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Abstract

We survey some of the known results on eigenvalues of Cayley graphs and their
applications, together with related results on eigenvalues of Cayley digraphs and
generalizations of Cayley graphs.
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1 Introduction

The study of eigenvalues of graphs is an important part of modern graph theory. In
particular, eigenvalues of Cayley graphs have attracted increasing attention due to their
prominent roles in algebraic graph theory and applications in many areas such as ex-
panders [192, 279], chemical graph theory [377] and quantum computing [58, 365]. A
large number of results on spectra of Cayley graphs have been produced over the last
more than four decades. This paper is a survey of the literature on eigenvalues of Cayley
graphs and their applications.

All definitions below are standard and can be found in, for example, [65, 114, 168].
A finite undirected graph consists of a finite set whose elements are called the wvertices
and a collection of unordered pairs of (not necessarily distinct) vertices each called an
edge. As usual, for a graph G, we use V(G) and E(G) to denote its vertex and edge sets,
respectively, and we call the size of V(G) the order of G. An edge {u,v} of G is usually
denoted by uv or vu. If wv is an edge of GG, we say that u and v are joined by this edge,
u and v are adjacent in G, both u and v are incident to the edge uv, and u and v are the
end-vertices of the edge uv. An edge joining a vertex to itself is called a loop, and two or
more edges joining the same pair of distinct vertices are called parallel edges. The degree
of u in G, denoted by dg(u) or simply d(u) if there is no risk of confusion, is the number
of edges of G incident to u, each loop counting twice. A graph without loops is called a
multigraph, and a graph is simple if it has no loops or parallel edges.

Let G be a finite undirected graph of order n. The adjacency matriz of G, denoted by
A(G), is the n x n matrix with rows and columns indexed by the vertices of G such that
the (u,v)-entry is equal to the number of edges joining u and v, with each loop counting
as two edges. The eigenvalues and eigenvectors (eigenfunctions) of A(G) are called the
eigenvalues and eigenvectors (eigenfunctions) of G, respectively, and the collection of
eigenvalues of G with multiplicities is called the spectrum of G. Since G is undirected,
A(G) is a real symmetric matrix and hence the eigenvalues of G are all real numbers.

If Ay, A9, ..., A\, are the distinct eigenvalues of G and mq, mo, ..., m, the corresponding
multiplicities, then the spectrum of G is denoted by
I . TP U S
Spec(G) = (m1 me ... mr)

or

Spec(G) = (AT, A2, ... A,
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where in the latter notation we usually omit m; if m; = 1 for some i. An eigenvalue with
multiplicity 1 is called a simple eigenvalue. The spectral radius of a graph is the maximum
modulus of its eigenvalues. Two graphs are said to be cospectral if they have the same
spectrum. Cospectral graphs need not be isomorphic, but isomorphic graphs are always
cospectral.

Let D(G) be the n x n diagonal matrix whose (u,u)-entry is equal to the degree
d(u) of u in G, for each u € V(G). The matrices D(G) — A(G) and D(G) + A(G) are
called the Laplacian matriz and signless Laplacian matriz of GG, respectively, and their
eigenvalues are called the Laplacian eigenvalues and signless Laplacian eigenvalues of G,
respectively. It is readily seen that the smallest Laplacian eigenvalue of G is 0. The
second smallest Laplacian eigenvalue of G, with multiple eigenvalues counted separately,
is called the algebraic connectivity of GG. Since the multiplicity of 0 is equal to the number
of connected components of GG, the algebraic connectivity of G is positive if and only if
G is connected. In the case when G is k-regular for some integer k > 0, that is, each
vertex has degree k, the largest eigenvalue of G is k, and moreover a real number x is
an eigenvalue of GG if and only if £ — x is a Laplacian eigenvalue of G. Since all graphs
considered in this paper are regular, this implies that all results to be reviewed in the
paper can be presented in terms of Laplacian eigenvalues. Henceforth we will mostly talk
about eigenvalues of graphs.

Similar to undirected graphs, a finite directed graph (or digraph) can be defined by
specifying a finite set of vertices and a collection of ordered pairs of (not necessarily
distinct) vertices; each ordered pair (u,v) in the collection is called an arc with tail u and
head v (from u to v). We also say that u and v are the end-vertices of the arc (u,v). The
in-degree of a vertex u is the number of arcs with u as their head, and the out-degree of
u is the number of arcs with u as their tail. The underlying graph of a digraph is the
undirected graph obtained by replacing each arc by an edge with the same end-vertices.
The adjacency matriz of a finite digraph G is the matrix whose (u, v)-entry is equal to the
number of arcs from u to v, and the eigenvalues of this matrix are called the eigenvalues
of GG. Note that, unlike the undirected case, a digraph may have complex eigenvalues as
its adjacency matrix is not necessarily symmetric.

A digraph without loops is called a multidigraph. A digraph is symmetric if whenever
(u,v)is an arc, (v, u) is also an arc. We often identify a loopless symmetric digraph with its
underlying simple graph, which is obtained by replacing each pair of arcs (u,v), (v, u) by
a single edge joining v and v. Note that a loopless symmetric digraph and its underlying
simple graph have the same adjacency matrix and hence the same spectrum.

Let I" be a finite group with identity element 1, and let S be a subset of I'. The Cayley
(di)graph on T with connection set S, denoted by Cay(T', S), is defined to be the digraph
with vertex set I' and arcs (x,y) for all pairs z,y € T such that zy~' € S. Clearly, this
digraph has order |I'| and degree k in the sense that each vertex has both in-degree and
out-degree k, where k = |S|. Moreover, Cay(I',S) is connected if and only if (S) = T,
where (S) is the subgroup of I' generated by S. In the case when 1 € S and S is inverse-
closed (that is, S = S~! := {s7! : s € S}), the digraph Cay(T',S) is symmetric with no
loops and hence may be identified with its underlying simple graph. In other words, if

ot
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S C T\ {1} is inverse-closed, then Cay (T, S) is understood as a k-regular simple graph.

Throughout this paper, unless stated otherwise whenever we say a graph we mean
a finite undirected simple graph. In particular, unless stated otherwise Cayley graphs
considered in this paper are finite, undirected and simple.

1.1 Outline of the paper

It is well known that eigenvalues of Cayley (di)graphs can be expressed in terms of the
irreducible characters of the underlying groups. In Section 2 we will review these funda-
mental results together with their counterparts for vertex-transitive graphs.

An important problem in spectral graph theory is to understand when all eigenvalues
of a graph are integers. A graph with this property is called integral, or more specifically,
integral over the field Q. Similarly, one can consider graphs which are integral over some
other algebraic number fields such as the Gaussian field Q(7). A number of results on
integral Cayley graphs have been produced in the past more than ten years. In Section
3 we will review these results, along with a few other results on Cayley graphs which are
integral over Q(7) or a general algebraic number field. In Section 4 we will survey results
on cospectral Cayley graphs and Cayley graphs which are determined by their spectra.
In Section 5 we will discuss several families of Cayley graphs on finite commutative rings,
including unitary Cayley graphs and quadratic unitary Cayley graphs of finite commu-
tative rings, some Cayley graphs on finite chain rings, and generalized Paley graphs on
finite fields.

The energy of a graph is a concept that arises from chemical graph theory. This
notion has been studied extensively over the past more than four decades. In particular,
a number of results on energies of Cayley graphs have been produced in recent years. We
will give an account of such results in Section 6.

It is well known [192] that the expansion of a regular graph is determined by its second
largest eigenvalue and that Cayley graphs play an important role in constructing expander
graphs. Roughly, regular graphs achieving best possible expansion (in terms of the well-
known Alon-Boppana bound) are called Ramanujan graphs. In Sections 7 and 8 we will
review some results on Ramanujan Cayley graphs and the second largest eigenvalue of
Cayley graphs, respectively.

Perfect state transfer in graphs is an important concept that arises from quantum
computing. In general, it is challenging to construct graphs admitting perfect state trans-
fer or prove the existence of perfect state transfer in a graph. In Section 9 we will survey
recent results on perfect state transfer in several families of Cayley graphs along with
related results on the periodicity of such graphs. We will also review recent results on
pretty good state transfer in a few families of Cayley graphs.

A number of distance-regular graphs (and in particular strongly regular graphs) are
known to be Cayley graphs. In Section 10 we will review some results on distance-regular
Cayley graphs. This discussion will be continued in Section 11.2, where we will review
several results on strongly regular n-Cayley graphs, where n > 2. In Section 11 we will
discuss a few notions of generalized Cayley graphs, including n-Cayley graphs, Cayley
sum graphs and group-subgroup pair graphs, with a focus on their eigenvalues.
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In Section 12 we will give a brief account of results on eigenvalues of directed Cay-
ley graphs. In Section 13 we will mention a number of miscellaneous results, including
results on eigenvalues of random Cayley graphs, distance eigenvalues of Cayley graphs,
eigenvalues of mixed Cayley graphs, etc. We will conclude this paper in Section 14 with
a collection of open problems and research topics.

Despite its length this survey is far from being a comprehensive treatise on eigenvalues
of Cayley graphs. Some important omissions are as follows.

e Only finite Cayley graphs are considered in our paper. Some results on eigenvalues
of infinite Cayley graphs can be found in [310, Section 5].

e We do not survey results on families of expanders with a fixed degree but increasing
orders (see, for example, [66, 125, 281, 280, 293]). We believe that this important
area involving deep group theory and other mathematical tools deserves a separate
treatment by experts in the area. The reader is referred to [192] for a survey on
expanders and their applications and [279] for a survey on eigenvalues of Cayley
graphs in the context of expanders and random walks. See also [259, 316] for two
surveys on Ramanujan graphs and [369] for a book on expansion in Cayley graphs
and finite simple groups of Lie type. A survey on analytic, geometric and combina-
torial properties of finitely generated groups that are related to expansion properties
of Cayley graphs as measured by the isoperimetric number (Cheeger constant) can
be found in [394]. See also [233, 235] for two introductory books on expanders and
[125] for a monograph focusing on the Ramanujan graphs discovered by Lubotzky,
Phillips and Sarnak [281] and Margulis [293].

e Strongly regular Cayley graphs are essentially partial difference sets in groups. A
large number of results on partial difference sets exist in the literature (see [287] for
a not-so-recent survey on this topic), but we believe that a survey of them should be
a subject of its own. So this area is mostly omitted in our paper, with the exception
of a few results whose proofs use methods which seem to be nontypical in the area
of partial difference sets. The reader is referred to [71] for a classic treatment and
[123] for a recent survey on distance-regular graphs. Most results on distance-regular
Cayley graphs reviewed in our paper are not covered in [123].

e By the well-known matrix-tree theorem due to Kirchhoff (see [62, 72, 168]), the num-
ber of spanning trees in a regular graph is determined by its eigenvalues. Neverthless,
results on the number of spanning trees in Cayley graphs will not be surveyed in
our paper.

We conclude this section by mentioning a few references which complement the present
paper. In [91], Chan and Godsil surveyed results on automorphisms of a graph in relation
to its eigenvalues and eigenvectors. A survey on Laplacian eigenvalues of graphs can be
found in [309], and a survey on spectra of digraphs is given in [74]. Basic results on
eigenvalues of Cayley graphs can be found in two widely used textbooks [62, 168] on
algebraic graph theory and a recent book [167] on Erdés-Ko-Rado theorems.
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1.2 Terminology and notation

The reader is referred to [65], [205], [187] and [37, 63] for terminology and notation on
graph theory, group theory, number theory and the theory of finite commutative rings,
respectively.

The complement G of a graph G is the graph with vertex set V(G) in which two
vertices are adjacent if and only if they are not adjacent in G. The line graph L(G) of G
is the graph with vertices the edges of GG such that two vertices are adjacent if and only if
the corresponding edges have a common end-vertex. The distance between two vertices u
and v in a graph G, denoted by dg(u,v) or simply d(u,v), is the length of a shortest path
between them in G; if there is no path between u and v in G, then we set d(u,v) = oc.
The diameter of G, denoted by diam(G), is the maximum distance between two vertices
of G.

The Cartesian product G O H of two graphs G and H is the graph with vertex set
V(G) x V(H) in which (u,v) and (x,y) are adjacent if and only if either u = x and
vy € E(H), or v =y and uzx € E(G). The tensor product (also known as direct product,
Kronecker product or categorical product in the literature) of G and H, denoted by G® H,
is the graph with vertex set V(G) x V(H) in which (u,v) is adjacent to (z,y) if and only
if u is adjacent to x in G and v is adjacent to y in H. These two operations are associative
and so the Cartesian (tensor) product of any finite number of graphs is well defined.

A group T is said to act on a set Q) if each pair («, g) € Q x I' corresponds to some
ad € Q such that a! = « and (a9)" = a9 for g, h € ', where 1 is the identity element of
['. The stabilizer of a €  in T is the subgroup I'y, := {g € I' : a9 = a} of I'. The I'-orbit
containing « is defined to be o := {a9 : g € T'}. The rank of I is the number of T-orbits
on Q x Q under the induced action defined by (o, 5)? = (a9, 89) for o, 5 € Q and g € T.
If T, = {1} for all @ € , then T is called semiregular on Q. If o = Q for some (and
hence all) a € Q, then T is transitive on €. If T' is both transitive and semiregular on (2,
then it is said to be regular on €.

An automorphism of a graph G is a permutation of V(G) which maps adjacent vertices
to adjacent vertices and nonadjacent vertices to nonadjacent vertices. The automorphism
group of G, denoted by Aut(G), is the group of automorphisms of G under the usual
composition of permutations. Of course Aut(G) acts on V(G) in a natural way, and this
action induces natural actions on the set of edges, the set of arcs and the set of 2-arcs of
G, where an arc is an ordered pair of adjacent vertices, and a 2-arc is an ordered triple
(u,v,w) of distinct vertices such that v is adjacent to both u and w. If a subgroup I' of
Aut(Q) is transitive on V(G), then G is said to be I'-vertex-transitive. Similarly, if T is
transitive on the set of edges of GG, then G is I'-edge-transitive; if I' is transitive on the set of
arcs of G, then G is I'-arc-transitive; and if I' is transitive on the set of 2-arcs of G, then G
is (I, 2)-arc-transitive. A graph G is called vertez-transitive, edge-transitive, arc-transitive
or 2-arc-transitive if it is Aut(G)-vertex-transitive, Aut(G)-edge-transitive, Aut(G)-arc-
transitive or (Aut(G), 2)-arc-transitive, respectively. Clearly, any vertex-transitive graph
must be regular and any arc-transitive graph without isolated vertices must be vertex-
transitive. It is known that any edge-transitive but not vertex-transitive graph must
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be bipartite (see, for example, [62, Proposition 15.1]). It is well known that all Cayley
graphs are vertex-transitive, but the converse is not true, the Petersen graph being a
counterexample. It is also well known that a graph is isomorphic to a Cayley graph if
and only if its automorphism group contains a subgroup which is regular on the vertex
set (see, for example, [62, Lemma 16.3]). A circulant graph, or simply a circulant, is a
Cayley graph on a cyclic group.

Throughout the paper we use the following notation:

N, Z, P: Sets of positive integers, integers, primes, respectively

Q, R, C: Fields of rational numbers, real numbers, complex numbers, respectively

|V|: Cardinality of a set V' (in particular, if I" is a group, then |I'| is the order of I)

n,d,r: Positive integers

w, = exp(27i/n): An nth primitive root of unity, where > = —1

¢(n): Euler’s totient function, which gives the number of positive integers up to n
that are coprime to n

ep(n): Exponent of prime p in n

Cay(T', S): Cayley (di)graph of a group I" with respect to connection set S C T’

Z,: Ring of integers modulo n

Zy: Set of units of ring Z,

C,, K,: Cycle and complete graph of order n, respectively

K, »: Complete bipartite graph with m and n vertices in the bi-parts of the bipartition,
respectively

H(d,q): Hamming graph, namely, the Cartesian product K,0--- 0K, (d factors)

H(d,2): Hypercube of dimension d

NEPS(G1,...,Gg; B): NEPS of graphs Gy, ..., G4 with respect to basis B C Z4\ {0}

L(G): Line graph of a graph G

G: Complement of a graph G

Spec(G): Spectrum of a graph G

E(G): Energy of a graph G

D(n): Set of positive divisors of n

ICG(n, D): ged graph of the cyclic group Z, with respect to D C D(n) \ {n}

ICG(R/(c), D): ged graph of a UFD R with respect to a set D of proper divisors of
ce R\{0,1}

Ggr = Cay(R, R*): Unitary Cayley graph of a finite commutative ring R, where R*
is the set of units of R

Gz, = Cay(Z,,7;) = ICG(n,{1}): Unitary Cayley graph of ring Z,

Gr: Quadratic unitary Cayley graph of a finite commutative ring R

F,: Finite field of ¢ elements, ¢ being a prime power

w(a): Hamming weight, namely the number of nonzero coordinates of a

S,: Symmetric group of degree n

A,: Alternating group of degree n

Ds,,: Dihedral group (a,b | a® = b* = 1,b7'ab = a™!') of order 2n

Dih(X): Generalized dihedral group of an abelian group ¥, namely, (3,b | * =
Lvlab=a"1ael)
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SDg,: Semi-dihedral group (a,b | a'® = b*> = 1,bab = a®"!) of order 8n

Dic,,: Dicyclic group (a,b | a®" = 1,b*> = a™,b"1ab = a™!) of order 4n

(S): Subgroup of a group I' generated by a subset S C I' (in particular, (z) = ({z}),
(,y) = ({z,y}), and so on)

XY: The subset {zy: 2z € X,y € Y} of a group I, for given X,V C T

I' x 3: Semidirect product of a group I' by a group X

I'wr X: Wreath product of a group I' by a group X

Aut(G): Automorphism group of a graph G

Aut(T'): Automorphism group of a group I'

CI': Group algebra of a group I' over C

ZI': Group ring of a group I' over Z

2 Eigenvalues of Cayley graphs

2.1 Characters

The reader is referred to [204, 207, 344, 358, 364] for representation theory of finite groups
and properties of characters. Here we recall only a few basic definitions for ordinary
representations of finite groups. Let V be an n-dimensional vector space over C, where
n > 1 is an integer. A representation of a finite group I' on V' is a group homomorphism
m : I' = GL(V), where GL(V) is the general linear group of V defined as the group
of invertible linear transformations of V. The dimension n of V is called the degree or
dimension of w. Two representations m; : I' — GL(V}), ¢ = 1,2 are said to be equivalent,
written m; ~ o, if there exists a vector space isomorphism 71" : V; — V5 such that, for all
g€, m(g9)T = Tmy(g). As usual, by identifying each element of GL(V') with its matrix
with respect to a chosen basis for V', we may identify GL(V) with the group GL(n,C)
of all invertible n x n matrices over C with operation the product of matrices, and we
may view a representation of I" on V' as a group homomorphism 7 : I' — GL(n,C). The
character of m is the mapping y, : I' = C defined by

Xr(9) = Tr(n(g)), g €T,

where Tr denotes the trace of a matrix. It is readily seen that y.(1) = Tr(w(1)) =
Tr(l,) = n, which is also called the degree of x,., where 1 is the identity element of T’
and I, the identity matrix of size n x n. The representation 7 : I' = GL(1, C) defined by
m(g) = (1), g € I is called the trivial representation of I and the corresponding character

is called the trivial character of I'.
. X
Let X and Y be matrices. Define X @Y = 0 3), where the two zero-blocks are
all-0 matrices of appropriate sizes. Let m; and my be representations of I'. The direct
sum of m; and ms, denoted by 7 @ 7y, is defined to be the representation of I' given by
(m1 @ m2)(g) = m1(g) ® ma(g) for g € I'. A representation 7 of I' is reducible if there exist
representations 7y, mo of I' such that m ~ m; @ mo, and irreducible otherwise. In the latter

case we say that x,. is an irreducible character.
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It is well known [204, 207] that every irreducible character of any finite abelian group
is one-dimensional. In other words, the characters of any finite abelian group I' are
precisely homomorphisms x : I' — C* (that is, x(gh) = x(g9)x(h) for g, h € I'). Note that
[X(g)] = 1 for all g € I'. It is also well known that any finite abelian group I' has |T'|
distinct characters and the dual group [ of T is isomorphic to I', where [ is the group of
all characters of T with operation defined by (x©)(g) = x(g9)¥(g) for x, v € ILgel. In
particular, the characters of the cyclic group Z, are given by xx(g) = wk, 0 <k <n—1,
where w,, = exp(2mi/n), i*> = —1 is an nth primitive root of unity.

2.2 Eigenvalues of Cayley graphs

In this section we survey a few basic results on eigenvalues of Cayley (di)graphs and
Cayley colour (di)graphs. Many results on eigenvalues of Cayley graphs to be surveyed
in later sections are based on these fundamental results.

Let I be a finite group of order n and o : I' — C a function. The Cayley colour digraph
of I' with connection function « (see, for example, [39]), denoted by Cay(I", «), is defined
to be the directed graph with vertex set I and arc set {(x,y) : z,y € '} such that each
arc (x,y) is coloured by a(yz~'). (The colour of (z,y) was defined as a(zy~') in [39], but
we use a(yz~!) here as eigenvectors are treated as column vectors in this survey.) The
adjacency matriz of Cay(T', ) is defined as the matrix with rows and columns indexed
by the elements of T' such that the (x,y)-entry is equal to a(yx™!). The eigenvalues of
Cay(T', ) are simply the eigenvalues of its adjacency matrix. In the special case when
a: T — {0,1} and the set S = {g: a(g) = 1} satisfies 1 ¢ S and S = S, the Cayley
colour digraph Cay(I', ) can be identified with the Cayley graph Cay(I',S), and the
adjacency matrix of Cay(I', o) agrees with that of Cay(T",.S).

In 1975, Lovész [275] proved the following result.

Theorem 1. ([275]; also [39, Corollary 3.2]) Let I' be an abelian group of order n with
irreducible characters x1,X2,---,Xn. Let a:T'— C be a function. Then the eigenvalues
of the Cayley colour digraph Cay(I',a) of ' are given by

Ai = Zoz(g)xi(g), i=1,2,...,n.

ger

Moreover, the eigenvector corresponding to A; is (x;(z) : x € I')T (that is, the column
vector whose z-entry is x;(z)) because for any x € T' we have 37 . a(yr " )xi(y) =
2 ger @(9)xi(97) = (Xger 2(9)xi(9))xi(x) = Aixs ().

Now consider the general case when I' is not necessarily abelian. We may express the
adjacency matrix A = (a(yr™"))zyer of Cay(T,a) as A =37 . a(g)Ly, where L, is the
matrix of the left multiplication by g in the group algebra CI'. Set z =3 . a(g)g € CT
and let 2* be the left multiplication by x. By decomposing CI' into minimal left CI'-
modules and then considering the spectrum of the restriction of x* to each summand left
CI'-module in this decomposition, Babai [39] obtained the following result which gives
Theorem 1 in the special case when I' is abelian.
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Theorem 2. ([39, Theorem 3.1]) Let T" be a finite group. Let x1,X2,--.,Xn be the irre-
ducible characters of I' and nq,no,...,n, be their degrees, respectively. Let o : I' — C
be a function. Then the eigenvalues of the Cayley colour digraph Cay(I',«) of I' can be
arranged as

A:{)\UkZ: 1,27,h,j,]€: ].,2,7711}

such that N\iji = Nijo = -+ = Aijn, (this common value is denoted by X;;), and for any
positive integer t,

t t
Ayt AL, = Z ( a(gs)> Xi (H g5> :
1 s=1

g1,--,gt€L \s=
In the case when « : I' — {0, 1}, Theorem 1 yields the following corollary.

Corollary 3. Let T' be an abelian group of order n with irreducible characters
X15X2s -« s Xn- Lhen the eigenvalues of any Cayley (di)graph Cay(I',S) of T are given
by

/\i:ZXi(g), i=1,2,...,n.

As explained after Theorem 1, the eigenvector corresponding to \; is (y;(z) : x € T')T.
In the case when o : I' — {0, 1}, Theorem 2 gives rise to the following corollary.

Corollary 4. Let I' be a finite group. Let x1,X2,...,Xn be the irreducible characters of
I' and ny,ng, ..., ny be their degrees, respectively. Then the eigenvalues X;; (1 < i < h,
1 <7< ni) of any Cayley (di)graph Cay (L', S) of I' satisfy

t
s=1

917~~-79t€S
for any positive integer t.

As an example we obtain the eigenvalues of any circulant graph from Corollary 3
immediately (see [275]; see also [62] for a treatment using circulant matrices). Recall that
a circulant graph is a Cayley graph Cay(Z,, S) on a cyclic group Z,, where n > 3. Since
the characters of Z,, are given by xx(g) = w", 0 <k < n — 1, from Corollary 3 it follows
that the eigenvalues of Cay(Z,, S) are given by

A= Wk k=01, n—1 (2.1)

geSs

In particular, the eigenvalues of the cycle C,, of length n are 2cos(27k/n), 0 <k <n—1.
Eigenvalues of circulants were reviewed in [315] as part of a survey of some aspects of
quadratic Gauss sums over finite rings and fields with applications. In the case when S
is the set of nonzero quadratic residues, formula (2.1) together with the explicit formula
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for the Gauss sum gives a complete determination of the spectrum of the corresponding
circulant Cay(Z,, S).

As another example let us look at the d-dimensional hypercube H(d,2), d > 1, which
can be defined as the Cayley graph Cay(Z4,S), where S = {ey,...,eq} is the standard
basis of ZJ. The characters of Z¢ are given by ya(z) = (—=1)®%, a = (ay,...,aq) € Z4.
Hence xa(e;) = —1if a; = 1 and xa(e;) = 1 if a; = 0. The eigenvalue of H(d, 2) associated
with ais ), xa(e;) = (d—w(a)) —w(a) = d — 2w(a), where w(a) is the Hamming weight

of a. Therefore, the eigenvalues of H(d,2) are d — 2¢ with multiplicity ( Cj), 0<i<d In

general, using Corollary 3, Lovéasz [275] determined the eigenvalues of any Cayley graph
on Z4 and coined the term “cubelike graphs” for such graphs.
In general, for d > 1 and ¢ > 2, the eigenvalues of the Hamming graph H(d, q) are

q(d — 7) — d with multiplicities <;i) (q—1)7,0 < 7 < d (see, for example, [71]), where by

definition H(d, q) is the Cayley graph Cay(ZZ, S) with S the set of elements of Zg having
exactly one nonzero coordinate. The eigenvalues of some generalized Hamming graphs
can also be computed explicitly as will be seen in Sections 3.2.2 and 8.7.

A Cayley graph Cay(T', S) is called normal® if S is closed under conjugation (that is,
S the union of some conjugacy classes of the group I'). The following result enables us to
compute explicitly the eigenvalues of any normal Cayley graph using character values of
the underlying group. This result was proved by Diaconis and Shahshahani in [135] and
Zieschang in [392], and we adapt its presentation from the latter. It was also implied in
the work of Babai [39].

Theorem 5. ([392, Theorem 1]|) Let I' be a finite group and let {x1, x2,--.,Xn} be the
set of all irreducible characters of I'. Then the eigenvalues of any normal Cayley graph
Cay (I, S) of I are given by

1 .
Ajzmzxj(g),j:m,...,h. (2.2)

geSs
Moreover, the multiplicity of \; is equal to Y 1), oy r(1)2.

A consequence of this result is that the number of distinct eigenvalues of a normal
Cayley graph on a finite group I' does not exceed the number of irreducible complex
representations of I'. Another application of Theorem 5 is a formula (see [392, Theorem
2]) for the number of walks of length n, n € N, between any two vertices in a normal
Cayley graph. In the special case when I' contains a cyclic self-normalized subgroup W
of order pq for distinct primes p, ¢, and S = Ug,er Wy, with W, the set of elements of W
with order pg, Cay([', S) has 4 or 5 distinct eigenvalues and for any n € N the number
of walks of length n between two adjacent vertices in Cay(I",.S) does not depend on the
choice of the two adjacent vertices (see [392, Theorem 9J).

!Note that this definition is different from the following notion which is also widely used in the liter-
ature: A Cayley graph G = Cay (T, S) is called a normal Cayley graph if the right regular representation
of I" is normal in Aut(G).
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Theorem 5 can be used to compute explicitly the eigenvalues of specific normal Cayley
graphs in the case when the irreducible characters of the underlying groups are known.
For example, all groups of order p?q together with their character tables are known,
where p and ¢ are distinct odd primes. Using this and Theorem 5, the eigenvalues of each
normal Cayley graph of order p?q (p < q) were determined in [160]. Similarly, for distinct
odd primes p, q,r, the eigenvalues of all normal Cayley graphs on groups of order kpq
(k = 2,3) or pgr were determined in [162] and [161], respectively. In addition, the spectra
of all connected minimal arc-transitive “normal” Cayley graphs of order p?q for distinct
odd primes p, ¢ were determined in [163], but here the word “normal” means that for the
Cayley graph Cay(I", S) considered the right regular representation of I' is normal in the
automorphism group of Cay(T, 5).

Theorem 6. ([148, Theorem 4.3 and Corollary 4.5]) Let T be a finite group and let
f: T — C be a class function. Then the eigenvalues of the matriz My = (f(xy™'))zyer
are )
0, = —— Z f(z)x(x), with multiplicity x(1)?,
x(1) £
where x ranges over the irreducible characters of T.

Moreover, the spectral radius of My is equal to ) . |f(x)|. In particular, if f: T —
R* takes nonnegative real numbers, then the spectral radius of My is the eigenvalue 6,
corresponding to the trivial character, and in addition 0, is the largest eigenvalue of My
provided that all eigenvalues 0, are real.

2.3 Eigenvalues of vertex-transitive graphs

Vertex-transitive graphs can be considered as generalizations of Cayley graphs. As such
we review several results about eigenvalues of vertex-transitive graphs in this section.
Since Cayley graphs are vertex-transitive, all these results apply to Cayley graphs.

In [275], Lovész proved that the determination of the spectrum of any vertex-transitive
graph can be easily reduced to that of a Cayley graph. In fact, for any I'-vertex-transitive
graph G of order n, the lexicographic product G’ of G with the empty graph of order
s = |T'|/n admits T' as a vertex-regular group of automorphisms. Thus G’ is a Cayley
graph of I' and so its eigenvalues can be determined using Corollary 4. On the other hand,
one can see that A(G’) is the Kronecker product of A(G) and the all-1 matrix of size s X s,
and hence the eigenvalues of G’ are 0 (with multiplicity (s — 1)n) and sAq, ..., s\,, where
A1, ..., A, are the eigenvalues of G. In other words, the eigenvalues of G can be obtained
from that of G’ by throwing away (s — 1)n 0’s and dividing each of the rest by s. In this
way one can obtain, as stated in [275, Theorem], the eigenvalues of G using the irreducible
characters of T'.

In 1969, Petersdorf and Sachs [328] proved that for any vertex-transitive graph G with
degree k and order n, if n is odd then k is the only simple eigenvalue of G, and if n is
even then any simple eigenvalue of G is contained in the set {2i — k : 0 < ¢ < k}. This
result was strengthened by Sachs and Stiebitz [342] in the follow way.
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Theorem 7. ([342, Theorem 13]) Let G' be a vertez-transitive graph, loops and parallel
edges being allowed, with degree k and order n = 2°m, where m is odd. If e =0, then k
1s the only simple eigenvalue of G; if e = 1, then G has at most one simple eigenvalue
other than k, and moreover it is of the form 4i — k for some i € {0,1,...,(k—1)/2} if it
exists; if e = 2, then G has at most 2° simple eigenvalues including k, and each of them
is contained in the set {2i — k : 0 < i < k}.

Several other interesting results on simple eigenvalues of (directed or undirected)
vertex-transitive graphs have also been proved in [342, 343]. In the following we present
a few of them for undirected graphs possibly with loops and parallel edges. Let I' be a
permutation group of degree n. Then each element g € I' corresponds to a permutation
matrix P,. Denote by z(I') the number of vectors x = (z1,...,2,)" with 2; = 1 such
that for every g € I' there is a number a,(x) with Pyx = a4(x)x.

Theorem 8. ([342, Theorems 5-7]) Let G be a vertex-transitive graph, loops and parallel
edges being allowed. Then the following hold:

(a) G has at most z(Aut(G)) simple eigenvalues;

(b) if the order of G is n = 2°m, where m is odd, then G has at most 2° simple
eigenvalues,

(c) for any integer n = 2°m, where m is odd, there exist connected vertex-transitive
graphs of order n which have 2¢ simple eigenvalues.

Theorem 9. ([342, Proposition 4 and Theorem 14]) Let G be a vertez-transitive graph
of order n and degree k in which loops and parallel edges are allowed. Then the following

hold:
(a) G has at most k+ 1 simple eigenvalues;
(b) if G has more than n/2 simple eigenvalues, then Aut(G) is abelian.

Theorem 10. ([342, Theorem 16]) Let G be a connected vertex-transitive graph of order
n and degree k in which loops and parallel edges are allowed. Suppose that Aut(G) is
primitive on V(G). Then the following hold:

(a) if n is not a prime, then G has exactly one simple eigenvalue, which is k;

(b) if n = p is a prime, then either G has exactly one simple eigenvalue or it has exactly
p simple eigenvalues, and the latter occurs if and only if Aut(G) is a cyclic group
of order p.

Theorem 11. ([342, Corollary, p.88]) Let G be a I'-vertez-transitive graph, loops and par-
allel edges being allowed, where I' < Aut(G). Then G has at most t+1 simple eigenvalues,
where t is the number of involutions of T".
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Theorem 12. ([342, Theorem 19]) Let G be a vertez-transitive graph with order n all of
whose eigenvalues are simple, loops and parallel edges being allowed. Then the following
hold:

(a) G is connected;

(b) n = 2¢ for some nonnegative integer e, G is reqular of degree k > 2¢ — 1, and G
contains the hypercube H(e,2) as a spanning subgraph;

(c) if =k is an eigenvalue of G, then the underlying simple graph of G is H(e,2);
(d) if n > 2, then G contains parallel edges;
(e ) ifn > 1, then Aut(G) is an elementary abelian 2-group.

As mentioned earlier, arc-transitive graphs are vertex-transitive. It is well known (see,
for example, [62, Proposition 16.7]) that any arc-transitive graph has at most two simple
eigenvalues, namely, +k, with k the degree of the graph.

Recently, Guo and Mohar [179] studied cubic vertex-transitive graphs with a nontrivial
simple eigenvalue. Of course, a cubic vertex-transitive graph G has largest eigenvalue 3,
and this eigenvalue is simple if and only if G is connected. It is known that if G is
connected and —3 is also an eigenvalue of G, then G is bipartite and —3 is a simple
eigenvalue. Moreover, from the above-mentioned result of Petersdorf and Sachs [328] one
can see that the only possible simple eigenvalues of G are £3 and +1. In [179] it was
proved among other things that a cubic vertex-transitive graph having both —1 and 1 as
simple eigenvalues must be bipartite. Several families of cubic vertex-transitive graphs
with 1 as a simple eigenvalue and a classification of generalized Petersen graphs with 1 as
a simple eigenvalue were also given in [179].

Finally, it is easy to see that for any graph G a permutation of V' (G) with corresponding
permutation matrix P is an automorphism of G if and only if A(G)P = PA(G). Thus, for
such a matrix P and any eigenvalue A\ of G with eigenvector v, Pv is also an eigenvector of
A(G) with eigenvalue . This simple observation foreshadows close connections between
the eigenvalues and automorphisms of a graph as one can find in [113, 370]. We only
mention the following result as it is most relevant to this survey.

Theorem 13. ([113, Theorem 2]) Let G be a vertez-transitive graph. Then the number
of distinct eigenvalues of G is at most the rank of Aut(G).

3 Integral Cayley graphs

A graph is called integral if its eigenvalues are all integers. This is equivalent to saying that
all eigenvalues are rational numbers, because one can easily show that if all eigenvalues of
a graph are rational then they must be integers. Which graphs are integral? This question
was first asked by Harary and Schwenk [186] in 1973, with an immediate remark that the
general problem appears to be challenging and intractable. It is known that there exist
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infinitely many integral graphs. However, in general it is nontrivial to construct integral
graphs or determine all integral graphs in a given class of graphs. See [45, 384] for two
surveys on integral graphs. In this section we give a survey of integral Cayley graphs, and
in Section 5 we will focus on three families of integral Cayley graphs on finite commutative
rings. Our treatment here has almost no overlap with the survey papers [45, 384].

3.1 Characterizations of integral Cayley graphs
3.1.1 Integral circulant graphs, unitary Cayley graphs, and gcd graphs

In view of (2.1) one can see easily that not every circulant graph is integral. So it is
natural to ask when a circulant graph is integral. This question was answered completely
by So in [363]. Given an integer n > 1 and a positive divisor d of n, define

Sp(d) ={a:1<a<n, ged(a,n) = d}. (3.1)

Theorem 14. ([363, Theorem 7.1]) Let n > 3 be an integer. A circulant graph Cay(Z,, S)
is integral if and only if S is the union of S, (d) for some proper divisors d of n.

As a corollary it was noted [363, Corollary 7.2] that there are at most 27(M=1 integral
circulants on n vertices, where 7(n) is the number of divisors of n. It was further conjec-
tured that there are exactly 27 =1 integral circulants on n vertices (see [363, Conjecture
7.3]). This conjecture is still open in its general form and partial results about it will be
presented in Section 4.2.

The sufficiency in Theorem 14 was obtained independently by Klotz and Sander in
[223] using a slightly different language. Denote by Z* the set of units (multiplicatively
invertible elements) of ring Z,. The unitary Cayley graph of ring Z,, is defined as the
Cayley graph Cay(Z,,Z)). This graph was first introduced in [59, 60] in the study
of induced cycles of a given length and related chromatic uniqueness problem for the
graph. In [152, 153], longest induced cycles in Cay(Z,,Z)) were further studied. In
[223], Klotz and Sander studied several combinatorial properties of unitary Cayley graphs
such as connectivity, diameter, chromatic number, clique number, independence number
and perfectness. In the same paper they introduced the concept of ged graphs as a
generalization of unitary Cayley graphs. Define

D(n)={a:1<a<mn, ais adivisor of n} (3.2)

to be the set of positive divisors of n. So D(n) \ {n} is the set of positive proper divisors
of n. Given D C D(n) \ {n}, where n > 2, the ged graph of the cyclic group Z, with
respect to D, denoted by ICG(n, D), is defined by

V(ICG(n, D)) = Z,, E(ICG(n,D))={{z,y}:z,y € Z,, ged(x —y,n) € D}. (3.3)
In other words,

ICG(n, D) = Cay(Z,, S,(D)),
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where

Sn(D) ={a € Z,, : ged(a,n) € D}. (3.4)

In particular,

Cay(Zn,Z)) = ICG(n,{1}).

It is evident that the graphs in Theorem 14 are precisely the ged graphs of cyclic
groups. Thus the following result obtained by Klotz and Sander in [223] gives the suffi-
ciency in Theorem 14.

Theorem 15. ([223, Theorem 16]) The gcd graphs of cyclic groups are all integral. In
particular, the unitary Cayley graphs of rings Z,, for n > 3 are integral circulant graphs.

Moreover, in [223] the eigenvalues of any ged graph ICG(n, D) were given in terms
of Euler’s totient function ¢(n) and the Mobius function u(n), where p(n) = 0 if n is
divisible by the square of a prime and p(n) = (—1)* otherwise with k the number of prime
factors of n. It is well known that

pln) = Y W

1<k<n, ged(k,n)=1

The well-known Ramanujan sum [187] is defined as

c(k,n) = Z 1“? _ (ngZ{;?n)) : ) (ap(n) ,k=0,1,...,n—1. (3.5)

n
1<j<n, ged(j,n)= gcd(k,n))

We know from number theory that c¢(k,n) takes only integral values. In [223, Theorem 13],
Klotz and Sander proved that the eigenvalues of Cay(Z,,Z) are c¢(k,n),0 < k <n— 1.
In general, they proved [223, Theorem 16] further that the eigenvalues of ICG(n, D) are

M(n,D) =Y c(l,n/d), 1=0,1,....,n—1. (3.6)

deD

Therefore, ICG(n, D) is integral as claimed in Theorem 15.
Using the language of ged graphs, Theorem 14 can be restated as follows.

Corollary 16. A circulant graph is integral if and only if it is a ged graph of a cyclic
group.

3.1.2 Integral Cayley graphs on abelian groups

Now that integral circulant graphs have been characterized, it is natural to move on to
Cayley graphs on abelian groups. Let A be a set and F a family of subsets of A. The
Boolean algebra B(F) generated by F is the lattice of those subsets of A each obtained
by taking unions, intersections and complements of members of F in an arbitrary way
but a finite number of times. The following result, due to Klotz and Sander [224], gives
a sufficient condition for a Cayley graph on an abelian group to be integral.
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Theorem 17. ([224, Theorem 8]) A Cayley graph Cay(T',S) on a finite abelian group
I' is integral provided that S belongs to the Boolean algebra generated by the family of
subgroups of T.

With the help of Theorem 14, Klotz and Sander also proved that this sufficient con-
dition is necessary in the special case when I' is a cyclic group.

Theorem 18. ([224, Theorem 10]) A circulant graph Cay(Z,,S) with order n > 2 is
integral if and only if S belongs to the Boolean algebra generated by the family of subgroups
of Zy,.

In the same paper, Klotz and Sander further conjectured that the same should be true
for any finite abelian group. One year later they confirmed their own conjecture in the
following special case.

Theorem 19. ([226, Theorems 2 and 4]) Let I' = Z,,, & --- & Z,, be an abelian group
such that ged(ni,n;) < 2 for i # j, where each n; > 2. Then a Cayley graph Cay(T, S)
on I is integral if and only if S belongs to the Boolean algebra generated by the family of
subgroups of T'.

The above-mentioned conjecture of Klotz and Sander [224] was finally confirmed by
Alperin and Peterson in [23] in its general form. To present their result we need a few
definitions first. Let I' be a finite group. Let T be the set of characters of representations
of ' over C. A subset A C T is called integral if x(A) € Z for every x € I', where
X(A) = > ,ca Xx(a). The group I' is called cyclotomic [23] if the Boolean algebra generated
by the family Z(I') of integral sets of I' equals the Boolean algebra generated by the
family F(I') of subgroups of I'.  Alperin and Peterson proved that any finite abelian
group is cyclotomic [23, Theorem 5.1], and that the converse is also true [23, Theorem
8.3]. Using the former statement, they obtained the following result, which confirms the
above-mentioned conjecture of Klotz and Sander [224].

Theorem 20. (23, Corollary 7.2]) A Cayley graph Cay (L', S) on a finite abelian group I’
is integral if and only if S is an integral set. Equivalently, a Cayley graph Cay (', S) on a
finite abelian group U is integral if and only if S belongs to the Boolean algebra generated
by the family of subgroups of I.

Alperin and Peterson also proved that for any group I' (not necessarily abelian), all
atoms of the Boolean algebra B(F(I")) are integral and so B(F(I")) C B(Z(I")) (see [23,
Section 4]), and for the dihedral group Dy, of order 2n, B(Z(Ds,)) equals the power set
of Dy, (see [23, Theorem 6.1]). (An atom of a Boolean algebra is an element x such that
there exist exactly two elements y satisfying y < x, namely x and 0, where < is the partial
order on the Boolean algebra such that a < b precisely when a = a A b. In particular, a
non-empty subset X of I' is an atom of B(F(I")) if and only if for any Y € B(F(I')) such
that Y C X wehave Y = X or Y = (.)

Let G be a graph and ) # N C NU {oo}. The distance power of G with respect to
N, denoted by G is the graph with vertex set V(G) such that u and v are adjacent if
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and only if the distance between them in G belongs to N. In particular, for any positive
integer k, G112k} ig called the kth power of G and is usually denoted by G*. The second
power G? is usually called the square of G.

Theorem 21. ([227, Theorem 1]) Let G = Cay(T', S) be a Cayley graph on a finite abelian
group I'. If G is integral, then for any set N of nonnegative integers (possibly including
), the distance power GN of G is also an integral Cayley graph on T.

In a recent paper Liu and Li [269] studied distance powers of the unitary Cayley graph
Cay(Zn, Z)). Since Cay(Z,,Z) ) is integral, by Theorem 21, such distance powers are all
integral circulant graphs.

Integral Cayley graphs on abelian groups I' have been studied in [68] via the algebra
CI' over C generated by the permutation matrices representing the elements of I' and
the algebra over Q of those elements of CI" with rational entries and rational eigenvalues.
The objects of study in [68] are graphs admitting an abelian group I' as an automorphism
group regular on the vertex set. Note that such graphs are precisely Cayley graphs on I'.

3.1.3 Integral normal Cayley graphs

Recall that a Cayley graph Cay(T", S) is normal if S is the union of some conjugacy classes
of the group I'. A subset S of I is said to be power-closed [169] if, for every x € S and
y € (z) with (y) = (z), we have y € S. A power-closed subset is called an Eulerian subset
in [180]. The next result follows from a more general result [169, Theorem 1.3] proved by
Godsil and Spiga. The “if” part of this result was also proved in [180] and [231].

Theorem 22. ([169, Theorem 1.1]; see also [180, Theorem| and [231, Theorem 1]) A
normal Cayley graph Cay (L', S) is integral if and only if S is power-closed.

