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Abstract

By a nilpotent map we mean an orientably regular map whose orientation pre-
serving automorphism group is nilpotent. The nilpotent maps are concluded to
the maps whose automorphism group is a 2-group and a complete classification of
nilpotent maps of (nilpotency) class 2 is given by Malni¢ et al. in [European J. Com-
bin. 33 (2012), 1974-1986]. It is proved by Conder et al. in [J. Algebraic Combin.
44 (2016), 863-874] that given the class, there are finitely many simple nilpotent
maps. However, for the nilpotent maps with multiple edges and given class, since
its automorphism group may be infinitely big, it is impossible to list it by a com-
puter. Therefore, to classify the nilpotent maps with small class ¢ is necessary and
interesting. In this paper, the nilpotent maps of class 4 will be determined.
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1 Introduction

A (topological) map is a cellular decomposition of a closed surface. A common way to
describe maps is to consider them as cellular embeddings of graphs into closed surfaces.
By an automorphism of a map we mean an automorphism of the underlying graph which
extends to a self-homeomorphism of the surface, preserving incidence of vertices and edges
and faces (open 2-cells) of the map. These automorphisms form a subgroup Aut (M) <
Aut (G) of the automorphism group of the underlying graph G. If Aut (M) acts regularly
on the flags (vertex-edge-face incident triples), we call the map M is regular. For an
orientable map M, if its orientation persevering automorphism group Aut* (M) acts
regularly the arcs, then we call the map as well as the corresponding embedding of the
underlying graph orientably regular.

In this paper we study the problem of the classification of regular maps with a given
automorphism group. The research results on this problem are relatively less compared
with classifying regular maps on a given surface, or with a given underlying graph. Now,
complete classification results about regular maps with given families of solvable groups
are very few, except for a folklore result classifying regular maps whose automorphism
group is abelian, most of them are related to simple groups, such as PSL(2,q) [1, 7, 10,
11, 12, 17], Hurwitz groups or non-Hurwitz groups, including symmetric and alternating
groups [4, 22|, Suzuki groups [15], Ree groups [13, 20], and various sporadic simple groups,
see [5] for a survey.

Here we focus on orientably regular maps whose orientation preserving automorphism
group is nilpotent. We call these nilpotent maps. The study of such maps was initiated
in [18] by Malni¢ et al., where it is showed that every nilpotent map can be uniquely
decomposed into a direct product of two regular maps: the automorphism group of one
is a 2-group and the other map is a single vertex and an odd number of semiedges, see
[18, Theorem 3.2]. They also gave a complete classification of nilpotent regular maps of
nilpotency class 2. It is proved in [6] that given the class, there are finitely many simple
nilpotent maps. However, for the nilpotent maps with multiple edges and given class, since
its automorphism group may be infinitely big, it is impossible to list it by a computer.
This kind of maps are very rich, and the classification of those of higher classes seems to
be difficult, where one may feel the difficulties from the classification of nilpotent regular
embeddings of the complete bipartite graphs K, ,, and the n-dimensional hypercube @,
when n is a power of 2, see [8, 9, 16]. To determine the nilpotent maps, it has to be
involved in complicate and difficult computation in 2-group theory. Since it is infeasible
to classify all the nilpotent maps for any class ¢, it woluld be necessary and interesting
to fix the cases for small class ¢. The nilpotent maps of class 3 have been determined
by Ban et al. (unpublished). In the present paper, the nilpotent maps of class 4 will be
determined.

Necessarily, we are having to introduce the following concepts and notations: by |G|
and |g|, we denote the order of a group G and an element g € G, respectively. Set
[z,y] = 27 'y oy for z,y € G and [H,K] = ([h,k] | h € H,k € K). Moreover, we use
G', exp(G) and ®(G) to denote the derived subgroup of G, the exponent of G and the
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Frattini subgroup of GG, respectively.

Next, for any group G, set G; = G and then define G, 1 = [G,G,], for all n > 1, so
that G = G1 > Gy > G3 > -+ > G, --- is the lower central series of G, with each G,
characteristic in GG, where G' = Gs.

The group G is said to be nilpotent if G.,4 is trivial for some integer ¢, and then the
smallest ¢ for which this happens is called the nilpotency class of G. Note that G, < Z(G).

