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Abstract

We give an inductive procedure for finding the extremal rays of the equivari-
ant Littlewood-Richardson cone, which is closely related to the solution space to
S. Friedland’s majorized Hermitian eigenvalue problem. In so doing, we solve the
“rational version” of a problem posed by C. Robichaux, H. Yadav, and A. Yong.
Our procedure is a natural extension of P. Belkale’s algorithm for the classical
Littlewood-Richardson cone. The main tools for accommodating the equivariant
setting are certain foundational results of D. Anderson, E. Richmond, and A. Yong.
We also study two families of special rays of the cone and make observations about
the Hilbert basis of the associated lattice semigroup.

Mathematics Subject Classifications: 15A42, 52A40, 14M15, 05E15, 57TR91

1 Introduction

In this work we collide the two worlds of [3] and [1] in order to answer a question of C. Ro-
bichaux, H. Yadav, and A. Yong [14]. In [3], P. Belkale introduced an algorithm for finding
the extremal rays of the Hermitian eigencone (also called the tensor cone or Littlewood-
Richardson cone) — the pointed rational cone which among other things governs the non-
vanishing of Littlewood-Richardson coefficients. In [1], D. Anderson, E. Richmond, and
A. Yong proved that the equivariant Littlewood-Richardson nonvanishing problem is de-
termined by a similar cone, of which the former is a facet, thereby proving the equivariant
nonvanishing problem to be saturated. Here, we naturally adapt Belkale’s algorithm to
the equivariant setting, repeatedly making use of the core Proposition 2.1 from [1], thus
finding most of the extremal rays of the equivariant Littlewood-Richardson cone. The
missing rays are few in number and easily described.
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To provide a little context, a famous problem from the 19" century is to determine the
possible eigenvalues of three Hermitian matrices A, B, and C' which satisfy A+ B = C.
Horn conjectured [9] that a certain recursive set of inequalities on the eigenvalues were
necessary and sufficient for such matrices to exist. This turned out to be true, as estab-
lished by Klyachko [11] and Totaro [16]. While Horn’s list of constraints is overdetermined,
the essential inequalities were found by Belkale [2] and proven to be minimal by Knutson,
Tao, Woodward [13]. For a much more thorough treatment of this story, see [8].

There is a natural generalization to this problem. Recall that a Hermitian matrix A
magjorizes another, say B, if A — B is positive semidefinite (written A > B). S. Friedland
[6] studied the question: what are the possible eigenvalues of A, B, and C'if A+ B > C?
Friedland proposed a set of inequalities, and W. Fulton [7] showed they correctly answered
the problem but were redundant, providing a minimal set that is largely the same as the
essential Horn inequalities from above!

In both the aforementioned problems, the sets of integer eigenvalue solutions have
special significance. By the Saturation Theorem of [12], nonnegative integral solutions
to the first problem parametrize the nonzero structure constants (Littlewood-Richardson
coefficients) for multiplication in three equivalent settings: Schur polynomials, Grass-
mannian Schubert classes, and classes of irreducibles in the representation ring of GL,,.
By [1, Theorem 1.3], the second problem is connected to double Schur polynomials and
multiplication in the equivariant cohomology rings of Grassmannians.

The solutions to both problems are governed by rational, linear inequalities, so the
solution sets, viewed inside the relevant real vector spaces, form convex rational polyhedral
cones. These we denote by LR for the nonvanishing of Littlewood-Richardson problem
and EqLR for the second (equivariant) problem. Such cones have finitely many extremal
rays — faces of dimension 1 — and the associated semigroups of lattice points have a finite
generating set, the Hilbert basis, which always includes the set of (primitive points on)
extremal rays.

In [17, Problem A], A. Zelevinsky posed the question of finding the Hilbert basis for
LR explicitly, and Robichaux, Yadav, and Yong [14, §6] asked the same question for EqLR.
While both questions remain open, Belkale’s algorithm [3] serves as a partial (“rational”)
solution to Zelevinsky’s question in that it gives formulas for finding the extremal rays of
LR. Our main result is an analogous solution to Robichaux, Yadav, and Yong’s question,
which we obtain by extending Belkale’s algorithm to the equivariant setting.

After reviewing the various cones and their inequalities (§2), as well as recalling
Belkale’s algorithm in detail (§3), we show that for any Horn facet of the equivariant
Littlewood-Richardson cone, our algorithm produces the extremal rays on that facet
(Theorems 15, 18). Unlike in [3], there are some rays not on any Horn facet, and we
explicitly enumerate these (Theorem 23). Finally, we show by example (§6) that there do
in general (r > 6) exist Hilbert basis elements which do not lie on an extremal ray. This
phenomenon has not been observed for the classical Littlewood-Richardson cones.
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2 Notation and inequalities for the cones

Both of the eigenvalue problems above can be considered with a greater number of sum-
mands. Let r > 1 and fix some s > 3. Let us consider the space of possible eigenvalues of
rxr matrices Ay, ..., A,_y, and C such that Y- A; = Cor ) A; > C. We will always list
the eigenvalues of a matrix in decreasing order, counted with multiplicity, for example:
A=A =X >...2\) €R". Define

C: = {()\1, LX) e (R

r

3 r x r Herm. matrices A;, C with e-vals. N, v
s.t. A1+...+As_1:O '

Similarly define

3 r x r Herm. matrices A;, C with e-vals. N, v }

S 1 s—1 7\S
EqCT—{()\,...,)\ ,v) € (R") St A4 AL SC

2.1 Inequalities describing the cones

To describe the Horn inequalities, which cut out the above cones C, EqC] inside (R")*, we
first introduce the notation for Grassmannian Schubert calculus. Let n be a sufficiently
large integer, to be specified as needed, and let Gr(r,C") denote the Grassmannian of
r-dimensional subspaces in C". The cohomology ring H*(Gr(r,C")) has a distinguished
graded basis given by classes of Schubert varieties [X,], one for each partition A = (A\; >
... = \) € ZEy such that A} < n—r (i.e., the Young diagram for A fits inside an 7 x (n—r)
rectangle). Here

X\ =A{V € Gr(r,C")| dim(V N Fy_ppin,) =4, VI <i <}y

where F, is the fixed flag on the standard basis of C" defined by F; = Ce, ®...®Ce,_;y1.
The complex codimension of X is |A] := A1 + ... + A,..
We define the (multiple-factor) structure coefficients Y1, xs-1 by the rule

(X [Xnmr] =Dy [X,] € H(Gr(r,C"))

v

for n larger than r + Z‘;i A (these classes and products are stable: it does not matter
which n we take, as long as it is big enough.) When s = 3, these coefficients are the
Littlewood-Richardson numbers.

