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Abstract

The prism over a graph G is the Cartesian product of G with the complete graph
K5. The graph G is prism-hamiltonian if the prism over G has a Hamilton cycle. A
good even cactus is a connected graph in which every block is either an edge or an
even cycle and every vertex is contained in at most two blocks. It is known that good
even cacti are prism-hamiltonian. Indeed, showing the existence of a spanning good
even cactus has become the most common technique in proving prism-hamiltonicity.
Spacapan [S. épacapan. A counterexample to prism-hamiltonicity of 3-connected
planar graphs. J. Combin. Theory Ser. B, 146:364-371, 2021] asked whether having
a spanning good even cactus is equivalent to having a hamiltonian prism for 3-
connected planar graphs. In this article we answer his question in the negative, by
showing that there are infinitely many 3-connected planar prism-hamiltonian graphs
that have no spanning good even cactus. In addition, we prove the existence of an
infinite class of 3-connected planar graphs that have a spanning good even cactus
but no spanning good even cactus with maximum degree three.

Mathematics Subject Classifications: 05C10, 05C38, 05C45

1 Introduction

All graphs in this article are finite and simple. A Hamilton cycle (respectively, a Hamilton
path) in a graph G is a cycle (respectively, a path) that contains all vertices of G. A graph
is hamiltonian if it has a Hamilton cycle. A k-walk is a spanning closed walk that visits
every vertex at most k times, and a k-tree is a spanning tree with maximum degree at
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most k. Clearly, a graph has a k-walk if it has a k-tree. It was shown in [14] that
every k-walk contains some (k + 1)-tree. In particular, 1-walk and 2-tree are the same
notion of Hamilton cycle and Hamilton path, respectively. The prism over a graph G
is the Cartesian product of G and the complete graph K, on two vertices, denoted by
GUOK,. We say G is prism-hamiltonian if GUK5 is hamiltonian. The following hierarchy
concerning hamiltonian properties is well-known:

Hamilton cycle = Hamilton path = Hamilton cycle in prism = 2-walk = 3-tree

The existence of spanning subgraphs in the above hierarchy has been extensively studied
for various graph classes; we refer to [4, 5, 18, 17] for results on related topics. In this
article, we investigate the hierarchy of 3-connected planar graphs.

In 1884, in an attempt to solve the Four Color Theorem (which was open then),
Tait [22] gave a proof based on the truth of a hypothesis that every 3-connected 3-
regular planar graph is hamiltonian. The proof, however, turned out to be false and the
first counterexample to the hypothesis, that is, a non-hamiltonian 3-connected 3-regular
planar graph, was constructed by Tutte [24] in 1946. Later, 3-connected 3-regular planar
graphs with no Hamilton paths were also found [12].

On the positive side, Tutte [25] showed in 1956 that every 4-connected planar graph
does have a Hamilton cycle. Tutte’s result was strengthened by Thomassen [23] who
proved that every 4-connected planar graph is hamiltonian-connected, that is, any two
vertices are connected by some Hamilton path.

Barnette [1] showed that every 3-connected planar graph has a 3-tree. Confirming a
conjecture of Jackson and Wormald [14] and strengthening Barnette’s result, Gao and
Richter [8] proved that every 3-connected planar graph has in fact a 2-walk (see also [9,
10]). Hence, it is natural to ask if all 3-connected planar graphs can reach the level
of “Hamilton cycle in prism” in the hamiltonian property hierarchy. This question was
formulated as a conjecture by Kaiser, Ryjacek, Kral’, Rosenfeld and Voss [15], which was
also attributed to Rosenfeld and Barnette (see [11] and [20]).

Conjecture 1 ([15, Conjecture 1]). Every 3-connected planar graph has a hamiltonian
prism.