As usual, an orientably regular map will be presented by a triple (G} a, b) for a group G
generated by an element a and an involution b. To state the main theorem, let G = (a, b)
be a two-generated 2-group of nilpotency class 4 where b*> = 1. Since ¢(G) = 4, we have
G4 < Z(G). Now, G is an extension of (G',b) by a, and (G',b) is an extension of G’ by b,
we may set

G={(a,b|RT,a" =u), (1)
where

R= {¥*=1,a,b =c|[c,a] =d,[c,b] =e¢,[d,a] = u,[d,b] =v,[e,a] = w,
le,b] = z,{u,v,w, z} commute with both a and b}

and T is the set of defining relations of G’ =
Gs = (d,e,u,v,w, z) and Gy = (u,v,w, z) < Z(G).

Theorem 1. Let M be an orientably reqular map whose automorphism group G is of
nilpotency class 4. Then G is defined by Eq(1). Moreover, we have

(1) G' = {(c,d,e,u,v,w, z | T) = (c,d,u) is an abelian group, where 8 < |G'| < 64 and
T contains a subset of relations

T :={le,d =[c,ul =[du] =1, =d* =v*=l,e=c 2 w=v=d*z=c"}
so that T =T, U Ty for a subset T of relations. Moreover, x € G'.

(2)  For the above R and Ty, the group G is uniquely determined by Ty and x € G,
which will be listed as follows: For every such group G, there exist at most two
nonisomorphic maps M(G;ab’,b), where either i = 0 or i € {0,1}, see below.
Moreover, these maps are uniquely determined by given parameters.

(I) G/228XZ4X223
Gi(n,l,s,t): Ty = @; © = Md*ul, where (¢,s,t) =
n =3, and ({,s,t) = Z3\{(1,1,0),(1,0,1)} forn >4
Gr(3,0,1,1), G1(n,0,1,0) (n > 4), G1(n,0,0,1) (n
wise.

(1) G = Zg x 7 -
(1) Gar(n, 0, 8) : Ty = {u =1}; 2 = c*d*, wheren >3, {,s € {0,1};i=0,1.

23 \{(1,0,0),(1,1,1)} for
;1=0,1 for G1(3,0,0,0),
>4), and i = 0 for other-

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.55 3



(VII)

(VIII)

(2) Goa(n,l,8) : Ty = {u = d?*}; x = c~2d®, where ({,s) = (—1,1), (=1, —1),
(1,—1) forn =2, (2,0),(2,2), (0, 2) formn =3, and (0,0), (2,0),(0,2) for
0

n = 47 Z = 071 fOT’ G22 = G22( 9 7 )7 G22(37270); G22( n, 72)< = 4)7
and 1 = 0 for otherwise.
(3) Gas(n,l,s) : To = {u = d*c*}; v = u'd*, where ({,s) = (0,0),(0,1),

(1,0) for n =3, and (0,0),(0,1), (1, 1) forn>=4;i=0,1 for G23(3, ,0),
Go3(n,0,1)(n > 4), and i = 0 for otherwise.

G/gZ8XZQXZQ:

Gs(n,s,t): Ty = {d*c* = 1}; x = d**u’, where n > 2 and s,t € {0,1};1=10,1.

G,§Z4XZ4XZQZ

Ga(n,s,t) : Ty = {c* = 1}; o = d**ul, where n >3 and s,t € {0,1}; i = 0.

G = Zg X ZQ :

(1) Gsi(n, 0,t) : Ty = {uc* = d*> = 1}; o = ¢ *ut, where (¢,t) = (—1,0),(1,0)
formn =2, and (0,0),(0,1) forn >3;i=0,1.

(2) Gsa(n,t,s) : Ty = {u = d? = 1}; x = ¢~ 2d%, where ({,s) = (—=1,0),(=1,1),
(1,0), (1,1) for n =2, and (0,0),(0,1),(2,0),(2,1) forn>3;i=0,1.

G = Z4 X Z4 :

(1) Ge1 2 Ge1(n,s) : Ty = {u=c"=1}; x = d°, where s =1 forn =2, and
s=0,2 forn=>3;1=0,1 for G¢1(2,1), and i = 0 for otherwise,

(2) Gg2 = Gea(n, l,8) : Ty = {ud®> = ¢* = 1}; 2 = ¢ %d*, where ({,s) =
(=1,1),(=1,-1) forn =2, and (¢,s) = (0,0),(0,2) forn > 3; i =0.
G/gZZLXZQXZQ:
G?(na&t) Ty = {
forn = 2, and (¢{,t
G+(2,0,0), G7(2,0,1)

G/ = Zg .
(1) Gsi(n,0) : Ty = {u = d = 1};2 = ¢, where { = —1,3 forn = 1, and
(=2,-2 forn=2, and { = 0,4, forn >3;1=0,1.