Partitions A\ whose Young diagrams fit in an r x (n —r) rectangle are in bijection with
r-element subsets of [n] := {1,...,n}. Such a subset we will typically write in increasing
order as I = {i; < iy < ... < 1i,}. The bijection is often denoted 7 and goes as follows:

I={i1<ig<...<i}——7[)=(lr—1r>...00—22>210 — 1)

Note that the definition is independent of n. If no confusion is likely to arise, we’ll just
write ¢ff ;| instead of C:gjg,...,r(lsq)' ‘ ‘
Now we can state the celebrated theorem resolving Horn’s conjecture:
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Theorem 1 ([11, 2, 13]). Let N = (X,..., M), forj € [s —1], and v = (11, ...,1,) lie
in R". Then (\',... 271 v) € C if and only if

(i) N, >...= N foreach j €[s—1], and vy > ... > v, (since we write eigenvalues in
nonincreasing order);

(ii) 325-1 V| = |v; and

(iii) for every d € [r — 1] and every collection Iy, ..., Is_1, K of d-element subsets of [r]

satisfying
(K) _
Co(ly) it (1) = 1 (1)
the inequality
s—1
PIOIEEDIL
Jj=1 a€lj keK

holds.
Concerning Friedland’s problem, we have the following result of W. Fulton:

Theorem 2 ([7]). Let NV = (X,..., M), forj € [s — 1], and v = (vy,...,1v,) lie in R".
Then (AY,..., "1 v) € EqCS if and only if (i) and (iii) above are satisfied, as well as

(i) Y521 1N = (v
2.2 The Littlewood-Richardson cones

Amazingly, Horn’s inequalities also provide the solutions to the following problems in
Schubert calculus. One can ask for which tuples (A, ..., A\*71 ) the Littlewood-
Richardson number Y1, ye-1 IS nONZEro, and the answer is in fact the same:

Theorem 3 ([11, 12]). Let N = (X,..., X)), forj € [s = 1], and v = (11, ...,1v,) lie in
ZZy. Then c§i  yo-1 # 0 if and only if (i), (i), and (iii) hold above.

This has the following equivariant analogue: Gr(r,C") has an action of T = (C*)",
and T fixes each Schubert variety. Moreover, the equivariant classes [X,]r once again
form a basis for H;.(Gr(r,C")), as a module over Z[ty,...,t,| = Hy({pt}). We therefore
can define structure “coefficients” (polynomials in the variables ¢;) CKI,..., ys—1 by the rule

(Xl [Xaomlr = Y Ch e [Xo]r € Hi(Gr(r,C™),

once again assuming n is large enough. The nonvanishing question for C}, .., was
settled by D. Anderson, E. Richmond, and A. Yong?:

Lin fact, this is the unique “Horn inequality” for d = r.
2technically, they cover the case s = 3. By induction, one obtains the statement for all s > 3.
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Theorem 4 ([1]). Let N = (N,..., X)), forj € [s—1], and v = (v, ...,1v,) lie in /S
Then CYi o1 # 0 if and only if (i), (i), and (iti) hold above, as well as
(iv) v; = N for everyi € [r] and j € [s — 1].
Criterion (iv) is also written M C v (for every j € [s —1]); i.e., the Young diagram for
N fits inside the Young diagram for v.
Let us therefore define two more cones, LR} C C’ and EqLR; C EqC, as follows. Set
LR: = {(\',..., A1 w) € CE|A > 0 for every j € [s — 1]}3
and

EqLR: = {(\',..., A1 v) € EqCE|N. > 0 and N C v for every j € [s — 1]}.

Then Theorems 3 and 4 say that the partitions yielding nonvanishing (equivariant)
structure coefficients are exactly the sets of lattice points LR} N Z™ and EqLR; N Z",
respectively. (On an important historical note, Klyachko showed that (A',... A7t v) €
LRI NZ"™ <= CJN\/Kl,...,N/\s—l # 0 for some N > 0; the Saturation Theorem of Knutson

and Tao resolved the conjecture that C%Kl NAS #0 < i .1 # 0, thus proving
Theorem 3.)

3 Belkale’s algorithm for the rays of LR

In [3], P. Belkale considers the following rational cone:
L,(s) = {3 A L A7 —wp)®) € € and each | V| = 0},

which parametrizes the possible eigenvalues for traceless r x r Hermitian matrices
Aq,...,Ag such that A; + ...+ A, = 0. Here wy is the involutive permutation

wo(/\l, e )\r> = ()\,«, cey /\1)

Belkale describes the extremal rays that lie on an arbitrary Horn facet, i.e., the face of
I',(s) where one of the Horn inequalities (iii) holds with equality. In order to recall that
description in our present notation, we introduce the following cone:

o= {(\L T y) € CIN =0 for every j € [s — 1]},
which is isomorphic to I',(s) via the Killing form isomorphism, after twisting the last
entry by —wg. For any j € [r], let w; denote the partition (1,...,1,0,...,0). Then the
j r—j
linear map
Csr, — I'v(s)
A

A A1
AL ) e ()\1 A u% —wov + er)
r r r

3the reader may notice we have omitted the requirement v,. > 0; this is because it follows from A > 0,
> |M]| = |v|, and one of the Horn inequalities.
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is well-defined and an isomorphism of rational cones with inverse
s—1
AL XN (Al — Mwr, X = AT —wpht = ) /\ﬁwr> :
j=1

3.1 Relationships between the cones

So far we have accumulated several related cones, which fit in this diagram:
s, € LRp
N N
EqLR; C EqC;

(Though one could define a sixth cone that “completes” the lower left corner of the
diagram, that cone does not appear to be helpful for our purposes.)

