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Abstract

We consider a generalised model of a random simplicial complex, which arises from
a random hypergraph. Our model is generated by taking the downward-closure of a non-
uniform binomial random hypergraph, in which for each k, each set of k + 1 vertices
forms an edge with some probability p; independently. As a special case, this contains
an extensively studied model of a (uniform) random simplicial complex, introduced by
Meshulam and Wallach [Random Structures & Algorithms 34 (2009), no. 3, pp. 408-417].

We consider a higher-dimensional notion of connectedness on this new model according
to the vanishing of cohomology groups over an arbitrary abelian group R. We prove that
this notion of connectedness displays a phase transition and determine the threshold. We
also prove a hitting time result for a natural process interpretation, in which simplices and
their downward-closure are added one by one. In addition, we determine the asymptotic
behaviour of cohomology groups inside the critical window around the time of the phase
transition.

Mathematics Subject Classifications: 05E45, 05C65, 05C80
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1 Introduction

1.1 Motivation

One of the first and most famous results in the theory of random graphs, due to Erd6s and
Rényi [20], states that the uniform random graph G/(n, m) displays a phase transition threshold
for the property of being connected at about m = %n log n edges, where log denotes the natural
logarithm. Almost equivalently, in modern terminology, with high probability the binomial
random graph G(n, p) becomes connected around p = k’% (see [42)).

The result was subsequently strengthened by Bollobas and Thomason [12] to a hitting time
result—the random graph process, in which edges are added to an initially empty graph one by
one in a uniformly random order, is very likely to become connected at exactly the moment at
which the last isolated vertex disappears (i.e. acquires an edge).

More recently, there has been a focus on generalising graphs to higher-dimensional struc-
tures. One very well-studied higher-dimensional analogue of graphs is hypergraphs, most often
uniform hypergraphs, in which one may consider vertex-connectedness (see e.g. [6-11,19,31,
40,41]) or high-order connectedness (also known as j-tuple-connectedness, e.g. [14—16, 30]),
as well as the appearance of spanning structures such as Hamilton cycles (see e.g. [1,2,37,39]).

Simplicial complexes have also seen a great deal of attention as higher-dimensional ana-
logues of graphs. The study of random simplicial complexes was initiated by Linial and Meshu-
lam [32], who studied a model on vertex set [r] in which each 2-simplex is present with prob-
ability p = p(n) independently, and all 1-simplices are always present. The notion of connect-
edness they studied involved the vanishing of the first homology group over I, (or equivalently
the first cohomology group over [F5), and they proved that this property undergoes a phase tran-
sition at threshold p = 21"%. This threshold is related to the disappearance of the last isolated
1-simplex (i.e. a 1-simplex that does not lie in any 2-simplex) as was subsequently proved by
Kahle and Pittel [30].

Meshulam and Wallach [35] extended the result of [32] to random simplicial k-complexes
with full (k — 1)-skeleton (for any k& > 2), proving that the threshold for the vanishing of the
(k — 1)-th (co)homology group over s, or indeed over any finite abelian group R, undergoes
a phase transition at threshold p = MO%. In [13], we proved the corresponding hitting time
result for cohomology over [y, relating cohomological connectedness to the disappearance of
the last isolated (k — 1)-simplex, as a corollary of results about a slightly different model of
random simplicial k-complexes generated from a random binomial (k + 1)-uniform hypergraph
by taking the downward-closure (so in particular, the complex does not necessarily have a full
(k—1)-skeleton). A similar hitting time result in the Linial-Meshulam model and for homology
groups over Z was proved by Luczak and Peled [34] in the case when k£ = 2 and recently by
Newman and Paquette [38] for general & > 2.

Since the work of Linial and Meshulam, many different models of random simplicial com-
plexes have been introduced (see e.g. [17,22,26-29,33]), and several notions of connectedness
have been analysed (see e.g. [3,4,25,34,38]), as well as related concepts such as expansion [24]
and bootstrap percolation [23]. In this paper, we consider a model of random simplicial com-
plexes generated from non-uniform random hypergraphs, in which edges may have different
sizes, and study cohomology groups over an arbitrary (not necessarily finite) abelian group R.
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We note that our model includes both the model introduced by Linial and Meshulam, which was
extended by Meshulam and Wallach, and the model we introduced in [13] as special cases, and
therefore our main result extends and unifies the results of [13], [32], and [35]. We also note
that our model is equivalent to the ‘upper model’ which was recently introduced independently
by Farber, Mead, and Nowik [21], although they considered different properties and different
ranges of probabilities to the ones we focus on in this paper. A similar model has also been
considered by Costa and Farber in [18].

1.2 Model

Throughout the paper let d > 2 be a fixed integer and let R be an abelian group with at least
two elements. We use additive notation for the group operation of R and denote the identity
element by Og. For an integer k£ > 1, we write [k] := {1,...,k}and [k]p := {0,...,k}.If A
is a set with at least £ elements, we denote by (’2) the family of k-element subsets of A and we
call K € () a k-set of A.

Definition 1.1. A family G of non-empty finite subsets of a vertex set V' is called a simplicial
complex on V if it is downward-closed, i.e. if every non-empty set A that is contained in a set
B € G also lies in G, and if furthermore the singleton {v} is in G for every v € V.

The elements of a simplicial complex G which have cardinality ¢ + 1 are called i-simplices
of G. If G has no (d + 1)-simplices, then we call it d-dimensional, or a d-complex." 1f G is
a d-complex, then for each j € [d — 1], the j-skeleton of G is the j-complex formed by all
i-simplices in G with i € [j].

We define a model of a random d-complex generated from a non-uniform random hyper-
graph, in which sets of vertices have different probabilities of forming an edge depending on
their size.

Definition 1.2. For each k € [d], let p, = pr(n) € [0,1] C R be given and write p :=

(p1,...,pa). Denote by G(n,p) the (non-uniform) binomial random hypergraph on vertex
set [n] in which, for all £ € [d], each element of (k[i}l) forms an edge with probability py
independently. By G(n,p), we denote the random d-dimensional simplicial complex on [n]

such that
e the O-simplices of G(n, p) are the singletons of [r] and

e foreachi € [d], the i-simplices are precisely the (i + 1)-sets which are contained in edges
of G(n, p).

In other words, G(n, p) is the downward-closure of the set of edges of G(n, p), together with
all singletons of [n] (if these are not already in the downward-closure).?

'Note that we do not require G to contain any d-simplices in order to be d-dimensional. This is in contrast to
the usual terminology, but we adopt this convention for technical convenience.

Note that if ( dil) pq is small, then it is likely that there are no d-simplices—it is for this reason that we slightly
abuse terminology by referring to a d-complex even if there may not be any d-simplices.
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Observe that if p = (1,...,1,p) for some p = p(n) € [0, 1], we obtain the model of
Meshulam and Wallach, while if p = (0,...,0,p), we obtain the model generated from uni-
form random hypergraphs which we previously introduced in [13]. Indeed, if we were to set
p = (p,0,...,0), we would obtain the Erd6s-Rényi binomial random graph, although since we
assume that d > 2 and later that p,; # 0, this model will not formally be covered by our results.

We note that while G(n, p) is generated from G(n,p), which is a multi-parameter, non-
uniform random hypergraph, it is homogeneous in the sense that every vertex behaves identi-
cally, and every set of a given size has the same probability of appearing as an edge.

Denote by H'(G; R) the i-th cohomology group of a simplicial complex G with coefficients
in R (see (1) in Section 2.1 for a formal definition). It is well-known that H°(G; R) = R if
and only if G is connected in the topological sense (see e.g. [36, Theorem 42.1]), which we call
topologically connected in order to distinguish it from other notions of connectedness. Observe
that topological connectedness of G is equivalent to vertex-connectedness of the underlying
hypergraph. For any integer i > 1, the vanishing of H'(G; R) can be viewed as a ‘higher-order
connectedness’ of G.

Definition 1.3. Given a non-negative integer j, a simplicial complex G is called R-cohomo-
logically j-connected (j-cohom-connected for short) if

(a) H(G;R) = R;
(b) H(G;R) = 0 forall i € [j].

We note that the analogous definition of connectedness considered by Meshulam and Wal-
lach in [35] was only for the case j = d — 1, and only demanded the vanishing of the (d — 1)-
th cohomology group—this was reasonable for their model since with the complete (d — 1)-
dimensional skeleton, the i-th cohomology group must always vanish for all ¢ € [d — 2] (or
equal Rif 7 = 0).

1.3 Main results

We will consider asymptotic properties of G(n, p) as the number of vertices n tends to infinity,
hence all asymptotics in the paper are with respect to n. In particular, we say that a property or
an event holds with high probability, abbreviated to whp, if the probability tends to 1 as n tends
to infinity.

Our first main theorem will relate the j-cohom-connectedness of G(n,p) to the absence
of any minimal obstructions to this property. We call these obstructions copies of ijk for
any k with j < k < d (these will be defined later, see Definitions 5.3 and 5.4), and we will
see in Section 5 that the presence of any of these configurations in G(n, p) is a witness for
the non-vanishing of H’(G(n,p); R) (Corollary 5.10), which is ‘minimal’ in a natural sense
(Lemma 5.11).

In particular, the strongest relation between j-cohom-connectedness and the absence of
copies of ijk will be a hitting time result, analogous to the result of Bollobas and Thoma-
son [12] for graphs, for which we will need to turn the random d-complex G(n, p) into a pro-
cess. We do this by assigning a birth time to each k-simplex: more precisely, for each k& € [d]
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and each (k + 1)-set K € (k[z]l) independently, sample a birth time uniformly at random from
[0,1]. Then G(n,p) is exactly the complex generated by the (k + 1)-sets with birth times at
most py, for all k& € [d], by taking the downward-closure (so some simplices may be present
despite having large birth time because they are subsets of a larger simplex which is present).
If we fix a ‘direction vector’ p = (py, - . ., pq) of non-negative real numbers (not necessarily

less than 1) with pg # 0, set
p=7p := (min{rpy, 1},..., min{rpy, 1}),

and gradually increase 7 from 0 to
Tmax -— 1/pda

then G(n,p) becomes a process in which simplices (together with their downward-closure)
arrive one by one.> We will denote this process by (G(n, 7D))re[0,ra]» OF Sometimes just by
(G.) when the direction vector p is clear from the context. In this way, 7 may be thought of
as a ‘time’ parameter. Let us note that if we consider a snapshot of the process (G, ) at time
T = Tp, then it has the same distribution as G(n, 7op). Therefore we will often give definitions
or state and prove results for the random complex G, := G(n, 7p) for some appropriate value of
7, and subsequently apply them to the process at that time, meaning in particular that G,, C G,
if 79 < 7, 1.e. we have a natural coupling of the random complexes rather than sampling them
independently. In other words, for the rest of the paper we take one sample of random birth
times uniformly from [0, 1] and independently for all simplices, and whenever we refer to G,
we mean the complex generated by the simplices with scaled birth times (scaled according to
p) at most 7 (see (2) in Section 3 for the formal definition of scaled birth time).

Note that the evolution of the process (G, ) is unchanged if the direction vector p is scaled
by a multiplicative factor. Therefore we would like to scale p so that we expect the last copy
of M;, to disappear when 7 is close to 1. Indeed, our first main result in particular states that
this happens for a specific type of direction vector that we call j-critical direction vector, or
j-critical direction for short, and that will be formally defined in Section 3.1 (Definition 3.3).

Theorem 1.4 (Hitting time). For j € [d — 1] and a j-critical direction p = (p1, P2, - - -, Pg) With
Pa 7# 0, let Ty = 1/Pg and consider the process (G) = (G (1, TD) ) reo,mmay]- Let

77 1= sup{T € Ry | G, contains a copy of M, ;, for some k with j < k < d}.

Then for every function w of n which tends to infinity as n — oo, the following statements
hold with high probability.

@ 77 =1+0(%).

(b) For all 7 € [0,7}), the random d-complex process (G,) is not R-cohomologically j-
connected, i.e.

HY(G,R)# R or H'(G,;;R)# 0 forsomei € [j].

3Observe that by time 7 = Ty,ax, all d-simplices will be present deterministically, and therefore also all sim-
plices of dimension k < d will be present as part of their downward-closure.
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(c) For all 7 € [}, Tiax), the random d-complex process (G;) is R-cohomologically j-
connected, i.e.

H°(GsR)=R and H'(G;R)=0forallie [j].

Observe that in Theorem 1.4 we do not consider j-cohom-connectedness for the case 7 = 0.
Indeed, the condition H%(G,; R) = R corresponds to topological connectedness of G, i.e.
vertex-connectedness of the underlying (non-uniform) random hypergraph, which has been ex-
tensively studied, and for which much stronger results are known (see e.g. [14, 40]). How-
ever, topological connectedness is a necessary condition for the j-cohom-connectedness of G,
(see Definition 1.3), therefore in order to make this paper self-contained, this case is treated
separately in Lemma 4.2.

Furthermore, we observe that neither j-cohom-connectedness nor the presence of copies
of Mj,k are necessarily monotone properties (as we will see in Example 5.12), which makes
the proofs significantly harder. Indeed, it is not immediately clear that j-cohom-connectedness
should have a single threshold—in principle, the random d-complex process (G, ) could switch
between being j-cohom-connected or not several times. However, Theorem 1.4 implies that
with high probability this does not happen and there is indeed a single threshold.

Our second main result gives an asymptotic description of the j-th cohomology group of G,
for values of 7 in the critical window, i.e. 7 =1+ O(1/logn).

Theorem 1.5 (Rank in the critical window). Let ¢ € R be a constant and suppose that (c;,),>1
is a sequence of real numbers with ¢, 7% e Let jed—1,lett =1+ i chn, and consider

p = 7p for a j-critical direction p. Then there exists a constant £ = &(¢, p) such that with high
probability

Hj(gT; R) = RY,
where Y is a Poisson random variable with mean £.

The constant £ will be explicitly defined in (5) in Section 3.1.
As a consequence of Theorems 1.4 and 1.5, we derive an explicit expression for the limiting
probability of G, being j-cohom-connected within the critical window.

Corollary 1.6. Let (¢,)n>1, G, J, T, P, P, and € be given as in Theorem 1.5. Then

P (G, is R-cohomologically j-connected) == exp(—&).

1.4 Proof techniques

The three statements of the Hitting Time Theorem (Theorem 1.4) follow from auxiliary results
presented in Section 4, which in turn are proved throughout the paper.

More precisely, we show in Lemma 4.1 that the choice of a j-critical direction p (Defini-
tion 3.3) implies that the last minimal obstruction disappears at around time 7 = 1, thus proving
statement (a) of Theorem 1.4.

The main ingredient in the proof of Theorem 1.4 (b) will be Lemma 4.4, which states that
for every constant € > 0, whp H’(G,; R) # 0 for every 7 in the interval

I(e) == [%,T;) .
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To prove this, in Section 8 we split /;(¢) into three subintervals and show that whp in each of
these there exists a copy of the obstruction M .k forsome j < k < d (Lemmas 8.1, 8.3 and 8.4),
and thus H7(G,; R) # 0 (Corollary 5.10).

In addition, we show that for every i € [j — 1] there exists an appropriate scaling factor 7
such that the vector 7p is an i-critical direction (Lemma 4.5). Thus we can apply Lemma 4.4
with j replaced by 7 and find intervals I;(¢) where whp H'(G,; R) # 0 (Corollary 4.6). We
further define an interval /y(e) and show that whp G, is not topologically connected for every
7 € Iy(e) (Lemma 4.2). In this way we can complete the proof of Theorem 1.4 (b) by showing
that we can choose ¢ such that [0,7}) = ’_, Ii(¢) and thus G, is not j-cohom-connected
throughout the subcritical case.

By definition of 7, whp for any 7 > 7 there are no copies of the minimal obstruction M ik
for any £ = 7, ...,d, thus in order to prove statement (c) of Theorem 1.4 we need to show that
whp no other ‘larger’ obstructions to the vanishing of H’(G,; R) appear in the complex. This
1s given by Lemma 4.7, which we prove in Section 9. We show that the smallest support of
any non-zero element of the cohomology group must be traversable (Lemma 9.4), a very useful
property that allows us to define a search process, with which we can construct such a support.
By bounding the number of ways this search process can evolve, we also bound the number of
possible supports and the probability that such a non-zero element of the cohomology group
exists (Lemmas 9.6 and 9.8).

To prove the Rank Theorem (Theorem 1.5) and Corollary 1.6, in Section 10 we will use
the fact that for values of 7 ‘close’ to 1 whp the only obstructions to j-cohom-connectedness
are copies of Mj,k (Corollary 9.14) and that indeed they are a minimal set of generators for
H7(G,; R). We conclude the proof of the Rank Theorem by showing that the number of such
obstructions converges in distribution to a Poisson random variable (Lemma 10.1). Finally
we prove Corollary 1.6 by applying Theorem 1.5 to determine the probability that the j-th
cohomology group vanishes and Theorem 1.4 to show that whp all lower cohomology groups
vanish (except the zero-th, which is R).

1.5 Outline of the paper

The paper is structured as follows.

Section 2 gives a short review of some standard concepts of cohomology theory and in-
troduces a structure in a complex whose existence will be our most frequent argument for co-
homology groups to not vanish. In Section 3, we introduce the parametrisation of a j-critical
direction and argue that this parametrisation covers all interesting cases of our main results.
Section 4 contains the main auxiliary results that we combine to prove the Hitting Time Theo-
rem (Theorem 1.4). The proofs of the auxiliary results of Section 4 will follow in Sections 5-9.
In particular, the results of Section 9 will also lay the foundation of the proof of the Rank The-
orem (Theorem 1.5), which is presented in Section 10, together with the proof of Corollary 1.6.
In Section 11 we discuss our main results and present some open problems.

Some standard but technical proofs are omitted from the main text, but included in Ap-
pendix A for completeness. Finally, in Appendix B we include a glossary of some of the most
important terminology and notation used in the paper, for easy reference.
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2 Preliminaries from cohomology

2.1 Cohomology

Let us review the standard notions of cohomology groups of a d-dimensional simplicial complex
g.

Let j € [dlo = {0,1,...,d}. To define cohomology groups, one considers ordered j-
simplices, that is, j-simplices with an ordering of their vertices.* We adopt the notation
[vo, ..., v;] for a j-simplex whose vertices are ordered vy, ...,v;. If o = [vg,...,v;] is an
ordered j-simplex and i € [j]o, then [vo,...,7;,...,v;] denotes the ordered (j — 1)-simplex
obtained from o by removing v; (and preserving the order on the remaining vertices).

Recall that we will be considering cohomology groups over an arbitrary (non-trivial) abelian
group R. A function f from the set of ordered j-simplices in G to R is called a j-cochain if
f(o) = —f(o’) whenever ¢’ is obtained from o by exchanging the positions of two vertices
in the ordering of the simplex. For a j-cochain f, we define its support supp(f) to be the set
of unordered simplices o such that f maps some (and thus every) ordering of ¢ to a non-zero
value.

The set C7(G; R) of j-cochains in G forms a group with respect to pointwise summation,
defined by (f1+ f2)(0) := fi(o)+ fa(0). For j € [d— 1]y, we define the coboundary operator
§: CI(G; R) — C'TY(G; R) by

: j+1 .
@) ([0, v5a]) = D (D F ([0, Bir vy,

Clearly, ¢/ is a group homomorphism. Furthermore, let §~! and §¢ denote the unique group
homomorphisms 6~1: {0} — C°(G; R) and 6?: C4(G; R) — {0}. For each j € [d]o, the
j-cochains in ker §’ and in im 67! are called j-cocycles and j-coboundaries, respectively.

