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Abstract
In this paper, we give a complete, explicit and constructive solution to the double
generalized majorization problem. Apart from purely combinatorial interest, double
generalized majorization problem has strong impact in Matrix and Matrix Pencils
Completion Problems, Bounded Rank Perturbation Problems, and it has additional
nice interpretation in Representation Theory of Kronecker Quivers.
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1 Introduction

By a partition we mean a finite non-increasing sequence of integers. For any integers
a; = ... = as we define the corresponding partition a = (aq,...,as). In the literature
there are many ways of comparing two or more partitions [1, 18, 21]. The classical
majorization in Hardy-Littlewood-Polya sense [18] that compares two partitions, is one
of the best studied and known:

Definition 1. Let g = (¢1,...,9x) and b = (by,...,b;) be two partitions. If

k k
Zgizzbi

=1 i=1

and

igigibﬁ 7=1,....k—1,
i=1 =1

then we say that g is majorized by b and write g < b.

The following notation will be used throughout the paper:
Let n,m,s and k be nonnegative integers, such that

n+k=m+s. (1)
Let a, b, ¢ and d be the following partitions:

a=(ay,...,as), (2)
b= (br.....by), (3)
c=(c1,...,Cn), (4)
d=(dy,...,dn) (5)
For any partition w = (wy,...,w;) we shall assume that w; := 400, for i < 0, and
w; = —o0, for ¢ > . If a > b are nonnegative integers, then we assume Zf:a w; = 0.

In this paper we deal with a generalization of the classical majorization given in [2, 5, 7],
that compares three partitions of the appropriate size:

Definition 2. (Generalized majorization) Let b and ¢ be partitions as in (3) and (4),
respectively. Let g = (g1,. .., gnix) be a partition. If

Ci>gi+ka 2.:]-a"'7n7 (6)
h; hj—j J
Zgl_zcz<2b17 J:177k7 (7)
i=1 i=1 i=1
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n+k

n k
ZQiZZCi+Zbi, (8)
i=1 i=1 i=1

where
hj = min{z’|cz-_j+1 < gz}, 7=1,..., k, (9)

then we say that g is majorized by ¢ and b. This type of majorization we call the
generalized majorization, and we write

g < (c,b).

Notice that, if (8) is satisfied, then (7) is equivalent to the following:

n+k n k
gz > o+ Y b, j=1.. .k (10)
i=hj+1 i=hj—j+1 i=j+1

Also, notice that if n = 0, generalized majorization gives the classical one.

Definition 3. (Weak generalized majorization) If partitions g, b and ¢ in Definition
2 satisfy (6), (10) and

n+k n k
Zgi > Zci +Zbia
=1 =1 i=1

then we say that g is weakly majorized by ¢ and b, and we write
g <" (c,b).

During the last decade many interesting, purely combinatorial properties of the gene-
ralized majorization, including some generalizations of well-known properties of the clas-
sical majorization, have been obtained. For the most interesting combinatorial results,
see e.g. [4, 5, 8, 11]. These results demonstrate rich structure of the generalized majoriza-
tion as a combinatorial object, as well as its importance and potential in applications.
Indeed, apart from purely combinatorial interest, the generalized majorization has strong
impact in Matrix and Matrix Pencils Completion Problems [7, 10, 12, 13|, where it ap-
pears naturally by studying properties of the Kronecker Invariants of the involved Matrix
Pencils [16]. Also, some of its properties are of great importance in solving Bounded
rank perturbation problems [4, 9, 22, 23, 28]. Finally, the generalized majorization has
additional nice interpretation in Representation Theory of Quivers by using Kronecker
quivers [17, 24, 25, 26|, as well as exciting diagrammatics introduced in [11].

The problem of particular interest involving the generalized majorization which con-
nects all above mentioned fields is so-called Double Generalized Majorization Problem. 1t
appears in Matrix and Matrix Pencils completion problems [2, 7, 10, 12, 13], as well as in
Representation Theory of Quivers [24, 25, 26], and Perturbation Theory [4, 9]. It is the
central problem of this paper:
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Problem 4. Let a, b, ¢, and d be partitions given as in (2)-(5). Find necessary and
sufficient conditions for the existence of a partition g = (g1, - -, gmikrs), Such that

g <"(d,a) and g=<"(c,b). (11)

The solution to Problem 4 given in Theorem 11 is the main result of the paper. In
addition, we also solve a stronger version to Problem 4 given by:

Problem 5. Let a, b, ¢, and d be partitions given as in (2)-(5). Find necessary and
sufficient conditions for the existence of a partition g = (g1, .., gmik+s), Such that

g <'(d,a) and g<'(c,b). (12)

Both of these problems have been solved in [4] in the case s = k = 1. Also, Problem
5 has been studied in [5]. However, it has been realised that the solution in [5, Theorem
5.1] does not cover all of the possible cases, and therefore does not provide a complete
solution to Problem 5. In this paper, we improve the main result from [5]. We introduce
novel definition of the sets S and A, and consequently we give novel, explicit necessary
and sufficient conditions, which solve completely and constructively Problems 4 and 5,
without any restrictions. This is the main result of the paper given in Theorem 11.

Moreover, in Section 11 we apply the main result obtained in Theorem 11, and obtain
simple and elegant necessary and sufficient conditions which do not require the sets S and
A, for Problems 4 and 5 in some special cases. In particular, we consider these problems
when s = 0 (or dually when k£ = 0), and also when n = 0 (and dually m = 0).

Similar combinatorial problems have appeared in different applications in matrix the-
ory, together with a quest for the explicit solution involving inequalities. Among the most
famous ones are the Carlson problem [3, 14] and the eigenvalue problem for the sums of
Hermitian matrices [15], both of which were shown to be equivalent to the condition that
the Littlewood-Richardson coefficient of certain three partitions is non-zero. The last is a
purely combinatorial condition involving integer partitions, but yet still an implicit one:
it is equivalent to the existence of a certain sequence of partitions (LR sequence). So, one
of the main problems was to find an explicit form of this condition which involves only
inequalities between the three initial partitions. This was famously solved in [15, 19].

A somewhat similar framework motivates the main problem of this paper. The General
Matrix Pencil Completion Problem (GMPCP) reduces to certain combinatorial condition
involving several partitions of integers, and among others there is an implicit condition
like the one in Problem 4. Therefore, to get the fully explicit necessary and sufficient
conditions to GMPCP, it is of high importance to get explicit necessary and sufficient
conditions in Problem 4, which depend only on certain inequalities involving the parti-
tions a, b, c, and d. This is the main result of the present paper.
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2 Sets S and A

Lemma 6. [5, Proposition 2.6] Let x be an integer such that there exist w € {1,...,n}
and u € {1,...,m} such that ¢, = d, = x. Let

d, = (d17 e ,du_lgdu—i-la L 7dm)7

and
/;_
C = (Clv"'vc’w—lacw—i-la--->cn)-

Then there ezists a partition g = (g1, ..., gmys) Such that
g<'(da) and g=<'(c,b),

if and only if there exists a partition g' = (g1, ..., Ghis_1) Such that
g < (d,a) and g < (c,b).

Remark 7. In fact, in the course of proving [5, Proposition 2.6] we have also obtained
the corresponding result for the weak generalized majorisation. So, by the notation from
Lemma 6, we also have that there exists a partition g = (g1, .., gm+s) such that

g <"(d,a) and g<"(c,b),
if and only if there exists a partition g’ = (g1, ..., g},4,_1) such that

g <" (d,a) and g <"(c,b).

Now, by Lemma 6 and Remark 7, when solving Problems 4 and 5, i.e. from now
on throughout the paper, without loss of generality, we assume that ¢; # d; for all
1=1,...,n,and all j =1,...,m.

Let u be the union of the partitions ¢ and d. Let e be the union of the partitions d
and a, and let € be the union of the partitions ¢ and b. Thus, we have

u = (U, Upam) = (dy,...,dp)U(c1,...,Cn), (13)
e=(e1,...,mrs) = (dy,...,dpn)U(ay,...,as), (14)
e =(e,....e ) =(c1,....,cn) U (by,... by). (15)

In the definition of e;’s, if d; = a;, for some i € {1,...,m} and 5 € {1,...,s}, then
let i; = min{/|d; = a;}, and let v = min{/l|a; = a;}, and w = max{l|a; = a;}. Then we
PUb € 140 = Gy Cijrp = Quils -+ -5 Cijlw = Qu, Cijpw = di; (€ €10 = a, > - 2
ay = di; > --+). Analogously, if ¢; = b;, for some i € {1,...,n} and j € {1,...,k}, then
let 7; = min{l|c, = b;}, and let v = min{¢|b, = b;}, and w = max{l|b, = b;}. Then we
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/ _ / _ / _ / —
put € 1, =bu, € 4y = bogrs -, €14y = bus €1y = Cij-

Now we can define sets S and A for given partitions a, b, ¢, and d. Sets S and A will
be subsets of the sets of indices of the partitions ¢ and d, respectively. More precisely,
S c {l,....,n}, and A C {1,...,m}. Both sets S and A, as well as other auxiliary

sequences and indices that will be defined in this section, and used throughout the paper,
depend solely on the given partitions a, b, ¢, and d.