The two vertical inclusions, as well as the left-most one, are inclusions of faces — that
is, the smaller cone is defined inside the bigger one by taking one or more linear inequality
valid on the bigger cone and forcing it/them to hold with equality. Moreover, we have
the following structural results.

Proposition 5. For each j € [s—1], let x; = (0,..., w, ,0,...,0,w,)€R"™.
—

jth position
We have the following internal decompositions, the first of them direct:

s—1
LRi = CSSL,. D @Rgo%
j=1
s—1
C = LR + PRz,
7j=1
s—1
EqC; = EqLR; + (P Rz
7=1

We postpone the straightforward proof until Section 5.2. As a consequence, we get
relationships among extremal rays: for example, the extremal rays of LR} are the rays of
C%y, together with {z;|j € [s—1]}. Since C; and EqC; are not pointed cones (they contain
the linear subspaces Rx;), their sets of extremal rays are not well-defined. Nonetheless,
they are generated over Ry by the extremal rays of LR} and EqLR; (respectively) and
[y € [s—1]}.

While Belkale’s algorithm was developed for the Horn facets of Cg;, , it applies equally
well to the Horn facets of LR}, as each z; belongs to every Horn facet and is in the image
of every induction map.
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3.2 Belkale’s algorithm
Definition 6. Suppose I, ..., I,_1, K satisfy (1). The associated Horn facet F/\ ;| is

s—1
FE =S Y N =) wp NLR

j=1 a€l; kEK
We will often write F for short, if the d-element subsets of [r] are understood.

Fix such a collection I, ..., I;_q, K satisfying (1). The rays on F come in two types.
The first are obtained by Algorithm 7 below and are called “type I” rays. The “type II”
rays are by default the remaining extremal rays on F. In fact, there is an internal direct
sum decomposition F = F; & F» (see the isomorphism (2) below) such that the type I
rays are the extremal rays of F; and the type II rays are the rays of 5. The type II rays
are obtained via a surjective linear map C — F5 from a smaller-dimensional cone C; see
Theorem 12 and the discussion following.

Each type I ray is the result of a “type I datum” as follows: Fix any j € [s — 1] and
an a € I; such that a +1 ¢ I;, and a < r. Alternatively, let ; = s and find an @ € K
such that a — 1 ¢ K, but @ > 1. The pair (j,a) is a type I ray datum. Modify just
I; by swapping a for a + 1 (or a for a — 1 in case j = s) to produce a new collection
I,...,I'_;, K'. From the choice of j,a, we get a “type I” ray r(j,a) = (A\,..., X1 v)

by this procedural definition:
Algorithm 7. 1. First, set \F = 0 for every k € [s — 1].

2. Forevery k € [s—1],if b > 1 satisfies b € I and b—1 & I}, set I} = I U{b—1}\{b}
and I} = I, for { # k, K" = K'. Then set

k k__ K"
Ab—l — Ab = CI{/,...,I;Ll'

If b > 1 satisfies b &€ I, or b — 1 € I, then set A}, — A\F = 0. Thus we have
determined A\!,..., \*~! completely.

3. If ¢ < rsatisfies c € K"and c+1 ¢ K’ set I}/ = I} for all k and K" = K'U{c+1}\{c}.
Then set

1

Ve — Vo1 = 011/7"‘71‘;/_1.

If ¢ < r satisfies c ¢ K' or c+ 1 € K’, then set v, — v..1 = 0.

4. All that remains is to find v,.. This can be done by using the requirement
IN 4+ T = ).
However, there is an alternative rule. If » € K’, then v, = 0; otherwise, set K" =

K'U{r+1}\{r}, and I}/ = I} for all k. Then

- KN
vV, = 61117.”’1;/_1 s

where technically this Littlewood-Richardson coefficient is calculated in the coho-
mology of a bigger Grassmannian (Gr(d, C""!) will suffice).
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Remark 8. The author is indebted to G. Orelowitz for observing the alternative rule in
step 4., which allows one to treat 4. as a new case of 3., defining “v,,; = 0".

See Section 6.1.1 for examples of using Algorithm 7.

Theorem 9 (Belkale). Every r(j,a) produced by Algorithm 7 generates an extremal ray
of C3;  C LR} which lies on the face F. They form a linearly independent set, enumerated
{r1,...,rq}, and they span a simplicial subcone Fy =[], Roor; C F.

In fact, linear independence follows from [3, Lemma 4.2]:

Lemma 10. Say r(j,a) = (\',..., A", v) and r(7,a) = (AL, ..., AL, D) are two distinct
type I rays on F. (For simplicity assume J,J <85 analogous statements hpld if ] = s
orj=s or both.) Then N — )‘i+1 =1 and N\, — )\éﬂ = 0; likewrse 5\2 - S\gH =1 and
N =M. =0.

This leads one to define the subcone

Fy = {()\17 N eF N — A1 = 0 for every type I datum (j,a),j < s; } .

Va1 — Vg = 0 for every type I datum (s, a)
Clearly the addition map
FixFy—F (2)

is an injection of rational cones, given the above lemma and the definition of F,. In [3,
Proposition 4.3], we find that this map is also surjective. Therefore the remaining extremal
rays of F are just the extremal rays of F;; these are called “type II”. For this, we have a
surjective linear map onto 3 from a cone whose rays we can determine inductively.
We'll define that map momentarily. First, for a d-element subset I of [r] and A € R",
we define
)\[ - ()\7;1, )\1'2, ey )\id)‘

Note that if A is a partition, so is A\;. We also write I for the complement of I inside [r].
Next, define the invertible map

TR — R% x RO
1 s—1 1 s—1 1 s—1 _
A AT ) e (A, AT k), (AL AT VR).