As noted in [231], this implies in particular that any normal Cayley graph on any
2-group with connection set a set of involutions is integral. Another corollary of Theorem
22 is that any normal Cayley graph Cay(I',S) such that the order of every element of
S belongs to {2,3,4,6} is integral (see [180, Corollary 1]). This answers affirmatively
Question 19.50(a) in [218], which was also answered by A. Abdollahi according to the
comments below this question in [218]. Using Theorem 22, it was proved in [180, Corollary
3] that Cay (T, S\ X) is integral for any subgroup ¥ of a group I" and any power set S of
I' closed under conjugation.

3.1.4 Integral Cayley multigraphs

A multiset is a set S together with a multiplicity function pg : S — N, where for each
x € S the positive integer pg(x) indicates the number of times that z occurs in the
multiset. As a convention we set pug(x) = 0 for x ¢ S. Let I" be a finite group. A multiset
S of some elements of T is called inverse-closed if pg(x) = ps(z=!) for every x € S. In
this case the Cayley multigraph on T" with connection set S, Cay(I',.S), is defined to be
the multigraph with vertex set I' such that the number of edges joining x,y € I' is equal to
ws(zy~t). In other words, Cay(T", S) is precisely the Cayley colour graph Cay (T, pug). The
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adjacency matriz of Cay (T, S) is the matrix with (z,y)-entry pg(zy~'), and its eigenvalues
are called the eigenvalues of Cay(I', S). A Cayley multigraph is callled integral if all its
eigenvalues are integers. In the special case when ug(x) = 1 for every x € S, Cay(T', 5)
is a Cayley graph in the usual sense. Hence we use the same notation for both Cayley
graphs and Cayley multigraphs.

Denote by N (T") the set of normal subgroups of I'. Define B(N(T')) to be the Boolean
algebra generated by A (T"). This notion can be extended to multisets by including multi-
set operations. Formally, we take all atoms of the Boolean algebra B(N (")) and take all
multisets that can be expressed as nonnegative integer combinations of these atoms. This
defines the collection C(I") of multisets, which is called the integral cone over B(N(T)).

In 1982, Bridges and Mena [69] completely characterized integral Cayley multigraphs
on abelian groups.

Theorem 23. ([69, Theorem 2.4]); see also [134, Theorem 1] Let I' be an abelian group
and S an inverse-closed multiset of T'. Then the Cayley multigraph Cay(T",S) is integral
if and only if S € C(T).

In [134], DeVos, Krakovski, Mohar and Ahmady generalized the sufficiency part of
this result to Cayley multigraphs on any finite group.

Theorem 24. ([134, Theorem 2|) Let I" be a finite group. Then for any S € C(I') the
Cayley multigraph Cay(G, S) is integral.

Of course, by Theorem 23, the converse statement in Theorem 24 holds for abelian
groups. In [134], DeVos, Krakovski, Mohar and Ahmady also investigated to what extent
the converse would hold for some other groups. They provided necessary and sufficient
conditions for the integrality of Cayley multigraphs over Hamiltonian groups (see [134,
Theorem 11]), where a Hamiltonian group is a non-abelian Dedekind group, whilst a
Dedekind group is a group in which every subgroup is normal. It is known that every
finite Hamiltonian group is the direct product (s x A of the quaternion group Qs =
{+£1, 41,45, £k} and a finite abelian group A. Given a Hamiltonian group I' = Qg x A
and an inverse-closed multiset S of elements of I, for every g € Qs, define B, = {a € A :
(q,a) € S} to be the multiset in which the multiplicity of a € B, is equal to the multiplicity
of (¢,a) in S. Then By = B{', B_y = BZ{ and B_, = B, for ¢ € Qs \ {—1,1}. For an
irreducible character A of A, define A(B,) = A(B,) — A(B; ') = A(B,) — A(B_,) for q € Qs.

q

Theorem 25. ([134, Theorem 11]) Let I' = Qs x A be a Hamiltonian group, where A
1s an abelian group, and let S be an inverse-closed multiset of elements of I'. Then the
Cayley multigraph Cay (L', S) is integral if and only if the following hold:

(a) By,B_1 € C(A);
(b) the multiset union B, U B_, € C(A), for every q € Qs \ {—1,1};

(¢) A(B)? + S\(Bj)Z + XN(By)? is a negative square of an integer, for every irreducible
character \ of A.
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Using this, DeVos, Krakovski, Mohar and Ahmady also obtained a few results on the
integrality of Cayley graphs and Cayley multigraphs on some special families of Hamil-
tonian groups, including Qs x Z, and Qg X ZZ, where p is a prime and d > 2. See [134,
Section 6] for details.

3.2 Other families of integral Cayley graphs on abelian groups
3.2.1 Unitary finite Euclidean graphs
In [258], Li and Vinh defined the unitary finite Euclidean graphs T by

d
V(T'rgd)) = Zi, E(T'rgd)) = {(a7 b) : aab € Zfriw Z(az - bz)2 € Z':} 3

i=1
where n > 2, d > 1 and Z,' is the set of units of Z,,. Clearly,
T'D = Cay(z¢,S9D),

where .
SW — {XGZ?L ; me EZ;}.
i=1

The following result was proved by Li and Vinh in [258].

Theorem 26. ([258, Theorem 3.6]) Let n > 2 and d > 1 be integers. Then the unitary
finite Fuclidean graph T s integral when n 1s odd or d is even.

In the same paper Li and Vinh also conjectured that T\ is integral for any n > 2
and d > 1 (see [258, Conjecture 3.7]). This conjecture was proved in [116] as a special
case of a more general result. Given U C Z,, the distance graph over Z% generated by U,

denoted by T,gd)(U ), was defined [116] in the same way as T, () except that ZX is replaced
by U. In particular, T\ = T,@(Z;). Obviously,
TYO(U) = Cay(Zy, S\7(U)),

n

where ngd)(U ) is defined in the same way as S with Z) replaced by U. Since this is a
Cayley graph on an abelian group, by Corollary 3 its eigenvalues can be easily found to
be
A(U)= > exp{2ri(b"x)/n}, b € Z,
xes\(U)

where b is the transpose of b and b”x is the dot product of b and x.
Recall from (3.1) that S,,(d) = {1 < a < n:ged(a,n) = d} for any divisor d of n.

Theorem 27. ([116, Theorem 3|) Let n > 2 and d > 1 be integers. Let D be a set of
divisors of n and U = UgepSp(d). Then qud)(U) is integral.
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In the special case when D = {1}, this implies that the above-mentioned conjecture
([258, Conjecture 3.7]) is true.

Theorem 28. ([116]) The unitary finite Euclidean graph T\ 4s integral for any integers
n>=2andd>1.

3.2.2 NEPS of complete graphs, gcd graphs of abelian groups, and general-
ized Hamming graphs

Let Gy,...,Gq be graphs, and let ) £ B C Z4\ {0}, where d > 1 and 0 = (0,...,0) € Z3.
The non-complete extended p-sum (NEPS) of Gy, ..., G4 with basis B (see [114, Definition
2.5.1]), denoted by NEPS(Gh, ..., Gg; B), is the graph with vertex set V(G1) X - - - x V(Gy)
in which two vertices (z1,...,x4) and (y1,...,yq) are adjacent if and only if there exists
B = (P1,-..,084) € B such that xz; = y; whenever §; = 0 and z; is adjacent to y; in G;
whenever 3; = 1. This notion is a generalization of several graph operations such as tensor
product, Cartesian product, and strong product. In fact, NEPS(Gy,...,Gg {(1,...,1)})
is simply the tensor product G4 ® --- ® Gg; if By = {(1,0,...,0),...,(0,0,...,1)} is the
standard basis of Z4, then NEPS(G1, ..., Gy; By) is the Cartesian product G0 ---OGy.
Thus NEPS(K,,, ..., K,,;Bo) is the Hamming graph H(ny,...,ng) = K, 0---0K,,,
where ny,...,ng > 2. In particular, NEPS(Ks, ..., Ky; By) is the hypercube H(d,2) of
dimension d. In general, for any ) # B C Z4 \ {0}, NEPS(Ko, ..., Ky; B) is a cubelike
graph. (Recall from Section 2.2 that a cubelike graph [275] is precisely a Cayley graph on
an elementary abelian 2-group.) The NEPS construction is a useful tool in graph theory.
For example, it was used by Razborov [337], Huang and Sudakov [193] and Cioaba and
Tait [110] to construct counterexamples to the Alon-Saks-Seymour and the rank-coloring
conjectures.

A fundamental result (see [114, Theorem 2.5.4]) on NEPS asserts that, if Aj1, ..., Ain,
are eigenvalues of G; for 1 < i < d, where n; = |V(G;)|, then NEPS(G1,...,Gg4; B) has
eigenvalues

Pida = Y AL Mp L i=12, oy, t=1,2,...d. (3.7)

.....

As an immediate consequence, we get the following result.
Corollary 29. Fvery NEPS of integral graphs is integral.

This result is relevant since NEPS graphs of complete graphs form an interesting family

of integral Cayley graphs on abelian groups, as we now explain. Let m = (my,...,my),
n=(ny,...,ng) and k = (kq,...,kq) be d-tuples of positive integers. If k; = ged(m;, n;)
for i = 1,...,d, then k is called the greatest common divisor of m and n, written k =

ged(m, n). Define
D(n) = {(a1,...,aq4) : 1 <a; <n; and q; is a divisor of n; for 1 < i < d}. (3.8)

Let I' = Z,, ® --- @ Z,, be an abelian group, where d > 1 and each n; > 2. Let n =
(n1,...,n4) and D € D(n) \ {n}. Denote by Sr(D) the set of elements x = (z1,...,x,)
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of T such that 0 < x; < n; — 1 for 1 <i < d and ged(x,n) € D. (If D = {k}, then we
write Sp(k) in place of Sp({k}).) The ged graph of the abelian group I' with respect to D,
denoted? by ICG(n, D), is defined [226, 228] to be the Cayley graph Cay (T, Sp(D)). This
definition is a generalization of the gcd graphs of cyclic groups, because in the special
case when I' = Z,, (son = (n)) and D = D C D(n) \ {n} is a set of positive proper
divisors of n, ICG(n, D) is exactly the ged graph ICG(n, D) of the cyclic group Z,. Note
that ICG(n, D) relies on the specific expression of the abelian group I" as the direct sum
an @...@an'

In [228, Theorems 2.5 and 2.6|, it was shown that a graph isomorphic to a ged graph
of an abelian group if and only if it is isomorphic to the NEPS of some complete graphs.
In fact, the proof of [228, Theorem 2.6] implies that

NEPS(K,,. ..., Ky, B) 2 ICG(n, D), (3.9)

where D = UgepD(f), where for each f = (f1,...,84) € B, D(5) consists of those
(ay,...,aq) such that a; = n; if 5; = 0 and a; > 1 is a proper divisor of n; if 5; = 1. Since
complete graphs are integral, this together with Corollary 29 implies the following result.

Corollary 30. ([228, Proposition 3.2]; see also [226]) NEPS graphs of complete graphs
are integral. In other words, every gcd graph of any abelian group s integral.

In [228], Klotz and Sander proved further that ged graphs of abelian groups have a
particularly simple eigenspace structure, namely, every eigenspace of the adjacency matrix
of a ged graph has a basis with entries —1,0,1 only. Corollary 30 implies the following
result due to Lovasz.

Corollary 31. ([275]) Every cubelike graph is integral.

Let ' = Z,,, ® --- ® Z,,, be an abelian group, where d > 1 and n; > 2 for 1 <
i < d. Let T = {t1,...,t;} be a set of integers such that 1 < t; < d for each i.
The generalized Hamming graph H(ny,...,ng;T) is defined to have vertex set I' such
that x = (x1,...,24) € ' and y = (y1,...,y4) € I' are adjacent if and only if the
Hamming distance w(x —y) between them belongs to T'. As observed in [228, Example
2.8], H(ny,...,ng;T) is an NEPS graph of K,,,, ..., K,,. Thus it is integral by Corollary
31 and its eigenvalues can be computed using formula (3.7).

Theorem 32. ([224, Proposition 14]) Every generalized Hamming graph is an integral
Cayley graph.

In the special case when 7' = {1}, we have H(nq,...,ng;{1}) £ K,, O--- 0O K,, =
H(ny,...,ng). In particular, H(q,...,q;{1}) is the classical Hamming graph H(d, q). Tt
is well known [114] that the spectra of the Cartesian product of graphs can be expressed in

2As seen in Section 3.1.1, the acronym ICG arose from Integral Circulant Graphs. We use the same
acronym for ged graphs of abelian groups here and ged graphs of unique factorization domains later
(Section 6.5) to indicate that all these graphs are defined in the same fashion, though they are not
necessarily circulants in general.
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terms of that of the factor graphs. Since the eigenvalues of any complete graph are known,
this implies [71] that the eigenvalues of H(d, q) are ¢(d—j)—d with multiplicities (j) (q—

1)7 for 0 < j < d. In [352], T. Sander proved that H(ni,...,ng;{d}) is isomorphic to
the complement graph of H(ny,...,ng{1,...,d—1}), and for distinct primes py, ..., pa,
ngl, ..., pa; {d}) is isomorphic to the unitary Cayley graph Cay(Z,,Z)), where n =
[T pi-

In [263], Li, Liu, Zhang and Zhou characterized isomorphisms between the squares of
generalized Hamming graphs and the NEPS of some complete graphs. As an application
they determined the eigenvalues of the squares of generalized Hamming graphs. In view
of Theorem 21 and Corollary 29, such graphs are all integral Cayley graphs.

3.2.3 Sudoku graphs and positional Sudoku graphs

Let n > 2 be an integer. An n-Sudoku is an arrangement of n x n square blocks each
consisting of n x n cells, with each cell filled with a number (colour) from {1,2,...,n%}
such that every block, row or column contains all of the colours 1,2, ...,n2. The Sudoku
graph Sud(n) is defined [351, 224] to have vertices the n* cells of an n-Sudoku such that
distinct vertices (cells) are adjacent if and only if they are in the same block, row or
column. The positional Sudoku graph SudP(n) is defined [224] to have vertices the n?
cells of an n-Sudoku such that distinct vertices (cells) are adjacent if and only if they
are in the same block, row, column or in the same position of their respective blocks.
It can be shown that both Sud(n) and SudP(n) are Cayley graphs on Z!; see [224,
Section 4.2] for an explicit expression of the corresponding connection sets. In [351,
Lemma 3.1], it was shown that Sud(n) is the NEPS of four copies of K, with basis
{(0,1,0,1),(1,1,0,0),(0,0,1,1),(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)}. Using this it
was proved in [351, Theorem 3.2] that Sud(n) is integral and each of its eigenspaces admits
a basis whose entries are all from the set {—1,0,1}.

Theorem 33. ([351, 224]) Let n > 2 be an integer. Then both Sud(n) and SudP(n) are
integral Cayley graphs. Moreover, the following hold:

(a) the spectrum of the Sudoku graph Sud(n) is
3n?—2n—1 2n? —2n—1 n®—n—-1 n?—-2n—1 —1 —1-n \.
1 2(n —1) 2n(n—1) (n—12% n?(n—-12% 2n(n-1)2 )’
(b) the spectrum of the positional Sudoku graph SudP(n) is
dn(n—1) 2n?—-3n n(n—2) 0 —n —2n
1 4n—1) 4n-12 (n-1* 4n-1)3 2(n-1)>

In the expository paper [225], Klotz and Sander used symmetry properties of Sudoku
graphs to determine their eigenvalues. In particular, they recovered the above-mentioned
result that all eigenvalues of Sudoku graphs are integral.
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3.2.4 Pandiagonal Latin square graphs

Let n > 2 be an mteger The pandiagonal Latin square graph PLSG(n) is defined [224]
to have vertices the n? positions of an n x n matrix such that distinct vertices (positions)
are adjacent if and only if they are in the same row, the same column, the same (broken)
parallel to the main diagonal, or the same (broken) parallel to the secondary diagonal.
This is a Cayley graph on Z2 whose connection set can be found in [224, Section 4.3]. In
contrast, the usual Latin square graphs (see, for example, [168, Section 10.4]) are not in
general Cayley graphs.

Theorem 34. ([224, Proposition 16]) Let n > 2 be an integer. The pandiagonal Latin
square graph PLSG(n) is an integral Cayley graph. Moreover, the following hold:

(a) if n is odd, then the spectrum of PLSG(n) is
dn—4 n—4 —4 _
1 4n—1) n®—4n+3 )

(b) if n is even, then the spectrum of PLSG(n) is

dn—-5 2n—5 n—3 n-—> -3 -5
1 1 n  3n—6 n?/2—n n?/2—-3n+4

3.3 Cayley graphs on symmetric and alternating groups

Cayley graphs on symmetric groups arise from various fields of discrete mathematics,
including the study of Erdés-Ko-Rado theorems [167] for permutations. For example,
a long-standing conjecture on k-intersecting subsets of S,, was proved by Ellis, Friedgut
and Pilpel in [143] with the help of the smallest eigenvalue of the Cayley graph on S,
with respect to the set of permutations with less than k& fixed points. Here we focus on
eigenvalues of several interesting families of Cayley graphs on symmetric groups. We will
also review a recent result on the integrality of a family of Cayley graphs on alternating
groups.

As usual we use S, and A, respectively, to denote the symmetric and alternating
groups on [n] = {1,2,...,n}, where n > 2. The Cayley graph Cay(S,,S) on S, with
connection set S = {(12),(13),...,(1n)} is known as the star graph of degree n — 1 in
theoretical computer science and probability theory. Using GAP [374] and the GRAPE
package of L. H. Soicher, the spectra of Cay(S,,S) for 3 < n < 6 was computed in the
proof of [7, Lemma 2.13]:

(—2,2,(—1)2,1?), n=3
(_3737( 2)6 2 ( ) 13 04) -
Spec(Cay(S,, S)) =
pec( ay( )) (_4’47< 3)1 312 (_ )28’228’(_1)4714’030)’ n=>5
(_5’ 57 ( 4)20 420 (_ )105’ 3105’ (_2)1207 21207 (_1)307 130’ 0168)7 n==6

In particular, this implies that Cay(.S,,.S) is integral for 3 < n < 6. Suggested by this
computational result, Abdollahi and Vatandoost posed the following conjecture.
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Conjecture 35. ([7, Conjecture 2.14]) Let S = {(12),(13),...,(1n)}, where n > 4.
Then the star graph Cay(.S,, S) is integral. Moreover, {0, £1,...,£(n — 1)} is the set of
all distinct eigenvalues of Cay(S,,5).

This conjecture was confirmed by Krakovski and Mohar in [234].

Theorem 36. ([234, Theorem 1]) Let S = {(12),(13),...,(1n)}, where n > 4. Then

n—1 and —(n — 1) are eigenvalues of Cay(S,,S) with multiplicity at least (7:3) , for

1<i<n—1, and 0 is an eigenvalue of Cay(S,,S) with multiplicity at least (n ; 1).

In [38, Theorem 1], analytic formulas for the multiplicities of eigenvalues +(n — k)
of Cay(Sy,S) for k = 2,3,4,5 were obtained. In [217], a Chapuy-Feray combinatorial
approach was used to obtain the multiplicities of eigenvalues of Cay(S,,S), and the exact
values are calculated for n < 10.

Later it was noted in [92] (see also [339] and [234]) that the truth of Conjecture 35
was implied by certain properties of the Jucys-Murphy elements, discovered by Jucys
[210] and independently by Flatto, Odlyzko and Wales [147]. Let A be a partition of
n. A standard Young tableau (SYT) of shape X is a filling of the Ferrers diagram of A
with elements {1,2,...,n} in such a way that elements increase along rows and columns
(in particular all elements are distinct, and each element appears exactly once). Denote
by T(A) the set of SYTs of shape A and f\ = |T(A)|. Given T' € T(A) and a box O
of the Ferrers diagram of 7', the content of O is the difference between its ordinate and
abscissa. Define cr(7) to be the content of the box in which label i appears in 7', and set
I\(k)=|{T € T(A) : er(n) = k}|. As noticed in [92, Corollary 2.1], the above-mentioned
result in [147, 210] implies the following result.

Theorem 37. (|92, Corollary 2.1]) Let S = {(12),(13),...,(1n)}, where n > 2. Then the
star graph Cay(S,,S) is integral, and the multiplicity of any integer k as an eigenvalue
of Cay(S,,S) is equal to Z)\EP(n) IIn(k), where P(n) is the set of partitions of n.

For any positive integers n > 3 and [ with n > 2[, Goryainov, Kabanov, Konstantinova,
Shalaginov and Valyuzhenich presented in [173] a family of eigenfunctions of the star
graph of degree n — 1 corresponding to eigenvalue n — [ — 1 and linked these functions
to the standard basis of a Specht module. In the same paper they also proved that
any eigenfunction of the star graph of degree n — 1 corresponding to the second largest
eigenvalue n — 2 can be reconstructed from its values on the second neighbourhood of a
vertex.

For an integer r with 2 < r < n, let Cy(r) be the set of all r-cycles in S,, which do
not fix 1. That is,

Cy(r)={a €S, :a(l) #1 and « is an r-cycle}.

Note that Cy(2) = {(12),(13),...,(1n)} and so Cay(S,,Cy(r)) can be thought as a
generalization of the star graph Cay(S,,S) above. In [94], Chen, Ghorbani and Wong
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proved that the graphs Cay(.S,,, Cy(r)) are all integral. In fact, they proved a more general
result (Theorem 38 below). For any T' C [n], denote by S, (T") the set of elements of S,
which fix each point in [n]\ 7. As usual, for o € S, let Cl(c) = {a"'oa : a € S, } be the
conjugacy class of o. A subset S of S, is said to be nicely separated [94] if there exists a
partition {7},...,T;} of [n] with [ > 2 such that S = (U,esCl(0)) N (S, \ (UL, S, (T7))).
Note that any nicely separated subset S of 5, gives rise to an undirected Cayley graph
Cay(Sy, S).

Theorem 38. (|94, Theorem 3.4]) Let S be a nicely separated subset of S, where n > 2.
Then Cay(S,, S) is integral.

Since Cy(r) is nicely separated with 77 = {1} and T; = {2,...,n}, this implies the
following corollary.

Corollary 39. ([94, Theorem 1.4]) Cay(S,, Cy(r)) is integral for 2 < r < n.

It is known that central characters are algebraic integers [204, Theorem 3.7] and the
characters of S,, are integers [207, Corollary 22.17]. Combining these with (2.2), we obtain:

Theorem 40. ([94, Corollary 1.2]) All normal Cayley graphs on S,, are integral.

It is well known that the irreducible representations of S,, are in one-to-one correspon-
dence with the partitions of integer n, where a partition of n is an r-tuple A = (A1,..., \;)
of positive integers, for some r > 1, such that A\; > --- > A\, andn = A\ +---+ \.. So the
irreducible characters of \S,, can be indexed by A and written as y,, and in view of (2.2)
the eigenvalues of any normal Cayley graph Cay(S,,S) on S, are

I(C(5,.8)) = 5 > (),

with A running over all partitions of n. Moreover, the multiplicity of ny is x(1)%. A
partition A of n is said to be associated with the smallest eigenvalue of Cay(.S,,S) if 1\
is the smallest eigenvalue of Cay(S,,5).

An interesting normal Cayley graph on S, is the derangement graph on [n], which is
defined as the Cayley graph Cay(S,, Z,), where &,, = {o € S,, : 0(i) # i for each i € [n|}
is the set of derangements of [n]. This Cayley graph is normal as %, is closed under
conjugation. Thus Cay(S,, Z,) is integral by Theorem 40. In [338], Renteln gave several
interesting formulas for the eigenvalues of Cay(S,, Z,) (see Theorems 3.2, 3.3, 4.2, 6.1
and 6.5 in [338]), including the formulas in the next two theorems.

Theorem 41. ([338, Theorem 3.2]) The eigenvalues of Cay(S,, %,) are given by

n

I VI S O Y/ ()]

where A runs over all partitions of n.
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The complete factorial symmetric function wy is defined as

we(21, .0y 2r) = Z (ziy =01 +2—=1)- (2, —ix +2—k).

1<y << <r

Theorem 42. ([338, Theorem 6.1]) The eigenvalues of Cay(S,, Z,) are given by

n

M = Z(_l)nikwk(ula R 7“7")7

k=0
where A = (A1, ..., \.) runs over all partitions of n and p; = X\; + r — i for each i.

Using these formulas, Renteln [338] proved part (a) of the following theorem which
settled affirmatively a conjecture of Ku and Wong [244, Conjecture 1]. Part (b) of this
theorem was proved by Deng and Zhang [132] with the help of the work in [338].

Theorem 43. The following hold:

(a) the smallest eigenvalue of Cay(S,, Zy) is equal to ——=|%,| ([338, Theorem 7.1]);

(b) the second largest eigenvalue of Cay(S,, Zn) is equal to Z—:zl,)\.@n,g\ ([132, Theorem
1.1]).

Further spectral properties of Cay(S,, Z,) were obtained in [242, 243]. It is well known
that the eigenvalues of this graph can be indexed by partitions of n. The question about
how these eigenvalues are determined by the shape of their corresponding partitions was
investigated in [242]. Lower and upper bounds on the absolute values of these eigenvalues
were also obtained in [242]. In [243], Ku and Wong gave a new recurrence formula for
the eigenvalues of Cay(S,,, Z,) and proved a conjecture of Ku and Wales [242, Conjecture
1.1] which give lower and upper bounds for the absolute values of these eigenvalues. In
[132], a lower bound on the connectivity of Cay(S,, %,) and lower and upper bounds on
the Cheeger constant (see Section 7) of Cay(S,, Z,) were obtained.

Let n and k be integers with 1 < k < n — 1. Let .@,Sk) be the set of permutations
in .S,, without any i-cycle in their cyclic decomposition for every i from 1 to k. In [238],

the Cayley graph Cay(S,, .@ék)) was studied. Obviously, this is a spanning subgraph of

Cay(Sp, Z,), and in particular Cay(S,, @7(})) = Cay(Sp, Z). The following result is a
generalization of part (a) in Theorem 43.

Theorem 44. ([238, Theorem 1.3]) Let n > 2 and k be integers such that 1 < k < n®
with 0 < § < % Then for sufficiently large n, the smallest eigenvalue of Cay(S,, .@ék)) 1S
equal to Np—1,1) = —#\%(Lk)\, and moreover (n—1,1) is the only partition of n associated
with the smallest eigenvalue of Cay(Sy, .@é’“’).

In [238], it was also proved that under the same condition as in Theorem 44 the set of
maximum independent sets of Cay(.S,, .@T(Lk)) coincides the set of maximum independent
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sets of the derangement graph Cay(S,,, %, ), and all such maximum independent sets have
size (n — 1)L

Given an integer k with 0 < k < n —1, let S(n, k) be the set of elements o of S,, such
that o fixes exactly k points in [n]. The k-point-fizing graph is defined [237] to be the
Cayley graph Cay(S,,S(n,k)), that is, two vertices o, T are adjacent if and only if o77!
fixes exactly k points. Clearly, the O-point-fixing graph is the derangement graph. So
k-point-fixing graphs can be regarded as a generalization of derangement graphs. Since
S(n, k) is closed under conjugation, Theorem 40 implies that all k-point-fixing graphs are
integral. In [237], Ku, Lau and Wong obtained a recursive formula for the eigenvalues of
Cay(Sn, S(n,k)), and using this formula they determined the signs of the eigenvalues of
the 1-point-fixing graph Cay(S,, S(n,1)). In [239], they obtained the smallest eigenvalue
of Cay(Sy, S(n,1)).

Theorem 45. ([239, Theorem 1.3]) Forn > 7, the smallest eigenvalue of Cay(S,,, S(n,1))
15 given by
1 n
Nn—2,2) = —m (|.@n_1| + (—1) (n — 2)) .

Moreover, (n — 2,2) is the only partition of n associated with the smallest eigenvalue of

Cay(S,, S(n,1)).

In general, Ku, Lau and Wong obtained the following result in [240], where the exis-
tence of ty was proved as well.

Theorem 46. ([240, Theorem 1.4]) Let n and k be integers with 0 < k < n. Let ty = to(k)
kY cpro-i
7 ) (to—1)!
positive integer ng = no(to, k) such that for all m > ng, (n —to,to) is the only partition of
n associated with the smallest eigenvalue of Cay(S,, S(n,k)).

be the smallest positive integer such that 250:0 ( < 0. Then there exists a

As an application of this result, an upper bound on the independence number of
Cay(S,, S(n, k)) was given in [240].

For 0<k<n-—1land2<j<n—1,let SY(n, k) be the set of elements of S, fixing
exactly k£ points and containing no i-cycle in their cyclic decomposition for every ¢ from
2 to 7. Then we have a sequence of normal Cayley graphs

Cay(S,, S™V(n, k), Cay(S,, S" P (n,k)),...,Cay(Sn, S?(n, k), Cay(S,, S(n, k)),

where every graph is a subgraph of the ones after it. Note that Cay(S,, 5% (n,0)) =

Cay (S, @éj)) for 2 < 7 <n —1. Similar to Theorem 44, Ku, Lau and Wong proved the
following result in [241].

Theorem 47. ([241, Theorem 1.4]) Let n and j be integers such that 2 < j < n’ with
0 <& < 1. Then for sufficiently large n, the smallest eigenvalue of Cay(S,, SV (n,1)) is

equal to Np_229) = —%|9§j_)1|, and moreover (n—2,2) is the only partition of n associated
with the smallest eigenvalue of Cay(S,, SU)(n,1)).
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A recurrence formula for the eigenvalues of Cay(S,,, S (n, k)) and the exact values of
ma(Cay(S,, SU)(n, 1))) for eight special partitions of n were also obtained in [241].

The complete transposition graph (also known as the transposition network) 7, is the
Cayley graph on S, with connection set consisting of all transpositions in S,. With
motivation from computing the bisection width of T},, the following result was proved in
[211] using Theorem 5. The integrality of T,, was recently rediscovered in [231, Theorem
2] and [180, Corollary 2| using different approaches.

Theorem 48. ([211, Lemma 3]) Let n > 2 be an integer. Then T,, is an integral Cayley
graph, and the algebraic and geometric multiplicity of each eigenvalue of T,, are equal. The
largest eigenvalue of T, is n(n — 1)/2 with multiplicity 1; the second largest eigenvalue of
T, is n(n — 3)/2 with multiplicity (n — 1)*; and for 1 < k < n, n(n — 2k +1)/2 is an
eigenvalue of T, with multiplicity at least n!/(n(n — k)!(k — 1)!).

We finish this section by mentioning the following two families of integral Cayley
graphs of alternating groups.

Theorem 49. ([231, Theorem 3]) Let n > 4 and 1 < k < n be integers. Let Ty be
the set of all 3-cycles of the form (k,i,j). Then Cay(Ay,Ty) is integral. Moreover,
{i?—n+1:i=0,1,...,n— 1} is the set of all distinct eigenvalues of Cay (A, Tk).

Theorem 50. ([180, Corollary 5]) Let S = {(1,2,4),(1,2,4)7' : 3 <i < n}, where n > 3.
Then Cay(A,, S) is integral.

This answers affirmatively [218, Question 19.50(b)] which according to [180] was also
answered independently by M. Muzychuk.

3.4 Integral Cayley graphs on other families of non-abelian groups

3.4.1 Dihedral, semi-dihedral and generalized dihedral groups

In this section Dy, = {(a,bla™ = b* = 1,b"'ab = a™') is the dihedral group of order 2n > 4
and S is a subset of Dy, \ {1} with S™!' = S. The Cayley graph Cay(Ds,,S) is called
a dihedrant in the literature, and its eigenvalues can be computed using Theorem 2 and
the character table of Dy, (see [235, Section 7.5] and [198, Corollary 2.7]). Recently, Gao
and Luo [155] gave a simpler way to compute the spectra of Cay(Ds,,S) using a more
general result (see Theorem 269) on eigenvalues of semi-Cayley (bi-Cayley) graphs on
abelian groups. We present their result in the theorem below but defer our discussion on
bi-Cayley graphs to Section 11.1.

Theorem 51. ([155, Theorem 4.3]) The following hold:
(a) if SNbla) =0, then the eigenvalues of Cay(Dsay,, S) are

g aieswg, r=0,1,....,n—1,

each with multiplicity 2;
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(b) if SNbla) # 0, say a™b € S, then the eigenvalues of Cay(Ds,,S) are
ir (io—1)r
Zaies “n ‘Zaibes “n

Since ‘Zaibes wq(fo_i)r) = Wi ¥ ives Wn | = [Xuipes wn |, Theorem 51 implies the

following characterization of integral dihedrants.

,r=0,1,...,n—1.

Theorem 52. ([13, Theorem 3.5.1]) A dihedrant Cay(Ds,,S) is integral if and only if
Ssicswir and | peswn | are all integers for 0 <r < n—1.

We have > s gywh € Z for 0 <r <n—1 (see [363, Theorem 4.4]). It can be easily
shown that, for A C Z, and 0 <r <n—1,if 3. w)" € Z, then Y7, w, 7" =37, wi'.
This together with Theorem 52 implies the following result, where S,,(d) is as in (3.1).

Theorem 53. ([271]) The following hold:

(a) Cay(Day,,S) is integral provided that each of {i : ' € S} and {i : a'b € S} is a
union of S,(d) for some divisors d with d < n;

(b) Cay(Day,S) is integral provided that {i : a' € S} is a union of S,(d) for some
divisors d with d < n and |{i : a’b € S}| = 1.

Since S, (d) = dS,,/4(1) for any divisor d of n, in the special case when {i : a’ € S} =
{i:a'be S} =S,(1)US,(d), part (a) of Theorem 53 implies the following result.

Theorem 54. ([7, Theorem 1.2]) If n > 3 is odd and
S={d":ieS,(1)}u{a® i€ Sul)}u{ba :iecS,(1)}uU{ba®:ie S,u(l)}
for some proper divisor d of n, then the dihedrant Cay(Ds,,S) is integral.

Recently, Lu, Huang and Huang [277] obtained several results about integral dihe-
drants. By the character table of dihedral groups, for each h, 0 < h < n — 1, the mapping
Xn @ Dap, — C defined by xx(a’) = 2cos(2him/n) and xx(ba’) = 0 for 0 < i < n—1
is a character of Dy,. Recall from Section 3.1.2 that B(F(I')) is the Boolean algebra
generated by the family F(I") of subgroups of a group I'.

Theorem 55. ([277]) Let S; = SN {a) and Sy = S Nb{a). Then the following hold:

(a) Cay(Day,,S) is integral if and only if both x,(S1) and xn(S3) + xn(S3) are integers,
and 20u(S7) + xu(52)) — (x(S2))? is @ square, for 1 < b < [(n— 1)/2);

(b) Cay(Da,, S) is integral if and only if Sy € B(F((a))) and 2x4(S3) is a square, for
1<h<[(n=1)/2);

(c) if S1 € B(F({a))) and bSy € B(F({a))), then Cay(Da,, S) is integral;
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(d) if n = p is an odd prime, then Cay(Day, S) is integral if and only if Sy € B(F((a)))
and Sy = b(a), {ba'} or bla) \ {ba'} for some 0 <i<p—1.

The statement in part (d) of Theorem 55 was also proved in [13, Theorem 3.5.5]
independently.

The following characterization of integral normal dihedrants was obtained by Cao and
Feng in [77] during their study of perfect state transfer in dihedrants (see Section 9.4 for
details).

Theorem 56. ([77, Theorem 4.1]) A normal dihedrant Cay(Day, S) is integral if and only
if S{ = 8] for all j € ZX, where S; = SN {a) and S{ = {a¥ : a' € S;}.

n?’

The semi-dihedral group of order 8n, where n > 2, is the group
SDg, = (a,b| a* =b* =1,bab = a*"") = (a) U b(a). (3.10)

Theorem 57. ([283, Propositions 4.1 and 4.2]) Let SDsg, be the semi-dihedral group as
shown in (3.10), and let Cay(SDs,,S) be a connected normal Cayley graph on SDsg,,.
Then the following hold:

(a) if n is odd, then Cay(SDsgy,S) is integral if and only if {z': x € SN {a)} = SN {(a)

for every i € Zy,;
(b) if n is even, then Cay(SDs,,S) is integral if and only if {z': x € S} =S for every
i€ Zy,.

Let X be a finite abelian group. The generalized dihedral group of ¥, written Dih(X),
is the semidirect product of ¥ by Zs, with Zy acting on ¥ by inverting elements. Equiva-
lently, one can define Dih(X) = (2,0 | b* = 1,b7'ab =a"',a € ). In [194], Huang and Li
obtained a necessary and sufficient condition for a Cayley graph on Dih(X) to be integral.
Recall from Section 3.1.2 that, for a group I', B(F(I")) is the Boolean algebra generated

by the family F(I") of subgroups of I', and x(A) = > ., x(a) for ACT and x €I

Theorem 58. ([194, Theorem 3.1)) Let X be a finite abelian group, and let I' = Dih(X).
Let S = Sy UbSy be an inverse-closed subset of T'\ {1}, where Sy, Sy are subsets of .
Then Cay(T, S) is integral if and only if Sy € B(F (X)) and x(S2S5 ") is a square number
for all irreducible representations x of ¥ except those satisfying x(a*) =1 for all a € 2.

As consequences the following special cases were noted in [194, Corollaries 3.4, 3.5 and
3.6]: (i) if |S2| = 1, then Cay(I',S) is integral if and only if S; € B(F(X)); (ii) if both
Sy and Sy are inverse-closed, then Cay(I',S) is integral if and only if S;, Sy € B(F(X));
(iii) if X is of odd order n, S; € B(F(X)), and Ss is an (n, | S|, A)-difference set of 3 with
|S2| — A a square number, then Cay(I",S) is integral.

In the special case when ¥ = Z,,, Dih(X) is the dihedral group Dy, and Theorem 58
gives rise to part (a) of Theorem 55, a result proved by Lu, Huang and Huang in [277].
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3.4.2 Cayley graphs on dicyclic groups

In this section
Dic, = (a,b | a®™ =1,b*> =a", b 'ab=a"")

is the dicyclic group of order 4n > 8.
Theorem 59. ([155, Theorem 4.6]) Let S be a subset of Dic,, \ {1} with S~ = S.

(a) If S contains no element of {a'b : 0 < i < 2n—1}, then Cay(Dic,, S) has eigenvalues
> wicg Wi each with multiplicity 2, for 0 <r<2n-—1.

(b) If S contains an element of {a'b: 0 < i < 2n — 1}, say a™b € S, then Cay(Dic,, S)

has eigenvalues y i gwi + ‘zaibes W for 0 < r < 2n— 1.

(10 i)r

Since ‘Zalbe g W = |Yaieswy |, this implies the following characterization of

integral Cayley graphs on Dic,.

Theorem 60. Let S be a subset of Dic, \{1} with S™' = S. Then Cay(Dic,, S) is integral
if and only if 3 icqwh and |Zaibes wg"| are all integers for 0 <r < 2n — 1.

Theorem 59 also implies the following result.

Theorem 61. ([7, Theorem 1.3]) If n > 3 is odd and
S={a":1<k<2n—1,k+#n}uU{ab,a"" b},

then Cay(Dic,, S) is integral and its spectrum is

2n 2n —4 0 —4
1 1 3n—1 n—1 /)"
Theorem 60 implies the following result.

Theorem 62. Let S be a subset of Dic,, \ {1} with S~ = S. The following hold:

(a) Cay(Dic,,S) is integral provided that each of {i : a* € S} and {i : a'b € S} is a
union of S, (d) for some divisors d with d < n;

(b) Cay(Dic,, S) is integral provided that {i : a* € S} is a union of S,(d) for some
divisors d with d < n and |{i : a'b € S}| = 1.

Recently, integral Cayley graphs on Dic, were further studied by Cheng, Feng and
Huang in [96]. All characters of Dic,, are known (see, for example, [207]), and among
them the following irreducible characters ;, 1 < j < n — 1 are most relevant to the
integrality of Cayley graphs on Dic,: 1;(1) = 2, ¢;(a™) = 2(=1)?, ¢;(a") = Wi 4 7T
(L<r <n—1),4;(0) =0, ¢(ab) = 0. Set 1;(X?) = >, . x¥j(w122) for any subset
X of Dic,.
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Theorem 63. ([96, Theorem 3.2]) Let S = S; U Sy be a subset of Dic, \ {1} such that
S =8, where Sy C {(a) \ {1} and Sy C b{a). Then Cay(Dic,, S) is integral if and only
if the following hold for 1 < j<n—1:

(a) ©¥;(S1) and ;(S?) +,;(S3) are integers;

(b) 2 (¢;(S?) +;(53)) — 1;(S1)? is a square number.
Theorem 64. ([96, Theorem 4.3]) Let S = S; U Sy be a subset of Dic, \ {1} such that
S =8, where Sy C {(a) \ {1} and Sy C b{a). Then Cay(Dic,, S) is integral if and only
if S1 belongs to the Boolean algebra B(F({a))) and 2¢;(S3) is a square number for all
1<57<n—-1.

In particular, by Theorem 64, Cay(Dic,, S) is integral if both S; and bS; belong to the
Boolean algebra B(F({a))) (see [96, Corollary 4.5]). Theorem 64 also implies a necessary
condition involving the integral cone over B(F((a))) for a Cayley on Dic,, to be integral
(see [96, Corollary 4.6]). With the help of this condition the following result was proved
in [96].

Theorem 65. ([96, Theorem 4.3]) Let p be an odd prime and S = S; U Sy a subset of
Dic, \ {1} such that S~ = S, where Sy C (a) \ {1} and Sz C b{a). Then Cay(Dic,,S) is
integral if and only if Sy belongs to B(F({a))) and Sy is equal to b{a) \ {ba®, ba?™}, b(a)
or {ba*, baP**} for some 0 <k <p—1.

3.4.3 Cayley graphs on a family of groups with order 6n

Let Ug, = {(a,b | a® = b = 1,a 'ba = b~'), where n > 1. Using the character table of
this group (see [207, p.187]) and Theorem 2, one can compute the spectrum of Cay (U, S)
for any subset S of Us, \ {1} with S~!' = S. This enabled Abdollahi and Vatandoost [7]
to prove the following result.

Theorem 66. ([7, Theorem 1.4]) If n > 3 is odd and
S={a*b:1<k<n—1}u{a®*P: 1<k<n—-1}U{a®™b:0<k<n—1},
then Cay(Ugy, S) is integral and its spectrum is
(3n—2 n—2 1 -2 1—2n)
1 1 n—2 2n—2 2 '
3.5 Integral Cayley graphs of small degrees

The following result due to Abdollahi and Vatandoost gives a characterization of con-
nected cubic integral Cayley graphs.

Theorem 67. ([7, Theorem 1.1]) There are exactly seven connected cubic integral Cayley
graphs. In particular, a connected cubic Cayley graph Cay (T, S) is integral if and only if
I' is isomorphic to one the following groups:

ZgaZ47267 S3aZ§722 X Z47D8722 X Zﬁa D127A4a S47D8 X Z3>D6 X Z47A4 X ZQ-
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The following theorem also due to Abdollahi and Vatandoost determines the orders
of connected 4-regular integral Cayley graphs on finite abelian groups.

Theorem 68. ([8, Theorem 1.1]) The order of any connected 4-reqular integral Cayley
graph on a finite abelian group must be one of the following:

2,6,8,9,10,12,16, 18, 20, 24, 25, 32, 36, 40, 48, 50, 60, 64, 72, 80, 96, 100, 120, 144.

As a side result it was also proved in [8, Theorem 1.2] that there are precisely 27
connected integral Cayley graphs of order up to 11.

In 2015, Minchenko and Wanless [306] proved that up to isomorphism there are pre-
cisely 32 connected 4-regular integral Cayley graphs, 17 of which are bipartite. They also
proved that there are exactly 27 arc-transitive 4-regular integral graphs of degree 4, 16 of
which are bipartite. See [306, Tables 3, 5 and 7] for the groups and connection sets for
these graphs. From their results they noticed that integral Cayley graphs can be cospec-
tral to integral non-Cayley graphs, and integral arc-transitive graphs can be cospectral to
integral non-arc-transitive graphs.

Recently, Ghasemi [157] determined all possible orders of 5-regular integral Cayley
graphs on abelian groups other than cyclic groups.

Theorem 69. ([157, Theorem 3.3]) Let I' be a finite abelian group which is not cyclic,
and let S C T\ {1} be such that |S| =5, S =S and T = (S). If Cay(T',S) is integral,
then the order of I' must be one of the following:

8,16,18, 24,32, 36,40, 48, 50, 64, 72, 80, 96, 100, 120, 128, 144, 160, 192, 200, 240, 288.

3.6 Automorphism groups of integral Cayley graphs
3.6.1 Cayley integral groups

As seen in Corollary 31, every Cayley graph on Z} is integral. In general, a group I is
called Cayley integral [224] if every Cayley graph on I' is integral, or equivalently any
graph admitting I" as a regular group of automorphisms is integral. In [224, Theorem 13],
Klotz and Sander gave a classification of all finite abelian Cayley integral groups, which
can be regarded as a generalization of Corollary 31.

