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Abstract

We investigate the shellability of the polyhedral join Zj,(K, L) of simplicial
complexes K, M and a subcomplex L C K. We give sufficient conditions and
necessary conditions on (K, L) for Z3,(K, L) being shellable. In particular, we
show that for some pairs (K, L), Z3,;(K, L) becomes shellable regardless of whether
M is shellable or not. Polyhedral joins can be applied to graph theory as the
independence complex of a certain generalized version of lexicographic products of
graphs which we define in this paper. The graph obtained from two graphs G, H
by attaching one copy of H to each vertex of GG is a special case of this generalized
lexicographic product and we give a result on the shellability of the independence
complex of this graph by applying the above results.

Mathematics Subject Classifications: 05E45, 05C76

1 Introduction

A finite simple graph G is a pair G = (V(G), E(G)) of a finite set V(G) and a set
E(G) c {e C V(G) | |e|] = 2}. We drop adjectives “finite simple” and call G a graph.
v € V(G) is called a vertez of G and e € E(G) is called an edge of G. The independence
complex of G is an abstract simplicial complex I(G) defined by

I(G)={oc CcV(G) | {u,v} ¢ E(G) for any u,v € o }.

A simplex of I(G) is called an independent set of G.
A simplicial complex K is shellable if its facets can be arranged in a linear order

Fi, F,, ..., F; (which we call a shelling) in such a way that the subcomplex (Ui:ll(FQ) N
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(Fy) is pure and (dim F}, — 1)-dimensional for all £k = 2,...,¢. (Note that this is “non-
pure” shellability defined by Bjorner and Wachs [3, 4].) A graph is called shellable if
its independence complex is shellable. The shellability (including vertex decomposability,
which is one of the sufficient conditions for a graph being shellable) of graphs has been
studied by many researchers, such as [6, 8, 9, 11]. In this paper, we focus on the following
result by Hibi, Higashitani, Kimura, and O’Keefe [6]. Here, a graph G is called well-
covered if every maximal independent set of G has the same cardinality.

Theorem 1 (Based on Hibi, Higashitani, Kimura, and O’Keefe [6, Theorem 1.1]). Let G
be a graph on a vertex set V(G) = {uy,...,up}. Let ki, ..., k, > 2 be integers. Then the
graph G’ obtained from G by attaching the complete graph Ky, to u; fori =1,...,n is
well-covered and shellable.

Motivated by Theorem 1, we consider the graph G[H;{vy}| defined as follows. Let G,
H be graphs and vy be a vertex of H. Define G[H;{v}| as the graph obtained from

GU (l—lue\/(G) Hu>, where H, is a copy of H, by identifying u € G with vy € H,. Theorem

1 implies that if H is a complete graph, then G[H; {vy}] is well-covered and shellable for
any graph G.

In this paper, we obtain a necessary and sufficient condition on H and v, for G[H; {v}]
being well-covered and shellable for any graph G.

Theorem 2. Let H be a graph and vy be a vertex of H. Then the following two conditions
are equivalent.

(1) For any graph G, G[H;{vo}] is well-covered and shellable.

(2) H is well-covered, both H and H\{vo} are shellable, and for any mazimal independent
set 7 of H\ {wo}, there exists v € T such that {vy,v} € E(H).

In order to prove Theorem 2, we need to investigate the independence complex of
G[H;{vo}]. With I(G) and I(H), the independence complex I(G[H;{vp}]) is described
as a polyhedral join. Polyhedral join is a construction of simplicial complexes introduced
by Ayzenberg [1, Definition 4.2, Observation 4.3]. It is similar to polyhedral product
Zr(X,A), a well-known construction of spaces, where K is a simplicial complex and
(X, A) = {(Xu, Au) buev(k) is a family of pairs of spaces. The definition of polyhedral
joins is obtained from the definition of polyhedral products by replacing “pairs of spaces”
and “product of spaces” with “pairs of simplicial complex and its subcomplex” and “join of
simplicial complexes”, respectively. Polyhedral joins appear in previous studies, including
when they are called by other names. Bahri, Bendersky, Cohen, and Gitler [2, Definition
2.1] defined a simplicial complex K (J) for a simplicial complex K on V(K) = {1,...,n}
and a tuple J = (ji,...,Jn) of positive integers. Using our notation of polyhedral joins,

K(J) is denoted by
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Here, A? is the d-simplex and OA? is its boundary. They obtained the decomposition of
polyhedral products, more precisely, moment-angle complexes, denoted by

Zk(D? SY) = Zz: (a1,0a1(D, S°).

We note that the above observation is mentioned by Vidaurre [10], who investigated the
polyhedral products over polyhedral joins. Another example is (j1,. .., jn)-expansion of
K, which is introduced by Moradi and Khosh-Ahang [7, Definition 2.1]. It is denoted by

Ziclot (2}, where (ot {2h) = { (L] pt-120)}
They studied the shellability and vertex decomposability of expansions. We generalize
one of their results [7, Theorem 2.12].

This paper is organized as follows. In Section 2, we define terminologies and notations
on simplicial complexes and state some basic properties of shellable simplicial complexes.
Section 3 provides the definition of polyhedral joins and the explicit description of sim-
plices and facets of polyhedral joins. Section 4 is the main part of this paper. Here we
obtain two necessary conditions and two sufficient conditions for polyhedral joins being
shellable, giving counterexamples of converse propositions. Note that some of the results
are not relevant to Theorem 2. Finally, in Section 5, we apply the results obtained in
Section 4 to the independence complexes of graphs and prove Theorem 2.

2 Preliminaries

In the following, for a positive integer m, we set [m] = {1,2,...,m}.