P M 1?0

The proof of the following result can be found in [8, Proposition 8] and is also a
consequence of the factorization rule of [10].

Proposition 11. The above 7 restricts to a map

m:F = LR} x LR} _,.
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Although this restriction of 7 is not necessarily surjective, we do clearly have
LR x LR?_,;) CRF.

Finally let
P2 RF — RF,

be the projection onto the second factor. Then define the induction map Ind to be pyor1.

Theorem 12 (Belkale). The linear map
Ind=pyom ' : LRy x LR} , — F,
s well-defined and surjective.

The surjectivity means that every extremal ray of F is the image of an extremal ray
of LR} x LR;_,. Moreover, the extremal rays of LR} x LR}_, are all of the form a x 0 or
0 x b where a (resp., b) is an extremal ray of LR} (resp., LR} ;). As both d and r — d
are strictly smaller than r, we get an inductive algorithm for finding the extremal rays of
LR}, starting with LRj.

Remark 13. Actually, Belkale’s Ind has a proper subspace of LR} x LR} _, as its domain,

but it nonetheless surjects onto F, N Cg; . With the larger domain comes a larger kernel
(see Corollary 20) but a more transparent generalization to EqLR?.

4 Adaptation of the algorithm for EqLR’

Theorems 9 and 12 can be straightforwardly adapted to find the extremal rays of the
Horn facets of EqLR;. Once again assume that I,..., s, K satisfy (1). Define

A

s—1
F=S\ o) YN N =) p NEqLR.

j=1 acl; keK

Note that F = F N LR’, and since F is a facet of F, every extremal ray of F is a ray of
F as well.

Therefore type I rays on F are naturally considered type I rays on F ; i.e., Theorem 9
holds verbatim with F instead of F. It is the set of type II rays which will increase from
F to F. Define

. = S
Fy e {()\17'”’/\3_1#)6]__ N )‘+1 0 for every type I datum (7,a),j < s; }

Va1 — Vo = 0 for every type I datum (s, a)

Extremal rays of F>» will continue to be called type II rays for F.

Before we come to the proof of the decomposition F =F % .7-"2, let us recall an
important consequence of [1, Proposition 2.1(B)| (they state it for s = 3 and for integer
vectors, but the statement below follows easily). For a pair of vectors A\, u we use A C
to mean \; < p; for every i € [r].
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Proposition 14 (Anderson-Richmond-Yong). Suppose (A',...  A*71 v) € EqQLRS. Then
for any j € [s — 1], one can find a M such that

1. N+ C N,
2. (AL N L T ) € EqLRS, and
8o D ohy INIH [N = .

In other words, every element of EqLR] possesses several “shadows” in LR obtainable
by shrinking any one of the first s — 1 partitions.

Theorem 15. The addition map
fl X ﬁQ — Jf
s an isomorphism of cones.

Proof. Once again, this map is clearly injective given Lemma 10 and the definition of F.
Now let us show it is surjective.

Let z = (A, ..., X)) € F be arbitrary. If x already belongs to ]:"2, then we are
done. Otherwise, there exists some type I datum (j,a) such that A, — X, > 0 (in case
j < 8)orve 1 —v, >0 (incasej=s). Set B =N — M., or =, — v, depending
on the case. We will show that

x — Br(j,a) € F; (3)

then by induction on the number of such type I data, we can assume z—fr(j,a) € Fy X Fo,
from which the result follows. In fact, to show (3) it suffices to show x — fr(j,a) € EqLR,
since their difference clearly lies in the hyperplane spanned by F.

Toward that end, we begin with a simple observation. Write 7(j,a) = (A!,..., A\*71, D).
Fix any £ € [s — 1] and let &, = (A}, ..., A% ... X*71 1) be an element of LR? as guaran-
teed by Proposition 14. Set u* = A for k # ¢ and pu’ = A%, so in this notation

To=(u',..., 05 ).

Observe that 7, is automatically on F since

s—1 s—1

k k
E E Ay 2 Hy = E Vi
k=1 bely k=1 bely keK

(the second inequality holds due to &, € LR}) and

Y=Y w

k=1 bel} keK
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due to = € ]:"; hence

s—1

k
DD =) vk
k=1 bel} keK

Moreover, this shows us that A’ = ;! whenever a € I,. This means that uf — u) , >
(equality holds if £ # j, but if £ = j then u’ +1 could be smaller while pé is unchanged.)
So & still has ] — i . (or v4_1 — v,) at least equal to 3. By [3, Proposition 4.3], we
know that
fg—ﬁr(j,a) E.FC./%,

and this holds for every ¢ € [s — 1].
Finally, we show that = — fr(j,a) € EqQLR; by verifying each of inequalities (i) (along
with nonnegativity), (ii’), (iii), and (iv).

(i) Let k € [s —1]. Then A\* = ¥ from Z, as long as £ # k, so choose some such /.
Because 7, — Br(j,a) belongs to LR?, u* — BA¥ is a partition; therefore \¥ — BA* is
a partition. For any ¢, v — v is a partition for the same reason.

(ii’) This inequality follows by subtracting /3 22;11 |\¥| = B|v| from 22;11 INE| > |v].

(iii) Let (Ji,...,Js—1, L) parametrize a Horn inequality (i.e., ¢7 _, == 1). Fix an
arbitrary ¢ € [s — 1]. Then since &, — fr(j, a) satisfies this Horn inequality, we have

s—1
DD IEIE 2D BTVl 7

-1
k=1 beJy, k=1 beJy, kel

V)

(iv) Let k € [s — 1] and choose ¢ # k. Since T, — fr(j,a) € LR}, we know that
pt — BN C v — .
Since A* = ;i*, the needed inequalities follow.

OJ

Remark 16. The proof shows that the addition map is surjective even on lattice points.

So just like in the classical setting, to find the remaining extremal rays of F it now
suffices to find the extremal rays of F, (the type II rays). Recall the definition of 7 from
earlier:

m: R — R® x RU™9*
ALy e ()\}1,...,)\Z__ll,l/K),()\}—1,...,)\2__11,1/;().

