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Abstract

We provide a combinatorial recipe for constructing all posets of height at most
two for which the corresponding type-A Lie poset algebra is contact. In the case
that such posets are connected, a discrete Morse theory argument establishes that
the posets’ simplicial realizations are contractible. It follows from a cohomological
result of Coll and Gerstenhaber on Lie semi-direct products that the corresponding
contact Lie algebras are absolutely rigid.

Mathematics Subject Classifications: 05E16, 17B99

1 Introduction

This article is a sequel to the article The index of Lie poset algebras (see [2], J. Comb.
Theory Ser. A, 2021). Lie poset algebras are Lie subalgebras of gl(n) naturally associated
to the incidence algebras of posets, where the latter were introduced by Rota [11] as a
means of studying inversion type formulas in a unified way. Of interest in [2] are the
restrictions of Lie poset algebras to sl(n) = A,_;, which we call “type-A” Lie poset
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algebras (see [1]). Importantly, the attendant combinatorics of (type-A) Lie poset algebras
can be leveraged to readily identify certain of these Lie algebras maintaining algebraic
invariants of topical interest. For example, in [2] the authors developed “user-friendly”
combinatorial index formulas for type-A Lie poset algebras and focused on those which
are Frobenius — having index zero.! In particular, they established that the associated
Frobenius poset is the iterative limit of a sequence of posets built up from building-block
posets using gluing rules. This leads to a constructive characterization of Frobenius, type-
A Lie poset algebras where the chains of the associated poset have cardinality at most
three. Additionally, the authors of [2] show that the second Lie cohomology group of
such a Frobenius Lie algeba with coefficients in itself is zero; that is, such algebras are
absolutely rigid and, consequently, have no nontrivial infinitesimal deformations.

Here, we are concerned with contact, type-A Lie poset algebras. Formally, an odd-
dimensional Lie algebra g is contact if there exists ¢ € g* such that ¢ A (dp)" # 0,
where dim g = 2n + 1. The one-form ¢ is called a contact form, and the (2n + 1)-form
© A (de)" # 0 is a volume form on the underlying Lie group. The construction and
classification of contact manifolds is a central problem in differential topology (see [13]).

The twofold goal of this article is to characterize contact, type-A Lie poset algebras
whose associated contact posets have chains of cardinality at most three and to show that
such algebras are absolutely rigid.

Contact Lie algebras have index one, but this is generally not a sufficient condition
— even in the type-A Lie poset setting.? To find contact, type-A Lie poset algebras, we
leverage the index formulas of [2] to identify index-one algebras which are then contact
building-block “candidates.” From there, using a modification of the iterative process for
building Frobenius, type-A Lie poset algebras outlined in [2], we find that a poset is contact
if and only if it is the recursive limit of a sequence of posets constructed using an updated
collection of building-block posets and gluing rules. Note that this result establishes a
combinatorial means of constructing contact Lie algebras. More care must be taken than
in the Frobenius case, where it is enough to insure that, during the construction process,
the index remains zero. Here we must also keep track of the evolving contact form.? This
is the first of two principal results and is the main combinatorial result of this paper (see
Theorem 28).

IThe index of a Lie algebra is an algebraic invariant and is defined as follows (see [4]). If g* is the set

of linear one-forms on g, then
ind g = min dim(ker(B,)),
peEG”

where By, is the associated skew-symmetric Kirillov form defined by B, (x,y) = ¢([x,y]), for all z,y € g.
Algebras with index zero are called Frobenius and are of interest to those working in invariant theory [10]
and deformation theory [9] owing to their connection with constant solutions to the classical Yang-Baxter
equation (see [6] and [7]).

2The Lie algebra g = (ey, ea, €3, €4, €5, €6, €7) With relations [e1, e4] = 2e4, [e2,e4] = e4, [e1,€5] = e5,
[ea, e5] = 2es, [e3,e5] = es, [e1,e6] = s, [e3,€6] = €6, [e2,e7] = e7 and [es, e7] = 2e7 is a type-A Lie poset
algebra which has index one but is not contact.

3A similar limiting process is used in [3] to construct Frobenius (index-realizing) forms on the class
of “toral,” Frobenius, type-A Lie poset algebras. The posets underlying toral, type-A Lie poset algebras
arise from a generalization of the constructive procedure outlined for building Frobenius posets in [2].
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A discrete Morse theory argument establishes that the simplicial complex associated
with any connected, contact poset with chains of cardinality at most three is contractible,
so has no simplicial homology (see Theorem 34). A recent result of Coll and Gerstenhaber
(Theorem 32) can then be applied to find that the second Lie cohomology group of the
corresponding type-A Lie poset algebra with coefficients in itself is zero. This yields the
second main result of this paper (Theorem 36) and mirrors the analogous rigidity result
for Frobenius, type-A Lie poset algebras (see [2], Theorem 16).

Theorem 1. A contact, type-A Lie poset algebra corresponding to a connected poset of
height zero, one, or two 1s absolutely rigid.

2 Preliminaries

A finite poset (P,=p) consists of a finite set P = {1,...,n} together with a binary
relation <p which is reflexive, anti-symmetric, and transitive. It is further assumed that
if v <p y for x,y € P, then x < y, where < denotes the natural ordering on Z. When no
confusion will arise, we simply denote a poset (P, <p) by P, and <p by <.

Let x,y € P. If x <y and x # y, then we call x < y a strict relation and write x < y.
Let Rel(P) denote the set of strict relations between elements of P, Fxt(P) denote the
set of minimal and maximal elements of P, and Relg(P) denote the set of strict relations
between the elements of Ext(P).

Example 2. Consider the poset P = {1,2,3,4} with 1 < 2 < 3,4. We have that
Rel(P)={1=<2,1<3,1<4,2<3,2<4},
Ext(P)=1{1,3,4}, and Relg(P)={1<3,1<4}.