> =t = 1}; 2 = ¢ 2ut, where (£,t) = (0,0),(0,1)
) = (070)5<071>7(_170)7(_171) fOT n = 3; i = 071 or
, and © = 0 for otherwise.

(2) Gsa(n,0) : T {u-lc—d}x—cze,whereé—l—lforn—Q and
E—O2forn >3;1=0,1.
G/gZ4XZ2'

Go(n,t) Ty ={d*=c*=1Lu=c*}; z=u', wheren>2 andt =0,1; i = 0.
G,gZQXZQXZQ.

Gro(n,t) Ty ={d*>=c* =1}; z =u', wheret =1 forn =2, and t = 0,1 for
n>3;1=0,1 for Go(2,1), and i = 0 for otherwise.

Remark 2. Remind that all the maps in here are quotients of that in Case (I). Moreover,
we may pick up all simple maps (with no multiple edges) of class 4 from Theorem 1, which
coincide with that in [6]:
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(1) |G| =32: M(Ggl(l, —1);ab, b)),
(2) |G| =64: M(Gs2(2,1);ab,b), M(Gy(2,0); a,b), M(G10(2,1); ab, b);

(3) |G| =128 : M(G51(2,—1,0);ab,b), M(G52(2,1,0); ab, b), M(G=(2,0,0); a,b),
M(Gs1(3,0);a,b), M(Gs2(3,0); a,b);

(4) ’G| = 256 : M(G3(2,0,0);CL, b),M(G51(3,0, 0), (I,b),M(G5Q(3,0,0);a, b),
M(G61(3, 0), a, b), M(G62(3, 0, 0), a, b),

(5) ’G| =512: M(Ggl(S,0,0);a, b),M(GQl(S, 1,0);(1[), b),M(GQQ(B,Q,O);ab, b),
M(G23(3,0,0);a,b), M(G3(3,1,0);ab,b), M(G4(3,0,0); a, b);

(6) |G| = 1024 : M(G1(3,0,0,0); a,b).

2 Algebraic maps

An orientable map is a triple M = (D; R, L) where D is a finite nonempty set of darts, R
and L are permutations of D such that L? = id, and the permutation group (R, L) acts
transitively on D. The permutations R and L are called the rotation and the dart-reversing
involution of M, respectively, and the group (R, L) = Mon(M) is the monodromy group
of M. Each map M has its underlying graph K, whose vertices are the orbits of R and
whose edges are the orbits of L, with incidence between vertices and edges defined by
nonempty intersection. Since Mon(M) is transitive on D, the graph K4 is connected.

Given two maps M = (D;R,L) and M’ = (D';R',L’). An orientation preserving
homomorphism ¢ : M — M’ is a mapping ¢ : D — D’ such that R = R'¢ and
oL = L'¢. Since the monodromy groups of both maps are transitive on darts, it follows
that every map homomorphism is surjective. As usual, an isomorphism between two maps
is a bijective homomorphism, and an automorphism is a self-isomorphism of a map. All
automorphisms of a map form the automorphism group Aut *(M). By definition, it is
easy to see that Aut " (M) < Cs,(Mon(M)). As Mon(M) acts transitively D, we get
Aut T (M) acts semi-regularly on D. If the action is regular, then the map M is called
orientably regular. As a consequence of some well-known results in a permutation group
theory (see [3]), we infer that for an orientably regular map M, Mon(M) = Aut *(M)
although their action on dart-set are different.

Given a group G = (r, (), where (> = 1, from the above arguments, we may deduce
an algebraic mapM(G;r, () as follows: Set D = G and consider the left multiplication
action L(G) of G on D. The vertices, edges and faces are just cosets of (r), (¢) and
(re), respectively, with the natural intersection relation. Moreover, Mon(M) = L(G) and
Aut (M) = R(G).

It is a matter of routine to check that every regular embedding of a graph can be
described by an algebraic map (see [14, 19]), and that two such algebraic maps M(G;ry, (1)
and M'(G;rq, l9) are isomorphic if and only if there exists an automorphism o € Aut (G)
such that r{ = ry and (] = (5.

ot
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The following proposition gives some formulas about meta-abelian groups

(G' is abelian) (see [23]).

Proposition 3. Let G be a meta-abelian group. For any a,b,c € G, the following facts
hold:

(1) [a,b71,¢)® = [b,a,d];

[a, b, c][b, c,allc,a,b] = 1;

(2)
(3) ifbe G, then [ab, c] = [a,c|[b,c] and [c,ab] = [c, al[c, b];
(4)

4) if c€ G' and n € Z, then [c",a] = [c,a]™ and [c,a,b] = [¢, b, a];

3 Properties of the group G

In this section, we derive some properties and commutator formulas for GG, and in partic-
ular, we prove Theorem 1(1).