Theorem 70. ([224, Theorem 13]) All nontrivial abelian Cayley integral groups are rep-
resented by
Ly, Ly, Ly, Ly ® L3, Ly ®Zy, m=1 n=>1.

In [224, Section 5], Klotz and Sander found three non-abelian Cayley integral groups,
namely S3, Qs and Z3 X Zy4, and in [224, Problem 3] they posed the problem of determining
all non-abelian Cayley integral groups. This problem was settled by Abdollahi and Jazaeri
[5] and independently by Ahmady, Bell and Mohar [14].

Theorem 71. ([5, Theorem 1.1] and [14, Theorem 4.2]) A finite non-abelian group is
Cayley integral if and only if it is isomorphic to one of the following groups:
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(a) the symmetric group Ss of degree 3;

(b) the nontrivial semidirect product Zs X Zy = {(z,y | 23 = y* = 1,y toy = 271);

(c) Qs x ZY for some integer n > 0, where Qg is the quaternion group.

Theorems 70 and 71 together give a complete classification of Cayley integral groups.

Let I' be an abelian group of order at least 3 having a unique involution ¢. The group
Dic(T") = (', z), where 22 =t and x 'axz = a™! for every a € T, is known as a generalized
dicyclic group. In the case when I' = Z,, it is the dicyclic group of order 2n, and when
I & Zoyn it is known as the generalized quaternion group Qoni1 of order 27+1.

Let k£ > 1 be an integer. In [145], Estélyi and Kovdacs studied the family G, of finite
groups I' such that every Cayley graph on I' with degree at most k is integral. Clearly,
G, is the family of all finite groups, and G, consists of those groups whose non-identity
elements are of order 2, 3,4 or 6 and contain no subgroup isomorphic to Dy, for any n > 4.

Theorem 72. ([145, Theorem 3)) If k > 6, then Gy, consists of all Cayley integral groups.
Moreover, G4 and G5 are equal and consist of the following groups:

(a) the Cayley integral groups;
(b) the generalized dicyclic groups Dic(Zy x Zg), where n > 1.

In [145], Estélyi and Kovécs also gave a characterization of non-abelian 2-groups in
Gs. As usual we use [a,b] = a~'b~tab to denote the commutator of two elements a, b of a

group.

Theorem 73. ([145, Proposition 12]) Let I' be a non-abelian 2-group of exponent 4.
Then I' € Gz if and only if every minimal non-abelian subgroup of ' is isomorphic to
Qs, the metacyclic group {a,b | a* = b* = 1, b=tab = a™1), or the non-metacyclic group
(a,b,c|at=b'=c2 =1, [a,b] =¢, [c,a] = [c,b] = 1).

A complete characterization of Gs was recently obtained by Ma and Wang in [289].
For an integer k > 2, let A;, be the family of finite groups I" such that every Cayley graph
on I' with degree exactly k is integral.

Theorem 74. ([289, Theorem 2.6 and Corollary 2.7]) The following hold:

(a) A finite group T' belongs to As if and only if T' = S3, or for any involution x and
element y of T, (x,y) is isomorphic to one of the following groups:

ZQ: Zga Z’47 Zﬁy ZQ X Z47 ZQ X Z67 A4a

(b) Gs consists of all finite 3-groups of exponent 3 and all groups in As.

A second proof of Theorem 72 was also given in [289].
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3.6.2 Cayley integral simple groups

A finite group I is called Cayley simple if the only connected integral Cayley graph on
I' is the complete graph of order |I'|. This definition was first introduced in [8], where
the following question was posed ([8, Question 2.21]): Is any finite simple group, Cayley
simple? A negative answer to this question is implied in the following result.

Theorem 75. ([4, Proposition 2.6]) Let I be a finite group and S an inverse-closed subset
of T\{1}. ThenT\S is a subgroup of T if and only if Cay(T', S) is a complete multipartite
graph. Moreover, such a complete multipartite Cayley graph is integral, with |I'\ S| vertices
in each part of the corresponding multipartition.

Note that complete graphs form a special class of complete multipartite graphs. So in
[4] Abdollahi and Jazaeri modified the definition of Cayley simple groups and introduced
the notion of Cayley integral simple groups (or CIS-group for short) by replacing “complete
graph” by “complete multipartite graph”. They proved the next two results.

Theorem 76. ([4, Theorem 1.3]) Let I' be a finite non-simple group. Then I is a CIS-
group if and only if T = Z,2 for some prime p or I = 7Z3.

Theorem 77. ([4, Theorem 4.10]) Let T' be a finite group. Let H and K be proper
subgroups of I such that HK =T and H N K = {1}. If there exists an integral Cayley
graph Cay(H,S) such that S'U {1} is not a subgroup of H, then I" is not a CIS-group.

It is known that any cyclic group of prime order is a CIS-group (see [8, Corollary 2.19]).
Since these are the only simple abelian groups, it is natural to ask the following question
([4, Question 1.4]): Which finite non-abelian simple groups are CIS-groups? Regarding
this question, Abdollahi and Jazaeri proved the following result using Theorem 77 and
the fact that A, = A, 1((1,2,...,p)).

Theorem 78. ([4, Corollary 4.12]) For every prime p > 5, the alternating group A, is
not a CIS-group.

Thus the alternating groups A, for primes p > 5 form an infinite family of finite non-
abelian simple groups which are not CIS-groups. It turns out that this is not a coincidence
since the following result shows that there does not exist any non-abelian finite CIS-group,
answering the question mentioned above.

Theorem 79. ([14, Theorem 3.3]) Let I be a CIS group. Then T' is abelian and in
particular is isomorphic to Z, or Zy: for some prime p or is isomorphic to Z3.

In particular, this implies that every finite non-abelian group admits a nontrivial
integral Cayley graph.
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3.6.3 Automorphism groups of integral circulant graphs

Let r be a positive integer. A poset ([r],=<) on [r] = {1,2,...,r} is called increasing
if © < j implies ¢ < j. Given ([r], <) and positive integers ny,...,n,, the generalized
wreath product [, <) S, introduced in [222] is a certain permutation group acting on
[n1] x -+ X [n,]. The following result was proved in [222] using the techniques of Schur
rings.

Theorem 80. ([222, Theorem 1.1]) Let T' be a permutation group acting on the cyclic
group Z,,, where n > 2. The following conditions are equivalent:

(a) I' = Aut(Cay(Z,, S)) for some integral circulant graph Cay(Zy, S);

(b) T is a permutation group which is permuationally isomorphic to a generalized wreath
product [, <) Sni» where ([r], 2) is an increasing poset and ny, - -+, n, are integers
no less than 2 such that n =ny ...n, and gcd(n;,n;) =1 wheneveri £ j.

In [55], Basi¢ and Ili¢ determined the automorphism groups of certain classes of integral
circulant graphs: the unitary Cayley graph Cay(Z,,Z)) and more generally the gcd
graphs ICG(n, {d}) for proper divisors d of n. They also determined the automorphism
groups of those ged graphs ICG(n, D) of Z,, for which D = {1, p¥} and n is either square-
free or a prime power.

Theorem 81. ([55, Theorem 3.4]) Let n = p{'ps?...pe* = 2 be an integer in canonical
factorization, and let m = p1ps...px. Then

AUt(Cay(Zn, Z)) 22 (S, X -+ X S ) WE S/

In particular,
[Aut(Cay(Z, )| = palpet o (2 )!)

3.7 Cayley digraphs integral over the Gauss field or other number fields

A circulant digraph is called Gaussian integral if all its eigenvalues are algebraic integers
of the Gauss field Q(¢) (that is, all eigenvalues are Gaussian integers a+bi, where a,b € 7).
In [385], circulant digraphs which are Gaussian integral were studied, and those with order
n = k, 2k or 4k for odd integers k were characterized. Among others the following results
were proved in [385], where S, (D) is as defined in (3.4) and D(n) is the set of positive
divisors of n as defined in (3.2).

Theorem 82. ([385, Theorems 2.1 and 2.2]) Let n > 3 be an integer not divisible by 4.
Then a circulant digraph Cay(Z,,S) is Gaussian integral if and only if S = S,(D) for
some D C D(n) \ {n}.

This together with Corollary 16 implies that a circulant graph of order not divisible
by 4 is Gaussian integral if and only if it is integral.
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In general, given an algebraic number field K (that is, a finite extension of Q), a
circulant digraph is called integral over K if all its eigenvalues are algebraic integers of
K. Denote FF = K N Q(w,). Using Galois theory, Li [256] obtained a characterization
of circulant digraphs which are integral over K. He considered the orbits of a certain
action of the Galois group Gal(Q(wy,)/F') on S,(d). Setting m = n/d, there are exactly
rqg = [F N Q(wy) : Q] such orbits M;(d), for 1 < i < 74, and each of them has size
[Q(wm) : FNQ(w)]. Since {1,2,...,n — 1} = Ugepm)Sn(d), the set {1,2,...,n — 1} is
partitioned into r(n, K) = >, p(, ra such orbits M;(d), with d running over D(n) and
1 g ) g Td-

Theorem 83. ([256, Theorem 1 and Corollary 1]) Let K be an algebraic number field.
A circulant digraph Cay(Z,,S), n > 3 is integral over K if and only if S is the union of
some (not necessarily all) of the orbits M;(d),d € D(n),1 < i < rq, possibly from different
proper divisors d of n. Therefore, there are at most 2"™5) pairwise non-isomorphic
circulant digraphs of order n which are integral over K.

In the special case when n is a multiple of 8 and K = Q(¢) is the Gauss field, Theorem
83 yields the following corollary which proves a conjecture in [385, Conjecture 3.3].

Corollary 84. (256, Corollary 2|) A circulant digraph Cay(Z,, S) with order n a multiple
of 8 is Gaussian integral if and only if S is the union of some (not necessarily all) of the
orbits M;(d),d € D(n),1 < i < rq, possibly from different proper divisors d of n.

Consider an abelian group I' = Z,,, ®- - - ®Z,,, of order n = ny ...nq, where ny,--- ,ng
are positive integers. Let K be an algebraic number field. Then Gal(Q(w,)/K) C
Gal(Q(w,)/Q) = ZF. Thus, for each 0 € Gal(Q(w,)/K), there exists an element
a € Z such that o(w,) = w? This element a gives rise to an action of H on each
Z; defined by m(z) = ax (mod n;) for x € Zf. Hence Gal(Q(w,)/K) acts on I' by
m(x1, ..., xq) = (m(x),...,m4(x)) = (ax mod ny,...,ax mod ny) for (z1,...,z4) € T.
The following result was proved by Li in [257].

Theorem 85. ([257, Theorem 2.1]) Let I' = Z,,, @ - -+ ® Z,, be an abelian group and K
an algebraic number field, where each n; > 2. A Cayley digraph Cay(I', S) on I is integral
over K if and only if S is the union of some orbits under the above-mentioned action of

Gal(Q(w,)/K) on T.

In [257, Proposition 3.2], Li also gave an upper bound for the number of Cayley
digraphs on I which are integral over K.

In the case when K = Q, the theorem above gives a necessary and sufficient condition
for a Cayley digraph on an abelian group to be integral in the usual sense. The reader is
invited to compare Theorem 85 with Theorem 20.

4 Cospectral Cayley graphs

Which graphs are determined by their spectrum? When two non-isomorphic graphs are
cospectral? These broad questions with a long history have been studied extensively in
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the literature. See [120, 121] for two surveys on these topics for general graphs. In this
section we review some known results on these questions for Cayley graphs.

4.1 Cospectral Cayley graphs
Using Theorem 2, Babai proved the following result.

Theorem 86. ([39, Theorem 5.2]) Given an integer k > 2 and a prime p > 64k, there
exist k pairwise non-isomorphic cospectral Cayley graphs on the dihedral group Dsy,.

In [3, Theorem 1.3], Abdollahi, Janbaz and Jazaeri proved that for any prime p > 13
there exist two non-isomorphic cospectral 6-regular Cayley graphs on Ds,. Generalizing
the construction in this paper, Abdollahi, Janbaz and Ghahramani [2] proved the following
two results.

Theorem 87. ([2, Theorem 1.1]) Let p > 23 be a prime. Then for every integer k between

6 and 2p — 7 there exist at least two non-isomorphic cospectral k-reqular Cayley graphs on
Dy,,.

Theorem 88. (]2, Theorem 1.2]) Let p > 23 be a prime. Then for every integer k between
1

6 and p+ 6 there exist at least ( ) pairwise non-isomorphic cospectral k-reqular

pl
[k/2] =3
((2p — k — 1)-regular) Cayley graphs on Day,.

Thus the number of pairwise non-isomorphic cospectral Cayley graphs on Dy, is ex-
ponential in terms of p. Moreover, for any k > 6, there exist arbitrarily large families
of k-regular Cayley graphs that are cospectral and pairwise non-isomorphic. Recently,
Tang, Cheng, Liu and Feng [368] proved the following result in the same spirit for dicyclic
groups Dicy,,.

Theorem 89. ([368, Theorem 3.7]) Let p > 23 be a prime and k an integer between 12
and 2p + 13. If k € {12,13,2p + 12,2p + 13}, then there exist a pair of non-isomorphic
cospectral k-reqular ((4p — k — 1)-reqular) Cayley graphs on Dicy,; if 14 < k < 2p + 11,
( p
[k/2] =6
regular) Cayley graphs on Dicy,.

then there exist pairwise non-isomorphic cospectral k-reqular ((4p —k —1)-

The Gaussian coefficient m . gives the number of subspaces of dimension 7 over F, in

the vector space IFZ. In [282], Lubotzky, Samuels and Vishne proved the following result.
(Note that in [282] Cayley graphs are not required to be undirected.)

Theorem 90. ([282, Theorem 1]) For every integer d > 5 (d # 6), every prime power q,
and every integer e > 1 such that ¢¢ > 4d? + 1, there are two systems A, B of generators
of the group G = PSL4(Fy) such that Cay(G, A) and Cay(G, B) are cospectral but not
isomorphic. Moreover, the number of generators in A and B can be chosen to be either

k=2¢"—1)/(q—1) ork =31 1],
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In particular, this implies that for fixed d and ¢ there are infinitely many cospectral
pairs of Cayley graphs which are k-regular with the same k.

Theorem 91. ([282, Proposition 7]) Let T' be a finite group and T a proper subgroup of
I'. Suppose that T has two inverse-closed generating sets A’ and B’ of size k such that
Cay (I, A”) and Cay(I", B') are cospectral but non-isomorphic. Then T has two generating
sets A and B of size |I'| — k — 1 such that Cay(I', A) and Cay(I', B) are cospectral but
non-isomorphic.

Combining this with Theorem 86, the following result was obtained in [282, Corollary
8]: For large enough n, each of the groups G = S,, and G = PSL,,(F,) has two subsets
A and B of size |G| — 3 such that Cay(G, A) and Cay(G, B) are cospectral but non-
isomorphic.

A few explicit constructions of cospectral but non-isomorphic Cayley graphs were also
given in [282].

4.2 Cospectrality and isomorphism

Consider a Cayley graph Cay(I', S) on a group I" with connection set S. It can be verified
that every o € Aut(I') induces an isomorphism from Cay(T', S) to Cay(I',0(S5)), called
a Cayley isomorphism (CI). A Cayley graph Cay(I,S) is called a Cl-graph of T' if for
any Cayley graph Cay(I',T") isomorphic to Cay(I",.S) there exists 0 € Aut(I') such that
T = o(S). Adém [9, 137] conjectured that all circulant graphs are Cl-graphs of the
corresponding cyclic groups. Though disproved in [144], this conjecture inspired a lot of
interest on Cl-graphs in more than four decades, and a complete solution to the problem
of determining when two given circulant graphs or digraphs are isomorphic was given by
Muzychuk in [317]. See [255] for a survey of Cl-graphs.

Motivated by Addm’s conjecture, Mans, Pappalardi and Shparlinski [292] proposed
to study the following problem: “Which circulant graphs Cay(Z,, S) satisfy the spectral
Addm property, that is, for any T C Z, satisfying 0 ¢ T = —T, Spec(Cay(Zy, S)) =
Spec(Cay(Z,,T)) implies that there exists an integer o coprime with n such that T =
aS = {as : s € S}?” Obviously, if T = «S for an integer « coprime to n, then
Cay(Zy, S) = Cay(Z,,T). So a circulant graph Cay(Z,, S) satisfies the spectral Addm
property if and only if, for any circulant graph Cay(Z,,T), then Spec(Cay(Z,,S5)) =
Spec(Cay(Z,,T)) implies Cay(Z,, S) = Cay(Z,,T).

A graph G is said to be determined by its spectrum (DS for short) if every graph
cospectral with G is isomorphic to G. In particular, a Cayley graph Cay(T",S) is called
Cay-DS if, for any Cayley graph Cay(I', T'), Spec(Cay(I", S)) = Spec(Cay(I',T")) implies
Cay(T',S) = Cay(I',T). If all Cayley graphs on I' are Cay-DS, then the group I is said
to be Cay-DS. These concepts can be extended to Cayley digraphs in an obvious way.

It is natural to ask whether all circulant (di)graphs are Cay-DS. The answer is negative,
as shown in [144, 292]. On the positive side, Turner proved in [378, Theorem 2| that any
cyclic group of prime order is Cay-DS. In [292], Mans, Pappalardi and Shparlinski proved
the following result for circulants of degree 4.
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Theorem 92. ([292, Theorem 9]) Let n > 3 and let S = {+a,+£b} C Z, be such that
ged(a,b,n) = 1. Then Cay(Z,,S) is Cay-DS.

This generalizes an earlier result [267] which asserts that Cay(Z,, {£1, £d}) is Cay-DS
provided that 2 < d < min{n/4, p(n)/2}, where ¢(n) is Euler’s function. In [292], it was
also shown that for any fixed m the probability that a random m-element subset S C Z,
does not have the spectral Addm property is O(n™1).

It was proved in [144, Corollary 3] that the circulant digraph Cay(Z,,S) is Cay-DS
for any prime p. In [195], Huang and Chang proved the following result.

Theorem 93. ([195, Theorems 1, 2 and 3]) The circulant digraph Cay(Z,,S), n = 3, is
Cay-DS if one of the following conditions holds:

(a) n = p® is a prime power, and S C Z, does not contain any coset of (p>~') in Z,,
a—1.

where (p®~ 1) is the subgroup of Z,, generated by p*~*;
(b) n = p*q®, where p and q are distinct odd primes and a and b are positive integers,
and S C 7Z, satisfies max{s : s € S} < ¢(n);

(c) n = 2%", where q is an odd prime and a and b are positive integers, and S is a
generating subset of Z,, that satisfies max{s:s € S} < p(n).

In [363, Section 7], So proposed the following conjecture.

Conjecture 94. (/363, Conjecture 7.3]) Two integral circulant graphs are isomorphic if
and only if they are cospectral; that is, all integral circulant graphs are Cay-DS.

So [363, Section 7] proved that this conjecture is true if n is a prime power or a product
of two distinct primes. This conjecture has also been confirmed [202, Section 5] when n
is square-free and the set D in the integral circulant graph ICG(n, D) contains at most
two prime factors of n, but it is still open in its general form.

Given non-empty sets Aq, ..., A, of integers, define
HAi::{al-'-as:aieA,»,léigs}. (4.1)
i=1

Denote by PP the set of primes. Let n be a positive integer and p € P. Recall that e,(n)
denotes the exponent of p in n. For ) # X C N and p € P, define

X, = {p* :z e X}, (4.2)

If X = Hpep X,, then X is called a multiplicative set.
Define the spectral vector of an integral circulant graph ICG(n, D) to be

N(n, D) = (M(n, D), .., Ar(n, D), No(n, D)),

where \;(n, D) for i =0,1,...,n — 1 are the eigenvalues of ICG(n, D) as shown in (3.6).
In [350], Sander and Sander proved the following weaker form of Conjecture 94.
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Theorem 95. ([350, Theorem 1.2]) Let n > 3 be an integer. Let D and E be multiplica-
tive divisor sets of n. Then the integral circulant graphs ICG(n, D) and ICG(n, E) are

isomorphic if and only if Y(n, D) = Y(n, E).

In addition, an explicit formula for the eigenvalues of any integral circulant graph with
a multiplicative divisor set was given in [350, Theorem 1.1].
The next two theorems were proved by Abdollahi, Janbaz and Jazaeri in [3].

Theorem 96. ([3, Theorem 1.2]) The following hold:

(a) for any prime p > 5, every Sylow p-subgroup of any finite Cay-DS group is cyclic;
and every Sylow 5-subgroup of any finite DS group is cyclic;

(b) every Sylow 2-subgroup of any finite Cay-DS group is of order at most 16;

(c) every Sylow 3-subgroup of any finite Cay-DS group is either cyclic or is isomorphic
to Z3 X Z3.

Theorem 97. ([3, Theorem 1.3]) Let p be a prime. The dihedral group Ds, is Cay-DS
if and only if p € {2,3,5,7,11}. Moreover, there exist two cospectral non-isomorphic
6-reqular Cayley graphs on Dsy, for every prime p > 13.

In [198], Huang, Huang and Lu classified all cubic Cayley graphs on Dy, and enumer-
ated them up to isomorphism by means of the spectral method, where p is an odd prime.
They proved that two such graphs are isomorphic if and only if they are cospectral. In
other words, they proved:

Theorem 98. ([198, Corollary 3.8]) Let p be an odd prime. All cubic Cayley graphs on
Dy, are Cay-DS.

Huang, Huang and Lu [198] also posed the question of classifying and enumerating
connected cubic Cayley graphs on general dihedral groups and determining which of them
have the Cay-DS property.

In [368], Tang, Cheng, Liu and Feng proved the following result for dicyclic groups.

Theorem 99. ([368, Proposition 3.8]) Let p > 3 be a prime. The dicyclic group Dicy, is
Cay-DS if and only if p = 3.

We say that a group I' is DS (determined by spectrum) if for any Cayley graph
G = Cay(T',S) on I" and any graph G’ cospectral with G we have G = G'. Obviously, a
DS group is Cay-DS, but the converse is not true.

Theorem 100. ([3, Theorem 1.4]) Every finite DS group is solvable.
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5 Cayley graphs on finite rings

In this section we focus on Cayley graphs on the additive groups of finite rings. As we will
see shortly, every finite commutative ring is associated with two specific Cayley graphs,
the unitary and quadratic unitary Cayley graphs, of which the former as a generalization
of the unitary Cayley graph of Z, is always integral when the ring is commutative. We
will also see that every chain ring gives rise to a family of integral Cayley graphs whose
eigenvalues can be computed explicitly. A family of Cayley graphs on the additive group
of a finite field and their eigenvalues will also be discussed in this section.

Denote by R* the set of units of a ring R. A local ring [37] is a commutative ring with
a unique maximal ideal. Tt is readily seen [37, 141] that the set of units of a local ring
R with maximal ideal M is given by R* = R\ M. It is well known [37, 141] that every
finite commutative ring can be expressed as a direct product of finite local rings, and this
decomposition is unique up to permutations of such local rings. We make the following
assumption throughout this section.

Assumption 101. Whenever we consider a finite commutative ring R with unit element
1 # 0, we assume that it is decomposed as

R:RIXRQX”'XRS

such that R R R
IRl _ IRl _ IR
my Mo M

where each R;, 1 <1 < s, is a local ring with maximal ideal M; of order m;.

5.1 Unitary Cayley graphs of finite rings

Let R be a finite ring. The unitary Cayley graph of R is defined as the Cayley graph
Ggr = Cay(R, R*) of the additive group of R with respect to R*. That is, G has vertex
set R such that =,y € R are adjacent if and only if z —y € R*. (Note that Gg is the
edgeless graph on R if R has no units.) This notion is a generalization of the unitary
Cayley graph of Z,, because

Gy, = Cay(Z,,Z*) = ICG(n, {1}).

In the case when R is a local ring with maximal ideal M, G is the complete (|R|/|M])-
partite graph with each part containing |M| vertices, and so its spectrum is known (see
[219, Proposition 2.1]). On the other hand, for a general ring R as decomposed in As-
sumption 101, we have Ggr = Gg, ® - -+ ® GR,. Furthermore, it is well known that if G
and H have eigenvalues \;,1 <4 < n and p;,1 < j < m, respectively, where repetitions
are allowed, then their tensor product G ® H has eigenvalues A\jp; : 1 <i<n,1 <5< m.
Combining all these facts, the spectrum of G can be easily determined as shown in [219].
Define

| B

X
IR

H]GC m;

Ao = (=)l

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.9 45



for every subset C' of {1,2,...,s}.

Theorem 102. ([219, Lemma 2.3]; see also [16]) Let R be a finite commutative ring. The
eigenvalues of Gr are

(a) Ac, repeated ngc - times, for C C{1,2,...,s}; and

X
(b) 0 with multiplicity |R| — T];_ (1 + |‘Z |>

)

In particular, if R is a finite local ring and m is the order of its unique maximal ideal,
then

Spec(Gr) = (|R\ —m, (—m)‘R‘T””,oW) . (5.1)

In [272], Liu and Zhou determined the eigenvalues of the complement G and the line
graph L(Gg) of Gg.

Theorem 103. ([272, Corollary 6]) Let R be a finite commutative ring. The eigenvalues
of Gg are

(a) [R[—1—|R"];

(b) —Ac — 1, repeated [ |

jGC s ., S} and

X
(c) —1 with multiplicity |R| — [];— <1 + R, I)
m;

In particular, if R is a finite local ring and m s the order of its unique maximal ideal,
then

Spec(Gr) = ((m = 1), (=1) = (*V).

Theorem 104. ([272, Corollary 7]) Let R be a finite commutative ring. The eigenvalues
of L(GR) are

(a) Ac + |R*| — 2, repeated [ |

Y S};

jEC m

X
(b) |R*| — 2 with multiplicity |R| — [1;_, (1 + I, |), and
m;

(c) —2, repeated |R| (|R*| — 2) /2 times.

In particular, if R is a finite local ring and m s the order of its unique maximal ideal,
then

x x 1RX] % (L [RI(IRX |-2)
spec<L<GR>>:(2|R|—2,<rR|—m—z>m,<|R|—2><m+l>< D, (g )
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Theorems 102-104 together imply the following result.

Corollary 105. Let R be a finite commutative ring. Then Ggr, Gr and L(Gg) are
integral. In particular, Gr s an integral Cayley graph.

Let R be a finite ring, and let M,,(R) be the ring of n x n matrices over R, where n > 1.
Then the set of units of M, (R) is the group GL,(R) of n x n invertible matrices over R.
So the unitary Cayley graph of M,(R) is the graph G, (r) = Cay(M,(R),GL,(R)). In
[336], Rattanakangwanwong and Meemark studied various spectral properties of Gy, (r),
with a focus on the case when R is a finite field or local ring. Here we present the following
two results from this paper on the spectrum of G, r,) when n = 2 or 3. Other spectral
properties of Gy, (r), including when it is Ramanujan or strongly regular, will be discussed
in related later sections.

Theorem 106. ([336, Theorem 2.2]) For any prime power q, we have

(- -9  —(F—q) q
Spec(G,(r,)) = ( 1 (¢—D(g+1)* (¢*—1)(¢* q)) '

Theorem 107. ([336, Theorem 2.3]) For any prime power q, the spectrum of Gy, s

Spec(Ganye,) = (((6° = D@ = )@ = )" (=(¢° = a)(¢® = )T D+, (g(¢® ~
@)\ D@ =)@ rarl) (gY@ D@’ ~a) (e’ ~a%))

5.2 Quadratic unitary Cayley graphs of finite rings

Let R be a finite ring. Let Qr = {u? : v € R*} and set Tr = QrU(—Qgr). The quadratic
unitary Cayley graph of R, denoted by Gg, is defined as the Cayley graph Cay(R,Tr)
on the additive group of R with respect to Tg. That is, Gg has vertex set R such that
x,y € R are adjacent if and only if x —y € Tk. This notion introduced by Liu and Zhou
[273] is a generalization of the quadratic unitary Cayley graph Gz, of Z, introduced in
[127] as well as the well known Paley graphs. (The Paley graph P(q), where ¢ = 1 mod 4
is a prime power, is the Cayley graph on the additive group of the finite field F, with
respect to the set of nonzero squares.) In [273], Liu and Zhou determined the spectra of
Gg for finite commutative rings in the case when all finite fields R;/M; are of odd order
and at most one of them has order congruent to 3 modulo 4.

Theorem 108. ([273, Theorem 2.4]) Let R be a local ring with mazimal ideal M of order
m.

(a) If|R|/m =1 (mod4), then the spectrum of Gg is

e

L I | Gt AL R

|Rl=m 1 _
5 5M 1+

3
N | +—=

Spec(Gr) =
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(b) If |[R|/m = 3 (mod4), then the spectrum of Gr is

IR|—m —m 0 >

1 B g - A

Spec(Gr) = (

In particular, Gg is an integral Cayley graph.

Define
|RX|

i R;
2st‘eA( %*1) Mien (V5 — 1)

for disjoint subsets A, B of {1,2,...,s}.

A = (—1)"

Theorem 109. ([273, Theorem 2.6]) Let R be a finite commutative ring such that |R;|/m; =
1 (mod4) for 1 < i< s. Then the eigenvalues of Gg are

(a) Aap, repeated I (% — 1) times, for all pairs of disjoint subsets A, B

1
Al+|B
214HIBl Aus

of {1,2,...,s}; and

1
. L | Ry |
(b) 0 with multiplicity |R| — ABC% B} <m ke];[UB (m—’z — 1)>
ANBZ0)

Theorem 110. ([273, Theorem 2.7]) Let R be a finite commutative ring such that |R;|/m; =
1 (mod4) for 1 <i<s. Let Ry be a local ring with mazimal ideal My of order mg such
that |Ro|/mo = 3 (mod 4). Then the eigenvalues of Gryxr are

I1 (E — 1) times, for all pairs of disjoint subsets

(a) |Ry|- Aap, repeated A
k€AUB k

A, B of {1,2,...,s};

21Al+[B]

| Rq | 1 |Rol | R : -
(b) —W-)\A,B, repeated STAFIB] (m—o — > ke];{JB (m—k — 1) times, for all pairs
of disjoint subsets A, B of {1,2,...,s}; and
, — L |kl | Ra|
(¢) 0 with multiplicity |R| — < ol <—’“ — 1) .
A,Bg%,...,s} 21A+IB| mo kGI;IUB M
ANB=0

Theorems 108, 109 and 110 can be specified to obtain the eigenvalues of Gy, .
Theorem 111. ([273, Corollary 2.8]) Let p > 5 be an odd prime and o > 1 an integer.
(a) Ifp=1 (mod4), then

Spec(Ga ) = P Hp—1)/2 p*t(=1+yp)/2 0 p*H(=1-yp)/2
PEET L) = 1 (p-1)/2  p-p  (p—1)/2 ‘
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(b) If p=3 (mod4), then

a—1 _ _ a1
Spec(Gz,.) = < =D 0 ) )

1 p—1 p*—p

Theorem 112. ([273, Corollary 2.9]) Let n = p{™* ...p% be an integer in canonical fac-
torization such that p; = 1 (mod4) for each i. Then the eigenvalues of Gz, are

B p(n) 1 :
(a) (—=1)!Bl. TR ESY Mo (=) repeated W%I;IUB(W — 1) times,

for all pairs of disjoint subsets A, B of {1,2,...,s};

: N 1
(b) 0 with multiplicity n — ) BC% ; <m kel;[UB@k - 1))
ANB=0’

Theorem 113. ([273, Corollary 2.10]) Let n = p®p{*...p% be an integer in canonical
factorization such that p = 3 (mod 4) and p; = 1 (mod4) for each i. Then the eigenvalues
of Gz, are

1
a) (—1)18l. #(n) , repeated ——— pr — 1) times,
(a) (—1) 2 ies (Vi + ) Lep (v — 1) OIA[+IB] kngB( r— 1)
for all pairs of disjoint subsets A, B of {1,2,...,s};
p(n) p—1
(b) (—1)BI+1. , repeated =——— [ (pr—1)
22(p = D lica (VPi + 1) [jes (VP — 1) 2B om
times, for all pairs of disjoint subsets A, B of {1,2,...,s}; and
. Lo D
(¢) 0 with multiplicity n — ) BCZ{; ; (m kel;[UB(pk - 1))
ANB=0

5.3 A family of Cayley graphs on finite chain rings

A finite chain ring is a finite local ring R such that for any ideals I, J of R we have
either I C J or J C I. Consider a finite chain ring R with unique maximal ideal M and
residue field of ¢ elements. The nilpotency s of R is the smallest positive integer such
that M* = {0}. Then {0} =M C M* ' C---Cc M*C M C M° =R and |[M| = ¢**
for 0 <7 < s. For integers aq,as,...,a, with 0 < a; <as <---<a, <s—1, set

D = U_ (M*\ M“*1). (5.2)

The Cayley graph Cay(R, D) was studied in [366]. In the special case when R = Z,s and
D = {p* :1<i<r}isaset of proper divisors of p*, this graph is exactly the ged graph
of Z,s with respect to D.

Theorem 114. ([366, Section 2]) Let R be a finite chain ring and let D be as above.
Then Cay (R, D) is integral. Moreover, the following hold:
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(a) if a, = s — 1, then the eigenvalues of Cay(R, D) are

(i) (¢—1) >, ¢*~ %, with multiplicity ¢

) =t (g — 1) Y00, ¢* Y with multiplicity ¢* (¢ — 1), for 2
(iil) (¢—1)>°0, ¢* %1, with multiplicity g™~ %171 — g1 for 2 < k
) —1, with multiplicity ¢*(q — 1),

gk\ ;.
< r; and

(b) if a. # s — 1, then the eigenvalues of Cay(R, D) are

) (¢—1) >0, ¢*~ %L, with multiplicity ¢*;

) —q* “k—l_l—i—(q—l)zzzk ¢ =%t with multiplicity ¢ (q—1), for2 < k <r;
u) (g — q° Y, with multiplicity ¢ — g7 for 2 < k< r
1 1k s—a;—1 ith ltinlicit a a +1 f 2<k

)

)

_qs ar—1

0, with multiplicity ¢* ' (¢*= =1 —1).

, with multiplicity ¢* (¢ — 1); and

5.4 Generalized Paley graphs

Let ¢ = p” be a prime power and k£ > 1 an integer. The generalized Paley graph X 5 is
defined as the Cayley digraph on the additive group of F, with connection set {a* : a € Fr}
(see [208, 330]). Since {a* :a € F;} = (W") = (w*'), where w is a primitive element of F,
and k' = ged(g—1, k), we have X} = X é“'. Hence we may always assume that & is a divisor
of ¢ —1in X}. Note that X is an undirected graph if and only if either ¢ or (¢ —1)/k is
even, and in this case X 5 is exactly the generalized Paley graph GPaley(q, (¢—1)/k) which
was defined in [266] as the Cayley graph on the additive group of F, with connection set
the unique subgroup of the multiplicative group F; of order (¢ —1)/k. Note also that X ql
is the complete graph K, and X 3 is exactly the Paley graph P(q) when ¢ =1 (mod 4).

In [330], Podestd and Videla proved that the eigenvalues of the (undirected) generalized
Paley graphs X 5 and their complements X_(f can be expressed in terms of the Gaussian
periods

= 3 W 0<i<k -1, (5.3)
€t (wh)
where
Tr(x) = Trp p, () =2 + 2P +--- + ! (5.4)

is the trace of 2 € F, and w'(w") is the coset of the subgroup (w") of F} containing w'.

Theorem 115. ([330, Theorem 2.1]) Let ¢ = p” be a prime power and k > 1 a divisor of
q—1. Suppose that either ¢ orn = (¢—1)/k is even. Let {ny,...,ns} be the set of distinct
Gaussian periods other than n among né ), nik q), e ,77,(:3?), and let m; be the multiplicity
of mi for 1 < i < s. Let m be the multiplicity (possibly 0) that n occurs among these

Gaussian periods. Then

Spec(Xf):( ! noo 775)

mn+1 mmn ... mgn
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and

— (k—1mn —m—1 ... —np—1
( )

Spec(Xk) =
pec(Xy) mn + 1 mn ... mgn

Moreover, if k divides (¢ —1)/(p — 1), then both X} and X_éf are integral.

In particular, this implies the well-known fact that the Paley graph P(q) = X 3 has
eigenvalues (¢ — 1)/2 (with multiplicity 1) and (=1 £ ,/g)/2 (both with multiplicity (¢ —
1)/2). For k = 3,4, the eigenvalues of X} have been worked out explicitly in [330] when
k divides (¢ —1)/(p —1).

In the case when k£ = 2 and ¢ = 1 (mod 4) or k > 2 and k divides p'+1 for some proper
divisor ¢ of /2 (where r is even), (k,q) is called a semiprimitive pair of integers and the
generalized Paley graph X 5 is said to be semiprimitive. In this case the eigenvalues of

X 5 and X_é“ can be explicitly computed as shown in [330].

Theorem 116. ([330, Theorem 3.3]) Let ¢ = p" be a prime power with r even, and let
k > 1 be a divisor of q— 1. Suppose that (k,q) is a semiprimitive pair, with t the smallest
divisor of r/2 such that k divides p* + 1. Set n = (¢ — 1)/k. Then

R S (CERMCSVENCER) %((—1>2’“w—1>>

Spec(Xg) = ( 1 n (k — )n

and

Spec(XF) = ( (= S (A=) 1D ) |

6 Energies of Cayley graphs

The energy of a graph G with n vertices and eigenvalues A1, Ay, ..., A, is defined as

E(G) = Zm.

This concept was introduced by Gutman [182] in the study of mathematical chemistry.
In the past four decades a number of results on energies of various families of graphs have
been obtained; see [261] for a monograph on this topic. It is well known [232] that, for
any graph G with n vertices,

EG) <5 (Vi+1), (6.1)

and the bound can be achieved by infinitely many graphs. It can be easily verified
that £(K,) = 2(n —1). A graph G with n vertices is called hyperenergetic [183] if
E(G)>2(n—1).
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6.1 Energies of integral circulant graphs
In this section we assume that
n=pypy*...ps =2 (6.2)

is an integer in canonical factorization into prime powers, where p; < py < ... < ps
are primes and each «; > 1 is an integer. Recall that the circulant integral graphs are
precisely the ged graphs ICG(n, D) of cyclic groups (Corollary 16) and that Cay(Z,,Z)) =
ICG(n,{1}) is the unitary Cayley graph of Z,. As before ¢(n) is Euler’s totient function
and D(n) denotes the set of positive divisors of n.

The first two parts of the following result were proved in [200, Theorems 2.3 and 2.4]
and [334, Theorems 3.7 and 3.10], and the third part was proved in [334, Theorem 3.11].
The first part of this result was also obtained in [43] in the special case when n is a prime
power.

Theorem 117. ([200, 334]) Let n > 3 be an integer.
(a) The energy of ICG(n, {1}) is given by

E(ICG(n, {1})) = 2°¢(n).

(b) ICG(n,{1}) is hyperenergetic if and only if n has at least two distinct odd prime
factors.

(c) The energy of ICG(n,{1}) satisfies

£(1CG(n, (1)) > "= 1),

Theorem 118. ([200, Theorems 3.1 and 3.2]) Let n > 3 be an integer.
(a) The energy of the complement of ICG(n, {1}) is equal to

(b) The complement of ICG(n,{1}) is hyperenergetic if and only if s > 2 and n # 2p,
where p is a prime.

The next two results were obtained by Ili¢ and Basi¢ in [202]. Denote p$ || n if pf* | n
but pd* f n.

Theorem 119. ([202, Theorem 4.1)) If n > 4, then for each i and any integer ~ with
1 < Y g a,

257 (p(n) + o(n/pi)), if pi || n
E(CG(n,{1,p{})) = € 27" (20(n) + (0 —2p +2)p(n/pi)), if p] || n with v >
2°(p(n) + (] — i + )p(n/p:)), if pi K n.
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Theorem 120. ([202, Theorem 4.2]) If n > 4, then for 1 <i < j < s,

2%p(n), if pi | n and p; || n
3-257Lp(n), if 2| n and pj2|n
s—1 : :
S(ICG(TL, {pi,pj})) — 2 (290(n) + ‘P(n/py)¢(pj))7 Ztnzj; ”2TL with Di 7é 2
pj‘n
2571 (2¢(n) + o(n/pi)e (i), if pn and pj || n
2771 (2¢(n) + (n/pi)e(pi) + ¢(n/pj)e(p))), if Piln and p3|n.

The first formula in Theorem 119 was obtained earlier in [200, Theorem 4.1] (see also
[312, Corollary 3.8]), and in the special case when n = pips...ps the first formula in
Theorem 120 was also obtained in [200, Theorem 4.2].

Theorem 120 implies that there are a large number of non-cospectral regular hyperen-
ergetic graphs of the same order and same energy. See [202, Section 5] for more details.

The next three results were obtained by Mollahajiaghaei in [312].

Theorem 121. ([312, Theorem 3.10]) Let n = pfm, where p is a prime, k > 1 and
ged(m,p) = 1. Then

E(ICG(n; {1,p})) = 2(p" — p"*)EACG(m, {1})).

Theorem 122. ([312, Theorem 3.11]) Let n = pfm, where p is a prime, k > 1 and
ged(m,p) = 1. Then ICG(n;{1,p}) is hyperenergetic if and only if m has at least two
distinct prime factors or m is an odd integer.

Theorem 123. ([312, Theorems 4.2 and 4.7]) Let n = pipa...psm = 3 and let D =
{p1,p2,...,ps}, where py,pa,...,ps are distinct primes each of which is greater than s,
and m is a positive integer with ged(p1ps...ps,m) = 1. Let t be the number of prime
factors of m. Then

S

£(ICG(n, D)) = 2! <528—1 — (271 - 2) Z > 1_ 1) o(n).

Moreover, ICG(n, D) is hyperenergetic.

The next result tells us when the energy of an integral circulant graph is divisible by
4.

Theorem 124. ([202, Theorems 3.2 and 3.3]) Let n > 3 be an integer and D C D(n)\{n}.
If n is odd, then E(ICG(n, D)) is divisible by 4; if n is even, then E(ICG(n, D)) is not
divisible by 4 if and only if n/2 ¢ D and >, p(—1)%p(n/d) < 0.

In fact, when n is odd, Y, p(—1)%p(n/d) is an eigenvalue of ICG(n, D).
In [251], Le and Sander found a connection between A-convolutions satisfying a weak
form of regularity and the spectra of integral circulant graphs. Using this, they obtained
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a multiplicative decomposition of the energies of integral circulant graphs with multi-
plicative divisor sets. A few definitions are in order before presenting their results. Call
A = (A(n))nen a divisor system if ) # A(n) C D(n) for each n € N. Denote by C the set
of functions from N to C. The A-convolution of two functions f,g € CN is the function
f *4 g € CY defined by

(Fragdn)= Y fldyg(5).neN.
deA(n)
The A-convolution is regular if it satisfies the following conditions:
o (CN +,%,) is a commutative ring with unity;
o if f,g € CN are both multiplicative, so is f %4 g;

e the constant function 1 has an inverse 4 with respect to the operation * 4 such that
wa(p®) € {—1,0} for all prime powers p® (generalization of Mdbius’ p function).

In [318], Narkiewicz proved that any regular A-convolution has the multiplicative property
in the sense that

A(mn) = A(m)A(n) :={ab:a € A(m),b € A(n)}

for all coprime integers m,n € N. This implies that

I I l
A <pr> = HA(pf) = {H a; :a; € A(p;") for 1 <i < l} (6.3)
i=1 i=1

i=1

for any distinct primes p; and nonnegative integers s;.
A divisor system A = (A(n))nen is called multiplicative if for all n € N,

Ay = ] Ap=™),

p€EP, p|n

where e,(n) is the exponent of p in n, P is the set of primes, and the product on the
right-hand side is defined as in (6.3). It follows that A is multiplicative if and only if each
A(n) is multiplicative. Recall that the Ramanujan sum c¢(k,n) was defined in (3.5).

Theorem 125. ([251, Theorem 4.1]) Let A = (A(n))nen be a multiplicative divisor sys-
tem. Then for any integer n > 3,

n

E(ICG(n, A(n) =Y [Nl A))| = [ eacap=, Ap=))),

k=1 p€EP, pln

where Ap(n, A(n)) := (1 x4 c(k,-))(n) with 1 the constant function taking value 1.
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Recall from (4.2) that X, = {pep(x) re X } for any prime p and non-empty set X of
positive integers. Using Theorem 125, Le and Sander obtained the following result.

Theorem 126. ([251, Corollary 4.1]) Let A = (A(n))nen be a multiplicative divisor sys-
tem. Then, for any n = pi*p3*...p% = 3 as in (6.2), we have A(p?j) = A(n)y, for
1 <7< s, and moreover

E(ICG(n, A(n He (ICG(p}’, A(n)y,))-

This implies the following result.

Theorem 127. ([251, Theorem 4.2]) Let n > 3 and D C D(n). Suppose that D can be
factorized as D = {g} - X for some positive integer g and multiplicative set X C D(n/g).
Then

E(ICG(n, D)) =g [ £0CGE~T9), X,)).

p€EP, pln

Given D C D(n), set D = D(n)\ D and

-3¢ (%) . (6.4)

deD

Theorem 128. ([252, Theorem 6.1]) Let n > 3 and let D C D(n) be a multiplicative set
containing n. Then

E(ICG(n, D))= [[ £0ACGE™™,D,))+n—2&(n, D).

p€EP, pln

As mentioned in [251, Section 5], Theorem 126 reduces the computation of the ener-
gies of all integral circulant graphs with respect to multiplicative divisor sets to that of
ICG(p*, D) for an arbitrary prime power p® and any divisor set D C D(p*). The latter
was achieved in [346], where the following result was proved.