An abstract simplicial complex K is a collection of finite subsets of a given set V(K)
such that if o € K and 7 C 0, then 7 € K. In this paper, we drop the adjective “abstract”.
An element of K is called a simplez of K. An element of V(K) is called a verter of K.
We suppose that {v} € K for any v € V(K). We set dim K = max,cx |o] — 1, where |o|
is the cardinality of 0 C V(K). If dim K = d, then K is called d-dimensional. A maximal
simplex with respect to the inclusion is called a facet of K. K is called pure if every facet
of K has the same cardinality.

L C K is called a subcomplex of K if L is a simplicial complex. In this paper, we
call (K, L) a pair of simplicial complezes if K is a simplicial complex and L C K is a
subcomplex of K. For a vertex v € V(K) of K, we define a subcomplex dlx(v) of K by

dlg(v) ={ce K |vé¢o}.
Let {K;}icim) be a family of simplicial complexes. We define a simplicial complex

Ky % ---x K,,, which we call the join of K1, Ky, ..., and K,,, by

Kix-xK,={0C I_l V(K;) | cNV(K;) € K; for any i € [m]

1€[m]
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Let V be a finite set and Fy,...,F; C V be a collection of subsets of V' such that
F; ¢ F; for any i # j. Define a simplicial complex (F},. .., F;) on V by

(F,....Fy) ={c CV | o CF, for some i € [t]}.

As defined in Section 1, a simplicial complex K is shellable if its facets can be arranged
in a linear order F, Iy, ..., F; (which we call a shelling) in such a way that the subcomplex
<Uf;11<Fi>) N (Fy) is pure and (dim Fj — 1)-dimensional for all k = 2, ... ¢. Here we state
some of the properties of shellable simplicial complexes without proofs.

Lemma 3 (Based on [3, Lemma 2.3]). Let K be a simplicial complex. An order Fy, Fs, ...,
F; of the facets of K is a shelling if and only if for every i,k with 1 < i < k < t, there
exists an index j with 1 < j <k and a vertex v € Fy, \ F; such that F; N Fy, = Fy, \ {z}.

Lemma 4 (Based on [3, Lemma 2.6]). Let K be a shellable simplicial complex. Then
there exists a shelling Fy, Fy, ..., Fy such that |F;| > |Fj| for any 1 <i < j <t

Lemma 5 ([4, Remark 10.22]). The join of two simplicial complezes is shellable if and
only if each of the simplicial complex is shellable.

For a simplicial complex X, we denote the set of all facets of X by Fx. Note that for
a pair (K, L) of simplicial complexes, we have
FK\FL:{O'EFK | U%L},
F; \Fx ={r € Fy | there exists 0 € Fx \ F, such that 7 C o},
FKHFL:{O'GFK | O'GL}.

3 Facets of Polyhedral Joins

The main subject of this paper is polyhedral join. It is a construction of simplicial com-
plexes, which is based on the definition by Ayzenberg [1, Definition 4.2, Observation
4.3].

Definition 6. Let M be a simplicial complex on [m] and (K&, L) = {(K;, L;) }icpm) be
a family of pairs of simplicial complexes. For a simplex S € M, we define a simplicial
complex (K, L)*® by

(K7L)*S:X1*X2*'“*Xm7 Xi:{

(K, L)*¥ is a subcomplex of Ky  --- % K,,.
Z3, (K, L) is a subcomplex of K * - - % K,,, defined by

Zu(K, L) = |J (&, L)

(union is taken in Ky * -« x K,,).
Let (K, L) be a pair of simplicial complexes. If K; = K, L; = L for any i € [m], we
write Z;,(K, L) instead of Z},(K, L).
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We give an explicit description of simplices and facets of Z},(K, L).

Proposition 7. Let M be a simplicial complex on [m] and (K, L) = {(Kj, L;) }icpm) be a
family of pairs of simplicial complexes. For ¢ C |_|Z-€[m] V(K;), we set

¢ = o NV(K;) (i € [m]),
d={iecml| ¢ ¢ Li}.

Then ¢ € Z%,(K, L) if and only if ¢; € K; for any i € [m] and ¢ € M.

Proof. Let ¢ € Z5,(K,L). Then ¢ is a simplex of ¢ € (K, L)* for some S € M. So, by
the definition of the join, we have

e VNV(K;)=¢; € K, for any i € 5,
e VNV(K;)=¢;, € L; C K, for any i ¢ S.

It follows that ¢; € K; for any i € [m] and that ¢ C S. Since M is a simplicial complex
and S € M, we have ¢ € M. B
Conversely, let ¢ C |_|Z.e[m] V(K;) be a set such that ¢; € K; for any i € [m] and ¢ € M.

By the definition of ¢, i ¢ ¢ implies ¢; € L;. So, we have ¢ € (K,L)** c Z;,(K,L). O

Proposition 8. Let M be a simplicial complex on [m| and (K, L) = {(K;, L;) }icpm) be a
family of pairs of simplicial complezes. Then ¢ C | |, V(K;) is a facet of Z3,(K, L) if
and only if

o 61 € Fi, UFy, for anyi € [m),
e oM, and
e QU {i} ¢ M for any i € [m] such that ¢; € Fp, \ Fg,.

Proof. Let ¢ be a facet of Z,(K, L). For k € [m] and o € K}, define ¢(*) C Licm V (55)
by

(ko) _ ) Pi (i # k)
o (i=k).

First, assume that there exists o € K, such that ¢, C o for some £k € ¢. We have
o & Ly, since 0 O ¢p & Li. Therefore, we get ¢*k9) = ¢ € M. So, ¢*?) is a simplex of
Z%, (K, L) which satisfies "7 O ¢, a contradiction. Thus, ¢, is a facet of Kj.

Second, assume that there exists 7 € Lj such that ¢, C 7 for some k ¢ ¢. Since
br, T € Ly, we get ¢b7) = ¢ € M. So, ¢*7) is a simplex of Zi,(K,L) which satisfies
#*7) D ¢, a contradiction. Thus, ¢y, is a facet of Ly.