Lemma 4 (Theorem 1(1)). For the group G of Eq(1), we have

G = {c,d,e,u,v,w,z | T) = (c,d,u),
which is an abelian group such that 8 < |G'| < 64 and T' contains a subset

Ty :={[c,d] = [c,u] = [d,u] =1, =d* =v’ =l,e=c  w=0v=d 2=}
Moreover, v € G'.
Proof. Recall that G = (a,b ‘ R,T,a* = x), as shown in Eq(1), where
la,b] = ¢, [c,a] = d,[c,b] =e,[d,a] =u,|d,b] =v,le,a] =w,[e,b] =z
and G’ = (¢,d,e,u,v,w, z). Since G' = (¢, G3) and |Gy, G3] < G5 = 1, it follows that G’
is abelian, that is, GG is meta-abelian. Then by Proposition 3 we have
la, b, c][b, ¢, al[c,a,b] = 1.
Noting [a, b, c] = 1, we get [b, ¢, al[c,a,b] = 1, that is v = w, as desired. From
1 = [a,b%] = [a,b][a, b]’ = cc® = P[c, b] = e,

2 1

we get ¢* = e~!. Similarly, from [c,b?] = [d,b%] = [e,b?] = 1, one may deduce €? = 2~

and v? = 22 = 1. Again, by [Gs, G3] < G5 = 1, we have

-2 -1

,a]cfl[c_l,a] =[cha?=d"

Thus, d* = w™! = w = v, which in further concludes 1 = [w, a] = [d?, a] = [d, a]* = u*.
Finally, ¢® = e = 22 = 1 and d* = w? = 1. Therefore, T contains 7;. Clearly,
G’ = (¢, d,u), whose order is at most 64.

Note that G = (b, G")(a). Now, suppose that a*" = bz, for some integer n and z € G'.
Then bG' € (aG') and so G/G" = (aG',bG") = (aG'), a contradiction, as G' (and so
G/®(Q)) is a 2-generated group. Hence, a®" =z € G. O

w=[e,a]l =[c",a] =|c
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By computation, one may get the following two lemmas:

Lemma 5. Let G be the group defined in Eq(1). For any integers h and {, we have

[t 92] = [91, 92)", Vo1 € G, g2 € G,
[CZ ah] _ dheuhw;—l) [ah b] _ Chdh(hQ—l)uh(h—lé(h—Q)
[d,a"] = u", e, a"] = v".

Lemma 6. Let G be the group defined in Eq(1). For any integers h, ¢, m and j, we have

(1) (a"ctdmud)? = 2h 2 ght+2m, U= L hm

)

(2) (a*betdmu?)? a/2hchd3h£+h(h2—1)umh+lh(};—1)+h(h—l6)(h—2)7
(3) (ah Edmug) = g2t

(4) (ahbetdmudyt = qlhchyh? gnt-nione

(5) (ahctdmud)® = a®,

(6) (a"betd™u?)® = a8hethg?h(h=1),

(7) (a"bictd™u?)'6 = ' for i =10 or 1.

The following lemma determines the derived group G'.

Lemma 7. Let G = (a,b) be a two-generated 2-group of nilpotency class 4 where b*> =1,
as defined in Eq(1). Then G’ is one of the following ten groups:

(1) G’ = (c) x {d) x (u) = Zg X Zy X Ly with {u,v,z) 2 7Z3;

(I1) G' = {(c) x {d) = Zg X Zy with {u,v,z) X Z3, where u=1; u = v; u = z; or uvz = 1;
(1) G’ = (e, d) x (u) X Zg X Zy X Lo with {u,v,z) 272, eitherv=1 orv=z;

(IV) G" = (c) x {d) x {u) X Zy x Ly X Lo with {u,v,z) =272 where z = 1;
(

V) G’ = {c,d) = Zg X Zy with (u,v,z) = Zy, whereuz =v=1vz=u=1,u=v=1;
oru=v=z;

(VD) G' = {(c) x (d) = Zy X Ly with {(u,v,z) = ZLy, eitheru=2z2=1 oruv=z=1;
(VII) G' = {(c) x (d) x (u) = Zy X Ly X Lo with (u,v,z) = Zs, where v =z = 1;

(VIII) G' = (c) = Zg with (u,v,z) = Zy, whereu = v =d =1, u=v =1, d = z
u=v=z,d=cloru=v=2d=c¢;

(IX) G' = (c) x (d) = Zy X Lo with (u,v,z) = Zy, where v =2z = eu = 1;

(X) G'={c) x {d) x (u) = Zy X Ly X Ly with (u,v,z) = Ly, where v =2z =e = 1.
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Proof. By Lemma 4, we know that G’ = (¢, d, u) is an abelian group and w = v so that
Gy = (u,v,2) 2 73, 73 or Zy. In what follows, we deal with them, separately.