A straightforward calculation shows that every j-coboundary is also a j-cocycle, i.e.
im§’~! C kerd’. Thus, we can define the j-th cohomology group of G with coefficients in
R as the quotient group

HY(G; R) = kerd’/im ' (1)

2.2 Non-vanishing of cohomology groups

In view of Theorems 1.4 and 1.5, we are particularly interested in when H’(G; R) vanishes for
j € [d — 1], which happens if and only if every j-cocycle is also a j-coboundary. Hence, we
need a criterion for a j-cocycle (or more generally a j-cochain) not to be a j-coboundary, which
will be provided by Lemma 2.2. To this end, we need the following definition.

Definition 2.1. For any (j + 2)-set A in a complex G, the collection of all (j + 1)-sets of A is
called a j-shell if each of them forms a j-simplex in G.

Observe that in Definition 2.1, the set A does not have to form a (j + 1)-simplex in G.
Thus, a j-shell is the boundary of a (j + 1)-simplex A of the complete complex such that all

“When we consider simplices without an ordering, we will often simply refer to them as ‘simplices’ instead of
‘unordered simplices’.
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simplices in this boundary are simplices of G, but A itself may not be. If the collection of all
(7 + 1)-subsets of a (j + 2)-set A forms a j-shell, with a slight abuse of terminology we also
refer to the set A itself as a j-shell.

Lemma 2.2. Let j € [d — 1], let f be a j-cochain in a d-dimensional complex G on [n] and
suppose that there exists A € (j[ZZ) such that

(a) Aisaj-shellin G and

(b) precisely one (j + 1)-set of A lies in the support of f.

Then f is not a j-coboundary in G.

Proof. Let G’ := G U {A} and observe that this is a simplicial complex, because all proper
non-empty subsets of A were already simplices in G by condition (a). Denote the vertices in A
by vo, ..., vj41 such that {vy,...,v;41} € supp(f). By (b), this means that

y J+1 i .
((5 f)([Uo, v ,Uj+1]) = Z (-1) f([U(), ey Uiyt ,Uj+1]) = f([’l)l, e 7Uj+1]> 7é OR.

This implies that while f may be a j-cocycle in G, it is certainly not a j-cocycle in G’. Thus in
particular f is not a j-coboundary in G’. Since G and G’ have the same sets of j-simplices and
of (j — 1)-simplices, this means that f is also not a j-coboundary in G. 0

1=0

3 Parametrisation

3.1 Defining the parametrisation

In this section we define the concept of a j-critical direction, which appears in Theorems 1.4
and 1.5.

Given a direction p = (py, ..., Pa), let k € [d] be an index such that p;, # 0, and let K be a
(k + 1)-set with birth time ¢ .. The scaled birth time of K is defined as

e = K, @
Dk
If p, = 0 we view all (k + 1)-sets as having infinite scaled birth time. Thus 7 is distributed
uniformly in [0, 1/p,], and G, consists of all those simplices with scaled birth time at most
7, together with their downward-closure®. Observe that if a (k + 1)-set K is contained in an
(l+1)-set Lwithk+1 <[ < dand 7, < 7k, then K forms a k-simplex in G, for every 7 > 7,
and thus exists in (G, ) before its own scaled birth time.
The motivation for the following definitions will become apparent later (see Lemma 5.14
and Section 3.2).

SWith probability 1 no two simplices have the same scaled birth time, which is important for the process
interpretation.
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Definition 3.1. Given j € [d — 1], a vector p = (pi, . .., pa) is called j-admissible if for each
1 < k < d there are real-valued constants ay,,7x, and a function 3, = [5x(n) such that

M(k—j)! for j < k < d,

_ nk—J+7k

P = aylogn + Ay ®
W forlgkgj—l,

and furthermore
(A1) atleast one of ay, x 1s zero and neither of them is negative;

(A2) if @, = 0, then either 3, = 0 or By, is positive_and subpolynomial in the sense that for
every constant £ > 0, we have 3, = o(n), but 5, = w(n=°);

(A3) if 9;, = 0, then || = o(log n);
(A4) there exists an index 7 + 1 < ky < d with ag, > 0.

The following observation follows immediately from the definition, and will be used im-
plicitly at many points in the paper.

Remark 3.2. If p is j-admissible and & > j + 1, then p, = O (10%) = o(1). In particular, if
p = 7p for some 7 = O(1), then py, = 7p;, < 1.

This observation means that, for £ > 7 + 1 and for 7 not too large, we have that p;, = 7py
is indeed a probability term and we can use it in calculations without having to replace it by 1.
On the other hand, for k£ = j we often need to be slightly more careful.

Note that some of the properties in Definition 3.1 can be guaranteed simply by scaling p
and choosing @y, Ji, B, appropriately, but that some other properties place restrictions on the
direction. However, we will see later (Section 3.2) that it is reasonable to restrict attention to
j-admissible vectors p. Indeed, by scaling appropriately we can even go further: given a j-
admissible vector p = (py, . . ., Pa), for every index k with j < k < d and py, # 0 we define the
parameters

d
M= J+1-G—(k—j+1)Y a

i=j+1
_ 0 i > 1,
_ . d Bi e _
[ = —(k‘—j—l—l)z' 1 + ¢ loglogn if p, < 1and ay # 0,
i=j i _
log(B) if pr < 1and ay = 0, “4)
—log((7 + 1)1 if k = j,
v = § —log(j!) —log(k —j+ 1)+ log(ay) ifk +# janday #0,
—log(j!) — log(k — j + 1) otherwise.

Note that all \;, 7, are constants, because the a;, A are constants, while the /i, are functions
of n with fi, = o(logn), by Definition 3.1.
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Definition 3.3. We say that a j-admissible vector p is a j-critical direction vector if

(C1) Mglogn + i + 7, <0, forall indices k with j < k < d and py, # 0;
(C2) Milogn + jiz + v =0, forsome k with j < k < d.

With slight abuse of terminology, we will omit the word ‘vector’ and simply talk about j-critical
directions.

Observe that a j-critical direction is not a vector of length 1, but rather it is chosen so that it
turns out to be ‘critical’ for j-cohom-connectedness of G(n, p).

More generally, if we have a vector p = (py, ..., ps) (Where we will usually have p = 7p),
we would like to define parameters analogous to those for p.

Definition 3.4. Given a vector p = (p1, ..., pa), for each k € [d], define

o = lim (L)
n—oo \ (k — j)!logn )’
Yk = sup{y € R | penf It = o(1)},

Br = —(k—j)! — oy logn,

if the limit and the supremum exist.

B Furthermore, we define the parameters A, 1, and v, analogously to (4), with ay, %, and
B replaced by ay, vk, and [y, respectively.

The following observation follows directly from the definition.

Remark 3.5. If p is a j-critical direction and p = 7p for some 7 = O(1), then the analogue
of (A1) also holds for p, i.e. for all 1 < k < d, at least one of ay, 7 is zero and neither of them
1S negative.

In order to prove Theorem 1.5, we will need to take a closer look at how the process behaves

within the critical window, which is the range where whp the complex G, switches from being
not j-cohom-connected to being j-cohom-connected. More precisely, we consider 7 = 1 +
O(1/logn) (cf. Theorem 1.5). We also need the following concepts.
Definition 3.6. Given a j-critical direction p = (py, ..., Pq), an index k with j < k& < d and
Pr # 0is called a critical dimension if A\, logn + jix + 7, = O(1),i.e. \p = 0 and fi, = O(1)
(recall that 7, = O(1)). We denote by C = C(p, j) the set of all critical dimensions for the
j-critical direction p.

It will turn out (Lemma 10.1) that for any 7 = 1 + O(1/logn), the critical dimensions are
precisely those indices k& for which there is a positive asymptotic probability of having copies
of a reduced version of Mj,k, called M ;. (Definitions 5.5 and 5.6), in G,. Furthermore, if we
consider 7 = 1+ 1ocg"n with ¢,, —= ¢ € R, then the constant £ which appeared in Theorem 1.5
is precisely

E = exp(—c(j +1)) Zkec exp(fix + Uk + CYi), &)

as we will see in the proof of Theorem 1.5 (Section 10). We will also see that for any critical
dimension k, the term exp(fix + 7k + c(3x — j — 1)) is closely related to the number of copies
of M, (Corollary 6.6).
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3.2 Justifying the parametrisation

In this section we discuss the choice of parametrisation of p and the assumptions made for j-
admissibility and j-criticality in Definitions 3.1 and 3.3. Note that the arguments in this section
are independent of all results and proofs in this paper—rather, they justify why the assumptions
made in the main theorems are reasonable and cover all interesting cases.

We first justify the parametrisation of p in terms of the @y, Bx, 7. We note that scaling p
by a factor ¢ (which may be a function of n) has no effect on the evolution of the process (G, ),
since G(n, ctp) = G(n,7'p), where 7" = 7. We therefore aim to choose p such that the critical
range for j-cohom-connectedness occurs around time 7 = 1, i.e. when p = p.

Observe that the probabilities p; with i € [j — 1] have no influence on the j-th cohomology
group H’(G,; R). To see this, we note that the j-th cohomology group depends only on the
set of (j — 1)-simplices, the set of j-simplices, and the set of (j + 1)-simplices of G,. The
probabilities p; with ¢ € [j — 2] have no influence on any of these sets, while p;_; only affects
the set of isolated (j—1)-simplices. Isolated (j—1)-simplices, however, have no effect on the set
of j-coboundaries, and thus do not influence H?(G,; R). Therefore, when we consider whether

or not the j-th cohomology group vanishes, we will only take the probabilities p;, . .., pq into
account.
3.2.1 Approximate order: Justifying p, = (n )

We first explain why we may assume that p, = O (1%£2). In particular, this will imply the
assumption v, > 0, once 7, is defined (see (8)).

What range of p do we expect to be critical for j-cohom-connectedness of G(n, p)? Let us
first look at a single probability py, i.e. consider

p=1(0,...,0,p%0...,0).
For R =Fyand j + 1 < k < d, [13, Theorem 1.11] states that the critical range lies around

(7 + 1) logn + loglogn
(k—j+1)nk

Pk = (k—j)l
It is therefore reasonable to expect the critical range for general coefficient group R and general
p = (p1,-..,pa) to lie around

arlogn + 1y

k=) Visk<d, (©6)

Pr =

where each «y, is a non-negative constant, at least one v is non-zero, and each 1, = ri(n) is a
function of order o(log n).

To justify this more precisely, note that if p;, > %lﬂ (k — 7)! for some constant ¢, > j + 1,

a simple first moment calculation shows that whp QT has a complete j-skeleton, and therefore

if it is j-cohom-connected, adding further k-simplices for j < k < d will not change this.

Furthermore, it follows from the results of [13] (for R = [F'1), and indeed also from Theorem 1.4

(for general R), that the complex will in fact be j-cohom-connected whp if py is this large, and
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therefore it is reasonable to scale the chosen direction p in such a way that p;, = O(;Okgf;) for
every j +1 < k < d.
Thus, let us suppose that for each k& with 7 < k < d, the limit

— k—]
_ . Din
=1 ——— 7
R () v

exists. This is a reasonable assumption because in terms of phase transitions, we are interested
in how the model behaves depending on the asymptotic behaviour of the probabilities px, which
should not fluctuate between, say, Lo,cg_ﬁ and i},?%f. Observe that if p, = o(logn/nF=7), then

oy, = 0. Indeed, we next argue that we may also assume that at least one ay, 1s non-zero.

3.2.2 Existence of ky: Justifying (A4)

So far we have only guaranteed certain properties of p by scaling appropriately. By rescaling
once more if necessary, we can certainly guarantee that a; # 0 for some j < k < d, but
we would like to ensure that this does not only hold for k£ = j, i.e. that there is in fact some
J+ 1 < k < dsuch that &, # 0. Note that this cannot necessarily be achieved by a simple
rescaling without potentially violating the condition that p; = O(logn).

Instead, we consider the two cases:

(@ pj =zlanday =0forallk =75+1,...,d;
(b) p; > 1 and for some j + 1 < k < d we have oy, # 0.

We argue that case (a) can be easily reduced to case (b) and therefore we may assume that there
exists kg > 7 + 1 with ay, # 0 as stated in (A4).

Indeed, suppose we have the slightly more general case than case (a), that p; > 1 and
Dr < Cl,fﬁ’fj forall k = 5+ 1,...,d and for some sufficiently large C'. In this case, a simple
second moment argument shows that there exists a constant ¢ > 0 such that for 7 = ¢n™7, whp
G, = G(n,7p) contains an isolated k-simplex for some 0 < k < j — 1, which guarantees
the existence of an isolated simplex of dimension at most k& for any 7 < cn™7, and therefore
(G,) is not j-cohom-connected in the interval [0, cn~7]. Furthermore, another second moment
argument shows that if C' is large enough, whp G; = G(n, p) contains Q(n’"2) isolated j-
simplices. Conditioned on its presence in G, the probability that an isolated j-simplex was
already present in G,,—; is at least cn~/ independently for each such simplex, and therefore
with high probability one of these was present throughout the entire range 7 € [cn™,1]. In
other words, either the presence of isolated k-simplices for some k£ < j — 1 or of isolated j-
simplices ensure that whp the process is certainly not j-cohom-connected until the time when
it has a complete j-skeleton. Therefore we may increase py, for all £ > j + 1 by the same factor
(equivalent to decreasing p;) until p, = CIZ%’_Z]. for some k without affecting which appearances
of simplices cause the process becomes j-cohom-connected. In other words, we may assume
that o, > 0 for some ky > j + 1.
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3.2.3 Lower bound on pg: Justifying 74, < oo

Furthermore, we may assume that each non-zero probability pj is not ‘too small’, or in other
words that any p;, which is very small is in fact 0. More precisely, we have shown the existence
of an index ko with ay,, # 0, which implies that py,, = (2% ). Now if pj, < n~(F+ko=3+D),
then a simple first moment calculation shows that whp all ky-simplices are born (and so in
particular the complex is j-cohom-connected) before any k-simplices are born. Thus we may
set pr, = 0 without affecting when the process is j-cohom-connected. Therefore we may assume

that

A = sup{y € R | ppn" 77 = o(1)} (8)
exists for every k£ with j < k£ < d and p;, # 0. By the existence of the limit in (7), we have
Y = 0.

3.2.4 Fine-tuning
Finally, let Bk be the function of n for which

PR Uk Y] ©)

nk—Ji+k

Note that the function j3;, might be negative if &, # 0.

3.2.5 j-admissibility

So far we have only ensured that properties (A1)—(A3) hold for j < k < d (note that (A4)
is independent of k). To show that we may assume that these properties also hold for 1 <
k < j — 1, we use a similar argument to the one in Section 3.2.2: if for some k € [j — 1]
we have p, > Cn/~*logn for some sufficiently large constant C, then whp (G,) contains an
isolated 7-simplex for some i € [k]y (and is therefore not j-cohom-connected) until the moment
when it has a complete k-skeleton. Therefore we may decrease py to Cn/~*logn without
changing when the process becomes j-cohom-connected. In other words, we may assume that
Pr = O (%22 ), and thus also that ay, By, 34 are well-defined, and properties (A1)~(A3) follow.

3.2.6 j-criticality

It only remains to justify the assumptions of Definition 3.3. These properties can also be guar-
anteed by appropriate scaling of p.

To see this, observe that scaling p by a constant C* also scales the &y, by the same factor C*,
while leaving the 7, unchanged. Thus if we let p = C”*p, where p is a j-admissible direction,
since ay, > 0, we have

Ae=J+1—3,—06(C").
Thus by choosing C* large enough, we can ensure that \;, < —1 for all £ > j. Since \; logn
is the main term in \logn + fi;, + 7y, this would mean that (C1) certainly holds if C* is
large enough. On the other hand, since 4, = Y, = 0, if C* is small enough we have )\, >
J+1- % > 0, i.e. at least one of the ), is positive. By continuity, we may choose C* such
that (C1) and (C2) both hold.
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4 Hitting Time Theorem: proof of Theorem 1.4

In this section, we provide an outline of the most important auxiliary results of the paper and
show how together they prove the Hitting Time Theorem (Theorem 1.4). These auxiliary results
are proved throughout the rest of the paper.

4.1 Hitting time and subcritical case

To prove Theorem 1.4 (a), recall that 77 is the birth time of the simplex whose appearance causes

the last copy of M]  for any j < k < d to disappear, where the definition of M .k appears in
Section 5. We want to show that this happens at around time 7 = 1. More precisely, we will
prove the following.

Lemma 4.1. Let w be a function of n that tends to infinity as n — oo. If p is a j-critical
direction, then whp

1—

<71 <1 :
logn i * logn

Statement (a) of Theorem 1.4 will follow directly from Lemma 4.1, which is proved in
Section 7. Indeed, we will prove a slightly stronger result (Lemma 7.1).

For the subcritical case (i.e. statement (b)) of Theorem 1.4, we first determine the threshold
for topological connectedness of G(n, p), i.e. for when H°(G(n,p); R) = R.

Lemma 4.2. There exist positive constants ¢~ = ¢~ (d) and ¢* = ¢*(d) such that
(a) whp G(n,p) is not topologically connected if pj, < <&~ for all k € [d];
(b) whp G(n, p) is topologically connected if py, > Clﬂ for some k € [d].

In terms of hypergraphs, Lemma 4.2 provides the order of p; when the non-uniform random hy-
pergraph G(n, p) becomes vertex-connected. Corresponding and far stronger results are well-
known for uniform random hypergraphs, but the non-uniform case does not seem to have been
considered in the literature. The proof of Lemma 4.2 (a) combines known results about vertex-
connectedness of random uniform hypergraphs with a straightforward adaptation of the classical
proof of connectedness of random graphs. We include the proof in Appendix A.1 for complete-
ness.

Remark 4.3. In fact, with a slightly more careful extension of the argument, one could streng-
then Lemma 4.2 to give the exact threshold. More precisely, if p, = C’“i# for k € [d], where
each ¢, may now be a function in n, then G(n,p) contains isolated vertices whp provided
z o =1~ w(l —), whereas G(n, p) is topologically connected whp if Zk =14

). We omit the detalls

w< logn

In particular, Lemma 4.2 will imply that for every sufficiently small £ > 0, whp the process
(G-) is not topologically connected, and thus also not j-cohom-connected, for every 7 € [0, 5].

In order to cover the whole interval [0, T;-k), the following result, whose proof is in Section 8§,
will be key.
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Lemma 4.4. Let € > 0 be a constant and define

Then, whp H(G,; R) # 0 for every 7 € [;(e).

To prove Lemma 4.4 we will show that whp, for any 7 € I;(e) there is an index k& with j <
k < d such that a copy of the minimal obstruction Mj,k exists in G,. In fact, we will show that
whp just three minimal obstructions exist in ranges which together cover /;(¢) (Lemmas 8.1,
8.3, and 8.4).

For the remaining range of the subcritical interval [0, 7} ), we want to consider the cohomol-
ogy groups H'(G,; R) with i € [j — 1] and determine in which subintervals they do not vanish,
i.e. we want to find an analogue of Lemma 4.4 for H(G,; R). To do this, we need to show that
starting from a j-critical direction p we can use an appropriate rescaling to obtain an ¢-critical
direction.