Finally, assume that there exists j € [m] such that ¢; € F, \ Fx, and ¢ U {j} € M.
Then there must be p € K; \ L; such that ¢; C p since ¢; is a facet of L; and is not a
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facet of K;. We get that ¢U») is a simplex of Z},(K, L) since ¢UP) =g U {j} € M. This
is a contradiction to the maximality of ¢. By the above three arguments, we conclude
that a facet ¢ of Z},(K, L) satisfies three conditions in the proposition.

Conversely, suppose that ¢ C |_|i€[m] V(K;) satisfies three conditions in the proposition.
Since ¢; € Fr, UF, C K; for any i € [m] and ¢ € M, ¢ is a simplex of Z},(K,L). We
assume that there exists ¢ € Z3,(K, L) such that ¢ C ¢ and deduce a contradiction.
There must exists k € [m] such that ¢, C 1. This means that ¢ is not a facet of Kj,
which implies ¢, € Fr, \ Fg,. It follows that k € i since or © U and ¢y is a facet
of L. Thus, we get ¢ U {k} C ¢ € M, which contradicts to the third condition in the
proposition. Therefore, ¢ is a facet of Z},(K, L). O

Remark 9. If F1, C Fg, for any i € [m], then by Proposition 8, ¢ C [ ;¢ V(K;) is a
facet of Z3,(K, L) if and only if ¢; € Fg, for any i € [m] and ¢ € M.

Before investigating the shellability of Z3,(K, L), we show a necessary and sufficient
condition for Z3,(K, L) being pure.

Theorem 10. Let M # {@} be a simplicial complex which is not a simplex and K 2 L
be a pair of simplicial complexes. Then Z3,(K, L) is pure if and only if

o K is pure and Fy, C Fg, or
o K, L, M are pure.

Proof. We set V(M) = [m)].
Assume that Z3,(K, L) is pure. For S € Fy;, 0 € Fg and 7 € Fp, define ®5(0,7) C

o (i€8)
q)S("’T)"_{T (i ¢ 8S).

Here, remark that ®g(o,7) is a facet of Z5,(K,L) if 0 € Fx \ Fp or 7 € Fx NF, by
Proposition 8. If ®g(0, 1) is a facet of Z},(K, L), then we have

|@s(0,7)[ = Y [®s(0,7)i| = [S]lo] + (m — [S])|7].

1€[m]

Note that we have 0 < |S| < m since M is neither {@} nor a simplex.

Suppose that Fx NFp # @. Take S € Fyy, 0¥ € Fg \ Fp and 7° € Fx NFy. For any
facets 0,0’ € Fi of K, ®g(0,7°) and ®g(o’, 7°) are facets of Z},(K, L). Since Z;,(K, L)
is pure, we have |®g(c, 7%)| = |Ps(0’, 7°)|, namely

[Sllo] + (m — [SDI7°] = [S]lo’[ + (m — |SDIT.
It follows from [S| > 0 that

lo| = lo].
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Therefore, K is pure. For any facets 7,7 € Fp of L, ®5(c°,7) and ®5(c?, 7’) are facets
of Z;;(K,L). Since Z;,(K, L) is pure, we have |®5(c?, 7)| = |®5(c°, 7')|, namely

1S110°] + (m — |S])I7| = |S[|o°] + (m — |S])|7'|.
It follows from |S| < m that
|7 =1|7].
Therefore, L is pure. Hence, we obtain
dim K = |7° — 1 = dim L.

If there exists 71 € Fy \ Fg, then there must exist o' € Fx \ Fr such that 7' C o!. So,
we get

dmK =|¢'| 1> |7'| -1 =dimL,

which is a contradiction. Thus, we conclude that Fj \ Fx = @, namely F; C Fg.

Next, suppose that Fx NF; = @. Take S € Fy; and 7° € F;. Since 7° is not a facet
of K, there exist 0 € Fx such that 70 C ¢°. For any facet o of K, ®5(c,7°) is a facet
of Z5(K, L) since Fx = Fi \ F. Therefore, by the same argument as above, we obtain
that both K and L are pure. For any facet T, 7" € Fy; of M, ®7(c°, 7°) and &7 (0°, 79)
are facets of Z},(K,L). Since Z;;(K, L) is pure, we have |®7(c?, 7°)| = |®5 (0%, 7)),
namely

ITl|o?| + (m — |T)|7°] = |T"[|o°| + (m — |T"])|7°].
It follows that
T| = |T"]

since 0¥ D 79, Therefore, we conclude that M is pure.
Conversely, assume that K is pure and F, C Fg. Then for any facet ¢ € Fz: (x 1),
we get

@ = Y il = m(dim K +1).
1€[m)|

Therefore, Z3,(K, L) is pure.
Finally, assume that K, L, M are pure and that there exists 7 € F \ F. Since there
exists 0 € Fi \ F, such that 7 C o, we get

dimK =|o|—1> |7 —1=dim L.
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So, we obtain Fx NFy = & since both K and L are pure. Thus, for any ¢ € Fz: (x.1), ¢

is a facet of M. This is because we have ¢ U {i} ¢ M for any i ¢ ¢ since F;, = F; \ Fg.
Hence, we get

ol ="l + 1ol
i€ ¢
= |¢|(dim K + 1) + (m — |¢|)(dim L + 1)
= (dimM +1)(dimK + 1)+ (m —dim M — 1)(dim L + 1)

for any facet ¢ € Fz: (k1) since M is pure. Therefore, we conclude that Zj,(K, L) is
pure. ]

4 Shellability of Polyhedral Joins

We first present two sufficient conditions for Z;,(K, L) being shellable.

Theorem 11. Let M be an arbitrary simplicial complexr and K D L be a pair of simplicial
complezes. Suppose that K, L satisfy the following three conditions.

(1) K is shellable,
(2) F; C FK, and

(3) there exists a shelling <k on K such that T <k o for any T € Fp and any o €
Fi \Fy.

Then Z3,(K, L) is shellable.

