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Abstract

A 3-graph is a pair H = (V,E) of sets, where elements of V are called points
or vertices and E contains some 3-element subsets of V , called edges. A 3-graph is
called linear if any two distinct edges intersect in at most one vertex.

There is a recent interest in extremal properties of 3-graphs containing no crown,
three pairwise disjoint edges and a fourth edge which intersects all of them. We show
that every linear 3-graph with minimum degree 4 contains a crown. This is not true
if 4 is replaced by 3.

Mathematics Subject Classifications: 05B07, 05C35, 05D05
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1 Introduction

A 3-graph is a pair H = (V,E) of sets, where elements of V are called points or vertices
and E contains some 3-element subsets of V , called edges. If not clear from the context,
we use the notation V (H) and E(H) for V and E respectively. We restrict ourselves to
the important family of linear 3-graphs where any two distinct edges intersect in at most
one vertex. In the remainder of this paper we use the term 3-graph for linear 3-graph.

The number of edges containing a point v ∈ V (H) is the degree of v and is denoted
by d(v) or dH(v). We denote by δ(H) the minimum degree of H. Similar notations are
used for graphs (2-uniform linear hypergraphs). We use [k] to denote {1, . . . , k}.

Let F be a fixed 3-graph. A 3-graph, H, is called F -free if H has no subgraph
isomorphic to F . The (linear) Turán number of F , ex`(n, F ), is the maximum number of
edges in an F -free 3-graph on n vertices.

Turán and Ramsey numbers of several linear 3-graphs have been studied by Gyárfás
and Sárközy [5] and the acyclic case by Gyárfás, Ruszinkó and Sárközy [6]. The behavior
of ex`(n, F ) is interesting even if F has three or four edges. A famous theorem of Ruzsa
and Szemerédi [7] is that ex`(n, T ) = o(n2) if T is the triangle. For the Pasch configuration,

P , ex`(n, P ) = n(n−1)
6

for infinitely many n since there are P -free Steiner triple systems

(see [2]). For the fan, F , we have ex`(n, F ) = n2

9
if n is divisible by 3 (see [4]). Figure 1

shows these 3-graphs (drawn with the convention that edges are represented as straight
line segments).

Figure 1: Triangle, Pasch configuration, and Fan

There is a recent interest in the Turán number of the crown, C (Figure 2).

Figure 2: The crown C

The descriptive name crown was coined in [1], the list of small configurations in [2]
refers to it as C13. We call the horizontal edge of the crown the base and the vertical
edges jewels.
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The crown is the only 3-tree with at most four edges whose Turán number left open
in [6] with the following bounds:

6

⌊
n− 3

4

⌋
6 ex`(n,C) 6 2n. (1)

The construction for the lower bound in (1) (for the case n ≡ 3 (mod 4)) is the following.
Choose three vertices {a, b, c}, and define edges

{a, xi, yi}, {a, zi, wi}, {b, xi, wi}, {b, yi, zi}, {c, xi, zi}, {c, yi, wi}

where i = 1, 2, . . . , b(n− 3)/4c and xi, yi, zi, and wi are distinct vertices.
In this construction, all but three vertices have degree 3. This poses the question

whether raising the minimum degree of a 3-graph H from 3 to 4 ensures a crown. We
prove in this note (extracted from [1]) that the answer is affirmative.

Theorem 1. Every 3-graph with minimum degree δ(H) > 4 contains a crown.

The upper bound of (1) was first improved to 5n
3

by Fletcher [3] then, with an essential
new idea, Tang, Wu, Zhang and Zheng [8] proved that the lower bound is essentially best.
Note that Theorem 1 does not follow from this, since minimum degree 4 ensures only
4n
3
< 3n

2
edges.

In Sections 2 and 3 we define our tools. In Section 4 we prove Theorem 1.

2 Link graphs of edges with D(e) = 〈4, 4, 4〉

Definition 2 (Link graph of an edge). Assume that H is a 3-graph and e = {a, b, c} ∈
E(H). The link graph, G(e), is the graph whose edges are the pairs {x, y} for which there
exists {x, y, z} ∈ E(H) with z ∈ {a, b, c}. The set of vertices of G(e) is defined as the
subset of V (H) covered by the edges of G(e).