Definition 8. (Sets S and A)

Definition of the sets S and A is given inductively. We start by putting S and A to
be empty sets, and then we fill them in the following way, step by step:

We shall go through the elements of u (the union of partitions ¢ and d), one by one,
starting from the smallest one. If there are equals among ¢;’s or d;’s, we always first
choose the element with the largest index (note that we are assuming ¢; # d; for all
i=1,...,nand j =1,...,m). Once we pick one element from u, it is either d;, for some
jeA{l,...,m}, or ¢, for some j € {1,...,n}.

If it is d;, for some j € {1,...,m}, since the definition of S and A is given inductively,
this means that for all ¢ with j < i < m, we have already determined whether i € A or
i ¢ A. And also for all 7 € {1,...,n} such that d; > ¢;, we have already determined
whether i € S or ¢ ¢ S. Our goal is to determine whether we add the index j to the set
A or not.

Analogously, if the element from u that we arrived at is ¢;, for some j € {1,...,n},
inductively we have already determined for all ¢ with j < ¢ < n whether i € S os i ¢ S,
as well as for all 7 € {1,...,n} such that ¢; > d;, we have already determined whether
i€ Aorié¢ A. Our goal is to determine whether we add the index j to the set A or not.

We shall do this by checking couple of inequalities:
— If the element from u is d;, for some j € {1,...,m}, we start with calculating

g =s—t{ieSlg<di}+8{ie{j+1,....,m}i ¢ A} + 1. (16)

Next we check the following:

° If ¢gi>s = then weaddjtoA

° If ¢;<s = thenlet! € S be the minimal index such that d; > ¢
(a) Now, if

Hlie{l,....sHai>qa}>2s—t{ieSli>}+t{ie{j+1,..., m}d; <c,i ¢ A}, (17)
and if d; belongs to the smallest

tlie{l,....sHa; >} —s+{ieSli>l}—t{ie{j+1,... m}d;<c,i ¢ A} +1
e;’s bigger than ¢;, then we do not add j to A.
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(b) otherwise we check the inequality

i€85, ¢;<d; m>i>j,i¢A 1=q;+1
If the equation (18) is satisfied, then we do not add j to A, and if the equation (18)
is not satisfied then we add j to A.

— If the chosen element belongs to c, say ¢;, for some j € {1,...,n}, then we have
the dual definition, i.e. we consider
Gg=k—tHicAldi<g}+a{ie{j+1,...,n}[i ¢ S} +1. (19)

Then we check the following:

o If ¢;>k = thenweaddjtosS
. If q;- <k = thenlet ! € A be the minimal index such that ¢; > d
(a) Now, if
flief{l,... .kt >d}z2k—t{icAli>1}+8{ie{j+1,...,n}tec <d,i ¢ S}, (20)
and if ¢; belongs to the smallest
Hlie{l,....k}bi>d}—k+8{icAli>}—t{ie{j+1,...,n}c<d,i ¢ S}+1
e;’s bigger than d;, then we do not add j to S

(b) otherwise we check the inequality

k

€A, d;i<cj n=i>j,i¢S i=q;+1

If the equation (21) is satisfied, then we do not add j to S, and if the equation (21) is
not satisfied then we add j to S.

Now choose the next smallest element in u, and proceed until all the elements in u
are checked. This ends our definition of the sets S and A.

Moreover, throughout the paper, the complements of the sets S and A will be denoted
by S¢ and A€, respectively, i.e.

S¢:={1,...,n}\S, and A°:={1,...,m}\A.

In order to simplify the notation and presentation of the main result and the proof,
we also define the following integers related to the sets S and A:

"More precisely: let ¢ = max{i € {0,...,m + s}|e; > ¢}, i.e. ¢ is such that ey > ¢; > e441. Also, let
v=t{ie{l,...;s}a; >a—s+#{ieSi>l}—-t{ie{j+1,...,m}d; < ¢,i ¢ A} +1. Then we
check whether d; is among (e¢—p4+1,€¢—v+2,-- -, €4), and if it is one of these, then we do not add j to A.

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(4) (2022), #P4.19 7



Definition 9. We shall denote the set of d;’s with i € A by
d'>..->d", where h=1A.
Analogously, we denote all ¢;’s with ¢ € S by

> >, where W =15,

Furthermore, for every d’, j = 1,..., h, we define
mi = #{ie{l,... k}b >d}
) = k—(h—j)+#t{i € S < ¥}
2= tlie{l,...,n}e>d},
and for every ¢/, j =1,..., 1, we define
m; = #{ie{l,...,s}a; >}
tj = S—(h/—j)+ﬁ{Z€Ac|dl<Cj}
Zj = ﬁ{ZE{l,,m}‘dl >CJ}

Example 10. Let a = (9,9,7,6,3), b = (9,6,2,1), ¢ = (12,4,3) and d = (13,5) be
partitions. Note that the sum of lengths of the partitions a and d equals the sum of
lengths of the partitions ¢ and b, and it is 7. Also, by definitions (14), (15) and (13) we

have
e=dua=(13,9,9,7,6,5,3),

e =cUb=(12,9,6,4,3,2,1),

and
u=dUc=(13,12,5,4,3).

Let us calculate sets S and A. By Definition 8 we start with u; which is in this case
c3 = 3. Next, by (21) we calculate ¢4 = 5. Since ¢ =5 >4 =k, we put 3 € S.

Next we pass to uy = ¢y = 4, and again since ¢, = 5 > 4, we also put 2 € S.

Then we consider uz = dy = 5. By (16) we have that ¢go = 4 < 5, and 2 is the minimal
index [ € S such that dy > ¢;. So, by (17) we have #{i € {1,...,5}a; > ca} — 5+ #{i €
Sli > 2} =0 > 0. Since eg > ¢ > e7, we have that eg is the smallest e; bigger than c,.
Finally, since eg is dy, by the part (a) of the definition of A, we have that 2 ¢ A.

Next we consider uy = ¢; = 12. By (19) we have ¢f =5 > 4, and so we put 1 € S.

Finally, we consider u; = d; = 13. Then ¢; = 4, and 1 is the minimal index [ € S such
that d; > ¢;. Thus #{i € {1,...,5}|a; > 1} = b+ 8{i € S|li > 1}— t#{i € {2}|d; < c1,1 ¢
A} = —4 < 0, and so the part (a) of the definition of A is not satisfied. By the part (b)
since formula (18) in this case is not satisfied, i.e. since

cit+e+e3=124+4+3<13+5+3=d; +dy+ as,
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we have that 1 € A.

Hence

S={1,2,3} and A ={1},
andsoh =3 and h=1. Thus,d' =d; =13 and ¢! =¢; =12, > = ¢y, =4, ¢ = c5 = 3.

Now, by using the notation given in this section, we can state the main result of the

paper. The following theorem resolves Problem 4:

Theorem 11. Let a, b, ¢ and d be the partitions as in (2)-(5), respectively. There exists
a partition g = (g1, - - ., Gmss), Such that

g<"(d,a) and g=<"(c,b) (22)
if and only if the following conditions are valid

(i.1) if ye{l,...,h'} s such that t,<m,, then

Zy+my n s
Z €z‘<zci— Z di — Z a;,
i=2y+1ty =y i2zy+1,i€AC 1=my+1
(i1.1) if xe{l,...,h} issuchthat t,<m), then
2y +my, h k
i=z" 4t/ =z 12z, +1,i€5¢ i=mf+1

Remark 12. Both these sets of conditions (i.1) and (ii.1) are complicated, and use the
definitions of the sets S and A, and corresponding sequences from Definition 9. However,
they all depend only on partitions a, b, ¢ and d. Therefore, in applications of this result

we usually denote these conditions shortly by Q(c,d, a,b).

The following theorem resolves Problem 5:

Theorem 13. There exists a partition g = (g1, - - -, Gmss), Such that
g=<'(d,a) and g=<'(c,b) (23)
if and only if .
e+ Y bi=> di+ ) a, (24)
i=1 i=1 i=1 i=1

and the condition Q(c,d,a,b) is valid.
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Proofs of Theorems 11 and 13 are given in Sections 9 and 10, respectively. The proofs
are very long, combinatorial and technical, and we shall need various auxiliary results in
the course. We have split these results into several sections. Section 4 cites some previous
results on the generalized majorization that will be used in the sufficiency part of the
proof. In Section 5 we give some properties of the sets S and A. Section 6 give various
results involving bounds for the numbers t; and ¢;, as well as the definition of the special
partition g, that will be crucial in the rest of the proof. Section 7 consists of Lemmas
which are used in the necessity part of the proof, while Section 8 consists of Lemmas
which are used in the sufficiency part of the proof.

3 Examples

Example 14. Let us consider data from Example 10, i.e. let a = (9,9,7,6,3), b =
(9,6,2,1), c = (12,4, 3) and d = (13,5) be partitions. As we have calculated in Example
10 then

S=4{1,2,3} and A={1},

ie. d =dy, =13and ¢! =¢; =12, 2 = ¢y = 4, 3 = ¢c3 = 3. Also, by Definition 9, we
have
ml =0, =4, 2 =0
m1:0, t1:4, 21:1
m2:4, t2:4, 22:2
m3:4, t3:5, 23:2.

