise z; would
have degree less than three in G’, implying that C' is not cubic); let v; be the neighbour
of xq that is in V.

If A(z1) # A(xg) then the facts that G is connected and bridgeless (in particular z;v,
is not a bridge) imply that A(z;) = A(z*) for some z* € N — {x1,22}. On the other
hand, if A(z;) = A(z2), then by the choice of 21 and x5 we have that A(z;) = A(z) for all
vertices x € N that belong to the component of z; in the graph (N, E*). By assumption,
the component of (N, E*) containing x; has at least three vertices, so again we obtain
A(zy) = A(z*) for some z* € N — {x1,25}. In both cases z* € A(z1) C C and so C is
not cubic. O

Although we do not need it in this paper, note that for any A > 3, Lemma 8 and
its proof can be generalised by replacing ‘cubic’ with ‘A-regular’ and ‘subcubic’ with
‘maximum degree at most A’.

3 Proof of the main theorem

In this section, we prove Theorem 4. Let G be a hypothetical counterexample to Theo-
rem 4 that minimises |V (G)|. We proceed by a series of lemmas that describe properties
of G which ultimately lead to a contradiction.

In various cases, we will delete a set of vertices from G and possibly add some edges,
and then use that the resulting graph G’ is not a counterexample to Theorem 4. When
the graph G' is clear from the context, we let n/,m’ and n] denote the number of vertices,
edges respectively degree-1 vertices of G'. Furthermore, I’ will denote the number of cubic
components of G’ and K’ will denote the number of components of G’ that are isomorphic
to Ky. We then write 0,y :=n —n/, §y :=m —m/, §,, :=ny — n’l and 67 := I — I’ and
0r := K — K’ for the respective differences.

Our main task in deriving a contradiction is to show that v(G) < u(G). (In fact,
this will directly yield the desired contradiction once we know that G has no degree-1
vertex.) Since 7(G') < pu(G') as G’ is not a counterexample, this inequality follows if
Y(G) —v(G") < u(G) — u(G"). To conclude that v(G) < u(G), it will therefore always be
sufficient to show that

5,2 6., 1)

where
B 46y, — O, — Oy + 0 + 207

and

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.36 7



Remark Since G is connected, whenever only vertices are deleted (and no edge added)
to construct G' from G, then G' cannot have any cubic component. Hence in most of our
applications, 6; will be 0.

Remark At some parts in the proof of Theorem 4, we deduce that G must be a
specific graph on at most nine vertices. In those cases it is easily seen that G is not
a counterexample to Theorem 4, so we have decided to not explicitly specify a matching
certifying this. We remark that we have also performed a small computer search to double-
check that indeed no graph on nine vertices or less is a counterexample to Theorem 4.

The bulk of the proof is focused on the structure around vertices of degree smaller
than three, starting with the following lemma.

Lemma 9. G has minimum degree at least 2.

Proof. If there is a vertex of degree 0, then since G is connected, G must be a singleton,
which is not a counterexample to Theorem 4. Next, suppose that GG has a vertex u of
degree 1. Let v be the unique neighbour of u. Since a star on at most four vertices is
not a counterexample either, v must have a neighbour w (distinct from u) of degree > 2.
Then consider the graph G’ := G — {u,v,w}. Let M’ be a minimum maximal matching
of G'. Then M := M’ +vw is a maximal matching of G of order v(G')+1, s0 d, < 1. We
have that §,, = 3 and ¢,, < 5. Furthermore, since GG is connected, every component of G’
that is isomorphic to K5 contains a vertex that has degree larger than 1 in G, and hence
we have 0,, <1+ k.
Thus
40y = 0y — Opy + O + 201 - 4-3-5—(1+6g) +0x+0

5 > — 1>,
H 6 6 ol

so M must be a maximal matching of G of size at most ©(G). Because M avoids uv,
we obtain the desired contradiction. O

Note that by Lemma 9, G has no degree-1 vertex, so from now on it suffices to derive
(1) to arrive at a contradiction.