Akin to Proposition 11, we have the following generalization in the equivariant setting.
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Proposition 17. The map 7 restricts to
m:F — LR x EqLR®_,

The proof of this fact can be found in [7, Claim, pg. 30]. We also provide a short
argument based on Proposition 11 and [1, Proposition 2.1].

Proof. Suppose (A\!,...  X71 1) € EqLR? satisfies the Horn inequality given by

(I, .. .,Is_l,K) with equality. By Proposition 14 we know that we can find an = =
(AL M AL w) € LRE. Moreover, we showed in the previous proof that & € F,
and that )\] . )\j Applying Proposition 11, we have

T(&) = (A A k) X (Mg AT AT k) € LR X LRS,

IJ
Since (Af ... N AT, vg) € LR}, and since X C vg (by [1, Lemma 2.7]), we
can apply [1, Proposmon 2.1(A)] to conclude that (A} ... ’)‘j;_i’ vi) € EqLRS_,. O

Once again, even though 7 is not surjective, it is true that 7—!(LRj x EqLR®_,) C RF.
Let

Py RF — Rﬁz
be the second projection, and define Ind = po o +. Note that, if + denotes the inclusion
map Jo C ]:2, we have Ind‘LRs e = 1LO Ind.
r—d

Theorem 18. The linear map
Ind = ppor ' : LRY x EqLRS_, —
1s well-defined and surjective.

In order to save some on notation in what follows, we will use v®) to denote the k"
entry (itself a vector in R") of v; i.e., v = (v, 0@ . v®)) € R™.

Proof. Linearity is obvious and surjectivity follows since Proposition 17 implies Ind has
a section given by 7.

It remains to show that the image of Ind is contained in Fy. Let z = (ut, ..., p*71 k) €
LRy and y = (a!,...,a*7 1 v) € EqLR?_,. Write 71 (z,y) as (AL, ..., A*71 v), but remem-
ber that A',..., A*~!, v may not be partitions.

For each ¢ € [s — 1], find a y, = (B',..., 3L, y) with B¢ = o, g% = oF for k # ( as
in the conclusion of Proposition 14. Let J be the set of all the type I pairs (j,a).

Write
72, y) =) car(iia) + 2
J
where ¢;, € R and z = I;la(x, y) € RF,. Likewise, express

(@, ye) Z a) + z.
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We claim that for every (j,a) € J, d]a > Cjq-

First examine the case j < s. Then a € I; and a + 1 € I;. Therefore M = p,
for some p and X, b= aq for some ¢, and (by Lemma 10 and the definition of F3)
=M — N, =, — a,. Likewise, df, — B, Since B, < o, we get d , = ¢jq.

Second for j = s, we havea € Kand a—l € K. So v4_1 = 7, for some ¢ and v, = K,
for some p, and c¢;, = 7, — kp. But since the last coordinates of y and y, agree, we also
have d?a = 7, — kp, hence ¢;, = dﬁ',a-
Now we verify that z € EqQLR} by verifying the inequalities (i) (plus nonnegativity),

(ii"), (iii), and (iv).
(i) If k # ¢, then 71'_1(;[72/3)(’“3) =

z,y)*). Therefore
k :
20 =2 37 (d, — ), a) . (4)
J

It follows at once that each z*) is a partition (recall that the above claim holds for
arbitrary £).

(i) We have Y737 [29)] |20 = 3257 || =[] + 32521 [0 = Il = X521 led| =yl = 0.

(iii) Fix any £ € [s — 1]. Even though 7~ !(x,5)® and 7 (z,y,)¥) are not likely to be
partitions, they do still satisfy the entrywise bound

(@, ) C M a,y) O,

Therefore (9 D zy) +305(d5 = ¢ja)r(d,a)®. Since z, = Ind(z, y) satisfies all the
Horn inequalities, as of course do the r(j, a), and since every dﬁ,a — Cjq = 0, 2 must
satisfy the Horn inequalities as well.

(iv) If kg # ¢, then since zékO) - zés) and each r(j,a)*) C r(j,a)®, we get from (4)
applied to both k = ky and k = s that z(*0) C 2(5),

We have just shown that z = I;l\d(x, y) belongs to EqLR?. Since z € RF,, we get that
z € Fy as desired. O

So each type II ray on F» is the i image of a ray from LR} x EqLR}_, under the map
Ind. Tn Section 6.1. 2, we give an example of finding the type II rays on a face F. For
this, it is helpful to have a formula for Ind or really for ps, so we record that here.

Lemma 19. Once again let J = {(j,a)} be the collection of type I data on the facet F,
with associated rays r(j,a). The map P : RF — RFy sends (A, ..., 71 v) to

A M) = Y NG = Y (e —vr(a). (5)

(J,a) €3 (4,a) €3
Jj<s j=s

It is possible, in general, for Tnd to take extremal rays to non-extremal rays, or even
to 0. In fact, by [3, Proposition 9.3, we have a good understanding of the kernel of Ind.
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Corollary 20. The kernel of Ind s spanned by the elements 7w(r(j,a)) as (j,a) ranges
over J. Moreover, the number of extremal rays of LR x EqLR}_, which map to 0 under

Tnd is equal to |J|, and these rays therefore also form a basis of ker Tnd.

Proof. Clearly each m(r(j,a)) is in the kernel. Since 7 is an invertible map, the collection

{m(r(4,a))|(7,a) € J} is a linearly independent set. If it has the cardinality of dim ker Ind
we will have shown that they are a basis. For this we observe that

dim ker Ind = dim(RLR? x REQLR?) — dim R,
= dimRF — dimRF,
= dimRF, = |J].

s
T

Now, the only rays of LR}, x EqLR;_, which map to 0 are in fact rays of LR} x LR} _,, since

Ind preserves the extent to which inequality (ii’) is strict.