(25)

Now we can check conditions (i.1) and (ii.1). As we have obtained in (25), m} < t},
my < t1, my > to, and mg < t3. Hence, we only need to check condition (i.1) for y = 2.
Since eg = 5, ¢* =4, ¢ = 2, and a5 = 3, we have that condition (i.1) fails:

66>62+63—a5.

Therefore Theorem 11 implies that there is no partition g such that g <” (d,a) and
g <" (c,b).

Example 15. Let a = (11,9,1), b = (12,3), ¢ = (8,7,5) and d = (10,4) be partitions.
Let us calculate sets S and A for the above given partitions, and check the conditions
(¢.1) and (7i.1) from Theorem 11. Here

u = (10,8,7,5,4),
e = (11,10,9,4,1),
e = (12,8,7,5,3).

By Definition 8 we start with us = dy = 4, and we calculate g = 4 > 3, and thus we put
2e€ A

Next we consider uy = ¢3 = 5. We calculate ¢ = 2, and since the part (a) of the
definition is not valid (since 1 < 2), we pass to the part (b). Since formula (21) in this
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case becomes 4 < 5, we conclude that 3 € S. Since ug = co = 7 with ¢}, = 2, completely
analogously as for c3, by the part (b) and the formula (21) of Definition 8, we have 2 € S.
Analogously, by the same reason, for uy = ¢; = 8 with ¢} = 2, we conclude 1 € S.

So we pass to u; = d; = 10. By (16) we obtain that ¢; = 1, and the minimal index
[ € S such that d; > ¢;is [ = 1. Then (17) becomes 2 > 1, and the two smallest e; bigger
that ¢; = 8 are ey and e3. Since d; is eg, by part (a) of the definition of A, we conclude
that 1 ¢ A.

Hence
S={1,2,3} and A ={2},

W =3and h=1 Thus,c! =c; =8, =c=7=c3 =5, and d' =dy = 4. Also, we
can calculate the values of m/, ¢] and 2, as well as m;, t; and z;, i = 1,2, 3. By Definition
9 we have:
my=1 th=2 2 =3,
my = 2 tl =1 21 = 1,
mo = 2 tz =2 Z9 — 1,
ms = 2 tg =3 23 = 1.

(26)

Hence, m| < t}, my > t1, mg > to, and ms < t3. So the only places where we need to
check condition (i.1) is for my > t; and mgy > to, while (di.1) is always satisfied.
For my > t; we need to check whether

es + e3 <01+c2—|—c3—a3
which gives 19 < 19, and so it holds. As for my > t5 we need to check whether
€3 < C2 + C3 — a

which gives 9 < 11, and so it also holds. Thus, conditions (i.1) and (4i.1) are satisfied in
this case, and by Theorem 11 there exists a solution to Problem 4. Also, since Z?:l a; +
S22 di =37 b+ 30, ¢, there also exists a solution to Problem 5 in this case. Later
on, in Examples 41 and 43 we shall define concrete and explicit solutions for both problems
for given partitions.

4 Properties of the generalized majorization

By using the notation from Definition 2, we list some of the well known basic properties
of the auxiliary numbers h;, defined in (9), that will be used throughout the paper:

Since
hj = min{i]ci,jﬂ < gz}; 7= 1,...,]{},

we have:
n+k+1>hg>-->hy>h >0, (27)
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and so in particular:

Also, we set
ho:=0, and hp:=n+k+1.

Since ¢; = givr, t =1,...,n, we have that ¢, p > ¢g;, 1 =1,...,n+ k, and so

Cijt1 = ¢, for di<h; forany j=1,....k+1. (29)

Lemma 16. [7, Lemma 2] Suppose that b = (by,...,by), ¢ = (c1,...,¢,), and g =
(91, -+, gnik) are partitions such that

g <" (c,b).
Letu e {1,...,n+k} be an integer, and let j € {0, ..., k} be such that

hj <u< h,j+1.

Then " .
Z%‘) Z ¢+ Z b;.
i=u i=u—j i=j+1

Lemma 17. /5, Lemma 2.4] Letb = (b, ..., by), c = (c1,...,¢n), and g = (91, -, Gois)
be partitions such that
g <" (c,b).

Let f €{2,...,n+k}, and let g = (g1, -, gn+k) be a partition such that

GraZzn =929 1,

n+k n k
Zgz P Zci +sz-
i=1 i=1 i=1
Then
g <" (c,b).

Lemma 18. [7, Lemma 9] Let uy > -+ > uy and vy = -+ = vy be integers. If
t{ie {1,....k}u;, >v;} >4, forall j=1,...,k,

then
k

k

=1 i=1
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5 Ordering of the elements of the sets S and A

Before going into the details of the proof, we extend formally index sets of the numbers
from Definition 9:

We define d° := +o0, d"™ := —o0, t}, ., := k+1, 2}, := n, and we extend definitions
of mj, t} and 2} to the case j = 0: mg := #{i € {1,...,k}|b; > d’} =0, t, ==k —h +
t{i € Sc; <d’y =k—h+8S°=n+k—h—N, and 2 :=4{i € {1,...,n}|¢; > d’} = 0.

Analogously, we also formally define ¢® 1= 400, "+ := —00, tpy1 = s+1, Zpy1 :=m,
and we extend definitions of m;, t; and z; to the case j = 0: mo :=#{i € {1,...,s}a; >
At =0ty =s—NW+t{iecAd; <} =s—N+84H{AY =m+s—h—N, z :=
t{i e {1,...,m}|d; > P} =0.

Since m + s = n + k, we have

to=ty=m-+s—h—h. (30)

Now, by using Definition 9 we can re-write conditions (17), (18), (20) and (21) in
Definition 8 in the following way:
For d;, j € {1,...,m}, let L € {0,..., '} be such that ¢! > d; > ¢*'. Then

gg=s—(W—-0)+8{ie A% >j}+1,

and condition (17) becomes

myy1 2 iy,

while (18) is equal to
h/

i=l+1 i€EAC,i>] i=q;+1

Analogously, for ¢;, j € {1,...,n}, let I’ € {0,...,h} be such that d" > ¢; > d'*+'.
Then
Gg=k—(h-=0)+8{ieS%i>j}+1

Also, (20) becomes

/ /
ml/+1 > tl’+17

and (21) is equal to

h k

i=l'+1 i€Se,i>] i=q,+1

Remark 19. We note that by Definition 8, for all j such that ¢* > d;, we have ¢; > s and
thus j € A. So we have

M >d = 2da =y 1. mEA. (33)
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Also, for all j such that d" > ¢;, we have q; > k and thus j € S. So we have
d">cyp 2 >c=>2z+1...,n€es (34)
Hence, we have
t;L = ]C, and ty = S. (35)

In the rest of the section we give auxiliary lemmas concerning the ordering of ¢;’s, with
i € S and d;’s with j € A with respect to the remaining ones ¢;’s, with ¢ € S¢ and d,’s
with 7 € A°. These results follow directly from the Definition 8 of the sets S and A. All
of them are used in the proof of the main result.

Lemma 20. Lety € {0,...,h'} and let j € {1,...,m—1} be such that ¢¥ > d; > dj11 >
L. Then, if j +1 € A we have that j € A.

Proof. By (16) we have ¢; = ¢j11. From the definition of A, since j +1 € A, there are
two possibilities: either g;+1 > s, and then ¢; > s, i.e. j € A, as wanted; either (18) is not
valid for d;;, in which case we trivially obtain that it is not valid for d; as well. Hence
j € A, as wanted. O

Completely analogously we have the dual result:

Lemma 21. Let x € {0,...,h} and let j € {1,...,n— 1} be such that d* > ¢; > ¢j1q1 >
d**r. Then, if j+1 € S we have that j € S.

Now, let us introduce some additional counters, which count the number of the el-
ements not in A between two elements with the indices from .S, and analogously, the
number of the elements not in S between two elements with the indices from A:

Definition 22. For y € {0,...,h'} we define:

w, = #{i € A°c¥ > d; > ¢
For z € {0,...,h} we define:

w, = 4{j € S|d* > ¢; > d"t'}.