To support this conjecture, the following graph classes were shown to be prism-
hamiltonian: 3-connected 3-regular (not necessarily planar) graphs [19], Halin graphs [15],
3-connected bipartite planar graphs [2], near-triangulations [2] and 3-connected planar
graphs with minimum degree at least four [21]. However, a recent breakthrough by
épacapan [20] showed that the conjecture does not hold in general. Based on épaeapan’s
technique, Tkegami, Maezawa and Zamfirescu [13] provided various classes of counterex-
amples with some special properties.

Theorem 2 ([20]). There are infinitely many 3-connected planar non-prism-hamiltonian
graphs.

A good cactus is a connected graph in which every block is either an edge or a cycle and
every vertex is contained in one or two blocks. A good cactus is even if it is bipartite (see
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Figure 1). It is known that the prism of any good even cactus is hamiltonian. Therefore,
one can assert that a graph is prism-hamiltonian if it has a spanning good even cactus.
This strategy is in fact the most common approach used to prove the prism-hamiltonicity
of many planar and non-planar graph classes; we refer to [19, 15, 2, 16, 3, 6, 7, 21| for
examples.! Tt is worth noting that in [19, 15, 16, 3, 6] a more restrictive approach was
adopted, namely to show the existence of a spanning good even cactus with maximum
degree at most three, that is, any two cycles of the cactus are disjoint. This proof technique
motivates us to refine the hamiltonian property hierarchy as follows:

Hamilton cycle = Hamilton path
= spanning good even cactus with maximum degree at most three
= spanning good even cactus = Hamilton cycle in prism = 2-walk = 3-tree

The first two implications are known to be sharp for 3-connected planar graphs. For
instance, the famous Herschel’s graph on 11 vertices has a Hamilton path but no Hamilton
cycle, and the graph given in Figure 2 has no Hamilton path but it has a spanning good
even cactus with maximum degree three. As every 3-connected planar graph has a 2-walk,
it follows from Spacapan’s result [20] that the implication from “Hamilton cycle in prism”
to “2-walk” is sharp as well. Spacapan 20] asked whether the implication from “spanning
good even cactus” to “Hamilton cycle in prism” can be reversed for 3-connected planar
graphs.

Problem 3 ([20, Problem 3.3]). Prove or disprove the following statement. Every 3-
connected planar prism-hamiltonian graph has a spanning good even cactus.

The main purpose of this article is to show that every implication except the last one
in the new hierarchy proposed above is sharp for 3-connected planar graphs. Inspired
by épacapan’s counterexamples to Conjecture 1, we show that there are infinitely many
3-connected planar graphs that have a spanning good even cactus but no such spanning
subgraph with maximum degree at most three (Theorem 5), and there are infinitely
many 3-connected planar graphs that have a hamiltonian prism but no spanning good
even cactus (Theorem 6), thereby answering the question raised by épacapan.

We remark that “Hamilton cycle in prism” can be replaced by “spanning good cac-
tus” in the hierarchy we consider above. As mentioned in [20], the partitioning result
given in [8] assures that every 3-connected planar graph has a good cactus as a spanning
subgraph. Another option is to replace “2-walk” by “Hamilton path in prism” as the
existence of a Hamilton cycle in the prism obviously implies that of a Hamilton path in
the prism, which in turn implies the existence of a 3-tree in the original graph. Note that
there are 3-connected planar graphs that have no Hamilton path in the prism (see the
remark after the proof of [20, Theorem 2.6]) and 3-connected planar graphs the prism
over each of which has a Hamilton path but no Hamilton cycle (consider, for example, the

!'Note that some graph classes in the given examples were not explicitly shown to have the property
of having a spanning good even cactus, but one may justify it by modifying the corresponding original
proof.
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Figure 1: A good even cactus with maximum degree three, which becomes a good even
cactus with maximum degree four if the thick edge is contracted.