Lemma 9 also implies ny = K = 0, and each copy of Ky in G’ gives rise to two
degree-1 vertices in G’, so 0x — 8,, = n; — K > 0. Therefore we know from now on that
oy = w. Moreover, in all our forthcoming constructions of a reduced graph G,
we will make sure that G’ does not have any cubic component, so that in fact we will

always have
A5 —
5, > %, (2)

This simplifies our computations ever so slightly.

Lemma 10. G has no bridge
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Proof. Suppose G has a bridge ugu;. For i € {0, 1}, let G; be the component of G — uguy
that contains u;. Furthermore, let H; be the graph induced by V(G;) U {u(l,i)}. Let
n; = |V(G;)| and m; := |E(G;)|. Observe that n = ng+ n; and m = mg + my + 1.
Because G has no degree-1 vertex, we have ng,n; > 1. Therefore H; has fewer vertices
than G and hence satisfies Theorem 4. For the same reason, H; cannot be isomorphic to
Kj. As ug_y) is a degree-1 vertex of H;, it follows that H; has a maximal matching M;

that avoids ugu; and has size at most pu(H;) < L“”iﬂ)fémiﬂ)*lj.

On the other hand, because G; satisfies Theorem 4 as well, G; has a maximal matching
N; of size at most u(G;) < L"‘"T_mj So I'; :== N;_; U M; is a maximal matching of G of
size at most L%%J - [4(""+1)_émi+1)_lj. Considering the minimum of |T'y| and |T'y],
we obtain that G has a maximal matching of size at most

. dny — my dng —mg+ 2,  4ng — myg dny —mq + 2
min | | J+1 Il I+ 1) (3)
6 6 6 6
If at least one of 4ny — mgy and 4n; — my does not equal 0 mod 6, then max((4ng —
mg) mod 6, (4ng — mo + 2) mod 6, (4ny; —my) mod 6, (4ny — my + 2) mod 6) > 3, so due
to the rounding in expression (3), there is a maximal matching of size at most

dni —mi+4dng—mo+2 3 Ao t+m)—(mo+mi+1) 4dn—m

6 6 6 6

Thus 4ng — my = 4ny — my; = 0 mod 6. Next, for each i € {0,1}, we consider the
graph F; := G; — {u;}. Note that G; has one more vertex and (depending on the degree
of u;) either one or two more edges than F;. So |V (F;)| = n; — 1 while |E(F;)| either
equals m; — 1 or m; — 2. It follows that 4 - |V(F;)| — |E(F;)| is either 3 mod 6 or 4

mod 6. Hence F; has a maximal matching R; of size at most pu(F;) < LWJ <
4V (F)|-|E(F:)| -3

< w(G).

5 . We conclude that G has a maximal matching Ry + Ry + ugu; of size at
most 4(|V(Fl)H“V(FQ)|)_(6‘E(F1)|+‘E(F2)|)_2'3 +1< 4(n—2)g(m—5) _ 4n—én—3 < (@), which is a

contradiction. O

Lemma 11. There are no two adjacent degree-2 vertices in G.

Proof. See Figure 2 for a depiction of the case analysis for this lemma. Suppose for a
contradiction that there are two adjacent degree-2 vertices u; and us. Let vy be the other
neighbour of u; and let v, be the other neighbour of us. First, if v;1 = vy then consider
G' = G — {uy,us,v1}. Then a maximal matching M’ of G’ can be extended to a maximal
matching M’ 4+ ujvq of G, so 6, < 1. Therefore 6, > % > % >129,.