Recall that, if z < y and there exists no z € P satisfying © < z < y, then y covers
x and z < y is a covering relation. Using this language, the Hasse diagram of a poset
P can be reckoned as the graph whose vertices correspond to elements of P and whose
edges correspond to covering relations. A poset P is connected if the Hasse diagram of
P is connected as a graph, and disconnected otherwise. Throughout this paper, Cp will
denote the number of connected components of the Hasse diagram of P.

Example 3. Let P be the poset of Example 2. The Hasse diagram of P is given below
in Figure 1.

Figure 1: Hasse diagram of P.
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Given a subset S C P, the induced subposet generated by S is the poset Pg on S,
where i <p, j if and only if ¢ <p j. A totally ordered subset S C P is called a chain.
Using the chains of P, one can define a simplicial complex 3(P) by having chains of
cardinality n in P define the (n — 1)-dimensional faces of 3(P). A chain S C P is called
mazximal if it is not a proper subset of any other chain S’ C P. If every maximal chain of
a poset P is of the same cardinality, then we call P pure. When a poset is pure, there is
a natural grading on the elements of P. This grading is made precise by a rank function
r : P — Zso, where minimal elements have rank zero, and if x is covered by y in P,
then r(y) = r(z) + 1. Note that the poset of Example 1 is pure since its maximal chains
1 <2<3and 1 < 2 < 4 both have cardinality three. This poset has a single minimal
element of rank zero, namely {1}, a single element of rank one, namely {2}, and two
maximal elements of rank two, namely {3,4}. We define the height of a poset P to be
one less than the largest cardinality of a chain in P.

The following family of posets and poset operation will be important in the sections
that follow.

Definition 4. Let P be the pure poset with r; elements of rank ¢, for 0 < 7 < n, and
every possible relation between elements of differing rank. We denote such “complete”
posets by P(ro,71,...,7n)-

Example 5. Using the notation of Definition 4, the poset of Example 2 is P(1,1,2).

Definition 6. Given two posets P and Q, the disjoint sum of P and Q is the poset P+ Q
on the disjoint sum of P and Q, where s <p o t if either

e s;t€Pand s <pt,or
e s;te Qands <ot

Let P be a finite poset and k be an algebraically closed field of characteristic zero,
which we may take to be the complex numbers. The (associative) incidence algebra
A(P) = A(P,k) is the span over k of elements e, ;, for i,j € P satisfying i < j, with
product given by setting e; jen = e;; if 7 = k and 0 otherwise. The trace of an element
Y ocijeisis Y ¢

We can equip A(P) with the commutator product [a, b] = ab— ba, where juxtaposition
denotes the product in A(P), to produce the Lie poset algebra g(P) = g(P, k). If |P| = n,
then both A(P) and g(P) may be regarded as subalgebras of the algebra of n x n upper-
triangular matrices over k. Such a matrix representation is realized by replacing each basis
element e; ; by the n x n matrix E; ; containing a 1 in the i, j-entry and 0’s elsewhere.
The product between elements e; ; is then replaced by matrix multiplication between the
E;

7j.

Example 7. Let P be the poset of Example 2. The matrix form of elements in g(P) is
illustrated in Figure 2, where the *’s denote potential non-zero entries.
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Figure 2: Matrix form of g(P), for P = {1,2,3,4} with 1 <2 < 3,4.

Restricting g(P) to trace-zero matrices yields a subalgebra of the first classical family
A,_1 = sl(n). We denote the resulting type-A Lie poset algebra by ga(P).

In [2], the authors establish combinatorial index formulas for type-A Lie poset algebras,
which are recorded in Theorem 9 below. We require a preliminary definition.

Definition 8. Let P be a poset and j € P. Define
D(P,j)=ieP|i=<j}l,

UP,j)=HieP|j=<i}l,

and

2, otherwise.

UD(P,j) = {
Theorem 9 (Coll and Mayers [2], Theorem 9). If P is a poset of height at most two, then

ind ga(P) = [Relp(P)| - [P|+2-Cp—1+ > UD(P,j).
JEP\Ext(P)

Theorem 10 (Coll and Mayers [2], Theorem 12). A poset P of height at most two is
Frobenius if and only if

o |Ext(Pyiep | izj or j=iy)| = 3 for all i € P\Ext(P), and

o the Hasse diagram of Prgyp) 15 a tree.

3 Contact Lie algebras

In this section, we establish some standard notation and provide several structural results
regarding contact Lie algebras.

Let g be an n-dimensional Lie algebra with ordered basis #(g) = {E\, ..., E,}, and
define

C(g, %(9)) = ([Ei, Ej])1<ij<n

to be the commutator matrixz associated with g. Now, for any ¢ € g*, define the matrix

[B,] = ¢ (Clg,#(0))) = (#([Ei, Ej])r<ijsn-

ot
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Remark 11. Given a Lie algebra g such that ind g = k, a one-form ¢ € g* is called regular
if it is index realizing; that is, if dimker B, = ind g. Note that ¢ € g* is regular if and
only if rank ([B,]) = dimg — ind g.

Recall that g is contact only if it is odd-dimensional, so let n = 2k + 1. Let [I]* =
(E1 ce EQkJrl) and define

~ 0 1]
Clg, #(9)) = [_[[] C(g,%’(g))] '

If {E7,..., 5.} is the “dual basis” associated to %(g), then ¢ can be written as a
linear combination ¢ = Zfﬂrl z; E¥. In vector notation, [¢] = (x1,...,Zok11)". Applying

¢ to each entry of C(g, B(g)) yields the (2k + 2)-dimensional skew-symmetric matrix

5 A 0 [l

5] = ¢ (Caton) - | .

[ © 2 (9,%(9)) - [Bw]
Straightforward computations give the following convenient characterization of contact
Lie algebras.

Theorem 12 (Salgado [12]). Let g be an n-dimensional Lie algebra with ¢ € g*. If n is
odd, then g is contact with contact form ¢ if and only if det ([Ewb # 0.