Lemma 4.5. If p is a j-critical direction, then for each ¢ € [j — 1] there exist a constant 7 =
n; > 0 and a function € = ¢;(n) = o(1) such that the vector L-p is an i-critical direction.

ni—*

Although Lemma 4.5 is intuitively obvious, the proof requires carefully balancing the values
of 77 and € so that (C1) and (C2) in Definition 3.3 will be satisfied with j replaced by 7, which
involves rather tedious computations. We therefore delay the proof until Appendix A.2.

Using Lemma 4.5, for general i € [j] we can consider the hitting time 7;* for the disappear-
ance of the last minimal obstruction Mlk More precisely, for the j-critical direction p as in
Theorem 1.4, consider the process (G-) = (G(n, TD))rc[0,mmay] and for each i € [j] let

*

77 = sup{r € Ry | G, contains a copy of Mi,k for some k with i < k < d}. (10)

2

Observe that for 7 = j, this matches the definition of TJ’.“ in Theorem 1.4. We derive the following
result from Lemmas 4.1, 4.4, and 4.5.

Corollary 4.6. Let € > 0 be a constant and ¢ € [j]. Define

6 *
Ii(e) = [Wﬁi) :
Then, whp
(@) H'(G,; R) # 0 for every T € I;(¢);

n+o(1)
ni=t *

(b) there exists a positive constant 77 = 7; such that 7 =
Indeed, Lemma 4.1 implies that » = n; = 1 for 7 = j in statement (b) of Corollary 4.6.

Proof. For any i € [j — 1], by Lemma 4.5 we can appropriately scale p to obtain an i-critical

direction gf, <p. Thus, by Lemmas 4.4 and 4.1 applied with j replaced by ¢, we obtain (a) and
(b), respectively.
For i = j, Lemmas 4.4 and 4.1 apply directly to p. U
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4.2 Supercritical case

In Theorem 1.4 (c) we consider 7 € [Tj*,TmaX]. By definition of Tj*, we know that whp in
this range there is no copy of the minimal obstruction ]\ij,k to j-cohom-connectedness for any
J < k < d, but we also have to exclude other types of obstructions. Indeed, in Section 9 we

prove the following.
Lemma 4.7. Whp for every 7 € [T/, Tiax), We have H7(G,; R) = 0.

Observe that since the choice of j was arbitrary, Lemma 4.7 also holds when j is replaced
byany: € [j — 1].

4.3 Proof of Theorem 1.4

We now apply the auxiliary results of Sections 4.1 and 4.2 to prove the Hitting Time Theorem
(Theorem 1.4).

(a) Fix a function w of n which tends to infinity as n — oco. To show that whp 7 = 1 +
o(w/logn), it suffices to apply Lemma 4.1 with any function w’ which tends to infinity but
satisfies w’ = o(w), e.g. picking w’ = /w will suffice.

(b) For € > 0, define

Iy(e) = [O, %}

By definition of j-admissibility (Definition 3.1), for every k € [d] we have p;, = O(logn/n*=7).
Thus, by Lemma 4.2 we can choose ¢ small enough such that whp

for every 7 € Iy(e), H°(G.;R) # R. (11)

Now consider the intervals /;(¢). By Corollary 4.6 (b), we can choose ¢ small enough
(namely ¢ < n; for every i € [j — 1]) such that whp for each such i

L) N Lin(e) = [ —5.77) #0.

and thus ;
U_,Zite) = 10.7)). (12)

By Corollary 4.6 (a), for any ¢ > 0 whp H'(G,; R) # 0 for every 7 € I;(¢). Thus, by
choosing ¢ such that conditions (11) and (12) hold simultaneously, whp the process (G, ) is not
j-cohom-connected for all 7 € [0, 7}), as required.

(¢) Recalling that p, = O(logn/n*=9) for any k € [d] by Definition 3.1, Lemma 4.2 implies
that we can find a positive constant ¥ such that whp H°(G.; R) = R for every 7 € [%, Tiax) s
which whp contains the interval [}, Tiax] by Lemma 4.1.

Furthermore, by Lemma 4.7 applied for every i € [j], whp H'(G,; R) = 0 for every 7 €
(77, Tmax)» Which contains [77, Tiax] by Corollary 4.6 (b). Thus, whp the process (G;) is j-
cohom-connected for every 7 € [T}, Tiax), as required. Ll
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5 Minimal obstructions

In this section we define copies of ijk (Definitions 5.3 and 5.4) and we explain why these
objects can be interpreted as minimal obstrucions to j-cohom-connectedness.

For the rest of the paper, let j € [d — 1] be fixed. We first introduce the following necessary
concepts.
Definition 5.1. Given k > jand a (k + 1)-set K, a (j + 1)-set J C K is K-localised if every
simplex o with J C o is such that o C K.

Note that we do not demand that J is a j-simplex—if it is not, then it is trivially K -localised
for any K DO J since there is no simplex o O J.

Definition 5.2. Let k be an integer with 7 < k£ < d. Given a k-simplex K in a d-dimensional
simplicial complex G, we say that a collection F = {F,..., P,_;} of j-simplices forms a
J-flower in K (see Figure 1) if

.
(F1) K =UZ) B
(F2) there exists C' with |C'| = j that is contained in P; for every i € [k — j]o.

We call the j-simplices P; the petals and the set C' the centre of the j-flower /. When j is clear
from the context, we often refer to the j-flower F simply as a flower.

K T K
wl \. , wl N\
¢ 1 |
(a) (b) (©

Figure 1: Examples of j-flowers in a k-simplex K, fork =3 and j = 1,2, 3.

(a) The 1-flower in K with centre C' = {¢;} (bold black) and petals P, = C' U {w;},i =0,1,2
(grey).

(b) The 2-flower in K with centre C' = {¢;, ¢o} (bold black) and petals P, = C' U{w;},7=0,1
(grey).

(c) The 3-flower in K with centre C' = {c;, o, c3} (bold black) and the unique petal Py, =
CU{we} = K (grey).

Observe that for each k-simplex K and each (j — 1)-simplex C' C K, there is a unique
j-flower in K with centre C', namely

F(K,C) == {CU{w} |we K\C} (13)

The flower F (K, C') could equivalently be described as the join of the (j — 1)-simplex C' with
the k + j — 1 vertices of K \ C. Note that if k£ = j, then any choice of a centre C' C K produces
the same flower F(K,C) = {K}.
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Definition 5.3. Let k be an integer with j +1 < k < d. We say that a 4-tuple (K, C, w, a) forms
a copy of M, . (see Figure 2) in a simplicial complex G if

(M1) K is a k-simplex in G;

(M2) C'is a (j — 1)-simplex in K such that every petal of the flower ¥ = F(K,C) is K-
localised;

M3) we K\ Canda € [n]\ K are such that C U {w} U {a} is a j-shell in G.

We call the j-simplex C' U {w} the base and a the apex vertex of the j-shell C' U {w} U {a}.
Every other j-simplex in the j-shell C' U {w} U {a} is called a side of the j-shell.

Figure 2: A copy of Mj,k’ fork=4and j = 2.

(a) The k-simplex K contains the flower F(K,C') with centre C' = {¢1, 2}, whose petals
CU{w}, CU{z}, and C U {y} are not present in any simplex which is not contained in K.
(b) The (j + 2)-set C U {w} U {a} is a j-shell with apex vertex a ¢ K and whose base is the
petal C' U {w}.

We aim to give an analogous definition for the case £ = j and it will be convenient to use
unified terminology. However, as observed before, if K is a (j+1)-set, then a j-flower F (K, C)
is always equal to K itself, independently of the choice of the centre C' in K. In particular, in
this case condition (M2) simply says that K is an isolated j-simplex in G, i.e. a j-simplex that
is not contained in any other simplex of G. This means that given K, the sets that would be
required to be simplices or not in G do not change for different choices of the centre C', and
therefore we do not want to consider two copies of ]\Z/j,j to be distinct if they share the same
j-simplex but have different centres. For this reason, to define M, ; we will use the following
‘canonical’ choice for the centre.

Definition 5.4. We say that a 4-tuple (K, C, w, a) forms a copy of Mj,j in G if
e K isan isolated j-simplex in G;

e a € [n]\ K issuch that K U {a} isa j-shell in G;
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e ( consists of the first j vertices of K in the increasing order on [n], and w is the last
vertex of K in this order.

The notions of base, apex vertex, and side are analogous to Definition 5.3.

It is easy to see that a copy of Mj,j in Definition 5.4 satisfies conditions (M1)-(M3) of
Definition 5.3.

Let us now define a ‘reduced’ version of Mj,k’ denoted by M; s, by omitting the condi-
tion (M3) on the j-shell C'U {w} U {a} in Definitions 5.3 and 5.4.
Definition 5.5. Let k be an integer with j + 1 < k < d. A pair (K, C) is called a copy of M;,
if it satisfies the following conditions.

(M1) K is a k-simplex in G;

(M2) C'is a (j — 1)-simplex in K such that every petal of the flower F = F(K,C) is K-
localised.

Similarly to M, we also define an analogous concept for the case k = j.
Definition 5.6. A pair (K, C') is called a copy of M, ; if

e K is an isolated j-simplex;
e ( consists of the first j vertices in K in the increasing order on [n].

We will see later (Corollary 6.4) that the shell required for (M3) in Definition 5.3 (and the
analogous condition in Definition 5.4) is very likely to exist if 7 is ‘large enough’, which will
be the case well before the critical range for the disappearance of A/; ;. Thus the presence of
M ;& and of M ;. are essentially equivalent events for sufficiently large 7, allowing us to switch
our focus to the simpler M ;.

We also define the following random variables, which we will later use to count the number

of minimal obstructions in the complex (e.g. Lemma 5.14).
Definition 5.7. For j < k < d, let

Xir = X;x(r) := |{ copies of M in G, }|

and

Xj,k = X;i(1) := |{ copies of Mj,k ing, }|

We now justify our interpretation of Mj,k as a minimal obstruction to j-cohom-connected-
ness, first observing that it is certainly an obstruction (Corollary 5.10). To show this, we define
a j-cocycle which is not a j-coboundary—the function we choose will depend only on the
underlying copy (K, C) of M.

Definition 5.8. Let M = (K, C') be a copy of M, in a simplicial complex.
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(a) We denote by Ord(K, C) the (unique) ordering vy, ..., v,_; of all vertices in [n] such
that C' = {vg,...,v;_1}, K = {vg,..., v}, and furthermore the vertices within C,
within K\ C, and within [n] \ K are ordered according to the increasing order in [n].

(b) Given Ord(K,C), for any r € R we define the following j-cochain fy;,. For every
ordered j-simplex o = [vy, ..., v;,] with iy < --- < i;, we set

r ifoeF(K,C) ieig=sfor0<s<j—1landj <i; <k,
fM,r(U) =

Or otherwise,

and we extend this function to all j-simplices with different orderings so as to obtain a
j-cochain.

Proposition 5.9. Let M = (K, C) be a copy of M, in a simplicial complex G and let f be a
j-cochain whose support is contained within the flower F (K, C'). Then the following hold.

(a) The j-cochain f is a j-cocycle if and only if f = f);, for some r € R.

(b) Suppose that there exist w € K \ C' and a € [n] \ K such that (K, C,w, a) is a copy of
M, in G. Then f is a j-cocycle but not a j-coboundary if and only if f = fy, for some
re R\ {OR}

Proof. (a) First observe that if £ = j then F(K,C) = {K} and K is an isolated j-simplex by
Definition 5.6. Hence a j-cochain with support contained in K is necessarily of the form fy; .,
where r € R is the value it assigns to (the appropriate ordering of) /, and is a j-cocycle since
no (j + 1)-simplex contains K.

Now consider k with & > j+1. Let K = {vy, ..., v} and C = {wy,...,v,;_1} according to
Ord(K, C), and let pbe a (j+1)-simplex. By (M2), (87 f)(p) = O follows immediately unless
C C p C K. We may therefore assume that p = {vy, ..., v;_1,v;,0;, }, with j < iy <y < k.
Then we have

(6]f)(p) = (_1)jf([vl)7 <o Uj—1, 'Uiz]) + (_1)j+1f([U07 <o Uj-1, Uh])'

This implies that f is a j-cocycle if and only if on each petal [vy, ..., v;_1,v;] with j <@ < &,
it takes the same value r € R, i.e. f = far,.
(b) If f is a j-cocycle and not a j-coboundary, by (a) we already know that there exists r € R
such that f = fy,. If r = Op, then f = O and thus f is a j-coboundary, a contradiction.
Conversely, if f = far, for some r € R\ {Or}, then f is a j-cocycle by (a). Furthermore,
property (M3) in Definition 5.3 implies that C' U {w} U {a} is a j-shell that meets the support
of f in precisely one petal, namely in C' U {w}. Thus Lemma 2.2 yields that f is not a j-
coboundary. O

Corollary 5.10. Suppose that in a simplicial complex G the 4-tuple M = (K,C,w,a) forms a
copy of M; ;. Then H’(G; R) # 0.
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Proof. For any r € R\ {Or}, the function f);, defined in Definition 5.8 is a j-cocyle but not
a j-coboundary by Proposition 5.9 (b), i.e. the cohomology class of fj, is a non-zero element
of H(G; R). O

The next lemma shows that copies of M ;.1 are also (in a natural sense) minimal obstructions.
Given a k-simplex K and a collection S of j-simplices, define Sk to be the set of j-simplices
of § contained in K.

Lemma 5.11. Let S be the support of a j-cocycle f in a d-complex G. Then for each k£ with
7+ 1 < k < dand each k-simplex K,

(a) either Sx = P orboth [Sk| =k —j+1and U, s, 0 = K
(b) if |Sk| = k — j + 1, then S forms a j-flower in K.

Note in particular that Lemma 5.11 implies that the support S of any non-trivial j-cocycle
satisfies at least one of the following three properties:

e Sy is empty for every k-simplex K
o IS|=k—j+2
e |S|=Fk—j+ 1and S forms a j-flower in some k-simplex K.

Since in the third case a j-shell containing a petal, with its single additional apex vertex, is the
simplest (though by no means the only) way of ensuring that the corresponding j-cocycle is not
a j-coboundary, this justifies why a copy of Mjﬁk may be considered a minimal obstruction to
the vanishing of the j-th cohomology group.

Proof of Lemma 5.11. (a) Suppose Sx # ) and let oy € Sk. Denote the vertices of oy and
of K\ o¢ by ug,...,u; and by vy, ..., v,_;, respectively. For each ¢ € [k — j], the ordered
(j+1)-simplex [ug, . . ., u;, v;] has to be mapped to O by ¢7 f and thus the underlying unordered
simplex o U {v;} contains some j-simplex o; € Sk \ {00}, which therefore contains v;. The
simplices oy, ..., 05—; are distinct, because each v; lies in o; but in no other 0. Therefore
|Sk| >k —j+1and

kj
K 2 Ui:O g; 2 oo U {'Ul, Ce ,’Uk,j} = K.
(b) Suppose now that S = {0y, ..., 04—} with 0y, ..., 05_; defined as above. For 2 < i <
k — j (if such indices exist), the (j + 1)-simplex ¢ := o7 U {v;} contains oy, but no o, with
i’ ¢ {1,i}. By the choice of f as a j-cocycle, 4’ f maps each ordering of o to 0y and thus o has
to contain at least two elements of Sk, implying that o; C o. This means that

o1No; =0\ {v,v;} =09No.

As this holds for all 7, Si forms a flower in K with centre C' = o N o07. O]
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The proofs of our main results (Theorems 1.4 and 1.5) are significantly more difficult than
might naively be expected due to the fact that both the presence of copies of Mj,k and j-
cohom-connectedness in G, are not monotone properties. Indeed, we observe that in Defini-
tion 5.3 while (M1) and (M3) are monotone increasing properties, property (M2) is monotone
decreasing. Thus, in principle the random process (G, ) could oscillate between being j-cohom-
connected or not, as the following example shows.

Example 5.12. We consider the case 7 = 1. Let G be the simplicial complex on vertex set
{1,2, 3,4} generated by the hypergraph with edges {1, 2}, {2, 3}, and {3, 4}, as in Figure 3. It
is easy to see that G is 1-cohom-connected and thus contains no copies of M 1k forany k& > 1. If
we add the 2-simplex {1, 3,4} (and its downward-closure) to G, the 4-tuple ({1, 3,4}, {3},1,2)
creates a copy of MLQ and thus we obtain a complex G’ which is not 1-cohom-connected.
Adding the 2-simplex {1, 2,3} to G’ yields the complex G” which is again 1-cohom-connected
and thus contains no copies of MLk forany k£ > 1.

2 1 2 1 2 1
3 4 3 4 3 4
g g’ g"

Figure 3: Adding simplices might create new copies of M ;& or destroy existing ones.

In order to determine the critical range for the disappearance of copies of M;;, in Lem-
ma 5.14 we will calculate the expectation of X, i.e. the number of copies of M;; (Defini-
tion 5.7). We first estimate the probability of (M2). Define

_ N d = (nfzﬂ)

a=a.n.5) = [, a-p)t) (14)
Observe that g is the probability that a given set of 7 4 1 vertices (which may or may not form a
j-simplex) is not in any k-simplex of G(n, p) (i.e. at time 7 = 1) for any k£ > j + 1. Moreover
if p is a j-admissible direction, by Definition 3.1 we have

g=(14+o(1))exp (— ZZ:jﬂ (ézk logn + %)) , (15)

because by (A1) at least one of &y, 7 1s zero and thus T?TIZ = Qy.

The next lemma implies that for any 7 = O(1), the probability of (M2) in G, is approxi-
mately g "*~7+1)_we state the lemma in a slightly more general setting, since we will need to
apply it in different situations (for example when calculating the second moment of X ;).

Proposition 5.13. Let 7 = O(1) and let p = (p1,...,pq) = 7P for a j-admissible direction p.
Let J be a collection of O(1) many (j + 1)-sets in [r] and let S be a collection of O(1) many
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sets of vertices of size between j + 2 and d + 1. Let A be the event that no (j + 1)-set of 7 lies
in any k-simplex K of G, with j + 1 < k < dand K ¢ S. Then

P(A) = (1+o(1))g™!.

The proof of this proposition is a straightforward asymptotic computation and appears in Ap-
pendix A.3. We now apply Proposition 5.13 to calculate the expectation of X, for 7 = O(1).
. n nk+1
Suppose first that £ > j + 1. There are (k+1) (k}q) = (1 + o(1)) 555713 Ways to choose
a pair (K, C) that might form a copy of M;;. The (k + 1)-set K forms a k-simplex in G,
with probability pj (recall that p, < 1 by Remark 3.2). By Proposition 5.13 applied with
J = F(K,C) being the set of petals and with S = {0 C K : |o| > j + 2}, the probability
that (M2) holds is (1 + o(1))g "*=7+1), Therefore,
N Pk - r(k—j+1)
E(X;s) = (1+o(1))- g, (16)
The case k = j is very similar, but for a pair (K,C) to form a copy of M, ; we only
require that the set K is an isolated (j + 1)-simplex, since the centre C' is uniquely defined
(see Definition 5.6). On the other hand, we need to be careful if p; > 1, since then p; must be
replaced by 1 in any probability calculations. We have

n* mingp;, 1}
(7 +1)!
In the next lemma we use (16) and (17) to obtain an explicit expression for log (E(X x)), which

we will need in Section 6. Recall that given a vector p, the parameters A\, j, and v are as
defined in Definition 3.4.