A matching in a graph is a set of pairwise disjoint edges. An edge-coloring of a graph
is proper if the edges in each color class form a matching. Note that Definition 2 provides
a proper 3-coloring of the edges of G(e) with colors a, b, and c. We denote by ϕ(x, y)
the color of the edge {x, y} in this coloring. Edges with colors a, b, and c will be labelled
α, β, and γ, respectively and are colored blue, green and red in colored figures. Observe
that a crown with base edge e exists in H if and only if G(e) has three pairwise disjoint
edges with different colors, which we call a rainbow matching.

For e = {a, b, c} ∈ E(H), let D(e) denote the degree vector 〈d(a), d(b), d(c)〉 with
coordinates in non-increasing order.

Lemma 3. If a crown-free 3-graph H has an edge e = {a, b, c} such that D(e) = 〈4, 4, 4〉,
then G(e) is isomorphic (up to permutation of colors) to one of the five graphs in Figure
3.
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<latexit sha1_base64="f6eu1+bW9EGoGKZXxuI/IAI5BKY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbFqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxdlSsPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADkiNqA==</latexit>v3
<latexit sha1_base64="183EFlrFV6WZoLcH3YpEk2JPklU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxdlS8fKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>v4

<latexit sha1_base64="b1fLXEHjPXzFSRQcfZDOAzXMSqg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbViEeiF48Y5ZHAhswOszBhdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkM72Z+c8S1EbF6wnHC/Yj2lQgFo2ilx1G30i2W3LI7B1klXkZKkKHWLX51ejFLI66QSWpM23MT9CdUo2CSTwud1PCEsiHt87alikbc+JP5qVNyZpUeCWNtSyGZq78nJjQyZhwFtjOiODDL3kz8z2unGN74E6GSFLlii0VhKgnGZPY36QnNGcqxJZRpYW8lbEA1ZWjTKdgQvOWXV0njouxdly8frkrV2yyOPJzAKZyDBxWowj3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AFFiNrA==</latexit>v7
<latexit sha1_base64="oqGjakjVu7v9iTzSoUKZDdFI3rs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxVypcPV6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEtSNqw==</latexit>v6

<latexit sha1_base64="dF8VcHtJvGXhZ/u4j/AuCdywH24=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePGKURwIbMjs0MGF2djMzS0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YO6jhLFsMYiEalmQDUKLrFmuBHYjBXSMBDYCIZ3U78xQqV5JJ/MOEY/pH3Je5xRY6XHUeeyUyy5ZXcGsky8jJQgQ7VT/Gp3I5aEKA0TVOuW58bGT6kynAmcFNqJxpiyIe1jy1JJQ9R+Ojt1Qk6s0iW9SNmShszU3xMpDbUeh4HtDKkZ6EVvKv7ntRLTu/FTLuPEoGTzRb1EEBOR6d+kyxUyI8aWUKa4vZWwAVWUGZtOwYbgLb68TOpnZe+qfP5wUarcZnHk4QiO4RQ8uIYK3EMVasCgD8/wCm+OcF6cd+dj3ppzsplD+APn8wcRUI2q</latexit>v5

<latexit sha1_base64="z5udKGjEgjNA2CowrkMtV+ayXgc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2mPBi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ES1IGMiSQ0VZLEoSrlrpDt73R0wRYnhE0uQKGZvdckIFRJjAyrZEPzll1dJ66LqX1cv768q9VoeRxFO4BTOwYcbqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AIsbjxY=</latexit>↵
<latexit sha1_base64="z5udKGjEgjNA2CowrkMtV+ayXgc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2mPBi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ES1IGMiSQ0VZLEoSrlrpDt73R0wRYnhE0uQKGZvdckIFRJjAyrZEPzll1dJ66LqX1cv768q9VoeRxFO4BTOwYcbqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AIsbjxY=</latexit>↵