Case 1: (u,v,z) = Z3. In this case, G’ = (¢) x (d) X (u) = Zg X Zy X ZLs, that is the
case (I) in the lemma.

Case 2: (u,v,z) = Z2. In this case, there exists only one triple (i, j, k) # (0,0, 0) such
that u’v72* = 1. So we have totally the following seven possibilities:

u=lu=viu=z;uvz=lLv=1Lv=2zz2=1.

Take into account,

Suppose that u = 1; u = v; u = z or wvz = 1. Then u € (v,2) and so Z3 = G, =
(v,2) < {c,d). Thus |c| =8, |d| =4 and (c¢) N (d) = 1, otherwise, z = ¢4 = d* = v.
Therefore, G' = (c) x (d) = Zg X Z,, that is Case (II) in the lemma.

Suppose that v = 1 or v = z. Then v € (u,z) and so Z3 = G4 = (u,z). Now
le| =8, |u| =2,d# 1 (as u = [d,a]) and (c) N (u) = 1. Suppose that v = 1. Then
|d| = 2. It is obvious that d € G5\ G4. Since Q;({c) x (u)) = (z,u) = G4, we get
d & (c) x (u), and so G' = (¢) x (d) x (u) = Zg x Zy X Zs, that is Case (III) in the
lemma. Suppose that v = 2. Then |d| = 4, (dc*)? = vz = 1 and dc? € (c) x (u),
which implies G = {(¢) x (dc?) x {u). In both cases, G' = Zg X Zy X Zs, that is Case
(ITI) in the lemma.

Suppose that z = 1. Then G4 = (u,v) and so |¢| = |d| = 4, |u| = 2 and (u)N{d) = 1.
Clearly ¢ € G \ G3. Therefore, G' = (¢) x (d) x (u) = Z4 X Zy X Zo, which is Case
(IV) in the lemma.

Case 3: (u,v,z) = Z,. In this case, there exists only one subgroup of order 4 in Z3,
each of whose nontrivial element (i, 7, k) satisfies u'v72* = 1. So we have the following
seven possibilities:

uz=v=lLvz=u=lu=v=Lw=vz=Lu=z2=Luw=z2=1Lv=z=1.

Suppose uz =v=1. Thenu=z2z=c*"#1,d* =1 (d # 1, as u = [d,a])). Clearly,
¢ € Gy \ G3, which implies d & (c). Therefore, G’ = (¢) X (d) = Zg X Z,, that is
Case (V) in the lemma.

Suppose vz = u = 1. Then d*> = v = z = ¢~* # 1, which implies |d| = 4, |dc?| = 2,
lc| = 8, d & {(c). Therefore, G' = {(c) x (c*d) = Zg x Zy, that is Case (V) in the
lemma.

Suppose u = v = 1. Then ¢* = 2z # 1, which implies |¢| = 8; d* = v = 1;
and G’ = (¢,d). Now we have two cases: (i) If d € (c), that is d € {1, z}, then
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G' = (¢) = Zs, that is the case (VIII) in the lemma; and (ii) if d ¢ (c), then
G' = (c) x (d) = Zg x Zs, that is the Case (V) in the lemma.

Suppose uv = vz = 1. Thenu = d* = €? = ¢* and G’ = (¢, d), where |c| = 8, d* € (c)
and |d| = 4. Moreover, if d & {(c) (that is d # e*!), then G’ = (c¢) x (2d) = Zg X Zs,
that is the Case (V) of the lemma; and if d = e*!' then G’ = (c) = Zg, that is the
Case (VIII) in the lemma.

Suppose u = z = 1l oruv = z = 1. Then |d| =4 (as v # 1), ¢* = 2 = 1 and
G' = (¢,d). Moreover, we have ¢* # 1. Otherwise, 1 = [¢?,a] = [¢, a]® = d*. Hence,
|c| = 4. Furthermore, since [d?,a] = [d,a]? = u®> = 1 and [¢?,a] = [e,a] = w = v # 1,
it follow that d* # ¢® and so (c) N (d) = 1. Therefore, G' = (c) X (d) = Zy x Z,,
that is case (VI) in the lemma.