Proof. We set V(M) = [m]. Consider a linear order < on Fzx (k1) such that ¢ < ¢ if
and only if

G1 =1, 051 = Vi1, 05 <k Y

for some j € [m]. We show that this order is a shelling on Z},(K, L).

Let ¢, be facets of Z;,(K, L) such that ¢; = ¢1,...,¢;—1 = ¥;_1,¢; <k ;. Since
<k is a shelling on K, there exists 0 € Fg and = € 9, \ ¢; such that ¢ <k 1; and
o Ny =1; \ {z} by Lemma 3. Define x C [ ;[ V(K) by

X:{m (i # )
’ o (i=j).

If ¢; € Fi \ Fy, then we have ¥ C e M. If ¢; € Fr, then by condition (3), o must be
a facet of L since o <y v;. So, we have Y = ¢ € M. In both cases, we get that \ € M,

which implies that y is a simplex of Z},(K, L). Furthermore, x is a facet of Z},(K, L) by
Remark 9.
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We have x < ¢ because

X1 =1, Xj—1 = Yj—1, X5 = 0 <k U5.

Moreover, we have

oNy; (i=y)

Xiﬂwi:{wi (27&])
j
_ {wi (i # J)

i\ {z} (=)

Hence, we obtain

XNy =\ {z}.

Finally, we have z € ¢ \ ¢ since x € 1); \ ¢;. Therefore, by the above argument, we get
X € Fz: (k) and x € ¥\ ¢ such that x < ¢ and x N = ¢\ {z}. By Lemma 3, we
conclude that Z3,(K, L) is shellable. O

The following claim indicates that we cannot drop condition (2) in Theorem 11 for
some M.

Claim 12. Let (K, L) be a pair of simplicial complexes such that ¥\ Fx # @. Then for
M = ({1,2},{3,4}), Z3;(K, L) is not shellable.

Proof. We assume that Z},(K, L) is shellable and deduce a contradiction. Take 7° €
Fy \ Fg. Fix a shelling on Z},(K, L) and define ®, ¥V € Fz: (k1) by

® =min{¢ € Fz: (k1) | Pr=0o=T1"03 27°, 04 D 7"},
U =min{y € Fzz icp) | 1 270,02 27°, 005 = by = 7°} .

Note that ®, ¥ are well-defined because there exists o € F \ F, such that o 2 70 since
TO € FL \ FK

We may suppose that ® < U. Then there exists y < ¥, j € [m] and z € U, \ &, such
that xNW¥ = W\ {z}. Since ¥; \ ®; # @, we obtain j € {1,2}. Here, we set j = 1. Then
for i = 2,3,4, we have x; N V; = ¥, namely x; D ¥;. So, we get xo = ¥y € Fg \ Fy
since W, is a facet of K. Thus, 2 € . This implies that x; € F for ¢« = 3,4. Therefore,
we obtain y; = 7° for i = 3,4 since x; D ¥; = 7°.

On the other hand, we have x € U, \ ®; = ¥; \ 7° since ®; = 7% Then it follows
from 70 C ¥, that 70 C Uy \ {z} = x1 N¥; C x1. If x; = 7°, then we have Y = {2} and
X1 € Fr \ Fg. This contradicts to Proposition 8 since x is a facet of Z3,(K, L). So, we
get x1 2 7°. However, this is also a contradiction to the minimality of ¥. Therefore, we
conclude that Z3,(K, L) is not shellable. O

Theorem 13. Let M be a simplicial complex on [m] and (K,L) = {(K;, L;)}icpm) be
a family of pairs of simplicial complexes. Suppose that M is shellable and that for any
i [ml,
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e there exists o € Fg, such that Fr, C {o; \ {z} | = € o}, and

o [, s shellable with a shelling <; such that «; is the minimum element with respect
to <;.

Then Z3,(K, L) is shellable.

Proof. We fix a shelling on M and denote by <;;. Take an arbitrary linear order < on
F,. Here we remark that we have Fx, NF, = @ for any ¢ € [m] since we have 7 C a;
for any 7 € Fy,.

Let ¢, be facets of Z;,(K,L). Consider a linear order < on FZ;‘W(K,L) such that
¢ < if and only if

Og_b<ME,OI'

° qﬁzﬁand O1=U1, ..., 051 = Vi1, ¢; <; Y, for somejea, or
e ¢ =1 and G1 =115, 051 = Y0, 95 < by for some j ¢ ¢.

We show that this order is a shelling on Z3, (K, L). o
First, suppose that ¢ <j; ¢. Then, by Lemma 3, there exists T' € F); and j € ¢ \ ¢
such that T <j; ¢ and T N¢ = ¢\ {j}. It follows from j € ¢ \ ¢ that ¢); € Fg, and

ij S FLj-

If ¢); is not minimum with respect to <;, namely a; <; ©; in Fg,, then there exists
o € Fg, and o € ¢; \ o; such that o <; ¥; and 0 N¥; = ¥; \ {w}. By the assumption
of the theorem, ¢; € Fy, is a face of a;. So, we get x € ¢; \ ¢; C ¢\ ¢. Now we define

X C I_lie[m] V(K;) by
X:{m (i # )
‘ o (i=j).

Since 1,0 € Fy,, we have Y = ) € Fyy. Thus, by Proposition 8, y is a facet of Z%,(K, L).
Furthermore, we have y < v since

X1 = 1/117.--7Xj—1 = %‘—ij =0 < %"

Moreover, we have

me:{ﬁWUéig
:{m (i # )
i\ {z} (i =17),
namely
XN =1\ {z}.
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By the above argument, we get x € Fz: (k1) and x € ¢\ ¢ such that x < ¢ and
XNy =1\ {z}.