So we may assume that v; # ve. Next, suppose that v,v, € E(G). Since the graph
induced by {ui,us,v1,v2} is not a counterexample, without loss of generality v; has a
neighbour w; distinct from wy, vy. Define G' = G — {uy, ug, vy, v9, w1 }. Then a maximal
matching M’ of G’ can be extended to a maximal matching M’ + usvs + viw; of G, so
0y < 2. 5o

46, — ,, _ 4-5—28

bu>— e =220,
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Therefore vive ¢ E(G). Next, consider the graph G' = G — {uy,us} + vive. (Equiv-
alently: G’ is obtained from G by contracting the edges wjv; and usvy.) Let M’ be a
maximal matching of G'. If vjvy € M’, then M’ — vyvy + 1101 + uovy is a maximal match-
ing of G. On the other hand, if vjvy ¢ M’  then M’ + ujus is a maximal matching of G.
In both cases the new matching of G has size |M'| + 1, so we have ¢, < 1. Furthermore,
0, = 2 and ¢,, = 2. If G’ is not cubic, then §; = 0 so it follows that

4.0, — 0y 4-2-—2

0 > = =124,

a contradiction. Thus, G’ must be cubic. Therefore from now on we may assume that
all vertices of G other than v and v have degree three. In particular, v; has neighbours
w1, w1z and vy has neighbours wa, wee such that {wiy, wia, wor, wes} is disjoint from
{Ul, Ug, V1, 1)2}.

Next, suppose that v; and vy have a common neighbour, without loss of generality it
is wyz. Then a maximal matching M’ of G’ := G — {uy, us, v1,ve, w12} can be extended
to the maximal matching M’ + wyvq + w20, of G, which implies that §, < 2. Thus again
oy = 4'5”6_57" > 4'56_8 = 2 = 0,. We conclude that wiq, w2, wer, wee must be pairwise
distinct. Our next goal is to show that these four vertices form an independent set.

First, assume that wijwio or woiwss is an edge, without loss of generality the former.
Then a maximal matching M’ of G' = G — {uy, us, v1, w11, wio} yields a maximal matching
M’ +ugus+wqws2 of G, so that 6, < 2. Thus 9, > % > 4'56’8 = 2 > 0,; contradiction.

Second, assume that there is an edge joining {wy1, wia} and {we, was }; without loss of
generality wiowo is such an edge. Observe that then at least one neighbour x of wy; is not
equal to vy or wsyy, nor adjacent to we; (because otherwise wy; would have more than three
distinct neighbours). We define the reduced graph G’ = G — {uy, ug, vy, ve, w11 } + Two;.
Let M’ be a maximal matching of G'. If zwq; € M, then M’ —zwy; +xwq; +werva+uivy is
a maximal matching of G, and otherwise M'+v;wi1+u9vs is a maximal matching of G. In
both cases the new matching contains two more edges than M’, so d, < 2. Furthermore,
0, = 5 and 0, > 9—1 = 8 (here we use that xws; is an edge in G’ but not in ). Crucially,
G’ does not contain any cubic component, so that ; > 0. Indeed, the only component
of G’ that could a priori be cubic is the component C' containing the added edge xwo;.
But due to the edge wisws; (which we assumed to exist), we know that C' also contains
the vertex w2, which has degree less than 3 in G'. We obtain 4, > w > 2 >0y
contradiction. This concludes the proof that {wyi, wis, way, wey} is independent.

In summary, we have deduced so far that {uy,us, v, va, w1, W12, W, wee} induces a
tree in GG, and all vertices of G other than u; and us have degree three. Let x11; and x19
denote the two neighbours of wy; that are distinct from ;.

Now let us define the vertex set Vi := {uy, ug, v1,v9, w11} and the set
E* = {xz111w21, T112Wa1, T111Wag, T112We2 } Which consists of pairs of neighbours of V4.
If each pair in E* is present as an edge in G, then it follows that vijwis is a bridge,
contradicting Lemma 10. Thus we can apply Lemma 8 to conclude that there exists
e € E* such that e ¢ E(G) and the reduced graph G’ = G — Vj + e has no cubic
component. This means that 0; = 0 with respect to G’. Furthermore, by exactly the
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same analysis as before (by symmetry of GG, we may assume that e = zwy; for some
neighbour x of wy;), we again obtain d, > 2,6, = 5 and §,, > 9 — 1 = 8. Therefore
oy = % > 2 > 0,; contradiction. O]

Figure 2: The case analysis in Lemma 11, from top to bottom. In each case, to obtain the
reduced graph G’, the red vertices are removed and the blue dotted line is added. The
fat edges extend the maximal matching from G’ to G. The small-dotted lines in the final
case represent E*, the vertex pairs of which at least one is not an edge.