<latexit sha1_base64="z5udKGjEgjNA2CowrkMtV+ayXgc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2mPBi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ES1IGMiSQ0VZLEoSrlrpDt73R0wRYnhE0uQKGZvdckIFRJjAyrZEPzll1dJ66LqX1cv768q9VoeRxFO4BTOwYcbqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AIsbjxY=</latexit>↵

<latexit sha1_base64="NG25Cxv4ViIck0lXItO7SYSvWjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj25nfGnNtRKwecZJwP6IDJULBKFrpYdzzeuWKW3XnIH+Jl5MK5Kj3yp/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOiUnVumTMNa2FJK5+nMio5ExkyiwnRHFoVn2ZuJ/XifF8NrPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2nZEPwll/+S5pnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLQI2m</latexit>v1

<latexit sha1_base64="A2uqlTMnNV+QazqS9w/LviE+M8Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0mjUvauyhcPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADMSNpw==</latexit>v2

<latexit sha1_base64="f6eu1+bW9EGoGKZXxuI/IAI5BKY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbFqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxdlSsPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADkiNqA==</latexit>v3

<latexit sha1_base64="183EFlrFV6WZoLcH3YpEk2JPklU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxdlS8fKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>v4

<latexit sha1_base64="b1fLXEHjPXzFSRQcfZDOAzXMSqg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbViEeiF48Y5ZHAhswOszBhdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkM72Z+c8S1EbF6wnHC/Yj2lQgFo2ilx1G30i2W3LI7B1klXkZKkKHWLX51ejFLI66QSWpM23MT9CdUo2CSTwud1PCEsiHt87alikbc+JP5qVNyZpUeCWNtSyGZq78nJjQyZhwFtjOiODDL3kz8z2unGN74E6GSFLlii0VhKgnGZPY36QnNGcqxJZRpYW8lbEA1ZWjTKdgQvOWXV0njouxdly8frkrV2yyOPJzAKZyDBxWowj3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AFFiNrA==</latexit>v7

<latexit sha1_base64="oqGjakjVu7v9iTzSoUKZDdFI3rs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxVypcPV6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEtSNqw==</latexit>v6

<latexit sha1_base64="dF8VcHtJvGXhZ/u4j/AuCdywH24=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePGKURwIbMjs0MGF2djMzS0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YO6jhLFsMYiEalmQDUKLrFmuBHYjBXSMBDYCIZ3U78xQqV5JJ/MOEY/pH3Je5xRY6XHUeeyUyy5ZXcGsky8jJQgQ7VT/Gp3I5aEKA0TVOuW58bGT6kynAmcFNqJxpiyIe1jy1JJQ9R+Ojt1Qk6s0iW9SNmShszU3xMpDbUeh4HtDKkZ6EVvKv7ntRLTu/FTLuPEoGTzRb1EEBOR6d+kyxUyI8aWUKa4vZWwAVWUGZtOwYbgLb68TOpnZe+qfP5wUarcZnHk4QiO4RQ8uIYK3EMVasCgD8/wCm+OcF6cd+dj3ppzsplD+APn8wcRUI2q</latexit>v5

<latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>� <latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>�

<latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>�
<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�
<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="z5udKGjEgjNA2CowrkMtV+ayXgc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2mPBi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ES1IGMiSQ0VZLEoSrlrpDt73R0wRYnhE0uQKGZvdckIFRJjAyrZEPzll1dJ66LqX1cv768q9VoeRxFO4BTOwYcbqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AIsbjxY=</latexit>↵

<latexit sha1_base64="z5udKGjEgjNA2CowrkMtV+ayXgc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2mPBi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ES1IGMiSQ0VZLEoSrlrpDt73R0wRYnhE0uQKGZvdckIFRJjAyrZEPzll1dJ66LqX1cv768q9VoeRxFO4BTOwYcbqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AIsbjxY=</latexit>↵

