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Abstract

Turan-type problem is one of central problems in extremal graph theory. Erdds
et al. [J. Combin. Theory Ser. B 64 (1995), 89-100] obtained the exact Turdn
number of the friendship graph Fj, for n > 50k?, and characterized all its ex-
tremal graphs. Cioaba et al. [Electron. J. Combin. 27(4) (2020), #P4.22] ini-
tially introduced Triangle Removal Lemma into a spectral Turan-type problem,
then showed that SPEX (n, Fy,) C EX(n, Fy) for n large enough, where EX (n, Fy)
and SPEX (n, Fy,) are the families of n-vertex Fj-free graphs with maximum size
and maximum spectral radius, respectively. In this paper, the family SPEX (n, F})
is uniquely determined for sufficiently large n. Our key approach is to find various
alternating cycles or closed trails in nearly regular graphs. Some typical spectral
techniques are also used. This presents a probable way to characterize the unique-
ness of extremal graphs for some of other spectral extremal problems. In the end,
we mention several related conjectures.

Mathematics Subject Classifications: 05C50, 05C35
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1 Introduction

A graph is said to be H-free, if it does not contain H as a subgraph. A classic problem
in extremal graph theory asks what is the maximum number of edges in an H-free graph
of order n, where the maximum number of edges is called the Turdn number of H and
denoted by ex(n, H). The set of extremal H-free graphs with ex(n, H) edges is denoted by
EX(n,H). An important motivation of investigating Turdn numbers is that they are very
useful for Ramsey theory. The original statements can be found in [9]. Turén-type problem
can be at least traced back to Mantel’s theorem in 1907, which says that ex(n, C3) = L”TQJ
In 1941, Turdn [27] showed that ex(n, Kyi1) = |E(Thx)| for n > k+ 1 > 3, and the k-
partite Turdn graph T, is the unique extremal graph.

Let A(G) be the adjacency matrix of a graph G and p(G) be its spectral radius. By
Perron-Frobenius theorem, every connected graph G exists a positive unit eigenvector
corresponding to p(G), which is called the Perron vector of G. In 1986, Wilf [29] showed
that p(G) < n(1 — §) for every n-vertex Ky i-free graph G. Wilf’s result was sharpened
by Nikiforov [18], who proved that p(G) < p(T, ) for every n-vertex Ky i-free graph G,
with equality if and only if G = T,, ;. Babai and Guiduli [2] established asymptotically a
Kévéri-Sés-Turan bound p(G) < ((s — 1)t 4 o(1))n'~+ for every n-vertex K, ~free graph
G (where s > t > 2), then Nikiforov [22] obtained a new upper bound with main term
(s—t+ 1)%711_%. Nikiforov [21] formally posed a spectral version of Turéan-type problem,
and established some interesting results and conjectures (see for example, [1, 19, 20, 21]).
Moreover, Nikiforov also develops some methods for spectral Turan-type problems such
as deleting vertices, removing edges and counting the number of walks (see [23]).

Problem 1 ([21]). What is the maximum spectral radius of an H-free graph of order n?

In the past decades, much attention has been paid to Problem 1 and its variations (see
surveys [3, 23, 13] and some recent results [4, 5, 6, 7, 12, 15, 25, 26, 30]). For convenience,
we denote by SPEX (n, H) the family of extremal H-free graphs with maximum spectral
radius in Problem 1.

A graph is called a friendship graph, and denoted by Fj, if it consists of k trian-
gles which intersect in exactly one common vertex. In 1995, Erdds, Fiiredi, Gould and
Gunderson proved the following classic result in extremal graph theory.

Theorem 2 ([10]). For every k > 1, and for every n > 50k?, ex(n, F},) = L”Igj +k?—k
if k is odd; and ex(n, Fy) = L"%j + k* — 3k if k is even.

Moreover, the extremal graphs were completely determined in [10]. A nearly (k —1)-
reqular graph is a graph with one vertex of degree k — 2 and all other vertices of degrees
k — 1. It was showed in [10] that EX(n, F}) consists of all graphs obtained by taking
T, 2 and embedding a subgraph H in one part, where H = K U K}, for odd k£ and H is a
nearly (k — 1)-regular graph of order 2k — 1 for even k. A nearly (k — 1)-regular graph of
order 2k — 1 does exist for every even k > 2, and there are many if k is large.