Lemma 12. Fvery degree-2 vertex of G has at most one degree-3 neighbour.

Proof. We suppose for a contradiction that a degree-2 vertex u of G has two degree-3
neighbours v; and vs.

If vjve € E(G), then every maximal matching M’ of G' = G — {u, v1,v2} can be ex-
tended to a maximal matching M'+wv,v9 of G, 506, < 1. So 6, > % > % >12 0y
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contradiction. Therefore v1v9 ¢ E(G). So vy has neighbours wy;, w2 and ve has neigh-
bours wyg, wqy such that {wq1, wig, war, wee} is disjoint from {u, vy, ve}.

Case 1: v; and v, have a common neighbour that is distinct from u.
Without loss of generality this common neighbour is wis = wq;. Consider the graph
G' = G — {u, vy, vy, w11, w1o} with a maximal matching M’. Then M’ + vywy; + vowis
is a maximal matching of G, so 4, > 2. Moreover, 0, = 5 and 6, < 9. If 6, < §,
then it follows that ¢, > 2 > ¢,. Thus 9, must equal 9, which implies that w1, w2, w2y
are distinct vertices, that wy; and wyy have degree three and that wywia ¢ E(G). By
symmetry, weo must have degree three as well, and wgwis ¢ FE(G). Thus, wiy, wia, W
are distinct degree-3 vertices that either form an independent set or induce the graph
with the edge wqiwas.

In particular, wis has a neighbour x5 which is distinct from wu, v, v, wq1, wes. For
i € {1,2}, let x;;; and x4 be the two neighbours of w;; that are distinct from wv;.

First assume that x15 is a common neighbour of wq; and wsyy. If additionally wijwses €
E(G), then the structure of G is fully determined; it is the graph induced by the seven
vertices u, vq, Vg, W1, Wi, Wae, T12, which clearly is not a counterexample. Thus wjwyy ¢
E(G) and so wy; has a neighbour z11; that is distinct from vy, x15 and wye. In that case,
a maximal matching M’ of G' = G — {u, vy, v, w11, W12, Wa2, T12, 111 } can be extended
to the maximal matching M’ 4+ wq12111 + viwi2 + vawsy of G, so that d, < 3, 6, = 8 and
0m < 13. Hence 9, > 4'86_13 > 3 > 0,; contradiction. We have thus derived that x5 is not
a neighbour of both wy; and was.

By symmetry, we may assume that x5 is not a neighbour of ws;. We then consider
the graph G’ = G — {u, vy, v9, w11, w12} + T12wey. Then §,, = 5. Note that to obtain G’
from G, we not only delete vertices, but we also add an edge, so 9,, < 9—1 = 8. Consider
a maximal matching M’ of G/. If T12Waoo € M’ then M’ — T12Wa9 + T19W1o + VoWa2 + V1 W11
is a maximal matching of (G, and otherwise M’ + vowqy + v1wq; i8 @ maximal matching
of G. In both cases §, < 2. To arrive at a contradiction, we still need to check that G’
has no cubic component (so that 6; = 0). For this, it suffices to demonstrate that the
component C' of G’ containing the added edge xiswsg is not cubic. If wijwye € E(G),
then it is immediate that wsy is in V(C') and has degree less than three in G'. Thus we
may assume that wijwye ¢ E(G). Because G has no bridge (in particular wyjv; is not a
bridge), there exists a path P in G that joins {x111, x112} with {x12, we} while avoiding
{w11,u,v1,v9,w12}. (Here we allow P to be a single vertex.) Note that P is also a path
in G’ and hence x11; € V(C) or 112 € V(C). Since x11; and 2112 have degree less than
three in G, it follows that C' is not cubic.

Case 2: wu is the only common neighbour of v; and v,.
From now on, we know that wiy, wis, woy, wese are pairwise distinct. Our next task is
to show that they form an independent set.