Now, as direct corollaries of Lemmas 20 and 21, we have the following arrangement of
the elements from A and S:

Let y € {0,...,h}. Then by Lemma 20 we have

1
dzy >’ > Elzerl 2 dzy+2 2 e 2 d 2 dzy+17wy+1 2 e > dzy+5 > Cer . (36)

Zy4+1—Wy
g N

ea ¢a
Let z € {0,...,h'}. Then by Lemma 21 we have

T r+1
Czt. > d* > \Cz;:—l-l = Cal 42 Z e 2 Cz;_H—wg’E = fz;+1—w;+1 -2 Cz;+ >d . (37)

-~

es

XY

From Definitions 9 and 22 we directly obtain relations between ¢;’s and w;’s:
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Lemma 23.

toy1 = tpt+1l—w,, x=0,... 1, (38)
tyyy = ty+1l—w, y=0,...h, (39)
2oty < Zgy1+tep1, xw=0,...h, (40)
Zy+t, <zttt y=0,...h (41)

Lemma 24. Let j € A. Leti € {1,...,h} be such that d; = d" and let y € {0,...,h'} be
such that ¢¥ > d; > ¢v**. Then
i+t =7+,

Proof. By Definition 9, together with Lemmas 20 and 21, we obtain
Z+t=t{le{l,...,n}a>d}+k—(h—i)+t{l € S <d'} =
=k—(h—))+(n—t{leS|lg<d})=k—(h—i)+n— (N —y) =

=m+s—(h—1i)— (K —vy).
On the other hand
ty=s— (W —y)+{le Ald <} =s—h+y+(m—h—t{l € A%d; > ¥}) =

=m+s—(h—i)+ (K —y)—J
Thus,
Zi -+t =j+ty,

as wanted. ]

Dually, we have:

Lemma 25. Let j € S. Leti € {1,...,h'} be such that ¢; = ¢ and let v € {0,...,h} be
such that d* > ¢; > d**'. Then

By Lemmas 23, 24 and 25, we obtain

Lemma 26. The numbers z; + t; fori = 1,... k', and 2z, +t; fori = 1,... h, are all
distinct. In addition,

{Zz+tz|Z:1,,h/}U{Zé—f—tHZ:l,,h}:{t0+1,t0+2,,m+8}
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6 Some results valid under the assumption " > a, (and d >

bx,)

In this section we give some important results and improvements on the bounds of ¢;’s
and ¢;’s, obtained under the assumptions " > a, and/or d" > by.

Lemma 27. Suppose that ¢ > a,, and let j € {1,...,m} be such that d; > . Then
q; < 8. In addition, if j € A° then q; < s.

M > d;, satisfy

Proof. Before proceeding note that by the definition of ¢; all d; such that ¢
[ €A, see (33).
Since d; > ¢, we have that 1 < j < 2. Let p € {0,...,h — 1} be such that

® > d; > @1, The rest of the proof goes by the induction on j.
Let j = zp. By definition (16), we have ¢.,, = s — (b — p) + 1 < s, as wanted.

Now let 1 < j < zp. By induction we suppose that ¢; < s, forall i = 5+ 1,..., 2.
We are left with proving that then ¢; < s.

By definition (16), we have that if ¢;11 < s, then ¢; < s. So the only case we are left
to consider is when ¢j41 = s, j+1 ¢ A and ¢® > d;j;; > ™. We shall prove that this
case is impossible, i.e. that if ¢# > d;;; > ™' and ¢;11 = s, then j +1 € A.

Let
Yy=8ieAi=7+2,...,2p11}.

. . h/
Since tpr1 = gjy1 — 7 = s — 7, and m,y < s — 1 (since ¢* > a,), we have myqq —

tp+1 + 1 < 7, so by the definition of v we have that d;;; doesn’t satisfy part (a) of the
definition of the set A. So we are left with checking the condition (b) of the definition of
the set A, i.e. we are left with checking

h/
Z Ci < Z dl + dj+1. (42)
i=p+1 i>j+2,i€Ac
Since g;4+1 = s, we have

1+8{i e A°lj+2<i<m}=H —p. (43)

Let u; > -+ > up—, be the non-increasing ordering of d;; and d; with j+2 < <m,
i¢ A, and let vy = -+ > vy, be defined as v; := i =1,... k' —p. We claim that

u; > v, Zzl,,h/—p (44)

Since d;;q > ™ we have u; > v;. Now let us fix 49 € {2,...,h' — p}. Then u;, = d,
for some | ¢ A with j+2 <1< m, ie.

io=1+t{i ¢ Alj +2<i<I}.
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Let r € {0,...,h — 1} be such that ¢" > d; > ¢"*'. Note that | < zjs since for all i > z,
we have 7 € A.

From ¢ < s we get
t{lie All<i<m}<h—r—1 (45)

Then (43) and (45) together give

I+i{i g Alj+2<i<Il}>r+1-p,

le.
io 2 r+1— p.
Therefore
Uiy = dy > T = TR > o — g,
By Lemma 18 we get (42). Thus, we have proved that j + 1 € A, as wanted. O

Dually, we have:

Lemma 28. Suppose that d"* > by, and let j € {1,...,n} be such that c¢; > d". Then
q; < k. In addition, if j € S¢ then q; < k.

As a direct corollary of Lemmas 27 and 28, we have
Corollary 29.

’
Ch

WV

as = t,<s, forall y=0,...,h -1, (46)
d">b, = t. <k, forall x=0,...,h—1. (47)

Proof. We shall prove (46), and (47) follows dually.

First note that there are no i ¢ A such that 1> d; > . Indeed, suppose on the
contrary that j € {1,...,m} is the largest such index. Since my < s —1 and t = s,
j ¢ A implies that (18) is satisfied, i.e. ¢ > d; which is a contradiction. Therefore
th’—l =s— 1.

Now fix y € {0,...,h" — 2}. If there are no i ¢ A such that ¢/ > d; > c”~! then
ty=tw 11— (W —1-y) =s—1—(h'—1—y) < s. If there exists i ¢ A with ¢¥ > d; > "1,
then let j be the smallest such index and let p € {y, ..., h'—2} be such that ¢ > d; > .
Then t, = ¢;, and so by Lemma 27, t, =t, — (p—y) =¢; —(p—y) <s—(p—y) < s, as
wanted. O

Lemma 30. Suppose that ¢ > a,. Let j € {1,...,m} be such that j € A. Let y €
{0,..., W'} be such that ¢¥ > d; > ¥+, Then t, > 0.

Proof. If y =1/, then t, = s > 0, as wanted.

If 0 <y < I, then d; > ¢”'. Suppose that ¢, < 0 then:

my+]_—ty+1+1:my+]_—ty—1+wy+1>my+1+wy+1.
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The last means that d., ., is among the smallest my 1 —¢,11 +1 ;s larger than
c¥*1. Since, by Lemma 27 we have that g, ,, ., < s, by the part (a) of the definition of
the set A, we conclude 2,11 —w, ¢ A, which is a contradiction by (36). Hence t, > 0, as
wanted. O

Dually, we have:

Lemma 31. Suppose that d* > b,. Let j € {1,...,n} be such that j € S.  Let
z €{0,...,h} be such that d* > ¢; > d**'. Then t, > 0.

Lemma 32. Suppose that A > as and d" > b,. Then ty = ty = 0.

Proof. 1f any of the sets S or A is empty, we directly get that 5 > 0. If none of the sets
S and A is empty, then if d' > ¢! by Lemma 30 we have that tq > 0, and if ¢! > d! by
Lemma 31 we have that t{ > 0, as wanted. O

Now, by Lemma 26 we obtain

Lemma 33. Let ¢ > a, and d* > b,. The numbers z; +t; fori=1,..., 1, and 2z +
fori=1,... h, are all distinct and satisfy

{zi+tili=1,...,MYu{zi+tili=1,...,h} ={to+ L, to+2,...,m+ s} C

c{l,...,m+s}

6.1 Definition of the partition g

Let ¢® > a, and d" > b,. Then by Lemma 32 we have ¢y, > 0, and so we can define the
following important partition:
Let 8 = (g1, .-, Jmss) be a partition defined as the following union

(ch,....dYu(d,....dyu(M,... M), (48)
t
0
where
M :=max(ay, by, c1,dy) + 1.

In other words, the partition g is defined as the non-increasing union of all ¢;, with
i €S, all d;j, with 7 € A, with added ¢, elements equal to M.

By Lemmas 24 and 25, we have that the partition g from (48) also satisfies:

gi = max(ay,by,c,dy) +1, i=1,... ¢, (49)

Gi = djote, for 2z +te <J <zt w=0,..0, (50)

Gzott, = Cza r=1,..., hl? (51)
or equivalently:

gi = max(ay,by,cr,di) +1, i=1,... t, (52)
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gj =Cj—y, forzl 4+t <j<z ,+t, ., x=0,...h, (53)
gz;—i—t; = dz, xr = 1, . .,h. (54)

Moreover, by using this partition, we can equivalently re-write conditions Q(c,d, a, b)
in the following, more concise, way:

(o) " >a, and d">, (55)
(7) if ye{l,...,”—1} issuchthat ¢, <m,, then
m+s m+s
doaz= ) e (56)
i=zy+ty =2y +ty
(i1) if xe{l,...,h—1} issuchthat ¢, <m), then
m+s m+s
doaz= ) e (57)
=z} +th, =20+t

Indeed, condition (i.1) for y = A’ and condition (¢i.1) for y = h, together are (0). And
by definition of g, condition (i.1) for y € {1,...,h" — 1} is (i), while condition (4i.1) for
ye{l,...,h—1}is ().

7 Auxiliary lemmas used in the necessity part of the proof

Consider the partitions a, b, c and d as in (2)—(5), respectively. Main result of this section
is Lemma 38 that will be strongly used in proving the necessity of conditions €2(c, d, a, b).

Lemma 34. Let g = (g1, .., 9m+s) be a partition which satisfies
g <" (d,a), and g=<"(c,b).