We can first construct a graph with vertex set {wg} U AU B such that N(wy) = A
and |B| = |A| + 2 = k. Then, we partition A into A; U Ay and B into {up} U B* U B**
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Figure 1: Graph H* with B = {ug} U B* U B**.

such that |A;| = |As| = |B**| = £2. Finally, we join k — 1 edges from uy to 4; U B*,
% independent edges from B** to As, and some additional edges such that both A and
B\ {ug} are cliques. The resulting graph H* is a nearly (k — 1)-regular graph of order
2k — 1 (see Fig. 1).

In [6], Cioaba, Feng, Tait and Zhang studied the spectral counterpart of Theorem 2. If
k =1, then Theorem 2 is just the well-known Mantel’s theorem, and the spectral version
is known from Nikiforov’s spectral Turdn theorem (see [18]). Both extremal graphs are the
only graph T, 5. For k > 2, the authors [6] obtained the following theorem by combining
Triangle Removal Lemma (see [10, 11, 24]) and spectral techniques. This develops a new
tool for Problem 1. Subsequently, Triangle Removal Lemma was also used efficiently to

other spectral Turédn-type problems (see [7, 8, 14]).
Theorem 3 ([6]). For every fized k > 2 and n large enough, SPEX (n, F},) C EX(n, Fy).

In this paper, our goal is a further characterization of SPEX (n, Fy). We obtain the
following result, which gives the uniqueness of the graphs in SPEX (n, Fy,).

Theorem 4. For every fized k > 2 and n large enough, the only graph in SPEX (n, Fy)
is obtained from T, o by embedding a graph H in a part of size |5 |, where H = Kj, U K,
for odd k and H = H* for even k (see Fig. 1).

The rest of the paper is organized as follows. In Section 2, some structural and spectral
propositions are obtained for graphs in EX (n, Fy). In Section 3, the nearly (k—1)-regular
graph H is characterized for graphs in SPEX (n, Fy). In Section 4, it is showed that H
must be embedded in a part of size |2]. In Section 5, some related conjectures are

2
mentioned for further research.

2 Propositions for graphs in EX (n, Fy)

By the result due to Erdés et al. [10], we know that each graph in EX (n, F}) is obtained
from T,,» with two parts (say S, T') by embedding a subgraph H in one part, where
H = K, UKy, for odd k and H is a nearly (k — 1)-regular graph of order 2k — 1 for even
k. Without loss of generality we may assume that H is embedded in S.
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For odd k, H has been uniquely determined up to isomorphism. In this section, we
focus on the case that k is even and try to obtain some useful propositions for a graph
G € EX(n, F}) and its subgraph H. For even k, since H is a nearly (k — 1)-regular graph
of order 2k — 1, there exists a partition V(H) = {wo} U AU B such that Ny(wg) = A,
|B| = |A| 4+ 2 =k, and dg(v) = k — 1 for every vertex v € AU B.

A trail is a walk whose edges are distinct. In particular, a trail is closed if its original
and terminal vertices are the same. Now, by coloring all the edges of H[AU B] red and all
its non-edges blue, we obtain a copy of K|4up| with red and blue colours. If there exists
a closed trail C' in K|aup| such that any two consecutive edges of C' have distinct colours,
then we call C' an alternating closed trail of H[A U B]. In the following, we present a
structural proposition of the nearly regular graph H.

Proposition 5. If A is neither an empty set nor a clique, then there exists an alternating
closed trail C' such that C = vgviuiusvg or C = vgviuiusvousvy, where each v; € A, each
u; € B and vyvy is a blue edge (non-edge).

Proof. Let vy € A with dp(vy) = max,ca dg(v), and let N 4(vg) = A\ (Na(vo) U {vo}).
Note that da p(v) = k — 2 for each v € A. Then da(vy) = minyea da(v). Moreover, since
Ais not a clique, we have d(vo) < |A| — 2 = k — 4, which implies that N 4(v) # @ and
Np(vy) # @. Now define B’ = {u € B: 3 v € Na(vp) with v ~ u}, where v ~ u denotes
vertices v and u are adjacent. Since dg(v) = daup(v) —da(v) = (k—2) — |A\{v,v0}| =2
for each v € N 4(vp), we also have B’ # @. Now we give the following claim.

Claim 6. If there exists a blue edge with one endpoint in B’ and the other in Ng(vy),
then we have an alternating 4-cycle.