From [3, Proposition 9.3(3) and Corollary 9.4], there are exactly |J| — (s — 1) rays
of Cgp, x C%;, . which map to 0. Moreover z; x 0 maps to 0 for every j € [s — 1], as
follows from [4, Corollary 60]. For dimension reasons, the elements 0 x z; cannot map to

0; otherwise ker Ind would have dimension greater than |J|. O

For an illustration of Corollary 20, see Section 6.1.2.

5 Special rays

5.1 Rays of EqQLR? not on any Horn facet

In this section, we find the exceptional rays that are not on any Horn facet. We begin
with a couple of lemmas on certain rays.

Lemma 21. Suppose x = (wg,, Wiy, - - - s Wk,_,,we) belongs to EqQLRS. Then Rogx is an
extremal ray.

Proof. By hypothesis, the inequalities (iv) imply that each k; < ¢. The only way to write
x as a sum of partitions is

(ka ceey W1, WE) = ((lekp ey Qs—1Wh_q, QSMZ) + (leku s 7Ts—lwk5717rsw£)7

where ¢; + r; = 1 for each i. If both elements on the RHS belong to EqLR;, then we have
both ¢ > ¢; and ry > r; for each i by (iv), which forces equalities to hold since the two
sides each add to 1. So the summands are parallel. O

Lemma 22. The tuple (wy,,...,wk,_,,we) € EQLRS if and only if the inequalities

s—1)

Viels—1], k </l and

[y

ki > ¢

i=1

are satisfied.
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Proof. (=) These are just inequalities (iv) and (ii’).

(<) Observe that (wy,0,...,0,wy) € EqLR] since the corresponding LR coefficient is
1. By [1, Proposition 2.1(A)], we also have (wg, Wy, , Wks, - - -, Wk, _,, we) € EQLR?.

By [1, Proposition 2.1(B)], for any value t between £ — > ., ki = |we| — > oy W,
and ¢ = |wy| we may find A such that (A, wg,,...,wr) € EqQLRY, A C wy, and |A| = t. By
assumption, £ — ., k; < ki < £, so we may find such a A with [A| = k;. Of course, the
only partition of & fitting inside wy is wy,, s0 (Wk,, - - -, Wk, _,,we) € EQLR} as promised. [

Theorem 23.

(I) Suppose (A\',..., \7L v) gives an extremal ray of EqQLR? satisfying

(A) 3252 V] > [l
(B) each inequality of (iii) holds strictly.

Then \' = ... = X*"1 = v and this common partition is w, for some (.

(II) Furthermore, every element of the form (wg,wy, ... ,wy) is an extremal ray of EqQLRY,
and such a ray lies on no Horn facet if and only if £ = r/(s — 1).

Proof of (I). Assume for the sake of contradiction that v; > )\jl- for some j, and assume j
is as small as possible. Then since A} | = v;_1 > v; > A}, we know that \' £ ew;_; is still
a partition for € > 0 a small enough real number.

Let k be the greatest index satisfying & > j and v, = v;, and foreachp =2,...,s5 -1,
let i, be the smallest index satisfying i, < k and A} ., = A}, (where A7,; = 0 by
definition). Thus in particular A} > A} ;, so both v £ ew;, and A\ & ew;, are also
partitions for small e.

Set

zec = (A N Ty e (wj,l,wh, o ,wis_l,wk) .

If we show that for small enough € both z,. and z_. belong to EqLR], we will have a
contradiction regarding the extremality of (A!,... A*~1 ). Since (A!,..., A\*71 V) satisfies
(ii’) and (iii) strictly, we are guaranteed that z.. satisfy (ii’) and (iii) for small enough e.
The preceding paragraph showed that zy. satisfy (i) (and nonnegativity) for small € as
well. So it suffices to show they satisfy (iv) for small enough e:

e We first show zile) C z(;) If i < j, the inequality \; + € < 1; &£ € is satisfied. For
k >1i> j, we have \; < v; = 14, so \; < v; € for small enough e. For i > k, the
inequality \; < v; is unchanged.

e Now let p € {2,...,s — 1}; we'll verify that zfe) C zgfe) If © < 19, the inequality
A} £ € < v e is satisfied. For iy < i <k, we have A} = X, | < g1 < v < 14, 50
N < v; & € for small enough €. For i > k, the inequality p; < v; is unchanged.
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So we have a contradiction and it must instead be true that A! = v. The same argument
applies to any M.

If our common partition A' = ... = X\*7! = v is expressed > cw; in the {w;} basis,
note that for any ¢; # 0, (A\', ..., A1 v) £ e(w;, . . . w;, w;) satisfies (ii’) and (iii) for small
enough e and maintains (iv) with equalities, so there must be only one such nonzero
coefficient. O

Proof of (II). Each (wy, ...,ws,wy) is an extremal ray by Lemma 22.
Finally, we show that £ <r/(s —1) <= (wy,...,ws, wy) lies on a Horn facet.
First, suppose £ < r/(s — 1). Find integers a1, ..., a,_1 such that?

7’—1:@1—{—...—1—%,1,

-1
each a; > V 1J .
S_

T(K .
Set I, = {a, + 1} and K = {r}. Then CTE11;7---77’(15—1) = 1. Since

r—1
IJ—i—l a, + 1

€<T/(s—1)<{

S —

for each p, the associated Horn inequality, applied to (wy,...,ws,we), is 0+ ... +0 > 0,
and thus is satisfied with equality.

Second, suppose ¢ > r/(s — 1). Assume that (wy,...,w,wy) lies on a Horn facet
associated to d-element subsets I1,...,I,_1, K. So
o+ ) 1= ) L
a€l,a<l a€ls_1,a<l keK k<t

Since ¢, 5 o = 1, it must also be true that

o140z > 1

a€li,a<l ke K, k<t

in which case the above must hold with equality and the sets {a € I,|a < ¢} must be
empty for p > 2. By symmetry, the set {a € I : a < {} is also empty, so every I, consists
only of elements > /.