Case 2.1: wyiwis € E(G) or wawase € E(G).
By symmetry, it suffices to consider the case that wywis € E(G). Suppose for a
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contradiction that wyjwis € E(G).

If additionally there is an edge between {wi1, w12} and {war, wee} (say wigwe is an
edge), then a maximal matching M’ of G' = G — {u, vy, v, w11, wy2, wo; } can be extended
to the maximal matching M’ + viwyy + vawqy of G. Then §, > % > ‘LGT’Q > 220y
contradiction. Thus there is no edge between {wyq, w12} and {war, wes}.

By considering the graph G' = G — {u, vy, v9, w11, w2}, it is easily seen that each
of wi1, w12 needs to have degree three; otherwise 9,, < 8, leading to the contradiction
oy = 46"()75” > 4'56_8 = 2 > 0, where the last inequality holds because any maximal
matching M’ of G’ can be extended to the maximal matching M’ + wqywq + uve of G.

For i € {1,2}, let z1; denote the neighbour of wy; that is distinct from vy, wyq, wys.

Let ‘/0 = {u, Ul,’ljg,wn,wlg} and note that N := {5(711,1]1271021,11}22} is the set of
neighbours of Vj. (Possibly N has less than four distinct elements since it could be that
x11 = x12.) If {x11, 212} is completely connected to {way, wae}, then G must be the
graph induced by wu, v, v, W11, Wia, Woy, Was, T11, £12, Which is a graph on nine vertices;
contradiction. Thus there must exist e € E* := {x11wa1, 11Wa2, T12Wa1, T12Wae } such that
e ¢ E(G). Then by Lemma 8 applied to Vy and E*, there exists an edge e € E* such that
the graph G' = G — V) + e has no cubic component. By symmetry, we may assume that
€ = T11Wy. By the choice of e we have §; = 0. Moreover §,, = 5 and §,, < 8. Let M’ be a
maximal matching of G'. If z1jwqy € M’ then M’ — x11w9 + z11w11 + Vowas + V1Ww12 1S &
maximal matching of G, and otherwise M’ 4+ w;w12 + uvy is a maximal matching of G. In

both cases, ¢, < 2. Thus we arrrive at the contradiction ¢, > 45”‘5én+251 - 4'56—8 =2>9,.

Case 2.2: wijwiz, wa1wae € E(G), but wii, w12, wa, w2z do not form an
independent set.

Without loss of generality, we may assume that wjowe; € E(G). By considering the
graph G’ = G — {u, vy, vg, wig, w1 }, it quickly follows that wqy and wy; must have degree
three. So let x15 (respectively x2;) denote the neighbour of wis (respectively ws;) that is
distinct from vy, vg, Wig, Way.

First suppose that additionally wq;wag, w11212, Weexs € E(G). If 215 and x4, are adja-
cent or both have degree two, then G is a graph on nine vertices and it is easy to see that it
is not a counterexample. So we may assume that x5, has a third neighbour y distinct from
wa1 and wgy. Then a maximal matching M’ of G — {u, vy, va, w11, W12, Way, Wa, T12, T21, Y }
can be extended to the maximal matching M’ 4 wyiwas + uvy + w1212 + X9y of G. Since
T1o # o1 (otherwise this vertex would have degree four), it follows that ¢, = 10. Fur-
thermore 4,, < 16, so 6, > 4-10wa =4 > 0,; contradiction. We conclude that at least one
of wyywag, wi1T12, Weoxsr is not an edge of G.

From Lemma 8 with Vi = {u, v, v9, w1, wa1} and E* = {wijwae, w1212, WaaZa1 },
we obtain an e € E* such that G’ = G — V + e has no cubic component. Let M’
be a maximal matching of G'. First, suppose that e = wijwge. If wijwe € M’, then
M' — wiway + viwy + vaway + wigwe; is a maximal matching of G, and otherwise
M'" + viwi2 + vowsy is a maximal matching of G’. So in both cases 6, < 2. Second,
suppose that that e = w1212 (the case that e = wooz9; is symmetric). If w19 € M/,
then M’ — wy1212 + viwyy + T1awWie + Vows; is a maximal matching of GG, and otherwise
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M' + viwia + vowe is a maximal matching of G. So in all cases we have ¢, < 2. For all
possible choices of e, we have 6, = 5 and J,, < 9 — 1 = 8. Since no component of G’ is
cubic, we conclude that ¢, > 45”_5é”+251 > 4'5_68+0 = 2 > 0,; contradiction.