<latexit sha1_base64="z5udKGjEgjNA2CowrkMtV+ayXgc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2mPBi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ES1IGMiSQ0VZLEoSrlrpDt73R0wRYnhE0uQKGZvdckIFRJjAyrZEPzll1dJ66LqX1cv768q9VoeRxFO4BTOwYcbqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AIsbjxY=</latexit>↵

<latexit sha1_base64="NG25Cxv4ViIck0lXItO7SYSvWjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj25nfGnNtRKwecZJwP6IDJULBKFrpYdzzeuWKW3XnIH+Jl5MK5Kj3yp/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOiUnVumTMNa2FJK5+nMio5ExkyiwnRHFoVn2ZuJ/XifF8NrPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2nZEPwll/+S5pnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLQI2m</latexit>v1 <latexit sha1_base64="A2uqlTMnNV+QazqS9w/LviE+M8Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0mjUvauyhcPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADMSNpw==</latexit>v2

<latexit sha1_base64="f6eu1+bW9EGoGKZXxuI/IAI5BKY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbFqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxdlSsPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADkiNqA==</latexit>v3
<latexit sha1_base64="183EFlrFV6WZoLcH3YpEk2JPklU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxdlS8fKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>v4

<latexit sha1_base64="lCXejrUJkpDa4NJHWeBLtp4yE2o=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVKEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhBV/wmWSGpRssShMBTExmf1NelwhM2JsCWWK21sJG1BFmbHpFGwI3vLLq6RxUfauy5cPV6XqbRZHHk7gFM7Bgxuowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AFdyNrQ==</latexit>v8

<latexit sha1_base64="b1fLXEHjPXzFSRQcfZDOAzXMSqg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbViEeiF48Y5ZHAhswOszBhdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkM72Z+c8S1EbF6wnHC/Yj2lQgFo2ilx1G30i2W3LI7B1klXkZKkKHWLX51ejFLI66QSWpM23MT9CdUo2CSTwud1PCEsiHt87alikbc+JP5qVNyZpUeCWNtSyGZq78nJjQyZhwFtjOiODDL3kz8z2unGN74E6GSFLlii0VhKgnGZPY36QnNGcqxJZRpYW8lbEA1ZWjTKdgQvOWXV0njouxdly8frkrV2yyOPJzAKZyDBxWowj3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AFFiNrA==</latexit>v7

<latexit sha1_base64="oqGjakjVu7v9iTzSoUKZDdFI3rs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxVypcPV6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEtSNqw==</latexit>v6

<latexit sha1_base64="dF8VcHtJvGXhZ/u4j/AuCdywH24=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePGKURwIbMjs0MGF2djMzS0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YO6jhLFsMYiEalmQDUKLrFmuBHYjBXSMBDYCIZ3U78xQqV5JJ/MOEY/pH3Je5xRY6XHUeeyUyy5ZXcGsky8jJQgQ7VT/Gp3I5aEKA0TVOuW58bGT6kynAmcFNqJxpiyIe1jy1JJQ9R+Ojt1Qk6s0iW9SNmShszU3xMpDbUeh4HtDKkZ6EVvKv7ntRLTu/FTLuPEoGTzRb1EEBOR6d+kyxUyI8aWUKa4vZWwAVWUGZtOwYbgLb68TOpnZe+qfP5wUarcZnHk4QiO4RQ8uIYK3EMVasCgD8/wCm+OcF6cd+dj3ppzsplD+APn8wcRUI2q</latexit>v5

<latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>� <latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>�

<latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="z5udKGjEgjNA2CowrkMtV+ayXgc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2mPBi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ES1IGMiSQ0VZLEoSrlrpDt73R0wRYnhE0uQKGZvdckIFRJjAyrZEPzll1dJ66LqX1cv768q9VoeRxFO4BTOwYcbqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AIsbjxY=</latexit>↵

<latexit sha1_base64="z5udKGjEgjNA2CowrkMtV+ayXgc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2mPBi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ES1IGMiSQ0VZLEoSrlrpDt73R0wRYnhE0uQKGZvdckIFRJjAyrZEPzll1dJ66LqX1cv768q9VoeRxFO4BTOwYcbqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AIsbjxY=</latexit>↵