Using Theorem 12, we are able to establish the following structural results related to
contact Lie algebras which will be crucial in what follows. Let Z(g) denote the center of
a Lie algebra g.

Theorem 13. Let g be a Lie algebra. If ind g =1 and dim Z(g) > 0, then g is contact.

Proof. We first establish notation that we will use in this proof — and ongoing.

Notation: Given a one-form ¢ € g*, we refer to the first column (resp., row) of [Ew] as

column (resp., row) I and the column (resp., row) of [Ep] corresponding to the column

(resp., row) of 6(9, A(g)) with first entry b; (resp., —b;) as column (resp., row) b;.

Let z € Z(g). We claim that there exists a regular ¢ € g* for which ¢(2) # 0. To see
this, extend z to a basis #(g) of g, and note that for any ¢’ € g* the row corresponding
to z in [By] = ¢'(C(g,#(g))) is the zero row. Thus, since ind g = 1, if [B],] denotes
the matrix formed by removing the row and column of [B,/] corresponding to z, then
det ([pr,]) # 0 if and only if ¢’ is a regular one-form on g. Fix a regular ¢’ € g*,
and replace ¢'(z) in [B:O,} with a variable x. Then det ([B:D,}) is a nonzero polynomial
p(z). Since k is an infinite field and p(z) only has a finite number of zeros, there exists a
nonzero choice v € k for which p(v) # 0. Let ¢ € g* be defined by ¢(b) = ¢'(b), for all

b € #B(g)\{z}, and ¢(z) = v # 0. By construction, det ([B]]) # 0 and so ¢ is regular,
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establishing the claim. Now, consider det ([B\w] ) Expanding the determinant along row

z followed by column z, we find that

det ([Ew]) = p(2)*det ([BL]) # 0.
An application of Theorem 12 establishes that g is contact with contact form ¢. O

The final result of this section is specific to contact, type-A Lie poset algebras. A
Hasse diagram corresponding to a poset has upward orientation and contains no directed
cycles. However, in an abuse of terminology, we will frequently use “cycles” in a Hasse
diagram to describe paths in the undirected Hasse diagram which begin and end at the
same vertex. See Example 14.

Example 14. Consider the Hasse diagrams of the following posets: P; ={1,2,3,4,5,6}
with relations 1 < 3,4 < 5 and 2 < 4 < 6 (Figure 3 left), and P, = {1,2,3,4} with
relations 1,2 < 3,4 (Figure 3 right).

) 6
3 4
3 4 I I
1 2 1 2

Figure 3: P; contains cycle (1,3,5,4) and P, contains cycle (1,4,2,3).

Using the above notion of cycles, we have the following obstruction theorem.
Theorem 15. If the Hasse diagram of Pgaup) contains a cycle, then ga(P) is not contact.

Proof. Assume, for a contradiction, that g = ga(P) is contact and that PEgi(p) contains
a cycle I with edge set E = {ej,...,e,}. Let ¢ € g* be a contact form on g,

#(g) ={Ev1 —Epp [ 1L #p e PU{E, | p < g},
and [f?so] = (5(9, %(g))) By assumption, det ([EWD # 0. Partition E into two sets
Ey ={e; | itodd} and FEy;={e;|ieven}.

Observation. Basis elements of the form E;;, for (i,j) € E, commute with all basis
elements of the form £, ,, for p,q € P satisfying p < ¢. Thus, such rows have nonzero
entries only in columns of the form I and Eq 1 — Eyx; in particular, all nonzero entries

~

must be £¢(E; ;) or £2¢p(E; ;). Hence, as det ([BwD is assumed to be nonzero, it follows
that ¢(E; ;) # 0, for all (4,5) € E.
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Now, consider the following linear combination of rows of [B\w]3

1 1
.,E/ﬂ: TEi’j_ Z —Ei,j~

a5y P i) e PFid)

We claim that . is equal to the zero-row.
To establish the claim, in light of the observation above, it suffices to consider the
entries of .Z in columns of the form I and E; ; — Ex k. There are four cases.

Case 1: Column I. Recall that column I has an entry of —p(E,,) in row Eq, for
p,q € P satisfying p < ¢q. Thus, .Z has an entry of

S o1 Y 1= BB 1)

in column I. Since Ppuy(py is a bipartite graph, I' is an even cycle. Therefore, |E| = |Es],
so the difference in (1) is equal to 0.

Case 2: Columns of the form E;; — Exy where (1,k) is in E. In this case, row Ej
contributes £2 to column Eq ; — Eyxx of .Z. Further, since (1, k) is an edge of I, it must
be adjacent to two other edges of I, say (i, k) and (1, j). Note that rows E; x and E; ; both
contribute F1 to column Eq ; — Exx of .Z. As no other rows involved in £ have nonzero
entries in column E; ; — Ex ik, we conclude that % has an entry of 0 in this column.

Case 3: Columns of the form E; ; — Ey x where 1 or k defines a vertex of I, but (1, k) is
not an edge of I'. Without loss of generality, assume that k is maximal in P and defines
a vertex of I'. Then k& must be contained in exactly two edges of I', say edges (i, k) and
(7, k). Without loss of generality, assume (i, k) € Fy and (j,k) € E,. In this case, row
E; x contributes —1 and row E;y contributes 1 to column E; ; — Exx of Z. As no other
rows involved in .Z have nonzero entries in column E; 1 — Ey x, we conclude that .Z has
an entry of 0 in this column.

Case 4: Columns of the form E; ; — Exx where neither 1 nor k defines a vertex in I'. In
this case, all rows involved in .Z" have an entry of 0 in column E; ; — Ey.

Thus, the claim is established. Consequently, det ([E@D = 0, a contradiction. The result
follows. u

Example 16. Consider the poset P; described in Example 14. The Hasse diagram of
PEgai(p,) is exactly the Hasse diagram of P, in Example 14, with a relabeling of the vertices.
Therefore, since P, contains a cycle, Theorem 15 implies that ga(7P;) is not contact.
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4 Combinatorial classification

In this section we establish the first of our two main results which is the combinatorial
classification of posets of height at most two which generate contact, type-A Lie poset
algebras (“contact posets”). In Section 4.1, the classification is given for height-zero,
height-one, and disconnected, height-two posets (see Theorem 17). The more substantive
connected, height-two case is treated in Section 4.2 (see Theorem 28).