Proof. Let ujuy be a blue edge, where u; € B’ and us € Np(vg) \ {u1}. By the definition
of B’, we can find a vertex v; € Na(vg) with v; ~ w;. Now it is easy to see that
C' = vgviuiugg is an alternating 4-cycle and vou; is a blue edge. O

Next, we may assume that each edge u'u” is red for any two distinct vertices v’ € B’
and u” € Np(vg). Then we have the following claim.

Claim 7. If there exists a blue edge within B’, then we have an alternating closed trail
of length six.

Proof. Let ujus be a blue edge within B’, that is, u; » uy in H. By the above assumption,
both u; and uy are not in N(vg). By the definition of B/, we can find a vertex v; € N 4(vg)
with v; ~ u; for i € {1,2}, where possibly v; = v,. Note that dp(vy) = max,ca dp(v) =
dg(v2) and us € Np(v2) \ Np(vo), then Np(vg) € Np(vz). Thus, we can find a vertex
ug € Np(vg) with uz = vy. Now C' = vgvugugvausvg is an alternating closed trail of
length six and vgvy is a blue edge. O]

Now by Claims 6 and 7, we may assume that each edge u'u” is red for any two distinct
vertices u' € B and v’ € B’ U Np(vy).

Let viu; be a red edge, where v; € N4(vg) and u; € B'. Then dp(u;) = dg(u,) —
da(uy) = (k—1) —da(u;) < k—2=|B| —2, and so we can find a vertex us € B\ {u}
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such that ujyuy is blue. Furthermore, it follows from the above assumption that us €
B\ (B'"UNg(vg)). This implies that Na(us) € Na(vg). Since da(ug) = dy(uz) —dp(ug) >
(k—1) — |B\ {u1,us}| = 1, then we can find a vertex vy € Na(vg) with vy ~ us. Now
by the definition of vy, we also have Np(vg) € Np(ve). Subsequently, we can find a
vertex uz € Np(vg) with ug »~ vy (possibly ug = uy). Therefore, C' = voviujusvousvyg is an
alternating closed trail of length six and vgv; is a blue edge. This completes the proof. [

Recall that G contains a spanning subgraph K\g 7 with H being embedded in S,
where |S| 4+ |T| = n and ||S] — |T|| < 1. In the following, let p := p(G) and X =
(x1,...,2,)T be the Perron vector of G. For convenience, we write Tmax V(H) = MaXyev (H) Ty
and Ty v () = Milyey (g To. Then we can obtain some propositions for sufficiently large
n.

Proposition 8. Let Xp =) _,x,. Then

XT > XT
- 45 . T I‘mln = = 7 . a°
p—k+1 VI = k2

(1)

Proof. Note that V(H) C S. Then T' C Ng(v) for each v € V(H). Moreover, we know
that pz, =3, c @ Tu and k —2 < dy(v) < k —1 for each v € V(H). Thus,

Tmax V(H) <

PLmax V(H) < Xt + (k - 1)xmaxV(H)7 PLmin V(H) > X7+ (k - 2)xminV(H)-

X X
Consequently, Tmaxv (m) < p—TT:&-l and Tminv(g) = p_kTJFZ. n

We now evaluate Perron components for vertices in A and B. This will be frequently
used in the subsequent sections.

Proposition 9. For each vertex v € A, we have

k(k — 2) k(k —2)
o DY (ko M
@+ ey OV s o Er )X
Proof. For each v € A, we have pr, = Xp+ Y. =, and p*r, = pXr+ . pwy,
wENg (v) uw€Ng (v)
where
XT + (k - 2)xmax\/(H)a U = Wo,
Py <
X+ (k= 1)&max v, u € Ny(v)\ {wo}.
Since dy(v) =k — 1, we have > px, < (b — 1) X7 + k(k — 2)Zmaxv (), and hence

weN (v)
PP, < (p+k—1)Xp +k(k— 2)Tmax v (H)-
Similarly, we can obtain
P°xy = (p+k — 1) X1 + k(k — 2)Twinv).

By Proposition 8, the result follows. O
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Proposition 10. For each vertexr v € B, we have

(k= 1)?

k—1)2
e L——lJXT

E—1
(p+ * p—k+1

)XTgprvé <p+k—1+

Proof. For each v € B, we know that Ny(v) C AU B. Hence, dg(u) = k — 1 for each
vertex u € Ng(v). Moreover, pr, = Xr+ Y. =z, and p’z, = pX7+ . pz,, where
uENg(v) uw€ENg (v)
Xr+ (k= Drminven < pry < Xr+ (k= 1)Zmacv -
Since |Ng(v)| = k — 1, we have
(p+k—1D)Xp+ (k=1 2minv < P2y < (p+ k= D)Xy + (k= 1)*Zmax v
Therefore, the result holds from (1). O

Proposition 11. For any two vertices uy,us € B, if dg(uy) > dp(us), then x,, > x,,.