Figure 2: A variation of Herschel’s graph which has no Hamilton path (as it has eight
components when the six white vertices are removed) and has a spanning good even cactus
with maximum degree at most three (thick edges).

graph Zg in the proof of [13, Theorem (iii)]). The discussion altogether establishes the
following hierarchy regarding hamiltonian properties, in which every implication is sharp
for 3-connected planar graphs:

Hamilton cycle = Hamilton path
= spanning good even cactus with maximum degree at most three
= spanning good even cactus = Hamilton cycle in prism
= Hamilton path in prism = 3-tree

The proofs of our main results will be given in the next section. We conclude this
section with some terminology and notation.

Let H be a graph and V' be a vertex set (not necessarily a subset of V(H)). The
subgraph of H induced by V NV (H) is denoted by H[V]. For graphs H; and Hy, Hq[Hs)]
means H,[V(Hy)]. For any set U of vertices and edges, we use H — U to denote the
graph obtained from H by deleting the elements in U; we may also write H — u instead
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of H — {u} when U = {u}. The union H; U Hy of graphs H; and H, is the graph
(V(H,) UV (H,), E(Hy) U E(H)). Let H' be a subgraph of H and E C E(H) be an
edge set. We may denote by H' U E the union of H' and the subgraph of H induced by
E. Let u,v be two vertices in a connected graph H. The graph H[u,v] is defined to be
the minimal union of blocks of H such that Hu,v] is connected and contains vertices u
and v. For any graph H and any v € V(H), let H' be a copy of H, we denote by v’ the
duplicate of v in H*.

A cactus @) is a connected graph such that every block of @ is either an edge or a
cycle. For any v € V(Q), the block degree bg(v) of v in @ is defined to be the number of
blocks of @) that contain v. We call a block of @) that is an edge (a cycle) an edge block (a
cycle block). We say that @ is even if every cycle block of it is an even cycle. A path P
in () is an edge path if no edge of P is contained in any cycle of . A cactus @ is good if
bo(v) < 2 for any v € V(Q). Note that if we delete some vertex from a good even cactus,
the new components are even cacti yet need not be good anymore. For this reason we
introduce two more types of cacti as follows:

e Let P be an edge path in a cactus ). We say that @ is a P-good cactus if (i)
bo(v) < 2 for any vertex v that is not an internal vertex of P and (ii) bg(v) < 3 for
any internal vertex of P.

e Let P, and P, be two edge paths in a cactus () that have at most one common
vertex. Then @ is a {Py, P»}-good cactus if (i) bg(v) < 2 for any vertex v that is
neither an internal vertex of P, nor an internal vertex of P, (ii) bg(v) < 3 for any
vertex v that is an internal vertex of either P; or P, (but not for both) and (iii)
bg(v) = 4 for any vertex v that is an internal vertex for both paths P, and Ps.

A cactus @ is 1-good if there exists an edge path P in () such that @) is P-good; 2-good
if there exist two edge paths P, and P, in () sharing at most one vertex such that @) is
{Pl, PQ}-gOOd.

We always assume that the complete graph K5 is on {a, 8}. The prism HOK, over
H is defined to be the graph on V(HUOK,) := V(H) x {a, 8} such that (u,7)(v,d) are
adjacent if and only if (i) uv € E(H) and v = ¢ or (ii) u = v and v # 6. For any
v € V(K3), we denote by 7 the vertex of K, other than ~. Let S be a subgraph of
HOK,. The reflection R of S is a graph defined as follows: (i) (u,7) € V(R) if and only
if (u,7) € V(9); (ii) (u,7)(v,8) € E(R) if and only if (u,7)(v,6) € E(S).

2 Spanning good even cacti and prism-hamiltonicity

We first introduce three graphs that we need in our construction. The plane graph A is
as depicted in Figure 3. Let n be any positive integer. We define C,, to be the cycle of
length 2n + 3 (see Figure 4(a)) and D,, to be the cactus that has exactly two blocks each
of them is a cycle of length 2n + 3 (see Figure 4(b)). We refer to Figures 3 and 4 for
names of vertices in A, C,, and D,, that are not explicitly defined in the text.
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Figure 3: The plane graph A with endvertices u; and wus. The thick edges induce a
spanning good even cactus K4 of A with bx, (u1) = b, (u3) = 1.