<latexit sha1_base64="z5udKGjEgjNA2CowrkMtV+ayXgc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq2mPBi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ES1IGMiSQ0VZLEoSrlrpDt73R0wRYnhE0uQKGZvdckIFRJjAyrZEPzll1dJ66LqX1cv768q9VoeRxFO4BTOwYcbqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AIsbjxY=</latexit>↵

<latexit sha1_base64="NG25Cxv4ViIck0lXItO7SYSvWjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7k0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj25nfGnNtRKwecZJwP6IDJULBKFrpYdzzeuWKW3XnIH+Jl5MK5Kj3yp/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOiUnVumTMNa2FJK5+nMio5ExkyiwnRHFoVn2ZuJ/XifF8NrPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2nZEPwll/+S5pnVe+yen5/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsLQI2m</latexit>v1
<latexit sha1_base64="A2uqlTMnNV+QazqS9w/LviE+M8Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0mjUvauyhcPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADMSNpw==</latexit>v2

<latexit sha1_base64="b1fLXEHjPXzFSRQcfZDOAzXMSqg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbViEeiF48Y5ZHAhswOszBhdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkM72Z+c8S1EbF6wnHC/Yj2lQgFo2ilx1G30i2W3LI7B1klXkZKkKHWLX51ejFLI66QSWpM23MT9CdUo2CSTwud1PCEsiHt87alikbc+JP5qVNyZpUeCWNtSyGZq78nJjQyZhwFtjOiODDL3kz8z2unGN74E6GSFLlii0VhKgnGZPY36QnNGcqxJZRpYW8lbEA1ZWjTKdgQvOWXV0njouxdly8frkrV2yyOPJzAKZyDBxWowj3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AFFiNrA==</latexit>v7

<latexit sha1_base64="oqGjakjVu7v9iTzSoUKZDdFI3rs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxVypcPV6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEtSNqw==</latexit>v6

<latexit sha1_base64="dF8VcHtJvGXhZ/u4j/AuCdywH24=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePGKURwIbMjs0MGF2djMzS0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YO6jhLFsMYiEalmQDUKLrFmuBHYjBXSMBDYCIZ3U78xQqV5JJ/MOEY/pH3Je5xRY6XHUeeyUyy5ZXcGsky8jJQgQ7VT/Gp3I5aEKA0TVOuW58bGT6kynAmcFNqJxpiyIe1jy1JJQ9R+Ojt1Qk6s0iW9SNmShszU3xMpDbUeh4HtDKkZ6EVvKv7ntRLTu/FTLuPEoGTzRb1EEBOR6d+kyxUyI8aWUKa4vZWwAVWUGZtOwYbgLb68TOpnZe+qfP5wUarcZnHk4QiO4RQ8uIYK3EMVasCgD8/wCm+OcF6cd+dj3ppzsplD+APn8wcRUI2q</latexit>v5
<latexit sha1_base64="183EFlrFV6WZoLcH3YpEk2JPklU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxdlS8fKqXqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>v4

<latexit sha1_base64="f6eu1+bW9EGoGKZXxuI/IAI5BKY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbFqEeiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0njouxdlSsPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADkiNqA==</latexit>v3

<latexit sha1_base64="/p/9Va5w428zxifstC9yjQ5Ykbo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRgx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9PzeuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1dO7s0rtKo+jCAdwCMfgwQXU4Bbq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H9/Dl413</latexit>

G1

<latexit sha1_base64="YUk1swqoSuym0ARM2x5C73qcqfU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGUY9BD3qMaB6QLGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzThGP6QDyfucUWOlh9tupVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3UT67Py9Vr7M48nAEx3AKHlxCFe6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDxRuNeA==</latexit>

G2

<latexit sha1_base64="FKTq0yqxhylSArvxHBqAkKkXk5s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewaUY9BD3qMaB6QLGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzThGP6QDyfucUWOlh9tupVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2Xvoly5Py9Vr7M48nAEx3AKHlxCFe6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDxp+NeQ==</latexit>