Lemma 5.14. Let p = (p1,...,pq) = 7p for a j-admissible direction p, where 7 = O(1), but
7 = Q(n~°) for some positive constant c. Then the number X, ;. of copies of M ;. in G, satisfies

E(Xj;;) = (1+o0(1)) (17)

log (E(X; %)) = A logn + pg + vi, + o(1)
forall j < k < d with p # 0.

Proof. Observe that in Definition 3.4, oy, and -, exist, because 7 = O(1) and 7 = Q(n~°),
respectively. Thus, A, jux, and v, can be defined analogously to (4). Moreover, since a;/n? =
a; for each j + 1 < ¢ < d by (A1) in Definition 3.1, we have

d

g™ 2 (1+o(1)) exp <_T Zi=a‘+1 (ai st ’i»
2 (140(1))exp (_ Zj:jﬂ Tpi%)
e (-3

d

= (I1+o(1))exp (— Zizjﬂ (ai logn + nﬁ';)) . (18)
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Suppose first that £ > j + 1. Recall that in this case p;, < 1 by Remark 3.2. Furthermore,
we observe that

"oy 0T (g logn 4 B)
Uk —j+1) jfk—j5+1)
by Definition 3.4. We thus have

19)

k+1
) E(X, (2)1 1 1 n-" Pk —7(k—j+1)
(19)

= (j+1—)logn + log(aglogn + Bx) — log(j!) —log(k —j + 1)
+(k—j+1)log(q") + o(1)

A (o d ,

_(j+1 Y — (k ]+1)Zi:j+10@)10gn

—k-i )Y P ogagtogn + )

i=j+1 i
—log(j!) —log(k —j+ 1) 4+ o(1).

Now (4), together with the fact that p;, < 1, implies that
log (E(X;x)) = Aglogn + px + vk + o(1),

as required.
If k£ = j, substituting (18) into (17) we have

s - o )y (0 (b ).

Therefore we obtain

log(E(Xj,)) = (j +1- Zj:jH ai) logn + Zj:jﬂ nﬁ; —log((7 + 1)!)

+ log (min{p;, 1}) + o(1). (20)

We first consider the case when p; < 1, in which case by Definition 3.4 we have a; = 0,
and so
Bi

log (min{p;,1}) = log p; = log (Tv) = —;logn + log 5.

Substituting this into (20), we obtain

log(E(X;,)) = (j+1-7 -3 ar)logn+Y " 2

e + log j3;
—log((j + 1)1) + o(1)

= \jlogn + p; + v +o(1)
as required.
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On the other hand, if p; > 1, then we must have ; = 0. Furthermore,

log (min{p;,1}) =log1 =0,

and therefore (20) gives

log(E(X;,)) = (7 +1-3"" _ ai)logn+>" P og(( + 1)) + o(1)

ny
= \jlogn + p; +v; 4+ o(1)

since we are in the case when & = j and p; > 1. 0

Recall that in our main Theorems 1.4 and 1.5 we consider a j-critical direction p which in
particular is a j-admissible direction (cf. Definitions 3.1 and 3.3). Thus Proposition 5.13 and
Lemma 5.14 are applicable. By Lemma 5.14, heuristically the critical range for the disappear-
ance of copies of M, is when A\, logn + p, = O(1), thatis, Ay, = 0 and g, = O(1). This
justifies the conditions (C1) and (C2) in Definition 3.3, which together with Lemma 5.14 yield
that for p = p,

E(X;z) =14+0(1) and E(X;;) <1+ o(1) for all other indices k. (21)

In other words, heuristically p is in a critical range for the disappearance of copies of M, ,
while for all other k, p is either in or already beyond the critical range for the disappearance
of copies of M, ;. We will see later (Corollary 6.4) that in this range, whp all copies (X, C) of
M, ;. can be extended to copies (K, C,w, a) of Mj,k. Thus p is also in the critical range for the
disappearance of minimal obstructions.

Recall that in Theorem 1.4, we consider

77 = sup{T € Ry | G, contains a copy of Mj,k for some k with j < k < d}.

In other words, 7} is the scaled birth time of a simplex whose appearance causes the last minimal
obstruction to disappear. We denote the dimension of this obstruction by /, i.e. let £ be the index
such that this obstruction is a copy of ]\ij,g. For future reference, we collect the definitions of
the special indices k, ko, ¢ which we have fixed so far.

Definition 5.15. Let k, ko, ¢ be integers such that
(@) j <k < dand \;logn + fip + 7 = 0 (see (C2));
(b) j+ 1< ko <dand ay, # 0 (see (A4));

(c) at time T/, a (last) copy of M ;¢ vanishes.
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6 Finding minimal obstructions

To prove Lemma 4.4, the strategy is to show that whp a copy of ijk (for some 7 < £k < d)
exists in G, for every 7 € I;(¢) = [¢/n, 7). Therefore in this section we study the behaviour
of the minimal obstructions M .

We start by showing that at the beginning of the interval /;(¢) we will already have a growing
number of copies of M . ko» Where kg is as in Definition 5.15 (b).

Lemma 6.1. Let ¢ > 0 be constant. If 7 = £, then whp G, = G(n, 7p) contains ©((log n)’*?)
copies of M i.ko Whose associated copies of M ;, are all distinct.

The proof of Lemma 6.1 is a standard but slightly technical application of the second moment
method and similar ideas were used in [13, Proof of Lemma 4.4]. We therefore postpone the
proof to Appendix A.4.

In Lemma 6.3 we will show that in a range closer to criticality (i.e. for 7 closer to 1) j-shells
are very likely to exist. In order to formulate the statement, we first define the operation of
‘adding a simplex’.

Definition 6.2. Given a complex G on vertex set V' and a non-empty set B C V, we define
G + B to be the complex obtained by adding the set B and its downward-closure to G, i.e.

G+B = Guf2”\ {0}}.
Observe that if B is already a simplex of G, then G + B = G.

Lemma 6.3. For every ¢ > 0 there exists a constant ¢ > 0 such that if 7 > @, then whp for
every (j + 1)-set B, the complex G, + B contains at least (n many j-shells that contain B.

Proof. Let Ly, Lo, ..., L;j;, be the j-sets contained in 5. We are interested in the vertices
a € [n] \ B such that B U {a} forms a j-shell in G, + B, i.e. such that L; U {a} is a j-simplex
in G, for every i € [j + 1]. We only consider a certain type of such j-shells, obtaining a lower
bound on their total number.

Let A, D C [n] be disjoint sets, both of size [n/3] and disjoint from B. Recall (Defini-
tion 5.15 (b)) that £y is an index with j +1 < k¢ < d such that &, = 0. We consider (potential)
j-shells B U {a} formed in the following way:

o the (apex) vertex a is in A;
e foreachi € [j+1] there exists aset R; C D, with |R;| = ko—j, such that L;U{a} forms a

j-simplex in G, (and thus also in G+ B) as a subset of the kq-simplex R, := L;U{a}UR;
with scaled birth time at most 7 (i.e. with birth time at most p, = 7Dk, ).

Since a different choice of the triple (L;,a, R;) never gives the same simplex R;, we have
independence in the following calculations.
For fixed L; and a, the probability that no such R; exists is

1= <o (= ()

(V) € Vf €
< (o) exp (- 55 ) <exp (=52, (22)
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where we used that by (A3) we have 3, = o(logn) since 7, = 0.
For any a € A, let E, be the event that BU{a} is a j-shell in G, + B. Using (22), we obtain

dk()e ]+1 .
P(E,) > (1 — exp <4To)> =:c>0.
Since the events F, are independent, the number of such j-shells dominates Bi([n/3], c).
By Chernoff’s bound, we have

]P’(Bi([n/?)],c) < (n) < exp (—%ﬁ) = exp (—% (c— 3()2) :

Choosing 0 < ¢ < ¢/3 and by taking a union bound over all possible choices for the set B,
we obtain that the probability that there are less than (n many j-shells containing B is bounded

above by
n n 2
(1) e (~gn = 507) =otw),

as required. 0

As an immediate corollary, we obtain that in this range, whp every copy of A, can be

extended to a copy of ijk, allowing us to consider just copies of M; as obstructions to j-
cohom-connectedness.

Corollary 6.4. Let e > ( be constant and consider the process (G, ). Then whp any copy (K, C)
of M; which exists in G for any 7 > = can be extended to a copy (K,C,w,a) of M; in
G-.

Proof. Let (K, C') be any pair of sets that could form a copy of M, i.e. K isa (k + 1)-subset
of [n] and C'is a j-subset of K (and, if £ = j, then C' consists of the first j vertices of K in the
increasing order on [n]). Fix any vertex w = wg ¢ € K \ C. Lemma 6.3 implies that at time
T = poa7» Whp for all such pairs (K, C'), there are linearly many j-shells in G; + (C'U {w})
that contain C' U {w}. For each (K, C), only O(1) many of these j-shells can be subsets of K.
Therefore there exist vertices a = axc € [n] \ K and w = wg e € K \ C such that whp,

for every pair (K, C'), the sides of the j-shell C' U {w} U {a} are all present as j-simplices in

Qlogn , and therefore for any 7 > 1o§n such that the pair (K, C') forms a copy of M, in G,, also
(K,C,w,a) forms a copy of Mj,k in G,. O

The following proposition describes more precisely the parameters in Definition 3.4 for
p = 7p and 7 ‘close’ to 1, in terms of the analogous parameters defined in (3) and (4) for p.

Proposition 6.5. Let 7 = 1+ £ with £ = £(n) = o(1) and let p = 7p. Then forall j < k < d
with p, # 0,

ap = Oy, B = (14 &) B + axélogn, Y& = Vi,
_ d
)\k = >\k; i = Wi — (1 + O(l))(k‘ —j + 1)5 Zi:j—H Q; log n, Vi = V.
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The proof of Proposition 6.5 consists of straightforward, but tedious computations, and is there-
fore postponed to Appendix A.S5.

We derive the following corollary about the expected number of copies of M ;. in the critical
window, which will be crucial for the proof of the Rank Theorem (Theorem 1.5).

Corollary 6.6. Let ¢ € R be a constant and suppose (¢, ),>1 is a sequence of real numbers such

that ¢, D7 e LetT = (1 + locgnn> and p = 7p. Then for any £ with j < k£ < d,

E(X,,) = (14 o(1)) exp(jix + vk + c(3 — j — 1)) if k is a critical dimension,
PR o(1) otherwise.

Proof. For any j < k < d, Proposition 6.5 applied with £ = = tells us that

logn
A = A i — (14 o(1)(k—j+1 T ; 23
k= Ak, pr = i — (1+0(1))(k —j + )anizjﬂau Vg = Uy. (23)
If £ is not a critical dimension, by Definition 3.3 and Lemma 5.14 we have
log (E(X;x)) = A logn + iy + 1y 4+ o(1) — —o0,

where X ;, denotes the number of copies of M, in G(n, p) (i.e. for 7 = 1) and thus E(X ;) =
o(1). Hence, by applying Lemma 5.14 at time 7 we have

E(X;4) 2 (1+ 0(1)E(X;4) = o(1),

as required. B
If & is a critical dimension, we have A\, = 0 and i, = O(1) (see Definition 3.6). Thus by
Lemma 5.14 we have
E(Xkr) = exp(Aglogn + pu + v, + o(1))
@3) exp(fiy + V)
2 (1 4+ o(1)) ‘ —
€xXp ((k ) + 1)Cn Zi:j-ﬁ-l az’)

= (1+o0(1)) exp(pur + vk + (e — 5 — 1)),

where we are using that 0 = A\, = j + 1 — 4, — (K —j + 1) Zf:jﬂ Q. O

As the last result of this section, we show that for 7 slightly less than 1, whp we have many
copies of M; .
Lemma 6.7. Let wy = wy(n) = o(logn) be a function that tends to infinity and let 7 =
<1 — wio) Then there exists a constant ¢ > 0 such that for any critical dimension £ > 7,

clogn

whp there are at least exp(=>>*) many copies of M in G;.

The proof is similar to the proof of Lemma 6.1, although the second moment calculation is
significantly simpler without the j-shell of M; ;, and can be found in Appendix A.6.
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7 Determining the hitting time: proof of Lemma 4.1

In this section we consider the hitting time 7 for the disappearance of the last minimal obstruc-
tion, i.e.

77 1= sup{T € Ry | G, contains a copy of M ;, for some k with j < k < d},

as defined in Theorem 1.4. We will show that whp this happens at around the claimed threshold
7 =1 (Lemma4.1).

Consider the time
f 1 log logn

’ 10dlogn’

and let 7 be the first scaled birth time larger than 7’ such that there are no copies of M ik in G
Lemmas 6.3 and 6.7 tell us that whp G,/ contains a growing number of copies of M, thus by
definition of 7 we have 7" < 77. The following main result of this section says that they are in

fact equal whp, and indeed whp both are close to 1.

Lemma 7.1. Whp 77 = 7". Furthermore, suppose w is a function of n that tends to infinity as
n — oo. Then, whp

1— <T]’.*<1+

logn logn
Observe that Lemma 4.1 is an immediate corollary of Lemma 7.1. To prove Lemma 7.1, we

will need one further concept and some auxiliary results.

Definition 7.2. Given an integer k£ with j < k£ < d, a k-simplex K is called a local j-obstacle if
it contains at least £ — j + 1 many j-simplices that are K -localised.

In particular a j-simplex is a local j-obstacle if and only if it is isolated. More generally,
any copy of M, for j < k < dis certainly a local j-obstacle, although a local j-obstacle is not
necessarily an obstruction to j-cohom-connectedness.

Lemma 7.3. Whp, for all 7 > 7/, every local j-obstacle in G, also exists in G,

Proof. We will prove the statement for local obstacles of size k£ + 1, for some j < k& < d. The
lemma then follows by applying a union bound over all k.

We first note that by Remark 3.2, p,, < 1if £k > j + 1. On the other hand, if £ = j
and p; > % = 1+ o(1), every j-simplex is present in G,» deterministically, and therefore the
statement of the lemma trivially holds.

Thus in the following we may assume that

1 log1
either k>7j+1 or k:jandﬁj<_<1+0g0g”

— 24
T/ 9dlogn @4

Although in the second case we indeed have p; < %, we would incur some technical difficulties
if the probability p; is very ‘close’ to % Hence, in the following calculations we need to replace
7’ by a slightly smaller value. More precisely, we consider

log logn
S5dlogn

T =
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We will show that whp for any 7 > 77, alocal j-obstacle in G, also exists in G, -, thus obtaining
the statement for any 7 > 7/ > 7~ as well. In particular, observe that

T P <1 for every k > j,

by Remark 3.2 and (24).

Fix k > j,let K be a (k+ 1)-set, and recall that 75 € [0, 1/px] denotes its scaled birth time,
i.e. if tx is the birth time of K as a k-simplex in G, then 7 = tx/pi (see (2)). In order to
become a local j-obstacle in G, for some 7 > 7~, K must contain a collection 7 of £ — j + 1
many (j + 1)-sets such that the following conditions are satisfied:

L1) 76 > 775
(L2) every J € J is K-localised in G,-;

(L3) K isborn as a k-simplex before any other simplex [ that contains some J € 7, but which
is not contained in K, i.e. T, < 77 for all such 1.

Fix the (k + 1)-set K and the collection 7 of (j + 1)-sets in K. For this choice of K and 7,
we denote by Ly, Ly, and L3 the events that conditions (L1), (L2), and (L3) hold, respectively.
By definition of our model, we have that

P(Ly) = (1 —7 pg). (25)
In order to compute P(Ls | Ly), first observe that L, is independent of L;. By Proposi-
tion 5.13 applied with p = 77 p, we have
P(Ly | L1) = P(Ly)
= (L+o(1)g™ 7Y

(16)(17) ( O(1) - E(X;.) )T (Pr<1to(1)) (M)T (26)

nk+1 Inin{pk7 1} nk-i—lpk

where Xj,k denotes the number of copies of M in G, = G(n,p) (i.e. 7 = 1), and thus
E(X;x) <14 o(1) (see (21)).

We now want to bound P(Lz | (L1 A Ly)). For any i such that j + 1 < ¢ < d and for
any J € J, there are (";f]_l) many (7 + 1)-sets which contain .J and whose remaining vertices
are outside K. In order for L3 to hold, all these (i + 1)-sets (among others) must be born as
simplices after K and observe that all of these (¢ + 1)-sets are distinct for different choices of
J. It will be convenient to pick ¢ = kg, recalling from Definition 5.15 (b) that kg > 7 + 1 is

such that ay,, # 0 and 7, = 0. Thus we have a family Z of

—k-1 1

many bad (ko+1)-sets whose scaled birth times are uniformly distributed in the interval |7, z%]
0

(since the corresponding simplices are not present in G, - by L), but must all be larger than 7,
in order for L3 to hold. Similarly, conditioned on L, the scaled birth time 7 is uniformly
distributed in |77, ﬁik] This allows us to prove the following.
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Claim 7.4. Let L, be the event that K is born as a k-simplex before any of the bad (ko + 1)-sets
in Z. Then

IP’(LQ, | (L1 A L2>) =(1+ 0(1))zﬁk0(1ﬁ_k — @D © ((1 — T—ﬁ;k) logn) .

Before proving Claim 7.4, let us first show how it implies Lemma 7.3. Note that L; C Lf,
thus Claim 7.4 in particular implies that

PU&|@4ALﬁ)gﬁ%LgHLlALﬁ):()(Gf_r%wk%n>. (28)

Putting (25), (26), and (28) together we have
P(Ly A Ly A L3) = P(L1)P(Ls | LI)IP’(L3 | (L1 A L2>)

_ (BN P
=0 ((1 — T Dr) (nk+1pk > (1- Tﬁk)log”> '

Recalling that E(X ;) < 1+ o(1) by (21), we thus deduce that

—1—7-

_ Pk

There are ©(n**1) choices for the (k+1)-set K and, once K is fixed, there are ©(1) choices
for the collection 7 of k — j + 1 many (j + 1)-sets in K. Since p is a j-admissible direction
(cf. Definition 3.1) we know that p, = O (:Log”) hence the expected numbers of pairs (K, J)

satisfying (L1), (L2), and (L3) is
nF 15,
log n

RG+D=T7)
( e )
:<9<e <<]+1 (l—oﬂ»>kgkgn)>
_ <exp(_log210gn)) noe ),

Therefore by Markov’s inequality, whp there are no such pairs (K, 7 ), as required.