Theorem 129. ([346, Theorem 2.1; Corollary 2.2]) Let p be a prime and let a be a positive
integer. Let D = {p™,p®, ... ,p*}, where 0 < a; <as < -+ < a, <a. Then

E(ICG(p", D)) = 2(p — 1) ( (-1 Z Z P )
k=1 i=k+1
Moreover, ICG(p®, D) is hyperenergetic if and only if

e )

k=1 i= k+1

ot
ut

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.9



We will see in Theorem 155 that this result can be generalized to the Cayley graph
Cay(R, D) on a finite chain ring R as in Section 5.3.

The condition a, < a in Theorem 129 is required for otherwise ICG(p®, D) would have
a loop. In the case when a, = a, we have the following result.

Theorem 130. ([251, Proposition 5.1]) Let p be a prime and let a be a positive integer.
Let D = {p™,p®,...,p*}, where 0 < a; < as < --- < a, = a. Then

E(ICG(p", D)) = 2(p — 1) (p r=1)-(p-1 Z Z pretes! Zp“k> +p.

k=1 i=k+1
Given D = {dy,ds,...,d,} € D(p*) with dy < dy < --- < d,., define

r—1 r d
2(p—1)p*! (7‘ -1 d—k) : if d, <p*,
« D)= k=1i=kt1 @i
np', D)= 2l de 1o .

2(p — 1)p*t (r—l—(p—l)z — de) +p*, ifd.=p

T a1
=licke1 di  pvTh i3

Theorems 126, 129 and 130 together imply the following result.

Theorem 131. ([251, Theorem 5.1]) Let n > 3 and D C D(n). Suppose that D can be
factorized into D = {g}- X for some positive integer g and multiplicative set X C D(n/g).
Then

E(ICG(n, D)) =g [] nw™", X,).

peEP, p|n

In view of Theorem 21, all distance powers of the unitary Cayley graph Gz, (=
Cay(Zn,Z)) = ICG(n,{1})) are integral circulant graphs. The energies of some distance
powers of Gz, were computed by Liu and Li in [269] and as a consequence when such a
distance power is hyperenergetic was determined.

Theorem 132. ([269, Theorem 1.1]) Let n = p{*p3? -+ - p% > 2, where py < pg < -+ < p;
are distinct primes and a; > 1.

(a) Ifn is a prime, then 5(G%}) =2(n—1).

(b) If n=2% with o > 1 or n is an odd composite number, then

& (G%}) =2°p(n), €& (Gg}) =2n—2+(2° sz + H (2 —pi),

£ (G}i’2}> —2(n — 1).
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(c) If n is even but has an odd prime factor, then
e(Gl) =2om), &(G8) =2m-2), &(GL) =n—dp(n) +2%(n),

£ (Ggf}) —2n — 24 (2° — 2)p(n) — 11 p, € (Gg;?’}) = n,
£ <G%3}) =2n—2+4(2° =2)p(n) — ﬁpz-, & (G%L’m}) =2(n—1).

Theorem 133. ([269, Corollary 2.10]) Let n = p{'ps? - - p%s = 2, where p; < py < -+- <
ps are distinct primes and o; > 1. Then the following hold:

(a) ng} 1s hyperenergetic if and only if s > 3 or s =2 and n is odd;

(b) Ggl} is hyperenergetic if and only if n is an odd composite number;

(c) Ggi} is hyperenergetic if and only if p1 =2 and s > 3;

(d) ng’z} 15 hyperenergetic if and only if p1 =2 and s > 2 except when n = 2py;
(e) Géi’?’} is hyperenergetic if and only if pr =2 and s > 2 except when n = 2py;
(f) G%g} is not hyperenergetic;

(g) ng’z’g} is not hyperenergetic.
In [389], hyperenergetic integral circulant graphs were discussed and a method for con-
structing hyperenergetic integral circulant graphs using the Cartesian product of graphs
was given.

6.2 Extremal energies of integral circulant graphs

In this section we survey some known results on the characterization of those graphs having
maximal or minimal energy among all integral circulant graphs with a given order. We
adopt the following notation from [346]:

Emin(n) == min{E(ICG(n, D)) : D C D(n) \ {n}}

Emax(n) := max{E(ICG(n, D)) : D C D(n) \ {n}}.

A subset D C D(n) \ {n} is called n-minimal or n-mazimal if E(ICG(n, D)) = Enin(n)
or E(ICG(n, D)) = Emax(n), respectively.

Theorem 134. ([346, Theorem 3.1]) Let p be a prime and s a positive integer. Then

Emin(p°) =2(p — 1)p*".

Moreover, the p*-minimal sets are exactly the sets {p'} for 0 <t < s — 1.
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Theorem 135. ([346, Theorem 3.2]) Let p be a prime. Then the following hold:
() Emax(p) =2(p — 1), the only p-mazimal set being D = {1};
(b) Emax(P?) = 2(p — 1)(p + 1), the only p*-mazimal set being D = {1,p};

(€) Emax(P?) = 2(p — 1)(2p* — p+ 1), the only p*-mazimal set being D = {1,p?}, except
when p = 2 for which D = {1,2,4} is also 23-mazimal;

(d) Emax(P*) = 2(p — 1)(2p® + 1), the only p*-mazimal sets being D = {1,p,p3} and
D = {1ap2ap3}'

Using tools from convex optimization, it was proved in [347, Theorem 4.2] that . (p®)
lies between s(p — 1)p*~! and 2s(p — 1)p*~! approximately.
In [346, Theorem 2.1}, it was proved that, for 0 < ay < ay < -+ < a,_1 < a, < s — 1,

EICGH®, {p™,....p"})) =20 — 1)p* ' (r — (p — Dhy(ar, ..., a)),

where
r—1
h al,..., E E az*ak
k=1 i= k+1

Thus Emax(p®) can be obtained by minimizing hy(as, ..., a,). As observed in [349], the
minimum of A, (ay, . .., a,) occurs only when a; = 0 and a,, = s—1. This approach was used
in [348, Theorems 2.1 and 2.2|, where the minimum value of h,(0,as,...,a,_1,s — 1) was
determined when s =1 mod (r — 1) or s = 0 mod (r — 1). Finally, in [349, Theorem 1.1],
the following formula for &,.x(p®) was obtained and all p*-maximal sets were determined.

Theorem 136. ([349, Theorem 1.1]) Let p be a prime and let r and s be positive integers.
(a) If s is odd, then

Emax(p”) = T Ji g (s +1)(* = Dp* + 20" = 1))

Moreover, if p > 3 then {1, p? p A piR p* ) ds the only pf-mazimal subset, and

if p=2 then {1,p%,p*,....p* 2, p° '} and {1,p*, p3,p°, ..., p*~, p* 2, p° 1} are the
only p®-mazximal subsets.

(b) If s is even, then

1

Emax(p®) = TESE

(s(p® = Dp* +2(2p*™ —p* ' +p> —p—1))

and {1,p%,p%, ..., p* 2, p* 1} and {1,p%, 0%, 0%, ..., p° 73, p° "} are the only p*-mazimal
subsets.
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In general, it seems difficult to obtain the exact values of Eyin(n) and Enax(n) for
arbitrary integers n > 3 due to the lack of explicit formulas for £(ICG(n,D)). The
following relaxed forms of Eyin(n) and Epax(n) were introduced in [252]:

Emin(n) == min{E(ICG(n, D)) : D C D(n) \ {n} multiplicative}

Emax(n) = max{E(ICG(n, D)) : D C D(n) \ {n} multiplicative}.

Of course,

gmin(n) < gmin(n) < 8max(n) g Smax<n)-

For any prime power p®, set

1 2 _ s s+1 i s
) = W ((s+D* = Dp* +2(p"' = 1)), f21s,
CFSE (s(p® — )p* + 22" —p L+ p2 —p— 1)), if 2[s.

Theorem 137. ([252, Theorem 2.1)) Let n = p{*p3*...p% = 3 be an integer in canonical
factorization. Then

Emax(n) = H 0(pi").

Moreover, a multiplicative set D C D(n) \ {n} satisfies EACG(n, D)) = Emax(n) if and
only if D = [];_, DY, where
{Lpfpl o) if 240, pi 23,
DW= {1,22,2% ... 2078 2o 1} op {1,2,23, .. 2074 22 gaimlh L f 0k oy p = 2,
a;—1

{1,p2,p8, o p0 ™ p 2 Y or {1, pa, 3, 08T YT, if 2]y

A set D C D(p®) is called uni-reqular if D = {p*,p", ... p?~1 p/} for some integers
i, with 0 <i<j<s.

Theorem 138. ([252, Theorem 2.2]) Let n = p{*p3*...p% = 3 be an integer in canonical
factorization, where p1 < ps < ... < ps. Then

En(n) = 2n (1 - pil) |

Moreover, a multiplicative set D C D(n) \ {n} satisfies EACG(n, D)) = Emin(n) if and
only if D =[[_, D©, where DV = {pt} for some u € {0,1,...,01 — 1}, and DY is an
arbitrary uni-regular set with p{* € DY for 2 <i < s.

Theorems 137 and 138 together imply the following result.

Theorem 139. ([252, Corollary 2.1]) Let n = p*p3?...p% > 3 be an integer in canonical
factorization, where p1 < py < ... < ps. Then
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(a) Emax(n) = Emax(n) =12, 0(py"); and

() Emin(n) < Enin(n) = 2n (1 - i).

4!

Denote by 7(n) the number of positive divisors of n and by w(n) the number of distinct
prime factors of n.

Theorem 140. ([252, Theorem 2.3]) Let n > 3 be an integer. Then

(2) Emax(n) < n 3 M =n ] (1 (1 - %) (ep(n) + 1) (ey(n) 4 2) + 1),-

dln p€EP, p|n 2 p
w(n)
(b) Emax(n) < <Z> nt(n)?; and
(€) Emax(n) < Emax(n)T(n).

We finish this section by mentioning three conjectures from [252]. As far as we know,
all these conjectures are still open.

Conjecture 141. (/252, Conjecture 6.1]) For any integer n > 3,

Enin(n) = 20 (1 - %) |

where p is the smallest prime factor of n.

Conjecture 142. (252, Conjecture 6.2]) For any integer n > 3 and D C D(n) \ {n}, if
E(ICG(n, D)) = Emin(n), then D is a multiplicative divisor set.

Conjecture 143. ([252, Conjecture 6.3]) Let n > 3 be an integer, and let Dy, Dy C
D(n) \ {n} be multiplicative sets. If ICG(n,D;) and ICG(n, Dy) are cospectral, then
Dl - DQ.

6.3 Energies of circulant graphs

In [359], Shparlinski gave a construction of circulant graphs of very high energy using
Gauss sums. Given a prime p, let (), denote the set of all quadratic residues modulo p in
the set {1,...,(p —1)/2}.

Theorem 144. ([359, Theorem 1]) For any prime p =1 (mod 4),

£(Cay(Z, QU (-@,) > LWL,

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.9 60



Thus Cay(Z,, @, U (—Q,)) has energy close to the upper bound in (6.1).
Let n and d be integers with 1 < d < n—1. The average energy of all circulant graphs
of order n and degree d is given by
1
g d = - = < 5 C Znys )
Ld/2]

where the sum is running over all subsets S of Z,, \ {0} with S = —S and |S| = d. Using
(6.1), it can be verified [64] that

E(n,d) <d++/d(n—1)(n—d).

On the other hand, we have the following asymptotic lower bound due to Blackburn and
Shparlinski [64].

Theorem 145. ([64, Theorem 5]) Asn — oo, for any integer d such that 4 < d = o(n'/?)
and dn 1is even, we have

dn . '

Eln.d) > 3d=3+o(1)’ if d is even
) > Vo i

if d is odd.

\/3d—3+(1/d)+o(1)’

6.4 Energies of Cayley graphs on finite rings

As seen in Section 6.1, the energies of the unitary Cayley graph Gy, (= Cay(Z,,Z)) =
ICG(n,{1})) and its complement have been determined. These results were generalized
by Kiani, Aghaei, Meemark and Suntornpoch [219] to the unitary Cayley graph of any
finite commutative ring.

Theorem 146. ([219, Theorems 2.4, 2.5 and 4.1]) Let R be a finite commutative ring as
in Assumption 101. Then

£(Gr) = 2°|R™|
and ) )
E(Gr) =2[R| — 2+ (2° = 2)|R*| = [ [ Ril/mi + [ [ (2 = | Ril /).
i=1 i=1
Moreover,

(a) if s =1, then G is not hyperenergetic;
(b) if s =2, then Gg is hyperenergetic if and only if |Ri|/my1 = 3 and |Ra|/me > 4;

(c) if s = 3, then G is hyperenergetic if and only if |Rs—a|/ms—o = 3, or |Rs_1|/ms_1 >
3 and |Rs|/ms > 4.

In [272, Theorem 18], Liu and Zhou determined the energy of the line graph L(Gpg)
of GR.
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Theorem 147. ([272, Theorem 18]) Let R be a finite commutative ring as in Assumption
101. Then

2 (|RX| - 1), if 2= |Ri|/m1 =+ = |Rs|/ms,
OT’R:FQX"'XFQXFg;
M)
E(L(GR)) = 2" +2IR[(IR*[ = 2), if2=|Ril/m1 = - = [Re|/my < |Rpya|/mus
with 1 <t < s and R 2 Fy x - -+ X Fy xFs;
1
| 2|R[ (|R*]—2), if 3 < |Ry|/my < -+ < |Rg|/ms and R 2 Fs.

In the special case where R = Z,,, Theorem 147 yields the following result.

Corollary 148. ([272, Corollary 19]) Let n = p{'p5? ... p% = 3 be an integer in canonical

factorization, where p1 < ps < ... < ps are primes and each c; > 1 is an integer. Then
(4, ifn=3;
8, if n = 6;
E(L(Gz,) = { 427" —1)°, ifn =2
A+2n (T p (i — 1) —2),  if2=p and n #6;
L 2n (T2, P (i — 1) — 2), if3< py andn # 3.

By Theorem 147, we know exactly when L(GR) is hyperenergetic.

Corollary 149. ([272, Corollary 20]) Let R be as in Assumption 101. Then L(Gg) is
hyperenergetic if and only if one of the following holds:

(a) [R*| > 4;
(b) s=1 and |R| =2m > §;
(c) s 22,2=|Ri|/my =--- =|Rs|/ms, and |R*| > 2.

Recall that M, (R) is the ring of n X n matrices over a finite ring R, and Gy, (r) =
Cay(M,(R),GL,(R)) is the unitary Cayley graph of M, (R). In [336], Rattanakangwan-
wong and Meemark obtained the following result.

Theorem 150. ([336, Theorem 4.7]) For any finite commutative ring R and any integer
n =2, Ga,(r) 18 hyperenergetic.

Recall from Section 5.2 that Gg is the quadratic unitary Cayley graph of a finite
commutative ring R. The next two results were obtained by Liu and Zhou in [273].

Theorem 151. ([273, Theorem 3.1]) Let R be a local ring with mazimal ideal M of order
m. Then the following hold:

() if |Rl/m =1 (mod4), then £(Gr) = (v/IRI/m + 1) |R*|/2;
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(b) if |R|/m = 3 (mod4), then £(Gr) = 2|R*|.

Theorem 152. ([273, Theorem 3.2]) Let R be as in Assumption 101 such that |R;|/m; =
1(mod4) for 1 < i < 's, and let Ry be a local ring with mazximal ideal My of order mg
such that |Ro|/mo = 3 (mod 4). Then the following hold:

_ |R:|iﬁl( hRi!/mﬁl);

(a) E(Gr) =
| Ry || R

() £(Gnpen) = PSEEL T (VIR + 1)

Theorem 152 implies the following result.

Corollary 153. ([273, Corollary 3.3]) Let R and Ry be as in Theorem 152. Then the
following hold:

(a) Gg is hyperenergetic except when R = Ry with |Ry|/my =5 or R = Ry X Ry with
| Bal/my = |Ry|/ma = 5;
(b) Groxr is hyperenergetic except when |Ry|/mo = 3 and R = Ry with |Ry|/m; = 5.

In the special case where R = Z,,, Theorems 151 and 152 and Corollary 153 together
imply the following result.

Corollary 154. ([273, Corollary 3.4]) Let n = p*p3*...p% be an integer in canonical
factorization such that p; = 1 (mod4) for 1 < i < s. Let p = 3(mod4) be a prime and
a > 1 an integer. Then the followng hold:

(a) €(Gz,a) = 20(p");
(b) £(Gz,) = Spé?) 1‘[1 (vpi +1);

(c) 5(gznpa):%iﬁl (\/E'—i-l);

(d) Gz, is hyperenergetic except when n = 5% ;

(e) Gz,,. is hyperenergetic except when np® = 3% - 5.

Finally, for any semiprimitive pair (k,q) as described in Theorem 116, the energies
of the semiprimitive generalized Paley graph X 5 and its complement X 5 can be easily

computed (see [331, 330]): If r/2¢ is odd, then

e(xp) = £(xp) = D DVIED,

if /2t is even, then

£(X") = 2(q—1) ((kk; 1)yq+1)
and

e = e D (k- 2)2\/5+ (k1)
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6.5 Energies of Cayley graphs on finite chain rings and gcd graphs of unique
factorization domains

The following result due to Suntornpoch and Meemark [366] gives a formula for the
energy of the Cayley graph Cay(R, D) on a finite chain ring R (see Section 5.3 for related
definitions). In the special case when R = Z,s, it gives exactly Theorem 129.

Theorem 155. ([366, Section 2|) Let R be a finite chain ring and D be as in (5.2). Then

£(Cay(R, D)) =2(q — 1) (qHT —(¢—1) i Z qs"ﬁa’“l) :

k=1 i=k+1

Let R be a unique factorization domain (UFD). Let ¢ be a nonzero nonunit element
of R. Then the quotient R/(c) = {z + (¢) : * € R} is a commutative ring. Assume that
this ring is finite. Let D be a set of proper divisors of ¢. In [219], the ged graph of R
with respect to D was defined as the graph with vertex set R/(c) such that z + (¢) and
y + (c¢) are adjacent if and only if ged(x —y,¢) € D (the ged considered here is unique up
to associate). We denote this graph by ICG(R/(c), D). (Note that another notation was
used in [219].) This notion is a generalization of the ged graphs in Section 3.1.1: If R = Z,
n > 3 is an integer and D is a set of positive proper divisors of n, then ICG(R/(n), D)
is exactly the ged graph ICG(n, D) of Z,,. Moreover, in the special case when D = {1}
(where 1 is the multiplicative identity of R), ICG(R/(c),{1}) = Gry( is the unitary
Cayley graph of the finite commutative ring R/(c). In [219], Kiani, Aghaei, Meemark and
Suntornpoch obtained the following result.

Theorem 156. ([219, Theorems 3.1 and 3.4]) Let R be a unique factorization domain.

(a) Let ¢ =pi*...plm € R be factorized into a product of irreducible elements. Assume
that R/(c) is finite. For 1 <i<mn, if a; =1, then

E(ICG(R/(c), {1,p:})) = 2" R/ (p)| | R/ (c/pi) .

(b) Letc=p; .. .pkpZ’ff ...p% € R be factorized into a product of irreducible elements,
where a; > 1 for k+1 < i < n. Assume that R/(c) is finite. Then

E(ICG(R/(c), {pi,p;})) = 2" |R/(c)"|
for1<i<j<k.

The following result was proved by Suntornpoch and Meemark with the help of the
NEPS construction.

Theorem 157. ([366, Theorem 3.4]) Let R be a unique factorization domain and ¢ =
it ... py a nonzero nonunit element of R which is factorized as a product of irreducible
elements. Assume that R/(c) is finite. Assume further that for some | with 1 < 1 < k
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ail

and each i with 1 < i <1 there exists a set D; = {p™, pi=, ... ,p?”i} such that 0 < a;; <

Qg < -+ < Ay, < 8 — 1. Set

D={p" - p gt € (1,2, ) for 1< < 1)

Then

E(ICG(R/(c), D)) = E(ACG(R/(p1*), D1) - -- EACG(R/ (p}"), Di) H 1R/ (p;

j=l+1

6.6 Skew energy of orientations of hypercubes

Let G be a digraph of order n with no loops or parallel arcs such that at most one of
(u,v) and (v,u) occurs as an arc for each pair of distinct vertices u,v € V(G). The skew-
adjacency matriz [82] of G is the n x n matrix Ag(G) whose (u, v)-entry is 1 if (u, v) is an
arc of G, —1if (v, u) is an arc of G, and 0 if there is no arc between u and v. Since Ag(G)
is skew-symmetric, its eigenvalues are all purely imaginary numbers, and the collection of
them with multiplicities is called the skew spectrum of G. The skew energy Es(G) of G is
defined as the sum of the moduli of the eigenvalues of G. It is known that £5(G) < nV/A,
where A is the maximum degree of the underlying graph of G. In particular, the skew
energy of every orientation of any k-regular graph of order n is at most nvk. In [376], it
was shown that for any d > 1 there exists an orientation of the hypercube H(d,2) which
achieves this bound, that is, with skew energy 29v/d. It was also proved [376] that there
exists an orientation of H(d,2) whose skew spectrum is obtained from the spectrum of
H(d,2) by multiplying each eigenvalue by the imaginary unit i. Both orientations were
given algorithmically in [376].

6.7 Others

In [159], estimates of the energy and Estrada index of Cayley graphs Cay(I',S) were
obtained, where I' is Ds,, or Uy, (see Section 3.4.3) and S is a normal generating set of I

A proper colouring of a graph G is an assignment of colours to its vertices such that
adjacent vertices receive distinct colours. Let G be a graph and ¢ a proper colouring of
G. Define A.(G) to be the matrix with rows and columns indexed by the vertices of G
such that the (u,v)-entry is equal to 1 if u and v are adjacent (so that c(u) # c(v)), —1 if
u and v are non-adjacent and c¢(u) = ¢(v), and 0 if w = v or u and v are non-adjacent and
c(u) # c¢(v). The eigenvalues of A.(G) are called the colour eigenvalues of (G,c). The
colour energy E.(G) of G with respect to c¢ is the sum of the absolute values of the colour
eigenvalues of (G, c). In [12], Adiga, Sampathkumar and Sriraj derived formulas for the
colour energies of the unitary Cayley graph Cay(Z,,Z)) and its complement. They also
obtained explicit formulas for the colour energies of the ged graphs ICG(n, D) of Z, in
the case when n = p{'p3?...py'pl piyt' ... p% and D = {1,p;} or n = pips...ps is a
square-free integer and D = {p;, p;}.
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7 Ramanujan Cayley graphs

The isoperimetric number (or Cheeger constant) of a graph G is defined as
a(s 1
h(G) = min{%sy)| S CV(G), 0< |9 < §|V(G)|},

where 0(S) is the set of edges of G with one end-vertex in S and the other end-vertex
in V(G) \ S. This important parameter measures how well the graph expands and how
strong the graph is connected in some sense. An infinite sequence of finite regular graphs
with fixed degree but increasing orders is called a family of expanders if the isoperimetric
numbers of such graphs are all bounded from below by a common positive constant.
A well-known result of Alon-Milman [18, 21] and Dodziuk [138] asserts that, for any
connected k-regular graph G,

L2 he) < VR A,

where A is the second largest eigenvalue of G. (A better upper bound due to Mohar
[308] says that h(G) < \/k? —A3.) So we may also define expander families using the
spectral gap k — Xg: A sequence of graphs G, Gy, Gs, ... is called a family of e-expander
graphs [192], where € > 0 is a fixed constant, if (i) all these graphs are k-regular for a
fixed integer k > 3; (ii) k — A\a(G;) = € for each ; and (iii) |V (G;)| — oo as i — oc.

The well known Alon-Boppana bound (see, for example, [125, Theorem 0.8.8]) asserts
that, for any family of finite connected k-regular graphs {G;};>1 such that |V (G;)| — oo
as i — 0o, we have liminf; ,, A(G;) = 2vk — 1, where A(G;) is the maximum in absolute
value of an eigenvalue of G; other than 4+k. This motivated the following definition: A
finite k-regular graph G is called Ramanujan [192, 316] if A(G) < 2vEk — 1.

Over the years a significant amount of work has been done in constructing expander
families as well as Ramanujan graphs of a fixed degree, and Cayley graphs play an
important role in this area of research. The reader is referred to three survey papers
[316, 192, 280] and two books [125, 235] on expanders and Ramanujan graphs.

In this section we give an account of known results on the characterization of Ramanu-
jan Cayley graphs. Note that, since abelian groups can never yield expander families (see
[104, 151]), all Ramanujan Cayley graphs on abelian groups surveyed in this section cannot
form expander families.

7.1 Ramanujan integral circulant graphs

In [139], Droll gave the following characterization of Ramanujan unitary Cayley graphs
of Zp, n > 2.

Theorem 158. ([139, Theorem 1.2]) Let n = p"p5?...p% = 2 with py < pa < ... < ps
be an integer in canonical factorization. The unitary Cayley graph Gz, is Ramanujan if
and only if one of the following holds:
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a) n =2 with aqy > 1;

b) n = pi" with p; odd and a; = 1,2;

(c

(
(
(d

)

)

) = 4paps with py < p3 < 2p2 — 3;

) n=pipy with 3 < p; < pa < 4p; — 5, orn = 2paps with 3 < py < p3 < 4py — 5;
)

(e) m = 2p3, 4p3 with py odd, or n = 2% py with py > 22173 + 1.

Since Gy, = Cay(Z,,Z)) = ICG(n,{1}) is a special unitary Cayley graph as well as
a special integral circulant graph, it is natural to ask the following questions: Besides
the graphs in Theorem 158, which unitary Cayley graphs of finite commutative rings
are Ramanujan? And which integral circulant graphs ICG(n, D) are Ramanujan? The
former question was answered by Liu and Zhou in [272], and their result will be presented
in Theorem 168. The latter question was studied by Le and Sander in [253] when n is a
prime power but D is arbitrary, and by Sander in [345] when D is multiplicative but n is
arbitrary. Set

D(n;m) :={d e D(n) :d > m}

for any positive integers m,n with m < n.

Theorem 159. ([253, Theorem 1.1]) Let p* > 3 be a prime power and D C D(p®)\ {p*}.
Then ICG(p®, D) is Ramanugan if and only if one of the following holds:

(a) D=D (p[ﬁ_l) U D" for some D' C D (ps—l;pfﬁ);

(b) D= {1} whenp=2 and s > 3;

(¢c) D=D (p )UD’ such that |D| > 2 for some D' C D ( p%> when p € {2, 3}
and s > 3 s odd;

(d) S_4> U D' for some D' C D (2°71;25) satisfying O # D' # {2°'} when

=2 and s > 4 1s even;

(e) D ={1,22,23.21} when p=2 and s =5;

#)of
#)u

(f) D=D (
18 odd;

() D=D(

S;I} U D" for some D' C D (55*1;5S;3> when p=>5and s> 5

551} U D' for some D' C D <25_1; 2SJ2A> satisfying

2"“‘52%

d'eD’

when p =2 and s > 5 is odd.
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Part (a) of Theorem 159 implies the following result.

Corollary 160 ([253, Corollary 1.1]) Let p* > 3 be a prime power and D = {1,p,...,p" "'},
where s/2 < r < s. Then ICG(p®, D) is Ramanugjan. In particular, there is a Ramanujan
integral czrculant graph ICG(p®, D) for every prime power p* > 3.

The next four results were proved by Sander in [345].

Theorem 161. ([345, Theorem 2.1]) ICG(n, D(n)\ {n}) is Ramanugjan for every integer
n = 3.

Recall from (6.4) that ®(n, D) =", ¢ (%) for D C D(n).

Theorem 162. ([345, Theorem 2.2]) Let n > 3 be an integer and let D C D(n) \ {n} be
multiplicative. Write D =[] cp ,, D*(p) for suitable D*(p) C D(p o). Then ICG(n, D)
1s Ramanujan iof and only if 1 € D and

N pep(n) <1 4 2 @(H,D) —1
max < ,
plnpeP O(p°r(™), D*(p)) ®(n, D)

where the operator max is defined by

max , if 4n and D*(2) # {1},

* p|n pGIP’
max = | )
p|n,peP max , otherwise.
p|n,pEP,p>2

Theorem 163. ([345, Theorem 2.3]) For every even integer n > 4, there exists a multi-
plicative divisor set D C D(n) \ {n} such that ICG(n, D) is a Ramanugjan graph.

Theorem 164. ([345, Theorem 2.4]) Let n > 3 be an odd integer.

3/2
n n
(a) If n satisfies max p=»™ > + , then there is a multiplicative divisor set
p€EP, p|n 2(n -1

D C D(n) \ {n} such that ICG(n, D) is a Ramanugjan graph.

n3/% +n
(b) Ifn > 8295 satisfies max p=»™ <
p€EP, p|n 2( —1

set D C D(n) \ {n} such that ICG(n, D) is a Ramanujan graph.

, then there 1s no multiplicative divisor

Recently, Liu and Li [269] considered some distance powers of the unitary Cayley
graph Gz, and determined when they are Ramanujan.

Theorem 165. ([269, Theorem 1.2]) Let n > 2 be an integer.

(a) G%} is Ramanugjan if and only if one of the following holds: (i) n is a prime; (ii)
n = 2% for some o > 1; (i) n = p? for an odd prime p; (iv) n = pq for some
primes p,q with 3 < p < q < 4p —5; (v) n = 2pq for some primes p,q with
3< p<q<d4dp—5; (vi) n = 4pq for some primes p,q with p < q < 2p — 3;
(vii) n = 2p* or 4p* for an odd prime p, or n = 2%p for some integer o and prime
p>2°73 4+ 1.
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(b) G{ } is Ramanujan if and only if one of the following holds: (i) n = 2% for some
> 1; (i) n = p® for some odd prime p and integer o > 2; (ii) n = 15, 21 or 35;
(w) n s even but has an odd prime factor.

(c) Ggi} 1s Ramanujan if and only if n = 30, 70 or 4p for a prime p.

(d) G%’Q} is Ramanugan if and only if one of the following holds: (i) n = 2% for some
a > 1; (i) n = pltpy? .- p% fors = 2 odd primes py,ps, ..., ps and positive integers

a1, Qo ..., (i) n = 2% for some a and odd prime p > 27 +1; (w) n = 2p?,
4p* or 8p for some odd prime p; (v) n = 54, 250 or 686; (vi) n = 2*1py? ... p%s
with s = 3 for odd primes p,...,ps and positive integers oy, ao, ..., Qg such that

on)=2n/2+1—-2yn—2.
(e) G%g’} is Ramanujan if and only if n = 6, 10, 12, 18, 24 or 30.
(f) G’%fs} is Ramanugjan.
(g) G%’Q’g} is Ramanugan.

7.2 Ramanujan Cayley graphs on dihedral groups

Recall from (3.1) that S,(1) = {k : 1 < k < n — 1,gcd(k,n) = 1}. Recall also that
Doy, = (a,b | a® = b*> = 1,b7ab = a™ ') is the dihedral group of order 2n. The following
result due to Liu and Zhou identifies all Ramanujan graphs in two special families of
Cayley graphs on dihedral groups.

Theorem 166. ([271]) Let n > 2 be an integer.

(a) Let S = {a*,a*b : k € S,(1)}. Then Cay(Ds,,S) is Ramanujan if and only if one
of the following holds:

(i) n=2% for some integer a > 1;

(ii) m = pq or 2pq for some primes p,q with p < ¢ < 2p — 3;

)
)
(iii) n = p* or 2p? for some prime p;
(iv) m = p for some prime p;

)

(v) m = 2% for some integer o > 1 and prime p with p > 272 + 1.

(b) Let S ={a*: k € S,(1)}U{a?b} for some j € Z,. Then Cay(Day,,S) is Ramanujan
if and only if n € {1,2,3,4,5,6,8,10,12}.
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7.3 Ramanujan Cayley graphs on finite rings
Recall that Gy is the unitary Cayley graph of a finite ring R. In [272], Liu and Zhou

determined when G or its complement G is Ramanujan using knowledge of the spectra

of these graphs (see Section 5.1).

Theorem 167. ([272, Theorem 11]) Let R be a finite local ring with mazimal ideal M of
2

order m. Then Gg is Ramanugjan if and only if either |R| = 2m or |R| > <% + 1) and

m # 2.

Theorem 168. ([272, Theorem 12]) Let R be as in Assumption 101 with s > 2. Then
Gr is Ramanujan if and only if R satisfies one of the following conditions:

(a) R;/M; =Ty fori=1,2,.

)
(b) Ry =Ty fori=1,2,...,8s—=3, and R; = F3 fori=s—2,s—1,s,
(c) Ry =Ty fori=1,2,...,s—3, Ry =F;3 fori=s—2,s—1, and Ry = Fy;
(d) Ry =Ty fori=1,2,...,8—3, and R; 2 Fy fori=s—2,5s—1,s;
() Ry @ Ty fori=1,2,...,5s—2, Ry 1 2Fs3, and Ry = Zgy or Z3|X]/(X?);
(f) Ry = Zy or Zz[X]/(X2) R; & Fy fori = 2,3,. — 2, and Rs1 = F,, and

R, =T, for some prime powers qi,q2 = 3 such that < @<qat+(a—2)q;
(g) Ri =2Fy fori=1,2,...,5—2, and Rs_1 =F, and R, = F,, for some prime powers
¢, q2 = 3 such that ¢ < g2 < 2 (q1 + V(@ — 2)q1> -

(h) R;/M; = Fy fori=1,2,. — 1, Ry/My = F, for some prime power q > 3, and
[T, mi < (q_um_*)
In the special case when R = Z,,, Theorem 168 gives rise to Theorem 158.
Theorem 169. ([272, Theorem 15]) Let R be a finite local ring. Then Gr is Ramanujan.

Theorem 170. (272, Theorem 16]) Let R be as in Assumption 101 with s > 2. Then
Gr is Ramanujan if and only if R satisfies one of the following conditions:

(a) |Ri|/mi=2 fori=1,2,....s, and [[_; m; < 2"t — 3 +2,/25(2° — 3);

(b) 2 = |Ri|/m1 = -+ = |Re|/mu < |Rig1|/mus1 for some t with 2 < t < s, and
|R*| < 2¢/|R| —3;

(c) 2=|Ry1|/m1 < |Rg|/mg and |R*| < 24/|R| —2 —1;

(d) 3 < |Ril/my and Bl < — (Rl fmn) — 3)44/ (Rl fmn) — 3)° + (4IR| - 9).
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Applying Theorems 169 and 170 to Z,,, we obtain the following result on the comple-
ment of the unitary Cayley graph G, of Z,.

Corollary 171. ([272, Corollary 17]) Let n > 2 be an integer. Then Gz, is Ramanujan
if and only if either n is a prime power or n € {6,10,12,15,18,21, 24,30, 35}.

The following results were proved by Rattanakangwanwong and Meemark in [336],
where Gy, (r) is the unitary Cayley graph of the ring M, (R) of n x n matrices over a
finite ring R.

Theorem 172. ([336, Theorem 3.2]) Let n > 2 be an integer and q a prime power. Then
G, r,) 15 Ramanujan if and only if n =2 or (n,q) = (3,2).

Theorem 173. ([336, Theorem 4.5]) Let R be a local ring other than a field. Then G, (r)
1s not Ramanujan for any n > 2.

Ramanujan quadratic unitary Cayley graphs were characterized by Liu and Zhou in
[273] using knowledge of the spectra of quadratic unitary Cayley graphs (see Section 5.2).

Theorem 174. ([273, Theorem 5.1)) Let R be as in Assumption 101 such that |R;|/m; =
1(mod4) for 1 < i < s, and let Ry be a local ring with mazimal ideal My of order mq
such that |Ry|/mo = 3 (mod4). Then the following hold:

(a) Gg, is Ramanugjan if and only if |Ro| = (mo + 2)?/4;

(b) Gr is Ramanugjan if and only if R is isomorphic to F5 x F5 or F, for a prime power
¢ =1(mod4);

(¢) Gryxr s Ramanugjan if and only if Ry X R is isomorphic to F3 x F5, F3 x Fg or
Fg X Flg.

In the special case where R = Z,,, Theorem 174 yields the following result.

Corollary 175. ([273, Corollary 5.2]) Let n > 5 be an integer such that each of its prime
factors is congruent to 1 modulo 4. Let p =3 (mod4) be a prime and o > 1 an integer.

Then the following hold:
(a) Gz, is Ramanugjan if and only if n is a prime;
(b) Gz, is Ramanujan if and only if p* = p or p;
(¢) Gz,,. is Ramanujan if and only if np® = 15 or 39.

Recently, a family of Cayley graphs from Galois rings have been studied by Satake
in [354]. Let p be a prime, and let e and r be positive integers. Let GR(p®,r) be the
Galois ring of characteristic p® and order p". It is well known that GR(p®,r) is a finite,
commutative and local ring, and its multiplicative group of units is isomorphic to the
direct product I'y x I'y, where I'; is a cyclic group of order p” — 1 and G5 is a group of
order p¢~ Y. Define Gpe » to be the Cayley graph on the additive group of GR(p®, r) with
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respect to the connection set I'y U(—T'1). This is an undirected graph with degree 2"+ —2
when p = 2 and p” — 1 when p is odd. The eigenvalues of this graph were studied in [354]
with the help of some known estimates of character sums for Galois rings. In particular,
the following result was proved in [354].

Theorem 176. ([354, Theorem 4.1]) Let r > 4 be an integer. Then Goz,. is Ramanujan.
Moreover, all eigenvalues of Ga2,. except 2Tle 2 are in the interval [— 95+ _ 2,23+ 4 2].

We finish this section with a result about when a semiprimitive generalized Paley
graph or its complement is Ramanujan (see Section 5.4 for related definitions).

Theorem 177. ([330, Theorem 4.1]) Let ¢ = p" be a prime power with r even, and let
k > 1 be a divisor of ¢ — 1. Suppose that (k,q) is a semiprimitive pair. Then XF is
Ramanugjan. Moreover, Xé“ 18 Ramanujan if and only if one of the following holds:

(a) k=2 and ¢ =1 (mod 4) (in which case X} is the Paley graph P(q));
(b) k=3, p=2andr > 4;
(c) k=3,2<p=2(mod 3) and r >

(d =4, p=3andr >4
(e) k=4,3<p=3(mod4) andr > 2
(f) k=5, p=2 and r > 8 is a multiple of 4;

)
)
)
) k
) k
)
(g) k=5,2<p=23 (mod 5) and r > 4 is a multiple of 4;
(h) k=5, p=4 (mod 5) and r >

7.4 Ramanujan Euclidean graphs

Let ¢ = p” be an odd prime power and n > 1 an integer. Define

n

A y) = 3 (i — )

i=1

for (column) vectors x,y in the linear space Fy. Note that this is not a metric in the
sense of analysis as d(x,y) is not real-valued but takes values in F,. Given a € F,, the
FEuclidean graph E,(n,a), introduced by Medrano, Myers, Stark and Terras in [298], is
defined to be the graph with vertex set F; such that two vertices x,y € Fy are adjacent if
and only if d(x,y) = a. (Loops are allowed when a = 0.) Assume that (¢,n,a) # (¢,2,0)
and —1 is not a square in IF,. Then

E,(n,a) = Cay(IFZ, Sq(n,a))
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is a connected Cayley graph on the additive group of Fy, where
Sq(n,a) = {x € F; : d(x,0) = a}.

n—1

As shown in [298, Theorem 1], the degree |S,(n,a)| of this graph is approximately ¢" ",
with an error depending on the value of the quadratic character at (—1)™~1/2q or (—1)"/2
and the parity of n. Define

ep(x) = exp{2miTr(b'x)/p}, b,x € FY,

r—1

where b’ is the transpose of b and as in (5.4), Tr(u) = Trg, s, (u) = u +uP + - -+ uP
is the trace of u € F,. As shown in [298, Proposition 2], the eigenvalues of E,(n,a) are
given by

M= Y. en(y),beF,

yeFy, d(y,0)=1

and moreover ey, is an eigenfunction corresponding to Ap. Based on this the following was
proved by Medrano, Myers, Stark and Terras in [298].

Theorem 178. ([298, Theorem 3]) The eigenvalues Ay, of Ey(n, a) forb € Fp\{0} satisfy
|/\b’ < 2q(n71)/2
and can be expressed as some generalized Kloosterman sums.

Since the degree of E,(n,a) is approximately ¢"!, the bound in Theorem 178 is
asymptotic to the Ramanujan bound as ¢ approaches infinity. So Theorem 178 implies
that E,(n, a) is asymptotically Ramanujan for large ¢ (see also [373, Theorem 1, Chapter
5]).

It was proved in [298, Proposition 4] that, for fixed ¢ and n, all graphs E,(n,a)
for squares a # 0 are isomorphic, and all graphs E,(n,a) for non-squares a # 0 are
isomorphic. It was further proved in [298, Theorem 5] that when n is even these graphs
for a # 0 are isomorphic to each other, and so there are exactly two Euclidean graphs up
to isomorphism, namely E,(n,0) and E,(n, 1) for even n.

Similar to E,(n,a), for a prime power ¢ and a positive integer n, the Euclidean graph
associated with Z] and a € Z, is defined [299] to be the Cayley graph

X‘I(na CL) = CaY(ng S(/I(na CL)),

where
Si(n,a) = {X €Ly : fo = a} :
i=1

In [299], Medrano, Myers, Stark and Terras determined the spectrum of X,(n,a) and
proved that for n > 2 and ¢ = p” with p > 3 and r > 2, X, (n,a) is not Ramanujan
unless (p,r,n) = (3,2,2). In the case when ¢ = 2", the Euclidean graphs X,(n,a) were
studied in [131] and [381]. The following result is a combination of [299, Theorem 2.5],
[131, Theorem 11] and [381, Theorems 8 and 10].
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Theorem 179. ([131, 299, 381]) Let r,d > 2 and a € Z be integers, and let p be a prime
not dividing a. Then X,r(n,a) is not Ramanujan except when (p,r,n) = (2,2,2),(2,2,3)
or (3,2,2).

In 2009, Bannai, Shimabukuro and Tanaka [48] introduced finite Euclidean graphs in
a more general setting. Let ¢ be a prime power, n > 1 an integer, a an elment of F,, and
@ a non-degenerate quadratic form on Fy. Define E,(n, @, a) to be the graph with vertex
set Fy in which distinct x,y € F} are adjacent if and only if Q(x —y) = a. In the special
case where Q(x) = Y 1 22, E,(n,Q, a) is exactly Ey(n,a).

Consider a non-degenerate quadratic form Q on V' = V,,(q) = F}. The orthogonal
group associated with () is the group of all linear transformations that fix @); that is,

OV,Q)={oceGL(V): Q(c(x)) = Q(x) for all x € V'}.

Natually, the semi-direct product of V' (translations) by O(V,Q), V x O(V,Q), acts tran-
sitively on V. Let Oy = {(x,x) : x € V},04,...,0, be the orbital of V' x O(V, Q) on
V. Treating O; as a relation on V', we obtain an association scheme X(O(V,Q),V) =
(V. {Oi}o<i<a)-

Let p be a primitive element of F,. If n = 2m is even, then there are two inequivalent
non-degenerate quadratic forms, denoted by Q@+ and @, respectively. The corresponding
orthogonal groups are GO3, (q) = O(V, Q") and GO, (q) = O(V,Q7). So we have the
Euclidean graphs F,(2m,Q", p") and E,(2m,Q~,p") for 1 < i < ¢. The arc sets of
E,(2m,Q%,0) and E,(2m,Q",p") (1 < i < g — 1), together with the identity relation
Ry = {(x,x) : x € Va,,(q)}, are the relations of X(GO3. (q), Vam(q)). Similarly, the arc
sets of E,(2m,Q~,0) and E,(2m,Q~, p") (1 < i < g—1) together with Ry are the relations
of X(GOy,(q), Vam(q))-

If n =2m + 1 and ¢ is odd, then there are two inequivalent non-degenerate quadratic
forms @ and @', but the groups O(V,Q) and O(V, Q') are isomorphic. This group is
denoted by GOsy,11(q). In this case we have the Euclidean graphs E,(2m + 1, Q, p**) and
E,2m+1,Q,p* ) for 1 < i < (¢ —1)/2, as well as E,(2m + 1,Q,0), whose arc sets
together with the identity relation are the relations of X (GOa41(q), Vama1(q))-

If n =2m + 1 and ¢ is even, then there is exactly one inequivalent non-degenerate
quadratic form @. In this case we have the Euclidean graphs E,(2m+1, @, 0) and E,(2m+
1,Q,p") for 1 <i < ¢—1, and the arc set of E,(2m+1,Q, p') is the union of two relations
R; and R,y; of X(GOg41(q), Vam+1(q)), where GOgy,11(¢) = O(V, Q).

The next four theorems were proved by Bannai, Shimabukuro and Tanaka in [48].