Finally, suppose v = z = 1. Then u = [d, a] # 1, which implied |d| = 2 and d # u;
¢ =1and G' = (¢, (d) x (u)). Since ¢ € G3, we have ¢ & (d) x (u) and so we have
three possibilities: G’ = (¢) x (d) x (u) = Zy x Zy X Zy or Z3, that is Cases (VII)
and (X) in the lemma, respectively; and ¢? = du’ for some i,j € Zy. For the third
case, since [d,al = u # 1, [¢*,a] = [e,a] = w =v =1 but [du’,a] = u # 1, we get
c? # d,du and so ¢* = u, which implies G’ = (c) x (d) = Z4 X Z,, that is Case (IX)
in the lemma. The case v = z = 1 is also considered by Miss Liu (unpublished). [

The following lemma gives the sufficient and necessary condition of the existence of
the group G.

Lemma 8. The group G of Eq(1) exists if and only if

n n—1ion__ n n—1 2n71(2n71>(2n72)
du® =1, du* @D =1, Fd* 3 = v’ (2)

Proof. By the group extension theory (see [21, pp. 245-268]), the cyclic extension G of
(b, G") = (b, c,d,u) by the element a can be determined by

n 2" £ Syt 2" 2"
a®" = cdtdut, (Fdut) = ddtut, b =00 ¢ =, dT =d. (3)

Since
(Cédsut)a — (cd)é(du)sut _ C€d€+sus+t,
the second relation of Eq(3) gives du® = 1. Using the formulas in Lemma 5, we get

on 2n—len_1(2n-2)

b =bb,a® ] =be a0y

0

b = (b[b, )T = (e )" = bb, d*e " = bve .

_q 2n—lin_1y@en_g)

The the third relation of Eq(3) implies ¢"d*" " u 3 = v®e’. Moreover, from the
forth relation, we have 1 = [¢,a®"] = d2"u®"" #"~1. The last relation of Eq(3) is obvious
true. Hence, Eq(3) is equivalent to Eq(2). O

With a routine checking one may get the following result.
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Lemma 9. Let G; = (a1,b1) and Gy = (as,be) are groups as Eq(1l). Suppose that
G1 = Gy, and let

; y ’ !’ ’ 4
o ay — albichdrul, by — al byck dYV

be an isomorphism from Gy to G, where h is odd, i =0 or 1, and h' 0, ¢',m,m’,j,j are
all integers. Then, we have

(1) i=0.
h(h—1) en! (R —1) ' h(h—=1) , h(h—1)(h—2)
et [acx ba] _ ch—%d p} 7h2/+h’gu 2 +mh/+m'ht—5—=+ 3 Um—i—h’é
1 1) Y11 — =2 2 2 2 )
o o ol _ gh?, R+ ¢
1 e}, af] = d3 uy Vg, -
/gy h(h—1
o _ . pal — 2k ghk ) WRARE N HOETS
ef = [ef,b7] =y d3" uy Vg %2
a a al
L [dlval] = U2,
a a o h'
wi = [ef,af] = uy v,
a o pol — ., k2
2 = [ef b7 =uy 2
(2) i=1
— '(h! —
¢ = lag, b = TR0, T e
)
hm/_"_h/m_,’_hzl(g—l)+h’l(};’—l)+h(h—lg(h—2)+h’(h'—16)(h’—2) m’ —he' +h bfm+ h(h2—1)+(h'—21)h’
u v
2 2 )
’ ’ ’ ! ’
AR —h) h(h—h') 4R P ZD) T R(ho) gy gy R(R1) R,
di = [ef,af] =" " : =) S s
rh! (' =1) | W' h(h—1) rgr 112y h(h=1) | h/(h/=1) 1ot gt
o ra ral . 2R —h) R (h—p') =D WAL gy pr2g ROZD QL BV LRl g
ef = [ef,b7]=c, dy Uy Vg 29 )
a o« .ol _ . h—h' _h—h'
uf = [df,af]=uy " 2",
R'(h—h") h2—h'? _h—h’
wy' et af] = uy Ua 2y

h’z(h—h/) h—h'
« « (07— v
21 [ef, bY] = uy 29 .

4 Proof of Theorem 1

The first part of Theorem 1 has been proved in Lemma 4. To prove the second part, we
need to discuss ten classes in Lemma 7. Clearly, any two groups in distinct classes are not
mutually isomorphic, as they have nonisomorphic derived group. For every such class,
some groups having different subset T5 of relations and the element x € G’ might be mu-
tually isomorphic and so we need to determine isomorphism class of these groups. Finally,
for every given group G, we shall show that there are at most two maps M(G;ab',b),
where i = 0 or i € {0.1}.