All that 1s left in order to prove Lemma 7.3 is the proof of Claim 7.4. We split the proof into
two cases, according to which of p; and py, is larger. In both cases, we will use the fact that,
since kg > j + 1, by Remark 3.2 we have 1‘% = w(1), and thus

29

O(n*™P(Ly A Ly A Ls) = O

|
S

1 1
— -7 =(1 1))—. 30
Dk ’ (1+of >)]5ko G0
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Case 1: 131 p . Let S be the event that 74 < ——. Note that L, C S, hence

P(Ljy | (Ly A L)) = P(S | (Ly A Lg))]P’(Lg | (Ly ALy A S)). 31)

Recall that conditioned on L, the birth time 7x is uniformly distributed in [7~, i] There-
fore, since S is independent of Ly, we have

1/pky =7~ o) (
1/p — 7~
Moreover, conditioned on .S, the set K has the same birth time distribution as the z many bad
(ko + 1)-sets in Z and all these birth times are independent, thus

l+o(1)—P 32

P(S | (L1 A Ly)) =P(S | Ly) = Pro(L — 7Dy

— (1+0(1), (33)

+ z z

P(Ls | (Li ALy AS)) =

because z = w(1) by (27) and the fact that py, = o(1).
Putting (31), (32), and (33) together, we have

P(Ly | (Ly A Lz)) = (1 + 0(1)>z]3k (125—k T Dk)’

as claimed.
Case 2: ﬁik < ﬁ. First observe that if & = j, by (24) we have p; < 1+ lgfllog" while if
0
k > j + 1, then pr, < 1 by Remark 3.2. Thus by the definition of 7, for any k£ > 7 we have
_ log logn
1-— > ——= 34
T Pk 12d logn 4

Let Z;, be the set of bad (kg + 1)-sets in Z with birth times in the interval [7, ﬁik] and let
= |2Z;,|. Since the birth times of the sets in Z are uniformly distributed in [77, %], the
0

random variable (; has binomial distribution Bi ( Z, 11/;’#) and observe that

g —71 6o 2Pk,
E(Ck) =z~ Upe =7 (1+0(1)) e (1 =77 px). (35)

Since zpy, = O(logn) by (27) and p, < 1 + %, we obtain

logl
E(G) E Q (logn- %) = Q (loglogn) — oo.

By the Chernoff bound, the probability that ¢, is not within a multiplicative factor 1+ ——— B )1 =TT
of the mean is exp(—Q(E((x)?)).

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(3) (2022), #P3.27 33



Furthermore, conditioned on the value of (i (and the events L, Ls), the probability of L/

ﬁ, because the birth times of K and of the bad sets in Z;, all have the same (conditional)

distribution. Thus, since E({;) — oo, we have

18

P(L4 | (L A L)) = ——— W (- (E(G) )
1+ (14 5 b ) (G
_1+o0(1) s ) Dr
- E(G) L+ (1))Z]5ko(1 — T Pk)’
as claimed. O

We are now ready to prove the main result of this section.

Proof of Lemma 7.1. Observe that in particular a copy of M, (or, more precisely, the associ-
ated k-simplex) is a local j-obstacle. Lemma 7.3 shows that if a local j-obstacle is present in
G, for some 7 > 7', then whp it already existed in G,.. Therefore, if 7" < 77 then a copy of

M; ;. appears in between these two times, but whp the associated copy of M, would already
exist at time 7" and thus whp would form a copy of M ;1 at that time too, by Lemma 6.3. This
cannot happen by definition of 7", which gives 7" = 77 whp, as required.

To prove the second statement, observe that by Lemmas 6.3 and 6.7, whp we have 77 >
1-— ﬁ, proving the lower bound.

In the proof of the upper bound it will be convenient to assume that w = o(logn)—this
assumption is permissible since the statement becomes stronger for smaller w.

ForT =1+ @ and any j < k < d, applying (16) (for k > 7+ 1) or (17) (for k = j) to
X » and to the number X, of copies of M, at time 1, we deduce that

E(X;4) = (1+o(1)E(X,y) - g7 D0=7+)

Js
(15) = w . d _ A
2 (14 0(1)E(X;4) - exp (_@@; NAR D (ak logn + n—))

< (14 o(1)E(X; k) exp(—an,w) = o(1),

where we are using that E(X; ;) < 1+ o(1) by (21) and that the index kj is such that &y, # 0
and v, = 0.
Hence, by Markov’s inequality whp there are no copies of M ;. and thus also no copies of

~

M; . This means that whp 7" < 1 + 2. and we have already shown that whp 77 = 7" [J

8 Subcritical case: proof of Lemma 4.4

In this section we first derive some auxiliary results and combine them to prove Lemma 4.4,
which plays a crucial role in the proof of the subcritical case (i.e. statement (b)) of Theorem 1.4.
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Given a constant ¢ > 0, in order to show that whp H’(G,; R) # 0 for every 7 € I;(c) =
[e/n,7}), we split this range into three separate intervals,

[ET*>—£ 0 U 0 1 1 Ul 1 o
n’ ) |n’logn logn’ (logn)t/3 (logn)1/3" "7

for some constant 0 > 0, and prove that for each of these ranges there is some & and one copy
of M ;, which exists throughout the subinterval (Lemmas 8.1, 8.3, and 8.4).

Lemma 8.1. For every constant € > 0, there exists a constant > 0 such that whp there is at
least one copy of M, that is present in the process (G,) = (G(n, 7p)), for all values

)

Te |-, —|.

n’ logn

Remark 8.2. Indeed, Lemma 8.1 would also hold with &, replaced by any index £ with 7 +1 <
k < d such that oy, # 0.

Proof of Lemma 8.1. By Lemma 6.1, there exist constants 0 < ¢; < ¢, (depending on ¢) such
that whp the number Xj; x,, of copies of M; y, in G= satisfies

A

c1(logn)i*? < Xk < c2(log n)’*2,

and all these copies of Mj,ko originate from distinct copies of M ;,. We will show that whp
at least one of these copies survives (i.e. remains a copy of M) until time 7 = logn,
suitable constant § > 0.

For each index k with j+1 < k < d, call a (k+1)-set dangerous if it is not a k-simplex in g%

for a

and contains a petal of at least one copy of M i ko- Since there are at most ¢y (k — j+1)(log n) 2

petals, and each is contained in at most (";ﬂ ;1) < (Z:]),
U“(_kj_;jl))!cz, for all k£ the number of dangerous (k + 1)-sets is at most

many (k + 1)-sets, setting c3 =

maxy

cs(logn) ™2nhd,
For each dangerous (k + 1)-set, the probability that it becomes a simplex by time 7 = §/(logn)
is the probability that its scaled birth time is at most 0 /(logn) conditioned on the event that it

is at least £ /n, which is

é e\ 5
(logn o ﬁ) Dk < 5]3k < (k —])'(C_Yk + 1)5
1—<p,  logn nk=i '

Setting ¢4 := maxg(k — j)!(ax + 1), the number of dangerous (k + 1)-sets that turn into
k-simplices in the time interval we are considering is dominated by

Bi (a;(log n)it2nk <l ) )

) nk_]
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so by a Chernoff bound, we deduce that the number of dangerous sets of any size that turn into
simplices by time 7 = d/(logn) is whp smaller than

2(d — j)csesd(logn )+,

k+1 d+1
j+1) < (j+1
of these dangerous sets makes at most c5 copies of My, disappeflr by becoming a simplex.
If we choose § < 57 oy , then whp the number of copies of M, that disappear by time

d—j)escqcs

7 = 0/(logn) is at most

Note that each (k + 1)-set can contain at most ( ) =: ¢5 petals, and therefore each

2(d — j)eseacsé(logn) ™2 < cy(logn)’ 2 < Xj,ko.

In other words, at least one copy of Mj,ko that exists at the beginning of the interval survives
until the end of the interval. Ul

Lemma 8.3. lfor every constant 0 > (0 and every critical dimension k£ with j < k < d, whp there
is a copy of M, that is present in the process (G,) = (G(n, 7p)). for all values

€ 0 1 !
T - .
logn’ (logn)t/3

Proof. By Lemma 6.7 with wy = (logn)'/3, whp there are more than exp(+/Iog ) many copies
of Mj in G, at the upperend 7 = 1 — W of the interval. Observe that only ©(1) such

copies can share the same k-simplex K, thus we have 2(exp(+y/log n)) many copies with distinct
k-simplices. For each such copy (K, ('), the scaled birth time of K is uniformly distributed

within
0,min< 1 1 !
min —_
’ (logn)Y3 " pr ) |~

d

meaning that (K, C') formed a copy of M, at time 7 = Togn with probability
d/(logn) S : 4] .
. 1 1 ogn
mm{l - (logn)1/37a} g
The birth times of the simplices K are independent, thus the probability that at least one of
them was present at time 7 = logn is at least
s ©(exp(vIogn) ) Toon
1—(1- >1—exp (-0 (SR gy
logn logn

In other words, whp some copy (K, C) of A that exists at time 7 = 1 —
5

logn*

and a € [n] \ K such that (K, C,w,a) is a copy of M;, in G, and therefore throughout the

Toami7s already

By Corollary 6.4 applied at time 7 = 2, whp there exist w € K \ C

logn’

existed at time 7 =

interval | —2— 1 — as claimed. Il

1
logn’ (logn)t/3 |°
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Lemma 8.4. Whp the minimal obstruction which vanishes at time 7 (defined in Theorem 1.4)
was already present in (G,) = (G(n,7P)). for all values 7 with

1 *
T€E |1l-— —(logn)1/3’7—j) .

Proof. Recall that by Definition 5.15, the last minimal obstruction to vanish is a copy
(K,C,w,a) of Mj’g. Similar to the proof of Lemma 8.3, the birth time of K is uniformly
distributed within [0, min{7},1/p,}) and by Lemma 7.1, whp 77 < 1+ W. Conditioned
on this high probability event, the probability that K already existed as a simplex in G, at time

T= 1—Wisatleast
1— ;/
ogn 1/3
+ (logn)1/3

i.e. whp (K, C) formed a copy of M, already at time 7 = 1 — W. By Corollary 6.4,

this means that whp there exist @, a such that (K, C,w, a) forms a copy of M ¢ throughout the
interval. O

Proof of Lemma 4.4. Lemmas 8.1, 8.3, and 8.4 imply that whp for any 7 € [¢/n, 7}) a copy of

M; . (for some j < k < d) exists in G,. Therefore, for any 7 in this range H?(G,; R) # 0 by
Corollary 5.10. 0

9 Critical and supercritical cases: proof of Lemma 4.7

In this section we present some auxiliary results and prove Lemma 4.7, which we used in
Section 4 to show that whp the process (G,) = (G(n, 7P))- is j-cohom-connected for all 7 > 7}
(Theorem 1.4 (c)). Furthermore, the results of this section will be fundamental for the proof of
Theorem 1.5 (Section 10).

Recall that in order to have H’(G,; R) not vanishing, G, would have to admit a bad function,
i.e. a j-cocycle that is not a j-coboundary. We aim to show that no bad function exists by
considering what such a function with smallest possible support might look like, if it exists.
We show that the support must be traversable (Definition 9.3, Lemma 9.4), and then use this
property to show that whp the support cannot be small (Lemma 9.6). Subsequently, we use
traversability and a result of Meshulam and Wallach [35] to show that whp the support cannot
be large (Lemma 9.8), which is a contradiction.

However, so far this only proves that for any 7 > 7, whp HI(G,; R) = 0. We need to
know that whp, for any 7 > 7 the group H 7(G,; R) vanishes (i.e. with a different order of
quantifiers). We achieve this by observing that at time 7 the j-th cohomology group is zero,
and proving that whp no new bad functions can appear (Lemma 9.15).

Slightly more generally than described above, we will actually prove that for 7 large enough,
but slightly smaller than 77, the only bad functions that exist are the result of copies of M;
existing.
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Definition 9.1. Let (K, C') be a copy of M; in a d-complex G. We say that a j-cochain f &
C9(G) arises from (K, C) if its support S = supp(f) is such that

S =F(K,C).

Note that we have no restrictions (apart from not being 0) on the values from the group R that
such a j-cochain f takes on its support S.

We say that a j-cocycle f (i.e. f € ker(67) C C9(G)) is generated by copies of M;, if
it belongs to the same cohomology class as some f; + fo + ... + f,,, where each f; is a j-
cocycle that arises from a copy of M;,. We denote by Ny the set of j-cocycles in G that are
not generated by copies of M; ;. If G = G, = G(n,7p), we will ease notation by defining
N, = N

The goal is to prove that whp for all 7 > 7 we have N, = (). Since in this range there are

no copies of Mj’k and thus by Corollary 6.4 whp also no copies of Mj , this will imply that
whp H7(G,; R) = 0. To this end, we need the following notation.

Definition 9.2. For every 7, we denote by f, a function in N, with smallest support S,, if such
a function exists.

In order to bound the number of possible such supports S, we first show (Lemma 9.4) that
S, must satisfy the following concept of traversability.

Definition 9.3. Let (S,7T) be a pair where S is a collection of j-simplices in G, and T is a
collection of simplices in G, of dimensions 7 + 1,...,d.

We say that S is T -traversable if it cannot be partitioned into two non-empty subsets such
that every simplex of 7 contains elements of S in at most one of the two subsets. Equivalently,
S is T-traversable if for every J, J' € S there exists a sequence J = Jy, J1,...,Jpm = J'
of j-simplices in S and a sequence K, ..., K, of simplices in 7 (not necessarily all of the
same dimension) such that (J;_y U J;) C K for all i € [m]. We may think of these sequences
of simplices as a generalisation of a path between .J and J’, and thus traversability may be
considered a form of connectedness.

We say that S is traversable (in G, ) if it is T -traversable with 7 consisting of all k-simplices
of G, forevery 7 +1 < k < d.

Lemma 9.4. For every 7, the support S, if it exists, is traversable.

Proof. Suppose S; is not traversable and let S, = S(1) U S(2) be a partition into non-empty parts
such that (in particular) each (j + 1)-simplex of G, contains elements of S, in at most one of
the two parts.

Fori = 1,2, let f(; be the j-cochain defined by

fiy(o) = {fT(U) o € S,

Op otherwise.

Suppose that p is a (j + 1)-simplex that contains j-simplices from only one S;), without loss of
generality from S(;) and not S(y). Then trivially (67 f2))(p) = 0 and (& f1))(p) = (67 f;)(p) =

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(3) (2022), #P3.27 38



0, because f. € kerd’. Thus both functions f; are j-cocycles, and neither of them lies in
N by the minimality of S;. Hence f. = f1) + f() is generated by copies of M; , since this
property is closed under summation, a contradiction to f, € N. O

It is clear that given a traversable S in G, there exists a minimal collection 7 of simplices
of G, such that § is T -traversable and every ¢ € 7T has scaled birth time at most 7. We fix
some such minimal collection and denote it by 7(S). We also define the sequence t(S) =
(tj+1, ..., tq) where t; > 0 is the number of k-simplices in 7 (S), forevery j +1 < k < d.

Remark 9.5. We note that if S is traversable, (S, 7 (S)) can be explored in a natural way using a
breadth-first search process: start from some j-simplex in S and reveal all k-simplices of 7 (S)
containing it, for every k € {j + 1,...,d}. We thus ‘discover’ any further j-simplices of S
contained in these simplices of 7 (S), and from each of these j-simplices in turn we repeat the
process. The 7 (S)-traversability of S implies that all j-simplices of S (and also all simplices
of 7(8S)) are discovered in this process.

This viewpoint allows us to observe some important properties. First, note that by the
minimality of 7 (S), every simplex of 7 (S) must contain a previously undiscovered j-simplex
of S, and therefore

d
TEI=2_, . s <ISl. (36)

On the other hand, each k-simplex of 7(S) is discovered from a j-simplex it contains, and
therefore contains at most k£ — j previously undiscovered vertices. Thus if v is the number of
vertices that are contained in some j-simplex of S, we have

v<(+1)+ ZZ:M(k — J)ty. (37)

In the next lemma we show that at around 7 = 1, while we may have copies of M ;, whp
there are no ‘small’ traversable supports of j-cocycles other than those arising from these M ;..

Lemma 9.6. Let 7 = 1+ o(1) and let h € R be a constant. Then whp there is no j-cocycle in
G, with traversable support of size s < h, apart from those arising from copies of Mj .
In particular, whp |S,| > h, if it exists.

Proof. We want to bound the expected number of pairs (S, 7 (S)), where S is a traversable
support of a j-cocycle not arising from a copy of M; ;. and with size s < h.

Recall that v is the number of vertices that are contained in some j-simplex of S and t(S) =
(tj+1,...,tq)is such that t; > 0 indicates the number of k-simplices in 7 (S). By (36) we have

ZHH th <s < h. (38)

Since S is the support of a j-cocycle, by Lemma 5.11 (a) if a k-simplex contains an element in
S then all its k£ + 1 vertices are contained in some j-simplex of S. This means that the S(Z:;’)
many (k + 1)-sets containing a j-simplex in S and k& — j vertices not in any j-simplex of S are

not allowed to be simplices. We thus obtain that the probability that a fixed pair (S, 7 (S)) has
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all the necessary properties (in terms of which simplices exist and which do not) is bounded
from above by

d

Il »a- pi) ()
. H:Hl (14 0(1))pe) ™ exp <_(1 ol (S%))
_0 (HZJ‘—H (n—(k—jwmo(l))tk exp <—(1 +0(1))s <Oék logn + %)))

=0 (n_ it ((k—j+’7k)tk+56"f)+o(l))

)

where we used the observation that /3; can only be negative if &, # 0, in which case (3, =
o(logn) and 7, = 0 (see (A2)).

Lett = (¢j4+1,...,tq) and denote by E; , ¢ the event that a pair (S, 7 (S)) with S a traversa-
ble support of size s on v vertices and t(S) = t exists. Equations (37) and (38) together imply
thatv < j 4+ 1+ (d — j)h = O(1), and therefore there are O(n") ways of choosing such a pair
(S, T(S)), meaning that

]P) (ES’Ut) = O (nU—Zk(k—j)tk_zk(’;’ktk-‘rsdk)—‘,-o(l)) )

By (37), we have
d . .
v — E k:j+1(k -t <Jj+ 1L

Moreover, for an index ¢ such that £; > 1 (such an index exists, because otherwise the support
would be empty), by Lemma 5.11 and since the considered j-cocycle does not arise from a copy
of M;, it holds that s > ¢ — 7 + 2. Recalling that

T _ o d (S ()
)‘i:J+1—%‘—(1_9+1)Zkzj+1ak S
and that Zizjﬂ ay, > 0, we have
Y Gttsa) >3-+ a=irl-n+ Y @i+l
Zk:j+1(7ktk+sak)/%+(2—J+ >Zk:j+10€k—]+ — ¢+Zk:j+lak>j+ :
Thus,

P (Es,v,t) = 0(1)

Since by (37) and (38) there are only constantly many choices for the values s, v, and t, the
probability that any such pair (S, 7(S)) exists is o(1). O

For supports of larger sizes, we will need a lower bound on the number of (j + 2)-sets
that are not allowed to be (j + 1)-simplices in G,. Such a bound is given by Meshulam and
Wallach [35, Proposition 3.1], where it was stated for the case when the cohomology groups
considered are over any finite abelian group R. We observe however, that the proof given
in [35] still works without the additional condition that R is finite. We include this proof in
Appendix A.7 for completeness.
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Proposition 9.7 ([35, Proposition 3.1]). Letn > j+2 and let A be the downward-closure of the
(n—1)-simplex on [n]. Let f € C7(A; R) have support S and suppose that any other j-cochain
of the form f + 07'g, where g € CV~'(A; R), has support of size at least |S|. Denote by D(f)
the support of 87 f, i.e. all (j 4 1)-simplices in A such that for some ordering [vy, . .., v;] (and
thus for all orderings) it holds that >_7_.(—1)" f[vo, . .., 0, ..., v;] # Op. Then

n
DI >

S|

The following lemma shows that whp in the supercritical case a smallest support in N/
cannot be ‘large’.

Lemma 9.8. There exists a positive constant 4 € R* such that whp forall 7 > 7, = 1 —

Torey7s We have [ S| < A Gf S, exists).

We will prove this lemma with the help of several auxiliary results (Claims 9.9 to 9.13). To
give a better overall picture of the proof, and since the claims are mostly either elementary or
technical in nature, we will first complete the proof of Lemma 9.8 with the help of these claims
and postpone their proofs to Appendices A.8 to A.12.