Proof. Since uy,uy € B, we have dayp(u1) = daup(uz) = k—1. Now assume that dg(u;) =
dp(uz) + a, where a > 1. Then da(u;) = da(uz) —a. Write b= (p—k+ 1)(p — k + 2).
By Propositions 9-10, we obtain

kE(k—2 E—1)2
pQ(xmaxA - xminA) < %XTy p2($maxB - xminB) < %XTa (2)
while
-k +k+1
p2<xminB - xminA) 2 pQ(xminB - l‘maXA) 2 P b XT- (3)

Since T' C Ng(up) N Ng(uz), we can see that

PTuy = Pluy = Z Ty — Z Ly

’UENH(’U,l) ’UENH(UQ)
> dp(u1)Tming + da(u1)Tmina — dp(U2)Tmax B — dA(U2)Tmax 4

= a(xminB - xminA) - dA(“Q)(xmaxA - xminA) - dB<u2)(xmaxB - 'TminB)'

thethatdA(u2)+—dB(u2)::k-—],and;a;z«/LSHTsz,/{%J[%W >> k3. Combining (2)

and (3), we have pz,, — pxy, > 0. Therefore, x,, > x,,. O

Since p > {%J [g-‘ >> k3, by (3) we can also conclude that

Tmin B = Tmax A- (4)
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3 Characterization of H for graphs in SPEX (n, Fy)

Let G € SPEX(n, Fy,), where k > 2 and n is large enough. By Theorem 3 we know that
G € EX(n, F}), that is, G is obtained from K|g| | with |S| + |T| = n and [|S| — |T|| <
1 by embedding a subgraph H in one part (say S). In this section, we focus on the
characterization of H. For odd k, H has already been uniquely determined.

Theorem 12 ([6]). If k is odd and n is sufficiently large, then H = Kj U Kj.

In the following, we assume that k is even. Recall that H is a nearly (k — 1)-regular
graph of order 2k — 1 with V(H) = {wo} U AU B, where Ny (wo) = A, |B| = |A|+2 =k,
and dy(v) = k — 1 for each v € AU B. To characterize H for even k, it suffices to
determine the structure of H[A U BJ.

Lemma 13. If k > 4 and n is sufficiently large, then A must be a clique.
Proof. Suppose, to the contrary, that A is not a clique. By Proposition 5, H[A U B]
contains an alternating closed trail C'. Next we consider the following two cases.

Case 1. C = vguiuqusvgy, where vy, v1 € A; uy,us € B and vgv; is a blue edge.

Now let G’ be the graph obtained from G by exchanging the color of each edge in C,
that is, let G' = G—{uyvy, ugvg }+{vov1, urus}. Then G'[{wo}UAUB] and G[{w,}UAUB]
have the same degree sequence, and thus G'[{wy} U AU B] is also a nearly (k — 1)-regular
graph. This implies that G’ € EX (n, F}) too.

On the other hand, write p = p(G) and p’ = p(G’). Then

IO/ - p > XT(A(G/> - A(G))X - 2(xvoajvl + xu1xu2) - Q(Iul‘rvl + qu‘rvo)
Q(xul - mvo)(l.w - xvl)' (5)

It follows from (4) that x, > z, for any v € A and u € B. Therefore p’ > p by (5), which
contradicts the fact that G € SPEX (n, Fy).

Case 2. C = vgviuiusvausvy, where vg, v1,v9 € A; uy, ug, ug € B and vgv; is a blue edge.

We also define G’ to be the graph obtained from G by exchanging the color of each
edge in C. Similarly, G’ is also Fj-free. Moreover,

p/ -p > 2(x00$111 + Ty Ty + xvzxus> - 2<xulxvl t Tuy Loy + $u3xv0)

= 2(Tuy — T (Tuy — Toy) — 2(Tuy — Tug ) (Tuy — Ty)- (6)

Combining (2), (3) and (6), we obtain

_ 2 2 _ 12 2
p'—p><(p k’—i;k:—l—l) k(K 2)2(/<; 1))2)2T>O
b b p
for sufficiently large n, a contradiction.
By Cases 1 and 2, we can conclude that A is a clique. O
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By Lemma 13, AU {wp} is a clique. For each vertex v € A, since dy(v) =k — 1, we
have dg(v) = (k — 1) — |A] = 1. Let e(A, B) be the number of edges with one endpoint
in A and the other in B. Then

e(A,B) = |A| = k — 2. (7)

Now assume that uy € B with z,, = min,ep z,. Moreover, let B* = {u € B : dg(u) =
k—1} and B*™ = B\ (B*U{ug}). Then e¢(B*,A) =0, as dy(u) = k — 1 for each u € B.
Now we are ready to give a complete characterization of H for even k.