The discussion for all the cases are similar, for the sake of the length of the paper,
we just give a proof in details for one subcase of Case (VI), where G’ = Z, x Z, and
u=ct=1.

Suppose u = c*

=z = 1. By Lemma 4, we have

G={(a,b|RTu=c"=1d" =), (4)
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where R and 77 are simplified as

R= {b?*=1,[a,b =c,|c,a] =d,[c,b] =e,|d,a] =1,[d,b] = [e,a] = v,
[e,0] =1, [v,a] = [v,b] =1},

T, = {[C7d] - 1764 = d4 = 1)6 = 02,1) - d2}
Therefore, G' = (¢) x (d) = Z4 X Z4 and n, ¢, s are some integers; and G4 = (v).

To determine the group G in Eq(4), we need to know the values s and [, depending
on a given n. To do that, we need to employ the group extension theory, that is Eq(2).

Lemma 10. With the above notations, we have that | = 0 and either n = 2 and s = 1;
orn >3 and s € {0, 2}. Moreover, G is uniquely determined by given parameters (n,s).

Proof. By Lemma 8, we know that G exists if and only if Eq(2) holds.

Noting that u = 1, the first relation of Eq(2) means d* = 1, namely ¢ = 0(mod 4).
The second relation of Eq(2) implies d>" = 1. Since |d| = 4, we get n > 2. Combining
¢ = 0(mod 4) with the third relation of Eq(2), we get ¢"d?"" = v*. So,

d*> =v® for n =2; and v* =1 for n > 3,
which is equivalent to
s = +1(mod 4)if n=2; and s =0,2(mod 4) if n > 3.

Now our group G may be denoted by G(n, s).

Since |G/G'| = 2", it follows G(ny, s1) % G(ns, s9) for any two distinct n; and na.

Checking by Magma System [2], we get G(2,1) = G(2, —1).

Finally, we show G(n,0) 2 G(n,2) for n > 3. Note that each element of G(n,0) is
of the form a"b'c‘d™, where i = 0 or 1, and h, ¢, m are some integers. As n > 3, if
s =0(mod 4), that is a®" = 1, then we get from Lemma 6 that

(ahcédm)2" _ ((ahcfdm)8)2”*3 _ <a8h)2"*3 _ &2"h =1,
(ahbcédm)zn _ ((ahbczdm)8)2“—3 _ (a8hd2h(h71)>2"—3 _ a2”hwh(h71)2”—3 —1

Therefore, exp(G(n,0)) = 2". With the similar arguments, one may get exp(G(n,2)) =
2"+ Hence, G(n,0) ¥ G(n,2) for n > 3. O

For a later use, we are determining the automorphism group of G(n, s).

Lemma 11. For the group G(n,s), we have o € Aut(G(n,s)) if and only if it can be
expressed as follows: . .
a:as dbidd™, b a"bdm

where h is odd, i' =1, £,0',m,m’ € Z,, and moreover,

(1) G(2,1): h=1,—1(mod 4), if i = 0 and i = 1, respectively, and 4|h';
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(2) G(n,0), n>3: 8|W if n=3; and 2" A if n > 4;
(3) G(n,2), n>3: 40" if n = 3; and 2"|h if n > 4.

Proof. Set G = G(n,s). A direct checking shows that the mapping « given in the lemma
can be extended to an automorphism of G.
Conversely, assume that o € Aut (G). From

G/G = G/G" = (a®G') x (1*C') = (a"V'G") x (" V' G = Zgn X Lo,

one may see that h is odd, as n > 2. From 1 = (a"'t"G")? = a®' G, we have 2"~ '|}/. Now,
suppose the contrary that i’ = 0. Since 2"~!|I/, it should be a"' V"' G’ = a2" ' @'. However,
recalling that i is odd and n > 2, it means that a2" ' G’ € (a"b'G"), a contradiction. Thus,
7" = 1. In what follows, we continue our proof according to the three cases of G.