Theorem 180. ([48, Theorem 3.1]) The graphs E,(2m,Q ,p") (1 < i < ¢— 1) are
Ramanujan.

Theorem 181. ([48, Theorem 3.2]) The graphs E,(2m,Q%,p") (1 < i < ¢—1) are
Ramanugjan if m is sufficiently large (that is, larger than a certain integer determined by

q).

Theorem 182. ([48, Theorem 3.3]) Let g be an odd prime power.
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(a) The graphs E,(2m +1,Q,p*) (1 < i < (¢ —1)/2) and E,(2m + 1,Q,0) are Ra-
manujan.

(b) If q is a prime, then the graphs E,(2m + 1,Q,p* ') (1 < i < (¢ —1)/2) are
Ramanugjan if m is sufficiently large (that is, larger than a certain integer determined

by q).

c) If q is not a prime, then the graphs E,2m+1,Q,p* 1) (1< i< (¢q—1)/2) are not
q p
Ramanujan.

Theorem 183. ([48, Theorem 3.4]) Let g be an even prime power.

(a) The graphs (V,Ryvi) (1 <i<q—1) and E,(2m + 1,Q,0) are Ramanugjan unless
qg=2and m = 1.

b) For a = p* # 0, the graph E,2m +1,Q,a) = (V,R; U R,4;) is Ramanujan if and
( P q q+
only if m > 1.

In a companion of [48], Bannai, Shimabukuro and Tanaka [47] constructed many
other Ramanujan graphs from association schemes obtained from the following actions
of orthogonal groups over finite fields: (i) Ogy+1(q) (¢ odd) acting on the set of non-
square-type non-isotropic 1-dimensional subspaces of Va,,11(¢) with respect to the non-
degenerate quadratic form Q(x) = 2(x1Zmi1 + -+ + TmTam) + 23,,11; (i) Oamy1(q) (¢
odd) acting on the set of square-type non-isotropic 1-dimensional subspaces of V5,,11(q)
with respect to the same quadratic form; (iii) Og,11(q) (¢ even) acting on the set of
negative-type hyperplanes of V5,,.1(q) with respect to the non-degenerate quadratic form
Q(X) = 11+ +Tim@om +23,,,1; (V) O2m+1(q) (¢ even) acting on the set of positive-
type hyperplanes of Va,,.1(q) with respect to the same quadratic form; (v) O% (q) acting
on the set of non-isotropic points of Va,,(q); (vi) U,(q) acting on the set of 1-dimensional
non-isotropic subspaces of V;,(¢*) with respect to the canonical non-singular Hermitian
form. The reader is referred to [47] for details.

7.5 Ramanujan finite upper half plane graphs

Let ¢ = p” be an odd prime power and 0 a non-square of the finite field IF,. The finite
upper half plane over F, is defined as

H,={z=xz+yVo:z,yecF, y+#0}

Forz:x+y\/5€Hq andw:u+v\/3€Hq, define

(0 = w? — oy = v)?

d(z,w) = m

Let a € H,. Define X,(d,a) to be the graph with vertex set H, such that z,w € H, are
adjacent if and only if d(z,w) = a. This graph is called [373] a finite upper half plane
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graph on F,. As shown in [373, Theorem 2(4), Chapter 19], this is a Cayley graph on the
affine group
Aff(q) = {(‘g :f) cxy € Fy, y%O},

X,(9,a) = Cay(Aff(q), 5,(0,a)),

namely,

where

Sq(6,a) = {(g gf) cx,y € F,, y#0, xzzay—l—é(y—l)Q}.

Theorem 184. ([373, Theorem 4, Chapter 20]) The finite upper half plane graphs X, (0, a),
for a #0, 46, are Ramanujan.

The reader is referred to [89] and [373, Theorem 2, Chapter 19] for more properties of
X,(6,a) (mostly due to Angel [31, 27], Angel, Celniker, Poulos, Terras, Trimble and Ve-
lasquez [28], Angel, Poulos, Terras, Trimble and Velasquez [28, 29], Celniker [83], Celniker,
Poulos, Terras, Trimble and Velasquez [84], Poulos [332], and Terras [371, 372]).

Let ¢ = p" be an odd prime power and ¢ a positive integral generator of the group Z .
The finite upper half plane over Z, is defined as

H;:{z:x+y\/5:x€Zq,y€Z;}.

Forz:x+y\/3€H; andw:u+vx/3€H;, define

z—u)?— 0y —v)?
yu '

Fix a € Z,. In [30], Angel, Trimble, Shook and Terras defined the finite upper half plane
graph X (0,a) on Z, to be the graph with vertex set HJ such that z,w € Hj, are adjacent
if and only if d'(z,w) = a. This graph was proved (see [30, Theorem 2] or [31, Proposition
3.2]) to be a Cayley graph on the affine group

Aﬂ(zq):{(g f) :xezq,yezg},

X, (0,a) = Cay(Aff(Z,), Sz,(0,a)),

d(z,w) = (

namely,

where
y xz X !/
qu(é,a): {(0 1) :xEZq,yEZq,x—i—y\/gEZq,d <x+y\/5,\/(_5> :a}.

If a # 0,46 mod p, then X/ (4, a) is a connected (p”+p’~')-regular graph with p”(p" —p"~")
vertices (see [30, Theorems 1 and 2]). The following result was proved by Angel, Trimble,
Shook and Terras in [30].
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Theorem 185. ([30, Theorem 6]) Let p be an odd prime, 6 a generator of Z,, and
a € Zy. Ifp=3, then X]’DQ((S, a) is Ramanugan; if p = 5, then X];Q((S, a) is not Ramunugjan.

The following result due to Bell and Minei [57] gives a class of Ramanujan Cayley
graphs on Aff(Z,).

Theorem 186. ([57, Theorem 13]) Let p be a prime and let a and d be integers with
ged(p—1,d) =1 and ged(p — 1,d — 1) = 2. Let g be a primitive root of p. Set

d a; d azd—1
S:{(ZO gll),(lo gf ):izl,Q,...,p—l}.

Then Cay(Aff(Z,),S) is a Ramanujan graph.
Let p > 5 be an odd prime. Consider the following subgroup of GL(3, p):

I = w2z €F, ye )

oo
O~ 8
— O W

In [17], Allen studied the Cayley graph X,,(,a,c) on I with connection set

Sp(d,a,c) = el':z,2€F, y,0,a,c €FY, 2* +c2* =ay+(y — 1)°

p?

o ow
O~ K
— O W

It was proved [17] that this is a connected non-bipartite graph with girth 3 or 4 and degree
pPP—p+p <_7C> <M> + (%‘3), where <£> denotes the Legendre symbol. Allen [17]

p y
made the following conjectures:

Conjecture 187. ([17, Conjecture 1]) If (‘f) = <@) = 1, then X,(6,a,c) is Ra-
manujan.

Conjecture 188. ([17, Conjecture 2]) If a = 46, then X, (9, a, ¢) is Ramanujan.

Conjecture 187 has been confirmed by Allen for all odd primes less than 225 (for a
total of over 2000 graphs).

In a similar fashion, Allen also studied a family of Cayley graphs on GL(n, p) for n > 4.
In general, these graphs are not Ramanujan as shown in [17, Section 3].

7.6 Heisenberg graphs

The Heisenberg group H(R) over a ring R is the multiplicative group of 3 x 3 upper
triangular matrices with entries in R and ones on the diagonal. Denote such a matrix
1 = =z

0 1 y]| by (x,y,z). Call
0 01

G(pn) = CaY(H(ZP”)v {(ilv 07 0)’ (07 :|:1, 0)})
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and

G(2") = Cay(H(Zyn), {(£1,0,0),(1,1,0),(1,1,0)"'})

the Heisenberg graphs [130] of Z,». Obviously, these are 4-regular graphs. In [130], DeDeo,
Martinez, Medrano, Minei, Stark and Terras proved the following result.

Theorem 189. ([130, Theorems 2-3]) Let p be a prime and n > 1 an integer. If p is
odd, then G(p™) is the only connected Cayley graph on H(Zy) up to isomorphism; if
p = 2, then G(2") and G(2")" are the only connected Cayley graphs on H(Zasn) up to
1somorphism. Moreover, the spectra of these Heisenberg graphs approach a continuous
interval [—4,4] as p" — 0.

7.7 Platonic graphs and beyond

Let ¢ = p" be an odd prime power. Define G*(¢) to be the graph with vertex set
V(G*(q)) = (F2 \ {(0,0)})/(%1) in which (a,b), (c,d) € V(G*(q)) are adjacent if and

only if the determinant of is equal to £1. In particular, for an odd prime p,

b
d
G*(p) is called the pth Platonic graph. This name was coined as G*(3) and G*(5) are
isomorphic to the 1-skeletons of the tetrahedron and icosahedron, respectively.

Theorem 190. ([129, Theorem 1]; also [260] and [319]) Let ¢ = p" be an odd prime power.
Then

* _1 N
Spec(G*(q)) = <61] g (q+ 1)\(/2_ 3)/4 (q+ 1)(21/6— 3)/4) :

In particular, G*(q) is a Ramanujan graph.

The proof of this result in [260] by Li and Meemark used representation-theoretic
methods, while the proof of it in [129] by DeDeo, Lanphier and Minei was done by relating
G*(q) to a certain quotient graph of a Cayley graph G(q) on PSL(2, ¢) with degree 4 (when
p =1 mod 4) or 5 (when p = 3 mod 4). Lower and upper bounds for the isoperimetric
number of G*(¢q) were also given in [129)].

The notion of Platonic graphs was generalized to finite rings by Nica [319]. Given a
finite ring R and a positive integer n, let R™" be the set of unimodular n-tuples, namely
those n-tuples of elements of R whose entries generate R as an ideal. The Platonic graph
over R, denoted by P1(R), is defined to have vertex set R*"/{%1}, the set of unimodular
pairs taken up to sign, such that two such pairs [a, ], [c,d]| are adjacent if and only if
ad — bc = £1. Using certain Eisenstein character sums, for any finite chain ring R the
eigenvalues of P1(R) were computed in [319, Theorem 1.12] in terms of the parameters
q, s defined in Section 5.3. In particular, in the case when R is a finite field, this result
gives rise to Theorem 190. In [319], two other families of unimodular graphs over finite
chain rings R, both of which are bipartite Cayley graphs on two copies of R™", were also
introduced and their eigenvalues were determined using Eisenstein sums associated with
the unramified extension of R.
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7.8 A family of Ramanujan Cayley graphs on Z,[i]

Solving a conjecture in [75, Conjecture 31], Bibak, Kapron and Srinivasan [61] proved the
following result using results from number theory.

Theorem 191. ([61, Theorem 9]) Let p be a prime with p =3 (mod 4) and S the set of
units of ring Zyli]. Then the Cayley graph Cay(Z,[i],S) on the additive group of Z,[i] is
a (p+ 1)-regular Ramanujan graph.

7.9 Bounds for the degrees of Ramanujan Cayley graphs

Given an odd integer m > 1, define [, to be the maximum odd positive integer [ such
that for every even integer k between m — [ and m — 1, all k-regular circulant graphs of
order m are Ramanujan. The following result is due to Hirano, Katata and Yamasaki

[190].
Theorem 192. ([190, Theorem 1.1]) Let m > 15 be an odd integer. Then

~

where e, € {0,2}. Moreover, the case e, = 2 occurs only if m is represented by one of
the quadratic polynomials k* + 5k + ¢ for some ¢ € {&1,+3,+£5} and is either a prime or
the product of two primes p,q with p < q < 4p.

A parameter [ similar to I, can be defined [190] for any finite abelian group of odd
order m. It was noted in [190] that this parameter satisfies { > 2 |/m — 2| +1. Moreover,
for most finite abelian groups of odd order the equality holds, as proved in [190].

Theorem 193. ([190, Theorem 7.1]) Let T be a finite abelian group of odd order other
than a cyclic group. Then

2

except when I' = Z, ® Z,, for an odd prime p between 3 and 17, and in these exceptional

cases we have
P2 |v/m —
- 2lvim-

In general, let I' be a finite group and S a family of connection sets of I' (that is,
inverse-closed subsets of I\ {1}). Define I(I',S) to be the maximum positive integer
such that for every S € S such that 1 < |I'| — |S| < [ the Cayley graph Cay(I',S) is
Ramanujan (that is, every Cayley graph Cay(I', S) with S € § and degree between |I'| —1
and |['| — 1 is Ramanujan). In [191], this parameter was introduced and studied for two
families S of connection sets of Dy,, where p is an odd prime. As mentioned above, earlier
this parameter was studied in [190] for cyclic groups of odd order and finite abelian groups
of odd order, with S the set of all connection sets.

2:2{\%—%“

| +3,p=7,11,13,17

3
2
3| +5,p=>5.
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The following families were considered by Hirano, Katata and Yamasaki in [191]: Su,
the family of all connection sets of I'; Sy, the family of all normal connection sets of T',
where as before a connection set is called normal if it is the union of some conjugacy
classes. Define

Iy(T) = max{|T| — || : § € Sy, [T| - S| < 2(v/[F] - D}

Then Io(I') < (T, Sy) as shown in [191, Lemma 2.2].

A Frobenius group is a transitive permutation group which is not regular but only the
identity element can fix two points. It is well known that any finite Frobenius group can
be expressed as N x H with NV a nilpotent normal subgroup, where N x H acts on N in
such a way that N acts on itself by right multiplication and H acts on N by conjugation.

The next three results are due to Hirano, Katata and Yamasaki.

Theorem 194. ([191, Theorem 3.3]) Let I' = N x H be a finite Frobenius group with
Frobenius kernel N and complement H. Suppose that (|N| —1)/|H| > 4. Then
(T, Sy) = () < |N]|.

It was noted that the condition (|N| — 1)/|H| > 4 cannot be removed for otherwise
the result may not be true. Applying Theorem 194 to D, = Z,, X Zy, where p is a prime,
the following result for normal dihedrants (that is, Cayley graphs on dihedral groups with
respect to normal connection sets) was obtained.

Theorem 195. ([191, Corollary 3.4]) Let p > 11 be a prime. Then

7 1
Z(DQIJ)SN) = ZO(DZP) = \‘1 /2p — §J — 1
Theorem 196. ([191, Theorem 4.3]) Let p > 29 be a prime. Then the following hold:
(a) if |24/2p] is even, thenl(D2p,SA _QL %J)

(b) if |2v/2p] is odd, then [(Dyp,, S4) = 2 L\/2_ ~ 1 —1or2|v2p-1].
In the case when |24/2p] is odd and Z(DQP,SA) = 2|y/2p — 1], the prime p is called

exceptional [191]. A characterization of exceptional primes was given in [191, Theorem
4.5] and connections with the well-known Hardy-Littlewood conjecture was discussed in
[191, Corollary 4.6].

In [386], Yamasaki applied the approach above to the generalized quaternion groups

Qum = (z,y | 2" =12 =y y tay=a") (7.1)

and proved the following result.
Theorem 197. ([386, Theorem 4.3]) Let m > 1 be an integer. Then
(Qum»Sa) = lo(Qum) = [4v/m] — 2.

Denote by S’ the family of connection sets S of Q4 such that (z)y € S. In [386], the
parameter [(Q4m,S’) was also studied and its relation to the Hardy-Littlewood conjecture
was discussed.
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8 Second largest eigenvalue of Cayley graphs

In this section we use Ay to denote the second largest eigenvalue of the graph under
consideration. This invariant has been a focus of research in spectral graph theory over
many years. In particular, the second largest eigenvalue of Cayley graphs has been studied
extensively in the context of expander graphs, owning to the basic result (see Section 7)
that a k-regular graph is a good expander if and only if its spectral gap k — Ao (that is,
the algebraic connectivity) is large. In this section we review some of the known results
on the second largest eigenvalue of several families of Cayley graphs.

8.1 Cayley graphs on Coxeter groups

A Coxeter group [126] generated by a set {sq,ss,..., s} is defined by integers m;; with
mi; = 1 and m;; = mj; > 2 for i # j and has a presentation I' = (sq, S, ..., 5 | (s;5;)"" =
1 for all 7, 7). In this section we focus on the second largest eigenvalue of Cayley graphs
on S, and other Coxeter groups. As before, we use S,, to denote the symmetric group
on [n] = {1,2,...,n}, where n > 2. We begin with the following result due to Flatto,
Odlyzko and Wales [147].

Theorem 198. ([147]) Let T = {(1,n),(2,n),...,(n — 1,n)}. Then Ao(Cay(S,,T)) =
n—2.

Note that this graph Cay(S,,T) is exactly the star graph of degree n — 1 discussed in
Section 3.3. Hence Theorem 198 can be derived from Theorem 36.

The following result due to Bacher gives the second largest eigenvalue of another well-
known Cayley graph on S,,, namely the bubble sort graph.

Theorem 199. ([41]) Let T} = {(1,2),(2,3),...,(n — 1,n)}. Then Ay(Cay(S,,T1)) =
n — 3+ 2cos(m/n) and its multiplicity is equal to n — 1.

The proof of Theorem 199 as given in [41] made use of the irreducible representations
of S,. A similar approach was used by Friedman [150] to prove the following result in
which the extremal graphs achieving the lower bound n — 2 are isomorphic to the star
graph of degree n — 1.

Theorem 200. ([150, Theorem 1.1]) Let T be a set of n — 1 transpositions in S,. Then
Ao (Cay(S,, T)) = n — 2, with equality if and only if T ={(i,j) : j # i} for some fized i.

Given a set T of transpositions in S, define Gt to be the graph with vertex set [n]
such that i, j € [n] are adjacent if and only if (¢, j) € T'. Theorem 200 was proved through
establishing the following result.

Theorem 201. ([150, Theorem 1.2]) Let T' be a set of n — 1 transpositions in S,,. If Gr
is bipartite, then A\o(Gr) occurs as an eigenvalue of Cay(S,,T) with multiplicity at least
n — 1 times its multiplicity in Gr.
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Friedman conjectured that Cay(S,,T) and G have the same algebraic connectivity
as long as G is bipartite (see [150, Conjecture 1.1]). It turns out that this is a special
case of the following more general conjecture of Aldous, known as Aldous’ spectral gap
conjecture.

Conjecture 202. For any set T of transpositions in S, Cay(S,,T) and G have the
same algebraic connectivity.

In the language of probability theory, this conjecture asserts that the random walk
and the interchange process on the graph have the same spectral gap. See [86] for more
information about Aldous’s conjecture.

Theorem 203. Aldous’ spectral gap conjecture is true if Gr is
(a) a star ([147]),
(b) a complete graph ([135]), or
(c) a complete multipartite graph (/86, Theorem 3.1]).

Major progresses on Aldous’ spectral gap conjecture were made in [184] and [230],
where irreducible representations of S, were heavily used. The conjecture in its general
form was finally proved by Caputo, Liggett and Richthammer in [81].

Theorem 204. ([81, Theorem 1.1], unweighted version) Aldous’ spectral gap conjecture
1s true for any set T of transpositions in S,,.

In fact, what they proved is a stronger result which will be presented in Theorem 213
below. A key ingredient in their proof was an inequality called the octopus inequality
(see [81, Theorem 2.3] for details). In [87, Theorem 4.2], Cesi gave a simpler and more
transparent proof of this inequality by looking at Aldous’ spectral gap conjecture from an
algebraic perspective. In the same paper Cesi also gave a self-contained algebraic proof
of Aldous’ spectral gap conjecture, showing how the conjecture follows from the octopus
inequality.

Let 7 be an element of S,,. Write 7 as a string 7 = |1y, 72, ..., T, where 7; = 7(i) for
1 <i < n. A substring in 7 is a sequence of the form [7;,...,7;] for some 1 <i < j < n,
and reversing this substring yields [7;,...,7;]. A substring reversal of T is any permutation
obtained from 7 by reversing a substring in 7. The reversal graph R,, is the graph with
vertex set S, in which two vertices are adjacent if and only if they are substring reversals

of each other. It is evident that R, is a Cayley graph on S, with degree n) (More

2
precisely, R, is a right Cayley graph as o,7 € S, are adjacent in R, if and only if
7 = o« for some permutation o which can be obtained by reversing a substring in the
identity element [1,2,...,n].) A prefiz reversal of T is any permutation obtained from 7
by reversing a prefix substring [, ..., 7;| (where 2 < j < n) in 7. The pancake graph P,
is the Cayley graph on S,, in which two vertices are adjacent if and only if they are prefix
reversals of each other. Obviously, P, is a spanning subgraph of R, with degree n — 1.
Answering a question posed in [178], the following result was proved by Cesi in [85].
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Theorem 205. ([85]) Let P, be the pancake graph. Then \o(P,) =n — 2.
In [102], Chung and Tobin generalized this result as follows.

Theorem 206. ([102, Theorem 2|) Let G, be the family of graphs with vertex set S,
such that for each 2 < i < n, every vertex [my,Te,...,T,] is adjacent to exactly one
vertex of the form [1;, Q... Q;_1,T1,Tix1,---,Tn|, wWhere (o, ..., ;1] is a permutation
of {ro,...,Ti_1}. Then \o(G) =n — 2 for any G € G,.

Note that many graphs in G, are Cayley graphs, including the pancake graph P, and
the star graph Cay(S,,T") where Gy = K ,. However, not every graph in this family is
a Cayley graph. In [102], Chung and Tobin also proved the following result.

Theorem 207. ([102, Theorem 1]) Let R, be the reversal graph. Then Ao(R,) = (g) —n.

There is a signed version of R,,, namely, the signed reversal graph SR,, whose ver-
tices are the signed permutations which are defined as n-tuples [r, 7»,...,7,] with all
7, € {£1,£2,...,£n} such that [|7],|72|,...,|7|] is a permutation in S,,. Two vertices
01,09, ...,0,] and [11, 79, ..., T,] are adjacent in SR, if and only if [r, 7, ..., 7, can be
obtained from [0y, 09, ..., 0,] by reversing a substring [o;, ..., 0], where 1 < i < j < n,
and negating each reversed entry. In [109, Section 5], Cioaba, Royle and Tan determined
part of the spectrum of SR, and showed that for any eigenvalue p of R,, u+ n is an
eigenvalue of SR,. In [109, Conjecture 6.1], they conjectured that for any n > 2 the

second largest eigenvalue of SR, is g

In recent years, Aldous’ spectral gap conjecture has been generalized in different di-
rections. In [327], Parzanchevski and Puder explored its counterpart for normal Cayley
graphs on S,. To explain their results, let us first mention an equivalent version of Al-
dous’ spectral gap conjecture. It is well known that the left regular representation Aeq
of a group I' can be decomposed into a direct sum of all irreducible representations of I'.
This implies that the adjacency matrix of any Cayley graph Cay (I, S) can be decomposed
into the direct sum dyp;(S) ® dapa(S) @ - - - D drpi(S), where {p1, pa, ..., pr} is a complete
set of inequivalent irreducible matrix representations of I', and for each 7, d; is the dimen-
sion of p; and p;(S) = > g pi(s). (See, for example, [235, Proposition 7.1].) Thus the
multiset of eigenvalues of Cay(I',.S) is the union of the multisets of eigenvalues of p;(5),
for 1 < i < k. In particular, the second largest eigenvalue \y(Cay(I',.S)) is obtained by
some p; other than the trivial representation of I, meaning that Ay(Cay(I",S)) is equal
to the largest eigenvalue A (p;(S)) of p;(S). Recall that the irreducible representations of
S, are in one-to-one correspondence with the partitions of integer n, and so we can index
the former by the latter. In particular, the standard representation of S,, corresponds to
partition (n — 1,1) and hence is given by p(,—11). Since the defining representation of
S, can be decomposed into the direct sum of one standard representation and one trivial
representation, for any set T of transpositions in S, the algebraic connectivity of Gr
is given by Ai(pm—1,1)(T)). Therefore, Aldous’ spectral gap theorem can be restated as
follows.
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Theorem 208. ([81, Theorem 1.1], unweighted version) For any set T' of transpositions
m Sy,
A2(Cay (Sn, T)) = Ai(pn-1,1)(T))-

Denote by eight,, the set of the following eight partitions of n: (n—1,1),(n—2,2), (n—
3,3),(n —4,4),(n — 3,2,1),(n — 1,1),, (n — 2,2)", (n — 2,1,1), where ¢ indicates the
conjugate of a partition obtained from transposing the corresponding Young diagram. In
[327], Parzanchevski and Puder proved that for any conjugacy class T' of S,,, the largest
eigenvalue of Cay(S,,T") other than its degree |T|, written A\(Cay(S,,T")), is obtained
by one of the representations indexed by these partitions. Note that A\(Cay(S,,T)) =
Xo(Cay(S,,T)) if and only if Cay(S,,T') is connected.

Theorem 209. ([327, Theorem 1.7]) There ezists a positive integer Ny such that for every
n = Ny, if T is a conjugacy class of S, then

A(Cay(5,,T)) = max Ay (p,(T)).

y€Eeight,,

Parzanchevski and Puder also obtained an asymptotic upper bound on the second
largest eigenvalue of a general weighted normal Cayley graph on S,. See [327, Theorem
1.10] for details.

Recently, Li, Xia and Zhou [265] proved the following three results, in which the
Cayley graphs involved are all normal. A Cayley graph Cay(S,,S) on S, is said to have
the Aldous property [265] if its largest eigenvalue A(Cay(S,, S)) strictly smaller than |S| is
attained by the standard representation of S, (that is, A(Cay(S,,S)) = M(pm-1,1)(5)))-
Recall that the support of a permutation o € S,,, supp(o), is the set of elements of [n]
not fixed by o. For 0 £ I C {2,3,...,n—1,n} and 2 < k < n, set

T(n,I)={0 €S, :|supp(o)| € I}

and
T(n,k)={o €S, :2< |supp(o)| < k}.

Theorem 210. ([265]) There exists a positive integer N such that for every n > N and
any congugacy class S of Sy, the normal Cayley graph Cay(S,,S) has the Aldous property
if and only if 2 < |supp(o)| < n — 2 for some (and hence all) o € S.

Theorem 211. ([265]) There exists a positive integer N such that for every n > N and
any 0 # 1 C {2,3,...,n— 1,n} with [I N {n — 1,n}| # 1, the normal Cayley graph
Cay(S,, T(n,I)) has the Aldous property if and only if I N {n —1,n} = 0.

Theorem 212. ([265]) There exists a positive integer N such that for every n > N and
any 2 < k < n, the connected normal Cayley graph Cay(S,,T(n,k)) has the Aldous

property.
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Note that the case 2 < k < n — 2 in Theorem 212 is covered by the sufficiency part of
Theorem 211. The fact that Cay(S,,T(n,n — 1)) has the Aldous property can be derived
from [338, Theorem 7.1]. So Theorem 212 can be viewed as a corollary of Theorem 211
and [338, Theorem 7.1].

As noticed in [265], Theorem 211 together with some known results from [132, 239, 338]
implies that, for sufficiently large n, among the k-point-fixing graphs Cay(S,, S(n, k))
(0 < k < n—2), Cay(5S,,S(n,0)) (that is, the derangement graph Cay(S,, Z,)) and
Cay(Sn, S(n,1)) are the only graphs without the Aldous property, where, as in Section
3.3, S(n,k) = T(n,{n — k}) is the set of permutations of S, fixing exactly k points.
Combining this with Theorems 211 and 212, we see that, as far as the Aldous property of
Cay(S,, T(n,I)) for sufficiently large n is concerned, the only unsettled case is the one in
which |I| > 2, [IN{n—1,n}| =1and I # {2,3,...,n — 1}. Two problems arising from
this case were posed in [265]; see Problems 31 and 32 in Section 14.

It is natural to consider whether Aldous’ spectral gap theorem holds for some groups
other than the symmetric groups. This line of research was undertaken by Cesi [88]
for the Weyl group W(B,,) and by Kassabov [214] in a study of the Kazhdan property
T of groups. A restatement of [81, Theorem 1.1] is needed before we can state their
results. Let I' be a finite group, and let w = ) ger Wgg € CI' be such that all coefficients
wy are real, nonnegative, and symmetric in the sense that w,-» = w, for ¢ € G. The
weighted Cayley graph Cay (', w) is defined as the undirected graph with vertex set T'
and edges {g,hg}, g,h € T, such that each edge {g, hg} carries weight wy,. If we identify
w with its support S(w) = {h € T' : w, # 0}, then Cay(I',w) can be identified with
the weighted Cayley graph Cay(I', S(w)) where each edge {g,hg} (¢ € I" and h € S(w))
carries weight wy. The Laplacian of Cay(I',w) is the operator Acay(r,w) acting on the set
C' of functions f : I' — C in such a way that (Acayr.w)f)(9) = D ner wn(f(9) — f(hg)),

g € T. Tt is readily seen that Acuy(ruy = D — A, where D = ($,cpw,) I with I the

IT'| x |I'| identity matrix, and A is the weighted adjacency matrix of Cay(I',w). It is
also easy to see that Acayirw) = Doper Wh(l — Aweg(h)), where A is the left regular
representation of I' acting on C! defined by (Aeg(h)f)(g9) = f(h™'g), g,h € T. Denote
by pr(w) the second smallest eigenvalue of Acay(r,w), With multiple eigenvalues counted
separately. Then pr(w) > 0 if and only if Cay(I', w) is connected (that is, S(w) generates
['). In general, for any representation p of I" on a complex vector space V' and any real,
nonnegative and symmetric w € CI', the representation Laplacian Ar(w, p) is defined
88] as the linear operator Ap(w, p) =", . wa(ly — p(h)) on V, where Iy is the identity
on V. Denote by ur(w, p) the second smallest eigenvalue of Ap(w, p). In particular, we
have Acay(rw) = Ar(w, Areg) and pr(w) = pir(w, Areg). The weighted version of Aldous’
spectral gap theorem can be restated as follows.

Theorem 213. ([81]; see [88, Theorem 1.1]) Let w € CS,, be such that S(w) C {(4,)) :
1 <1< j<n} and all coefficients are nonnegative and symmetric. (That is, w is of the
formw =37 5 bi;(i, j) € CS,, where b = bj; > 0.) Then

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.9 85



where p is the defining representation of S, associated with the natural action of S, on
{1,2,...,n}.

This version of [81, Theorem 1.1] inspires the question of whether a similar result holds
for some other group-representation pairs (I", p). In [88], Cesi proved that this is indeed
the case for the Weyl group W,, = W(B,) and a certain 2n-dimensional permutation
representation P,, of W,, associated with a specific action of W, with degree 2n. One
may define W,, as the subgroup of GL(n,C) consisting of all n x n matrices which have
exactly one non-zero entry in each row and each column, and this non-zero entry is either
1 or —1. Then S,, is embedded into W,, as the subgroup of all matrices with nonnegative
entries, and W, is embedded into S5, via P,, as a subgroup of signed permutations. For
1 <i<n,let sy = diag(l,...,1,—-1,1,...,1) where the unique —1 occurs as the ith
diagonal entry.

Theorem 214. ([88, Theorem 1.2]) Let w € CW,, be given by
w = Zais{i} + wa(l,j), a; } O,bij 2 O,
i=1 (:9)

where the second sum is running over all transpositions (i,j) in S,. Then

pow, (W) = s, (w, Pry).

A conjecture generalizing this result was posed by Cesi in [88, Conjecture 5.2]. See
Problem 33 in Section 14.

It is well known that any Coxeter group generated by S = {s1, s9, ..., 5} has a defining
representation on an [-dimensional vector space such that each s; acts as a reflection with
respect to a hyperplane. The following result was obtained by Kassabov [214] as an
application of a result on the Kazhdan property T to spectral gaps of random walks on
finite Coxeter groups. It shows that Aldous’ spectral gap conjecture holds for every finite
Coxeter group I' generated by S and its defining representation in the special case when
w=73 .¢5€cCIL.

Theorem 215. ([214, Theorem 1.3]; see also [87, Theorem 5.1]) Let I" be a finite Coxeter
group with Coxeter generating set S, and let p be the defining representation of I'. Let
w=73  .¢5€CI. Then

pr(w) = pr(w, p).
The following result for general Coxeter groups was obtained by Akhiezer in [15].

Theorem 216. ([15, Theorem]) Let (W, S) be a finite Coxeter system, S = {s1,59,...,8}
the set of Coxeter generators, h the Coxeter number of (W,S), and my,ms,...,my the
exponents, 0 < mq < mo < --- < my < h. Then the numbers

l—2+2(:os7rTmi,i:1,2,...,l

are eigenvalues of Cay(W,S). Moreover, if W is irreducible, then each of these eigenvalues
has multiplicity at least [.
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The following result follows from Theorem 216 immediately.

Corollary 217. ([15, Corollary]) Let (W, S) be a finite irreducible Coxeter system with
[ =|S| generators and Cozeter number h. Then

Ao (Cay (W, S)) > 1 — 2+ 2cos %

Eigenvalues of Cayley graphs on Coxeter groups have also been studied in [206] in
the context of spectral representations associated with random walks on vertex-transitive
graphs.

Recall from Section 3.3 that the complete transposition graph T,, is the Cayley graph
on the symmetric group S,, with connection set consisting of all transpositions in S,,. The
eigenvalues of T,, were obtained in [211]; see Theorem 48. The second largest eigenvalue
of T,, was used to obtain the exact value of the bisection width of T},, answering an open
question posed by F. T. Leighton.

8.2 Normal Cayley graphs on highly transitive groups

A partition P = {Vi, ..., V,,} of the vertex set of a graph G is called an equitable partition
of G if for each pair 7,j with 1 < 4,7 < m, every vertex of V; has the same number (say,
b;;) of neighbours in Vj; the matrix Bp = (b;;) is called the quotient matriz of G with
respect to P. It is known that the eigenvalues of Bp are eigenvalues of G (see, for example,
[168]).

Let T" be a group acting transitively on [n] = {1,2,...,n}. Denote by I'; the stabilizer
ofi € [n]in I'. Then |I": T;| = n as I' is transitive. Let I' =Ty, U---UT,,; be the left
coset decomposition of I', where each I';; is a left coset of I'; in I". Then for any Cayley
graph G = Cay(I',S) on I', P, = {I'1,,...,T,;} is an equitable partition of G with
corresponding quotient matrix Bp, = (b;;) given by b;; = [SNT;;|. Fix k € [n]. It is not
difficult to see that for all i € [n] the subgraph G[I'x;] of G induced by I'y; is isomorphic
to the Cayley graph Cay(I'x, S N T%), and the spanning subgraph of G induced by those
edges with end-vertices in distinct I'y;, 'y, @ # ', is isomorphic to the Cayley graph
Cay([', S\ (SN T%)) (see [197, Lemma 2.5]). Based on these observations the following
result was proved by Huang, Huang and Cioaba in [197].

Theorem 218. ([197, Theorem 2.6]) Let I' be a group acting transitively on [n] =
{1,2,...,n}, and let G = Cay([',S) be a Cayley graph on I'. Then P; is an equitable
partition of G and the corresponding quotient matriz Bp, is symmetric and independent
of the choice of i € [n]. Moreover, if X\ is an eigenvalue of G which is not an eigenvalue
of Bp,, then for each k € [n] we have

A < Ag(Cay (T, SN TR)) + Ao(Cay (I, S\ (SN T%))).

Using this result, Huang, Huang and Cioaba computed explicitly the second largest
eigenvalue of a normal Cayley graph on a highly transitive group under a certain condition;
see [197, Theorem 3.5] for details. This result was then used to obtain the second largest
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eigenvalues of a majority of normal Cayley graphs on .S,, such that the connection set
contains no element with support of size greater than 5; see [197, Theorem 4.1]. As
corolloaries, the following known results for n > 3 were recovered (see parts (a) and (b)
of Theorem 203): If G is a complete graph, then the spectral gap of Cay(S,,T) is equal
to n [135]; if G is a star, then the spectral gap of Cay(S,,T) is equal to 1 [147].

In [115], Dai introduced a variant of the family of Johnson graphs, called the full-flag
Johnson graphs, and discussed their combinatorial properties. He proved among other
things that for n > d > 1 the full-flag Johnson graph F'.J(n, d) is isomorphic to the Cayley
graph on S, with connection set the set of (n — d)-reducible permutations of S, where
for 1 <m < n—1 a permutation o € S, is called m-reducible if m is the largest integer
such that [n] can be partitioned into m parts Iy, ..., I, such that each part I; consists
of consecutive integers in [n] and is fixed setwise by o. The eigenvalues of F'.J(n, 1) were
studied in [115], where it was conjectured that the second largest eigenvalue of F'.J(n,1)
is equal to that of a specific tridiagonal matrix of order n. In [197], Huang, Huang and
Cioaba noted that this conjecture is true and follows easily from Theorem 204 and an
argument using Theorem 218.

8.3 Three Cayley graphs on alternating groups

In [196], Huang and Huang determined the second largest eigenvalues of three Cayley
graphs on the alternating group A,,, where n > 3. Set 77 = {(1,2,1),(1,4,2) : 3 < i < n},
T, = {(1,4,7),(1,7,4) : 2 < i < j < n}and T3 = {(i,7,k),(4,k,j) : 1 <i<j<
k < n}. Call AG, = Cay(A,,T1), EAG, = Cay(A,,T>) and CAG,, = Cay(A,,T3) the
alternating group graph, extended alternating group graph and complete alternating group
graph, respectively. Since T} C Ty C T3, AG,, is a spanning subgraph of FAG,, and in
turn FAG, is a spanning subgraph of CAG,,, and all three graphs are connected as 717 is
a generating set of A,,.

Theorem 219. ([196, Theorems 2.3, 3.2 and 3.4]) Let n > 4. Then \2(AG,) = 2n — 6,
M (EAG,) =n?*—5n+5 and \y(CAG,) =n(n—2)(n—4)/3.

8.4 Cayley graphs on abelian groups

In [151], it was proved that for any abelian group I with order n and any k-regular Cayley
graph Cay(T', S) on I’ we have Ay(Cay(T', S)) = k — O(kn~+), where the constant in the
big O term does not depend on k and n. More explicitly, the following result was proved
by Friedman, Murty and Tillich in [151].

Theorem 220. ([151, Theorem 6]) Let k > 1 be a fized integer and let u € [0,1]. Then
there exists a constant C satisfying

1 4
Ck < 5(1 — )R

such that for any abelian group T' of order n and any k-reqular Cayley graph Cay(T',S)
on I' we have

Ao(Cay(T, S)) = k — Cpkn™* + o(n"t).
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In particular, as k — oo we can take Cy < 72/2.

It was also shown in [151] that for any fixed k, the lower bound above cannot be
improved for large odd primes n; that is, if n is an odd prime, then most k-regular graphs
on n vertices have the second largest eigenvalue at most k — Q(k:n_%)

A well-known result of J.-P. Serre [125] asserts that for any ¢ > 0 and integer k£ > 1
there exists a constant ¢ = ¢(e, k) > 0 such that any k-regular graph G of order n has
at least cn eigenvalues no less than (2 — €)y/k — 1. Elementary proofs of this result were
given in [320] and [105], and a result of this type for Cayley graphs on abelian groups was
established by Cioaba in [104].

Theorem 221. ([104, Theorem 1.2]) For any € > 0 and integer k > 3, there exists a
constant C' = C(e,k) > 0 such that any Cayley graph Cay(T', S) on any abelian group T
with order n has at least Cn eigenvalues no less than k — €.

8.5 A family of Cayley graphs with small second largest eigenvalues

In [149], Friedman studied the second largest eigenvalue of two families of directed Cayley
graphs and one family of Cayley graphs. We only mention the third family here and leave
the other two to Section 12.2. Let p = 3 (mod 4) be a prime. Let AGL(1, p) be the group
of affine linear transformations ¢,y of Z,, where t,y : Z), — Z,,r — ax + b for a € Z; and
b€ Z,. In [149], SQRT(p) was defined to be the Cayley graph on AGL(1, p) with respect
to the connection set {t,2,,t 2, : 7 € Z;}. Clearly, this is an undirected graph of order
p(p — 1) and degree 2(p — 1). In [149], Friedman proved the following result.

Theorem 222. ([149, Theorem 1.3]) Let p = 3 (mod 4) be a prime. The graph SQRT(p)
above has second largest eigenvalue in absolute value at most 2,/p.

8.6 First type Frobenius graphs

Let N x H be a finite Frobenius group (see Section 7.9). A Cayley graph Cay (N, S) on N
is called [146] a first type Frobenius graph if S = a'! for some a € N such that (afl) = N
and either |H| is even or a is an involution, where 2% = {h™'zh : h € H} for z € N. In
[391], it was shown that first type Frobenius graphs exhibit “perfect” routing properties
in some sense. To be precise, let us define a shortest path routing of a graph G to be
a set of oriented shortest paths in G which contains exactly one oriented shortest path
from u to v for each ordered pair of distinct vertices (u,v) of G. The load of an arc under
such a routing is the number of paths in the routing that traverse the arc in its direction,
and the maximum load among all arcs is called the maximum-arc-load of the routing.
The minimal arc-forwarding index [189] of a graph G, 7,,(G)), is the minimum of the
maximum-arc-loads over all shortest path routings of G. Obviously,

Zu,vGV(G) d(u’ U)
20E(G)]

T (@) >
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where d(u,v) is the distance in G between u and v. In [391, Theorem 6.1], it was proved
that any first type Frobenius graph attains this lower bound and thus has the smallest
possible minimal arc-forwarding index.

On the other hand, it is known [136, Corollary 1] that the second largest eigenvalue
of random walks on a connected graph G is bounded from above by

2|E(G))]

L A GPdam(G) 7 (@)

where diam(G) and A(G) are the diameter and maximum degree of G, respectively. In
the case when G is regular, this can be translated into an upper bound on the second
largest eigenvalue \y(G) of G. This upper bound, together with [391, Theorem 6.1] and
[146, Theorem 1.6], implies the following result.

Theorem 223. ([391, Corollary 6.4]) Let NxH be a finite Frobenius group. Let Cay(N,S)
be a first kind Frobenius graph of N x H. Let d be the diameter of Cay(N,S) and n;
the number of H-orbits on N at distance © in Cay(N,S) to the identity element of N,
1<i<d. Then

V]

Ay ini

8.7 Distance-3 Hamming graphs and distance-3 Johnson graphs

Ao(Cay(N, 5)) < [H] -

In this section we restrict our attention to two families of graphs studied by Brouwer,
Cioaba, Ihringer and McGinnis in [70]. One of the motivations of their study was that
computing the smallest eigenvalues of these graphs implies that the approximation ratio
of the max-cut semidefinite programming algorithm of Goemans and Williamson [172] is
best possible.

Let ¢ > 2 and d > 1 be integers. The distance-j Hamming graph H(d,q,j), where
0 < j < d, is the graph with vertex set Zg in which two vectors are adjacent if and only
if they differ in exactly j coordinates. Obviously, H(d,q,j) is a Cayley graph for each
j and H(d,q,1) is the Hamming graph H(d,q) in the usual sense. Using Corollary 3
and Krawtchouk or Kravchuk polynomials, it can be shown (see [70] and [294]) that the
eigenvalues of H(d,q, j) are given by

K;(1) = hi)(—l)h(q - 1)”(2) <]d__2> 0<i<d

Solving a conjecture of van Dam and Sotirov [124], Brouwer, Cioaba, Thringer and McGin-
nis [70] proved the following result.

Theorem 224. ([70]) Let ¢ > 2,d > 1 and j > d — %, where j is even when q = 2.
Then the smallest eigenvalue of H(d,q,j) is K;(1).
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In [70], Brouwer, Cioaba, Ihringer and McGinnis also proved that in most cases K;(1)
is not only the smallest eigenvalue, but also the second largest eigenvalue in absolute value,
the only exception being the case when (d,q) = (4,3). Earlier van Dam and Sotirov’s
conjecture was confirmed for ¢ = 2 by other researchers (see [70] for details).

Let n > 2 and d > 1 be integers. The distance-j Johnson graph J(n,d,j), where
0 < j < d, is the graph with vertices the d-subsets of a fixed n-set such that two d-subsets
are adjacent if and only if they meet at a (d — j)-subset. In particular, J(n,d, 1) is the
Johnson graph J(n, d) in the usual sense and J(n, d, d) is commonly known as the Kneser
graph. The eigenvalues of J(n,d, j) are given by

%

E(i) = Z(—1)i—h(2) (d;h) (”;f;fg h), 0<i<d

h=0
In [70], Brouwer, Cioaba, Thringer and McGinnis proved the following result.

Theorem 225. ([70, Theorem 3.10]) Let j > 0. Then E;(1) is the smallest eigenvalue of
J(n,d, j) if and only if j(n — 1) > d(n —d). In this case E;(1) is also the second largest
eigenvalue in absolute value among the eigenvalues of J(n,d, j).

In particular, if n = 2d and j > g, then the smallest eigenvalue of J(n,d, j), and the
second largest eigenvalue of J(n,d, j) in absolute value, is F;(1), solving a conjecture of
Karloff [213].

Theorem 225 is relevant to this survey as some (but not all) distance-j Johnson graphs
are Cayley graphs. See [209] for detailed information about when a distance-j Johnson
graph is a Cayley graph.