Wy . Wp-1 S Wp—1 T2 . CCn1
w1 W,
l r
Wn+1 332n+1
Wan+1 Wn+1 w2n+1 Tn+1
Wan Wn+2 n wn+2 x2n Tn+2

(a) (b)

Figure 4: (a) The plane graph C,, with endvertices [ and r. (b) The plane graph D,, with
endvertices [ and 7.

We now define our main construction. Let B be either C,, or D,, (which will be fixed
throughout the construction). We take eight copies A!,..., A% of A and seven copies
B',...,B" of B, and form a connected graph G~ (B) from these fifthteen fragments by
1dent1fy1ng uy with [ and identifying r* with u*! for every i € {1,...,7}. We see G~(B)
as a plane graph by inheriting the plane embeddings of A and B given by Figures 3 and 4.
So the boundary walk around the unbounded face is the union of two edge-disjoint paths

with endvertices uj and u§, so that the vertices wj,...,w] and, if B is D, the vertices

xi, ..., 27 will be contained in the “upper path” but not the “lower path”. The graph
G(B) is obtained from G~ (B) and two new vertices s and ¢ by joining s to every vertex
in the upper path and ¢ to every vertex in the lower path. We will simply write G and G~
instead of G(B) and G~ (B) if it is clear from the context what B denotes or it causes no
ambiguity. It is clear that G is planar. Moreover, it can be shown in exactly the same way
as in the proof of [20, Lemma 2.5] that G is 3-connected. We conclude with the following

lemma.

Lemma 4. Let n be any positive integer and B be either C,, or D,. The graph G(B)
constructed above is a 3-connected planar graph.

The main goal of this article is to prove the following two results.

Theorem 5. For any positive integer n, the 3-connected planar graph G(C,,) has a span-
ning good even cactus but no spanning good even cactus with mazimum degree three.

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(4) (2022), #P4.18 6



Theorem 6. For any positive integer n, the 3-connected planar graph G(D,,) is prism-
hamiltonian but has no spanning good even cactus.

We note that the graphs G(C,,) and G(D,,) have unbounded maximum degree (when
n tends to infinity). However, by adapting the approach of Tkegami et al. [13], graphs
that have a bounded maximum degree and satisfy the condition given in Theorem 5 or
Theorem 6 can be constructed.

The proofs of Theorems 5 and 6 will be given in Sections 2.2 and 2.3, respectively.
Before that, we prepare in Section 2.1 some lemmas that we need in the proofs later.

2.1 Preliminaries

We first discuss some properties of the fragments we use in the construction regarding
whether they can contain spanning cacti with specified block degree condition.

Lemma 7. Let I := A[{uy,ug} U{v1,...,v12}]. Let Q be a spanning even cactus of I that
contains an edge path P with endvertices uy and uy. If every vertex of () that is not an
internal vertex of P has block degree at most two in @, then uy and uy have block degree
two in Q).

Proof. By symmetry, we may assume that P is contained in I[{uy,us} U {vz,...,v12}].
Suppose that bg(u;) = 1 (reductio ad absurdum). It follows immediately that uiv; ¢
E(Q), wvg ¢ E(Q), and vjvy and vevs are two edge blocks of @ (as ) is a spanning
cactus). If vy is contained in any cycle block of @ C I — {uyv1,uiv6}, then that block
must be v3v4v5u2v6v3, which is however impossible since () is an even cactus. By the same
argument, we have that vs and vg are not in any cycle block of Q.

Note that ) has at least one edge of v3vg and vgus and at least one edge of vsvy and
VsUsg, since () is a connected spanning subgraph of /. We consider the following two cases.
If both vzvg and vgus are in E(Q), then (depending on vsvy or vsus is an edge of Q) vs
or us has to have block degree at least three in (), contradicting the given condition. If
exactly one of v3vg, vgusg is in E(Q), then (Q must contain vvsvsus as an edge path and vg
or uy will have block degree at least three in (), again, a contradiction. We thus conclude
that bQ(ul) = bQ(Ug) = 2. O

Lemma 8. Let Q) be an even cactus of A that contains an edge path P with endvertices
uy and uz. If Q is P-good, then @ is not a spanning subgraph of A.