If ; = a, then it follows from the assumption of the theorem that there exists x € «;
such that ¢; = a; \ {z}. In this case, we define x C [ ]|, V(K;) by

V; €Fg, (i € TNy
¢; € Fr, (i=j),
NT\a eFe, (eT\9),
i € Fr, (i€ m]\ (TUy)).
Then we have
X=(TNP)U(T\Y) =

Hence, x is a facet of Z},(K,L). It follows from T <,; v that Y < . Furthermore,
since 1); is a face of «; if ¥; € F,, we have

Vi (i e (TNy)U(m]\(TUg))),
Xi Ny = ¢;NY; (i =7),
Ny (€T \Y)
B {wi (i # j)
i\ e =),

The last equality follows from

o; N = (o \{z}) Naj = a; \ {z} =9, \ {z}.

By the above argument, we get x € Fz: (k1) and x € ¢\ ¢ such that x < ¢ and
XN =\ {z}. o _

Next, suppose that ¢ = ¢ and ¢1 = ¥1,...,0;_1 = ¥j_1,0; <; ¥; for some j € ¢.
There exists 0 € Fg, and x € ¢; \ ¢; such that o <; ¥; and o N1p; = 1; \ {z}. We define
X C Liepm V() by

We have 9; € Fg; since j € ¢ = 1. So, it follows from o € Fg, that ¥ = 1. Hence, y is
a facet of Zj, (K, L). By the same argument as the first case, we see that x € Fz: (k1)
and z € ¥\ ¢ satisfy y < ¢ and x Ny =\ {z}.

Finally, suppose that ¢ = ¢ and ¢; = ¥1,..., 0,1 = ¥ 1, d; < 4 for some j ¢ 0.
By the assumption of the theorem, there exists z,y € a; (v # y) such that ¢; = o; \ {z},
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;= a; \ {y}. So, we have ¢; N; = o \ {z,y} = ¢; \ {z} since z # y. Here we define

G
e (=)

We have ¢;,1; € Fr, since j € ¢ = 1. So, it follows that ¥ = 1. Hence, y is a facet
of Z3,(K,L). By the same argument as the first case, we see that x € Fz: (k1) and

x e\ ¢ satisfy x <y and x N =\ {z}.
In all four cases above, we obtain x € Fz; (x 1) and @ € ¢ \ ¢ which satisfy x < ¢
and x Ny = \ {z}. By Lemma 3, we conclude that Z},(K, L) is shellable. O

Remark 14. Consider M = ({1},{2}) and (K, L) = {(K, L;) }i=1,2 such that

Ki = ({ai,bi}, {bi,ci}), Li = ({ai}, {ci})-

Then we see that

Z]D(Ka L) :<{a’1a b17 (12}, {alv bla 62}7 {bla C1, a?}? {bb Cy, 02}7
{alu ag, b2}7 {ah b27 02}7 {Cla ag, bQ}a {Ch b27 62}>

(see Figure 1) is shellable. However, there is no «; € {{a;, b;}, {b;, ¢;}} such that {a;}, {c;:}
C ;. So, the condition that F, C {a; \ {z} € K | © € o} for some «a; € Fg, is not
necessary for Z, (K, L) being shellable.

aq e (9 aq e a9
bis * U * $by
C1 e Co Cle Co

Figure 1: Z;,(K, L) in Remark 14.

Example 15. Let K be a simplicial complex on [m] and J = (j1,...,Jm) be a tuple of
positive integers. Define families of pairs of simplicial complexes as follows:

(AL 0AT7Y) = {(AF T 0N ) g,

(pt’, {o}) = { (|_|jipt, {@}> }

By Theorem 13, Zj(A~', 0A’1) and Zj(pt’, {@}) are shellable if K is shellable.

icm]

Next, we state a necessary condition for Z;,(K, L) being shellable under a certain
assumption.
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Theorem 16. Let M be a simplicial complex which is not a simplex and K 2 L be a pair
of simplicial complezes such that ¥ C Fg. If Z5,(K, L) is shellable, then both K and L
are shellable.

Proof. We set V(M) = [m]. Let (K, L) = {(Kj, L;) }icm) be a family of pairs of simplicial
complexes such that K; = K, L, = L for any i € [m]. Fix a shelling < on Z;,(K,L).
Take S € Fy and k € [m] such that k ¢ S. This is possible since M is not a simplex.
We prove that both K} and L are shellable.

First, we prove that K is shellable. For a facet o € F,, define ®7 € Fzx (k1) by

®° = min {¢ € Fz&(gé) ‘ O = O'} .

Note that @7 is well-defined since by Remark 9, there exists a facet ¢ € Fz: (x 1) such

that
b = {” (i=F)
£,
where 7 is an arbitrary facet of L. For 0,0’ € Fg,, we define a relation ¢ <x o’ by
d° < &7, Tt is obvious that <y defines a linear order on F K,- We prove that <g is a
shelling on Kj.

For o', 0 € Fg, such that ® < &7, there exists y € Fzo (k) and x € 7\ 7" such
that x < ®7 and x NP7 = &7\ {z}. If z ¢ DT, then we have x; NP7 = $7, which means
that ®7 C xx. By Proposition 8, ®f and x;, are facets of K}, since Fg, UF;, = Fg,. So,
we obtain y; = ®7 = 0. This contradicts to the minimality of ®°. Hence, we get z € ®F.
Moreover, it follows from 2 € ®7 \ &7 that x € &7\ &7 =0 \ 0.

By xN®7 = &7\ {2} and z € ®F, we obtain xyNo = xx NP7 = 7\ {z} =0\ {z}.
Furthermore, we get ®X* < y < ®7. Therefore, y, € Fg, and x € 0\ o’ satisfy xx <k o
and xx No = o \ {z}. By Lemma 3, < is a shelling on Kj.

Next, we prove that L is shellable. There exists o € F i, \ Fpr, since K # L. For a
facet T € Fr,, define U™ € Fz: (x 1) by

U™ = min {w €Fz: k1) ! Y, = o for any i € S, and ¢y, = 7'} :

Note that W7 is well-defined. This is because there exists a facet ¥ € Fz: (x 1) defined by

o o' (i€ 8)
wz_{T (i ¢ 9).