8.8 Algebraically defined graphs

Let ¢ = p°® be a prime power, where p is a prime and e > 1 an integer. Let £ > 2 be an
integer. For 2 < i < k, take an arbitrary polynomial h; in 2(i — 1) indeterminants over F,.
Define BI'y, = BI'(q; ha, . .., hi) to be the bipartite graph with biparition { Py, Ly}, where
each of P, and Ly is a copy of IF’;, such that (py,pa,...,px) € Py and (Iy,1ls,...,lx) € Ly
are adjacent if and only if their coordinates satisfy

pi + i = hi(p1, b, p2, oy o i1, licn), 2 < i<k,

One can see that BT}, is a ¢g-regular graph with 2¢* vertices. It was introduced by Lazeb-
nik and Woldar as a generalization of some graphs introduced earlier by Lazebnik and
Ustimenko (see the survey papers [249, 250] for details).

Three specifications of graphs BI'; have received special attention in recent years. In
the case when h; = p1li™, 2 <i < k+1, BI(q; hy, ..., hyy1) is called the Wenger graph,
denoted by Wy (q); the spectra of such graphs have been determined completely by Cioaba,
Lazebnik and Li in [107]. In the case when h; = p? 11, 2 <i < k+1, BL(q; ha, . .., hui1)
is called the linearized Wenger graph, denoted by Ly (q); the eigenvalues of such graphs
have been determined by Cao, Lu, Wan, Wang and Wang [79] and their multiplicities
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have been determined by Yan and Liu [387]. In the case when hy = pili, hs = p1ls and
for 4 <1 < k, h; = —p;_2ly when ¢ = 0,1 mod 4 and h; = pil;_» when i = 2,3 mod 4,
the graph BI'(q; ho, ..., hy) is a bipartite edge-transitive graph, denoted by D(k,q). It
was conjectured in [379] (see also [249]) that the second largest eigenvalue of D(k,q) is
at most 2,/q. In the special case when k = 4, this conjecture was proved by Moorhouse,
Sun and Williford in [314]. It turns out that the distance-two graph G of each of
G = Wi(q), Lr(q), D(4,q) is a Cayley graph, and this fact was used to bound the second
largest eigenvalue of G. (In general, given a bipartite graph G with bipartition {V;, 5},
the distance-two graph G® of G on V; is the graph with vertex set V4 in which two vertices
are adjacent if and only if they are at distance two in G.)

In a recent paper [108], Cioaba, Lazebnik and Sun introduced a family of Cay-
ley graphs on certain abelian groups by directly generalizing the defining system of
equations for Wy(q)® and Liy(q)®. Let k > 3 and let fi,q; € Fyfz], 3 < i < k,

be polynomials of degrees at most ¢ — 1 such that ¢g;(—x) = —g;(z) for each i. De-
fine S(k,q) = S(k,q; f3,93,---, fr,gx) to be the graph with vertex set F’; such that
(a1, aq,...,a,) € FF and (b1, by, ..., by) € FF are adjacent if and only if their coordinates
satisfy

by —a; = gi(by — 1) f; (22—(12)’ 3<i <k

11— a

The requirement g;(—z) = —g;(z) ensures that this is an undirected graph. It was noticed
[108] that S(k,q) is a Cayley graph on the additive group of the vector space IF’; with
connection set {(a,au, gs(a)fs(u),...,gr(a)fr(u)) : a € F;,u € F,}. Thus S(k,q) is a
q(q — 1)-regular graph with ¢* vertices. With the help of Theorem 2, Cioab&, Lazebnik
and Sun [108, Theorem 2.1] determined the spectrum of S(k, ¢). Using this they obtained
the following sufficient condition for the graphs S(k,q) to form a family of expander
graphs.

Theorem 226. ([108, Theorem 2.2]) Let k > 3 and let (gm)m>1 be an increasing sequence
of prime powers, where q,, = py™ with p,, a prime and e,, > 1 an integer. Let

S(kv Qm) = S(k7 qm; f3,m7 93 my - - - 7fk:,m> gk,m)

Let dgcm) be the mazimum degree of polynomials fs ., ..., fr.m and dgm) the mazimum degree
of polynomials gsm, - .., Gem. Suppose that 1 < d;m) = om(gm), 1 < A = 0, (v/Gm),
dém) < Pm, and for all m at least one of the following conditions is satisfied:
(a) the polynomials 1,x, f3m, ..., fem are Fy-linearly independent, and g;,, has linear
term for all i, 3 <1 < k;
(b) the polynomials fsm, ..., fxm are F,-linearly independent, and there exists some j,
2< 5 < dém), such that each g;m, 3 <1 < k, contains a term cggl):pj with CE?) # 0.

Then S(k, qy) is connected and
>\2(S(kv Qm)) = Om(qgn)'
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In [108], Cioaba, Lazebnik and Sun also obtained better upper bounds on the second
largest eigenvalue of S(k, q) for two specifications of polynomials f;, g;. Define the ezpo-
e—1

nential sum of f € Folz]byes =3 5, wp V) where as before Tr(z) = z4-aP+ - —+a?°
is the trace of x € IF, over F,,.

Theorem 227. ([108, Theorem 2.3]) Let g be an odd prime power with ¢ = 2 mod 3 and
4<k<q+1. Let gi(x) = 2 and fi(x) = 2~ for each i, 3 <i < k. Then S(k,q) is
connected and

A2(S(k, q)) = max{q(k = 3), (¢ — 1) M,},

where M, = MAXg beFs Eazd+br S 2,/q.

In particular, if (¢ — 1)M, < q(k — 3), then Ao (S(k,q)) = q(k —3) < q(k —2) =
Ao (Wi-1(9)®?).

Theorem 228. ({108, Theorem 2.4]) Let q be an odd prime power with ¢ = 2 mod 3 and
3<k<e+2. Letg(x) =2 and fi(z) = 2" for each i with 3 <i < k. Then S(k,q)
15 connected and

Ao (S(k, q)) < max{q(p"~® — 1), (¢ — 1)M,},

where M, = MaXg beFs Eazd+br < 24/4-

In particular, if (¢—1)M, < q(p*~3—1), then X\o(S(k,q)) = q(p*3—1) < q(p*2-1) =
Xo(Li-1(q)?).

9 Perfect state transfer in Cayley graphs
Let G be a graph. Define

0 ilc k k
He(t) = exp(itA(G)) = ) %!(G) (9.1)

k=0

and call it the transition matriz of G, where A(G) is the adjacency matrix of G and
i = /—1. We say that perfect state transfer occurs from a vertex u to another vertex v
in G if there exists a time 7 such that |Hg(7)y.,| = 1. If there exists a time 7 such that
|He(T)uu| = 1, then G is periodic at vertex u with period 7. A graph is called periodic
if it is periodic at every vertex with the same period. As seen in [99, 98, 215], these two
concepts arise from quantum computing, in which a continuous-time quantum walk on a
graph G with transition matrix Hg(t) plays a significant role. The reader is referred to
[112, 164, 166] and the surveys [165, 215, 365] for background information and results on
perfect state transfer and periodicity in graphs.

It is known that if G has perfect state transfer from uw to v at time 7 then G is
periodic at both u and v with period 27 (see [98] or [164, Lemma 2.1]). Moreover, there
is an interesting relation between the eigenvalues of a graph G and its periodicity (see
[164, Corollary 3.3] or [390, Theorem 2.3]), which asserts that G is periodic if and only
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if the eigenvalues of G are all integers or all rational multiples of v/A for some square-
free integer A. Furthermore, if the second alternative holds, then G is bipartite. This
criterion shows that perfect state transfer can occur in integral graphs but not always
(see [99]). In addition, if G is regular, then its largest eigenvalue is an integer and so
the second alternative above cannot occur. Thus a regular graph is periodic if and only
if it is integral (see [165, Section 5]). Hence all integral Cayley graphs are periodic. In
particular, all integral Cayley graphs mentioned in Section 3 are periodic. Moreover, from
the discussion above one can see that integral Cayley graphs are good candidates if one
wants to construct regular graphs having perfect state transfer. In fact, as noted in [367,
Lemma 2.2] and [323, Theorem 3.5], if a Cayley graph on an abelian group has perfect
state transfer, then it must be integral.

In [112, Theorem 4.3], necessary and sufficient conditions for a graph belonging to an
association scheme to admit perfect state transfer were obtained. In particular, this result
applies to distance-regular graphs (see [112, Corollaries 4.5 and 5.1]) and was used in [112]
to determine which distance-regular graphs listed in [71, Chapter 14] admit perfect state
transfer. Note that many distance-regular graphs are Cayley graphs, and [112, Corollaries
4.5 and 5.1] can be used to test when a distance-regular Cayley graph admits perfect state
transfer.

9.1 Perfect state transfer in Cayley graphs on abelian groups

Let I' = Z,, ® --- ® Z,,, be an abelian group, where each n; > 2. It is well known that
for any x = (x1,...,x4) € I' the mapping xx : I' = C defined by

d

Xx(g) = exp (27{-12%) y 8= (917927"'agd) el (92)
j=1

is a character of I'. Let S be a subset of I' not containing the identity element of I' such
that S~1 = S. By Corollary 3, the eigenvalues of Cay(T', S) are

oy = Zxx(g), xel.

ges

Thus Cay(T", S) is integral if and only if ay € Z for all x € T.
The following result due to Tan, Feng and Cao tells us the period of an integral Cayley
graph on an abelian group at every vertex.

Theorem 229. ([367, Theorem 2.3]) Let I' = Z,, & --- & Z,,, be an abelian group and
Cay(T', S) an integral Cayley graph on T', where eachn; > 2. Set ¢ = ged(|S|—ax : x € T).
Then Cay(T',S) is periodic at every vertex with period 2wl/c for each 1 =1,2,. ...

The 2-adic valuation of rational numbers is the mapping v, : Q — Z U {00} defined
by
2la .
15(0) = 00, vy - )= [, where a,b,l € Z with ab odd. (9.3)
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Note that if I' contains involutions then |I'| is even. Moreover, xa(g) = +£1 for any
involution a and any element g of I'. The following result gives a necessary and sufficient
condition for a Cayley graph on an abelian group to admit perfect state transfer.

Theorem 230. ([367, Theorem 2.4]) Let I' = Z,,, & - - ® Zy, be an abelian group of order
at least 3 and Cay (L', S) a connected Cayley graph on I, where each n; > 2. Then for
any distinct g,h € T', Cay(I[', S) has perfect state transfer from g to h if and only if the
following conditions are satisfied:

(a) Cay(T',S) is an integral graph (that is, ax € Z for allx € T');
(b) the element a := g — h is an involution of I';

(¢) the values of va(|S| — ax) for all x € x;'(—1) are the same, say, p, and moreover
va(ca) = p+ 1, where cu = ged(|S] — ax : x € x571(1)).

Moreover, if conditions (a)-(c) are satisfied, then Cay(I',S) has perfect state transfer from
g to h at time (w/c) + (2nwl/c), for 1 =1,2,..., where c = ged(|S| —ax : x € T).

By condition (b) in Theorem 230, if Cay(I",S) admits perfect state transfer, then |T'|
must be even. It was proved in [329] that for circulant graphs the stronger necessary
condition that n is a multiple of 4 should be satisfied. Recently, Tan, Feng and Cao
proved that the same condition should be respected for all integral Cayley graphs on
abelian groups.

Theorem 231. ([367, Theorem 3.5]) Let Cay(I',S) be an integral Cayley graph on an
abelian group I' with |I'| > 6 and |I'| = 2 (mod 4). Then Cay(I',S) has no perfect state
transfer between any two distinct vertices.

9.2 A few families of Cayley graphs on abelian groups admitting perfect state
transfer

9.2.1 Perfect state transfer in integral circulant graphs

Perfect state transfer in integral circulant graphs has been studied extensively. The main
problem, as raised by Angeles-Canul, Norton, Opperman, Paribello, Russell and Tamon in
[32], is to characterize those integral circulant graphs which admit perfect state transfer.
Partial results on this problem were obtained in several papers, including [32, 49, 50, 51,
54, 329, 356], [165, Section 7] and [365, Section 9]. A complete characterization, stated
below, was finally obtained by Basi¢ in [52]. Recall from Corollary 16 that a circulant
graph is integral if and only if it is isomorphic to a ged graph ICG(n, D) as defined in
(3.3), where D C D(n) \ {n} with D(n) as defined in (3.2). Denote kD = {kd : d € D}
for any positive integer k.

Theorem 232. ([52, Theorem 22|) The integral circulant graph 1CG(n, D) has perfect
state transfer if and only if n € AN and D = Dy U 2Dy U 4Dy U D3 U {n/2*}, where
Dy={deD:n/de8N+4}\{n/4}, Ds={d € D :n/d € 8N}, and a € {1,2}.
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A weighted graph whose weighted adjacency matrix is circulant is called a weighted
circulant graph. In [53], Basi¢ studied perfect state transfer and periodicity in weighted
circulant graphs. He proved that a weighted circulant graph is periodic if and only if it is
integral. He also gave a criterion for the existence of perfect state transfer in a weighted
circulant graph in terms of its eigenvalues (see [53, Theorem 8]). As applications he found
some classes of weighted circulant graphs having perfect state transfer (see [53, Theorems
10]) as well as ones admitting no perfect state transfer (see [53, Theorems 13-15]).

9.2.2 Perfect state transfer in NEPS of complete graphs

Recall from Section 3.2.2 that cubelike graphs are precisely Cayley graphs on elementary
abelian 2-groups and are exactly NEPS graphs of copies of Ks. Specifically, every subset
S of Z3\ {0} gives rise to a cubelike graph Cay(Z3, S), where 0 is the zero element of Z3.
The existence of perfect state transfer in cubelike graphs was studied in [58, 97, 99]. See
also [165, Section 7] and [365, Section §].

Theorem 233. ([58, Theorem 1], or [97, Theorem 2.3]) Let d > 1 be an integer. Let S
be a subset of Z3\ {0} and let a be the sum of the elements of S. If a # 0, then perfect
state transfer occurs in Cay(Z4,S) from u to u+a at time w/2, for anyu € Z3. Ifa = 0,
then Cay(Z4,S) is periodic with period /2.

The elements of Z¢ can be treated as column vectors of the linear space F4. Given
S C Z3\ {0}, let M(S) be the matrix with vectors in S as its columns. The code of S,
C(8), is defined as the row space of M (.9) in the linear space FZ. The support of x € C(9)
is defined as supp(x) = {i : the ith entry of x is nonzero}.

Theorem 234. (|97, Theorem 4.1]) Let d > 1 be an integer. Let S C 74\ {0} and
u € Z4\ {0}. Then the following conditions are equivalent:

(a) there is perfect state transfer from 0 to u at time 7w/2A in the cubelike graph
Cay(Z3, 5);

(b) all codewords in the code of S have weight divisible by A, and A~ w(a? M (S)) and
alu have the same parity for all vectors a € Z2, where w(-) denotes the Hamming
weight;

(¢) A divides |supp(x) Nsupp(y)| for any two codewords x and 'y in the code of S.

In particular, if Cay(Z4¢,S) admits perfect state transfer from 0 to u at time m/2A,
then A must be the greatest common divisor of the weights of the codewords in the code
of S (see [97, Corollary 4.2]). As an application of Theorem 234, Cheung and Godsil [97]
presented a cubelike graph over Z3 having perfect state transfer at time 7 /4. They asked
[97] further whether the minimum time can be less than 7 /4.

In [165], Godsil asked the following: “Are there cubelike graphs having perfect state
transfer at time 7, where 7 is arbitrarily small?” Recently, this question has been answered
positively by Tan, Feng and Cao in [367].
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Theorem 235. ([367, Theorem 4.3]) Let d > 2 be an integer. Let S be a subset of Z3\ {0}
that generates 74, and let 0 # a € Z4. If the cubelike graph Cay(Z%,S) has perfect state
transfer from u to u+a at time t, for some u € Z3, then the minimum time t is 7/2" for
some | with 1 <1< [d/2].

Given a subset S of Z4, define the Boolean function f : Z$ — Z, with respect to S by

0 1, ifxe s,
X)) =
0, otherwise.

We call S the support of f and write S = supp(f).

Let B, be the ring of Boolean functions with d variables. For f € By, we have the
function (—1)7 : Z¢ — {£1} which maps x to (—1)/®). The Fourier transformation of
(—1)f over (Z3, +), also called the Walsh transformation of f, is the function Wy : Z$ — Z
defined by

Wily) = Y (=1)/O y e 74,
x€Z4

where x -y = Z?zlxiyi € Zy for x = (z1,...,1q) € ZS and y = (y1,...,ya) € Z3. For

d=2m (m >2), f € By is called a bent function in By if |W;(y)| = 2™ for all y € Z3.
The next two results due to Tan, Feng and Cao tell us when the lower bound given in
Theorem 235 can be achieved.

Theorem 236. ([367, Theorem 4.5]) Let d = 2m + 1, where m > 2. Let f be a bent
function in Bq_, with 0 ¢ supp(f) = {z € Z5* : f(z) = 1} and S = {(0,2),(1,2) : z €
supp(f)} C Z3. Then the following hold:

(a) the cubelike graph Cay(Z4,S) is connected;

(b) fora = (1,0,0,...,0) € Z2, Cay(Z%,S) has perfect state transfer from u to u + a
at time /2™, for any u € Z§;

(¢) the minimum period with which Cay(Z4,S) is periodic at any vertex is w/2™.

Theorem 237. ([367, Theorem 4.5]) Let d = 2m, where m > 2. Let f be a bent function
in Bq and S = supp(f) = {z € Z% : f(z) = 1}. Then the cubelike graph Cay(Z3,S)
is connected and the minimum period with which Cay(Z3,S) is periodic at any vertex is
equal to w/2™.

In [388], Zheng, Liu and Zhang proved that Gy := NEPS(H (k,2),...,H(k,2);B) is
isomorphic to a cubelike graph, where d > 1, k > 2, 0 # B C Z3 \ {0} and H(k,2) is the
hypercube of dimension k. In the same paper they also proved the following statements:
If £ > 3 is odd and the sum of the elements of B is not equal to 0, then G4 admits
perfect state transfer at time 7/2; if k is even, then Gy admits perfect state transfer if
and only if B contains at least one element 8 with Hamming weight w(5) = 1, and in this
case the perfect state transfer occurs at time 7/2.
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Perfect state transfer in general NEPS of complete graphs was considered by Li, Liu,
Zhang and Zhou [264] who proved the next three results, where

nd,r-Z(B) = NEPS(Knl,, nd,Kg,...,KQ;B)
N—_——

T

-----

ford}1,r>1,n1,...,nd2SaDdQ#BQZgM\{O}.

Theorem 238. ([264, Theorem 1.1]) Suppose that the last r coordinates of each element
of B are all equal to 0. Then NEPS,,, ., .2(B) is periodic with period 2w /ged(ny, . .., ng).

-----

Theorem 239. ([264, Theorem 1.2]) Suppose that the first d coordinates of each element
of B are all equal to 0.

.....

,,,,,

In each case the transition matrix at 7/2 was also given in [264, Theorem 1.2]. In
general, the sufficient condition in (a) above is not necessary.

Theorem 240. ([264, Theorem 1.3]) Suppose that B contains at least one element whose
last r coordinates are not all 0 and at least one element whose first d coordinates are
not all 0. Then NEPS,, ,,.2(B) is periodic with period 2w or m depending on whether
ged(ng, ..., ng) is odd or even.

Moreover, sufficient conditions for NEPS,,, . .. ,2(B) to admit perfect state transfer
or is periodic with period 7/2 were also given in [264, Theorem 1.3]. In the special
case when B is the standard basis of Z$™ Theorem 240 says that the Hamming graph
H(ny,...,ng,r-2) .= H(ny,...,ng,2,...,2) is periodic with period 27 or 7 depending

———

on whether ged(ny,...,ng) is odd or even. Furthermore, if ged(ny,...,ny) is divisible by
4, then for each u € Zg*”, H(ny,...,ng,r - 2) admits perfect state transfer from u to
u+(0,...,0,1,...,1) at time 7/2.

9.2.3 Perfect state transfer in gcd graphs of abelian groups

Let I' =Z,, & - - ®Z,, be an abelian group, where each n; > 2. Set n = (ny,...,ny) and
let D C D(n) \ {n}, where D(n) is as defined in (3.8). Recall from Section 3.2.2 that the
ged graph ICG(n, D) of I' with respect to D is the Cayley graph Cay(I', Sp(D)), where
Sr(D) is the set of elements x = (z1,...,z4) of I' such that ged(x,n) € D. As shown in
(3.9), the ged graphs of abelian groups are precisely the NEPS of complete graphs. So
the results to be presented below are essentially about perfect state transfer in NEPS of
complete graphs, and this subsection can be considered as a continuation of the previous
one.
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It is known [228, Corollary 2.7] that every ged graph of any abelian group with order
n is isomorphic to a ged graph of I' = Z,, ® --- ® Z,,, where n = pips...py is the
factorization of n into the product of primes but pq, po, ..., pir are not necessarily distinct.
In particular, if n is a power of 2, then the ged graph is actually a cubelike graph [324,
Theorem 4.5]. Recall that G ® H denotes the tensor product of graphs G and H.

Theorem 241. ([324, Lemma 4.6]) Let I' = I'y & I'y be an abelian group, where I'y =
Ligay @ « -+ D Zoar and I'y = Zpbl D - D sz;s, with p1,...,ps odd primes. Set n =

(20, ..., 20 phr o %) and mg = (P8, ... p%). Assume that d..y, ... d.ys are fized
divisors of pi*, ..., p, respectively. Let D C D(n) \ {n} be such that the last s compo-
nents of each member of D are d,.1,...,d.ys, respectively. Set Dy = {(dyy1,...,drys)}.
Then there ezists a cubelike graph Cay(I'y, S1) such that

ICG(H, D) = Cay(Fl, Sl) & ICG(I’IQ, Dg)

As shown in [324], the connection set S; (which relies on D) in Theorem 241 can be
constructed explicitly from D. Let & be the collection of all subsets D C D(n) satisfying
the conditions of Theorem 241 as well as the following two conditions: (i) the sum of the
elements in S is equal to 0; (ii) |S7| = 0 (mod 4) if there exists ¢ with 1 < ¢ < s such
that d,; < pfz Define Z; to be the collection of all possible unions of pairwise disjoint
members of 2. That is, each member of Z; is of the form U!_D; for some pairwise
disjoint members Dy, ..., D; of 2. Define %, to be the collection of all subsets D C D(n)
such that the last s components of each member of D are p%', ..., p%, respectively, and
the sum of the elements in the corresponding S; is not equal to 0.

The following result due to Pal and Bhattacharjya gives a sufficient condition for a
gcd graph of an abelian group to admit perfect state transfer.

Theorem 242. ([324, Theorem 4.8]) Let I' = T'y @ I'y be an abelian group, where I'y =
Zyar @ -+ - D Zigar and I'y = Zpbl ©---D sz;s, with py, ..., ps odd primes. Let D1 € 9, and

Dy € %,. If D1N Dy =0 and D = Dy UDy generates T', then ICG(n, D) is connected

and has perfect state transfer at time mw/2, where n = (2%, ... ,Z“T,pl{l, o).

In [324], Pal and Bhattacharjya also gave the following sufficient condition for the
existence of ged graphs of abelian groups having perfect state transfer at time 7/2 (see
also [323]).

Theorem 243. ([324, Theorem 4.12]) Let T' be a finite abelian group with order |T'| =
0 (mod 4). Then there ezists a connected gcd graph of T that admits perfect state transfer
at time /2.

9.3 Perfect state transfer in Cayley graphs on finite commutative (chain)
rings and gcd graphs of unique factorization domains

In [375], Thongsomnuk and Meemark determined when the unitary Cayley graph G of

a finite commutative ring R admits perfect state transfer.
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Theorem 244. ([375, Theorem 2.5]) Let R = Ry X Ry X --- X R be a finite commutative
ring with 1 # 0, where s > 0 and each R;, 0 < i < s, is a local ring with maximal ideal M;
of size m;. Set m = mgomy ... mg. The unitary Cayley graph Gr has perfect state transfer
if and only if R satisfies one of the following conditions:

(a) m=1 and R = Fy X Foay X Foay X -+ X Foas for some integers ay,aq, ..., as = 1;

(b) m =2 and R = Ry X Foay X Faaz X + -+ X Foas for some integers aj,as, ..., a5 > 1,
where Ry is Zy or Zolx]/(2?).

This result yields [300, Corollary 2.6] in the special case when R is a finite local ring.
The following result characterizes when perfect state transfer occurs in unitary Cayley
graphs of finite chain rings.

Theorem 245. ([375, Theorem 4.1]) Let R be a finite chain ring with nilpotency s.
Let Cay(R, D) be the graph defined in Section 5.3, where D depending on a sequence of
integers 0 < a; < ag < -+ < a, < s — 1 is as defined in (5.2). Then Cay(R, D) has
perfect state transfer if and only if ¢ = 2 and one of the following holds:

(a) s=1o0r2, and a; =1;
(b) s> 2, and a, = s — 2.

Let R be a unique factorization domain (UFD) and ¢ a nonzero nonunit element of
R. Assume that the commutative ring R/(c) is finite. Let D be a set of proper divisors
of c¢. Recall from Section 6.5 that the ged graph ICG(R/(c), D) is the graph with vertex
set the quotient ring R/(c) such that x + (¢),y + (¢) € R/(c) are adjacent if and only if
ged(z —y, ¢) belongs to D up to associate. As applications of Theorem 244, Thongsomnuk
and Meemark [375] determined the existence of perfect state transfer in some ged graphs
of a unique factorization domain.

Theorem 246. ([375, Theorem 3.1]) Let R be a unique factorization domain. Let

c=pip5...pen

be an element of R which is factorized into a product of non-associate irreducible elements,
where a; > 1 for2 < i< n. Then ICG(R/(c),{1,p1}) has perfect state transfer if and only
if there exists i € {2,...,n} such that a; =1 and R/(p;) is a finite field of characteristic
2 for each j € {1,2,...,n}\ {i}, and either (i) a; =1 and R/(p;) = Fo, or (ii) a; = 2
and R/(p?) is isomorphic to Zy or Zs[x]/(z?).

Theorem 247. ([375, Theorem 3.2]) Let R be a unique factorization domain. Let

ap

c=pipa---prdit - q

be an element of R which is factorized as a product of non-associate irreducible elements,
where a; > 1 for 1 < i < 1. Then ICG(R/(c),{pi,p;}) with 1 < i < j < k has perfect
state transfer if and only if one of the following occurs:

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.9 100



(a) ¢ = pipe...pr, R/(ps) is a finite field of characteristic 2 for 1 < s < k, and
R/(pi) = R/(p;) = Fa or R/(pr) = Fy for somet # i, j;

(b) ¢ = pip2...ora2, R/(ps) is a finite field of characteristic 2 for 1 < s < k, and
R/(q}) is isomorphic to Zy or Zs|z]/(x?).

Let R be a UFD and ¢ = pi'p5*...py* a nonzero nonunit element of R factorized as
a product of irreducible elements. Assume that R/(c) is finite. Assume further that for
some k > 2 and each ¢ with 1 <7 < k there exists a set

Di = {p?ilup?ww . 7p?iri}
such that 0 < g < ap < -+ < Qi <a; — 1. Set
D= {p"™ ...pzkt’“ e {1,2,...,r} for 1 <i < k}.

Then
ICG(R/(c), D) = Cay(R/(p}"), D1) ® - - - ® Cay(R/(py*), D),

where each factor on the right hand side is the Cayley graph Cay(R/(p;"), D;) over the
finite chain ring R/(p;") with respect to the divisor set D;. Using this isomorphism,
Thongsomnuk and Meemark established the following result.

Theorem 248. ([375, Theorem 4.2]) Under the assumption above, the following hold:

(a) if ICG(R/(c), D) has perfect state transfer, then Cay(R/(p;*), D;) has perfect state
transfer for some i € {1,2,...,k};

(b) if Cay(R/(pi*), D1) has perfect state transfer, and for all i = 2,...,k, R/(p{") is
of even characteristic and a;,, = a; — 1, then ICG(R/(c), D) admits perfect state
transfer.

9.4 Perfect state transfer in Cayley graphs on non-abelian groups

In the literature there are relatively few results on perfect state transfer in Cayley graphs
on non-abelian groups. We review these results in this section.

In [76, 77], necessary and sufficient conditions for a Cayley graph on a dihedral group
(that is, a dihedrant) to admit perfect state transfer were obtained and explicit construc-
tions were given. As one may expect, these results rely on the irreducible representations
of dihedral groups. As before, in this section Dy, = (a,b | a” = b* = 1,b"tab = a™ ') is
the dihedral group of order 2n > 4 and S is a subset of Dy, \ {1} with S™! = S. The
following result handles the case when n is odd.

Theorem 249. ([76, Theorem 8]) Let n > 3 be an odd integer. Then any connected
Cayley graph Cay(Ds,, S) on Ds, has no perfect state transfer between any two distinct
vertices. Moreover, Cay(Da,, S) is periodic if and only if it is integral and SNb{a) = O or
b{a). Furthermore, in this case the minimum period at all vertices is 2mw/m, where m is

the greatest common divisor of A\ — |S| for A\ running over all eigenvalues of Cay(Da,, S)
other than |S)|.
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In the case when n = 2m is even, following [76] let 11 denote the trivial representation
of Dy, and 14 the one-dimensional irreducible representation of D,,, defined by

Yala®) = (—1), gu(ba’) = (—1)*!, 0 <i<n— 1.

If S is closed under conjugation, then Cay(Ds,,S) has four (not necessarily distinct)
eigenvalues

>\1 = |S‘7)\27)\37)\4

which correspond to v and 14, respectively, and some eigenvalues j; corresponding to
the two-dimensional representations p;, 1 < j < m — 1, where p; is defined by

wi 0 0w

Identify the elements of Dy, with integers 0,1,...,2n — 1 in the follow way: for 0 < u <
n — 1, a* corresponds to u, and for n < u < 2n — 1, ba" corresponds to u. Recall from
(9.3) the 2-adic valuation vy : Q — ZU{oo} of rational numbers. With these notations we
now present the result from [76] for even n which covers [77, Theorem 3.2] in the special
case when S is closed under conjugation.

Theorem 250. ({76, Theorem 11}) Let n = 2m and let G = Cay (D2, S) be a connected
Cayley graph on the dihedral group Ds,. Then G has no perfect state transfer between
any two distinct vertices unless S is closed under conjugation. Moreover, G is periodic
if and only if it is integral, and in this case the minimum period at all vertices is 2w/m,
where m is the greatest common divisor of A — Ay for X\ running over all eigenvalues of G
other than \i. Furthermore, using the notation above, the following hold:

(a) if m is even, then G has perfect state transfer from u to v if and only if G is integral,
v = u-+m, and there exists a constant c such that for any eigenvalue A of G we have
VoA — A1) = c if A= pgj_1 for some 1 < j <m/2 and va(X — A\;) > ¢ otherwise;

(b) if m is odd, then G has perfect state transfer from u to v if and only if G is integral,
v =u+m, and there exists a constant d such that vo(A — \1) = d if X = A3, \q or
poj—1 for some 1 < j < (m—1)/2, and voa(A — A1) > d if X = Xy or po; for some
1<j<(m—1)/2.

In addition, in each case when the conditions above hold, the minimum time at which G
has perfect state transfer from u to v is w/m.

Several families of dihedrants which admit perfect state transfer or are periodic were
constructed in [77, Section 5] explicitly.

Recall from (3.10) that SDg, denotes the semi-dihedral group of order 8n. Recently,
Luo, Cao, Wang and Wu gave a necessary and sufficient condition for a connected normal
Cayley graph on SDg, to admit perfect state transfer. See [283, Theorems 3.2 and 3.3]
for details of these technical results.
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In [361], Sin and Sorci obtained a necessary and sufficient condition for a normal
Cayley graph on an extraspecial 2-group to admit perfect state transfer. Their choice of
extraspecial 2-groups was based on a result in [90] (see also [164, Theorem 4.1]) which
says that perfect state transfer can only occur in Cayley graphs on groups containing a
central involution, and the fact that each extraspecial 2-group contains a unique central
involution. A finite group I' is called an extraspecial p-group if it is a p-group whose center
Z has order p such that I'/Z is isomorphic to Z' for some m > 1. It is well known that
an extraspecial p-group must have order p***! for some n > 1. Let I' be an extraspecial
2-group with order 22"*! and center Z, and let z be the unique central involution of T.
Then each conjugacy class of I' with size greater than 1 must have size 2. Let S C '\ {1}
be a union of some conjugacy classes of I' that generates I'. Then S\ {z} = U, K; for
some distinct conjugacy classes Ki, Ky, ..., K, of I with size 2, where £ > 1 and z may
or may not be in S. Take a representative x; € K; for each 4, and for each y € T'/Z = 72"
let e, be the number of elements x; such that y - z; = 0 module 2, where for each g € T',
g is the image of ¢ in I'/Z. Recall from (9.3) that v»(z) denotes the 2-adic valuation of

x € Q.

Theorem 251. ([361, Theorem 4.7]) Let I' be an extraspecial 2-group with center Z, and
let z, S and ¢ be as above. Then the normal Cayley graph Cay(T',S) admits perfect state
transfer at T if and only if one of the following holds:

(a) z€ S and r(l —ey) Zvo(+1) for ally e T/Z;
(b) 2 ¢ S and va(l —ey,) = v5(l) for ally € I'/Z.

Moreover, in case (a), T is an odd multiple of 7/2"2?*2)  and in case (b), T is an odd
multiple of m/2v2(20).

More information about 7 can be found in [361, Theorems 4.4 and 4.6]. Constructions
of normal Cayley graphs on some extraspecial 2-groups that admit perfect state transfer
were also given in this paper. In [361, Theorem 3.1], the Cayley graph in Theorem 251
was shown to be integral and its spectrum was given explicitly.

9.5 Pretty good state transfer in Cayley graphs

Let G be a graph, and let u,v € V(G). We say that a pretty good state transfer (PGST)
occurs from u to v in G if for any & > 0 there exists a time 7 such that |el Hg(7)e,| > 1—¢,
where Hg(t) is the transition matrix of G as defined in (9.1) and e, is the characteris-
tic vector of the subset {v} of V(G). This condition is equivalent to that there ex-
ists a sequence of real numbers {t;} and a complex number v with |y| = 1 such that
limy oo Hg(tr)e, = ve,. The notion of PGST was introduced by Godsil [165] and Vinet
and Zhedanov [380] independently in 2012 as a relaxation of perfect state transfer, where
in the latter paper the term “almost state transfer” was used for PGST. Since then this
concept has attracted considerable attention from both mathematicians and physicists as
one can see in, for example, [216] and the references therein. The reader is referred to [80,
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Section 1] for an account of known results on the existence of PGST in several families of
graphs. In the rest of this section we restriction our attention to PGST in Cayley graphs.

Recall that a regular graph is periodic if and only if it is integral. As observed in
[325], a periodic graph exhibits PGST if and only if it admits perfect state transfer. Since
all integral circulant graphs admitting perfect state transfer have been characterized,
it follows that integral circulant graphs exhibiting PGST are all known and are given
in Theorem 232. So the existence of PGST in circulant graphs is reduced to that in
non-integral circulant graphs. Unfortunately, as far as we are aware there is no known
necessary and sufficient condition for a non-integral circulant graph to admit PGST. In
[325, Lemma 5], Pal and Bhattacharjya observed that in a circulant graph Cay(Z,,S),
PGST occurs only from u to u + (n/2) for v € Z,, and of course this requires n/2 € S
and n is even. They also proved that the cycle C), of length n admits PGST if and only
if its complement admits PGST, and this occurs if and only if n = 2* for some k& > 2
(see [325, Theorem 13]). In [325, Theorem 7|, the same authors proved further that, if
n = 2% for some k > 3, then Cay(Z,, S,(D) U {—1,1}) with 1 &€ D and S,(D) as defined
in (3.4) (that is, the edge-disjoint union of C,, and a gcd-graph ICG(n, D)) as well as its
complement both exhibit PGST. This result was generalized in [322] where the following
result was proved. Recall from (3.1) the definition of S,,(d).

Theorem 252. ([322, Theorem 2.4]) Let Cay(Z,, S) be a non-integral circulant graph with
ordern = 2%, where k > 2. Let d be the smallest divisor n such that ) # SNS,(d) # S, (d).
If |ISN Su(d)] = 2 (mod 4), then Cay(Z,,S) admits PGST.

It is unknown whether the sufficient condition in this theorem is also necessary. On
the other hand, the following necessary condition was obtained by Pal in [322] in the case
when n is not a power of 2.

Theorem 253. ([322, Theorem 2.6]) Let n > 3 be an integer which is not a power of 2.
Then Cay(Z,, S) does not admit PGST unless each odd prime factor of n divides at least
one element of S.

Regarding normal Cayley graphs on dihedral groups, the next two results were proved
by Cao, Wang and Feng in [80].

Theorem 254. ([80, Theorem 3]) Let n > 3 be an odd integer. Then any connected
normal Cayley graph on the dihedral group Ds, does not admit PGST between any pair
of distinct vertices.

Theorem 255. ([80, Theorem 4]) Let n = 2%, where k > 3. Then a normal Cayley graph
Cay(Ds,, S) on the dihedral group Do, = {(a,b|a" =b* = 1,b"rab=a™') admits PGST
with respect to a time sequence in 2nZ provided that b{a) C S and either S N (a) =
{a" a="} for some odd integer h between 1 and 2! — 1, or SN {(a) = {a",a™"} U
(U;»:l{an” 11 <1<2™ — 1,1 is odd }) for some odd integer h between 1 and 2¥-' —1
and pairwise distinct integers my, ..., m, between 1 and k — 1.
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In [80], it is also proved that, except when S N (a) satisfies a certain condition (the
so-called “power-two case”), a normal Cayley graph Cay(Ds,, S) on Dy, admits PGST if
and only if n is a power of 2. As noted in the same paper, in the “power-two case” the
normal Cayley graph Cay(Ds,, S) may admit PGST.

Pretty good state transfer in normal Cayley graphs on semi-dihedral groups S Ds,, was
studied by Wang and Cao in [383]. Due to the structure of SDg,, we may assume without
loss of generality that any normal Cayley graph Cay(SDs,,S) satisfies b{a) C S and
SN{a) = {a",a", a® Vi q=Cn=Dhi . 1 L j < r} for some pairwise distinct positive
integers hy, ..., hy. If 22272, = p for every 1 < j < 7, then SN (a) is said to be in
the “power-two” case.

Theorem 256. ([383, Theorems 3.5 and 3.6]) Let SDs, be the semi-dihedral group as
shown in (3.10), and let Cay(SDsg,,S) be a non-integral normal Cayley graph with S as
above. Then the following hold:

(a) if n is odd, then Cay(SDsgy,S) does not admit PGST;

(b) if n is even but not a power of 2, then Cay(SDsg,,S) does not admit PGST unless
SN (a) is in the power-two case.

In [383], it was observed that, indeed, the study of the “power-two” case can be reduced
to the case where n is a power of 2, and moreover the following result was obtained in
this case.

Theorem 257. ([383, Theorem 3.3]) Let SDs, be the semi-dihedral group as shown in
(3.10). Assume that n = 2%, k > 2. Then a normal Cayley graph Cay(SDs,,S) admits
PGST with respect to a sequence in 2wZ provided that one of the following holds:

(a) bla) C S and SN {(a) = {a",a™" a®=Dh q=Cn=DhY for some odd integer h between
1 and 2n —1;

(b) bla) C S and SN {a) = {a" a=", o=V q=Cr=DrY S, where
So = U_{a®"7!,a®7 @D 1 1< 2K — 1,1 ds odd},

for some odd integer h between 1 and 2n—1 and pairwise distinct integers mq, ..., m,
between 1 and k + 1.

The following result for general normal Cayley graphs is an analog of [164, Theorem
4.1].

Theorem 258. ([80, Theorem 1)) Let G = Cay(I', S) be a normal Cayley graph on a finite
group I'. Let u,v be a pair of distinct elements of I'. If G admits PGST (respectively,
perfect state transfer) from u to v, then vu™' is an involution lying in the center of T, and
moreover there erxist a sequence of real numbers {ty}, a complex number ~ with |y| = 1
and a permutation matriz P of order 2 with no fized points such that limy_,, Hg(ty) = P

(respectively, Hg(tx) = yP and t, =t for all k).
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10 Distance-regular Cayley graphs

A connected graph G with diameter d is called distance-regular (see [114, Section 3.7]) if
there exist nonnegative integers by, by, ...,bs_1 and ¢, ¢y, ..., cq such that for any pair of
vertices u, v at distance i, we have

b,’ = |NH_1(U) N Nl(’U)|, 0 < ) < d— 17 C; = |N7,_1(U) N Nl(’U)|, 1 < 7

N

d,

where N;(u) is the set of vertices of G at distance ¢ from wu. It is well known (see [114,
Theorem 3.7.3]) that the eigenvalues of a distance-regular graph are determined by its
intersection array {bo,by,...,ba_1;¢1,¢2,...,¢cq}. A distance-regular graph of diameter
two is a connected strongly regular graph. More explicitly, a strongly reqular graph with
parameters (v, k, A\, p) is a k-regular graph with v vertices in which any two adjacent
vertices have exactly A common neighbours and any two non-adjacent vertices have exactly
i common neighbours (see [114, Section 1.2]). Obviously, if a graph G is strongly regular,
then so is its complement G. A strongly regular graph G is nontrivial if both G and G are
connected and trivial otherwise. (Equivalently, G is trivial if either =0 or u = k.) It
is well known (see [114, Theorem 3.6.5]) that the eigenvalues of a strongly regular graph
with parameters (v, k, A, ) are

ko (0w vA), (A -m-VA),

N —

with multiplicities

1 2k + (v —1)(AN—p) 1 2k + (v —=1)(A— p)
Loy (- B AR g (s B AR,

respectively, where A = (A — u)? +4(k — p1). The reader is referred to the monograph [71]
and the survey paper [123] for comprehensive treatments of distance-regular graphs.

It is well known that strongly regular Cayley graphs are essentially partial difference
sets. A k-subset S of a group I" with order v is called an (v, k, A, u)-partial difference set
(PDS) in T if the expressions gh™!, for g,h € S with g # h, represent each nonidentity
element in S exactly A times and each nonidentity element not in S exactly p times. It
follows immediately that a Cayley graph Cay(I",S) is strongly regular if and only if S is
a PDS in T such that 1 ¢ S and S™' = S.

In this section we restrict ourselves to distance-regular Cayley graphs. We barely
touch strongly regular Cayley graphs since we believe that a survey on partial difference
sets should be a separate treatise written by experts in the area (see in [287] for such a
survey published in 1994).

10.1 Distance-regular Cayley graphs

A well known strongly regular graph with parameters (q, Uiy %, E) is the Paley graph

2 4
P(q), which is the Cayley graph on the additive group of IF, with connection set the set
of nonzero squares of F,, where ¢ is a prime power with ¢ = 1 (mod 4). The following
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result, obtained independently by Bridges and Mena [67], Hughes, van Lint and Wilson
[199], Ma [286], and partially by Marusic [297], gives a complete classification of strongly
regular circulant graphs.

Theorem 259. ([67, 199, 286, 297]) If G is a nontrivial strongly regular circulant graph,
then G is isomorphic to a Paley graph P(p) for some prime p =1 (mod 4).

In [303], Miklavi¢ and Potocnik generalized this result to distance-regular circulant
graphs. Denote by K, , —nK, the complete bipartite graph K, ,, with a perfect matching
removed.

Theorem 260. ([303, Theorem 1.2]) Let G be a circulant graph with n > 3 wvertices.
Then G is distance-reqular if and only if it is isomorphic to one of the following graphs:

a

(a) cycle Cy;
(b

complete graph K, ;

m, where tm =n;

.....

d

)
)
(c) complete t-partite graph K,,
(d) Ko m — mKsy, where 2m =n and m is odd;
)

(e) Paley graph P(n), where n =1 (mod 4) is a prime.

In [305], Miklavi¢ and Sparl classified all distance-regular Cayley graphs on abelian
groups with respect to “maximal” inverse-closed generating sets. A few definitions are
in order before presenting their result. The Shrikhande graph is the Cayley graph on
Zy X Z4 with connection set {£(1,0),£(0,1),£(1,1)}; this is a strongly regular graph
with parameters (16,6,2,2). The Doob graph D(m,n) (where n,m > 1) is the Carte-
sian product of the Hamming graph H(n,4) with m copies of the Shrikhande graph. A
distance-regular graph G of diameter d is called antipodal if the relation R on V' (G) defined
by Ry < d(z,y) € {0,d} is an equivalence relation, and non-antipodal otherwise. In the
former case the antipodal quotient of G is the graph with vertices the equivalence classes
of R such that two equivalence classes are adjacent if and only if there is at least one edge
between them in G. For example, the hypercube H(d,2) is antipodal since each vertex x
has a unique antipodal vertex z whose distance to x is equal to d. The antipodal quotient
of H(d,?2) is the quotient of H(d,2) with respect to the partition {{z,z} : x € V(H(d,2))}
of V(H(d,2)).

Theorem 261. ([305, Theorem 1.1]) Let I' be an abelian group with identity 1 and let S
be an inverse-closed subset of T'\ {1} which generates T' such that S\ {s,s™'} does not
generate I' for at least one element s € S. Then Cay(I',S) is distance-regular if and only
if it is isomorphic to one of the following graphs:

(a) complete bipartite graph Ks 3;

(b) complete tripartite graph Kso;
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(C KG’G — 6K2,'
(d

cycle Cy, forn = 3;

)
)
(e) Hamming graph H(d,n), where d > 1 and n € {2,3,4};
(f) Doob graph D(m,n), where n,m > 1;

)

(g) antipodal quotient of the hypercube H(d,2), where d > 2.