Then
Ch = gzh/—l-s and dh = gz;l-‘rka (58)

as well as
& >a, and d" > (59)

Proof. We shall prove that ¢ > 9z, +s and " > a,. Dually we will have d" > Gz +1 and
d" > by.
If suppose that z, = m, i.e. if d,, > ¢, then ¢ = ¢, and since g <" (¢, b) we have

h/
" =Cn 2 Gnik = Ym+s = Gz, 4+, as wanted.

If 2,y < m, then ¢® = ¢, o4 for some 1 < a < n, and 2 = m — B3, for some
1 < 8 < m. Then we have that i ¢ Sforn—a+1<i<n,and j € Aform—L3 < j<m.
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If B < a, we have = Cn—atl Z Gn-atl+k = Gm-a+lts = Gm—pts = Gz, +s, as wanted.
If B > a, then from the definition of ¢} we have
G =k —B+a<k

Since n —a + 1 € S, from the definition of the set S (part (a)) we have that the index
n — a+ 1 does not belong to the mj,_5z,, — 1), 5., + 1 smallest ¢;’s bigger than d,,_g;1(=
dzh’+1)' Let
U = ﬁ{Z S {1, . ,k‘}lbl > Cn—a—i—l}a
U= ﬁ{l € {1, ceey k}’cn_a+1 > bz > dm_5+1},

w=t{n—a+1<i<nleg>dnp1}
and

z=t{n—-—a+1<i<n|g <dp_pi1}

Then z+w = a—1,t,_ 5, =k—(f—1)+zand mj,_gz,, = u+0. Sincen—a+1 € S we
have v+w = mj, g5, —t), s+l =u+0—k+B—2ie u<W+zZ+k—F=a—-1+k-p.
Thus,

a+k>p,

and

/

Ch = Cp—a+1 = ba—l—k—ﬂ (60)

Also, since n —a +1 € S by the part (b) of the definition of the set S (since ¢),_,.; < k),
we have

m n k
Z d; < Cn—a+1 T Z ¢ + Z b;. (61)
i=m—p+1 i=n—a+2 i=k+a—pF+1

Now, let us suppose the opposite from what we need to prove, i.e. that ¢* < Gzprtse

Last is equivalent to ¢, —a41 < gm-p+s. Thus, by definition of 2 = min{i|c; ;41 < g}, we
have ), 5. o <m+s—f,ie by, s <m+s—fF. Letue{0,... ,k} be such that
hy, <m+s—pF<h,,,. Thenu>k+a—p.

Since g <" (c,b), by the definition of the weak generalized majorization, and by
Lemma 16, we have

m+s n k
gz Y ar Y (62)
i=m+s—[+1 i=m-+s—LFB+1—u i=u+1

Since g <” (d,a) implies d; > gi1s, i = 1,...,m, by (62) we have

n

i > Y o+ ) b (63)

i=m—LF+1 i=m+s—fF+1-u i=u+1

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(4) (2022), #P4.19 20



Since u > k + a — f3, from (60) we have that

n n

k k

i=m+s—LFB+1—u i=u+1 i=n—a-+1 i=k—a+p+1
n—o u n k
+ E Ci — E bi | = E G + E bi,
i=m+s—L+1—u i=k+a—LF+1 i=n—a+1 i=k—a+pB+1

which together with (63) gives

n

i=m—p+1 i=n—a-+1 i=k4+a—p+1

which contradicts (61). Thus, " > g. .

Now, let us prove that ¢ > a,. Let j € {0,...,s}, be such that h; < zp + s < hjq
(ho :O, hs+1 :m+s+1)

Then g <" (d,a) (by Lemma 16 and the definition of the weak generalized majoriza-
tion) gives

m+s m s
Du9= Y, dit ) an (65)
i=zpr+8 1=2p1+s5—] i=j+1

Conditions (6) and (65) together with ¢ > g. 4, give

1=z +1 1=zpr+85—] i=j+1

If j = s, (66) becomes > d.,, which is a contradiction by the definition of z;. On the
other hand if j < s, then (66) gives

Zpr+s—j—1 s
(s=H ="+ Y di= D ai=(s—jas
i=zp+1 i=j+1
ie. ¢ > a4, as wanted. O

By (59) and by Lemma 32, we have ¢, > 0, and so we can define g as in (49). Since
t = s and t, =k (see (35)), (58) becomes

gzh/—l—s Z 921+ and gz;L—Hc P gz;ﬁ—k' (67)

Hence in the course of proving the previous lemma we have also proved:
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Corollary 35. Let g = (g1, .-,9m+s) be a partition which satisfies g <" (d,a), and
g <" (c,b). Then
Gi 2 i, 12z +itw,

and
Gi = gi, 1=z, +1.
Lemma 36. Let g = (g1, .., 9mss) be a partition such that
g<"(d,a) and g=<"(c,Db). (68)

Lety € {0,...,n —1}. If

Gi 2 Giy 12 Zyp1 T tyq,
then
Proof. We need to prove that
Gi =2 Gi, Zyr1 + ty—i-l > 17> Zy + ty. (70)
Those g; are then precisely d; such that j € A, and ¢ > d; > ¢¥*!. And so (70) is
dj 2 Gjtt,, (71)

for all such j =z, +1,..., zy41 — wy.

Since (68), by Lemma 34 we have c* > a,. Then by (46) we have ¢, < s. Also, by
Lemma 30 we have that ¢, > 0. Therefore, we have 0 < ¢, < s,ie. 1 <?,+1<s, and
so by the definition Ay 1 = min{u|d,—¢, < gu}.

We shall prove that

hi, 1 2 Zyp1 + typre (72)

If (72) is valid then d, > gu4s,, for u+t, < zy11 + by, e u < zypy + ity —t, — 1 =
Zy41 — Wy, thus proving (71), and consequently the lemma.

Let suppose the opposite to (72), i.e. let hy 41 < 2y41+t,11—1. Consider u € {1,..., s}
such that h, < z,11+1t,41 < hygr. Then u > t,+1 and since g <" (d, a), by the definition
of the weak generalized majorization, and by Lemma 16, we have:

m+s m S
E 9i = g d; + E a;. (73)
1=2y+1+ty+1 1=2y+1+ty+1—u i=u+1

By the assumptions of the lemma, we have

m—+s m—+s

Z 9i Z Yi- (74)

1=zy+1+ty+1 i=zy1+ty+1

WV
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Inequalities (73) and (74), together with the definition of g;, give

h' m

o+ Y diz > di+iai. (75)

i=y+1 JEA, j>zy 11 i=zy11+tyr1—u i=u+1

Since 2,11 —wy € A, and since q.,,, v, =ty +1 < s, we have that d,,,_,, does not
satisfy the condition from the part (b) of the definition of the set A:

h' s
i

E ¢ <dy,—w, + E d; + E a;

i=y+1 i>2y 41— Wy, 1EAC i=ty+2
which further gives

h' m s

E c+ E d; < E d; + E a;
i=y+1 i>2y4+1,1€A i=2y+1—wy i=ty,+2

Last equation together with (75) give

m S m S
i:zy+1+ty+1—u 1=u+1 i:zy+1—wy i:ty+2

Since u > t, + 1 and ¢, = t,41 — 1 + w,, we have

zy+1—wy—1

i=Zy+1+ty+17u i:ty+2

Note that there is the same number of summands on the left and the right hand side
in (76). Since z,1; —w, € A, we know that d. ,_,, does not belong to the smallest
My41 — tyr1 + 1 ¢;’s larger than ¢!, Therefore myi1 — ty41 + 1 < wy + #{i|d., 0w, >
a; > &Y e {ila; > dy 1 —w, ; < ty. This is equivalent to d, ., > a;,+1, and so the
smallest summand on the LHS of (76) is larger then the largest summand on the RHS,
which gives a contradiction. Thus (72) is valid, and so we have proved our lemma. O]

Dually, we have:
Lemma 37. Consider a partition g = (g1, ..., Gnsk), Such that
g=<"(d,a) and g=<"/(c,b).
Lety €{0,...,h—1}. If
gi 2 gi, 2 2;+1 + t;—i-la
then
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Next, we shall unify results from Lemmas 34 —37 to prove that if there exists a partition
g satisfying g <” (d,a) and g <" (¢, b), ¢;’s are bounded above by g;’s. More precisely,
by Corollary 35, Lemmas 33, 36 and 37, we have

Lemma 38. Let g = (g1, .-, 9mss) be a partition such that
g <" (d,a), and g=<"(c,b). (77)

Then
gz?.gu Z:t0+177m+3 (78)

8 Auxiliary lemmas used in the sufficiency part of the proof

Lemma 39. Let i € {0,...,h' —1}. Suppose that ty > 0. Then:

If  mi—1t,<0, then ¢ >e. 4, (79)

If mi—t;>0, then ¢ <e, i, (80)

Proof. Claim (79) follows by Definitions 9 and 22, since z;.1 +t;11 > z;+w; +t;+1—w; >
Zi +m;.