For 7,7" € Fy,, we define a relation 7 <;, 7" by U™ < U7, It is obvious that <, defines a
linear order on F,. We prove that <, is a shelling on Lj.

For 7,7 € F, such that U™ < W7, there exists y € Fzo (k) and x € U7\ U™ such
that x < U7 and xNW™ = W7\ {x}. Let j € [m] be a vertex of M such that z € U} \ \IJJT'.
Then we have j ¢ S since U} # \I/;/. So, for any 7 € S, we get x; N ¥ = U7

1)

namely
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xi D ¥I = o It follows from ¢° € Fg, that x; = o° for any « € S. Hence, by the
minimality of U™, we get xx # 7. On the other hand, we get Y = S since S is a facet of
M and S C X. So, we have k ¢ S =, which means that x, € F,. Therefore, if j # k,
we obtain x; 2 7 and x%, T € Fp,, a contradiction. Thus, we conclude that j = k. Hence,
we get © € UI\ U7 and x, NV] = WL\ {z}, namely 2 € 7\ 7 and x, N7 = 7\ {z}.
Moreover, we have WXk < y since y; = ¢ for any i € S and y;, € F,. Hence, by x < ¥7,
we obtain WXt < U7 namely x; <y 7. By Lemma 3, < is a shelling on Lj. O

Remark 17. In general, the shellability of Z3,(K, L) does not imply the shellability of
each K;. For example, consider M = ({1},{2}) and (K, L) = {(K, L;) }i=1.2 such that

K, = <{6L, b}7 {C, d}>7 Ly, = <{b}v {C7 d}>,
Ky = <{67 f}>7 Ly = <{f}>
Then we see that
Z;\}(K7 L) = <{Cv de, f}7 {b= , f}7 {CL, b, f}>
(see Figure 2) is shellable. However, K7 is not shellable.

Figure 2: Z;,(K, L) in Remark 17.

Remark 18. The shellability of Z3,(K, L) does not imply F; C Fg. For example, consider
M — <{1}, {2}) and (K, L) = {(KZ, Li)}i:LZ SUCh that

Ki = ({as,bi}), Li = ({b:}).
Then we see that
Z;\(/[(K> L) = <{6L1, bla b2}a {b17 az, b2}>

is shellable. However, {b;} € Fp, \ Fg, for i =1,2.
Even though (K, L) satisfies that K is shellable, L is shellable and F;, C Fg, Z3,(K, L)
is not necessarily shellable. In order to show this, we prove another necessary condition.

Theorem 19. Let M be a simplicial complexr which is not a simplex and K 2 L be a
pair of simplicial complexes. Suppose that Z3,(K, L) is shellable. Then there exists a pair
(0,7) of c € Fx \ F and 7 € F|, such that

N7l = ma —1.
lo N7l eFKi%LV)'
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Proof. Fix a shelling ¢* < --- < ¢' on Z},(K, L) such that |¢?| > |¢?] for any 1 < p <
q < t, which exists by Lemma 4.

We first show that there exists an index s such that ¢? ? ¢* for any p € [s — 1]. Since
M is not a simplex, there exists j € [m] such that j ¢ ¢L. Take a facet S > j of M. Here,
it follows from K # L that there exists a facet p € Fi \ F of K. Now, consider a subset
¥ C |iepm V(K) which satisfies

e if i € .5, then ¢; = p,
e if i ¢ S, then ¢); € Fp.

We have ¢; € Fx UF, for any i € [m], v = S € M and ¢ U {i} ¢ M for any i ¢ S
since S is a facet of M. By Proposition 8, ¢ is a facet of Z;,(K, L). Therefore, we have
Y = ¢ for some ¢ € [t]. Since j € S\ ¢! = @7\ ¢!, we get ¢ ¢ ¢l. Now we set
s =min{r € [t] | ¢" € ¢'}. It follows from the minimality of s that ¢# C @' for any
p € [s — 1]. Thus, we get ¢* € ¢P for any p € [s — 1] as desired.

Now, take an index s as above. For an index p’ such that ¢? = ¢*, p’ must be larger
than s, which implies [¢”'| < |¢°|. So, ¢° is the largest facet among facets ¢ such that
¢ = ¢*. By the definition of a shelling, there must exist p with 1 < p < s such that
|oP N ¢*| = |¢°| — 1. This equality implies that we have

67 N 7| = (95 — 1

for any i € [m]. On the other hand, it follows from ¢? 2 ¢* that there exists j € ¢° \ ¢#,
namely j € [m] such that ¢f € Fy, and ¢} € Fx \ Fr. Since ¢ is a facet of K, we have
@i N @5 C ¢F. Thus, we get

65 0165] = 65| — 1.

Assume that there exists p € Fx \ Fy such that [u| > [¢3[. Then, a subset x C
Licim V () defined by

e )
Cole (i=1)

is a facet of Z3,(K,L). Since |x| > |#°| and ¥ = ¢*, this contradicts to the maximality of

|¢°|. Hence, we obtain |¢3] = max,cr,\r, |p]-
Then, 0 = ¢5 € Fx \ Fr and 7 = ¢} € F, satisfy

loNnT|=lo]—1= max |p|—1,
p

GFK\FL

which is the desired conclusion. O
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Example 20. Consider M = ({1},{2}) and (K, L) = {(K;, L;) };=1,2 such that
Ki = ({ai, bi}, {bi, i}, {di}), Li = ({ci}, {di})-

For {a;,b;} € Fg,\Fp,, there exists no 7 € Fp, such that |{a;, b;}N7| = 1. For {d;} € Fy,,
there exists no o € Fg, \ F, such that |0 N {d;}| = 1. On the other hand, we see that
Zy(K, L) =({a, b1, ca}, {b1, c1, ca}, {b1, c1,da}, {an, by, da},
{Cl7b2762}7{d17b2702}7{d17a27b2}7{Claa27b2}7{d17d2}>

(see Figure 3) is shellable. So, Theorem 19 only guarantees the existence of at least one
pair (o,7), in this example, o = {b;, ¢;} and 7 = {¢; }.

a1 a2
by by
C1 * o U Cie ’ Ca
die  ody die  ody

Figure 3: Z3,(K, L) in Example 20.