Proof of Lemma 9.8. We first note that, if 7 is large enough to imply that there exists a dimen-
sionk € {j+1,...,d} with p, = 7P, > 1, then the result is trivial: all k-simplices are present
and there is no bad function, so S, does not exist. We will therefore assume for the remainder

By Lemma 9.4 if S, exists it is traversable. Consider a pair (S, 7 (S)) where S is a traver-
sable support of size s, and thus can be found via the search process described in Remark 9.5.
For such a pair, we define the exploration matrix B = (b; ;) fori € [s]and k € {j + 1,...,d},
where b; ; > 0 is the number of k-simplices of 7 (S) we discover from the i-th j-simplex of S
in the search process.

For a fixed exploration matrix B, we can bound the number of ways the exploration process
can proceed, thus bounding the number of pairs (S, 7 (S)) with exploration matrix B.

Claim 9.9. The number of pairs (S, 7 (S)) in which S is traversable and has exploration matrix

B is at most .
n k‘:+1 k
nj+1H"c <(’“—j>2(]+1)) '
Hi,k bivk!

Claim 9.9 provides an upper bound for the number of sets that are candidates for S.. Our
next aim is to bound the probability that a fixed function f with traversable support S turns
out to be f,. To this end, we would like to know that for k£ € {j + 1,...,d}, the number of
(k + 1)-sets that are not allowed to be k-simplices in G, in order for f, to be a j-cocycle is
‘large’. We will prove this by applying Proposition 9.7 to f (if it exists).

In order to see that f, (if it exists) satisfies the hypothesis of Proposition 9.7, we will need
the following auxiliary result, which we prove by a simple first moment argument.

Claim 9.10. Whp every G, with 7 > 7y has full (j — 1)-skeleton.
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For the rest of the proof, we condition on the high probability event in Claim 9.10. This means
that, with A as in Proposition 9.7, we have C7 "1 (A; R) = C771(G,; R). Now let gbe a (j — 1)-
cochain in A (and thus also in G,). Consider f,+&~'g as a j-cochain f in G, and as a j-cochain
fa in A. Clearly, the support of fa contains the support of f, which in turn has size at least
|S-|, because S, is minimal. In particular, f, satisfies the hypothesis of Proposition 9.7. This
enables us to prove that there are ‘many’ (k + 1)-sets that are not allowed to be k-simplices in
G, in order for f, to be a j-cocycle.

Claim 9.11. For j + 1 < k < d and a j-cocycle f, denote by Dy (f) the set of (k + 1)-sets in
[n] that contain at least one element of D( f). There exists a positive constant /i such that, if f;
exists, then for all £ with j +1 < k < d,

[Di(f)| = holSrn*~.

The elements in Dy (f;) are not allowed to be k-simplices in G, and thus all must have
birth time larger than 7. We can use this fact, together with the upper bound for the number of
‘candidates’ for S, to prove that S, existing and having a fixed exploration matrix is unlikely.

Claim 9.12. There exist positive constants /.y, hy such that the following holds for every s > hi.
For every (s x (d — j))-matrix B, the probability rp that f, exists and S, has size s and
exploration matrix B satisfies
n—hls
B = .
Hi,k b7'7k‘

We determine a lower bound for the denominator [ [, , b; ! and sum over all possible explo-
ration matrices B, so as to deduce that whp &, cannot be larger than a given large constant.

Claim 9.13. There exists a positive constant hs such that for every h > ﬁl, the probability that
S, exists with |S;| > h is at most

n—heh/2

Claim 9.13 implies that for a fixed time T > 75, whp |S,;| < h (f it exists). Our aim,
however, is to prove that whp |S,| < h simultaneously for all T > 7. To this end, observe that
there are O(n?*1) simplices o with scaled birth times 7, > 7. Taking a union bound over all
these scaled birth times, we deduce from Claim 9.13 that

P(37 > 7o such that S, exists and |S,| > &) = O(n+1-"2h/2),

Thus, Lemma 9.8 holds for h > max {fu, 2(‘2?) } O

Lemma 9.8 implies that whp traversable supports of j-cocycles of ‘large’ size do not exist
in the whole supercritical range. For supports of constant size, this is given by Lemma 9.6 only
for 7 = 1 4 o(1). We therefore derive the following result, stating that for 7 ‘close’ to 1 whp
every j-cocycle is generated by copies of M.

Corollary 9.14. Forevery 7 =1+ O (L), we have N, = () whp.

logn

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(3) (2022), #P3.27 42



Proof. For every such 7 Lemma 9.8 holds and thus there exists a constant h such that either S;
does not exist or |S,| < h. But by Lemma 9.6 (with h = h), whp if S, exists then |S,| > h.
Thus whp S, does not exist, i.e. N, = . O

To exclude the existence of ‘small’ supports throughout the entire supercritical case, we
show that if a new obstruction appears, then the simplex whose addition to the complex creates
the obstruction in fact forms a local j-obstacle, which whp does not exist in this range by
Lemma 7.3.

Lemma 9.15. Let K be the simplex with smallest scaled birth time 7x > 7, such that N, #0
(if it exists). Then whp K forms a local j-obstacle in G, .

Proof. First observe that by Lemma 7.1 and Corollary 9.14, whp NT; = (), and thus whp
T > 7; . For the rest of this proof, we condition on this high probability event.

Suppose now that |[K| = k+ 1 and let 7 > 7} be such that G, = G, + K. If §;, NG, # 0,
let S be a maximal subset of S, which is traversable in G, and let f be the j-cochain in G,
defined by

flo) = {fTK(a) ifoeS;

Ogr otherwise.

Then f is a j-cocycle in G, because every i-simplex of G, for7 = j+1, ..., d, containing some
element of S cannot contain other j-simplices in S;, \ S by the maximality of S, and because
fri 18 @ j-cocycle.

Moreover, by Lemma 9.8 there exists a positive constant 4 such that whp |S| < |S,, | < h.
Lemma 6.3 implies that whp each j-simplex of S lies in a linear number of j-shells in G, and
at most |S| — 1 many of them can contain other elements of S. This means that whp there are
j-shells in G, that meet S in a single j-simplex, and thus f is a bad function in G,. Since f
cannot be generated by copies of M, because 7 > 7. and thus no copies of M, exist, this
yields N, # (), a contradiction to the choice of K.

Hence, whp the j-simplices of S, are all contained in K and are not in other simplices of
G- Then whp K forms a local j-obstacle in G, , because |S,,.| > k — j + 1 by Lemma 5.11.

O

Corollary 9.16. Whp, for all 7 > 7* we have N, = 0.

Proof. By Lemma 7.1 and Corollary 9.14 whp /\/’T; is empty. If there is 7 > 7 such that

N, # 0, then Lemma 9.15 tells us that the simplex whose birth creates a j-cocycle that is not

generated by copies of M;; would create a local j-obstacle. But by Lemma 7.1 whp 7 > 77 >
loglogn

— —
T=1 10dlogn

, thus by Lemma 7.3 whp no new local j-obstacle can appear in G.. 0
We can now use Corollary 9.16 to prove Lemma 4.7

Proof of Lemma 4.7. By the definition of 77, there are no copies of ]\Z/jJc in G, forany 7 > 7/,
so in order for the j-th cohomology group not to vanish, A, would have to be non-empty, but

this is excluded by Corollary 9.16. 0
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10 Rank in the critical window: proofs of Theorem 1.5 and Corollary 1.6

In order to prove the Rank Theorem (Theorem 1.5), we first want to describe the asymptotic
joint distribution of the number of copies of M; . within the critical window. To this end, we will
make use of Lemma 10.1, for which we need the following notation. Given a sequence (X}, )xes
of random variables (for some finite, ordered index set /) we denote by £(X}) the probability
distribution of X}, and by L ((X})rer) the joint probability distribution of the sequence (X )xer-
If X;, = Xi(n) for every k € I, we say that the sequence (X} )re; converges in distribution
to the sequence of random variables (Yy)res if P((Xp)rer = (2k)rer) oo, P((Yi)ker =

(xk)kg) for every sequence of values (xy)xes, and we write (X )rer 4, (Ye)rer-
We adopt the convention that Po(0) = 0 and recall the definition of a critical dimension
from Definition 3.6. The following lemma provides the main ingredient to prove Theorem 1.5.

Lemma 10.1. Let ¢ € R be a constant and (c,),>1 be a sequence of real numbers such that
n—oo .
¢, — ¢. Forany 7 < k < d define

P exp(fix + Uk + c( —j — 1)) if k is a critical dimension,
ke 0 otherwise,

and let 7 = 1 + 2. Then, setting X := (X, Xjj41s .-+, Xja), we have

L(X) L (Po(&;), ..., Po(&))).
Before proving Lemma 10.1, let us show how it implies the Rank Theorem (Theorem 1.5).

Proof of Theorem 1.5. Consider X = 3" _. X and define

£ :=exp(—c(j + 1)) Zkec exp(fix + Tk + i),

where C = C(P,j) is the set of critical dimensions for the j-critical direction p. By Lem-
ma 10.1, we have

d
LX) ==Y Po(&) = Po (Z exp (i + ), + c(p — j — 1))) = Po(€). (39)

k=j keC

We first show that H7(G,; R) = R™ whp. Let M, M, ..., My denote the copies of M,
for every j < k < d that are present in G.. By Corollary 9.14 we have A/, = () whp and by
Proposition 5.9 (a) we know that the only j-cocycles arising from A/; are of the form f, ,, with
r; € R. Thus whp each cohomology class contains an element of the form szzl S, e, With
r; € R, i.e. whp the set of cohomology classes of those elements generates H’ (G, ; R).

We now need to show that if we take two tuples (71, ...,7x) # (1], ...,7%) withr;,r. € R
for every 1, then the cohomology classes of Zf‘;l f, -, and of Zfil fur, » are distinct. Note that
this is equivalent to showing that if (r1,...,ry) is not the Og-vector, then f = S far . is
not in the same cohomology class as the 0g-function, i.e. the j-cochain f is not a j-coboundary.
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We first observe that by Markov’s inequality X = ZZ:j Xk = o(n), because E(X) =
O(1) by Corollary 6.6. We further claim that for each j < k& < d whp no two copies of M,
share the same k-simplex. Indeed, for £ = j by Definition 5.6 all copies of M ; come from
different j-simplices. If & > j 4 1, for two copies of M ; sharing the same k-simplex there are

) ways to choose the common k-simplex and O ((kj1)2) ways to choose the centres of the
r(2k-27+1)),

(k1
two flowers. Moreover, these two copies are present in G, with probability O(p.q
because the common (k+1)-set is a k-simplex in G, with probability p; and the two flowers can
share at most one petal, thus in total there are at least (k —j+ 1) + (k — j) = 2k — 25 + 1 many
j-simplices that are petals, and these satisfy (M2) with probability at most (1+o(1))g "2¢=2+1)
by Proposition 5.13.

Therefore, for £ > j + 1, the expected number of pairs of copies of M, with the same
k-simplex is

n k+1\° (22 o o
‘ ((k+1)< j ) g T 2””) 0 (BX0g ") = 0@ ),

because E(X ;) = O(1). Furthermore, we have that

120 (exp <_ > (O‘ osnt f))) = O(n™ /%) =o(1),  (40)

where we are using that ky is such that &y, # 0 and 75, = 0 (see (Al) and (A4) in Defini-
tion 3.1). Since k¥ > j + 1 and 7 = 1 + o(1) we also have that § =7 = o(1), and thus by
Markov’s inequality, whp there exist no such pairs of M ;.

Hence, by condition (M2) in Definition 5.5, whp the fy, ,, have pairwise disjoint supports,
and in particular, for our choice of the r;, the support S of f is not empty. Pick a j-simplex
L € S. Lemma 6.3 yields that in the range of 7 we are considering, whp L is contained in
©(n) many j-shells which meet only in L, and therefore at most |S| < ZZ:j(k —J+ D)Xk <
(d —j+ 1)X = o(n) of them can contain another j-simplex in S. Thus whp there exists a
j-shell that meets the support of f only in L, i.e. f is not a j-coboundary by Lemma 2.2.

We therefore have H7(G,; R) = RY whp. Since £L(X) <4 Po(€) by (39), there exists a
coupling Y ~ Po(€) such that X = Y whp. Thus, whp

HY(G;;R) = RY,
as required. 0
We now combine Theorems 1.4 and 1.5 to prove Corollary 1.6

Proof of Corollary 1.6. As in the proof of Theorem 1.4, by applying Lemma 4.7 and Corol-
lary 4.6 (b) we deduce that for 7 = 1 + =, whp HY(G,; R) = 0 for every i € [j — 1].

logn’

Furthermore, whp H°(G,; R) = R by Lemma 4.2. This in particular implies that

P (G, is j-cohom-connected) = P (H’(G,; R) = 0) + o(1).
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Moreover, by Theorem 1.5 whp H’(G,; R) = RY with Y ~ Po(£), hence
P (G- is j-cohom-connected) = (1 + o(1))P(Po(£) = 0) = (1 + o(1)) exp (=€) ,
as required. 0

All that is left to complete the proof of Theorem 1.5 is to prove Lemma 10.1. To do this, we
use the Poisson approximation method, specifically a result from [5] that requires the following
notion. Given a discrete set H, the rotal variation distance between the distributions of two
H-valued random variables Y and Z is defined by

dry (L(Y), L(Z)) = %ZheH IP(Y = h) —P(Z = h)|.

Lemma 10.2 ([5, Theorem 10.J]). Given a set I" with a partition I' = U;_, '} and a collection
(1,)qer of indicator random variables defined on a common probability space, let

o 1, = P(I,=1),foreverya €T}

o Wi = Y ,er, o fork € [r;

o W = (Wy,...,W,);

o my = E(Wy) =3, cp, Tas for k € [1];
em = (my,...,m,).

Suppose that for each a € I there exist random variables (Jy, )ser defined on the same proba-
bility space as (1;)per With

L ((Joa)ver) = L ((Ip)ver|[la = 1) -

Then
< —
dry (E(W),Po(m)) < ZQEF a ( o + Z E|Jpq [b)
where Po(m) denotes the joint Poisson distribution (Po(m;) ..., Po(m,)).
It is easy to see that if there exists m := (7, ..., m,) such that for every k € [r], my € R

and my, = my(n) 2% g, then
L(W) -5 Po(r)

if and only if
drv (L(W),Po(m)) === 0.

Proof of Lemma 10.1. We will first show that we can apply Lemma 10.2 with W, = X},
and my, = E(Xj;) for k = j,...,d. Subsequently, we show the bound on the total variation
distance is indeed o(1) and that lim,,_,. E(X; ) = &.
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We want to define the set I' of potential copies of M;; in G, for each j < k < d. As in the
proof of Lemma 6.7, we consider the sets

- (Mo ()

for each j + 1 < k < d. Furthermore we define the set 7; analogously but with the additional
condition that given a (7 + 1)-set /&, then the set C consists of the first j vertices of K according
to the increasing order of [n] (cf. Definition 5.6). Following the notation of Lemma 10.2, we set
I' = Uizj’ﬁg and we use a = (K, C,) to denote an element of I".

For any a € T, C I', we define the following quantities:

e Lk, = k;

e [, is the indicator random variable of the event that a forms a copy of M; ;;

o 1, = P(I, = 1) = E(L);

e J3, is the collection of forbidden sets for a, i.e.
B,={BcC|n|:|B|<d+1,B¢Z K,, B> P forsome P € F(K,,C,)},

where F(K,,C,) = {C, U{w} | w € K, \ C,} is the j-flower in K, with centre C,
(see Definition 5.2 and (13)). In other words, B, is the collection of subsets of [n] that

are not allowed to be simplices in G, in order for a to form a copy of M;, (cf. (M2) in
Definition 5.5).

Observe that if a = (K,, C,) € T;, then F(K,, C,) = {K,}, therefore the set 3, consists of all
subsets of [n] (of cardinality at most d + 1) that contain K, except for K, itself.

Given a family D of sets of vertices, we say that the indicator random variable of an event
E depends only on D if F only depends on whether the sets in D are simplices in G, or not.
Observe that by Definitions 5.5 and 5.6 we can write

I,=1{{K. €G-} N{B&G, VB e B,}},
therefore the random variable /, depends only on the family of sets
D. = {K,} UB,.

We now aim to define the random variables (J,, )per needed to apply Lemma 10.2. Given
a,b € I', we define the events

b El}a = {Kb € gT} \% {Kb = Ka},
o E2, ={B¢G,,VBe B\ B.},
o B} ={K, &B.} N{K, € B},
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and the indicator random variable
Joo =1 {E,, NEZ, NE}}. 41)

We claim that
L ((Jba)bel") =L ((Jba)b€F|Ia = 1) . (42)

To see this, let Dy, be the family of sets of vertices which .J,, depends only on. If K}, € B,
or K, € By, by (41) and the definition of Elf’a we have J,, = 0 deterministically and we set
Dy, := (. Otherwise, by (41) we have

Dia = ({Ko} \ {Ka}) U (By\ Ba)

and if K, = K, then K, is not in B3, because the event E;:’a holds, hence we have Dy, = D, \ D,.

In particular, this implies that Dy, and D, are always disjoint and this holds for every b € T,

thus the joint distribution of (Jy, )per does not change if we condition on 7, = 1, yielding (42).
We further claim that for every b € I’

(L=DA(=1) = (l.=)AIL=1). (43)

Suppose I, = Jp, = 1. We have K}, € G, by E} and the fact that K, € G,, since [, = 1.
Moreover, I, = 1 yields that none of the sets in B, is in G, and by definition of Ega also none of
the sets in 3, \ BB, is in G, therefore in particular every set in 3, is not in G,. Thus, by definition
of I, we have that I, = 1.

Vice versa, suppose that I, = [, = 1. By definition of I, clearly the events F;, and EZ,
hold. Moreover, I, and [, can only both be equal to 1 if K is not forbidden for a and K, is not
forbidden for b, i.e. the event E,f’a must hold. Thus, it follows that .J,, = 1. This proves (43).

Hence, conditioned on /[, = 1, for every b € I' (43) yields that J,, and [, are the same
random variable, and thus in particular

L((Jsa)ver|la = 1) = L((I)eer|la = 1). (44)

In total, we have

42)

L((Jsa)ver) = L((Joa)oerla = 1) @ L((Ip)per|ls = 1). (45)

Since X = ZaeTk I, for any j < k < d, we can therefore apply Lemma 10.2. Setting
Zy, = Po(E(Xj)) independently for each k, we obtain

dry (L’(X), (Z;,..., Zd)> <> m <7ra + Y ElJ — Ib|> . (46)
acl b#a

We want to show that the right-hand side of (46) is o(1). Recall that for every b € T" by (14)
and Proposition 5.13 we have

E(L,) = m = (1 + o(1))pg, g "7 *Y, (47)
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and therefore (cf. (16))
E(X;x) =, E(h) = 6(n*pg " 7740) = 0(1), (48)

where the last equality holds because we are considering G, within the critical window. Fur-
thermore, by (45) we have
E(Jp) =PI, = 11, = 1). (49)

We now fix a € I' and estimate the sum ), E[.J,, — |, by distinguishing some cases.