On the other hand, if m; > t;, we have m;y; —t;1 +1=m; +8{j € {1,...,s}c" >
aj > Y —ti+w; > 8{j € {1,...,s}|¢" = a; > T} +w;. Therefore m;q > ;41 and
M1 — tip1 + 1 is strictly bigger than the number of ¢;’s and d;’s with j € A°, that are
between ¢’ and ¢"*!. Therefore at least one among e.,,,44,,,,- -, €x,,+m;,, s bigger than
c',ie. ¢ <ey 4, as wanted. O]

Lemma 40. Let conditions (i.1) and (ii.1) from Theorem 11 be valid. Then

h s
YAz dit+ Y a, (81)
=1 1€EAC 1=tp+1
and
h k
i=1 eS¢ i=t{+1

Proof. Before proceeding we note that (81) is dual to (82). So it is enough to prove one
of them, e.g. (81).

Let us suppose that there are no ¢ € {1,...,m} such that ¢ € A°. Then by the
definition we have t; = s — b/ and

ti=ti1+1=ty+i, t=1,... k.
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If m; <t; for alli € {1,... '}, then by the definition of m; we have ¢’ > a;, = s+,

and thus
h' s
2= ) a
i=1

i=to+1

which is precisely (81) in this case.

If there is ¢ € {1,...,h'} for which m; > ¢;, then let y € {1,...,h'} be the minimal
such index. Then condition (:.1) for ¢ gives

Zy+my h' s
E e; < g ¢ — E a;. (83)
T=2zy+ty =y i=my+1

Among e;’s on the LHS there can be no d;, since by the part (a) of the definition of the
set A, we would have that those 7 do not belong to A, contradicting the assumption that

there are no such indices. Therefore those e;’s are precisely ay,, ..., ay,, and so (83) is
equivalent to
h s s
Y esYu- Y a o
=y i=ty i=to+y
Since for all i = 1,...,y — 1 we have m; + 1 < t; = to + ¢, from the definition of m,,

we have ¢ > a4y, for i = 1,...,y — 1. This together with (84) prove (81) in this case.

Now suppose that there exists ¢ € {1,...,m} such that i ¢ A. Let j be the minimal
such index. By the definition of the set A, we have that ¢; < s, and thus, by the
definition of ¢;, we conclude that S is nonempty.

Since all d; < ¢ satisfy i € A, there exists y € {1,...,h'} such that

> d; > .

Then by the definition of j, we have j = 2z, —w,_; + 1. Also, we have that ¢; = ¢y + 1, for
i=1,...y—1.

If there exists ¢ € {1,...,y — 1} such that m; > t;, denote by x minimal such index.
Then in exactly the same way as in the first case (since there are no i € A® with d; > ¢¥~1),
we obtain that condition (i.1) for ¢* implies

n s s
DAZY dit) =) dit )
i=x i€AC 1=ty 1€AC i=to+x

Together with ¢! > ay, 4, for i = 1,..., 2 — 1, this proves (81).
Thus, suppose that m; < t;, forallt=1,...,y — 1, and therefore

¢ > gy, i=1,...,y—1 (85)
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Now, since j ¢ A, we have two possibilities from the definition of A. If the part (a) of
the definition is satisfied, d; is among the smallest m, —t, +1 e;’s larger than ¢¥. Thus,
J.g+1,..,2¢ A as well as t, < my,.

Then condition (i.1) for ¢¥ gives:

Zy+my h S

E €; g E ¢ — E dz — E ;. (86)

1=2y+ty =y 1>2y,1€EAC 1=my+1
By the above assumptions (e.,4+¢,, - - -, €z,4m,) consists of w,_; d;’s, while the remaining
my —t, +1—w,_y =my —t,; are a;’s, i.e. they are precisely a;,_,41,..., 0, (they are

all larger than ¢¥). So, (86) becomes:

h s

SexYar Y a=Ydt+ Y a (87)

=y 1EAC ’i=ty_1+1 1EAC i=to+y

On the other hand, if j ¢ A because of the part (b) of the definition of A, then

h s
=y

i€Ac i=q;+1

Since from the definition of ¢;’s and ¢;’s we have that ¢; = t,_1, the last inequality becomes
precisely (87).

Therefore, we have obtained that (87) holds, and together with (85) finally gives the
wanted condition (81).

Dually by changing the roles of partitions ¢ and b with d and a, respectively, we
obtain (82). O

9 Proof of Theorem 11

9.1 Necessity of conditions (¢.1) and (¢¢.1)

Let us assume that there exists a partition g such that
g <"(d,a), and g="(c,b). (89)

Then we shall prove that conditions (i.1) and (i7.1) hold. By (89) and Lemma 34 we
obtain
A >a, and d" >y, (90)

i.e. we have condition (i.1) for y = A/, and condition (éi.1) for z = h. Also, by Lemma
32, we have ty > 0, and thus we can define the partition g as in Section 6.1.

We are left with proving (i.1) for y € {1,...,h' — 1}, and (éi.1) for z € {1,..., h—1}.
Let y € {1,...,h' — 1} be such that ¢, < m, (note again that (90) means that t, > my).
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Let u € {0,...,s} be such that h, < z, +t, < hyt1 (ho =0, hey1 = m+ s+ 1). From
g <" (d,a), by the definition of the weak generalized majorization, and by Lemma 16,
we have

m—+s m S
E 9i 2 E d; + E a;
i=zy+ty i=zy+ty—u i=u+1

Together with Lemma 38 this gives

m-+s m S
Z gi 2 Z di + Z a;. (91)
1=2zy+ty i=2y+ly—u i=u+1

By the definition of e, we have

m S m+s
i=zy+ty—u i=u+1 =2y +ty

The last relation, together with (91) and the definition of the partition g in (48), gives
(1.1), as wanted.

Dually we obtain the condition (i:.1) for x € {1,..., h—1}. This finishes the proof of
the necessity of conditions.

9.2 Sufficiency of conditions (¢.1) and (¢¢.1)

Suppose now that conditions (i.1) and (7i.1) hold. Thus, by Lemma 40 we have that

I s
=1

i€AC i=to+1
and
h k
Nod =Y o+ Y b (93)
=1 eS¢ i=t(+1

Also, condition (i.1) for y = A" and condition (ii.1) for y = h, together give

A >a, and d" >, (94)

In this section we shall prove that the partition § = (g1, ..., Gm+s) defined in Section
6.1 satisfies

<" (d,a) (95)
<" (c,b), (96)

oQl Qml

We start with proving (95). By Definition 3 of the weak majorization we need to prove
the following:

di 2 gi-i-S? 1= 1, o, (97)

THE ELECTRONIC JOURNAL OF COMBINATORICS 29(4) (2022), #P4.19 27



ZZ_};;_Fl gz 2 Z?lhj—]q—l dl + Z?:j+1 a;, ] = 17 sy S, (98)
S g > N di + 2 iy (99)

where h; := min{i|d;,_;41 < g;}, for j=1,...,s.
Before proceeding, we note that (94) and (46), together with (35) give
t, <s, forall x=0,...,H.

Regarding (97), since ¢y < s, we have that g;’s appearing in (97) are the ones defined
by (50) and (51). Let ¢ € {1,...,m}.

If i € A, from (50) we have that d; = g;.¢,, for some x € {0,..., '}, and since ¢, < s
for any such z, we obtain d; > g;,s, as wanted.

If on the other hand 7 ¢ A, then let y € {0,...,h' — 1} be such that ¢¥ > d; > ¥
Then we have that ¢ € {2,411 —w, +1,...,2,}, and by (51) we have:

) y+1 _ — 7 0.
d'L >c - gzy+1+ty+1 - gzy+1*UJy+1+ty 2 Gits)

since zy41 — wy + 1 < ¢ and ¢, < s. This proves (97).

Now, we pass to (98). First we note that from the definition of g;, (49)—(50), we can
compute the values of h;, for j =1,...,s. We have that:

hj=yj3, j=1,...,1%, (100)

and
hj=zg+te, j=to+1,...,s (101)

Here z = min{i € {1,... ,h'}|t; = j}.
From (49) we have g;, > d;, which gives (100).

As for (101), first note that x is well-defined, i.e. the set {i € {1,... . h'}|t; = j}
is non-empty, for j = ¢t + 1,...,s. Indeed, from the definition of t,, we have that
tpr1 =t +1—w,, and so t,4q <t,+1,forx=0,...,A —1. Since ty < s = ty, for every
J, with tg < j < s, there must exist at least one x € {1,...,h'} such that t, = j.

Now, we show that for every j € {to+1,..., s}, there exists i € {1,...,h'}, such that
hj =2z; + ti.

Indeed, if, on the contrary, there exists j € {to + 1,...,s}, for which there are no
i € {1,...,W'}, such that h; = z; + t;, then let u € {0,...,h'} be such that z, + ¢, <
hj < zyt1 + tuy1. Then by (50) we have gy, = di;—y,, and from the definition of hj;, we
have dp;j41 < gn; = dp,;—¢,, which implies j < t,, and so v > 1. But then, from (51),
Gzutty, = C* > dzyy1 = dzyyt,—jt1, and so hj < z, + t,,, which is a contradiction.