Theorem 14. If k is even and n is sufficiently large, then H = H* (see Fig. 1).

Proof. If k = 2, then |A| = k—2 =0 and |B| = k = 2. Since H is a nearly (k — 1)-regular
graph of order 2k — 1, it is easy to see that H = K; U Ky, and hence H = H*. In the
following, we assume that k > 4. We first give five claims.

Claim 15. B* is a cliqgue and x,~ = max,ecp T, > &, for eachu* € B* and eachu € B\ B*.

Proof. We first show that B* # @. If not, then B* = @, that is, for each u € B,
dp(u) < k—2, and hence d(u) > 1. It follows that e(B, A) > |B| = k, which contradicts
(7). Therefore, B* # @.

Note that |B| = k and dp(u*) = k — 1 for each u* € B*. Then every vertex of B* is
a dominating vertex of B, and so B* is a clique. Since e(B*, A) = 0, by symmetry we
have s = x5 for any two vertices uj,u; € B*. Moreover, since dp(u*) > dp(u) for each
u* € B* and each v € B\ B*, by Proposition 11, we have x,~ = max,ep z, > z,. O

Claim 16. uy ¢ B* and B* #+ @.

Proof. Note that z,,, = min,ep z,. If uyp € B*, then by the definition of uy and Claim 15,
we know that x, = z, for all distinct vertices u,v € B. That is to say, x, = max,cp T,
for each u € B. It follows that B = B* and ¢(B, A) = ¢(B*, A) = 0, which contradicts
(7). Therefore, ug ¢ B*.

Since every vertex of B* is a dominating vertex of B, we have dg(ug) > |B*|. On
the other hand, uy ¢ B*, then dp(up) < k — 2, and hence |B*| < k — 2. Therefore,
B| = B\ (B* U fue})| > 1. .

Claim 17. e({uo}, B*) = 0.

Proof. Suppose, to the contrary, that there exists a vertex u; € B** with uy ~ u;. By
the definition of B**, we have dg(u;) < k — 2, and hence there exists a vertex uy € B
with ug » u;. Now since dg(us) < |B\ {u1,us}| = k — 2, we have d4(us) > 1. Thus we
can find a vertex v; € A such that v; ~ us. Recall that dg(v) = 1 for each v € A. Then
vy » ug. Therefore, we can obtain an alternating 4-cycle uguyusviug.

Let G’ = G — {uguq, ugvy } + {ujug, ugvy }. Similar to the analysis of Lemma 13, we
have that G’ is Fj-free. Moreover,

p(GI) - p(G) > XT(A(G/) - A<G>>X = Q(xulxuz + xuoxvl) - Q(LEquul + xwxvl)

2(Tuy — Ty, ) (Tuy — xm))'
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By (4) we know that x,, > z,,, and by the choice of uy we have z,, > z,,. Thus
p(G") = p(G). On the other hand, since G € SPEX (n, F},), we have p(G') = p(G), and
hence X is also the Perron vector of G'. Observe that Ng(usz) \ Ng(u2) = {v1} and
Ner(ug) \ Ng(ug) = {u1}. Hence,

0= p(Gzy, — p(G)Tyy = T4y — oy, >0,
a contradiction. Therefore, e({ug}, B**) = 0. O
Claim 18. |B*| = &(B**) + &, where &(B**) denotes the number of non-edges in G[B**].

Proof. Note that e({ug}, B**) = 0. Then &(B) = e(B**) +|B**|. Recall that dy(u) = k—1
for each u € B and |B| = k. Then we have k(k —1) =) _pdu(u) =e(B,A) + 2e(B) =
e(B, A)+k(k—1)—2¢é(B), and hence e(B, A) = 2¢(B). Note that | B**| = | B\ (B*U{uo})| =
k —1—|B*|. Then e(B, A) = 2¢(B) = 2¢(B**) + 2k — 2 — 2| B*|. Combining (7), we have
|B*| = e(B™) + &. O

Claim 19. If B** is a clique, then H = H*.