Case 2.3: wi1, wqg, Wa1, Wos form an independent set.
So far, we have derived that wu, vy, v9, w11, Wia, Wa1, Wee are distinct vertices and induce
a tree.

Case 2.3.1: For some ¢ € {1, 2}, w;; and w;> have three common neighbours.

By symmetry, it suffices to consider the case i = 1. We already know that v is
a common neighbour of wy; and wis. Suppose they have two other common neigh-
bours, say x; and z5. By the structure derived so far, x; and x5 are distinct from
u, vy, V2, W11, Wiz, Wa1, Waa.

If x1 and x, are either adjacent or both have degree two, then wwv; is a bridge,
contradicting Lemma 10. If one of x1,zy (say xs) has degree two then a maximal
matching M’ of G' = G — {u, vy, v9, w11, W12, Waa, T1, T2} yields the maximal matching
M + w1 + viwi2 + vawee of G, so §, > 45"6_5’” > 4'86_13 > 3 > 6., contradiction. Thus
both x; and x5 have degree three and are nonadjacent. For i € {1,2}, let y; denote the
neighbour of x; that is distinct from wy; and wys.

If y1 # yo, then a maximal matching M’ of G' = G—{u, vy, w1, wia, T1, T2, Y1, Y2} yields
the maximal matching M’ + wvy + 2191 + 22y2 of G, so 6, > 45”(;5’” > 4'8()?14 >3 =0,
contradiction.

Thus y; = y5. See Figure 3.

Figure 3: The end of Case 2.3.1. The figures on the left represent G, the pictures on
the right G’. From top to bottom, these are three possible scenarios in which a maximal
matching M’ of G’ can be extended to a maximal matching M of G with |M| = |M'| + 2.
The fat lines represent edges that are in the maximal matching, while the dashed lines
are edges that may or may not be in the maximal matching.
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Consider the graph G = G — {v1, w11, w1, 21,22} + uy;. Note that G’ has no cu-
bic component (indeed, the vertex u has degree two in G’), so §; = 0. Furthermore,
0, =5 and §,, < 9—1=28. Let M’ be a maximal matching of G'. If uy; € M’ then
M’ — uyy + uvy + 21y + wiaxe is a maximal matching of G. Otherwise, if uy; ¢ M/,
we need to do something slightly more involved than before: since M’ is maximal and
uyy ¢ M', we must either have uvy € M’ (in which case M’ + w121 + w225 is a maximal
matching of GG) or an edge incident to y; is in M’ (in which case M’ + viwy; + wiaxs is
a maximal matching of G). Thus in all cases d, < 2,500, > % > 2 > 0,; contradiction.

Case 2.3.2 For ¢ € {1,2}, w;; and w;2 do not have three common neigh-
bours.

First, suppose that at least one of {wi1, w2} and {ws, wee} contains no degree-3
vertex; say wi; and wyy both have degree two. Then for i € {1,2}, let xy; be the
unique neighbour of wy; that is distinct from vy. If x1; = x19, then for G' = —
{u,v1, w11, w9, 211} we have that M’ + wvy + wiawqz is a maximal matching of G for
any maximal matching M’ of G', so §, > 45"g5m > 4'56_7 > 2 > ¢.; contradiction. On
the other hand, if x1; # x19, then wy; and x5 are not adjacent in G, so we can consider
G' = G—{u, vy, v, wi2, Wy } +w11x19. Let M’ be a maximal matching of G. If w1215 is in
M’ then M" — w1212 + v1w11 + w1212 + Vowoe is @& maximal matching of M, and otherwise
M' + viwqs + vowey is. Since wi; has degree two in G, it has degree two in G’ as well,
and hence G’ has no cubic component, so 6; = 0. Thus J, > 45”g5m > 4'56_8 =2 =0y
contradiction.