4.1 Height zero, height one, and disconnected, height two

Theorem 17. Let P be a height-zero, height-one, or disconnected, height-two poset. Then
94(P) is contact if and only if

o |Ext(Prjep | izj or j=i})| = 3 for all i € P\Ext(P) and
o the Hasse diagram of Preyp) consists of two disjoint trees.

Proof. The height-zero case is immediate. To start, we prove the result for disconnected
posets of height at most two. This is accomplished by showing that a disconnected poset
corresponds to a contact, type-A Lie poset algebra if and only if it is a disjoint sum of two
Frobenius posets. As a result of Theorem 9, a type-A Lie poset algebra corresponding to
a disconnected poset P has index one if and only if P is the disjoint sum of two Frobenius
posets. Therefore, if P is a disconnected poset associated to a contact, type-A Lie poset
algebra, then P is the disjoint sum of two Frobenius posets. To get the other direction,
let P be the disjoint sum of two Frobenius posets P; and P,. Then

Po| > Eii— [P1| Y Ej; € Z(ga(P)).

1€P JEP2

Thus, Theorem 13 implies that g4(P) is contact. The result for disconnected posets of
heights one and two now follows upon applying Theorem 10.

To establish the result, it now suffices to show that if P is a height-one poset for
which g4(P) is contact, then P must be disconnected. Assume otherwise. Since ga(P)
is contact, it has index equal to one. Theorem 9 implies that the Hasse diagram of P
contains |P| edges and vertices. Since P is connected, the Hasse diagram must contain a
cycle. However, as P = Ppyyp) for height-one posets, this is a contradiction considering
Theorem 15. The result follows. [

Example 18. The disconnected, height-two poset P with the Hasse diagram in Figure 4
is contact by Theorem 17.

Figure 4: Hasse diagram of P.
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4.2 Connected, height two

To begin, we describe a recipe for the iterative construction of a sequence of posets via
“building blocks” and “gluing rules”. See the construction sequence below. We proceed
by narrowing the collections of building blocks (Theorems 20 and 21) and gluing rules
(Theorem 24) so that the limiting poset is contact. The resulting sequence is called a
contact sequence. This section culminates with the characterization of contact, type-A
Lie poset algebras corresponding to connected, height-two posets as exactly those whose
poset is the inductive limit of a contact sequence (Theorem 28).

CONSTRUCTION SEQUENCE

Let P be a connected, height-two poset. Then each i € P\ Ext(P) defines a poset
P' = Plicp | izj or j=i}

of the form P(n;,1,m;), where n; = D(P,i) and m; = U(P,i). Denote the set
of such posets corresponding to elements of P\ Ext(P), along with posets of the
form P(1,1) corresponding to covering relations between elements of Ext(P), by
S. Starting from any Sy € S, it is possible to form a sequence of posets

So=PoCPiC---CPr="P,
where P; is connected, for j = 0,...,k, and P; is formed from P;_; and S; €
S\{So, ..., Sj_1} by identifying pairs of maximal (resp., minimal) elements of each,
for j =1,...,k. Such a “gluing process” is illustrated in Example 19. In the proof
of Lemma 1 in [2], it is shown that

ind ga(Py) <ind ga(P1) < -+ < ind ga(Pr). (2)

Example 19. A height-two poset P, along with the construction of P, as outlined
in the construction sequence, is illustrated in Figure 5.

SRR RIS R (U 64’54

Figure 5: Construction of a height-two poset.

In the following theorem, given a connected, height-two poset P satisfying ind ga(P) =
1, we determine restrictions on the form of P’, for i € P\Ext(P), as defined in the
construction sequence.
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Theorem 20. Let P be a connected, height-two poset such that ind ga(P) = If
i € P\Ext(P), then P' must be of one of the following forms: P(1,1,1), P(1,1,2),
P(2,1,1), P(1,1,3), or P(3,1,1).

Proof. Let i € P\Ext(P). First we show that ind ga(P*) < 1. If not, then take Py = P*
in the construction of P as outlined in the construction sequence. Considering (2), we
have

1 < ind gA(Pg) ind gA(P ) < < ind gA(Pk) = ind gA(P),

which is a contradiction. Thus, ind g4(P*) < 1, for all i € P\FEzt(P). Now, using
Theorem 9, the result follows. n

Given a connected, height-two poset P for which g(P) is contact, the next theorem
further restricts the form of P, for i € P\ Ext(P).

Theorem 21. If P is a connected, height-two poset for which ga(P) is contact, then
Pi£P(1,1,3) or P(3,1,1), fori € P\Ezt(P).

Proof. Let P be a connected, height-two poset such that g = g4 (P) is contact with contact
form ¢ € g*. Assume that P* = P(1,1,3) for some i € P\Ext(P); a similar argument
applies for P* = P(3,1,1). Without loss of generality, assume that P’ = {1,2,3,4,5}
with 1 <2 <3,4,5. Let Dy, = Ey; — E,,, fix the ordered basis

B(@) ={D1p | L #p € P}U{E,, | p < q},

and consider [E(p} = (é(g, %(g))) The rows E173, E174, E175, E273, E274, and E2’5 of

[Ep] are illustrated below with zero-columns removed.

I D12 Dis D14 D15 E12
Bis [ —p(Ers) —@(Eis) —20(Eis) —@(Eis)  —(Ers) 0 ]
Eia | —0(Br4) —@(Bra) —@(Bra) —20(Fra) —p(Era) 0
Eis | —p(Eis) —p(Bis) —@(Eis)  —p(Bis)  —20(E1s) 0
E2s | —@(Fa23) @(Eas) —p(Fag) 0 0 —p(Er3)
Eza | —p(Ea4)  @(E24) 0 —p(Fa4) 0 —p(E14)
Ezs | —0(Eas)  ¢(Eajs) 0 0 —p(Eas) —p(Fis) |

Figure 6: Select rows and columns of [B\s@}

Consider rows Ej 3, Eq 4, and E; 5. Since ¢ is a contact form, it follows that

©(Ers), o(Er4), ¢(Ey5) # 0.