Case 1: (n,s) = (2,1). Since v*> = 1 and a* = d, it follows that (b*)? =1 and (a®)* =
d*. By Lemma 6, we have

"0 ! Y Y A G s)
1 = (ba)Q _ (ah bcé dm )2 — a2h Ch d3h€+ 5

(5)
Since 2|k and a* = d, we have a® € (d). Thus, Eq(5) is equivalent to

h

’ on! 3hlel+hl(h/71)
¢ =1and a”"d > =1 (6)

The first equation of Eq(6) means that 4|h’. Moreover, from the second equation of

. ' (h—1) w2 C :
Eq(6), combining 4|h’, we have 1 = a?*'d*"*+=5— = d’z, which is obvious true

as 4|h'.
For a® = a"b'c'd™, we discuss the cases i = 0 and 1, separately.
First suppose ¢ = 0. In view of Lemmas 6 and 9, combining h is odd, we have
(a4)a _ (ahcedm)4 — g AL PR — gh2hl _ ght20 (0 ¢ = th L
Thus, (a®)* = d* is equivalent to d"~! = 1, that is h = 1(mod 4).
Now suppose @ = 1. By Lemma 6 and 9, combining 4|h’, we have
(a4)a _ (ahbcedm>4 — gt 2h B3RP —hA2ht _ 2h g3R242hE o0 4 g C—th}ﬂv@w‘

h(h+1)

Thus, (a®)? = d“ is equivalent to v~ 2 = = 1, and so 4|h(h + 1) which forces that
= —1(mod 4).

Case 2: n > 3 and s = 0. In this case, we have a®" = 1. As 2" !|W/, by Lemma 6, it
follows that

ARy 11 R(R'=1) r'(h —1)
1= (ba)Q — a2h ch d3h€+ 5 —d

9
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which is equivalent to 8|h'. Hence, we have 8|k’ while n = 3, and 2"'|I/ while
n > 4.

Since n > 3 and a®" = 1, by Lemma 6, we have
1 = (azn)a _ (ahbicedm)zn _ (a8hc4hid2h(h71)i)2"—3,
where ¢ = 0, 1, which is obvious true.

Case 3: n > 3 and s = 2. In this case, we have a*" = d?. As 2" !|I/, by Lemma 6, it
follows that

PR O N e V R T N M Uit V SR W U R TNV
1=0%"=a"c"d - =a"(d) T =a :

which is equivalent to 2"|h/(1+2"73(h/ —1)). Hence, we have 4|h’ while n = 3, and
2"k while n > 4.

Since a?" = d?> = v, n > 3 and h is odd, by Lemma 6 and 9, we have

(a2”)a _ (ahbz‘cedm)2" _ (aShd2h(h71)i>2”—3 — a2 =P = =™

Y

where 1 = 0, 1. O

Finally, we determine all the maps with the automorphism group G = G(n, s). Equiv-
alently, we need to determine the representatives of the generating pairs (7, ¢) of G under
the action of Aut (G), where |[¢| = 2.

Lemma 12. Let M be an orientably-reqular map with the automorphism group G =
G(n,s). Then, M is isomorphic to M(G;ab’,b), where

(i) If G = G(2,1), theni=0 and 1;
(i) If G = G(n,s) wheren >3, then i = 0.

Proof. From the proof of Lemma 11, Aut (G) acts transitively on involutions in G \ ®(G)
and so we set ¢ = b. In what follows, we need to consider two cases, separately.

Case 1: G =2 G(2,1). Let G = G(2,1). Now our r € G \ (P(G),b) and this set can be
divided into the following four subsets which are mutually disjoint:

Q1 := (a"bcfd™ | h = —1(mod 4),¢,m € Zs), Q:= (a"cd™ | h=1(mod 4),¢,m € Zy),

Q3 := (a"bc'd™ | h = 1(mod 4),0,m € Zy), Q4 := (a"c*d™ |h= —1(mod 4),0,m € Zy).

By Lemma 11, we know that for each r € Qy U €y, there exists a € Aut (G) such
that (a,b)® = (r,b).

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.55 13



Take an arbitrary r = a"bctd™ € Q3, where h = 1(mod 4). By Lemma 11, we know
that there exists a € Aut (G) such that
a® =aetd™™m, b =,

which follows that (ab,b)® = (r,b). Similarly, for each r € €y, there exists a €
Aut (G) such that (ab,b)* = (r,b). Hence, for each r € Q3 U Qy, there exists a €
Aut (G) such that (ab, b)* = (r,b).

By observing the automorphisms of G from Lemma 11, one may conclude that
(a,b) cannot be mapping to (ab, b) by any element of Aut (G). Consequently, up to
isomorphism, there exist two maps M(G;a,b) and M(G;ab,b).

Case 2: G = G(n, s) where n > 3. For the generating pairs (r,b) with r = a"b’c‘d™,
where h is odd, ¢ = 0 or 1, and ¢, m are some integers. By Lemma 11, we note

that there exists a € Aut (G) such that (a,b)* = (r,b). Consequently, we get, up to
isomorphism, a unique regular map M(G;a,b). H
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