G3

<latexit sha1_base64="zMqDAbfHo+PJEliV8rClZILLvo8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BD3qMaB6QLGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzThGP6QDyfucUWOlh9tupVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2Xvonx+XylVr7M48nAEx3AKHlxCFe6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDyCONeg==</latexit>

G4

<latexit sha1_base64="gySnwTY4fcmHbE6k7p2RrwGuSzU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6PgY96DGieUCyhNlJJxkyO7vMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHcFseDauO63k1taXlldy68XNja3tneKu3t1HSWKYY1FIlLNgGoUXGLNcCOwGSukYSCwEQxvJn7jCZXmkXw0oxj9kPYl73FGjZUebjvnnWLJLbtTkEXiZaQEGaqd4le7G7EkRGmYoFq3PDc2fkqV4UzguNBONMaUDWkfW5ZKGqL20+mpY3JklS7pRcqWNGSq/p5Iaaj1KAxsZ0jNQM97E/E/r5WY3pWfchknBiWbLeolgpiITP4mXa6QGTGyhDLF7a2EDaiizNh0CjYEb/7lRVI/KXsX5dP7s1LlOosjDwdwCMfgwSVU4A6qUAMGfXiGV3hzhPPivDsfs9ack83swx84nz/Jp417</latexit>

G5

<latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>�
<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�
<latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>� <latexit sha1_base64="CDIxTvzlrV2RSHNZHpWj8B4fl1U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqaI4BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekMsBO6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgWZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBdfXy/qpSr+VxFOEETuEcAriBOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPhoWPEw==</latexit>�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>

�

<latexit sha1_base64="OFXNptrCMZbxuBYxy5ONvg6pRuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGDWCXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8KjYEb/Xlv6R9Ufeu65f3V7Vmo4ijDCdwCufgwQ004Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvDcI6i</latexit>
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Figure 3: Link graphs G1, . . . , G5
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Proof. For i ∈ [3], let Mi denote the vertex set of the matching of color a, b, and c in
G(e), respectively. Observe that for all i, j ∈ [3], where i 6= j, Mi must intersect all the
three edges in Mj. Otherwise, there exists an edge f ∈ Mj not intersecting Mi and an
edge g ∈ Mk, for k 6= i or j, such that g ∩ f = ∅. Then f , g, and some edge in Mi is a
rainbow matching.

First, we show that |M1 ∩M2| > 3. It follows from the previous observation that
|M1 ∩M2| > 3. Assume for contradiction that |M1 ∩M2| = 3. Then S = M1∩M2 cannot
contain an edge from M1 ∪M2, otherwise we get a contradiction with our observation.
Thus, M1 and M2 are matchings from S to M1 \ S and from S to M2 \ S, respectively,
where M1 \ S and M2 \ S are disjoint. If e ∈ M3, then e ∈ S since otherwise e would be
part of a rainbow matching. However, it is impossible for there to be three disjoint edges
in S since |S| = 3 by assumption.

Now, suppose |M1 ∩M2| = 4. Then, in S there is one edge of M1 and one edge of
M2. If the two edges are disjoint, we have two disjoint α-β paths both with four vertices.
One has two α-edges and one β-edge, and the other has the opposite. To avoid a rainbow
matching, any γ-edge must intersect every edge in one of the paths. There are thus four
possible locations for a γ-edge but any three of them gives G2, proving the lemma. On
the other hand, if the two edges in S intersect, we will get a contradiction. Indeed, in
this case, the edges of M1 ∪M2 form two disjoint, alternating α-β paths with three and
five vertices, respectively. Following the paths, label the three vertices v1 through v3, and
the five vertices w1 through w5. The only possible location for a γ-edge that does not
intersect v2 and would not form a rainbow matching is {w2, w4}. However, then at least
two γ-edges must intersect v2, a contradiction.

We show that the next case implies that G(e) is isomorphic (up to permutation of
colors) to one of the Gi’s.