Similarly, considering rows Ea 3, Ea4, and Ea 5, no two of ¢(Es3), ¢(FEa4), ¢(Es5) can
be equal to zero; otherwise, if @(Es,, ), p(Eayp,) = 0, for p1 # pa € {3,4,5}, then row
E, ;, is in the span of row E; ,,. Assume @(Es,, ), ¢(Ea,,) # 0, for p; # p2 € {3,4,5}.
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Define a linear combination of rows of [Ep] as follows:

1 1
L= ———Esp, ————E2p, — ————E1,, + ——Eq1,,.
SD(EZ,M) =P @(Elpz) P @(El,pl) P @(El,pz) P

Evidently, £ has entries of 0 in columns I and Dy p, for 2 < p < 5, and an entry of

SD(EL;DQ) _ @(El,m)
SO(EQ,;DQ) SO(EQ,Pl)

in column E; 5. Since ¢ is a contact form on g, v; # 0. It follows that ¢(E,,,) # 0, for
ps € {3,4,5}\{p1, p2}; otherwise, row Eg,, would be in the span of rows Eq p,, Ejp,,
E; ., and E3 ;,,, contradicting the assumption that ¢ is a contact form on g.

V1 =

Now, define a second linear combination of rows of [Ew] as follows:

1 1
Ly =———FEop, — ———E2p, — ———E1p; + ———E1,,.
(p(EQ,Ps) pe ¢<E2,p2) P2 @(E17p3) P @(El,pz) P2
As in the case of %1, %, has a single non-zero entry, say vs, in column E; 5. Therefore,
vi‘,?l — vio% is equal to the zero row and provides a nontrivial dependence relation between

the rows of [EW}; that is, det ([E“QD = 0, a contradiction. The result follows. n

Thus, to construct a connected, height-two poset P for which g4(P) is contact, the
building blocks are necessarily of the form P(1,1), P(1,1,1), P(1,1,2), or P(2,1,1).
Next, we consider how such posets must be combined so that the resulting type-A Lie
poset algebra is contact. As an intermediate step, we determine how such posets must be
combined so that the resulting type-A Lie poset algebra has index one.

Let S be a poset of the form P(1,1), P(1,1,1), P(2,1,1), or P(1,1,2) and Q be a
connected, height-two poset. We list all ways of “gluing” the posets & and Q by identifying
minimal (resp., maximal) elements of S with distinct minimal (resp., maximal) elements
of Q. If S is of the form P(1,1) or P(1,1,1), then Exzt(S) = {ay, ¢} with ¢ <s a;; and if S
is of the form P(2,1,1) or P(1,1,2), then Ext(S) = {ai, as, c} with either ¢ <s a1, as or
ai,as <s c. Further, assume x,y, z € Fxt(Q); ongoing, we assume that if |Ezt(Q)| = 2,
then z,y € FExt(Q), and any rules defined below involving z do not apply. Since the
gluing rules are defined by identifying minimal elements and maximal elements of S and
Q, assume that if ¢, aq, or ay are identified with elements of Q, then those elements are
x,y, or z, respectively. To ease notation, let ~p denote that two elements of a poset P
are related, and let ~p denote that two elements are not related; that is, for i,j5 € P,
i ~p j denotes that i <p j or j <p i, and i »p j denotes that both ¢ Ap j and j £p i.
The following Table 1 lists all possible ways of identifying the elements ¢, a1, as € S with
the elements z,y, z € Q. The last column of Table 1 records the attendant contributions
to the index; that is, if P is the poset resulting from gluing S to Q, then this column
gives ind ga(P) —ind ga(Q). Note that this is a slightly generalized version of Lemma
2 of [2] which now allows for the inclusion of P(1,1,1) — a non-Frobenius poset — as a

building block.
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Theorem 22. The table below summarizes the contribution to the index of a height-two
poset upon adjoining a copy of P(1,1), P(1,1,1), P(1,1,2), or P(2,1,1) as described
above.

Gluing Rule c ay Qs Contribution to the Index
Ay cFT a1 =Yy as # 2 ind ga(S)
Ay cFT ar # Y az =% ind ga(S)
B ctuw a =1y ag = 2 ind ga(S) +1
C c=u a; £y as # z ind ga(S)
D, c=x|a =y, y~2x as # 2 ind ga(S)
D, c=ux ay £y Uy = 2, 2~ X ind ga(S)
E, c=x|a =y, y~*x ay # 2 ind ga(S)+1
E, c=ux a; £y Uy = 2, 2% T ind ga(S)+1
F c=r|a =Y, Yy~x |a=2,2~2 ind ga(S)
G, c=T|a =Y, yY~T | =2 2% ind ga(S) +1
G, c=x| a1 =Y, y~r|a=22~1 ind ga(S) +1
H C=T | a1 =Y, Yy*T | ay=2,2%T ind ga(S) +2

Table 1: Height-two gluing rules

Proof. Apply Theorem 9. O

Remark 23. The only rules that apply to adjoining a copy of P(1,1) or P(1,1,1) in Table 1
are Ay, C, Dy, and E;. Note that applying D; to adjoin a copy of P(1,1) does not result
in a new poset.

If P is a connected, height-two poset such that g4(P) is a contact, type-A Lie poset
algebra, then not all of the gluing rules given in Table 1 can be used to construct P.
Furthermore, one particular building block must appear exactly once in the construction
sequence of P. These restrictions are detailed in the following theorem.