Hence we have that there exists ¢ € {1,..., '} such that h; = z; +¢;. Then from the
definition of h; we have d., > ¢' = G.,44, = G, > dp,—j+1 = dz44,—j+1, and so t; > j. Now,
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if t; > j, since t,41 < t, + 1, for x =0,...,h — 1, since and ty < j, we have that there
exists u € {1,...,i — 1} such that ¢, = j. Then g, 44, = ¢* > d.,+1 = d.,44,—j+1, Which
together with z, +t, < z; +t; (since u < i) contradicts the definition of h;. Therefore
t; = j which finally proves (101).

Now we shall prove (98).
Let j =1,...,t. By (100), condition (98) becomes

m-+s m s
YouzYd+ Y a j=1... 1k (102)
i=j+1 i=1 =41

By (49), it is enough to prove (102) for j = ty, i.e.:

m+s m S
YNogzd dit Y a; (103)
i=to+1 i=1 i=to+1

which is by the definition of g, 41,- - -, Gm+s, equivalent to (81).

Now, let j =to+ 1,...,s. Let x; = min{i € {1,...,h'}|t; = j}. Then, by (101), the
condition (98) becomes

m-+s m S
E gi 2 g di + E a;,
i:zzj+tzj+1 i:zzj—i-l i=j+1

which is (by the definition of g;’s) equivalent to

h' s
dYodz= Y dit ) a (104)

i=zj+1 i}zzj—i—l,ieAc ’i:tzj+1

In order to prove (104) we need to consider the following three possibilities:

o wy, >0, de ¢ >dy i, 11 > T (105)

and 2,41 — w,; +1 ¢ A, by the part (b) of the definition of the set A
o wy, >0, de ¢ >ds i, 11 > T (106)

and 2,41 — w,; + 1 ¢ A, by the part (a) of the definition of the set A,
o w, =0, ie. therearenoi ¢ A, ¢ >d; > ¢t (107)
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First consider the case (105). Suppose that w,, > 0, such that z, 1 —w,;, +1 ¢
A, "> Aoy ir—wp 41 > ¢t satisfies the following condition (see the part (b) of the
definition of the set A and note that oy 1w, 41 = te;):

h' s
Y 2dey et > di+ > a. (108)

i=x;+1 i>zz].+1 fwz].Jrl,ieAc iztxj—l-l

Condition (108) is equivalent to (104), which finishes our proof in this case.

Nezxt, we consider the case (106). In this case we have that wy; > 0, and dzxﬁl_wzjﬂ
is among #{i € {1,...,s}|a; > ¢t} —s+ (W — x;) — t{i € A%d; < ¢*T} + 1 smallest
e;’s larger than ¢%*1 (see the part (a) of the definition of the set A), i.e.

dzzj+1_w$j+1 € {ezzj+1+tzj+17 s 7€sz+1+mmj+1}’

Thus, in this case we have that t,, 11 < mg; 1.

Let us consider the differences m; —¢; for all i = 0,...,x; + 1. We have that m, 1 —
te;41 = 0, and mo—tg = —tg < 0 (because of Lemma 32). Thus, there exists v := max{i €
{0,...,2z;}/m; —t; < 0}. Then myy1 —ty41 = 0 and v < z;, so we have that condition
(.1) is satisfied for v + 1. i.e.

Zyd+1+tMys1 h' s
E €; < E ¢ — E dz — E a;. (109)
1=2y41+tp+1 1=v+1 i>Zv+1,’i€Ac 1=My41+1

Let us suppose that v = x;. Then m,, —¢,, < 0. This, by Lemma 39 implies that

X )
¢ 2 €yt - Thus, there are exactly w,; of d;’s among €y iritta s 0 Coppatma 1
and those are dzxjﬂ,wzjﬂ, cee dzxj“- The remaining my; 41 —te; 11+ 1 —ws; = My, 11—y,
are a;’s, i.e. @y, 41,...,0m, ,,. Then (109) becomes (note that we are in the case v = z;)
J J
h' s
E ¢ > E di + E g, (110)
i=z;+1 P>z, €A =ty +1
as wanted.
Next, let us suppose that 0 < v < z;. In this case m; —t; > 0, forallt =v+1,..., 2,

and so by Lemma 39 we have that ¢’ < e,,,,4+,,,, for all ¢ = v+ 1,...,2z;. This implies
that there are no j € A with ¢**! > d; > ¢®*! and so w; = 241 — 2; and

zi+1+ti+1:zi—l—ti+1+wi:zi+ti—|—1, ?::U—Fl,...,.’lj'j. (111)

It also means that (109) can be re-written as :

ij+mrj h' S
E €; < E c — E dl — E Q;. (112)
1=2y41+tys1 i=v+1 i>zzj,z’eA‘3 i:mzj+1
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Since m, —t, < 0, by Lemma 39 we have ¢’ > e, 44 ,,andsoc’ > e, 44, = 2
€, ma, > ¢,
From the definition of x;, we have t, <t,, = j, for all r < z;, i.e.

i e A%l" >d; >} <a;—r, foral r<ua;. (113)

Therefore among €., , 4,1, - Capj4ma, there are at most x; —v —1 d;’s (note that as
we have shown above, all such d;’s satisfy i ¢ A). Also by (111), 2z, +ts, = Zyp1+tep1+2;—
(v+1). Thus, among those e;’s there are at least z,, +m,, — (2p41+tpy1) +1—(z;—v—1) =
Zg; Mg, +1— (zx]. +txj) = My; —ls; +1, a;’s. Thus Aty sy Oy surely belong to them.
>ci=v+1,...,2 (113) and (112) give

Since A, 2 Um, > 9 and since e, 44,

n
Z Ci> Z dz—i‘ zs: ag,

1=x;+1 i>zwj,i¢A i=txj +1

i.e. we have proved (104).

So, we are left with the case (107). In this case w,; = 0, which means that there are
no i ¢ A, such that ¢% > d; > %t
In this case, we are left with two possibilities

txj-i-l < mxj—i-l (114)
t$j+1 > mxj+1 (115)

The case (114) is done exactly as in the case (106) when w,, > 0 and #,, 11 < My, 41.

Now, consider the case (115). The proof of this case goes by the induction on j =
to + 1, e S

Let j = s. Since ¢ > as, (46) implies ¢, < s for < h'. So since t;, = s, we have
xs = h'. Hence (104) becomes 0 > 0, which is trivially satisfied.

h/

Now, fix j € {to+1,...,s— 1}, and suppose that (104) is satisfied for all j+1,...,s.
We shall prove that it is then also valid for j.

Since ty, 11 > My, 41, we have ¢t > Gy 41 2 Oty - Since there are no ¢ ¢ A such
that ¢® > d; > ¢%*! we have tej41 = te; +1 =5+ 1, and so x;,1 = z; + 1. By the
induction hypothesis for j + 1, we have

h s
i=xj1+1 1222, +1,1€A° 1=ty g +1

Since ¢ *! > am, ,i+1 2 @y, 4y = ar, 11, then (116) gives (104).
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This finishes our proof of (104), and consequently of (98).

Finally, (99) follows from (103) (i.e. (81)), together with (49). Therefore we have
shown that
g <" (d,a).

Dually we obtain
g <" (c,b).

This finishes the proof of Theorem 11.

Example 41. Now we can go back to Example 15 and define the wanted partition g such
that
g <"(d,a) and g=<"(c,b),

where a = (11,9,1), b= (12,3), ¢ = (8,7,5) and d = (10,4).

In Example 15 we have shown that the conditions from Theorem 11 are satisfied,
implying the existence of the wanted partition g. We shall now compute explicitly g as
in Section 6.1.

In Example 15, we have computed sets S and A for the partitions a, b, c, d:

S=1{1,2,3} and A ={2}.
Thus, ¢! =¢; =8, > =c, =7, =c3 =5, and d' = dy = 4. Also, by (30) we have
to = 1.
We shall define g by formula (48). Hence,
(§1,§2,§3,§4,§5) - (Cla C2, C3) U (dQ) U (M)7
where M = max{ay, by, c1,dr} +1 =max{12,11,10,8}+1 = 13. In such way, we have:

g = (13,8,7,5,4).

One can directly check by Definition 3 that the partition g§ = (13,8,7,5,4) satisfies
(13,8,7,5,4) <" (d,a) and (13,8,7,5,4) <" (c,b),

as desired.
10 Proof of Theorem 13
Necessity of conditions (24) and Q(c,d, a,b):

Let there exists a partition g such that

g <'(d,a) andg <’ (c,b). (117)
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Then (24) follows trivially. Also, such a partition g also satisfies

"(d,a) and g <" (c,b), (118)
and so by Theorem 11 we obtain condition (c,d, a, b), as wanted.
Sufficiency of conditions (24) and Q(c,d,a,b):

Let us assume that conditions (24) and €(c,d, a,b) are valid. By Theorem 11, con-
dition Q(c,d, a, b) implies the existence of a partition g’ such that

"(d,a) and g <" (c,b). (119)

The rest of this section is completely analogous to [5]. It doesn’t depend on the
definitions of the sets S and A, so it remains completely the same. Indeed, the partition
g’ satisfies all the wanted properties for (117) except the total sum, i.e. we have

m+s

gz dit+ > a,
i=1 i=1 =1

and not the equality. We shall define the desired partition g by decreasing some of the
largest elements of the partition g’, so that the sum of all elements of g is correct, and
such that all properties of generalized majorization remain valid.