Proof. Suppose that @ is a spanning subgraph of A (reductio ad absurdum). Let [ :=
Al{ur,us} U{vy,...,v12}] and Iy := A — ({uy} U{vy,...,v12}). Then, for i € {1,2},
Q; = QII;] is a spanning even cactus of I; having P, := P|[[;] as an edge path with
endvertices u; and u;;1. It follows from the definition (of a P-good cactus) that every
vertex of (; that is not an internal vertex of P; is contained in at most two blocks of @);.
Therefore we can apply Lemma 7 twice to conclude that bg, (ug) = bg,(u2) = 2 and hence
bo(ug) = 4, contradicting our assumption that @ is P-good. O
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Lemma 9. Let QQ be a good even cactus of B that contains vertices | and r, where B is
taken to be C,, or D, for some positive integer n. If | and r have block degree one, then
Q is not a spanning subgraph of B.

Proof. Since all cycles of B are odd, bg(l) = bg(r) = 1 and bg(v) < 2 for all v €
V(Q)\ {l,r}, we have @ is a path with endvertices [ and r, and hence @) does not span
B. O

As mentioned before, one cannot guarantee that the components are good cacti after
removing some vertices from a good cactus. However, we may characterize, in terms of
good, 1-good and 2-good cacti, the components of the graph obtained from some spanning
good cactus of G(B) by deleting vertices s and t.

Lemma 10. Let K be a good cactus with maximum degree at most three and s,t be two
vertices in K. One of the following statements holds:

(I) K —s—t is a vertex-disjoint union of at most four cacti, at most two of which are
1-good and the rest are good.

(I) K — s —t is a vertex-disjoint union of at most three cacti, one of which is 2-good
and the rest are good.

Proof. As K is a good cactus with maximum degree at most three, no two distinct cycle
blocks in K can intersect.

We consider the following cases.

If any one of s and t is not contained in any cycle block, K — s — ¢t has up to three
components, at most one of which is a 1-good cactus and the rest are good cacti, which
is included in Case (I).

If s and t are in two cycle blocks S and S; in K, respectively, such that S; — s and
S; — t are contained in separate components of K — s — ¢, then we are in Case (I) since
K — s —t is comprised of one (S5 — s)-good cactus, one (S; — t)-good cactus and at most
one good cactus.

If s and t are in two cycle blocks Sy and S; in K, respectively, such that Sy — s and
S; — t are in the same component of K — s — ¢, then we are in Case (II) as K — s —t is
comprised of one {Ss — s,S; — t}-good cactus and bg(s) + bk (t) — 2 < 2 good cacti.

Finally, suppose s and t are in some cycle block S in K. Let k < 2 be the number of
components of S —s—t. Then K — s —t is comprised of bx(s) + bg () —2 < 2 good cacti
and k 1-good cacti (each of which contains some component of S — s —t). So we are in
Case (I). O

The following lemma can be proved analogously, thus we omit the proof.

Lemma 11. Let K be a good cactus and s,t be two vertices in K. One of the following
statements holds:

(I) K —s—t is a vertex-disjoint union of at most four cacti, each of which is good or
1-good.
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(II) K — s —t is a vertex-disjoint union of at most three cacti, one of which is 2-good
and each of the rest is good or 1-good.

Suppose GG has a spanning subgraph K that is a good even cactus. Let @) be a
component of K — s —t. Let H be any copy of A or B in G~. We say H is a bag of ()
if () contains the endvertices of H but not all vertices of H, where the endvertices of A
(respectively, B) are u; and us (respectively, [ and r). For i < 1, we define [* and 7 to
be ui; for i > 7, we define I' and r* to be u§. We may choose 0 < a < b < 8 such that
Q is contained in G~[I%,r°] and, subject to this, b — a is minimum. The following three
lemmas give us lower bounds on the number of bags of ().