Remark 21. The converse of Theorem 16 and the converse of Theorem 19 do not hold.

Consider M = ({1},{2}) and (K, L) = {(K, L;) }i=1,2 such that
K; = ({a;, b, ¢}, {ai, i, di}, {bi, di}y, Li = ({ai, bi, i}, {bi, di}).

Two facets {a;, ¢;,d;} € Fg, \ Fr, and {a;, b;,¢;} € Fp, satisfy the condition in Theorem
19. Moreover, both K = K1 = K5 and L = L; = Ly are shellable and F;, C Fg. However,

Z]D(Ka L) :<{G1, b17 C1, ag, b27 C2}7 {ala C1, d17 a2, b27 02}7
{ala b17 C1,Q2,Cy, d2}7 {ah bla C1, bQ; d2}7 {aly C1, dla b27 d2}7
{b17 dla ag, b27 02}7 {b17 d17 Ay, C2, d2}7 {bl7 dl; b27 d2}>

(see Figure 4) is not shellable. To see this, assume that Z;,(K,L) is shellable and
{a1,c1,d1, by, da} < {b1,dy,as,ce,ds} in a shelling. There must exists a facet ¢ # {by,dy,
a2,02,d2} of Z&(K,L) and r € {b17d1:a2ac27d2} \ {Cl1,017d1>b2,d2} = {b1>a2,02} such
that {by,d1, as,co,da} \ {x} C ¢. However, there is no facet ¢ # {by,dy, as,ce,ds} such
that ¢ includes {dy, as, co, da}, {b1,dy, ca,ds} or {by,dy, as,ds}. This is a contradiction. In
the same way, we also get {b1,dy, as,co,do} £ {a1,c1,dr,ba,do}. So, Z5,(K, L) has no
shelling.

Corollary 22. Let M be a simplicial complex and K D L be a pair of simplicial complexes.
If dim K — dim L > 2, then Z;,(K, L) is not shellable.

In particular, for any simplicial complex M and K such that dim K > 1, Z5,(K,{2})
15 not shellable.
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aq a9 a1 a2
AL, ALA
by dy by 22— dy by F—dy by d
Figure 4: Z;,(K, L) in Remark 21.
Proof. 1t follows from dim K > dim L that there must be p € F such that |p| = dim K+1

and p ¢ Fr. So, we get

dim K = max |p|— 1.
pEFK\FL

For any 0 € F \ F; and 7 € F, we have

loN7| < |7 <dmL+1<dimK —-1= max |p|—2.
pEFK\FL,

Therefore, there is no pair (o,7) of 0 € Fg \ F and 7 € F such that

Nt|= — 1.
on7|= max |l
By Theorem 19, we conclude that Z;,(K, L) is not shellable. O

As the last result in this section, we prove that under a certain condition, the shella-
bility of both K and L is equivalent to the shellability of Z3,(K, L).

Theorem 23. Let M be a stmplicial complex which is not a simplex and K be a simplicial
complex. For a vertex vy of K, suppose that Fa,.wy) C Fr. Then Z3,(K,dlg(vo)) is
shellable if and only if both K and dlk(vg) are shellable.

Proof. We set L = dlg(vg). If Z3,(K, L) is shellable and F, C Fg, then by Theorem 16,
K and L are shellable. In order to prove the converse, it is sufficient to show that there
is a shelling <y on K such that 7 <x o for any 7 € Fy and any 0 € Fx \ F. Then the
proof is completed by Theorem 11.

Let < be a shelling on K and <’ be a shelling on L. Define a relation <y on Fg by

o T<goforany T € Fp and 0 € Fx \ Fy,
e forany 7,7 € F, 7 <y 7’ if and only if 7 <’ 7/, and
e for any 0,0’ € F \ Fp, 0 <y o' if and only if o < o’.

It is obvious that < is a linear order. We prove that <y is a shelling on K. The goal of
the proof is to show that for any p, p’ € F such that p <y p/, there exists p” € Fg and
u € p'\ p which satisfy p” <x p' and p" Np' = p'\ {u}.

For any 7,7" € Fy, such that 7 <’ 7/, there exists 77 € F; and x € 7/ \ 7 such that
7" < t"and 7" N7 = 7"\ {z}. Since 7" € F and 7" <’ 7', we get 7" < 7'.
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G G[H; U]

Figure 5: An example of G[H; U].

For any 0,0’ € F \ F, such that o < ¢’, there exists p € F and = € ¢’ \ 0 such that
p<oc and pNno’ =o'\ {z}. If p € Fp, then we obtain p <gx o’ since 0’ € Fg \ Fp. If
p € Fi \ Fr, then we obtain p <y ¢’ again since p < ¢’. In both cases, we have p <y o’.

For 7 € Fp and 0 € F \ F, we have vy € 0 \ 7 since 0 ¢ dlx(v) and 7 € dlg(v).
A simplex o \ {vg} € L is not a facet of L since o \ {vp} is not a facet of K and we have
F; C Fx by the assumption. Therefore, there exists a facet p € Fy such that p 2 o\ {v}.
Since p € dlg(vg), we obtain pNo = o\ {vg}. We also get p <y o because p € F and
o€ FK \ FL- ]

5 Applications to the shellability of graphs

In this section, we prove Theorem 2. Here we introduce a class of graphs which are
constructed from two graphs G, H and a subset U C V(H). In the following, a set
{u,v} C V(G) of two vertices of a graph G is denoted by wv.