To that end, let
m+s s
23 - (Sas Ya). 120)

and let

. i I .
f::{ 1+max{z€{1,...,m+s}|2jlgj zgl<Q}, 1£g>8, (121)
) 1 = u.

Let X := Z{ 11 g. — €, and let u and v be unique non-negative integers, such that
X =u(f—1)4v, with v < f — 1. Then we set:

g = u+l, i=1,...,, (122)

g = u, i=v+1,...,f—1, (123)

g = g, i=f...,m+s. (124)

Then g = (91,92, - - -, gm+s) 1S a partition of non-negative integers satisfying:

m+s m S

D 9= dit) o (125)
i=1 i=1 i=1

gi=g, foral i>f, (126)
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g}_1>gi>g}, forall i=1,...,f—1,
and
g1 2951291 — L
By Lemma 17 such defined g1 > - -+ > g,,,15 satisfy

g <"(d,a) and g=<"(c,b).

However, since (24) and (125) are valid, by the definition of the generalized majorization
we also have
g<'(da) and g=<'(c,b),

as wanted.

Example 42. Consider a partition g’ = (10,9, 8,5, 3, 1), satisfying
g <" (d,a) and g <" (c,b)

for some partitions a, b, ¢, and d such that the sum of the elements of partitions a and d
is equal to the sum of the elements of partitions b and c. Also, let the difference between
the sums of the elements of the partition g’ and the elements of the partitions d and a
together, be equal to 6.

Then by (120) we have €2 = 6. Let us define a partition g such that

g<'(d,a) and g <'(c,b).

Since 2 = 6, by (121) we have that f = 4, and hence by (124) we directly obtain g4 = 5,
g5 = 3 and gg = 1. Next, we compute X = ¢} + g5 + g5 — Q2 = 21, as well as u = 7 and
v = 0. Hence by (123) we have g; = go = g3 = 7. Therefore, the wanted partition is

g = (91792>g3>g4>g5,96> = (77 77 775737 1)

Example 43. Now we can go back to Examples 15 and 41 and define the wanted partition
g such that
g=<'(d,a) and g<'(c,b). (127)

Recall that a = (11,9,1), b = (12,3), ¢ = (8,7,5) and d = (10,4). In Example 43,
we have obtained the partition g = (13,8,7,5,4) satisfying

(13,8,7,5,4) <" (d,a) and (13,8,7,5,4) <" (c,b).

However partition g does not satisfy (127), since Zlegz- > Z?Zl a; + Z?Zl d;. So, we
need to decrease its sum by Q = Z?:1 Ji — Zle a; — Zle d; = 2, as explained above.
We have f = 14 max{i| Z;Zl g; —1g; < 2} = 2. Hence, we have go =8, g5 =7, g1 =5
and g5 = 4. Also, we have that X = g; — 2 = 11, and so we directly obtain ¢g; = 11.

One can directly check by Definition 2 that such obtained partition g = (11,8,7,5,4)
indeed satisfies (127), as desired.
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11 Special cases of double generalized majorization

11.1 Casen =0

In this subsection we assume n = 0, i.e. we assume that there are no cy, ...
case the generalized majorization

, Cp. In this

g <’ (c,b)
drops to the classical majorization
g < b.

As we have seen Problem 4 for the generalized majorization is very challenging, while
the same kind of problem for classical majorization is trivial. Indeed, there always exists
a partition simultaneously majorized by two partitions of the same sum. If n = 0 (or
dually m = 0), then Problem 4 becomes something in-between these two problems.

Before solving it, let us consider sets S and A in this case. It is straightforward to see
that in this case the set S must be empty. Let us check what happens with the set A:

By (16) we obtain that, in this case, all j = 1,...,m are in A. Hence we have h =m
and d; = d’, j=1,...,m. We also have:

m = 4{ilb; > dj}; tyi=s+g; 25:=0, j=1,...,m.

Also, the weak generalized majorization

g <" (¢,b)
in this case becomes
m—+s m—+s
Doz ) b j=0...mts—L
i=j+1 i=j+1

As a corollary to Theorem 11 we obtain the following result:

Theorem 44. Letd = (dy,...,dpn), a= (a1,...,as) andb = (by,...,bnts) be partitions.
There exists a partition g = (g1, - - -, Gm+s), such that

" (d, a)
and
m—+s m+s
> gz > b, j=0,...m+s—1,
i=7+1 i=j+1
if and only if
m-+s
Z Z bi, forall j=1,...,m. (128)
=7 i=s+j
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Proof. By Theorem 11 we have that such a g in this case exists if and only if

(02) dm > bm+5
(i.2) if xe{l,...,m—1} issuchthat z+s<m) then

m m+s
Y diz > b
1=x i=x+s

However by the definition of m! we have that z + s < m/, is equivalent to d, < bsi,.
We are left with proving that (0.2) and (i.2) together are equal to (128).

It is straightforward to see that (128) implies both (0.2) and (i.2). The proof of the
contrary goes by the induction on j € {1,...,m}.

Let 7 = m. Then (0.2) is (128).

Let j € {1,...,m — 1}, and let us suppose that (128) is valid for all j + 1,...,m + s.
Then

m m+s
dodiz > b (129)
i=j+1 i=j+s+1
Now we have to consider two possibilities:
4 < byes (130)
d]’ > bj+s (131)
If (130), then (i.2) directly gives
m m+s
NEDNT (132)
i=j i=j+s
as wanted.
If (131), then by (129) we also get (132), which finishes the proof. O

Also, as a corollary to the previous result we have:

Theorem 45. Letd = (dy,...,dy), a= (a1,...,as) andb = (b1, ..., bn1s) be partitions.
There exists a partition g = (g1, - - -, Gm+s), sSuch that

g <’ (d,a)
and
g=<b
if and only if
m—+s m S
b= di+) a (133)
i=1 i=1 i=1
and
m m++s
ddiz > b, forallj=1,...,m. (134)
i=j i=s+j
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Remark 46. We note that in Theorems 44 and 45 conditions (128) and (134) are much
simpler comparing to (i.1) and (i2.1). Even more surprisingly, (128) and (134) do not
depend on partition a.

Example 47. Let d = (15,6,4,2), a = (12,10) and b = (20,11,9,5,3,1). Then

4 2 6

i=1 i=1 =1

Also, then

=4 =6

hence by Theorem 45 there exist a partition g such that
g <'(d,a) and g=<b. (135)

Moreover, we know how to define such a partition. Since in this case indices of all d;’s
belong to A, while the set S is empty, by definition (48) we have

g = (21,21,15,6,4,2).

Finally, since 2?21 g; = 69 > 49, we have to decrease the largest terms of g as in Section
10. To that end, we have Q = 370 g, — 3% b, = 69 — 49 = 20, and by (121) we have
that f = 4, and consequently X = g; + g + g3 — 2 = 37, u = 12 and v = 1. Therefore,
we have that

g = (13,12,12,6,4,2).

By Definitions 1 and 2, it is an easy exercise to check that such defined g satisfies (135).

11.2 Case s =0

Let us consider another particular case of Problem 4. Let us assume that s = 0, i.e. that
there is no partition a. By the definition of the weak generalized majorization

g <" (d,a)
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in this case becomes

m m

gz di (137)
=1 =1

i.e. we have
gi:di7 Z:L,m

And so necessary and sufficient condition for the existence of a partition g satisfying
g <" (¢,b)

and (136) and (137) become
d <" (c,b).

We note that this implies that in Definition 8 we have that j € A forall j =1,...,m,
and that none of ¢; is such that j € S, i.e. S is empty.

12 A word or two on non-negative partitions

Since Problems 4 and 5 have already shown their importance in applications (see e.g.
2,4, 7,9, 10, 12, 13, 25, 26]), in this section we address the question of non-negativity
of involved partitions. This is particularly important when focusing on Matrix Pencil
Completion Problems. In fact, both Problems 4 and 5 naturally appear in Matrix Pen-
cil Completion Problems, where partitions a, b, ¢, and d, are defined by degrees of the
Kronecker invariants of the involved matrix pencils [7, 10, 16]. Hence partitions ¢ and d
must be nonnegative, while entries of partitions a and b are always bigger than or equal
to —1. Moreover, the wanted partition g also needs to be non-negative.

In solving Problem 4 we define g by choosing elements from ¢ and d: if ¢ and d are
non-negative partitions, so is g. In fact, in the course of solving Problems 4 and 5 we
have also proved the following:

Corollary 48. Let a, b, ¢ and d be partitions as in (2)-(5), respectively. Let ¢ and
d be partitions of non-negative integers. There exists a partition g = (g1, .., Gmis) Of
non-negative integers, such that

g <"(d,a) and g=<"(c,b) (138)
if and only if

Q(c,d,a,b)

Corollary 49. Let a, b, ¢ and d be partitions as in (2)-(5), respectively. Let ¢ and
d be partitions of non-negative integers. There ezists a partition g = (g1, .., Gm+ts) Of
non-neqative integers, such that

g<'(d,a) and g=<'(c,b) (139)
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if and only if

n k m s
i=1 i=1 i=1 i=1
and the condition Q(c,d,a,b) is valid.
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