Case 1: K, = K,. First observe that since b # a, this case can only be possible if &k, =
ke = j+ 1 and C, # C,. Moreover, conditioned on /, = 1, i.e. a forming a copy of M;,,,
there are (k“;rl) — 1 = O(1) ways to choose b such that K, = K, and C}, # C,. Furthermore,
b forms a copy of M, , = M, with probability O(g ™*=7)), because K, = K, already exists
in G, as simplex (and so there is no py, = py, term) and because the flower F (K}, C}) can share
at most one petal with the flower F (K, C,) (and so we lose at most one factor ¢ 7). Thus if we
set

BlzBl(a) = {bEFZb#G,Kb:Ka}

we have

D e Elda =L <Y (E(Jb) +E(L))
49)
— ZbeBl (P(Ib = 1|Ia = 1) + 7Tb)
@7

= 0(1)- (0(q™* ) + O(pr, g "*=7*1))
= 0(7™") = o(1),

where the last equality follows from the facts that 7(k, — j) > 1+ o(1) and ¢ = o(1) (cf. (40)).
Case 2: K, # K,,but K}, € B, or K, € B,,. This means that the event Eg’a does not happen,
thus Jp,, = 0 deterministically by (41).
Case 2.1: K, € B,. Given K, the set K; must contain at least j + 1 vertices of K, in order
to be forbidden for K, because K, contains at least one petal (i.e. (j + 1)-set) of the flower
F(K,,C,). Hence, there are O(n*~7) possible choices for b, and thus if we set

Bsq = Bz.l(a) = {b el':b 7£ a, K, 7é Ka, K, € Ba},

we have

ZbeBz1 E|Jba B [b’ S ZbGBZl E(Ib)
d . .
(4:7) Zk:j 10 (nk—kaqT(k—J-‘rl))

230 () e
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Case 2.2: K, € By,. Set
32.2 = B2.2(a) = {b el:b 7& a, Kb 7& Kaa Ka € Bb}

By exchanging the roles of K, and K in Case 2.1, with the same argument we have

Zb632,2 ]E|Jba — ]b| = 0(1)

Case 3: K, # K,, K, ¢ B,, and K, ¢ By,. This case contains almost all the summands
of 37 2o E|Joa — La|, thus we need the main terms in the sum to cancel. The event 5, holds,
yielding that if [, = 1 then also J,, = 1, that is J;, > I, deterministically and therefore

E|Jye — I| = E(Jya) — E(I). (50)

There are (k;, — j + 1) (potential) petals in b each contained in ("’ ;1) many (k + 1)-sets
that must not form k-simplices in G, in order for b to form a copy of M, for each j + 1 <
k < d. However some of these forbidden (k + 1)-sets might be double-counted because they
contain more than one petal in b, and additionally some of these forbidden (k + 1)-sets might
be forbidden for both a and b, and therefore we already know that they are not simplices if we

condition on /, = 1. In either case, any of these (k- 1)-sets contains at least two petals and so at
least j +2 vertices are already fixed, thus there are O (( ki;fj(ﬁé))) = O(n*77=1) many (k+1)-
sets that we have to exclude when counting the sets of size k£ +1 that are forbidden for 0. In other
words, the number of (k+1)-sets that must not be simplices is (k, —j+1) (";ﬂ;l) —O(nF==1,
yielding
E(Jy) € P(I, = 1|1, = 1)
d
= pkb Hk:j+1(1 — TPk

1) (kg d A\ _O(nk—i1

, d logn .
— 7 7(kp—j+1) et k—j—1
= Pk,q exp (Zk:jH O (nk_jn ))

= (L+o(1))pr,q ™™=t

)(kb—j+1)(";ﬁ;l)—O(n’“—f-l)

and thus
ElJso — | = E(Jsa) — E() = E(Ja) — m L o(pr, g ™" 7+D). (51)
Given a, the number of b € Ty, satisfying the conditions of Case 3 is O(n**1), hence if we set
B3 =Bs(a) := {bel:b#a, K, # K,, Ky & By, K, & By},

we have

51 ¢ _r(k—j
S El = 2 S 0@ ) o)

©o(1)- 37, OEX;1)) = o(1)
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Since {b € I' : b # a} = B; U By U By U Bs, putting all the cases together we have that
> bza Bl oo — Iy| = o(1) for any fixed a € T, as required.

Observe that for symmetry reasons, the quantity » ;, , E[Jy, — [y| = o(1) remains the same
if the sum is over b # a’ with k,, = k,. Thus we have

ZaEF Ta Zb#aﬂﬂjba —I| = ZZ:J. o(1) - Zaefk Ta
= 3 o)+ E(X)
@ Zzzjou) L0(1) = o(1). (52)

The right-hand side of (46) is therefore

<
< (%3?”“) (Zaer %) +o(1)
d
= (e ) (S %) ot
@ [ hax ) - O(1) + o(1)
acl”  © !
and
max m, = max (1+ 0(1))pkq7(k—j+1))
acl  * j<k<d

ap o E(Xg) _ O( 1 > = o(1).

j<k<d ©(nk+1)

In conclusion, we have
dry (E(X), (Zj,..., Zd)) 27%0.
Since by Corollary 6.6, lim,,_,. E(X ) = & for every j < k < d, we have
L(X) == (Po(E)),...,Po(&)),

as required. 0

11 Concluding remarks

11.1 Non-triviality of cohomology groups

To prove Theorem 1.4 (b), our strategy was to show that for every ¢ > 0 and for each i € [j],
whp H'(G.; R) # 0 for every 7 € I;(g) = [¢/n?~""! 1), because of the existence of copies of

=
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]\Zfi,k for some i < k < d throughout the interval ;(¢) (Corollary 4.6). However, it is likely that
H'(G,; R) would already be non-trivial for even smaller 7. In particular, it would be interesting
to precisely determine from which point on H*(G,; R) # 0 whp and in this case to describe its
rank, analogously to Theorem 1.5.

11.2 Dimension of the last minimal obstruction

In Theorem 1.5 we obtain an asymptotic description of the j-th cohomology group in the critical
window. More strongly, in this regime Lemma 10.1 yields the asymptotic (joint) distribution
of the number of copies of Mj , for every index k with j < & < d. This leads to the natural
question: what is (the asymptotic probability distribution of) the dimension of the last copy of
M; ;. that vanishes?

11.3 Determining the critical dimensions

For a given j-critical direction p = (p1, ..., pa), it is interesting to determine which indices
k with 7 < k < d represent critical dimensions for p. Informally, for each dimension there
is an ‘obstruction surface’ representing when the last minimal obstructions of that dimension
disappear as a function of the direction of the process. The critical dimensions are those whose
corresponding obstruction surface is furthest from the origin along the appropriate direction,
and there may be more than one critical dimension at the intersection of two or more obstruc-
tion surfaces. We may also consider the ‘critical surface’ as consisting of those pieces of all
obstruction surfaces which lie furthest from the origin in the appropriate direction.

More formally, recall from Definition 3.6 that k is a critical dimension if A, log n+ fiy,+ 7, =
O(1). The main term of this expression is \; log n; all other terms are o(logn). In particular,
we have \; < 0 for all k£ and \;, = 0 for all critical dimensions. Recall that by (4), Ak is a linear
combination of the parameters 7, @j41, . . ., Gq, namely

_ d
)\k :]+1—’7k— (k—]+1)zi:j+1ai.

Plotting the ranges where .. = 0 as a function of those parameters, for j < k£ < d, is thus a
way to visualise the parameters of a j-critical direction p, as well as what dimensions are critical
for p. For example, if 7; < %, then k£ = j is the only critical dimension and the parameters
Qji1,-..,0qliein the (d — j — 1)-dimensional hyperplane defined by Zf:jH a; =j+1-7;.
For 7; = % and ;41 = 0 however, both £ = j and £ = j + 1 are critical dimensions, and the
hyperplane for ;. 1, ..., @, is given by Zf:jﬂ a; = .

We present some examples of these plots in Figure 4.

11.4 Integer homology

Recently, Newman and Paquette [38] proved a hitting time result for the (d — 1)-th homology
group over Z in the Linial-Meshulam model (the case d = 2 was previously proved by Luczak
and Peled [34]); this is a stronger result than for the corresponding cohomology group. It
would be interesting to know whether the analogous result also holds in G, i.e. does the j-th
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(a) (b)

Figure 4: Plots of obstruction surfaces given by the equations \;, = 0 with & = 1,2 in (a)
and £ = 2,3 in (b), respectively. For each k, we use the same axis for a; and 7, because
property (A1) in Definition 3.1 states that only one of ay, ¥, 1s non-zero.

The bold sections denote the critical surfaces, that is, the ranges for which p is a j-critical
direction and the corresponding & is a critical dimension. The striped portions in the lower left
corners indicate the regions in which whp G, has no simplices of positive dimensions.

(a) The obstruction surfaces A\; = 0 (plain) and A\, = 0 (dashed), for d = 2, j = 1. Recall that
the equation A1 = 0 refers to copies of M 1, i.e. isolated 1-simplices in G.

(b) The obstruction surfaces Ay = 0 (plain) and A3 = 0 (dashed), for d = 3, j = 1. In this case,
the plots are under the condition that p; = 0.

homology group with integer coefficients vanish at the same time as the last copy of Mj,k for
any k disappears?
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A Proofs of auxiliary results

A.1 Proof of Lemma 4.2

(a) Since topological connectedness is a monotone property, it is enough to prove the statement
in the case when p;, = Clﬁ# for all k£ € [d], which will be convenient in the proof.

Let U be the number of isolated vertices in G(n,p). Every vertex is contained in (”;1)
many (k + 1)-sets, each of which does not form an i-simplex with probability (1 — py), all
independently. Hence each vertex is isolated with probability Hizl (1— pk)(n; ), and therefore
we have

k

E(U) =n HZ:1<1 — pk)(n;l) = n - exp (— ZZZI % (pk + 0(17%)))

d nf c logn
> n-exp (— Zk:l P + 0(1)>

= (1 + o(1))n'%",

where d = Zizl 1/k!. Moreover, the probability that two fixed distinct vertices are both

isolated is
[T 06D <o (-5 (")) (2 225))

d ¢ logn 1
< exp (—2 Zk:l o (1 + 0 (5))>

< (14 o(1))n 2%

By choosing ¢~ such that ¢~ < 1/d (so in particular E(U) — 00), we obtain

E(U?) < E(U) + n(n — 1)(1 + o(1))n 24
= E(U) + (14 o(1))n*~*") = (14 o(1))E(U)?,

so by Chebyshev’s inequality whp there are isolated vertices, implying that whp G(n, p) is not
topologically connected.

(b) Consider p obtained from p by replacing all probabilities except py by zero, where k € [d]
is an index such that p; > c’ :ﬁf”. If &k = 1, then (b) follows from the corresponding results for
graphs. For k& > 2, (b) holds because of the fact that we can choose ¢* such that whp G(n, p) is

topologically connected by [13, Lemma 4.1]. 0
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We note that the proof idea of Lemma 4.2 is a standard generalisation of the very well-known
hitting time result for graphs: whp the random graph process becomes connected at exactly the
moment its last isolated vertex disappears. Indeed, Theorem 1.4 is also a generalisation of this
result, albeit a far more complex one.

The vertex-connectedness threshold for uniform random hypergraphs, which we quoted
from [13] for the proof of (b), also follows as a special case of earlier and much stronger results
from [14] and from [40]. The proof in [13] has the advantage that it is a simple and elementary
extension of the standard graph argument.

A.2 Proof of Lemma 4.5

We prove the statement for i = j — 1; for general i € [j — 1] it suffices to iterate the procedure
J — @ times.

We thus need to show that we can choose a positive constant 7 = 7;_; and a function
€ = €;_1(n) = o(1) such that

P =pne = p
n
is a (j — 1)-critical direction (Definition 3.3).
Recall that the j-critical direction p = (py, ..., pq) is in particular a j-admissible direction
(Definition 3.1), i.e. for every k € [d]

e logn + By Ny .

o W(k?—J)- forj <k <d,
ay logn + By .
W forlgkgj—l,

with @y, Bx = Br(n), and 7, satisfying conditions (A1)-(A4).
This implies that p is a (j — 1)-admissible direction: for every k € [d], we have

al logn + B . .
L nte_ W(k‘—(]—l))! forj —1<k<d,
Pr = Pr = —/ 2l
ay, logn + 3, :
m fOI‘lékﬁj—Q,

where

N for 1 -1,

Bl = witduatd  forj < k<d, (53)
NP + €aglogn + efy, forl <k <j—1,

i/k = ’_yka

and it is easy to check that for any choices of 7 and ¢, the parameters &}, 3}, and 7; satisfy
conditions (A1)—(A4) in Definition 3.1.

We now want to prove that, for the appropriate choices of 7 and e, the vector p’ is also a
(7 — 1)-critical direction (Definition 3.3), i.e.
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(C1") N, logn + jij, + 7, <0, forall indices k with j — 1 < k < d and pj, # 0;
(C2) X;-Clogn-l—ﬂ;—g + v, =0, for some kwithj —1 <k <d,

where the parameters A}, fi},, and 7, are defined as in (4), but with j replaced by j — 1.
Recall that A} and 7, are constants, while each [}, is a function with ;. = o(logn). Thus,
(C1”) and (C2’) will both hold if and only if

:;C <0 for every j — 1 < k < d with P, 7 0; 54)
=0 for some j — 1 < k < d;
and
i, < —1, for every j — 1 < k < d such that N, = 0; 55)
Ry, = —1% for some & such that \; = 0.

Let us consider (54) first. For every k with pj, # 0 (which is equivalent to p; # 0), we have

- d
No=i-sh- -+ Y
63 . _ ) d Q;
=J——nk—-75+2 — -
= —nlk—7J )Zi:”_JJrl

Recall that k& is an index with 7+ 1 < kg < d such that ay, # 0 and 7, = 0 (cf. (A1) and (A4)
for p). We observe that

limA\;, =j>0  and lim )}, = —oo forevery j — 1 < k < d with p), # 0.
n—0 7—00
Hence, since each )} is a continuous function of 7, we can choose 7 > 0 such that (54) holds.
For the rest of the proof, let this value of 7 be fixed. We will now show that we can choose
the function € so that (55) is satisfied as well. To simplify notation, whenever we consider fi). or
v/, in the following, we will assume that \}, = 0.
By (4), with j replaced by 7 — 1, we have

—log (4! ifk=j—-1,
v, =< —log((j — 1)!) — log(k — j +2) + log(a},) ifk+#j—1andaj) #0,
—log((7 — 1)!) — log(k — j +2) otherwise,

which by (53) is independent from e. Furthermore,

. B 0 if pj. > 1,
f=—(k—j+2)) 'ml’ +{loglogn if p, < 1and & # 0, (56)
1=) i _
log(5,) ifp, < landaj =0.

By (53),

Zd B _Zd nBi + ea; logn + €f3;
i=jnY =i (i—j+Dn¥
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Now (Al)-(A4) imply that ¢ := ), W is a positive constant, while ), % =
o(log n). Moreover, all possible summands in the case distinction of (56) are o(logn) as well.
Therefore, there exists a positive function f(n) = o(logn), which does not depend on the
choice of ¢, such that

iy, + c(k — j + 2)elogn| < f(n)

forall j — 1 < k < d with pj, # 0. Fix a function w of n with w — oo, butw = o (IJZ’(gn’)L) Then

for all indices k as above,

fi w’
k
—o0o fore= %

, nseo oo o fore=-—1
=,

Therefore, by continuity we can choose € = o(1) such that (55) holds. Since we have now found
7 and e such that (54) and (55) simultaneously hold, (C1’) and (C2’) are both satisfied, i.e. p’ is
a (j — 1)-critical direction, as required. Ul

A.3 Proof of Proposition 5.13

We first observe that for j + 1 < k& < d, the number of (k + 1)-sets which contain at least two

distinct (j + 1)-sets of 7 is at most (7)) (4_i_1) = O(n*771), and therefore the number of

(k 4 1)-sets that must not be k-simplices in order for A to hold is

21(" ) —owtm —isi=1a1(" ) - o

Thus, since pyn*7~1 = 0(1), we have

d n=3i—1\_o(pk—i-1
P(A) = Hk:j+1(1 _pk)|J|( e2) o )

= (o)L, (1 =)0

=j+1
. d n—j—1\_
— (14 o(1)) exp <"‘7 72 ( k= )pk>
W1+ o0(1))g7,
as claimed. )

A.4 Proof of Lemma 6.1

Let 7 be the set of all 4-tuples (K, C,w, a) that might form a copy of Mj,ko in G, (i.e. all sizes
and containment relations are correct, but we make no assumptions about which simplices are
present or absent), and let 7" = (K, C,w, a) € T. Property (M1) holds with probability

E_ 0 logn
Pho = 5P = O () , 57)
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since the choice of £ is such that ay, # 0 (see Definition 5.15 (b)). By Proposition 5.13 the
probability that (M2) holds is (1 + o(1))g "*=9*1), where since 7 = £/n we have

q'r 15) (1 4 0(1))€Xp <_£ . ZZ:j.H (O{k lOgn + &>) =1+ 0(1)?

n

and therefore (M2) holds—independently of whether (M 1) holds—with probability 1 + o(1).

In order to calculate the probability that (M3) also holds, first observe that if (M2) holds,
then no simplex can contain more than one side of the (potential) j-shell C' U {w} U {a}. Thus,
conditioned on the event that (M1) and (M2) hold, each of the j + 1 sides of C' U {w} U {a}
forms a j-simplex independently with probability

LTI 0 p )00 — oy,

where

= 1
-y p'f” _o ( Og”> | (58)
—J)! n
Combining all the probabilities, we obtam
P(T forms a copy of M;,) = (14 o(1))pr,r *. (59)

Recall that X j.ko denotes the number of copies of M ko in G, Now (59) implies that

A

ko+1 :

BC) = (o), ") (7 o=+ D= o = D
_ Pror? Tinkot? (57),(58) "
=1+ 0(1))m = O((logn)’™). (60)

We now aim to calculate the corresponding second moment E((X; 4,)?). Given two 4-tuples
T, = (K1, C1,wy,a1) and Ty = (K5, Co, wo, as), we define

o [ =I(T1,Ty) = (KyU{a})N(KyU{as})andi := |I|;

’

AN 1 if K4 =K
o s=s(11,T,) = A o
2 otherwise;
o 7, to be the set of all (j + 1)-subsets of {C, U {a,} U {w,}} forz = 1,2 and
t= t(Tl,Tg) = |(j1 U jZ) \ {Cl U {w1}7 02 U {UJQ}}',

i.e. the number of (5 + 1)-sets that are sides of the (potential) j-shells of Ty and T, but
not a base of either j-shell.
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If s = 2 and the intersection of the two simplices contains a petal, then Tl and TQ cannot both
form a copy of M, ,, because (M2) would be violated. In the following, we therefore assume
that this is not the case.

Clearly, (M1) holds for both 7} and T} simultaneously with probability (py, )*, while condi-
tioned on (M1), by Proposition 5.13, the probability that (M2) holds for both T; and T, simulta-
neously is (at least) (14 o(1))g ™**0=7+1) = 1 + o(1). Conditioned on (M1) and (M2) holding,
observe that each of the ¢ sides of the (potential) j-shells lies in some k-simplex (and hence
forms a j-simplex) with probability . Moreover, no simplex in G, can contain more than two
of those sides (at most one from each potential shell since otherwise it would contain a petal,
which is ruled out by the conditioning on (M2)). Furthermore, the probability of a side lying in
any k-simplex that contains two distinct sides is

B d B O(nk—i-1y _ logn (58) 9
1 Hk:j+1(1 Dk) =0 ) = o(r?).