Now, the stipulation |7([1)| + ...+ |7(Ls-1)| = |7(K)| forces

Za:Zk+(s—2)d(d+1)/2.

keK

IltﬂH

However, a lower bound for the LHS (i.e., each I, is as small as possible at {¢+1,...,(+d})
is (s — 1)dl + (s — 1)d(d + 1)/2, while an upper bound for the RHS (i.e., where K =

4unless r — 1 is divisible by s — 1, choices abound here. Say r —1 = bmod s — 1, where 0 < b < s — 1.
Then one can take a; = (r—1—"50)/(s—1)fori >2and a; = (r—14+b(s—2))/(s —1).
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{r—d+1,...,r—d+d})is d(r—d)+(s—1)d(d+1)/2. Therefore we get (s—1)dl < dr—d>.
Assuming r < (s — 1)¢, this forces

(s —1)dl +d* < rd < (s —1)dl,

an obvious contradiction to d > 0. O

5.2 Rays of EqLR; on every Horn facet

In contrast, there are some extremal rays of EqLR; that lie on every Horn facet. If r = 1,
then there are no inequalities (iii), so to make the current discussion more uniform, we
will treat (ii’) as a Horn inequality, at least if r = 1.

Proposition 24. Suppose that (A, ..., X1 v) belongs to EQLR? and lies on every Horn
facet (so really belongs to LR} ). Then each NP is a scalar multiple of w,., as is v.

Proof. Actually, we will need surprisingly few of the Horn inequalities. We begin with
Z;;i Al = v1. Now for any 1 < k < r, there is also the equality

s—1
AAD N =
p=2

Combining these two equations, we get A} — AL = v; — 1. The choice of \! was arbitrary,

so we get
M=M= =X X" =y -y,
Letting a represent that common difference, we wish to show a = 0. Consider the quan-

tities

s—1
0= fo—yl,

s—1 k—1
p
b= 2 X~ Zvu
plz 1
k k
— p
RN 2 v
p=1 i=1

Of course b and c are also 0 by assumption, but even if we had not assumed that these Horn
inequalities held with equality, we could use the following argument to show a = ¢ = 0,
given that (inducting on k) b = 0, because

O+b—c=a+...+a—a
1
P

and at the very least ¢ > 0,a > 0.

Therefore all partitions A? and v are multiples of w,.. Furthermore, even if we had not
assumed Y |M| = |v|, we would have proved it along the way, except in the single case
r=1. ]
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Corollary 25. The extremal rays of EQLR] lying on every Horn facet are spanned by the
collection
z; =(0,...,0, w'r 0, we), JE [s—1].
j
Proposition 26. Consider the addition map f: @ Rsox; ® CS;, — LR} We claim [ is
an additive, R-o-linear bijection.

Proof. Clearly there are no dependencies among the direct summands on the left. Let
(AL, ... 271 v) € LR be arbitrary. Since A! < v, (A= Alw,, A2 000 X v — Mlw,) still
satisfies (i), nonnegativity, (ii), and (iii).

But therefore \? < v, — AL, from which we deduce that

(A= M, A2 = Xwp, Ty = M — M,

once again satisfies (i), nonnegativity, (ii), and (iii). Continuing in this manner we arrive
at an element of C%; , each time subtracting Mx;. O

Proposition 27. Any element of C3 can be written as a sum z+ Y a;x;, where z € LR}
and aj € R. Likewise, any element of EqQC; can be written as a sum z + Y a;x;, where

z € EqLR] and a; € R.

Proof. Let x € CS be arbitrary. If all entries of x are nonnegative, then z € LR}. Other-
wise,  + B(x1 + o2 + ... + x5_1) will have nonnegative entries for B > 0, and will still
belong to CZ, so

l':(l’—f—B(l'l—f—l‘Q—f—...—f—l‘S_l))—B(xl-f-l'g—i—...—f-l‘s_l).

A similar argument works for EqC?, recognizing that the containment inequalities (iv) will
also be satisfied for B > 0. O

6 Examples and Counterexamples

6.1 Using the algorithm

To illustrate the rays algorithm, let us take a small example where s = 3, r = 3. Consider
the Horn facet F given by I} = I, = {2}, K = {3}, with associated equality

)\%‘{')\g = 3.

6.1.1 Type I rays

One choice of type I datum is j = 1,a = 2. Using these, we get I] = {3}, I}, = {2}, K’ =
{3}. Now we follow Algorithm 7 to determine r(1,2) = (A}, A%, ). The ways to decrement
either of the first two sets or increment K’ are as follows:

3
o ['={2} 1] = {2}, K" = {3} = ¢35y =1 = M-N =1
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3
o II={3} I ={1}, K" = {3} ~ c{3} ;, =1 = X -N=1

o I ={3}Ij = {2}, K" = {4} ~ c{3} (y =1 = 13 =1

All other consecutive differences in A', A2, v are 0 and we get the ray
((1,1,0),(1,0,0),(1,1,1)).

A second type I datum is j = 2,a = 2. By symmetry, we know from our first
calculation that the ray is ((1,0,0),(1,1,0),(1,1,1)).

The final type I datum is j = 3,a = 3, resulting in I} = I}, = K’ = {2}. The possible
ways to decrement /increment are:

o I ={1}, I = {2} K"={2} » ]} ), =1 = M -A=1

o I ={2} I/ = {1} K"={2} » cl}} ([, =1 = X -M=1

210
o I ={2} I = {2} K"= {3}~ i)} )y =1 = m—13=1

So the ray produced is
((1,0,0),(1,0,0),(1,1,0)).
6.1.2 Type II rays
To find the type II rays on F», we need to know the rays of LR? x EqLR?, which are
)x((0,0), (0,0), (0,0
)x((0,0),(0,0),(0,0))

together with the 10 rays of the form ((0), (0), (0)) x z where z belongs to the r = 2 table

in Section 6.2. For example, let’s apply Ind to ((0),(0),(0)) x ((1,0),(1,1),(1,1)). First
7! takes it to ((1,0,0),(1,0,1),(1,1,0)). Then using formula (5), p sends this to

—~
—~
—_
~—
—
(=)
~—
—~
—_

) 0
) 0

((1,0,0),(1,0,1),(1,1,0)) + ((1,0,0),(1,1,0),(1,1,1)) — ((1,0,0),(1,0,0), (1,1,0))
=((1,0,0),(1,1,1),(1,1,1)),

which is one of the rays in Table 2.