Assume |M1 ∩M2| = 5. Then either M1 ∪M2 is an alternating α-β path on seven
vertices, or it is a disjoint alternating α-β four-cycle and α-β path on three vertices.

In the former case, label the vertices v1 through v7 along the path. Then the possible
γ-edges that don’t create a rainbow matching are {v1, v3}, {v1, v6}, {v2, v4}, {v2, v6},
{v2, v7}, {v4, v6}, and {v5, v7}. Apart from the symmetry (reflection of a point of the path
through v4), the non-intersecting triples of these edges are{

{v1, v3}, {v2, v4}, {v5, v7}
}
,{

{v1, v3}, {v2, v6}, {v5, v7}
}
,
{
{v1, v3}, {v2, v7}, {v4, v6}

}
.

The first triple gives G3, and the last two triples give G4.
In the latter case denote the alternating four-cycle and the alternating path by C4 and

P3, respectively.
When G(e) is disconnected, at least one γ-edge has to intersect C4, otherwise all three

γ-edges intersect P3, which clearly results in a rainbow matching. Moreover, both vertices
of such a γ-edge must intersect C4, otherwise, this γ-edge together with two disjoint α-β
paths contains a rainbow matching. Therefore, there are two ways of placing a γ-edge in
C4. If a γ-edge intersects P3, it must intersect both edges of P3, extending P3 to either a
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triangle or to a four-edge star. If only one γ-edge intersects C4 and two intersect P3, we
obtain G2. If two γ-edges intersect C4 and only one intersects P3, it gives either G1 or
G5.

When G(e) is connected, some γ-edge connects C4 and P3. Observe that such a γ-edge
has to intersect both edges in P3. The only possibility for the remaining two γ-edges is
that one is a diagonal of C4 and the other extends P3 to a triangle. This gives G3.

Lastly, suppose |M1 ∩M2| = 6. Then M1 ∪M2 is an alternating α-β six-cycle. Any
γ-edges intersecting the cycle in at most one vertex or along a long diagonal are in rainbow
matchings. However, at most two γ-edges can be short diagonals without intersecting,
which is a contradiction thus concludes the proof.

3 Good quintuple lemma

As shown in Section 2, it is easy to recognize a crown with base edge e: We have to find
a rainbow matching in G(e). To recognize other crowns related to G(e), we introduce the
following definition:

Definition 4 (Good quintuple). Let H be a 3-graph and e ∈ H. An ordered quintuple
Q = (x1, x2, x3, x4, x5) of distinct vertices of G(e) is good if

• {x1, x2}, {x2, x3}, and {x4, x5} are edges of G(e),

• ϕ(x1, x2) = ϕ(x4, x5). ({x1, x2} ∩ {x4, x5} = ∅ since ϕ is a proper coloring.)

Remark 5. The ordering of the vertices in Q = (x1, x2, x3, x4, x5) is important. Assume
that Q is a good quintuple. Then the quintuple (x1, x2, x3, x5, x4) is still good. However,
observe that (x2, x1, x3, x4, x5) is good if and only if {x1, x3} is an edge in G(e). On the
other hand, (x3, x2, x1, x4, x5) is never good.

Remark 6. Observe (see Figure 3) that apart from v6 ∈ V (G5), every vertex in each Gi is
the first vertex of some good quintuple.

Lemma 7 (Good quintuple lemma). Assume H is a crown-free 3-graph and Q = {x1, x2,
x3, x4, x5} is a good quintuple in G(e) for some e = {a, b, c} ∈ E(H). Then there is no
edge f ∈ E(H) such that f ∩ e = ∅ and that f ∩Q = {x1}.

Proof. Without loss of generality, Q defines the edges {x1, x2, a}, {x2, x3, b}, and {x4, x5,
a} in H. Assume towards contradiction that edge f = {p, q, x1} where (from the assump-
tions) p, q /∈ Q ∪ {a, b, c}.