Let v, k£ and A be nonnegative integers and I' a group of order v. A k-subset D
of T is called a (v, k, \)-difference set if every nonidentity element of I' has exactly A
representations as a product gh™! with g,h € D; D is trivial if k € {0,1,v — 1,v} and
nontrivial otherwise. Recall that Cayley graphs on dihedral groups D, = (a,b | a" =
b> = 1,b7tab = a™t) are called dihedrants. Given S,T C Z,, let a® = {a’ : i € S} and
a’™ = {a’b : i € T}. Given A C Z, and i € Z,, let i + A = {i+a : a € A} and
iA = {ia : a € A}. Distance-regular dihedrants have been classified by Miklavi¢ and
Potoé¢nik in [304].

Theorem 262. ([304, Theorem 4.1]) Let S,T C Z,,, where n > 2. Let G = Cay(Day, a”U

.....

(where tm = 2n), or K, , —nkK,. Then G is distance-reqular if and only if one of the
following holds:

(a) S=0 and T is a nontrivial difference set in Zy;
(b) n is even, S is a non-empty subset of 1 + 2Z,,, and either
(i) T C 1+ 2Z, and a5 UaTh is a nontrivial difference set in the dihedral
group {(a*,b), or
(ii) T C 2Z, and a=**° U aTbh is a nontrivial difference set in the dihedral group

(a®,b).

Moreover, if either (a) or (b) occurs, then G is bipartite and non-antipodal with diameter
3.

In [313], Momihara gave a construction of strongly regular Cayley graphs on the
additive groups of finite fields based on three-valued Gauss periods. As corollaries, he
obtained two infinite families and one sporadic example of new strongly regular Cayley
graphs. The construction in [313] can be viewed as a generalization of the construction
of strongly regular Cayley graphs given by Bamberg, Lee, Momihara and Xiang [46].

Theorem 263. ([313, Theorem 1.1]) Let g be a prime power. There exists a strongly reg-
ular Cayley graph on the additive group of F e with negative Latin square type parameters
(% r(¢®>+1),¢> +r*—3r,r?> — 1), where r = M(q* — 1)/2, in the following cases:

(a) M =3 and ¢ =7 (mod 24);
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(b) M =7 and ¢ = 11,51 (mod 56).

Theorem 264. ([1, Theorem 15]) Let R be a finite commutative ring. Let Z*(R) be the
set of nonzero zero diwvisors of R and Cay(R,Z*(R)) the Cayley graph on the additive
group of R with connection set Z*(R). Then the following statements are equivalent:

(a) Cay(R,Z*(R)) is edge-transitive;
(b) Cay(R,Z*(R)) is strongly reqular;
(¢) R is a local ring, or R =73 for some d > 2, or R=TF, x F, for some q > 3.

Moreover, if R is not a local ring, then each of these statements is equivalent to that
Cay(R, Z*(R)) is distance-regular.

It was also noted in [1, Corollary 16] that G is strongly regular if and only if R is a
local ring, or R = Z4 for some d > 2, or R =F, x F, for some ¢ > 3.

Recall that, for a finite ring R and an integer n > 1, the unitary Cayley graph of the
ring M, (R) of n x n matrices over R is Gy, (r) = Cay(M,(R), GL,(R)). In [220, Theorem
2.3], Kiani and Mollahajiaghaei proved that G, r,) is strongly regular with parameters
(¢4 ¢* = =P +q,¢" —2¢ — ¢* +3q,¢* — 2¢® + ¢). This result also follows from Theorem
106. In fact, based on Theorems 106 and 107, Rattanakangwanwong and Meemark proved
the following stronger result.

Theorem 265. ([336, Theorem 2.4]) For any prime power q, G, w,) s strongly reqular
if and only if n = 2.

The following result was also proved in [336].

Theorem 266. ([336, Theorem 4.3]) Let R be a local ring other than a field. Then Gy, (r)
is mot strongly reqular for any n > 2.

All distance-regular graphs with degree 3 are known [71, Theorem 7.5.1]; all intersec-
tion arrays for distance-regular graphs with degree 4 are known [73]; and all intersection
arrays for distance-regular graphs with girth 3 and degree 6 or 7 are known. With the
help of these results, van Dam and Jazaeri [122] determined all Cayley graphs among such
distance-regular graphs with small degree, as well as all Cayley graphs among distance-
regular graphs of degree 5 with one of the known feasible intersection arrays. See [122]
for details.

10.2 Distance-regular Cayley graphs with least eigenvalues —2

In [357], Seidel classified all strongly regular graphs with least eigenvalue —2. In general,
all regular graphs with least eigenvalue —2 have been classified (see [71, Theorem 3.12.4]).
In particular, a distance-regular graph with least eigenvalue —2 is strongly regular or the
line graph of a regular graph with girth at least five. Using these results, Abdollahi, van
Dam and Jazaeri classified in [6] all distance-regular Cayley graphs with least eigenvalue
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—2 and diameter at most three. We present their results in Theorems 267 and 268, but
before that let us first mention a few well-known strongly regular graphs.
The 5-regular Clebsch graph is the Cayley graph on Z3 with connection set

{(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1),(1,1,1,1)}.

In other words, the 5-regular Clebsch graph is the graph obtained from the 4-dimensional
hypercube H(4,2) by adding an edge between each pair of antipodal vertices. The com-
plement of the 5-regular Clebsch graph is called the 10-regular Clebsch graph. Both
Clebsch graphs are strongly regular, with parameters (16, 5,0, 2) and (16, 10, 6, 6), respec-
tively. The Schldfli graph is the graph obtained from G = L(K3) (the line graph of Kj)
by applying the following operations (see [114, Example 1.2.5]): Select a vertex v of G
switch edges and non-edges of G between Ng(v) and V(G) \ Ng(v), where Ng(v) is the
neighbourhood of v in G; and delete v from the resultant graph. This is the unique
strongly regular graph with parameters (27, 16, 10, 8) and is a Cayley graph on Zg x Z3 or
(Z3 x Z3) x Zs (see [6, Proposition 4.2]). The cocktail party graph C'P(n) is the complete
n-partite graph K5 o with each part of size two. Thus C'P(n) is the Cayley graph on any
group I of order 2n containing an involution a with connection set I'\ (a). The triangular
graph T'(n) is the line graph of K,,, and the lattice graph Lo(n) is the line graph of K, ,,.
Obviously, 7'(4) is isomorphic to C'P(3) and hence is a Cayley graph. As mentioned in
[6, Corollary 4.6], for n > 4, T'(n) is a Cayley graph if and only if n = 3 (mod 4) and n
is a prime power. The lattice graph Lo(n) is isomorphic to the Hamming graph H(2,n)
and hence is a Cayley graph.

The following result relies on Seidel’s classification [357] of strongly regular graphs
with least eigenvalue —2.

Theorem 267. ([6, Theorem 4.8]) A graph G is a strongly regular Cayley graph with least
eigenvalue at least —2 if and only if G is isomorphic to one of the following graphs:

(a) cycle Cs, Clebsch graph, Shrikhande graph, or Schlifli graph;

(b) cocktail party graph C'P(n) with n > 2;

)
)
(¢) triangular graph T'(n), with n =4, or n =3 (mod 4) and n > 4 a prime power;
(d) lattice graph Lo(n), with n > 2.

The dual of an incidence structure D is the incidence structure obtained from D by
interchanging the roles of points and blocks but retaining the incidence relation. The
incidence graph of D is the bipartite graph with points in one part and blocks in the
other part such that two vertices are adjacent if and only if they are incident in D. An
incident point-block pair of D is usually called a flag of D. An isomorphism from an
incidence structure D to an incidence structure D’ is a bijection that maps points to
points, blocks to blocks, and preserves the incidence relation. An isomorphism from D to
itself is called an automorphism of D.
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A projective plane is a point-line incidence structure such that any two distinct points
are joined by exactly one line, any two distinct lines intersect in a unique point, and there
exists a set of four points no three of which are on a common line. It is well known that
for any finite projective plane 7 there exists an integer n > 1, called the order of 7, such
that each line contains n + 1 points, each point is on n+ 1 lines, and the number of points
and the number of lines are both equal to n? + n + 1. In other words, 7 is a symmetric
2-(n*+n+1,n+1,1) design. An automorphism of 7 is usually called a collineation of .
An isomorphism between 7 and its dual is called a correlation of w. A projective plane is
Desarguesian or non-Desarguesian depending on whether it satisfies Desargues’ Theorem.

The following result relies on the classification of distance-regular graphs with least
eigenvalue —2 (see [71, Theorems 3.12.4 and 4.2.16]).

Theorem 268. ([6, Theorem 5.8]) Let G be a distance-reqular Cayley graph with diameter
three and least eigenvalue at least —2. Then G is isomorphic to one of the following graphs:

(a) cycle Cg or Cy;

(b) line graph of the incidence graph of the Desarguesian projective plane of order 2 or
8,

(c) line graph of the incidence graph of a non-Desarguesian projective plane of order q,
where ¢> + ¢+ 1 is prime and q is even and at least 2 x 10!;

(d) line graph of the incidence graph of a projective plane of odd order with a group of
collineations and correlations acting reqularly on its flags.

11 Generalizations of Cayley graphs

The concept of a Cayley graph can be generalized or varied in several different ways. In
this section we discuss three avenues of generalization and variation, with an emphasis on
eigenvalues of such generalized Cayley graphs.

11.1 Eigenvalues of n-Cayley graphs

Let I' be a finite group and R, S, T be (not necessarily non-empty) subsets of I" such that
R'=R,S'=Sand1¢ RUS. The bi-Cayley graph Cay(T'; R,S,T) on I is the graph
with vertex set I" x {0,1} such that (g,7),(h,j) are adjacent if and only if one of the
following holds: (i)i=j=0and g'h € R; (i)i=j=1and g 'h € S; (ii) i =0,7 =1
and g~ 'h € T. Bi-Cayley graphs are also called semi-Cayley graphs in the literature (see,
for example, [128]), and a bi-Cayley graph on a cyclic group is called a bicirculant or
more specifically an m-bicirculant if the cyclic group has order m. A bi-Cayley graph
Cay(I'; R, S,T) such that T = {1} is called a one-matching bi-Cayley graph on I'. The
famous Petersen and Hoffman-Singleton graphs are examples of bi-Cayley graphs.

In [155], Gao and Luo proved the following result, which shows that the computation
of eigenvalues of bi-Cayley graphs on abelian groups can be reduced to that of three
Cayley graphs on the same group.
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Theorem 269. ([155, Theorem 3.2]) Let I' = Z,, @ -+ - ® Z,, be an abelian group, where
each n; > 2, and let G = Cay(I'; R, S, T') be a bi-Cayley graph on I'. Then the eigenvalues
of G are given by

1 R S
5 <)\T1 ..... Td + >\r1 ..... Td :i: \/(Ag ..... Td - )\7’51 ..... Td)2 + 4’)\71“—‘1 ..... ’r‘d‘2) ?

forr; =0,1,...,n; —1,1 < j <d, where /\ﬁ /\51,.-., and )\Tl . are the eigenvalues
of Cay(I', R), Cay(I',S) and Cay (', T), respectively.

In particular, this implies that for abelian groups I', Cay(I'; R, R,T) is integral pro-
vided that Cay(I', R) is integral (see [155, Corollary 3.5]).

In [154], Gao, Lii and Hao obtained formulas for the Laplacian and signless Laplacian
spectra of bi-Cayley graphs on abelian groups. As applications of their main result, special
formulas for the Laplacian and signless Laplacian spectra are also given for two classes
of bi-Cayley graphs, namely one-matching bi-Cayley graphs and the join of two Cayley
graphs over isomorphic abelian groups. In particular, a method for constructing Laplacian
and signless Laplacian integral bi-Cayley graphs was given.

Theorem 270. ([154, Theorem 1|) Let I' = Z,,, & --- & Z,, be an abelian group, where
each n; > 2, and let G = Cay(I'; R, S, T) be a bi-Cayley graph on I'. Then the Laplacian
eigenvalues (respectively, signless Laplacian eigenvalues) of G are given by

...............

forrj:()a]-w"vnj_]v1<j<d7 ’U)h@’l"6>\77j1
and pft ., and pi7,
eigenvalues) of Cay(I', R) and Cay(I',S), respectively.

In particular, this implies that for abelian groups I', Cay(I'; R, R,T) is a Laplacian
and signless Laplacian integral graph provided that Cay(I', R) and Cay(I',T") are both
integral ([154, Corollary 4.6]).

A few special cases and applications of Theorem 270 were also given in [154]. In
particular, the Laplacian and signless Laplacian eigenvalues of the I-graphs I(n,j, k) :=
Cay(Zn,{xj}, {£k},{0}) were obtained. These bi-Cayley graphs on Z, are interesting
generalizations of the generalized Petersen graphs, and their Laplacian and signless Lapla-
cian eigenvalues can be obtained using Theorem 270.

Corollary 271. ([154, Corollary 4.2]) The Laplacian eigenvalues (respectively, signless
Laplacian eigenvalues) of the I-graph I1(n, j, k) are given by

1 . ;
§<ui+uf+2i\/(u2«—u’ﬁ)2+4),

forr=0,1,...,n—1, where u} and u* are the Laplacian eigenvalues (respectively, signless
Laplacian eigenvalues) of Cay(I',{£j}) and Cay(T',{£k}), respectively.
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In [393], Zou and Meng determined the eigenvalues of the bi-circulants Cay(Z,,; 0,0, T).
This was achieved through investigating connections between the eigenvalues of the Cayley
digraph Cay(T', T') and those of the bi-Cayley graph Cay(T"; 0,0, T) for any finite abelian
group I'. They also obtained asymptotic results on the number of spanning trees of
bi-circulants.

A finite group I is called bi-Cayley integral if Cay(T;(),D,T) is an integral graph for
any 7' C I". This concept was introduced by Arezoomand and Taeri in [36], where it was
proved that a finite group is a bi-Cayley integral group if and only if it is isomorphic to
Zs3, Sz or Z4 for some positive integer d.

Let R be a finite commutative ring with unit element 1 # 0, and let R* be the set
of units of R. The one-matching bi-Cayley graph Cay(R; R*, R*,{0}) on the additive
group of R is called [268] the wunitary one-matching bi-Cayley graph of R. In [268],
Liu computed the energies of this graph and its line graph and determined when these
graphs are hyperenergetic. He also proved [268] that neither of these graphs can be
hypoenergetic (that is, with energy strictly less than the number of vertices). In [270],
the bi-Cayley graph Cay(R; R*, R*, R*) on the additive group of R is called the unitary
homogeneous bi-Cayley graph of R. In this paper, Liu and Yan computed the energies
of this graph, its complement graph, and its line graph, and determined when these
graphs are hyperenergetic. In the same paper they also determined when these graphs
are Ramanujan.

In general, a graph (or digraph) G is called an n-Cayley graph (or n-Cayley digraph)
if Aut(G) contains a semiregular subgroup I' that has exactly n orbits on V(G); we also
say that G is an n-Cayley graph (or digraph) on the group I'. A 1-Cayley graph is
precisely a Cayley graph and a 2-Cayley graph is exactly a bi-Cayley graph. A 3-Cayley
graph is often called a tri-Cayley graph, and in particular a 3-Cayley graph on a cyclic
group is called a tricirculant or more specifically an m-tricirculant if the cyclic group
has order m. In [35], Arezoomand and Taeri gave for any n > 2 a factorization of the
characteristic polynomials of n-Cayley digraphs in terms of the irreducible representations
of the underlying group. As applications they obtained a formula for the eigenvalues of
any n-Cayley graph on an abelian group (thus generalizing Theorem 269), determined the
spectrum of any Cayley graph on a finite group containing a cyclic subgroup of index 2,
and obtained a few results on the main eigenvalues of an n-Cayley digraph. A few results
on the eigenvalues of “quasi-abelian” n-Cayley graphs can be found in [34].

The concept of an n-Cayley graph was also studied by Sjogren in [362] under a different
name. In [362], a ['-graph was defined as a graph G whose automorphism group contains
a semiregular subgroup which is isomorphic to I'. Note that this is exactly an n-Cayley
graph on I', where n is the number of orbits of I" on V(G). (The term “regular” in [362] is
meant “semiregular” by our definition in Section 1.) Among other things it was proved in
[362] that the Laplacian spectrum of any n-Cayley graph G can be expressed in terms of
the Laplacian spectrum of the quotient graph of G' with respect to the partition of V(G)
into such orbits. As a corollary it was proved that the Laplacian spectrum of any Cayley
graph of odd order consists of 0 and a set of eigenvalues each with an even multiplicity.

The reader is referred to [33] for a recent survey on eigenvalues, Laplacian eigenvalues
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and signless Laplacian eigenvalues of n-Cayley graphs.

11.2 Strongly regular n-Cayley graphs

Throughout this section we set
A= (A= p)*+4(k—p)

when discussing a strongly regular graph with parameters (v, k, A, j1).

In [296], Marusi¢ obtained necessary conditions for a bicirculant or tricirculant to be
strongly regular, starting up the study of strongly regular n-Cayley graphs. For example,
he proved that if a strongly regular p-bicirculant exists, where p is a prime, then p must
be of the form p = 2s% 4 2s + 1 for some positive integer s, and the parameters of this
strongly regular bicirculant satisfy p = A +1 = s% or (s + 1)2. In [128, Theorem 2.2],
de Resmini and Jungnickel proved that a bi-Cayley graph Cay(['; R,S,T) on a group
[ of order n is strongly regular with parameters (2n,k, A, u) if and only if k, A\, u and
R, S, T satisfy three equations in the group ring ZI'. Any triple (T, R, S) satisfying these
equations for suitable parameters k, \, p is called [128] a partial difference triple. Thus
strongly regular bi-Cayley graphs are essentially partial difference triples, akin to the
relation between strongly regular Cayley graphs and partial difference sets. Using this
relation, the following result was obtained in [128].

Theorem 272. ([128, Proposition 2.3]) Let Cay(I'; R, S, T) be a strongly reqular bi-Cayley
graph with parameters (2n,k, \, i), where n is the order of I'. Then

2k — (A —p) £ VA
4

T = » | Rl =S =k = [T,

and moreover v/ A is an integer.

In the case when I' is abelian, the following necessary conditions were obtained in
[128].

Theorem 273. ([128, Proposition 3.1 and Corollary 3.3]) Let Cay(I'; R, S, T') be a strongly
reqular bi-Cayley graph with parameters (2n,k, A\, i), where ' is an abelian group with
order n. Then, for every non-principal character x of I', either

A —p) VA

X(T) =0 and x(R) = x(8) = =12

X(R) + x(S) = A — p.

In particular, x(R+S) € {(A — p) — VA, — p, (A — p) + A} for every non-principal
character x of . Moreover, in the special case when R =S, all of X, i and VA must be
even.
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In [128, Theorems 4.2 and 4.4], de Resmini and Jungnickel proved the following result
(which generalizes the above-mentioned result of Marusic [296]): Let G = Cay(Z,; R, S, T)
be a nontrivial strongly regular n-bicirculant with parameters (2n, k, A\, p). If n is odd or
is not divisible by v/A, then up to complementation the parameters of G are given by

(0, T, [RI A, ) = (25° + 25 + 1,87, 8%+ 5,8% — 1, 5%)

for some positive integer s, and moreover G is trivial if R = S. (Note that k = |T| + |R|.)
Solving a problem posed in [128], Leung and Ma proved in [254] that there are other
forms of parameters for nontrivial strongly regular bicirculants. In fact, they determined
all possible parameters as stated in the next theorem.

Theorem 274. ([254, Theorem 3.1]) Let G = Cay(Z,; R,S,T) be a nontrivial strongly
reqular bicirculant with parameters (2n,k, A\, ). Then up to complementation the param-
eters of G are in one of the following forms:

n, |T|,|R|, A, p 252 + 25+ 1,52, 8% + 5,82 — 1,5%), where s > 1;

n, [T],|R[, A, p

) =(

n, |T|, |R|, A\, p) = (2%, 8%, 8% — 5,8% — 5,8% — 5), where s > 2;
)= (25,8 s> +5,8° + 5,82 +5), where s > 3;
) =(

n, |T|,|R|, A, p 252 s> +5,5% s> £ 5,52 £ 5), where s > 2.

Another interesting result proved in [254] is as follows.

Theorem 275. ([254, Theorems 2.1 and 2.2]) Let G = Cay(I'; R, S,T) be a nontrivial
strongly reqular bi-Cayley graph with parameters (2n,k, \, u), where n is the order of T.
If RUS s contained in a proper normal subgroup Y of I', then one of the following holds:

(a) (n,|T),|R|,\, p) =(8,4,1,0,2) and |X| = 2 or 4;
(b) (n,|T),|R], A\, 1) = (25,5,2,0,1) and |X| = 5;
(c) (n,|T|,|R|,\, 1) = (25%,25,25 — 2,25 — 2,2) and || = s* for some integer s > 2.

Moreover, the third case occurs if and only if there exist subgroups K, L of I' and elements
geXand h e T\ X with |K| =|L|=s, KNL={1} and g7'KgnNh™'Lh = {1} such
that T = KgU Lh, R=(KUL)\ {1} and S = (¢7'KgUh™'Lh) \ {1}.

In [128], some restrictions on strongly regular Cayley graphs with an even number of
vertices were obtained using the results in the paper on strongly regular bi-Cayley graphs.
In particular, it was proved in [128, Theorems 5.3 and 5.6] that if I is the dihedral group
D, the generalized quaternion group Qu, (see (7.1)), or a 2-group of order |I'| # 16,64
with a cyclic subgroup of index 2, then there is no nontrivial strongly regular Cayley
graph on I'. In [254, Theorem 4.2], it was further proved that in the third case the same
statement is also true when |I'| = 16,64 unless I" is one of two specific groups of order 16
(which produce isomorphic strongly regular Cayley graph with parameters (16,6, 2, 2)).
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In [291], Malni¢, Marusi¢ and Sparl gave a necessary condition for the existence of a
strongly regular vertex-transitive bicirculant of order twice a prime and constructed three
new strongly regular bicirculants having 50, 82 and 122 vertices, respectively. These
graphs together with their complements form the first known pairs of complementary
strongly regular bicirculants which are vertex-transitive but not edge-transitive.

In line with the work in [128, 254], a theory of strongly regular tri-Cayley graphs was
developed by Kutnar, Marusi¢, Miklavi¢ and Sparl in [246]. Let T’ be a group with order
n, and let A, B,C, R, S and T be subsets of I' such that A=! = A, B~' = B,C~! = C and
1 ¢ AUBUC. Define G = Cay(I'; A, B,C; R, S, T) to be the graph with vertex set I" x Z
and adjacency relation ~ as follows: for g € I', (¢g,0) ~ (ag,0) for a € A, (g,1) ~ (bg, 1)
for b € B, (g,2) ~ (cg,2) for c € C, (g,0) ~ (rg,1) for r € R, (g,1) ~ (sg,2) for s € S,
and (g,2) ~ (tg,0) for t € T. It can be verified that G is a tri-Cayley graph and conversely
any tri-Cayley graph is of this form. Similar to [128, Theorem 2.2], it was shown in [246,
Proposition 3.1] that G is strongly regular with parameters (3n,k, A, p) if and only if
k, A, u and the subsets A, B,C, R,S,T of I' satisfy six equations in the group ring ZI'.
Based on these equations, Kutnar, Marusi¢, Miklavi¢ and Sparl [246, Propositions 3.2
and 3.3] obtained a necessary condition for a tri-Cayley graph to be strongly regular. In
particular, they proved that v/A must be an integer if G is a nontrivial strongly regular
graph. In the case when I is abelian, they proved the following result. Recall that the
triangular graph T'(n) is the line graph of K.

Theorem 276. ([246, Proposition 4.1 and Corollary 4.2]) Let I' be an abelian group of
order n, and let G = Cay(I'; A, B,C; R, S,T) be a tri-Cayley graph on I'. If G is strongly
reqular with parameters (3n, k, A, ), then

3((A— p) £ VA) 3<A—u>iﬂ}

X(4) + X(B) + X(C) € { : -

for every non-principal character x of T'. In particular, if in addition B =0, |A| = |C],
and G 1is nontrivial, then either A = () and G is isomorphic to the Paley graph P(9), or
|A| =2 and G is isomorphic to the complement of the triangular graph T'(6).

In [246], Kutnar, Marusi¢, Miklavi¢ and Sparl also obtained possible parameters for
strongly regular tricirculants in two special cases.

Theorem 277. ([246, Theorem 5.3]) Let G = Cay(Z,; A, B,C; R, S,T) be a tricirculant
with |A| 4+ |B|+ |C| < [T\ A]+ [T\ B|+|I'\C| and AUBUC # 0. Suppose that G
is a nontrivial strongly reqular graph with parameters (3n,k, A\, ). Suppose further that

either n is prime or n is coprime to 65/A. Then there exists an integer s such that the
following hold:

(a) if |Al, |B| and |C| are not all equal, then
(3n, k, A, i) = (3(128* + 9s + 2), (3s + 1)(4s + 1), s(4s + 3), s(4s + 1));
moreover, if in addition |A| = |C| # |B|, then
Al =25(2s+ 1), |B|=(s+1)(4s+ 1), |R| =s(4s+ 1), |T| = (25 +1)%
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(b) if || = |B| = |C], then
(3n, k, A\, 1) = (3(3s* —3s+1),5(3s — 1), + 5 — 1,5%)

and

Al = s(s = 1), |Rl =8| = |T| =

In [245], Kutnar, Malni¢, Martinez and Marusi¢ introduced a new class of graphs,
called quasi n-Cayley graphs. Such graphs admit a group of automorphisms that fixes one
vertex of the graph and acts semiregularly with n-orbits on the set of the rest vertices.
They determined when these graphs are strongly regular, leading to the definition of a
quasi-partial difference family (or QPDF for short), and gave several infinite families and
sporadic examples of QPDFs. They also studies properties of QPDFs and determined,
under several conditions, the form of the parameters of QPDFs when the group involved
is cyclic.

A brief survey of strongly regular graphs and digraphs admitting a semiregular cyclic
group of automorphisms can be found in the first part of [295] by Martinez. In the second
part of the same paper, Martinez studied some new types of such digraphs. Using partial
sum families, he determined the form of the parameters and obtained some directed
strongly regular graphs derived from these partial sum families with previously unknown
parameters.

Cayley graphs on semigroups are generalizations of Cayley graphs on groups. Given
a semigroup [' and a subset S of I', the Cayley (di)graph Cay(I",S) is defined to be the
digraph with vertex set I' such that there is an arc (z,y) from z to y, where z # y, if
and only if y = sz for some s € S. Cayley (di)graphs on semigroups have been studied
extensively due to their wide applications in various areas including automata theory, but
here we only mention one result which is related to strongly regular graphs. A completely
O-simple inverse semigroup is called a Brandt semigroup. In [185, Theorem 2.12], Hao,
Gao and Luo obtained a necessary and sufficient condition for the connected components
of a Cayley graph on a Brandt semigroup to be strongly regular, and as corollaries they
recovered two known results on strongly regular Cayley graphs [287] and strongly regular
bi-Cayley graphs [128] on groups.

11.3 Cayley sum graphs

Let T be a finite abelian group and S a subset of I'. The Cayley sum graph Cay™ (T, S)
on I with respect to S is the graph with vertex set I' in which x,y € ' are adjacent if and
only if z+y € S. Since T is abelian, this is an undirected graph of degree |S|, with a loop
at xif r+x € S. If S is required to be square-free (that is, z+x ¢ S for any = € I'), then
Cayt(T, S) is an undirected graph without loops. Cayley sum graphs are also known as
addition Cayley graphs, addition graphs, and sum graphs [103] in the literature.

Let I'=7Z,, ®--- ® Z,, be a finite abelian group, where each n; > 2. Recall that the
characters of ' are xx as given in (9.2), for x = (xy,...,24) € I'. The set of real-valued
characters is R = {xx : x € I''x+x = 0}. Let C be a set containing exactly one
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character from each conjugate pair {xx, x_x} (where x € T" and x + x # 0). Then the
set of characters of I'is RU {x, X : x € C'}. The following result was observed by a few
authors in [19, 103, 133].

Theorem 278. ([133, Theorem 2.1]) Let ' = Z,,, & --- & Z,, be a finite abelian group,
where each n; > 2, and let R and C be as above. Let S be a subset of I'. Then the multiset
of eigenvalues of the Cayley sum graph Cay™ (T, S) is

X(S) 1 x € RPU{£[x(S)]: x € C}.

Moreover, the corresponding eigenvectors are x (for x € R) and the real and imaginary
parts of ax (for x € C with a suitable complex scalar o depending on x(S) only).

A finite abelian group T is called a Cayley sum integral group [26] if for every subset S
of I' the Cayley sum graph Cay™ (T, S) is integral. In [26], Amooshahi and Taeri proved
that all Cayley sum integral groups are represented by Zs and Z4, where d > 1. In the
same paper they also classified all simple connected cubic integral Cayley sum graphs.

A finite abelian group I is called Cayley sum integral if all Cayley sum graphs on any
subgroup of I' with respect to square-free subsets are integral. For an integer k > 2, let
Ay be the class of finite abelian groups I' such that for any subgroup 3 of I' all Cayley
sum graphs Cay™ (%, 9) on X with |S| = k are integral.

Theorem 279. (288, Theorems 1-3|) The following hold:
(a) Ay consists of the following groups: Zy, Zs, Zo X Z5', n = 2,m > 1;
(b) As consists of the following groups: 74, Z¢, Zs, n = 2;
(c) all finite groups which are Cayley sum integral are represented by: ZY, Zy, Zg, n = 1.

The notion of a Cayley sum graph was generalized to all finite groups in [25]. Let T’
be a finite group (with multiplicative operation) and S a subset of I. The Cayley sum
graph Cay™ (T, S) on I" with respect to S is the digraph with vertex set I such that there
is an arc from x to y if and only if zy € S. In the case when 2? € S for some x € T,
this digraph contains a semi-edge from x; such a semi-edge contributes only one to the
degree of its end-vertex and the corresponding diagonal entry in the adjacency matrix.
We can extend the definition of a Cayley sum graph to the case when S is a multiset of
I, in which case Cay™* (T, S) has parallel arcs. If S is normal (that is, the union of some
conjugacy classes of I'), then Cay™ (I, S) can be considered as an undirected graph.

Theorem 280. ([25, Theorem 7]) Let I' be a finite non-abelian group. There exists a
square-free normal subset S of T' with |S| = 3 such that Cay™(T',S) is connected and
integral if and only if I is isomorphic to the dihedral group Dg of order 6.

Given a finite group I' and a real-valued function o : I' — R, the Cayley sum colour
graph Cay™ (T, ) is the complete directed graph with vertex set I' in which each arc
(x,y) € I' x I' is associated with color a(zy) (see [24] and [25]). In the case when «
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is the characteristic function of a subset S of I, Cay™* (I, ) becomes the Cayley sum
graph Cay™ (T, S) when arcs of colour 0 are omitted. In [24] and [25, Section 3], Cayley
sum colour graphs and their eigenvalues via irreducible representations of the underlying
groups have been studied. The following result gives Theorem 278 in the special case
when « is the characteristic function of S C I

Theorem 281. ([24, Theorem 3.4]) Let Cay™(I',a) be a Cayley sum colour graph of
a finite abelian group T' and {x1,X2,.--,Xn} @ complete set of irreducible inequivalent
characters of I'. If xy, is real-valued, then Y- . a(g)xx(g) is an eigenvalue of Cay™ (', a);

if Xi is not real-valued, then £| Y .- a(g)xr(g)| are two eigenvalues of Cay™ (T, ).

The anti-shift operator maps every vector (¢, c1,...,Cn1) to (¢1,¢2,...,Cn_1,¢0). An
n X n anti-circulant matriz is a matrix whose ith row is obtained from the first row by
applying anti-shift operator ¢ — 1 times. A graph is called anti-circulant if it has an
anti-circulant adjacency matrix. It was observed in [24, Lemma 1.1] that a graph is anti-
circulant if and only if it is a Cayley sum graph of a cyclic group. Using this and Theorem
281, the eigenvalues of any anti-circulant graph were computed by Amooshahi and Taeri
in [24, Theorem 3.6].

Sidon sets in groups are important objects of study which have numerous applications.
Let T" be a finite abelian group and S a subset of I'. If for every nonzero element x of
', there is at most one pair (a,b) of elements of I' such that x = a — b, then S is called
a Sidon set in I'. It can be verified that |S| < /|I'| + (1/2) for any Sidon set S of I'.
Sidon sets of size close to this bound, namely those with size \/W — 0 for a small number
0, are the most interesting. The following result shows that, if S is a Sidon set of size
\/m — 6, then the Cayley sum graph Cay™* (T, S) is pseudo-random. As before, we use
A(G) to denote the maximum absolute value of the eigenvalues of a graph G other than
the largest one.

Theorem 282. ([382, Theorem 2.3]) Let I' be a finite abelian group and S a Sidon set of
[ with |S| = \/|T| = &. Then the Cayley sum graph Cay™ (', S) satisfies

A(Cay™ (T, 8)) < 4/2(1 + )| X|1/2.

We now move on to Cayley sum graphs of finite commutative rings. Let R be a finite
commutative ring. The unitary Cayley sum graph of R is defined as the Cayley sum graph
Gf = Cayt (R, R*) on the additive group of R, where as before R* is the set of units of
R. This graph was studied by Podestd and Videla in [331] in the context of equienergetic
and non-cospectral graphs. In the case when R is a finite local ring with unique maximal
ideal M, we have R* = R\ M and the spectrum of G}, was shown [331] to be

|[R|—m [R|(m—1) [R|=m

Spec(G+) <|R| m,m 2m 0 m  (—m) 2m ), (11.1)

where m = |M|. (Note that 0 does not occur in this spectrum when R is a finite field
(that is, m = 1).) As noted in [331], this together with (5.1) implies that Gr and G}
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are integral equienergetic non-cospectral graphs for any finite local ring R, where G is
the unitary Cayley graph of R as defined in Section 5.1 and two graphs are said to be
equienergetic if they have the same energy. For a general finite commutative ring R as in
Assumption 101, we have G, = G}, ®---®@ G}, as observed in [331]. Similar to Theorem
102, from this and (11.1) one can easily determine the spectrum of GF. Using this, in
[331] the following result was obtained and a necessary and sufficient condition for G to
be Ramanujan was given.

Theorem 283. ([331, Theorem 3.4]) Let R be a finite commutative ring with odd order.
Then Gr and G}, are integral equienergetic non-cospectral graphs.

In [326], Palanivel and Chithra computed explicitly the eigenvalues of the unitary
Cayley sum graph G*n = Cayt(Z,,ZX) and its complement, and based on these they ob-
tained lower bounds on the energies of these two graphs and gave necessary and sufficient
conditions for them to be hyperenergetic.

As the counterpart of the generalized Paley graph X 5 (see Section 5.4), the generalized
Paley sum graph X, §’+ is defined [331] as the Cayley sum graph on the additive group of
IF, with respect to {a* : a € ]F;;}, where ¢ = p” is a prime power and k£ > 1 is an integer.
Similar to what we saw in Section 5.4, in studying X 57* we can always assume that £ is a
divisor of ¢—1. Asin Theorem 115, let {1, ..., ns} be the set of distinct Gaussian periods
other than n among n(()k’q), b0 ,77,(:3({) (see (5.3)), and let m; be the multiplicity of 7
for 1 < ¢ < s. Let m > 0 be the number of times that n occurs in these Gaussian
periods. Rearranging if necessary, we may assume that 7, = —n9, ..., ny_1 = —0o and
n; # —n; for distinct ¢, j between 2t and s, where ¢ is some integer between 0 and [s/2].
Set mb, | = mb, = (mao;—1 + my;)/2 for 1 < i < t. The following result obtained in [331]
reduces the computation of the eigenvalues of X (f”r to that of Gaussian periods.

Theorem 284. ([331, Theorem 4.1]) Let ¢ = p" be an prime power with r > 2. Let k > 1
be a divisor of ¢ — 1 and set n = (¢ — 1)/k. With the above notation, we have

1 1 / 1 1
L+35mn smn min ... myn Mo ... 3MgN

n -n o + ... En
Spec(Xé“’*) _ < n T2t M2t+1 n ) '

Moreover, if k divides (¢ —1)/(p — 1), then X(f’* is integral.

In the case when k = 3,4 and k divides (¢ — 1)/(p — 1), the eigenvalues of X(f’* have
been computed explicitly in [331]. As a corollary of Theorems 115 and 284, it was noted
that X (f and X 57* are equienergetic but non-cospectral for ¢ = p" with r > 2.

Similar to Theorem 116, the eigenvalues of X 57* can be computed explicitly in the
case when (k, ¢) is a semiprimitive pair.

Theorem 285. ([331, Theorem 4.3]) Let ¢ = p" be an odd prime power with r > 2 even.
Let k > 1 be a divisor of g—1 and set n = (¢—1)/k. Suppose that (k,q) is a semiprimitive
pair, with t the smallest divisor of /2 such that k divides p* + 1. Then

Spec(X;“’*) — < T £ ((k— 1)(1711)23\/6—1— 1) =1 ((lz;)_zzig;ql_ 1) ) |
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All pairs (k, ¢) such that X 5 and X, 5** are equienergetic, non-cospectral and Ramanu-
jan were identified in [331, Theorem 6.7]; this happens if and only if (k, ¢) is as in Theorem
177 with p odd.

We finish this section by mentioning that the Cayley sum graph Cay™ (R, Z*(R)) on
the additive group of a finite commutative ring R was studied in [1], where Z*(R) is the
set of nonzero zero divisors of R.

11.4 Group-subgroup pair graphs

The following generalization of Cayley graphs was introduced in [340]. Let I" be a group, X
a subgroup of I', and S a subset of I" such that SN is closed under taking inverse elements.
The group-subgroup pair graph (or pair-graph) Cay (', ¥, S) is the graph with vertex set I'
and edges {z,zs} for x € ¥ and s € S. Obviously, the subgraph of Cay(T", ¥, .S) induced
by X is the Cayley graph Cay (3, SNY), and in particular Cay(T',T', S) is the Cayley graph
Cay(T',S). In [340], Reyes-Bustos investigated several combinatorial properties of pair-
graphs and determined some eigenvalues of Cay(I', 3, S), including the largest eigenvalue.
Among others the following result was proved in [340].

Theorem 286. ([340, Theorem 5.1]) Let I' be a group, and let ¥ be a subgroup of I with
index [T : X| =k+ 1> 2, with {xog = 1,21,...,21} a set of right coset representatives.
Let S be a subset of ' such that SNY is inverse-closed and S\X # 0, and set S; = SNXx;
for 0 <i< k. Then

2

k
1
+_ 1 2 12
1 =5 |50|:‘:<|50| +4i21‘51|>

are eigenvalues of Cay (T, %, S). Moreover, the corresponding eigenfunctions f* are given
by f*(g) = u* for g € T and f*(g) = |Si| for g € i, 1 <i < k.

A few other results on the spectra of pair-graphs and their applications in constructing
Ramanujan graphs can be found in [340, Sections 5-6].

In [221], Kimoto proved the following result which determines the eigenvalues of
Cay(I', X, S) in terms of the characters of ¥ in the case when X is abelian.

Theorem 287. ([221, Theorem 3.5]) Let I" be a group, and let 3 be abelian subgroup of
' with order n = |X| and index |I" : X| = k+ 1 > 2, with {x0 = 1,21,..., 2} a set of
right coset representatives. Let S be a subset of I' such that S N'Y is inverse-closed, and
let 32; be the subset of ¥ defined by the condition SN Xx; = X;x;, for 0 <1 < k. Then the
eigenvalues of Cay(I', X, S) are

HDOE: ((Z @) +1Y) Zx(g)|2)2 ,

g€ gEX) =1 g€,
with x running over all characters of 3, and 0 with multiplicity at least (k — 1)n.

In [221, Theorem 3.8], Kimoto also obtained a lower bound for the second largest
eigenvalue of Cay(I', X, S) in the case when I' is abelian and k = 1.
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12 Directed Cayley graphs

Eigenvalues of directed Cayley graphs appeared at several places before this point. In
this section we review some of the known results about them which were not mentioned
in previous sections.

12.1 Eigenvalues of directed Cayley graphs

Let I" be a finite group and S a subset of I'\ {1}. Consider the Cayley digraph Cay(I", S)
on I' (which is viewed as an undirected graph when S is inverse-closed). Denote by
Irred(T") the set of irreducible complex characters of I' and by Ag the adjacency matrix
of Cay(I', S). The following result was first noted by MacWilliams and Mann in [290].

Theorem 288. ([290]; see also [140, Theorem 3.1]) Let " be a finite abelian group and S
a subset of '\ {1}. Let M denote the character table of T', with rows indexed by Irred(I")
and columns indexed by I" in the same order as the one underlying As. Then

1 —t :
WMAEM = diag (Z X(s)) .
x€EIrred(T")

seS

Thus the eigenvalues of Cay (I, S) take the form Y ¢ x(s), for x € Irred(T").

A matrix with real entries is called normal if it commutes with its transpose. This is
equivalent to saying that the sum of the squares of the absolute values of its eigenvalues
equals the sum of the squares of the absolute values of its entries. It can be shown (see
[285, Lemma 1]) that for a finite group I' and a subset S C I'\ {1}, the adjacency matrix
of Cay(T,S) is normal if and only if S™1S = SS~!. The next two results were obtained
by Lyubshin and Savchenko.

Theorem 289. (285, Corollaries 3 and 4]) Let I' be a finite group and S a minimal
generating set of I'. Then the adjacency matriz of Cay (I, S) is normal if and only if any
two elements of S have at least one common out-neighbour in Cay(I',S). Moreover, if
[ is of odd order, then the adjacency matriz of Cay(I',S) is normal if and only if T is
abelian.

Theorem 290. ([285, Theorem 1)) Let I' be a finite group. If the adjacency matriz of
every Cayley digraph of degree two on T is normal, then T is abelian or T' = Qg x Z< for
some nonnegative integer d, where Qg is the quaternion group.

A digraph is called strongly connected if it contains a directed path from any vertex
to any other vertex.

Theorem 291. ([285, Theorem 2|) Let I' be a finite group. If there exists a strongly
connected Cayley digraph of degree two on I' whose adjacency matriz is normal, then one
of the following holds:
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(a) T is an abelian group of rank at most two;

(b) T = (a,c|a®* =c"=1,a ca=c1), for some k> 1 and n > 3;

(c) T 2 {a,c|a”=1,c*"=a% a 'ca=c'), for somep>1andq=>3.
The next four theorems were proved by Godsil in [171].

Theorem 292. ([171, Theorem 3.1]) Let G be a digraph with mazimum degree greater
than one. Then there is a Cayley digraph H such that the minimal polynomial of G divides
that of H.

Theorem 293. ([171, Corollary 3.2]) The following hold:
(a) every algebraic integer is an eigenvalue of some Cayley digraph;
(b) there exist Cayley digraphs whose adjacency matrices are not diagonalizable.

Theorem 294. ([171, Theorem 3.3]) Let G be a graph with minimum degree greater than
one. Then there is a Cayley graph H such that the minimal polynomial of G divides that
of H.

Theorem 295. ([171, Corollary 3.4]) If 0 is an eigenvalue of a symmetric integral matriz,
then it is an eigenvalue of some Cayley graph.

The last result above was sharpened by Babai in the following way. A digraph is called
arc-transitive (respectively, 2-arc-transitive) if its automorphism group is transitive on its
set of arcs (respectively, directed paths of length 2).

Theorem 296. ([40, Theorem 1.2]) Let A be an integral matriz. Then there exists an arc-
transitive digraph G such that the minimal polynomial of A divides that of the adjacency
matrix of G. Moreover, if A is symmetric, then G may be required to be a 2-arc-transitive
graph.

This theorem implies that there exist arc-transitive digraphs with non-diagonalizable
adjacency matrices, answering a question of Cameron who asked whether there exists an
arc-transitive digraph whose adjacency matrix is not diagonalizable.

A major tool used in the proof of Theorem 296 is the following result (see [40, Theorem
1.3]) which is of interest for its own sake: Every finite regular multidigraph has a finite arc-
transitive covering digraph, and every finite regular multigraph has a finite 2-arc-transitive
covering graph.

Cospectral Cayley digraphs were studied in [302].
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12.2 Two families of directed Cayley graphs

In this section we focus on two families of Cayley digraphs introduced by Friedman in
[149] (see Section 8.5 for a related family of Cayley graphs). Let p be a prime. Define
[149] SUMPROD(p) to be the digraph with vertex set Z, x Z), with each vertex (z,y)
having an arc to (z + a,ya) for each a = 1,2,...,p — 1. In other words, SUMPROD(p)
is the Cayley digraph on Z, x Z) with connection set {(a,a) : a € Z)}. Obviously, this
digraph has order p(p — 1), with each vertex having in-degree and out-degree p — 1.