For another example, let’s apply the induction map to
((1), (0), (1)) x((0,0), (0,0),(0,0)). Applying 7=* we get ((0, 1,0), (0,0,0), (0,0,1)). Then
po takes this to

((0,1,0),(0,0,0),(0,0,1)) — ((1,1,0),(1,0,0),(1,1,1)) + ((1,0,0), (1,0,0), (1,1,0)) = 0.

This we expect as noted in the proof of Corollary 20.
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r=1 r=2
((1),(0),(1)) ((0,0),(1,0),(1,0))
((0).(1.(1) || ((0,0).(1,1),(1,1)
((1),(1),(1)) ((1,0),(0,0),(1,0))
((1,1),(0,0),(1,1))
| (1,0),(1L,0),(LD)) |

((1,0),(1,0),(1,0))

((1,0),(1,1),(1,1))

((1,1),(1,0),(1,1))

((1,1),(1,1),(1,1))

((1,1),(1,1),(2,1))

Table 1: Extremal rays of EqLR‘;j and EqLRg

The total outputs produced include the following rays:

((0,0,0), (1,0,0), (1,0,0)) ((0,0,0), (1,1,1),(1,1,1))
((1,0,0), (0,0,0), (1,0,0)) ((1,1,1),(0,0,0), (1,1,1))
((1,0,0), (1,0,0), (1,0,0)) ((1,0,0), (1,1,1),(1,1,1))
((1,1,1),(1,0,0), (1,1,1))

Additionally, 0 is output three times in accordance with Corollary 20 (in our example
|J] = 3), and two elements are produced which are not on an extremal ray:

((0), (00, (0)) x (1, 1), (1,1), (1,1)) ™% ((2.1,1), (2,1,1), (2,2,2))

—

((0), (0, (0)) x ((1,1),(1,1),(2,1)) = ((2,1,1), (2, 1,1), (3,2, 2))

6.2 Data for small r

To give a sense of the extremal rays of EqLRf, we have recorded in Tables 1 and 2 the
complete list of rays for r < 3. The “strictly equivariant” rays (those violating (ii)) are
below the dashed line; those which lie on LR? are above.

In Table 3, we have recorded the number of extremal rays of the cones LR? and EqLR?
for the first few values of r. Calculations were done using Sage [15] and Normaliz [5].

6.3 Extra Hilbert basis elements

The semigroup of lattice points EqLR} N Z" has a finite list of indecomposable elements
— those which are not the sum of two nonzero elements — called the Hilbert basis. Equiv-
alently, the Hilbert basis is the (unique) minimal generating set of EqLR] N Z"™ over Z.
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r=23
((0,0,0),(1,0,0),(1,0,0)) | ((1,0,0),(1,0,0),(1,1,0))
((0,0,0),(1,1,0),(1,1,0)) | ((1,0,0),(1,1,0),(1,1,1))
((0,0,0),(1,1,1),(1,1,1)) | ((1,1,0),(0,0,0),(1,1,0))
((1,0,0),(0,0,0),(1,0,0)) | ((1,1,0),(1,0,0),(1,1,1))
((1,1,0),(1,1,0),(2,1,1)) | ((1,1,1),(0,0,0),(1,1,1))
((1,0,0),(1,0,0),(1,0,0)) | ((1,1,0),(1,1,0),(2,1,0)) |

((1,0,0),(1,1,0),(1,1,0)) | ((1,1,0),(1,1,1),(1,1,1))
((1,0,0),(1,1,1),(1,1,1)) | ((1,1,0),(1,1,1),(2,1,1))
((1,1,0),(1,0,0),(1,1,0)) | ((1,1,1),(1,0,0),(1,1,1))
((1,1,0),(1,1,0),(1,1,0)) | ((1,1,1),(1,1,0),(1,1,1))
((1,1,0),(1,1,0),(1,1,1)) | ((1,1,1),(1,1,0),(2,1,1))
((1,1,1),(1,1,1),(1,1,1)) | ((1,1,1),(1,1,1),(2,1,1))
((1,1,1),(1,1,1),(2,2,1)) | ((1,1,1),(2,1,1),(2,2,1))
((2,1,1),(1,1,1),(2,2,1))

Table 2: Extremal rays of EqLR}

# rays of LR?

# rays of EqLR?

2
d
10
20
44
114
362

N O U W N~ 3

3
10
27
72

195
932
1469

Table 3: Extremal rays of LR? and EqLR?
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r | # rays of EQLR? | # H.b. elts. of EqLR? N Z%
1 3 3

2 10 10

3 27 27

4 72 72

5 195 195

6 532 535

7 1469 1500

Table 4: Extremal rays and Hilbert basis elements of EqLR?

Now every extremal ray affords us with exactly one Hilbert basis element, namely the
first lattice point along that ray. This element is indecomposable since any summands
must be parallel (by extremality) and therefore one of them equal to 0 (by being the first
lattice point).

For general pointed rational cones, the Hilbert basis can be much larger than the set
of extremal rays. We observe that for EqLRf, this does not happen until » = 6; see Table
4. Since the natural inclusions EqQLR} C EqLR},, given by appending 0’s preserve the
properties of extremal ray and Hilbert basis element, we conclude that for » > 6 the
Hilbert basis of EqLRf N Z3 is greater in size than the set of extremal rays. To produce
Table 4, calculations were once again done using Sage and Normaliz. Here are the three
“extra” Hilbert basis elements at r = 6:

((2,1,1,1,1,1),(2,2,2,1,1,1),(3,3,2,2,2,1))
((2,2,1,1,1,1),(2,2,1,1,1,1), (3,2,2,2,2,1))
((2,2,2,1,1,1),(2,1,1,1,1,1),(3,3,2,2,2,1))

The phenomenon of extra Hilbert basis elements has neither been observed nor ruled out
for the cones LR?, having checked the cases r < 9 by computer.
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