Observe that
{p, q, x1}, {x2, x3, b}, {x4, x5, a}

are pairwise disjoint edges and {x1, x2, a} intersects all of them, thus we have a crown
(with base {x1, x2, a}), a contradiction.
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4 Proof of Theorem 1

Suppose that Theorem 1 is not true, there exists a crown-free 3-graph H with δ(H) > 4.
Select an arbitrary edge e = {a, b, c} ∈ E(H) and let H ′ be the 3-graph obtained from
H by removing edges intersecting e until D(e) = 〈4, 4, 4〉 in H ′. Then Lemma 3 can be
applied to H ′ and we get that Gi ⊆ G(e) for some i ∈ [5]. Further, note that every vertex
v in Gi has degree at most three in H ′, thus we can select fv ∈ E(H) such that v ∈ fv
and fv ∩ e = ∅. Selecting v 6= v6, there exists a good quintuple Q with first vertex v in Gi

(see Remark 6). We shall get a contradiction from Lemma 7, finding a good quintuple Q
satisfying fv ∩Q = {v}. This is obvious if fv ∩ V (Gi) = {v}, therefore in the subsequent
cases we may assume that fv = {v, p, q} where v, p ∈ V (Gi).

• G(e) = G1. Set v = v1 and from the symmetry of G1 we may assume that fv1 =
{v1, v7, q} (where q /∈ V (G1)). Then Q = (v1, v2, v3, v5, v6) is a good quintuple.

• G(e) = G2. Set v = v1 and (apart from symmetry) we have to consider either
fv1 = {v1, v7, q} (where q = v8 is possible) or fv1 = {v1, p, q} where p ∈ {v5, v8}
and q /∈ V (G2). In the former case Q = (v1, v2, v3, v5, v6) and in the latter Q =
(v2, v3, v4, v6, v7) is a good quintuple.

• G(e) = G3. Set v = v4 and (up to symmetry) we have to consider either fv4 =
{v4, v6, q} (where q = v1 is possible) or fv4 = {v4, v1, q} (where q 6∈ G(e)). In both
cases Q = (v4, v5, v7, v2, v3) is a good quintuple.

• G(e) = G4. Set v = v2. We have to consider three cases: either fv2 = {v2, v4, q}
(where q = v7 is possible), fv2 = {v2, v7, q} (where q 6= v4), and fv2 = {v2, v5, q}. In
the first two cases Q = (v2, v1, v3, v5, v6) is a good quintuple, and in the last case
Q = (v2, v3, v4, v6, v7) is a good quintuple.

• G(e) = G5. Set v = v8. Assume first f = fv8 6= {v5, v7, v8}. Up to symmetry,
we may consider fv8 = {v8, v1, q} (where q = v7 is possible). In both cases, Q =
(v8, v6, v5, v2, v4) is a good quintuple. Now, assume that f = fv8 = {v5, v7, v8}. In
this case, dH(a) = dH(b) = dH(c) = 4, i.e. H = H ′ since otherwise we have an
edge g intersecting e and intersecting V (G5) in at most one of {v5, v7, v8} and in
none of {v1, v2, v3, v4} (by linearity). Then g would be a jewel in a crown with base
e = {a, b, c} leading to contradiction. Since dH′(v8) > 4, there exists f ′ = f ′v8 =
{v8, p, q} ∈ E(H) different from fv8 and from {a, v6, v8}. Since f ′ ∩ e = ∅ (from
H = H ′), we can select f ′ instead of f . Up to symmetry, we may assume that
p = v1 and q /∈ G(e), which we have already considered.

Since all cases ended by finding v ∈ V (Gi), fv ∈ E(H), and a good quintuple Q such
that fv ∩ e = ∅ and fv ∩Q = {v}, we get a contradiction from Lemma 7, concluding the
proof.

the electronic journal of combinatorics 29(4) (2022), #P4.17 7



Acknowledgements

The authors would like to thank anonymous referees for helpful review and comments.
The result presented here was done as part of the Budapest Semesters in Mathematics

Summer Undergraduate Research Program in the summer of 2021 under the supervision
of the fourth author.

References

[1] A. Carbonero, W. Fletcher, J. Guo, A. Gyárfás, R. Wang, S. Yan, Crowns in linear
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