Let d > 2 an integer. Define [149] POWER(p,d) to be the digraph with vertex set

Zg, with each vertex (xy,xs,...,14) having an arc to each of (z1 +a,zy+a?, ..., x4+ a?)
for a =0,1,...,p — 1. In other words, POWER(p, d) is the Cayley digraph on Zg with
connection set {(a,d?, ...,a%) : a € Z,}. This graph has order p?, with each vertex having

in-degree and out-degree p.
The following results show that both digraphs above have relatively small second
largest eigenvalue in absolute value.

Theorem 297. ([149, Theorem 1.1]) The graph SUMPROD(p) has second largest eigen-
value in absolute value at most \/p.

Theorem 298. ([149, Theorem 1.2]) The graph POWER(p, d) has second largest eigen-
value in absolute value at most (d — 1),/p.

12.3 Two more families of directed Cayley graphs

Consider a finite field F, of characteristic p. Take an irreducible polynomial f(z) of degree
n = 2over Fy. Let I'y = (Fy[z]/((f(2)))" = (F4la])* = F;., where a = z. Of course I'y is a
cyclic group of order ¢" —1. For 1 < d < n, let Py be the set of monic primary polynomials
of degree d in F [z], where a polynomial in [ [z] is called primary if it is a power of an
irreducible polynomial. Set E; = {g(a) : g € P;}. Then E, is a proper subset of I';. In
[278], Lu, Wan, Wang and Zhang studied the Cayley digraph G4(n, ¢, ) := Cay (L', Ey).
In the special case when d = 1, we have £y, = a+F, and G;(n, ¢, «) is Chung’s difference
graph [103]. In general, G4(n,q, «) is a regular digraph of order ¢" — 1 with degree | P;|
approximately ¢?/d. Among other things Lu, Wan, Wang and Zhang [278] proved the
following result, in which an expander graph is understood as a regular digraph such that
the modulus of every nontrivial eigenvalue is “much” less than the degree in some sense.

Theorem 299. ([278, Theorem 6]) Let 0 be a constant with 0 < 6 < 1 such that n+d—1 <
q%(1 — §). Then every nontrivial eigenvalue X of the adjacency operator for Ga(n, q, a)
satisfies

d
A< % (1-8) <|Pd(1 - 6).
In particular, Gy4(n,q,«) is an expander graph.

A weighted digraph G}(n, ¢, @) obtained from G4(n, ¢, ) by assigning a specific weight
to each of its arcs was also considered in [278]. It was proved in [278] that G%(n, ¢, «) is
also an expander graph.
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Let R be a finite local commutative ring with maximal ideal M and residue field
K = R/M equipped with the reduction map : R — K. A polynomial in R[z] is called
reqular if its reduction is not zero in the residue field. Let f(x) be a primary regular
non-unit polynomial in R[z]. That is, its reduction f(z) is a power of an irreducible
polynomial in K[x]. By Hensel’'s Lemma,

fx) = d(x)m(x)* + B(x),

where s > 1 is an integer, 0(z) is a unit, f(z) € M|z|, and 7(x) is a monic irreducible
polynomial in R[z] of degree n > 1 such that 7(x) is irreducible in K[z]. Let I = (f(z)) be
the principal ideal generated by f(z). Then R[z]|/I is a local ring of order |R|"*. Denote
by I'f(R) the unit group (R[z]/I)*. For each integer d with 1 < d < n, let Py(R) be the
set of monic primary polynomials of degree d in R[x]. Define G4(R, f) to be the Cayley
digraph on I'f(R) with respect to the set P;(R) + I of cosets of I with representatives
in Py(R). That is, G4(R, f) has vertex set I'(R) and there is an arc from ¢;(x) + I to
g2(x)+ 1 if and only if (go(x) +1)(g1(z)+ 1)~ € Py(R)+I. This graph was introduced by
Rasri and Meemark in [335] as a generalization of the digraph G4(n, ¢, a) above, the latter
being the digraph obtained when R is a finite field. Among other things the following
result was proved in [335].

Theorem 300. ([335, Theorem 3.1]) Let G4(R, f), n and s be as above. Let 0 be a
constant with 0 < 6 < 1 such that

ns — 1+ d|/M|* < |[M|Y?|R|¥*(1 —9).
Then every nontrivial eigenvalue X of the adjacency matriz of G4(R, f) satisfies

< Bl o) < pmia - o).

In particular, G4(R, f) is an expander graph.

It was also proved in [335, Theorem 3.2] that the weighted digraph obtained from
G4(R, f) by assigning a specific weight to each arc is also an expander graph. In [335],
the construction of G4(R, f) was generalized to the case when f is any regular polynomial
in R[z| and a counterpart of Theorem 300 under this general setting was given in [335,
Theorem 5.3].

13 Miscellaneous

13.1 Random Cayley graphs

The well-known Alon-Roichman theorem [22] states that for e > 0, with high probability,
O(log |T'|/£?) elements chosen independently and uniformly from a finite group T give rise
to a Cayley graph with second eigenvalue no more than €. In particular, such a graph is
an expander with high probability. Landau and Russell [248], and independently Loh and
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Schulman [274], improved the bounds in the theorem. Following Landau and Russell, in
[100] Christofides and Markstrom gave a new proof of the result, improving the bounds
even further, and proved a generalization of the Alon-Roichman theorem to random coset
graphs. See also [321] for an improvement of the Alon-Roichman theorem.

A k-regular graph G of order n is called a c-expander if the quantity

[N (S)]

(@) =i {1y

D#ScC V(G)}

is at least ¢/n, where N(S) is the set of neighbours of the vertices of S in G. (Since the
minimum of |9(S)|/|S|(n — |S]) for § # S C V(G) is between h(G)/n and 2h(G)/n and
EIN(S)| = 10(S)] = |N(S) \ S|, where h(G) is the isoperimetric number of G as defined
in Section 7, we see that h*(G) can be bounded from above as well as from below by
h(G).) In [22], Alon and Roichman proved that for any 0, 0 < 6 < 1, there exists a real
number ¢(d) > 0 such that for every group I' of order n and for every set S of ¢(J) logn
random elements of I', the expected value of the second largest eigenvalue in absolute
value of the normalized adjacency matrix of Cay(I', S U S™!) is at most 1 — §. Moreover,
the probability that such graph is a J-expander tends to 1 as n — oo.

In [276], Lovett, Moore and Russell proved that there exists a family of groups T',, and
nontrivial irreducible representations p,, such that, for any constant ¢, the average of p,
over t uniformly random elements g¢y,...,g; € ', has operator norm 1 with probability
approaching 1 as n — oo. More explicitly, settling a conjecture of Wigderson, they proved
that there exist families of finite groups I' for which Q(loglog |T'|) random elements are
required to bound the norm of a typical representation below 1.

The following concepts were introduced in the study of quasirandomness and expansion
of graphs. A k-regular graph G with order n is called e-uniform if, for all S,T C V(G),

k
d&n—ﬁwwﬂ<wm

where (S, T) is the number of edges of G between S and 7. The graph G is called an
(n, k, X)-graph if all eigenvalues of G' except k are bounded from above in absolute value
by A. The well-known expander mixing lemma [20] (see also [192, Lemma 2.5]) says that,
if G is an (n, k, \)-graph, then

k
o(5,7) - X1s1i71| < AT

for all S, T C V(G), where the left-hand side is called the discrepancy. Thus, if the
second largest eigenvalue A\o(G) of a k-regular graph G satisfies |A\o(G)| < €k, then G is
e-uniform. In [229], Kohayakawa, Rodl and Schacht proved the following result.

Theorem 301. ([229, Theorem 1.6]) Let I' be an abelian group. Then every e-uniform
Cayley graph Cay(I", S) is an (n,k, \)-graph with n = |U'|, k = |S| and A < Cek for some
absolute constant C'.
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In other words, having small discrepancy and having large eigenvalue gap are equiv-
alent properties for Cayley graphs on abelian groups, even if they are sparse. (Roughly,
the discrepancy of a graph measures how uniformly the edges are distributed among the
vertices.) This answers a question of Chung and Graham [101] for the particular case of
Cayley graphs on abelian groups, while in general the answer is negative.

In [111], Conlon and Zhao generalized Theorem 301 to any finite group.

Theorem 302. ([111, Theorem 1.4]) Let T be a finite group. Then every e-uniform
Cayley graph Cay(T', S) is an (n, k, \)-graph with n = |U'|, k = |S| and X\ < 8k.

As a corollary, Conlon and Zhao [111] also proved that the same result holds for all
vertex-transitive graphs. That is, every k-regular e-uniform vertex-transitive graph of
order n is an (n, k, A)-graph with A < 8¢k (see [111, Corollary 1.5]).

In a study of quasirandom groups and product-free subsets of groups, Gowers [174,
Theorem 4.5] proved among other appealing results that a finite group I" has the property
that the Cayley digraph with respect to every subset of I' is quasirandom is equivalent to a
few other properties of I', including the property of having no nontrivial low-dimensional
representations. This result is relevant to the present survey as the second largest eigen-
value, in absolute value, of a regular graph is responsible for quasirandomness of the
graph. See [174] for details. The reader is also referred to [236] for a survey on quasir-
andom graphs and pseudo-random graphs, where in particular several families of Cayley
graphs are discussed.

13.2 Distance eigenvalues of Cayley graphs

The distance matriz of a graph of order n is the n x n matrix whose (u, v)-entry is equal
to the distance between vertices u and v in the graph. The eigenvalues of this matrix are
called the distance eigenvalues of the graph. A graph whose distance eigenvalues are all
integers is called distance integral. The distance energy of a graph is defined as the sum
of the absolute values of its distance eigenvalues.

In [201], Ili¢ gave a characterization of the distance eigenvalues of integral circulant
graphs ICG(n, D) and proved that these graphs have integral distance eigenvalues. In the
same paper he also computed the distance eigenvalues and distance energy of the unitary
Cayley graphs Cay(Z,,Z,)).

The distance eigenvalues of the Hamming graph H(d, q) were determined by Indulal in
[203] and Cioaba, Elzinga, Markiewitz, Vander Meulen and Vanderwoerd in [106], where
in the latter paper these eigenvalues were used to solve a graph addressing problem [175]
for Hamming graphs.

Let (W, S) be a finite Coxeter system, and let T = {wsw™ : w € W, s € S} be the set
of all reflections of W. The Cayley graphs Cay(W,S) and Cay(W,T') are called the weak
order graph and absolute order graph of (W, S), respectively. It is known that every w € W
can be written as a word in the simple reflections S (respectively, reflections T), and the
minimum number of such reflections that must be used is the length ¢g(w) (respectively,
absolute length ¢7(w)) of w. It is also known that the graph distance between two

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.9 127



vertices u,v € W in these two graphs is equal to fg(uv™') and f7(uv™1), respectively. In
other words, the distance matrices of Cay(W,S) and Cay(W,T) are ({s(uv™))yper and
(b7 (uv™))yer, respectively. The following result was obtained by Renteln [339].

Theorem 303. ([339, Theorems 1 and 6]) Let (W,S) be a finite Cozeter system and T
the set of all reflections of W. Then the distance eigenvalues of the absolute order graph
Cay(W,T) are given by

1
0 g | K |0 (wic)x(wg), with multiplicity x(1)?,

where K runs over all conjugacy classes of W, wg is any element of K, and x ranges
over all irreducible characters of W. Moreover, Cay(W,T) is distance integral.

Using this result, Renteln computed explicitly the distance spectra of some absolute
order graphs (see [339, Section 3.3]) and in particular proved the following result for the
dihedral group D, of order 2n.

Theorem 304. ([339, Theorem 9]) The characteristic polynomial of the distance matriz
of the absolute order graph Cay(Day,,T) of Da, is given by

(x —3n+2)(x —n+2)(z +2)*" 2

The weak order graph of D, is simply the cycle of length 2n and so its distance
eigenvalues can be easily computed (see [339, Theorem 16]). However, it was noted in
[339] that in general the computation of the distance spectrum of the weak order graphs
is more complicated and that there appear to be far fewer nontrivial eigenvalues in the
weak order case than the absolute order case. Computational results in [339] indicate that
in most cases the majority of the distance eigenvalues of weak order graphs are zero, and
in some cases the distance spectra are integral. In [339], the distance eigenvalues of the
weak order graphs of Coxeter groups of a few types were given, a variant of the distance
matrix of Cay(WW,S) was introduced, the eigenvalues of the former were related to that
of the latter, and a few open questions were posed.

A real (respectively, complex) reflection group is a finite group generated by reflections
of a Euclidean (respectively, unitary) vector space. A reflection group is irreducible if that
reflection representation is irreducible.

Let W be a reflection group on V. For w € V', define codim(w) to be the codimension
of the fixed point space V¥ = {v € W : wv = v}. If W is a real reflection group, then
(r(w) = codim(w) for all w € W, but this is not true in general for complex reflection
groups. The codimension matriz of W is defined to be the matrix (codim(uv™")),ew-
The spetrum of this matrix is called the codimension spectrum of W.

Let 67 denote the characteristic function of T. Since 07, ¢7 and codim are all class
functions for W, Theorem 6 can be used to prove the following result.
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Theorem 305. ([148, Section 4.3]) Let W be a finite complex reflection group and T the
set of all reflections of W. Then the eigenvalues of Cay(W,T), the distance eigenvalues
of Cay(W,T) and the eigenvalues of the codimension matriz of W are given by

0, (f) = L Z fw)x(w), with multiplicity x(1)?,
X(1> weWw

with x ranging over the irredducible characters of W, for f = dp,r,codim, respectively.

Furthermore, the largest eigenvalue of Cay(W,T), the largest distance eigenvalue of
Cay(W,T) and the largest eigenvalue of the codimension matriz of W are 01(f) corre-
sponding to the trivial character, for f = ér,lr, codim, respectively.

Note that for f = dr the formula above is the same as the one in Theorem 303.

Theorem 306. ([148, Corollary 4.11 and Theorem 5.4]) Let W be a finite irreducible
complex reflection group and T the set of all reflections of W. Then the Cayley graph
Cay (W, T) is integral and distance integral, and the codimension spectrum of W is integral
as well.

Note that the distance integrality of Cay(W,T) in Theorem 306 extends Theorem 304
from irreducible real reflection groups to irreducible complex reflection groups.

Finally, in [194, Theorem 4.3], Huang and Li obtained a necessary and sufficient con-
dition for a Cayley graph Cay(I', S) on a generalized dihedral group I' = Dih(X) to be
distance integral, and in [194, Theorem 5.1] they proved that in the special case when
|ISNY| =1, Cay(I', 5) is integral if and only if it is distance integral. A few special cases
where Cay (I, S) is distance integral were also identified in this paper.

13.3 Others

Fullerenes are of great importance for chemistry as evidenced by the well-known Buck-
ministerfullerene Cgo. A fullerene can be represented by a 3-regular graph on a closed
surface with pentagonal and hexagonal faces such that its vertices are carbon atoms of
the molecule and two vertices are adjacent if there is a bond between the corresponding
atoms. Fullerenes exist in the sphere, torus, projective plane, and the Klein bottle. A
fullerene is called toroidal if it lies on the torus. In [212], Kang classified all fullerenes
which are Cayley graphs and determined their eigenvalues.

The power graph of a group I is the graph with vertex set I' in which two distinct
elements x,y are adjacent if and only if ™ = y or y™ = x for some positive integer m.
In [93], Chattopadhyay and Panigrahi studied relations between the power graph and the
unitary Cayley graph Cay(Z,,Z) of the cyclic group Z,.

Given a graph G of order n, say, with vertex set {1,2,...,n}, define S(G) = {e; +¢; :
ij € E(G)} C Zj, where {ey,eq,...,6e,} is the standard basis of Z5. In [333], Qin,
Xiao and Miklavi¢ observed that G can be isometrically embedded as a subgraph of the
cubelike graph Cay(Z%,S(G)). Among other things they found some relations between
the spectrum of G' and that of Cay(Z%, S(G)).
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A Cayley graph G = Cay(I',S) is called normal edge-transitive if the normalizer of
I' in Aut(G) is transitive on the set of edges of G. In [158], the eigenvalues of normal
edge-transitive Cayley graphs on D,, and T}, were given by Ghorbani, where D,, is the
dihedral group of order 2n and Ty, = {a,b | a®" = 1,0* = a™, bab™' = a™').

Denote by I',, the multiplicative group of the upper unitriangular 2 x 2 matrices over
Z mod n. In [181], Gupta, Shwetha Shetty and Lokesha studied Cay(I',,,S) for a certain
set S of two generators of I',,. Among their findings are the spectra and energies of the
adjacency, Laplacian, normalized Laplacian and signless Laplacian matrices of Cay(I',,, S)
when n is odd.

It is known that for any vertex-transitive graph G and any eigenvalue A of G the
multiplicity of A is decreased by one as an eigenvalue of G — v for any v € V(G). In [355],
Savchenko proved that the same statement holds for vertex-transitive digraphs.

A graph is called singular if its adjacency matrix is singular or, equivalently, it has 0
as an eigenvalue. Obviously, by Theorem 5, a connected normal Cayley graph Cay(I", S)
is singular if and only if there is an irreducible character x of I' such that > . x(g) = 0.
Starting from this observation, Siemons and Zalesski obtained in [360] several results on
the singularity of some connected normal Cayley graphs on non-abelian simple groups
including alternating groups.

The G-graph with respect to a non-empty subset S of a group G is the multigraph
with vertex set the set of (s)-orbits on G under the left regular multiplication of G, for
s running over S, such that there are |(s1)x; N (s2)x2| edges between vertices (s1)x; and
(s9)xe. In [42], a connection between Cayley graphs and G-graphs was established and
using this connection the eigenvalues of two specific families of Cayley graphs on the
dicyclic and dihedral groups, respectively, were computed explicitly.

Recall that the generalized Paley graph Xf was defined in Section 5.4. In [208], it
was shown that if p is an odd prime and k > 2 is an integer such that d = ged(p — 1, k)
divides (p—1)/2 then the isoperimetric number h(X}) of X} satisfies (p+(1—d),/p)/2d <
X)) < (4 S 7)/(p—1), where {a* : a € Fr} = {+v,..., £y} with [ = (p — 1)/2d
and 0 < y; < (p—1)/2 for each i.

A graph G is called a t-existentially closed (t-e.c.) graph, where t > 1 is an integer, if
for any disjoint (but not necessarily non-empty) subsets A, B of V(G) satisfying |AUB| =
t, there exists a vertex z € V(G) \ (AU B) adjacent to all vertices of A but none of B.
It is known that random graphs are t-e.c. for any ¢ > 1. Another property shared by
random graphs is the one of being best pseudo-random. In the case of regular graphs,
the expander mixing lemma implies that this property can be defined using eigenvalues:
A regular graph of order n and degree d(n) is best pseudo-random if A(G) = O(y/d(n))
as n — oo, where A\(G) is the largest eigenvalue of G other than d(n) in absolute value.
Many known t-e.c. graphs are best pseudo-random, and it was not clear whether there are
t-e.c. graphs which are not best pseudo-random. In [353], Satake answered this question
affirmatively using a special family of quadratic unitary Cayley graphs (see Section 5.2).
He proved that for any ¢ > 1, any prime power ¢ = 1 (mod 4) and any odd integer e > 1,
if g° — (12071 — 2+ 1)g= 2 — £21g° 1 + #2171 > 0, then the quadratic unitary Cayley graph
Gz, is a t-e.c. graph. This together with Theorem 111 gives an infinite family of ¢-e.c.
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graphs which are not best pseudo-random for any ¢ > 1.

A mixed graph is a graph in which both edges and arcs may present. The mized
adjacency matriz M(G) of a mixed graph G of order n is the matrix whose (u, v)-entry
is 1 if there is an edge between u and v or an arc from u to v, —1 if there is an arc
from v to u, and 0 otherwise. In [11], Adiga, Rakshith and So studied various spectral
properties of M(G) and in particular obtained bounds on the mixed energy of G. In the
same paper they introduced the mized unitary Cayley graph M,: The vertex set of M, is
{0,1,...,n—1}; for 0 < i < j < n— 1 with ged(j — ¢,n) = 1, there is an edge between
i and j if (%) = 1, there is an arc from i to j if (5) = —1 and j — i < |n/2], and
there is an arc from j to ¢ if (J%) = —1 and j — ¢ > |n/2], where (%) denotes the
Jacobi symbol. With the help of Ramanujan sums, they determined the eigenvalues of
M,, in [11, Theorem 4.15] (see also [10]) in the case when n has an even number of prime
factors congruent to 3 modulo 4. The energies of some mixed unitary Cayley graphs were
computed by Adiga and Rakshith in [10].

In [117], Dalfé and Fiol gave a method for constructing equitable partitions of Cayley
digraphs (which can be undirected or mixed graphs) of permutation groups on n letters.
They proved that every partition of the integer n gives rise to an equitable partition of
the Cayley digraph, and using representation theory they also gave a method for finding
all eigenvalues and eigenspaces of the corresponding quotient digraphs.

Let G = (V, E) be a digraph with vertex set V' and arc set E, where loops and multiple
arcs are allowed. Let I' be a finite group with a generating set S. A wvoltage assignment
of G is a mapping o : E — S, and the associated lifted digraph (or lift for short) G* is
the digraph with vertex set V(G*) = V x G, where there is an arc from vertex (u,x) to
vertex (v,y) if and only if (u,v) € E and y = za(u,v). Let B be the square matrix over
Cr" indexed by the vertices of G with (u,v)-entry a(u,v) if (u,v) € E and 0 otherwise.
Denote by r the number of vertices of G and n the order of T'. Let {p1, pa,...,pr} be a
complete set of irreducible matrix representations of I', and let d; be the dimension of p;
for each i. Let p;(B) be the complex matrix obtained by replacing each element g € T’
in the entries of B by the d; x d; matrix p;(g), and let p,;, v € V, j € {1,2,...,d;} be
the eigenvalues of p;(B). In [119, Theorem 2.1], Dalf, Fiol and Sirdii proved that the
rn eigenvalues of the lift G* are the rd; eigenvalues of p;(B), for ¢ € {1,2,...,k}, each
repeated d; times. The same result was also obtained independently by Li [262] using
a slightly different language. In the special case when G has only one vertex with |S]|
loops, each with voltage an element of S, this result yields Theorem 2 because in this case
the lift G is exactly the Cayley digraph Cay(T",S). Related results on eigenvalues and
eigenspaces of arbitrary lifts of digraphs can be found in [118].

A signed graph [56] is a graph in which each edge is labelled as positive or negative. A
signed graph is called balanced if the number of negative edges in each cycle is even. The
adjacency matriz of a signed graph G is obtained from that of the underlying graph of
G by changing the entries corresponding to negative edges from 1 to —1, and the energy
E(Q) of G is the sum of the absolute values of the eigenvalues of the adjacency matrix of
G. A signed graph G of order n is said to be hyperenergetic if £(G) > 2n —2. If G is a
signed graph, define its line signed graph L(G) to be the signed graph whose underlying
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graph is that of the line graph of the underlying graph of G, such that the sign of an
edge {e, f} of L(G) is negative if and only if both e and f are negative edges of G. Let
R be a finite commutative ring. In [301], Meemark and Suntornpoch defined the unitary
Cayley signed graph G(R) of R to be the signed graph whose underlying graph is the
unitary graph Cay(R, R*) such that an edge zy (where x,y € R,z —y € R*) is negative
if and only if {z,y} N R* = (. In the same paper they also determined when G(R) is
balanced, when L(G(R)) is balanced, when G(R) is hyperenergetic and balanced, and
when L(G(R)) is hyperenergetic and balanced. The reader is referred to [56] for a survey
of known results and open problems on the adjacency spectra of signed graphs.

The resistance distance r,, between two vertices u,v in a connected graph G is the
effective electrical resistance between them when unit resistors are placed on every edge of
G. The Kirchhoff index of G is the quantity K f(G) = 3 D ueV(G) 2vev () Tuvo- 1t is known
that K f(G) is equal to the order of G times the sum of the reciprocals of the nonzero
Laplacian eigenvalues of G. In [156], Gao, Luo and Liu obtained closed-form formulas for
the Kirchhoff index and resistance distances of Cayley graphs on finite abelian groups in
terms of the Laplacian eigenvalues and eigenvectors, respectively. In particular, they gave
formulas for the Kirchhoff index of the hexagonal torus network, the multidimensional
torus and the hypercubes, as well as formulas for the Kirchhoff index and resistance
distances of complete multipartite graphs.

In [177], Grigorchuk and Nowak explored relations between the diameter, the first
positive eigenvalue of the discrete p-Laplacian, and the £,-distortion of a finite graph.
They proved an inequality connecting these three quantities, and apply it to families of
Cayley and Schreier graphs. They also showed that the /,-distortion of Pascal graphs is
bounded, which allows one to obtain estimates for the convergence to zero of the spectral
gap.

In [307], Minei and Skogman presented a block diagonalization method for the adja-
cency matrices of two types of covering graphs, using the irreducible representations of the
Galois group of the covering graph over the base graph. The first type of covering graph
is the Cayley graph over the finite ring Z,», and the second one resembles lattices with
vertices Z, X Z, for large n. Using the block diagonalization method, they obtained ex-
plicit formulas for the eigenvalues of one lattice and nontrivial bounds on the eigenvalues
of another lattice.

In [247], Lafferty and Rockmore described numerical computation of eigenvalue spac-
ings of 4-regular Cayley graphs on cyclic and symmetric groups, and of two-dimensional
special linear groups over prime fields. Denote by P(s) the number of indices where the
gap between two consecutive distinct eigenvalues of a Cayley graph is at most s. It was
observed [247] that for the above-mentioned groups, after a linear transformation the
function P(s) approximates 1 — e ®. In contrast, in random 4-regular graphs a linear
transformation of P(s) seems to approximate 1 — e /4,

Consider a continuous-time quantum walk on a graph G with transition matrix Hg(t)
as defined in (9.1). The probability that at time 7 the quantum walk with initial state u is
in state v is given by |Hg(7).0|%. We say that G admits uniform mizing at time 7 if this
probability is the same for all vertices v and v. As noticed in [170], uniform mixing on
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graphs is rare, and most known examples are integral Cayley graphs on abelian groups. In
[170], Godsil and Zhan constructed among other things infinite families of Cayley graphs
on Z¢ admitting uniform mixing. Several other results about uniform mixing on Cayley
graphs can also be found in [170] and the references therein.

In [95], Chen and Godsil introduced the notion of perfect edge state transfer in a
graph. A necessary and sufficient condition for the existence of perfect edge state transfer
in connected normal Cayley graphs on dihedral groups was obtained in [284], and several
constructions of such Cayley graphs were also given in this paper.

Extending the results in [367] to the weighted case, Cao, Feng and Tan [78] gave a
necessary and sufficient condition for a weighted Cayley graph on an abelian group to
admit perfect state transfer, and proved that any integral weighted Cayley graph on an
abelian group is periodic at every vertex. See [78, Theorems 2.1 and 2.2] for details.

Given integers k > 2, N > 0 and M > 1, the spider-web graph Sy n v is the graph
with vertex set {0,1,...,k — 1} x Zj, such that each vertex ((x1,...,2x),i) is adjacent
to ((z2,...,zN,y),i+ 1), for y € {0,1,...,k — 1}. In [176], Grigorchuk, Leemann and
Nagnibeda proved that, as N, M — oo, Sy n . converges in some sense to the Cayley
graph on the lamplighter group Zj wrZ. In the proof of this result, they realised Si n s
as the tensor product of the de Bruijn graphs By x with cycle C);. Since the spectra of
the de Bruijn graphs are known, this enabled them to compute the spectra of spider-web
graphs by relating to the Laplacian of the Cayley graph on the lamplighter group.

Let n and ¢ be integers with n > 2 and 1 <t < n. As before, let S,, be the symmetric
group over [n] = {1,2,...,n}. A subset A C S, is called t-set-intersecting if for any
o,m € A there exists some t-set T' C [n] such that o(T") = 7(T). Generalizing a result of
Frankl and Deza (for ¢t = 1) and settling a conjecture of Korner (for ¢t = 2), Ellis [142]
proved that, if n is sufficiently large depending on ¢, and A C 5, is t-set-intersecting,
then |A| < t!(n — t)! and equality holds only if A is a coset of the stabilizer of a t-set.
In the proof of this result the Cayley graph G, on S,, with connection set generated by
the set D) of t-derangements in S, played a key role, where an element of .S, is called
a t-derangement if it fixes no t-set of [n| setwise. This graph is called the t-derangement
graph on [n] and can be defined equivalently as the graph with vertex set .S, in which
o,m € S, are adjacent if and only if o(T) # 7(T) for any t-set T' C [n]. In particular,
G(1y is the derangement graph on [n] as seen in Section 3.3. A t-set-intersecting family
of permutations in S, is precisely an independent set in Gi;). Thus the task is to bound
the independence number of Gy and analyze maximum independent sets in Ggy. A
key step towards this goal is to construct a ‘pseudo-adjacency matrix’ A for Gy, which
is a suitable real linear combination of the adjacency matrices of certain subgraphs of
G(1); the subgraphs used are normal Cayley graphs. This enabled Ellis [142] to apply a
weighted version of Hoffman’s theorem to obtain the desired independence number using
the spectra of matrix A.

Finally, let us mention three families of Cayley graphs from the domain of intercon-
nection networks. Let d > 1 be an integer. The cube-connected-cycle graph CCC(d)
is obtained from the hypercube H(d,2) by replacing each vertex of H(d,2) by a cy-
cle of length d and can be defined as a certain Cayley graph on the group Zj % Z,

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.9 133



(see [189, 311] for details). The shuffle-exchange graph SE(d) is defined to have ver-
tex set Z4 such that (a1, as,...,aq) and (by, bo,...,by) are adjacent if and only if ei-
ther they differ at only the last coordinate, or (by,bs,...,bs) = (ag,as,...,aq,a1), or
(b1,b2,...,bg) = (ag,as,...,aq-1). Both CCC(d) and SE(d) are popular networks in
parallel computing [189]. The spectral set of a graph is the set of its eigenvalues with
multiplicities ignored. In [341], Riess, Strehl and Wanka determined the spectral sets of
CCC(d) and SE(d) for d > 3. It was noted that for odd integers d > 3 the spectral sets
of these two graphs are identical, and for even integers d > 4 the spectral set of SE(d) is
a proper subset of that of CCC/(d).

Let n > 2 be an even integer and A an integer with 1 < A < [log, n|. The Knddel
graph Wa,, is the graph with vertex set {(i,j) : ¢ = 1,2, 0 < j < § — 1} and edges
joining (1,7) and (2,j +2" —1mod %) for 0 < j < 2 —1land 0 < bk < A—1. Ttis
not difficult to see that Wa, is the Cayley graph on the semidirect product Z, , % Z
(with the underlying action given by y* = (=1)"y, € Zs, y € Z,/>) with respect to the
connection set {(1,2¥—1) : 0 < k < A —1}. Knodel graphs have been studied extensively
as a topological structure for interconnection networks. Computational issues pertaining
to the eigenvalues of Knodel graphs were considered by Harutyunyan and Morosan in
[188]. Recently, Balakrishnan, Paulraja, So and Vinay [44] noted that the eigenvalues
of Wa,, are i’ Zﬁz_ol w2k+1t}, 0 <t < 4 —1, and using this fact they determined the
eigenvalues of Wx oa together with their multiplicities, for all A > 4.

14 Open problems and research topics

In this section we present a list of problems that we are aware of or come to our mind
at the time of writing. Needless to say, this list is not meant to be exhaustive. Some
problems on the list are actually broad research topics, while other problems are more
specific and focused.

Problem 1. Prove or disprove Conjecture 1 in [342] due to Sachs and Stiebitz: For any
integer n = 2°m, where m is odd, there exists a vertex-transitive graph (in which loops
and parallel edges are allowed) with order n and 2°¢ simple eigenvalues if and only if
m > 2¢7 1L

In the special case when m = m; - - - m, with each m; > 3 an odd integer or e = 2 and
m > 3, the sufficiency in Problem 1 has been proved by Sachs and Stiebitz themselves in
(342, Theorems 8-9].

Problem 2. Prove or disprove Conjecture 7.3 in [363] posed by So: There are exactly
27(")~1 integral circulant graphs on n vertices, where 7(n) is the number of divisors of n.

Partial results on So’s conjecture can be found in Section 4.2.

Theorem 20 gives a characterization of integral Cayley graphs on abelian groups. It
would be natural to ask whether a characterization of integral Cayley graphs on nilpotent
groups could be achieved.

Problem 3. Characterize integral Cayley graphs on finite nilpotent groups.
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This problem is likely to be challenging or even inaccessible. Nevertheless, one may
attempt it for some specific families of non-abelian nilpotent groups.

A special Cayley graph on Us, = (a,b | a®" = * = 1,a7'ba = b~') was shown to
be integral in Theorem 66, but the integrality of other Cayley graphs on this group is
unknown. So we have the following problem for the sake of completeness.

Problem 4. Characterize integral Cayley graphs on Ug, for any n > 1.

Theorem 40 says that all normal Cayley graphs on the symmetric group S,, are integral.
So the searching for integral Cayley graphs on symmetric groups is reduced to the non-
normal case. Under what conditions is a non-normal Cayley graph on S, integral? It
may be challenging to give a uniform answer to this question for all non-normal Cayley
graphs on S,,. As such one may attempt some special non-normal Cayley graphs on S,,.
Recall from Section 8.1 that, for a set T of transpositions in S,,, G is the graph with
vertex set [n] such that i,j € [n] are adjacent if and only if (i,7) € T. It is well known
that Cay(S,,T) is connected if and only if Gr is connected. In the case when Gr is the
star K ,,_1, Cay(S,,T) is the star graph which is integral by Theorems 36 and 37. In
the case when G7 is the complete graph K,,, Cay(S,,T) is the complete transposition
graph which is integral by Theorem 48. The next two problems are motivated by these
interesting special cases.

Problem 5. Let T be a set of transpositions in S, such that G is a tree, where n > 2.
Give a necessary and sufficient condition for Cay(S,,,T) to be integral.

Problem 6. Let T be a set of transpositions in .S,, such that Gt is connected, where n > 2.
Give a necessary and sufficient condition for Cay(S,,,T") to be integral.

The next a few problems are about cospectral Cayley graphs, Cay-DS graphs and
Cay-DS groups. Recall that a Cayley graph on a group I' is said to be Cay-DS if any
Cayley graph on I' having the same spectrum as it must be isomorphic to it, and a group
is called Cay-DS if every Cayley graph on it is Cay-DS. As seen in Theorem 88, for any
k > 6, there exist arbitrarily large families of k-regular Cayley graphs that are cospectral
and pairwise non-isomorphic. To the best of our knowledge, it is unknown whether the
same result holds for k = 3,4, 5.

Problem 7. For k = 3,4,5, are there arbitrarily large families of k-regular Cayley graphs
that are cospectral and pairwise non-isomorphic?

Problem 8. Study the existence of non-isomorphic cospectral Cayley graphs on a given
group and determine all pairs of such graphs if they exist.

Obviously, this problem is quite general and so a universal solution to it is unlikely to
exist. One may thus focus on some special families of groups such as the dihedral group
Dy, the dicyclic group Dic,, of order 4n, the above-mentioned group U, etc. So we have
the following subproblem of Problem 8.

Problem 9. Determine all pairs of non-isomorphic cospectral Cayley graphs on I', where
I' is Do, Dic,, or Us,.
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This problem in turn contains the next problem as a subproblem which extends a
question asked by Huang, Huang and Lu in [198]. Note that when restricted to cubic
Cayley graphs this question has been answered by Huang, Huang and Lu in the same
paper as seen in Theorem 98.

Problem 10. Determine which Cayley graphs on the dihedral group Ds, are Cay-DS.

Problem 11. Prove or disprove Conjecture 94 ([363, Conjecture 7.3]): All integral circulant
graphs are Cay-DS (or, quivalently, two integral circulant graphs are isomorphic if and
only if they are cospectral).

A necessary and sufficient condition for D,, to be Cay-DS, p being a prime, was given
in Theorem 97. A similar result for a general dihedral group is unknown as far as we
know.

Problem 12. Determine all positive integers n for which Dy, is Cay-DS.

In general, we have the following two very broad problems, each of which may be
challenging even when restricted to special cases.

Problem 13. Determine which Cayley graphs on a given group are Cay-DS.
Problem 14. Determine which groups are Cay-DS.

Recall that a group I' is said to be determined by spectrum (DS) if any graph cospectral
with a Cayley graph on I must be isomorphic to that Cayley graph. Theorem 100 says that
every DS group must be solvable. It is unknown to what extent or under what conditions
the converse of this statement is true. So we have the following general problem.

Problem 15. Under what conditions is a solvable group determined by spectrum?

In view of Theorems 109 and 110, if R is a finite commutative ring as in Assumption
101 such that |R;|/m; = 1 (mod 4) for all but at most one i, and |R;|/m; = 3 (mod 4) for
this exceptional ¢, then the eigenvalues of the quadratic unitary Cayley graph G of R are
known. In all other cases the eigenvalues of Gr are unknown. So we pose the following
problem.

Problem 16. Determine the eigenvalues of the quadratic unitary Cayley graph of any finite
commutative ring.

As seen in the first three subsections of Section 6, there is an extensive body of work
on the energies of circulant graphs, especially integral circulant graphs. Nevertheless,
we still do not know the energies of all integral circulant graphs, let alone all circulant
graphs. So we have the next three problems of which the last one contains the other two
as subproblems.

Problem 17. Determine the energies of all integral circulant graphs.

Problem 18. Determine the minimum and maximum energies of an integral circulant
graph of order n.

Problem 19. Determine the energies of all circulant graphs.

The next three problems are about Conjectures 6.1, 6.2 and 6.3 in [252], respectively.
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Problem 20. Prove or disprove Conjecture 141: For any integer n > 3, the minimum
energy of an integral circulant graph of oder n is equal to 2n(p — 1)/p, where p is the
smallest prime factor of n.

Problem 21. Prove or disprove Conjecture 142: For any integer n > 3 and any inte-
gral circulant graph ICG(n, D) of oder n achieving the minimum energy, D must be a
multiplicative divisor set.

Problem 22. Prove or disprove Conjecture 143: For any integer n > 3 and any two multi-
plicative sets Dy, Dy C D(n) \ {n} such that ICG(n, D;) and ICG(n, Ds) are cospectral,
we must have D; = Ds.

The next problem is about the ged graphs ICG(R/(c), D) as defined in Section 6.5,
where R is a unique factorization domain, ¢ is a nonzero nonunit element of R such that
R/(c) is finite, and D is a set of proper divisors of c.

Problem 23. Determine the energy of the ged graph ICG(R/(c), D).

Theorem 158 gives a necessary and sufficient condition for the unitary Cayley graph
of Z, to be Ramanujan. We do not have a similar result for general integral circulant
graphs, though partial results exist in the literature as seen in Section 7.1. Moreover,
almost nothing is known about when a non-integral circulant graph is Ramanujan. So we
have the following two problems.

Problem 24. Characterize Ramanujan integral circulant graphs.
Problem 25. Characterize Ramanujan non-integral circulant graphs.

Recall that Cayley graphs on dihedral groups are called dihedrants. Theorem 166
identifies all Ramanujan dihedrants in two special cases, but we do not have a similar
result for general dihedrants. Similarly, we do not have a complete characterization of
Ramanujan quadratic unitary Cayley graphs of finite commutative rings.

Problem 26. Characterize Ramanujan dihedrants.

Problem 27. Characterize Ramanujan quadratic unitary Cayley graphs of finite commu-
tative rings.

The next two problems are about two conjectures in [17].
Problem 28. Prove or disprove Conjecture 187.
Problem 29. Prove or disprove Conjecture 188.

The following problem is concerned with the signed reversal graph SR,, (see Section
8.1 for definition).

Problem 30. Prove or disprove Conjecture 6.1 in [109]: For any n > 2, the second largest

eigenvalue of SR, is (g)

Recall from Section 8.1 that T'(n,I) = {0 € S, : [supp(o)| € I} for O # I C
{2,3,...,n— 1,n} and that a Cayley graph on S, is said to have the Aldous property if
its largest eigenvalue strictly smaller than its degree is attained by the standard repre-
sentation of S,,. The next two problems posed in [265] arise from Theorems 211 and 212
naturally.

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(2) (2022), #P2.9 137



Problem 31. Give a necessary and sufficient condition for Cay(.S,, T'(n, I)) with {n—1} C
I c{2,3,...,n—2,n— 1} to have the Aldous property for sufficiently large n.

Problem 32. Give a necessary and sufficient condition for Cay(S,,T(n,I)) with {n} C
I C{2,3,...,n—2,n} to have the Aldous property for sufficiently large n.

The next problem is concerned with the Weyl group W,, = W(B,,) and a specific
permutation representation P, of W,, (see Section 8.1 for related definitions). For A C
{1,2,...,n}, let s4 be the element of W,, which in the defining representation is given by
the diagonal matrix diag(x;)!,, where x; = —1if i € A and z; = 1 if i ¢ A.

Problem 33. Prove or disprove Conjecture 5.2 in [88]: Let w € CW,, be given by

w = ZGASA + szj(i,j), ap = Oabij = 0,
A (4.4)

where the first sum is running over all subsets A of {1,2,...,n} with odd cardinality, and
the second sum is running over all transpositions (4, j) in S,. Then

pw, (W) = pw, (w, Py).

The first part of the following question is Question 1 in [76].

Problem 34. Is there any circulant admitting perfect state transfer which is isomorphic
to a dihedrant? Determine all pairs of such graphs if they exist.

Problem 35. Give a characterization of the ged graphs of abelian groups admitting perfect
state transfer.

A few results about the existence of perfect state transfer in ICG(R/(c), D) were given
in Section 9.3, where R, ¢ and D are as in the paragraph immediately before Problem
23. However, the picture is incomplete for this family of Cayley graphs. So we have the
following general problem.

Problem 36. Study the existence of perfect state transfer in the ged graphs ICG(R/(c), D).

As seen in Section 9.4, we know exactly when a Cayley graph on a dihedral group
admits perfect state transfer. Since dihedral groups are nilpotent and metacyclic, it is
natural to consider the following two problems. (A metacyclic group is an extension of a
cyclic group by a cyclic group.) Note that both problems are broad.

Problem 37. Study the existence of perfect state transfer in Cayley graphs on nilpotent
groups.

Problem 38. Study the existence of perfect state transfer in Cayley graphs on metacyclic
groups.

As seen in Section 9, if we want to construct regular graphs admitting perfect state
transfer, integral Cayley graphs are good candidates. However, not every Cayley graph
admitting perfect state transfer is integral, though we do not have many counterexamples
so far.
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Problem 39. Construct more families of non-integral Cayley graphs admitting perfect
state transfer.

Note that such a Cayley graph must be on a non-abelian group.

Problem 40. Characterize circulant graphs admitting pretty good state transfer. (Equiv-
alently, characterize non-integral circulant graphs admitting pretty good state transfer.)

Problem 41. In the case when I' is abelian, a formula for the eigenvalues of the bi-Cayley
graph Cay(I'; R, S,T) in terms of that of Cay(I', R), Cay(I',S) and Cay(I',T") was given
in Theorem 269. Explore whether similar results can be achieved for some other families
of groups.

Recall that bi-Cayley graphs and tri-Cayley graphs on cyclic groups are called bicir-
culants and tricirculants, respectively. The next two problems are related to the results
in Section 11.2.

Problem 42. Classify all strongly regular bicirculants.
Problem 43. Classify all strongly regular tricirculants.

The Petersen graph is an integral bicirculant with spectrum ((—2)%,15,3). This ob-
servation prompts us to raise the next problem and its counterpart for tricirculants.

Problem 44. Classify all integral bicirculants.
Problem 45. Classify all integral tricirculants.

A characterization of integral Cayley graphs on abelian groups was given by Alperin
and Peterson as seen in Theorem 20. The next two problems call for counterpart results
for bi-Cayley graphs and tri-Cayley graphs, respectively.

Problem 46. Characterize all integral bi-Cayley graphs on abelian groups.
Problem 47. Characterize all integral tri-Cayley graphs on abelian groups.
The next two problems are related to Problem 44.
Problem 48. Classify all integral bicirculants which admit perfect state transfer.
Problem 49. Classify all integral bicirculants which admit pretty good state transfer.
The next two problems are related to Problem 45.
Problem 50. Classify all integral tricirculants which admit perfect state transfer.
Problem 51. Classify all integral tricirculants which admit pretty good state transfer.

As mentioned in Section 9.5, a regular integral graph admits pretty good state transfer
if and only if it admits perfect state transfer. So Problem 49 is identical to Problem 48
for regular bicirculants, but the two problems are different for bicirculants which are not
regular. Similarly, Problem 51 is different from Problem 50 only for tricirculants which
are not regular.

Finally, as seen in Section 10.1, all distance-regular graphs in the following families
of Cayley graphs have been classified: Cayley graphs on cyclic groups; Cayley graphs on
abelian groups (with respect to minimal inverse-closed generating sets); Cayley graphs
on dihedral groups. In this line of research one may attempt to classify distance-regular
Cayley graphs (or, more restrictively, strongly regular Cayley graphs) for other families
of groups such as metacyclic groups, generalized dihedral groups, etc.
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