Definition 24. Let G, H be graphs and U C V(H) be a subset of V(H). We define a
graph G[H; U] by
V(G[H;U]) = V(G) x V(H),
u; = ug and vivy € E(H),
E(G[H;U]) = < (u1,v1)(ug,v9) | or
uiug € E(G) and vy, vy € U

Example 25. For graphs G and H, G[H;V (H)] is the lexicographic product G[H]. The
definition of the lexicographic product of two graphs is given in, for example, [5].

Example 26. Let G, H be graphs and vy be a vertex of H. As defined in Section 1,
G[H;{vo}] is the graph obtained from G U (UueV(G) Hu) by identifying v € V(G) with
vy € H,, where H, is a copy of H.

The independence complex of G[H; U] is described as a polyhedral join, stated in the
following proposition.
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Proposition 27. Let G, H be graphs and U C V(H) be a subset of V(H). Then we have
HG[H;U]) = Ziq)(I(H), I(H\ U)),

where H \ U is a graph defined by V(H\U) = V(H)\ U and E(H\U) = {uw €
E(H) | u,v ¢ U}.

Proof. Remark that for ¢ C V(G) x V(H) = V(2 (I(H),I(H\U))), ¢u (u € V(G))

and ¢ in Proposition 7 are reformulated as follows:

¢u={v e V(H) | (u,v) € ¢},
o={ueV(G) | p.NU# @}

Let ¢ € I(G[H;U]) be an independent set of G[H;U]. Then, we have the followings.

e For any v € V(G) and vy,vy € V(H), suppose that vy,v3 € ¢,. Then we have
(u,v1)(u,v9) ¢ E(G[H;U]) since (u, vl) (u,v2) € ¢ and ¢ is an independent set of
G[H;U]. By the definition of E(G[H;U]), we obtain vyvy ¢ E(H). Therefore, ¢, is
an independent set of H, namely ¢, € I(H).

e For any u;,uy € ¢, there exist wy,w; € U such that (uy,w), (ug, ws) € ¢. Then
(u1,wr)(ug, wy) ¢ E(G[H;U]) since ¢ is an independent set of G[H;U|. By the
definition of E(G[H;U]), we obtain ujus ¢ E(G). Therefore, ¢ is an independent
set of G, namely ¢ € I(G).

So, by Proposition 7, ¢ is a simplex of Z7({(H), I(H \ U)).

Conversely, let ¢ be a simplex of Z7 (I(H), I[(H \U)). It follows from Proposition 7
that we have ¢, € I(H) for any u € V(G) and ¢ € I(G). Then, for any (uy,vy), (ug,vs) €
1, we have the followings.

o If u; = uy, then vyvy ¢ E(H) since vy, vy € 1, and 1), is an independent set of H.
Furthermore, u; = uy implies that ujus ¢ E(G) since G has no loops. Therefore,
we get (u1,v1)(ug, v2) ¢ E(G[H;U]).

o Ifu; # uy and vy, vy € U, then ujuy ¢ F(G) since up, us € 1 and ¢ is an independent
set of G. Therefore, we get (uy, v1)(ug, v2) ¢ E(G[H;U]).

o If uy #up and vy ¢ U or vy ¢ U, then (uy,vy)(ug, v2) ¢ E(G[H;U]).

So, we conclude that (uy,vy)(u2,ve) ¢ E(G[H;U]). Thus, ¢ is an independent set of
G[H; U], namely ¢ € I(G[H;U]). O

Example 28. Let GG be a graph with at least one edge and H be a graph which is not a
complete graph. Vander Meulen and Van Tuyl [9, Theorem 2.3] proved that I(G[H]) is
not shellable. We can deduce this result from Example 25, Proposition 27 and Corollary
22 since I(G) is not a simplex and I(H) is not 0-dimensional.
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Now we are ready to prove Theorem 2.

Proof of Theorem 2. First, we show that (1) implies (2). By Proposition 27, (1) is equiv-
alent to the condition that Z7, (I(H), I(H \{vo})) is pure and shellable for any graph G.
It follows from Theorem 10 that I(H) is pure, namely H is well-covered. Now consider
the cycle on 4 vertices Cy, namely the graph defined by

V(Cy) ={1,2,3,4}, E(Cy) = {12,23,34,41}.

Since 1(Cy) = ({1,3},{2,4}) and I(C4[H, H \ {vo}]) is shellable, Claim 12 indicates that
Fri\{w}) C Fra. Hence, for any maximal independent set 7 of H \ {vo}, we get that
TU{wo} is not an independent set of H. Namely there exists v € 7 such that vov € E(H).
Therefore, by Theorem 16, both I(H) and I(H \ {vo}) are shellable.

Next, we deduce (1) from (2). By the conditions in (2), I(H) is pure, both I(H) and
I(H \ {vo}) are shellable, and Fj( fv,}) C Frea). Therefore, it follows from Theorem 10
that I(G[H; H\{vo}]) is pure for any graph G and from Theorem 23 that I(G[H; H\{vo}])
is shellable for any graph G which has at least one edge. For graph GG which has no edges,
it follows from Lemma 5 that

Zj)(I(H). I(H\ {w0})) = I(H) -+ I(H)

14(6)]

is shellable since I(H) is shellable. Therefore, we conclude that Z7 . (I(H), I(H\{vo})) is
pure and shellable, namely G[H; {vo}] is well-covered and shellable, for any graph G. [

Example 29. If H is a complete graph, then H satisfies the condition (2) in Theorem 2.
An example of H which is not a complete graph is C5, a cycle of length 5. Let
V(C5) ={a,b,c,d,e} and E(C5) = {ab, bc, cd, de,ea}. Then

I(C5) = ({a, ¢}, {b, d}, {c, e}, {d, a}, {e,b})

is pure and shellable. Furthermore,

dle;(a) = ({b,d}, {e, b}, {c, e})

is shellable and each facet of dlg, (a) contains b or e, which are adjacent to a.
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