Therefore, the probability that all ¢ sides form j-simplices is (1 + o(1))r* and thus
(7}, T both form copies of M;,) = (1 + o(1))(px,)*r". (61)

Define 772(i, s,t) to be the set of pairs (7}, 7%) € T x T with parameters 7, s and . With
this notation, (61) implies that

E((vako)Q) = (1 + 0(1)) Z Z (pko)srt.

(ivsvt) (Tl ,T2)€7A—2 (’i,S,t)

Observe that |72(i, s, )| = O(n?0+4~) We can now estimate the contributions of all the sum-
mands, distinguishing according to the possible values of s and :.
Case 1: s=1. This means that K| = K5, and thus kg + 1 <7 < ko + 2.

e i = ko + 1. In this case a; # as and thus the sets of sides of the two j-shells would be
disjoint, i.e. t = 25 + 2. Therefore we get a contribution of order

pkonk0+1

. E(X; )2 )
O (pryr+2n2hoti=(+1)) @ g (M) D, ((E(Xj,k0)2> :

Indeed, in order to prove the final property of the lemma, that the associated copies of
M; 1, are distinct, we observe something even stronger: we have

PkoT n

2j+3
2j+2,,2ko+4—(ko+1) _ g <(10g:;) J+ ) (57).(58) o(1).

Thus by Markov’s inequality, whp there are no two copies of M ko that share the same
ko-simplex but have distinct apex vertices.

e i = ko + 2. The two j-shells have the same apex vertex and thus the j-shells coincide if
and only if they have the same base. This means that ¢ > j+ 1, which gives a contribution
of order

O(pkorj+1n2ko+4—(ko+2)) (60) o) (E(Xj,ko)) — 0 (E(Xj,ko)2) '
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Case 2: s=2.

A~

e i = (. We show that this case represents the dominant contribution to E((Xx,)?). The
two j-shells are disjoint, hence ¢t = 25 + 2. Observe that we have

(koz 1) <k°j 1) (ho—j+ 1D (n—ko—1) = (1+ 0(1))%

choices for Tl. For any fixed Tl, the number of choices for TQ that yield 7 = 0 is

<n ;ﬁI 2) (koj 1) (ko —j+1)(n— 2k —3) = (1+ 0(1))%'

Thus, the contribution of all such pairs is

2 2.25+2,,2ko+4
pkofr J n 0

@ 0 )2,
Gl L eEX )

(140(1))

e 1 <7< J. Inthis case Tl and TQ cannot share a j-simplex of their shells, i.e. t = 25 + 2.
Therefore the contribution is

nl

. ‘ E(X.. )2 .
19) (pzo,,,2]+2n2ko+4fz) (60) O ( ( ]iko) > _ O(E(Xj,ko)z)-

+ 1. Here, Tl and Tg can share at most one j-simplex of their shells, which means

o=
t > 27 + 1 and we have a contribution of order

, ‘ E(X.. )2 .
10, (pzor2g+1n2ko+4—(y+1)) @) 19) ( ( ],ko) ) (2) O(E(Xj,k‘g)Q)'

rni+l

e j+2 < i < ky+ 2. In this case t > j, because Tl and TQ may share their j-shells,
meaning that at least 7 + 2 many j-simplices must be present, but have different bases,
i.e. up to two sides of the (potential) j-shells may be automatically present as j-simplices
because of K and K5. Therefore the contribution is

rit2ni

. . E(X: )2 X
0) (piorjn2k0+4—z) (6__0) 19) ( ( J7k0) > (2) O(E(Xj,k0)2)~

Summing over all cases shows that E((X;,)%) = (1 + o(1))E(X;,)% as desired. Thus,
Chebyshev’s inequality implies that Xz, = (1 + o(1))E(Xx,) whp.

Finally, recall that in the case s = 1,7 = kg + 1, we observed that whp there are no two
copies of Mj,ko that contain a common M ;,, in which case all copies of Mj,ko must have
distinct associated copies of Mj ,, as claimed. O
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A.5 Proof of Proposition 6.5

Observe that for each £ > j we have

ay logn + [y . ay logn + B ,
_aglogn+ (1+&) B +dk§logn(k )
- nk—i+7 )%

and therefore the first three statements follow directly. Furthermore, since )\ and v, are depen-
dent only on o, and x, and not on [, the fourth and sixth statements also follow.
For k > j + 1, recall that p;, < 1 by Remark 3.2 and therefore we have

) d
pe=—(k—j+1)

ﬁju loglogn if ay # 0,

We have that

d d

B (1+&) B+ allogn
DETI SR LA
i=j+1 i=j+1
&y <= B ‘ B
AL an+f‘<z dilogn+zn%>
i=j+1 i=j+1 i=j+1
A28 <= Bi ‘ Bi
at Z n%jug.(Z a;logn + Z ﬁ+o(logn)>
i=j+1 i=j+1 90
d B d
= > (L o(1)) > Gilogn. (62)
i=7+1 i=j+1

Observe that (62) does not depend on k. For all £ with o, = 0, note that y; contains the
additional term

log(Bx) = log((1 +&)B) = log(B) + O(&),

while for all £ with o, # 0, we have the same additional term log log n in both i, and fi. Thus
in total we have

= = (1 o(D)(k = + 1)€Y, ailogn,

On the other hand, for £ = j, observe that (A1) implies that if p; < 1, then o; = a; = 0.
Furthermore,

if p; <1< p;, thenay =4; = 0and p; = B; = 1+ O(&). (63)
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Therefore, we have

d i 0 ifp; > 1,
o= =3 by o
i=j+1 nYi log(B;) ifp; <1
B _Zd (1+§)Bi+@i§10gn+ 0 if p; > 1,
i=j+1 nYi log(Bj) + log(l + 5) ifpj <1

B d Bi—ko_zilogn log(B-) ifp; <1< p,,
—uj—ﬁzi:jﬂi.wgw{ ) ”

nv 0 otherwise
(62),(63) _ d _
= — (1 1 i1 ,
A= (+o()) € dilogn
as required. 0

A.6 Proof of Lemma 6.7

We will prove the lemma with ¢ = &y, /4, where k is as defined in Definition 5.15 (b).
First observe that by Proposition 6.5 applied with { = —1/wy, for any j < k < d we have
A = A\, U, = U, and
d ag, logn

1
- L _ o
pe = e + (14 o(1))(k J+1)wozizj+1a110gn/uk+ o

I

where we are using that £k — j + 1 > 1. Thus we have

N g, logn
A logn + g + v 2)\k10gn+ﬂk+ﬂk+M

)

20)0

therefore Lemma 5.14 and the fact that \; logn + i + 7, = O(1) (because k is a critical
dimension) imply that

V., 1 V., 1
E(X;) > oxp (w + 0(1>) > exp (w) , (64)

and thus in particular E(X ;) = w(1).
In order to apply a second moment argument, we will show that

E((X;x)?) = (1+ o(1))E(X;4)?,

implying that whp X; ;. is concentrated around its expectation. We first consider the case when
E>j+1.

Let 7 denote the family of pairs 7" = (K, ('), where K C [n] with |K| = k + 1 and C'is
a j-subset of K. Each of these pairs may form a copy of M, with K as k-simplex and C' as
centre of the flower F (K, C).

Given two pairs 77 = (K1, C}) and T, = (K3, Cy), we define
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o S:S(T17T2) — {1 llezKQ,

2 otherwise;
o F, = F(Kp,Cp)forh=1,2;

o t =1(11,T5) := |F1 UF,|,ie. the total number of (potential) petals.

By Proposition 5.13, the probability that two pairs in 7 both form a copy of M, is (1 +
o(1))p;g ™. With this observation, we can determine the contribution to E((X)?) made by
those pairs with a fixed value of s.

e s = 1. Petals can be shared, but certainly ¢ > k£ — j + 1 and the contribution is at most of
order

O (n*+ppg 7*=7+D) 1o O(E(Xjr)) = o(E(X;1)?).

J

e s = 2. By definition, a petal cannot lie in any other k-simplex and thus only the pairs
with ¢ = 2(k — j + 1) have a positive probability of both forming a copy of M, ;. The

number of such pairs is
2 2
n k+1
1 1
1+ ))</€+1) ( J )

and thus these pairs provide a contribution of

Lro) (") (FEY) a0 99 (14 o)E(X,02
row)(, ) (M) e (1 o)
In total, we therefore have E((X;1)?) = (14 o(1))E(X;x)*.

We now consider the case k& = j. The proof is similar but simpler, since for a pair (K, C') to
form a copy of M; ; we only require K to be an isolated j-simplex, and C' to be the canonical
choice (see Definition 5.6). On the other hand, we need to be careful if p; > 1, since then p;
must be replaced by 1 in any probability calculations.

Recall that since j is a critical dimension we have that 5\3- logn + i, + 7, = O(1) (see
Definition 3.6). For the second moment of X ;, we count pairs of isolated j-simplices according
to the size of their intersection ¢. Applying Proposition 5.13, we obtain

(%) = B0+ 30 (1) () (5 ) mimtes 90 ot
CEX,,) (1 +o(1)+ i O(n—i)>
=BG (4 oD).

Thus in both cases we have E((X;x)?) = (1 + o(1))E(X;,)? and so by Chebyshev’s in-
equality whp

(64) ag. logn
Xk = (1+ o(l))E(Xj,k) > exp <7k’i’lwg ) ,
0

as required. O
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A.7 Proof of Proposition 9.7

Given an ordered m-simplex ® = [vy, ..., v,,] and a vertex u ¢ ®, define the ordered (m + 1)-
simplex
[U, q)] = [U, Vo, - - - 7,Um]a

for any m € [n — 2|o.
Let v € [n] and consider a j-cochain f as in the statement. We define the (j — 1)-cochain
f» that maps every (j — 1)-simplex p to the value

fulo) = {f([“ap]) gy

Og otherwise.
For any ordered j-simplex o = [vp, . .., v;| we have
. j : .
flo) = (01 f)(0) = flo) = D (=D fo ([vo, i, uj)). (65)
If v ¢ o, then

J

flo) = (" ) (0) € flo) =Y

by definition of the operator ¢7.
If v € o then v = v; for some | € [j]o, implying that f,([vg,...,7;,...,v,]) = 0 for every
i # land f,([vo,..., 7, ...,v;]) = (=1)'f(c). Thus

flo) = (81 ,)(0) € (o) — (~1)*f(0) = Op.

Putting everything together

(_1)if ([’U,UO, s 7’&2'7 cee 7Uj]) = (5jf)([v70]>7

1=0

(07 f)([v,0]) ifv ¢ o;

i (66)
Op otherwise.

flo) = (" fu)(o) = {

Recalling that every j-cochain of the form f + ¢ with ¢ a j-coboundary has support of size
at least |S|, we have

S| <Y [supp(f — ' f,)] = {(v,0) s v € [n], o € supp(f — &' f)}.  (67)

vE(n|
For a pair (v, o), by (66) it holds that ¢ is in the support of f — ¢/~ f, if and only if v ¢ o and
the (j + 1)-simplex [v, o] is in the support of (67 f)(uc). Hence
(67) )
n|S| < [{(v,p) : v €p, pesupp(¢’f)}
= (j + 2)[supp(&” f)]
= (1 +2)[D()],

as required. 0
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A.8 Proof of Claim 9.9

Consider the j-simplex in step ¢ of the exploration process described in Remark 9.5: there are
at most ( k’jj) many (k + 1)-sets which we could potentially discover from this j-simplex, and
of these we must choose b; ;.. From each of the chosen k-simplices, we find at most (';ii) —-1<
(’;ﬁ) undiscovered j-simplices of S. This holds for every k € {j + 1,...,d}, thus this can
happen in at most HZ: it (('bv?;))QGE )i different ways. Hence, considering the choices for
the initial j-simplex, the number of pairs (S,7(S)) with S traversable and with exploration
matrix B is bounded from above by

( n ) sz ((/cij)>2(?ﬂ)bi,k < nj+1H’“ (<’£3’)2(§Ll))tk

J+1 bik [ iz 0i! ’

using that > 7 b; ), = t;, foreachk € {j +1,...,d}. O

A.9 Proof of Claim 9.10

The expected number of j-sets that do not form a (j — 1)-simplex in G, is bounded from above
by

(?) (1- pko)(kon-}il) < (j) (1— Toﬁkg)(kon:jil)

Qg logn+3k0) —o(1)

<1+01njex —Ton * -
(1 oV’ exp (- o B8

thus by Markov’s inequality whp G, has a complete (j — 1)-dimensional skeleton. 0

A.10 Proof of Claim 9.11

Recall that we condition on the high probability event in Claim 9.10 and that this implies that
Proposition 9.7 can be applied to f, (if it exists). Suppose that f. exists and write s := |S,|.
Then D(f,.) comprises at least 5 many (j + 2)-sets by Proposition 9.7. Each A € D(f,) is

not allowed to be part of k-simplices of G,, for every k € {j + 1,...,d}. There are (Z:j:f)

many (k + 1)-sets in [n] that contain A, each of which contains (fi;) many (j + 2)-sets. Thus
we have ( . 2)
sn( 2~
k—j—1 k—7j
De(fr)l 22— = hosn™™
(7+2) (j+2)
for some positive constant hj and forevery k£ = j + 1,...,d. O
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A.11 Proof of Claim 9.12

Let a pair (S, 7(S)) with t(S) = (¢j41,...,tq) be given and recall that s > ZZ:j+1 tr =Y,
by (38). By Claim 9.11, the probability that S, = & is at most

d : d ,
th(1 hon*~Js Y: St (1 _ s YhonFTIY:
| |k:j+1pk (1 —pr) <7 | |k:j+1pk (1 —7pg) cx(7). (68)

The function z(7) is positive and its derivative (with respect to 7) is

dr x(1)Ys (1 hy Zd n*=ip;, > |

dr T k=j+1 1 — 7},

Recalling that the index £y is such that &, # 0 and 7., = 0, we deduce that

dr _ x(1)Ys (1 _ThOO_éko 10gn+5ko> <0

dr > T 1 — TPk,

for 7 = w(1/logn). Thus, since the derivative of x(7) is negative throughout the whole range
T =21 = 1—0(1), we have z(7) < z(7p) for all 7 > 79, and therefore in the following
calculations we may substitute 7 for 7.

Now Claim 9.9 implies that

B sz big! < (o)™ HZ:j+1 ((k i j) Q(m))tk
- exp (_(1 + 0(1))hoYs (W(k = j)!)) )

< nitt (O(log n))Yt n~(Fo(1)hod, (ko—5)!Ye
< n]'+1n—floYt,

2+ 2, (511 o
%. Since Y; > ++1), we

hodko (ko—3)!
2 Zk (j+1

where o = . Now suppose that s > hy >

can find another positive constant h; such that

- n—hls
'B X )
Hi,k bi,k!

as desired. O
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A.12 Proof of Claim 9.13

For any exploration matrix B = (b; ;,), define u(B) = (u;41, ..., uq), where
U ‘= |{Z : b@k = nhl/(d_j+1)}|.

Conversely, given u = (u;j11, ..., uq) with ug > 0, let B, be the set of all matrices B such that
u(B) = u. Observe that each B € By, is an (s x (d — j))-matrix. There are [, (.° ) choices for

S

Ug,
which entries are large (i.e. which contribute to uy), at most pht/(d=j+1) possibilities for each of
the small entries and, since the sum of all the entries is > p Uk < s, at most s possibilities for

each of the large entries. Thus we obtain the (rather crude) upper bound
|Bu| < (Hk ( 5 )) (nhl/(d—j+1))S(al—j)—Z;c Uk 5
Uk
< 52 2k Uk (nhl/(d—j-i-l)) s(d—3)—>"5 uk . 69)

Moreover, for B € B,
u Py
[, btz ((n—d—'?ﬂ)!)zk > T S, (70)

Putting everything together, the probability r, that S, of fixed size s > hy exists (together with
the collection 7 (S;) of simplices) satisfies

(CL.9.12) —h1s

n
< < B
TS Zu ZBeBu BS Zu 1Bal ITi s bis!
Up hqy .
(69),(70) 52 na—r1sd=i)
S Zu [Hk ( hy h > ] nhis

1
na—i+ipnd-i+2

< E 1 .n—ﬁs < (s+ 1)d—j . n—%s < nhes
~ ~ ~ Y
u

for some positive constant hs. o
Thus, the probability that S, exists with |S;| > h > h; is at most

n—h2h i/
—has —hoh/2
T < -n < —<n
DoniT <D <7 < ,

which concludes the proof of Claim 9.13. 0

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(3) (2022), #P3.27 69



B Glossary

For the reader’s convenience, we include a glossary of some of the most important terminology
and notation defined in the paper.

B.1 Combinatorial terminology

Term Informal description First defined

J-shell all j-simplices on j + 2 vertices Def. 2.1

K-localised set J | all simplices containing .J are contained in K Def. 5.1

j-flower J-simplices within a k-simplex containing a common Def. 5.2
centre

copy of M ik K-localised j-flower with j-shell containing one petal | Def. 5.3

copy of My, K-localised j-flower Def. 5.5

local j-obstacle (k: + 1).—set K containing k — 7 + 1 many K-localised Def. 7.2
j-simplices

traversability notion of connectedness on j-simplices Def. 9.3

B.2 Cohomology terminology
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Term Informal description First
defined
j-cochain function on ordered j-simplices p- 8
Ci(G; R) group of j-cochains p. 8
coboundary operator ¢’ | generates (j + 1)-cochain from j-cochain p. 8
._ . . ] . . _ . .
j-cocycle iyj Ocuori:(il;rm in ker ¢, i.e. all (j + 1)-simplices have zero p.8
y
j-coboundary j-cochain in im 6771, i.e. generated from (j—1)-cochain | p. 8
HI(G; R) j-th cohomology group over R: ker §7/ im §/~* p. 8
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B.3 Probabilities and birth times

Symbol Informal description First defined
p vector defining process direction p-5

Tmax T at end of process: 1/p, p-5

T time when last M ;& disappears p-5

7! 1 — e p. 30

7" first time after 7’ that no M, , exists | p. 30

B.4 Random variables

Variable Informal description First defined
Xk number of copies of M in G, Def. 5.7
X ik number of copies of ijk inG, Def. 5.7
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B.5 Parameters

Parameter Informal description First defined
Qg logarithmic term in py, p. 10
Br sublogarithmic term in py, p. 10
o polynomial correction exponent in py, p. 10

probability of k-simplex existing at 7 = 1:
Dk ay, 1ogn+,8k( ) p. 10

nk=i+% —J)

Mk JHl—g—(k—j+1) 0L i1 p. 10
_ 3. loglogn if ax # 0

—(k—j+1 B 4 _ ’ .10
N’k ( ] )Zz =j+1 nYi {log(ﬂk) ifC_\{k — 0 p

1Og(( 5D itk =7,
Uy, log(j!) —log(k — 7+ 1) +log(ay) ifay #0, |p.10
log(j!) — log(k — j + 1) otherwise
k index j < k < d such that A\ logn + iz + 75 = 0 p. 11, (see also
Def. 5.15, p. 26)
ko index j + 1 < ko < d such that ay, # 0 p. 10, (see also
Def. 5.15, p. 26)

, 1nd§x 7 < £ < d such that at time 7}, a copy of M;, p. 26

vanishes
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