Theorem 24. Let {P;}?, be a sequence of connected, height-two posets such that Py =
So=P(1,1), P(1,1,1), P(1,1,2), or P(2,1,1) and P; is obtained by adjoining a copy of
S; =P(1,1), P(1,1,1), P(1,1,2), or P(2,1,1) to Pj_1, for j = 1,...,n, by applying a
gluing rule from the set

{A17A27Bvca D17-D27E17E27F7 G17G27H}'
If g4(P,) is contact, then

1. Pj is obtained by adjoining S; to P;_1, for j = 1,...,n, by applying a gluing rule
from the set
{A1, A, C, Dy, Dy, F}; and

2. 8; =P(1,1,1), for exactly one value of j € {0,1,...,n}.
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Proof. First we prove 1. Let Q be a connected, height-two poset and let P be a poset
formed by adjoining S = P(1,1), P(1,1,1), P(1,1,2), or P(2,1,1) to Q by applying a
rule from the set {B, Fy, Fy,G1,Gy, H}. Let x,y,z € Q and ¢,ay,a3 € S be as in Theo-
rem 22. Since Q is connected, so is Qpggy(g). Thus, there exists a path P, from y to z, a
path P,, from z to y, and a path P, from z to z in the Hasse diagram of Qg (o). Note
that the Hasse diagram of Pp,,p) contains the Hasse diagram of Qg (o) as a subgraph.
Three cases arise.

Case 1: P is formed by adjoining S to Q using rule B. Combining the edges of P, with
the edges {y,c} and {c, z} yields a cycle in the Hasse diagram of Ppy(p).

Case 2: P is formed by adjoining & to Q using rule F;, Gy, or H. Combining the edges
of P,, with the edge {z,y} yields a cycle in the Hasse diagram of Ppg(p).

Case 3: P is formed by adjoining S to Q using rule Fy or GG;. Combining the edges of
P,. with the edge {z, 2z} yields a cycle in the Hasse diagram of Ppg(p).

In each of the three cases, there is a cycle in the Hasse diagram of Pgapy, so ga(P) is
not contact by Theorem 15.

For 2, we first show that there is at most one j € {0,1,...,n} for which §; = P(1,1,1).
Using Theorem 22, note that if m is the number of values of j € {0,1,...,n} for which
S; = P(1,1,1), then m < ind ga(P,) = 1. Now, to see that the number of such j €

{0,1,...,n} is at least 1, consider part 1 in conjunction with Theorem 22. If no S; =
P(1,1,1), for j € {0,...,n}, then ind ga(P) = 0. Thus, since contact Lie algebras have
index one, the result follows. n

We now have the tools necessary to define a contact sequence of posets. The following
definitions will facilitate, and be followed by, the statement and proof of the first main
result of this paper (Theorem 28).

Definition 25. Let {P;}, be a sequence of connected, height-two posets such that Py =
So=P(1,1), P(1,1,1), P(1,1,2), or P(2,1,1) and P; is obtained by adjoining a copy of
S; = P(1,1), P(1,1,1), P(1,1,2), or P(2,1,1) to P;_y, for j = 1,...,n, by applying a
gluing rule from the set {A;, Ay, C, Dy, Dy, F'}. If there is a unique j € {0,1,...,n} for
which §; = P(1,1,1), then we refer to the sequence as a contact sequence.

The following remark establishes conventions which will be used ongoing.

Remark 26. Given a contact sequence {P;}7,, assume that Py = P(1,1,1), where Py =
{1,2,3} with 1 < 2 < 3. Also assume that, for j = 1,...,n, if P; is obtained by adjoining
Sj to Pj_l then

o if Sj = 7)(1, 1), then Sj = {Ij,yj} - Pj with Z; < Yj;

o if Sj = P(2, 1, 1), then Sj = {yj,zj,mj,zl:j} C Pj with Yj, 25 < m; < X5 and
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o if S, =P(1,1,2), then S; = {z;,m;,y;,2;} C P; with x; < m; < y;, 2;.
Note that some elements of P, receive multiple labels.

Definition 27. Let {P;}_, be a contact sequence. Define the one-form ¢p, € (ga(P;))",
for 7 =0,...,n, recursively as follows:

Step 0: pp, = E5, + Ef 3+ E5 5
Step j: If P; is formed from P;_; and S;, for j = 1,...,n, by applying rule
[ Al,AQ, or C, then

(

PP, =\ PP T By, T B o+ B S =P(2L1);.

{ PPj—1 + E;j’yj + E;j,Zj + E:’Lj,zj’ Sj = P(L L, 2>'
° D17 then
(9073;‘71 + E;j,z]‘ + E:;zj,z,j’ Sj = P(L L, 2);
pp; =
(P + B oy + B S =P(2,1,1).
e Dy, then
/ " "
op; T Exjvyj + Emj,zj’ Sj = P(1,1,2);
¥Ypr; =
(PPt E;j,xj + E:jnnj’ Sj = P(2,1,1).
e | then
opiat E:nj,z]" Sj = P(L L, 2);
P, =

op, s+ B S =P(2,1,1).

Theorem 28. Let P be a connected, height-two poset. Then ga(P) is contact if and only
if there exists a contact sequence {P;}} such that P, = P.

The following is an immediate corollary of Theorem 28.

Theorem 29. Let P be a connected, height-two poset. Then ga(P) is contact if and only
of
° |E$t(73{]€p | i=<j 0Tjji}>| =2o0r3 fOT all 1 € P\E%t(?),

o there exists a unique i € P\Ext(P) satisfying |Ext(Pgjcp | i=j or j=i})| = 2; and

o the Hasse diagram of Pruyp) 1s a tree.
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4.2.1 Proof of Theorem 28

It follows from Theorem 24 that if g4(P) is contact with P a connected, height-two poset,
then any sequence of posets corresponding to P as described in the construction sequence
must form a contact sequence {P;}7_, such that P, = P. Thus, to establish Theorem 28,
we must show that for any contact sequence {P;}I, if P, = P, then ga(P) is contact.
To do this, we show that ¢p, as defined in Definition 27, is a contact form on ga(P).