Lemma 12. If Q) is a good even cactus, then it has at least max{b—a — 1,0} bags.

Proof. For every a < i < b, Q[B] is an even cactus of B® containing [’ and r*. By the
minimality of b — a, [* is contained in some block of Q[A’] and hence has block degree
one in Q[B]. Similarly, we have bgpi (') = 1. As vertices in Q[B’] other than I, 7" have
block degree at most two, we may apply Lemma 9 to conclude that Q[B’] does not span
B and hence B is a bag of Q. Collecting all these bags for every a < i < b, we conclude
that @ has at least max{b — a — 1,0} bags. O

Lemma 13. Suppose Q is a P-good even cactus for some edge path P in Q). We have
that Q has at least max{b—a — 2,0} bags. Moreover, if QQ has no bag and b = a+ 2, then
P is contained in G~ [r®,1"].

Proof. Choose a < a’ < b < b such that P[A"™"] is a path with endvertices r* and "
for any o’ <1i < ¥, and, subject to this, b’ — a’ is maximum.

Note that if P[A*"!] is a path with endvertices r®,I*"!, then Q[A™™!] is a P[A*!]-good
even cactus of A1, Therefore, by Lemma 8, Q[A™!] does not span A""! and hence A™*!
is a bag of Q.

By the maximality of &’ —a’ and the fact that P is a path, we have that P is contained
in G~[r*~1,1"*+!]. This and the minimality of b — a imply that for any i with a < i < a'
or bV <i<b, Q[B] is an even cactus of B containing I’ and 7. Moreover, [’ and r’ have
block degree one in Q[B’] while all other vertices in Q[B‘] have block degree at most two.
By Lemma 9, we assure that B? is a bag of (). Thus the number of bags of Q is at least
O —-ad)+(@—-a-1)+b-b-1)=b—a—2.

Suppose @ has no bag and b = a + 2, we claim that P is contained in G~[r?, [¢T2].
Otherwise, by symmetry, we may assume that P has one endvertex in B* — r®. Let p be
the other endvertex of P. If p is in G~[1%T!, 72%2] then it follows from Lemma 8 that A¢
is a bag of Q. If p is not in G~[I*"!, r®*2] then, by Lemma 9, B*™! is a bag of Q. In any
case it contradicts the assumption that ) has no bag. This thus justifies our claim. [

Lemma 14. If Q) is a 2-good even cactus, then it has at least max{b — a — 3,0} bags.

Proof. The proof is similar to what we have done for the previous lemmas. Let P, and P,
be two edge paths in @) having at most one common vertex such that @ is { Py, P, }-good.
We may choose a < @’ < b < a” <V < bsuch that (P, U P3)[A™!] is a path with
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endvertices r* and I'*! for any ¢ with ' < i < V' or a” < i < V’, and, subject to this,
V' —a” + 1V —a is maximum. Now, if (P, U P,)[A™] is a path with endvertices 7, ("1,
then Q[A™1] is an even cactus of A" satisfying the block degree condition required by
Lemma 8, from which it follows that Q[A*™'] does not span A" and A" is a bag of Q.

As a',b,a”,b" are chosen with b” — a” + V' — o’ maximized and P; U P, is either a
vertex-disjoint union of two paths or a tree that has at most one vertex of degree larger
than two, we have that P, U P, is contained in G~ [r® ' "+ UG~ [r?"~1 [*"*+1]. For any i
with a <i<ad ord/ <i<a” orb” <i<b, QB isa good even cactus of B’ containing
vertices {* and 7 of block degree one. Applying Lemma 9, we have that B’ is a bag of Q,
and hence @ has at least (V' —a')+(b"—a")+(a'—a—1)+(a"—b'—1)+(b—b"—1) = b—a—3
bags. O

2.2 Proof of Theorem 5

In this section we shall show that G(C,,) has a spanning good even cactus, but it does not
contain any spanning good even cactus with maximum degree three. Note that B will
represent the fragment C), throughout this section.