Proof. By Claim 17, dps=«(ug) = 0, and so dg(ug) = |B*|. Note that dy(ug) =k —1 =
|B*| + |B**|. Thus da(ug) = du(ug) — dg(ug) = |B**|. Now if B** is a clique, then
dp(u) = |B\ {u,up}| = k — 2 and d(u) = 1 for each u € B**. Recall that e(B*, A) = 0.
Therefore,

= ) da(u) + da(ue) = 2|B*|.

uEB**

Combining (7), we have |B™| = =22 and so |B*| = (k — 1) — |B*| = £. Now
dp(ug) = |B*| = £, hence da(u ) Comblnlng Lemma 13 and dg(v) = 1 for each
v € A, we have each vertex of A\ Ny (uo) has exactly one neighbor in B** and vice versa.
Note that |B**| = % It follows that there are % independent edges between B** and
A\ Na(up), and hence H = H* (see Fig. 1). O

By Claim 19, it suffices to show that B** is a clique in the following. The case
|B**| = 1 is trivial. We may assume that |B**| > 2. Suppose, to the contrary, that B**
is not a clique. Then we can find two vertices uy,uy € B* with u; » us. Without loss
of generality, we assume that x,, > x,,. For any vertex u* of B* by Claim 15 and the
choice of ugy, we have

Loy* > x'ug > xul 2 xuo- (8)

Moreover, dp(u;) < k — 2 implies that d4(u;) > 1 for i € {1,2}. Thus we can find
v1, vy € A such that vy ~ u; and vy ~ uy. Recall that A is a clique and dg(v) = 1 for
each v € A. Then v; # vy, and by symmetry, we have

Z Ty = da(Ug)T,. (9)

vEN4 (u2)
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Figure 2: An alternating 6-cycle.

By (8) and Proposition 11, dg(us2) = dp(u1) = dp(up), and so da(us) < da(uy) < da(up).
Combining (7), we can see that

dA(u2)<LG(A?;B)J_V{;2J<IC_4’ (10)

as k > 4.
Since A is a clique, we have Ng(v1)\ Ng(v2) = {ve, u1} and Ng(ve)\ Ng(v1) = {v1, ua}.
Hence p(x,, — xy,) = (Ty, — To,) + (Tuy, — Ty, ), which gives

Lyy — Ly
Lyy — Ly = ﬁ 2 0. (11)

Observe that
Neg(uz) \ No(u") = Na(uz) U{u"},  Ng(u®) \ Ng(u2) = Np(u®) \ Np(uz),  (12)

where |[Ng(u*) \ Np(ug)| = |Na(ug) U{u*}| = da(ug) + 1. Thus

Z Lo, g dA(UQ)xu* + Ly, (13)
uENB(u*)\NB(uQ)

as uz € Np(u*) \ Np(uz) and x,+ = max,ep x,. Combining (12), (13) and (9), we obtain
P(Tur = Tuy) < (Tuy — Tur) + da(uz) (T — Toy) < da(ug)(Tur — T0,),
as Ty+ > Ty, by (8). Furthermore, by (10) and (11), we conclude that

k—4 k—4
2 ($u*—$v2)<

P(Tur — Tuy) < (Tur — Ty (14)

2
Now note that u; ~ us and vy, vs ¢ Ng(ug) U Ng(u*). Thus we can find an alternating
6-cycle C = ujviuguvausuy (see Fig. 2).
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Let
G1 = G — {uvy, upu™, vaus } + {v1ug, u ve, usuy }. (15)

Then G is Fi-free by previous analysis. If there still exist v, u, € B** with u] ~ ),
by Claim 4, we can also find a vertex v* € B*\ {u*} and an alternating 6-cycle Cy
with u*' € V(Cy) and E(C;) N E(Cy) = @, then obtain an Fy-free graph Go by a similar
operation. Continue this operation until B** is a clique, and denote by G’ the resulting
graph. Then G’ € EX(n, Fy), as G € EX(n, F},). Let H = G'[{wo} UAU B, p' = p(G’)
and Y = (y1,...,yn)" be the Perron vector of G'. In order to differentiate with the above
B* and B**, we write B* = {u € B : dy/p)(u) = k — 1} and B* = B\ (B*U{u}) in H'.
Note that dg/p«i(up) = 0 and B** becomes a clique with B** U {u*} C B**. By Claim
19, H' = H*, which implies that |B**| = dgra)(uo) = % and Ny p(uo) = B* (see Fig.
1).