We first establish that ¢p is a regular one-form on g4(P) (see Theorem 31). We
require the following preliminary lemma.

Lemma 30. Let op = Y c;;E;; € (ga(P))* be the one-form of Definition 27. If L €
ker (B,y), then Ef;(L) =0, for all i # j € P such that ¢; ; # 0.

Proof. To establish the result, we provide a procedure which allows one to show that
E; (L) =0, for all i # j € P such that ¢;; # 0, in |Relp(P)| + |P\Ext(P)| steps.

Define the graph T with vertex set {p | p € P} and edge set {{p,q} | ¢, 4 # 0}. Such
a graph Ty has been called the “directed graph” of the one-form ¢p (see [7]), and it shall
serve as a book-keeping device in the procedure that follows. In particular, once we show
that E;;(L) = 0, we remove edge {i,j} from Ty, yielding a new graph 77, and so on.

We claim that Tj is a tree. To see this, first note that the subgraph of Tj corresponding
to the elements of Ext(P) is isomorphic to the Hasse diagram of Ppg(p), which is a tree
by Theorem 15. Now, by the definition of ¢p, for each element p € P\ Exzt(P) there exists
a unique ¢ € P — in particular, ¢ € Ext(P) — such that ¢, , or ¢,, # 0. Thus, the claim
is established.

The procedure is outlined in the following steps.

Step 1: Since Tj is a tree, there exists a free vertex. Without loss of generality, assume
that the free vertex corresponds to py € P with py < qo and ¢, 4, # 0. Then

9073(|: Po,p0 ’73‘ Z ;P> :|> j:E;o QO(L) = 0.
peEP
Remove the edge {po, qo} in T, resulting in a tree with one less edge, denoted T7.
Step m: Consider the graph 7),_; formed in Step m — 1. Since T}, ; is a tree, there
exists a free vertex. Without loss of generality, assume that the free vertex corresponds to

€ P with p,,, < ¢, and ¢,,, 4, 7 0. Then, taking into account the entries of L already
shown to be equal to zero in steps 1 through m — 1,

oo (| Brun = 231 2 B ] ) = #5500 =0

peEP

Remove the edge {pm, ¢m} in T),_1, resulting in a tree with one less edge, denoted T,.

Since T is a tree consisting of |Relg(P)| + |P\Ext(P)| edges, the above procedure ter-
minates with an empty graph in |Relg(P)| + [P\ Ext(P)| steps. The result follows. [
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Theorem 31. If {P;}", is a contact sequence, P = P, and g = ga(P), then the one-
form pp € g* given in Definition 27 is a regular one-form on g; that is, dimker(B,,) = 1.

Proof. Let op = > c;i;E;; € g* be the one-form of Definition 27 and L € ker(B,,). By
Lemma 30, E7;(L) = 0, for all i # j € P such that ¢;; # 0. To completely determine
the form of L, we will consider the restrictions placed on the entries of L by the relations
ep(lz, L]) =0, for

‘Te@(g):{El,l_Ep,p | 1 <p< |P|}U{Ep7q|paqEPap<Q}

To start, note that for z € {Ey; — E,, | 1 < p < |P|}, one has

SOP([x?L]) = Zdi7jEZj(L)7 (3)

for d; ; € k, where the sum is over pairs (4, j) for which ¢; ; # 0. Considering Lemma 30,
all such entries of L occurring in (3) must be equal to 0.

Relations of the form pp([z,L]) = 0, for z € {E,, | p,q € P,p < ¢}, we break into
four groups.
Group 1: E,, for p,q € {1,2,3}.

o op([E1p, L)) = E55(L) = 0;

o op([Eys, L]) = —E5 (L) + E55(L) — E55(L) = 0;

o op([Eis, L]) = E55(L) — Ef (L) = 0.
The conditions above imply that Ej3(L) =0 and

Eil(L) = E§,3(L) = Ei2(L) + Eg,z(L)-

Group 2: E,,, for p,q € {xz;,y;} such that P; is obtained from P;_; by adjoining
S; = {x;, y;} with z; < y;.

The conditions above imply that

E* _(L)=FE" (L)

Z4,2q YisYi

Group 3: E,,, for p,q € {x;,m;, y;, z;} such that P; is obtained from P;_; by adjoining
Si = {@i, mi, yi, i} with ys, 2 < m; < ;.

o op([Eyim;; L]) = B, ., (L) = 0;

o op([Eyas L]) = E7, ., (L) — By, (L) = 0;

o op([Eem, L) = By, o (L) + Ep 0 (L) = EZ (L) = 0;

mi,T; Ziy%4
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o op([Esn L)) = B3, ., (L) — EZ, (L) = 0;
* op([Emie, L)) = =By, (L) — EZ, (L) = 0.
The conditions above, along with Lemma 30, imply that

B (L)=E", (L)=E ,(L)=0

Yi,myq Zq,M mq,Tq

and
E (Ly=E; (L)y=E  (L)=E;  (L).

Zq,2q mg,myg Yi,Yi 2i,%

Group 4: E, ,, for p,q € {x;,m;, y;, z;} such that P; is obtained from P;_; by adjoining
S; = {xi,my, yi, 2} with z; < my; < y;, 2.

o op([Epimis L]) = E;,.,yi(L) + B, (L) = 0;

o op([Eay, L) = 1( ) = B3 ., (L) = 0;

ep( )

©p(

(L) — B L (L) = 0;

[Ea, .z L]

i [Em, Wi L)) = _E;, mZ<L) = 0;

The conditions above, along with Lemma 30, imply

Ef (L)=E: (L)=E, . (L)=0

Ti,M mi,Yi mg,2;

and
E (Ly=E; (L)y=E  (L)=E;  (L).