A spanning good even cactus K4 of A is depicted in Figure 3. We denote by K the
corresponding copy of K4 in A%, It is straightforward to verify that

(U ( U5 - MD) y ( U @i w:;mf))

i=1,3 i=5,7

i gigi - 11 473 08 405 5 1.7 5

U ( U (B =) —w) )) U {sl*, swy, tl°, swy, tw, 1, s7°, tw;,_, tr’}
i

is a spanning good even cactus of G.

Thus it is left to show that G does not have any spanning good even cactus with
maximum degree at most three. Suppose that G has a spanning good even cactus K
with maximum degree at most three (reductio ad absurdum). Let Qi,...,Q be the
components of K — s —t that contain some vertex from Us := {u3,...,u}. For every Q;
(j€{1,...,k}), we choose 0 < a(j) < b(j) < 8 such that Q; is contained in G~[[*7) t0)]
and, subject to this, b(j) — a(j) is minimum. Since the union of @y, ..., Q) contains all
vertices in U,, we have that

(b(4) — a(j)) = |Us| = 8.

k
=1

J

We denote by ¢; and go the numbers of 1-good and 2-good components among ()1, . .., Q.

Let ¢; be the number of bags of ;. Note that every bag H of ); does contain some
component of K — s —t that does not contain the endvertices of H. We have that c¢; bags
of @; contain (at least) ¢; distinct components of K — s — ¢. Moreover, it is not hard to
see that no distinct components from @)y, ..., Q% can have any bag in common. Therefore
K — s —1 has at least Z?Zl(l + ¢j) components.
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We consider the following two cases according to Lemma 10.
Case (I). If K — s — ¢ has at most four components such that at most two of them are
1-good even cacti and the rest are good even cacti, then, by Lemmas 12 and 13, K —s—t
has at least Y5 (1 + ¢;) = S5, (b(j) — a(j)) — ¢ > 8 —2 = 6 components, which
contradicts that K — s — t has at most four components.
Case (II). If K — s — ¢ has at most three components such that one of them is a 2-good
even cactus and the rest are good even cacti, then, by Lemmas 12 and 14, K —s—1 has at
least Zle(l +¢j) > Z?Zl(b(j) —a(j)) — 2¢2 > 8 — 2 = 6 components, which contradicts
that K — s — t has at most three components.

Therefore we conclude that G has no spanning good even cactus with maximum degree
at most three, and this completes the proof of Theorem 5.

2.3 Proof of Theorem 6

In this section we show that there is a Hamilton cycle in the prism over G(D,,), but there
is no spanning subgraph of G(D,,) that is a good even cactus. Note that B will be the
fragment D,, throughout this section.

We first prove that G(D,,)0K is hamiltonian. Here we assume n is odd, the case n
is even can be dealt with analogously. The following result can be easily derived from the
proof of [7, Theorem 2.3].

Proposition 15 ([7]). Let Q be a good even cactus. The prism over QQ has a Hamilton
cycle that contains all edges (v, ) (v, B) with v € V(Q) and bg(v) = 1.

As shown in Figure 3, A has a spanning good even cactus in which u; and u3 have block
degree one. Hence it follows from Proposition 15 that there exists a Hamilton cycle H 4
in AJK, containing the edges (u1, o)(uy, 8) and (us, a)(us, 3). In the prism over B, we
define Lp, Sg and Sp to be the graphs depicted in Figures 5(a), (b) and (c), respectively;
and Rp and Rp be the reflections of Sp and Sg, respectively. Each of the graphs Lg, S,
Sg, Rp and Rp is a union of vertex-disjoint paths that spans B[JK,. One can readily
verify that

7

(H = (uh, o)y B)) U (um;; (b @), 8) — <ug,a><ug,ﬁ») O (S = (08, 0) (s B)

=2

u( U LiB) USEU{(s,B)(wp, B), (t, ) (@hy, 1, )} USEU{(s, B)(wsy, B), (t, B) (x5, 8)}

1=2,4,6
URRE U{(s, a)(wp, ), (t, 8) (@341, 6)} U R U {(s, ) (wy, @), (¢, @) (25, @)}

is a Hamilton cycle of GUK,.