Therefore we may henceforward assume, without loss of generality, that wis and wg;
have degree three. Let x19; and x190 denote the two neighbours of wiy that are distinct
from v;. Similarly, let x9;; and x915 denote the two neighbours of ws; that are distinct
from wvs.

Now the real fun begins. Let Vy := {u, v, va, w1, wo1} and consider its neighbours
N = {wi1, T121, T122, To11, To12, Wae }. Note that that these neighbours are not necessarily
all distinct, so in what follows, we treat N as a multi-set. 2

We first discuss two consequences from the fact that G is bridgeless. For each z € N,
let A(x) denote the component of G —V; containing x. Each y; € N either has more than
one neighbour in Vy (in which case y; = y for some y, € N — {y1}) or has exactly one
neighbour v in V4 (in which case the fact that y;v is not a bridge implies A(y;) = A(ys)
for some yo € N — {y1}). Thus:

For every y; € N there exists yo € N — {y;1} such that A(y1) = A(ya). (4)
Furthermore, in particular using that wv; is not a bridge, we obtain

A(yr) = A(ys) for some y; € {wyy, 2121, T122} and some yo € {wa, 11, T212} - (5)

2We could also avoid treating N as a multi-set by instead doing a case analysis on N containing 4, 5
or 6 distinct vertices of G. This would however essentially necessitate repeating the same long argument
three times. When reading the current proof, the reader may find it convenient to have in mind the case
that all elements of NV are distinct vertices of G.
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Since we are working under the assumption of Case 2.3.2, we know that there exist
q1 € {1'121,27122} and q2 € {$211,£E212} SUCh that

wi1q1 ¢ E(G) and weeqy ¢ E(G). (6)

Given a choice of such ¢;, g2, we consider the graph G’ = G — Vi + w11q1 + waeqe. Our
main task is to show that ¢; and ¢o can be chosen such that additionally G’ has no cubic
component (see Figure 4). Once we have established that, we can use that G’ satisfies
Theorem 4, as we will do at the very end.

Figure 4: The structure in Case 2.3.2. In the middle is an example of the graph G,
depicting one possible way in which the neighbours of Vj = {u, vy, ve, w2, w9} can be
connected in G — Vj. At least two of the dotted edges are not present in G. On the left
and right are depicted two possible choices of added edges wi1q, wa2qs corresponding to
two distinct possibilites for the reduced graph G’ = G — V) + wi1¢1 + wa2qe. The reduced
graph on the right is not a good choice as there the component containing wss could be
cubic. The reduced graph on the left is a good choice because there each component (in

fact the only component in this case) contains x195, which has degree less than three in
G

Given a choice of ¢; € {121,122}, 2 € {@a211, 212} satisfying (6) and a vertex x € N,
we let C'(z) denote the component of G’ that contains x. If x is distinct from w1, g1, wa2, g2
then « has degree less than three in G’, so it is immediate that C'(z) is not cubic. Therefore
it suffices to show that C'(wy;) and C(wq2) are not cubic; in particular, it suffices to show
that

both C'(w;;) and C(wqy) contain at least one vertex of N — {wyq, was, q1, 2} - (7)

To demonstrate that there is indeed a choice of ¢y, ¢2 satisfying (6) and (7), let us introduce
the auxiliary graph H on the vertex set N (with six elements) in which two vertices are
adjacent if and only if they belong to the same component of G — V. (In particular
a,b € N are adjacent in H if a and b are the same vertex in G.) Furthermore, let H™*
be the graph obtained from H by adding the two edges wi1¢q; and wasqs, if they were not
already present in H. To satisfy requirement (7), it suffices to show that H™ contains a
component with at least five vertices, for some choice of ¢; and g¢s.