Since Ny (p)(ug) = B*, we have {u*,uy,us} € B in H'. By (15), vy ~ up and vy ~ u*
in H'. Thus we can observe from Fig. 1 that

NG/(u*) \ Ngl(UO) = (B** \ {U*}) U {Ug}, NG/(U()) \ NG/(U*) = NH/[A}<UO)- (16)
By symmetry,
*k k—4
> v =B~ Dy = v
ueB**\{u*}
and b9
Z Yo = dH’[A]<u0)yv1 = Tyvr
UENH/[A](UO)
Combining (16), we have
k—4
pl(yu* ~ Yuo) = Yoy — You) + T(yu* — Yo )- (17)
Since |B**| > [{u*, w1, us}| = 3, we have dg(p)(u*) > dpp)(uo). Since G' € EX(n, Fy),

by Proposition 11, we obtain y,« > vy,,. Recall that v; ~ ug and vy ~ u* in H’. Similar
to (11), we can obtain

Yur — Yu
Yvy — Yoy :p’TlO > 0.
Combining (17), we have
k—4 k—4
Pl(yu* — Yuy) > T(yu* - yUl) > T(yu* - yvg)- (18)

Now let £ = E(G), E' = E(G') and E be the set of non-edges in G[B*]. Then
Y = p)X = YT(A(G) — A(G))X
= Z (xuyv + xvyu) - Z (xuyv + xvyu)

wweE’! wek

= >

uiuU2 EE
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where by (15)
Y= (xUOyv1 + Ly Yug T TurYvg + TogYur + Loy Yuy + xmym)
~(Tuy Yo, + ToyYuy T TurYug T TugYur + TugYoy + TonYus)-

Since u*,uy,uy € B* in H', we have y,« = Y, = Yu, by symmetry, and thus
TpyYur — Topluy = 0. Moreover, x,, > x,, by (8) and y,~ > v,, by (4). Then

(TugYor + Tuy Yus) — (T Yo, + TugWur) = (Tug — Tuy ) (Yo, — Yur) = 0.

Hence we have

8 > yuo(xm - $u*) + Yoo (‘TU* - xuz) + Yuy (Iu2 - xUl)

= (yu* - yuo)(xu* - xvl) - (yu* - yvg)<xu* - :Uuz)ﬂ
as Yu, = Yur- By (4), Yur > Yy, and x,+ > x,,. Combining (14) and (18), we obtain
k—4 1 1
1> T e = ) = w) (5= 5).

Note that G € SPEX (n, F},) and G' € EX(n, F;). Then p' < p, and so v > 0. It follows

that Y7 (p' — p)X = > uiuecr Y > 0, and thus p' > p, a contradiction. Therefore, B** is a
clique of H. This completes the proof. O]

4 The only graph in SPEX (n, Fy)

By Theorems 12 and 14, H is uniquely determined up to isomorphism. Let e(H) be the
number of edges of the subgraph H. Recall the known fact that |[S| — |T|] < 1 and
the assumption that H is embedded in S. To obtain the uniqueness of the graphs in
SPEX (n, Fy), we only need to prove |S| < |T].

Lemma 20. Regardless of parity of k, we have
5 |7
p= < |S||T| +2e(H) > +1).

Proof. For each v € T, we have pz, = Xg and p*z, = pXs = > px,. Note that
u€eS

XT, u e S\V(H),
PTu = § Xp + Z Ty, u€V(H). (19)

wENg (u)

It follows that

p2$v — ZXT+ Z Z I’w<|S|XT+26(H)xmaXV(H)

uesS weV (H) weVy (u)
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Xr

p and hence p’z, <

for each v € T. By (1), we know that Zpavr) < <

Xr
p—k+1
<|S | 4 2 )XT Summing this inequality for all v € T, we have

T|
e |
P Xr < <|S||T| + 2e(H)- = k)XT. (20)

Recall that p? > |S||T| = |%][%]. Hence for sufficiently large n, we have

2 2

pZ—kp—k;|T|:(%—kp)+(%—k|T|)>(g )+|T|(|S| )>o.

% < ‘lpl + 1. Combining (20), we have

p* < |S||T| + 26(H)(|:£| + 1), as desired. O

Solving p* — kp — k|T| > 0, we obtain

Theorem 21. Regardless of parity of k, we have |S| < |T.