Now we show that G does not have any spanning good even cactus. Suppose that G has
a spanning good even cactus K (reductio ad absurdum). As in the proof of Theorem 5,
we consider the components @)q,...,Q of K — s — t that contain some vertex from
Uy := {u},...,u5}. For any component Q; of K —s —t (j € {1,...,k}), we choose
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Figure 5: In each subfigure the thin and thick edges together represent the prism over D,,
such that the vertices of V(D,,) x {a} are placed above that of V(D,,) x {5}; the leftmost
and rightmost vertical edges denote (I, «)(l, #) and (r, a)(r, 3), respectively; and each copy
of D,, is embedded in the same way as depicted in Figure 4(b). (a) The graph Lp, (thick
edges) consists of one path with endvertices (I,a) and (I,3) and one with endvertices
(r,a) and (r,3). (b) The graph Sp, (thick edges) consists of one path with endvertices
(I,a) and (wy, B), one with endvertices (I, 3) and (r, ) and one with endvertices (r, «)
and (z9,41,@). (c) The graph Sp, (thick edges) consists of one path with endvertices
(I,a) and (wy, B), one with endvertices (I, 3) and (r,8) and one with endvertices (7, «)
and (2, 3).

0 < a(j) < b(j) < 8 such that @; is contained in G~[I1*U), r*@W] and, subject to this,
b(7) — a(j) is minimum. Again, the inequality Z?Zl(b(j) —a(j)) = 8 holds. Let ¢; and ¢
be the numbers of 1-good and 2-good cacti among @)1, ..., Qy, respectively.

As we have discussed in the previous section, K — s — ¢ has at least >7_ (1 + ¢;)
components, where ¢; is the number of bags of ;. By Lemma 11, we have the following
two cases.

Case (I). If K —s—t consists of at most four even cacti which are good or 1-good, then, by
Lemmas 12 and 13, K —s—t has at least ¥F_; (1+¢;) = X5, (b(j) —a(j)) —qn > 8—-4 =4
components. Since there are at most four components in K — s — ¢, the equality must
hold. In this case we must have that g; = 4. This implies that k = 4 and every component
Q; is 1-good. Then we have ¢; = 0 for every j. In other words, no ); can have any bag.
As 0 = ¢; = b(j) — a(j) — 2 holds for every j and Y°;_,(b(j) — a(j)) > 8, we have that
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b(j) = a(y) + 2 for every j € {1,...,4}. We may assume that a(j) = 2(j — 1) for any j.
Let Py, P5 be the edge paths such that (); and ), are P;-good and P,-good, respectively.
By Lemma 13, P, and P, are contained in G~[r° [?] and G~[r?,1%], respectively. Note
that (Q1 U Q2)[B?] consists of one or two disjoint good even cacti whose union spans B2.
Since B? has no even cycle, each of these cacti is a path with at least one of [? and r? as
an endvertex. Clearly, one or two such paths cannot span B2, a contradiction.
Case (II). If K — s — ¢ has at most three components such that one of them is a 2-good
even cactus and the rest are good or 1-good even cacti, then, by Lemmas 12, 13 and 14,
K — s —t has at least Zle(l +c;) = Zle(b(j) —a(j)) — q1 — 2q2 = 4 components, which
contradicts that K — s — ¢ has at most three components.

Hence we conclude that no spanning subgraph of G can be a good even cactus, and
this completes the proof of Theorem 6.
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