Zq,Tq mq,myg Yi,Yi 2i,%

Hence, as a result of the conditions found on the entries of L above, the fact that L €
sl(|P|), and the connectedness of P, we find that

ker(B,,) = span{ Z E,,+ (1 —|P|)E2a + |77|E172} .
2#peEP

Thus, since dimker(B,,) = 1, ¢p is regular. O

Now, to establish Theorem 28, we show that ¢p is a contact form on g = ga(P). Take
2(g) to be a basis for g which contains the element

L= )Y E,p+(1-[P))Ea+[P|Eis € ker(B,,).
2#peP
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Set [B,,] = ¢p (C(g, B(g))) and [Ew] — op (6(9,@(9))). Note that [B,,] has rank
dimg — 1, since ind g = 1, and has a single zero row and column corresponding to L €
ker(B,,,); denote by [B], ] the submatrix of full rank obtained from [B,,] by removing
the zero row and column corresponding to L. Now, computing the determinant of [BW]

by expanding on row L followed by column L, we have

det (| By, |) = or(L)*det ([B,]) = (1= [P])* det ([BL,]) #0.

Therefore, g is contact with contact form @p by Theorem 12. The result follows. m

5 Rigidity

In this section, we prove the rigidity result noted in the introduction (see Theorem 36).
The proof depends on the following result of Coll and Gerstenhaber, which itself is a
corollary to their more general theorem regarding Lie semi-direct products, for which type-
A Lie poset algebras are the prime example. To set the notation, let g4(P) be as above,
b be the standard Cartan subalgebra of g4(P) with linear dual h*, ¢ = Z(ga(P)), and the
H"s designate cohomology classes of Chevalley-Eilenberg or simplicial type, depending
on whether the first argument is a Lie algebra or a simplicial complex, respectively.

Theorem 32 (Coll and Gerstenhaber [1], 2017).

#eaP).uaP) = (AN Q) @ (FQRHEP.K) @ HHEP)K

Observe that the necessary and sufficient conditions for a type-A Lie poset algebra
to be absolutely rigid is the simultaneous vanishing of (A”b* @ ¢), (h* @ H'(X(P),k)),
and H%(X(P),k). As we are only considering type-A Lie poset algebras corresponding to
connected posets, ¢ is trivial as is shown in the lemma below.

Lemma 33. If P is a connected poset, then Z(ga(P)) is trivial.
Proof. Let
2= z;Ei; € Z(ga(P)),
ijeP
1=7
for z; ; € k. For 4, j € P such that ¢ < j,
1
|i§(E“ — Ej,j>7 Z} = Zi,jEz‘,j + Z Zz{,kEi,k +Z Z]/mEk,i + Z Z,lcijk’j +Z Zé‘jkEj,k = 0,
j#keP keP i#keP keP
i<k k<1 k<j i<k
for zi,, 244 %4 #ix € k. Therefore, 2;; = 0, for 4,j € P such that i < j, and z =
Y icp %iilii. Now, note that for ¢, j € P such that ¢ < j,

2, Eij] = (215 — 2j5) Eij = 0,
ie., z; = z;;. Hence, since P is connected, we may conclude that z;; = z;;, for all

i,j € P. Thus, since z € sl(|P]), z;; =0, for all i € P. The result follows. O
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Now, to show that (h* @ H'(2(P),k)) and H*(X(P),k) are also trivial, we invoke
the Universal Coefficient Theorem, where it suffices to show that H,(X(P),k) = 0 for
n = 1,2. In fact, we prove a stronger result.

Theorem 34. If P is a connected, contact poset of height two or less, then X(P) is
contractible.

For heights zero and one, by Theorem 17, there are no such posets, so Theorem 34 holds
vacuously. The height-two case is established by modifying the base case in the proof of
Theorem 14 in [2], which uses discrete Morse theory to show that posets of height at most
two corresponding to Frobenius, type-A Lie poset algebras have contractible simplicial
complexes. For the pertinent details regarding discrete Morse Theory, see [5].

Proof of Theorem 34. Recall from Section 4 that, given a height-two poset P, ga(P) is
contact if and only if there exists a contact sequence {P;}, such that P, = P; that is,
g4(P) is contact if and only if there exists a sequence of posets Py C Py C -+ C P, =P
such that

e P, is of the form P(1,1,1) and

e P, is obtained from P;_; and a copy of P(1,1), P(2,1,1) or P(1,1,2) by applying
rules Ay, Ay, C, Dy, Dy or F of Table 1, for 0 <7 < n.

In Theorem 11 of [2], it is shown that posets P of height at most two for which ga(P)
is Frobenius can be characterized in the exact same way, except with Py of the form
P(1,1,2) or P(2,1,1). In Theorem 14 of [2] the authors show that such posets have
contractible simplicial complexes by recursively defining a discrete Morse function with a
single critical vertex contained in the simplicial complex X(Py).

Here we can use a similar argument by defining an appropriate discrete Morse function
on the simplicial complex of P(1,1,1), illustrated below.

(%) €3 V3
€1 2
U1
Figure 7: 3(P(1,1,1)).
A discrete Morse function on ¥(P(1,1, 1)) with a single critical simplex of v; is obtained
by assigning values as follows: f(v;) = 0, f(e1) = 1, f(ve) = 2, f(e2) = 3, f(v3) = 4,

f(es) = 6, and f(f1) = 5. The remainder of the proof follows mutatis mutandis to that
given for Theorem 14 of [2]. O

We have the following immediate corollary to Theorem 34.
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Corollary 35. If P is a connected poset of height two or less for which g4(P) is contact,

then

HX(S(P),k) = H\(S(P),k) = 0.

An application of Theorem 32 establishes the rigidity theorem noted in the introduction.

Theorem 36. A contact, type-A Lie poset algebra corresponding to a connected poset of
height zero, one, or two 1s absolutely rigid.

Remark 37. If g4(P) is contact, and P is connected and of height two or less, then by a
now-classical theorem of Gerstenhaber and Schack [8], the second Hochschild cohomology
group H?(A(P), A(P)) is trivial. This implies that the (associative) incidence algebras
corresponding to such connected posets are also rigid.
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