By property (4), H has minimum degree at least one. By property (5), H contains an
edge vy, for some y; € Ny := {wi1, T121, 122} and yo € Ny 1= {waa, To11, T212}-
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Suppose first that Ny and N, are independent sets in H. Then H must contain three
edges that form a matching My between Ny and N,. If wq; and wes are adjacent in My,
then choose ¢; and ¢y to be nonadjacent (with respect to My ), and otherwise choose ¢
and g2 to be adjacent (in My). In both cases, all six vertices of H belong to the same
component, as desired.

Thus we may assume that at least one of H[N;] and H[Ns] has a connected component
C' on at least two vertices, say H[IV;] has. Then there is a choice of ¢; such that all three
vertices of Ny belong to the same component of H 4 wy1¢;. Furthermore, if y5 # wyy and
yowae ¢ E(H) then choose g = 1o, and otherwise choose ¢o to be an arbitrary element
of {xe11, w212} for which weyqe ¢ E(G). This ensures that in HT, all five vertices of
N1 U{g2} U {wa} belong to the same component, as desired.

This concludes the proof that there exists a choice of ¢ € {x121, 7122} and g2 €
{211, X212} such that w11 ¢ E(G) and waeqe ¢ E(G) and the graph G' = G — V) +
w11q1 +wWa2qo has no cubic component. Furthermore, G’ also has maximum degree at most
three (this follows from the fact that in G, all vertices of N have at least one neighbour
in Vy, while if ¢g; = g2 then ¢; has at least two neighbours in Vj).

We are now finally ready to use that G’ satisfies Theorem 4. By the analysis above
we have d; = 0. Furthermore, 6, = 5. In constructing G’ we have deleted ten edges and
added back two edges, so d,, = 10 — 2 = 8. It remains to estimate d,. Let M’ be a
maximal matching of G'.

Let M be obtained from M’ by

e adding vywise, if wi1qy & M,

e removing wy1q; and adding v;wy; and wi2q;, otherwise.
and

e adding vowsy, if weeqs & M,

e removing wsoqe and adding vewsy and we;qy, otherwise.

Then M is a maximal matching of G of size |M'| + 2, so d, < 2. In conclusion,
oy = Dn—0m+20; _ 458 _ 9 > d,, contradiction. O

6 6

The finishing blow

Lemmas 9, 11 and 12 together imply that G is a cubic graph. Choose two adjacent
vertices u; and uy. We first consider the case that u; and uy have a common neighbour
v. In that case v has degree 1 in the reduced graph G' = G — {uy,us}, so that §,, <
—1. Unlike G, our new graph G’ has no cubic component, so d; = 1. Since G is not
isomorphic to K4, no component of G’ is isomorphic to Kj, so dx = 0. Any given
maximal matching M’ of G’ can be extended to the maximal matching M’ + ujus of G;
therefore 0, < 1. Moreover, 6, = 2 and 6,, = 5. Everything together, we obtain that

481 —8m—6ny +OK+267  4:2—5—(—1)+0+2-1 s
6, = P > (6 JROF2L 1 > d~; contradiction.
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Therefore u; and us have no common neighbour. Let vy1, v152 denote the two neighbours
of uy that are distinct from us, and let v91, v99 be the neighbours of uy that are distinct
from uy. Consider the sets Vo = {u1,us} and E* = {v11v21, 011022, V12091, V12092 }. Since
G is not isomorphic to K33 by assumption, it follows that at least one element of E* is
not an edge in G. Hence by Lemma 8 applied to V5 and E*, we obtain (without loss of
generality) that vi1v90 ¢ E(G) and the reduced graph G’ = G — Vi + v11v99 has no cubic
component. We therefore have 6; = 1, and also 4, = 2 and 9,, = 5 — 1 = 4. Moreover,
0, < 1 because any given maximal matching M’ of G’ can be extended to the maximal
matching M’ — v11v99 + V11 + Ugvag of G, if V11V € M, and to M’ + ujus otherwise. It
follows that

40— 0n 20 4-2-442-1

oy = 5 = 5 =1>4,,
a contradiction. This concludes the proof of Theorem 4. ]
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