Proof. Recall that S| + |T| = n and ||S| — |T|| < 1. Suppose, to the contrary, that
|S| > |T| + 1. Then |S] = |T| + 1 = ®. Select a vertex vy € S\ V(H), and define
G =G—{vw :veT}+{vu:ue S\ {vw}t};. Then G’ € EX(n,Fy), and so
p(G") < p(G). Let p/ = p(G') and Y = (y1,...,yn)" be the Perron vector of G’. Then we
have pz,, = Xr and y, = y,, for each v € T. Hence

Xr Yr
LTyy = — Yvo = 1777~ (21)
Cop © T
Thus, Yr + yy, = |T‘|TTIY “i“ Yr. Note that
Y7 + Yoy, ue S\ (V(H)U{vo}),
p,yu - YT + Yoy + Z Yw, UE V(H) (22)
wENg (u)

Moveover, for each v € V(H), we have
p Z :cw = Z pxw > dp(u)Xr, (23)

and

S
P wem D 3 O =t )l’T‘,YT (24)
wEN (u wENg (u wENg (u)
Combining (19) and (23), we obtain that
2e(H
o opm=(SI-DXe+ > > @ =|T|Xr+ (p )X, (25)

’LLES\{UQ} ’LLEV H) wENH(
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Note that (|S| — 1)(Yr + yu,) = |T|%YT = |S|Yr. By (22) and (24), we have

, S
) DIVIRCESICRSEES DI BEPAEE PR Y

ueS\{vo} u€V (H) weNg (u)

Furthermore, it follows from (25) and (26) that

T| 2e(H
ueg{:v }xu z <‘7| i e/(?2 )>XT7 (27)
and
> oz ('% + 26/5,?)% > (% + 2651))1&. (28)

ueS\{vo}
Observe that
YT() - )X = YT(AG) - AG)X
= Z (muyv + xv@/u) - Z (xuyv + xvyu)'

weFE(G) weFE(G)
= Z (xvoyu + xuyvo) - Z(xvoyv + mvyvo)~
ueS\{vo} veT

Clearly, > 1 (Tug¥s + Toluy) = T Y1 + Y0y X7; moreover, by (27) and (28), we have

S T H
S Gty > o (1S4 2D 1) 200
u€S\{vo} p p P

)XT.

Note that x,, = % and y,, = \Tl by (21). Therefore,

Xr/|S]  2e(H T e(H
YT —p)X > —T<U+ 6(2 )—1)YT+ <| 42 (2 )—1)XT.
p\p p 7] p
XTYT< 7| 2
- ST+26H<——|—1>—p).
(11T 2e() (2
By Lemma 20, p’ > p, a contradiction. The proof is completed. O

Combining Theorem 21, Theorems 12 and 14, we complete the proof of Theorem 4.
The only graph in SPEX (n, Fy) is determined for every fixed positive integer k > 2 and
sufficiently large n.
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5 Concluding remarks

Let G, be the family of connected irregular graphs on n vertices with given maximum
degree k. Define A = max{p(G) : G € G, x}. Until now, the value of A is still unknown.
In [16], Liu and Li proposed the following conjecture.

Conjecture 22 ([16]). Let 3 < k < n — 2 and G be a graph attaining the maximum
spectral radius among all connected non-regular graphs of order n with fixed maximum
degree k. Then G is a nearly k-regular graph for odd nk, and a graph with degree sequence
(k,..., k,k—2) for even nk.

Liu [17] has just confirmed Conjecture 22 for k € {3,4} by determining the unique
extremal graph respectively. For general k, the conjecture is still open. We hope that our
method to characterize a nearly ”T’l—regular graph will be helpful for studying the above
conjecture. We also expect a characterization of extremal nearly k-regular graphs on n
vertices with maximum spectral radius.

To end this paper, we would like to introduce a recent conjecture due to Cioaba, Desai
and Tait [7]. This extends a spectral color critical edge theorem of Nikiforov ([20]).

Conjecture 23 ([7]). Let F' be any graph such that the graphs in EX (n, F') are Turdn
graphs plus O(1) edges. Then SPEX (n, F) C EX(n, F') for sufficiently large n.

We are happy to see that Conjecture 23 has just been solved by Wang, Kang and
Xue (see [28]). We further wonder whether there exists only one graph in SPEX (n, F)
for every F' satisfying the condition. Nikiforov’s result (see Theorem 2 in [20]; see also a
direct version in [31]) implies that the extremal graph is unique for every graph F' with a
color critical edge, when the O(1) is replaced by 0. Theorems 3 and 4 give a new support.
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