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Abstract

Combinatorial Hopf algebras give a linear algebraic structure to infinite families
of combinatorial objects, a technique further enriched by the categorification of these
structures via the representation theory of families of algebras. This paper examines
a fundamental construction in group theory, the direct product, and how it can be
used to build representation theoretic Hopf algebras out of towers of groups. A key
special case gives us the noncommutative symmetric functions NSym, but there are
many things that we can say for the general Hopf algebras, including the structure
of their character groups and a formula for the antipode.

Mathematics Subject Classifications: 05E10, 16T30

1 Introduction

Combinatorial Hopf algebras have been an essential tool used to study infinite families
of combinatorial objects even before they were formally defined in [2]. However, in our
favorite examples, the true potential becomes far more apparent when we have a repre-
sentation theoretic realization of the Hopf algebra, such as the fundamental connection
between the Hopf algebra of symmetric functions Sym and the representation theory of
the symmetric groups [11]. There are numerous approaches to such “categorifications” of
combinatorial Hopf algebras in the literature, whether by 0-Hecke algebras [10], 0-Hecke—
Clifford algebras [6] or quantum groups [9]. This paper takes the approach from [1, 3, 4],
applying recent ideas in the representation theory of groups to categorify combinatorial
Hopf algebras via towers of groups.
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Supercharacter theories of finite groups are fundamental to this approach. The idea
was originally introduced by Andre (e.g. [5]) to study the representation theory of wild
groups, such as the finite groups of unipotent uppertriangular matrices. Diaconis and
Isaacs later formalized the concept in [7]. While understanding all the supercharacter
theories of groups is generally hard (even for abelian groups), one can interpret a choice
of supercharacter theory as a way to specify which aspects of the representation theory
one would like to focus on. Each supercharacter theory of a group G replaces the space
of class functions cf(G) with a subspace of superclass functions scf(G). In fact, the main
example in this paper uses the two-dimensional subspace

scf(G) ={¢Y: G — C|¢(g9) =¢(h), if g# 1 and h # 1}. (1)

Effectively, this theory only distinguishes between what is trivial and not trivial, and we
note we recover the usual character theory exactly when G is the cyclic group of order 2.

The paper [1] first demonstrated that one could use the supercharacter theory of a
tower of groups to construct a representation theoretic realization of a Hopf algebra;
in that case, the authors categorified the Hopf algebra of symmetric functions in non-
commuting variables NCSym via the representation theory of the finite unipotent upper-
triangular matrices. While the isomorphism given in the paper is natural, it lacks the
canonical nature of the symmetric group (Sym) case. One underlying philosophy of this
paper is that this “deficiency” may turn out to be a feature of the theory.

Here we consider the fundamental group theory construction of taking direct products
of groups,

G =G xGx-xGx{1}

n — 1 factors

building a tower of groups. For the representation theory, we fix a single supercharacter
theory for G and extend it to the direct product groups to get

scf (G 1) 2 sef(G) ® -+ ® scf (G) @ scf ({1}).

To obtain a Hopf structure, we develop product and coproduct functors that rely on the
inclusion/quotient given by
1 | inclusion +n—1
G x G « - GmTTY

projection

allowing us to use both induction and inflation. The resulting family of Hopf algebras

{H(L,a,ﬂ) | L,Oé,ﬁ € SCf(G>7 <L,Oé> = <L7 ﬁ> = 1}

depends on the supercharacter theory of GG, and all have a structure motivated by the
Hopf algebra of noncommutative symmetric functions NSym. This connection becomes
an explicit isomorphism in the special case when we take the theory (1) of G, but the
isomorphisms vary widely.
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In fact, we show that for this supercharacter theory,
H(iap) = NSym,

for any choice of ¢, @ and 3, but each choice actually makes certain internal constructions
more natural. Some other highlights include

Section 4.2. An analysis of how to use «, [ and ¢ to construct our favorite bases of
NSym inside of H, q,4),

Section 4.3. Realizations of the standard embeddings of NSym into NCSym and the
Malvenuto—Reutenauer Hopf algebra MR using representation theoretic functors by
varying our choice of ¢, a and £.

Section 5.1. An analysis of the structure of the character group of H, . g as a combi-
natorial Hopf algebra, including a characterization of when a function in the dual
H{\ 0,5 1810 fact a character, and a formula for the inverse of a character, depending
on o+ .

Section 5.2. A formula for the antipode in H(, 5 (Which also applies to NSym).

The paper is organized as follows. Section 2 reviews supercharacter theories, combi-
natorial Hopf algebras, and some of the basic combinatorics used in this paper. Section
3 defines the Hopf algebras H, o ) using some representation theoretic functors. Section
4 specializes to the case where we recover NSym, specifying some explicit isomorphisms
and connecting this example to the Hopf algebras in [1] and [4]. Section 5 returns to the
general setting and concludes with some analyses of the character groups of H, . 5 and
the antipode.

2 Preliminaries

We begin by a brief review of supercharacter theories, keeping in mind that most of our
main results use only unsubtle versions of the theory. We then set our notation for integer
and set compositions and conclude with a review of combinatorial Hopf algebras, along
with some favorite examples.

2.1 Supercharacter theories

A supercharacter theory (Ch,C1) of a finite group G is a set partition C1 of G with a basis
of orthogonal characters Ch for the space

scf(G) = {¢ : G — C | ¢ constant on the blocks of C1}

such that the regular character reg € scf(G) and the trivial character 1 € Ch, where
orthogonality is determined by the restriction of the usual inner product (-,-) : cf(G) ®
cf(G) — C given by

1 _
W =15 > v(g(9)

geG
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to scf(G). We generally refer to the elements of Ch as supercharacters and the blocks of
Cl as superclasses.

Any such a theory comes equipped with two canonical bases of scf(G): the superchar-
acters Ch and the set superclass identifier functions

_J 1 itge A,
{64 ] A€ Cl} where 6A(g)—{ 0 ifgd A

The main example for this paper is the (trivial?) case where
CL={{1},G—{1}} and Ch={l,reg— 1} with scf(G) = C-span{l,reg},

and much of the paper can be understood with only this example and the following basic
generalization to direct products of groups.
If G is a group and
G"'=GxGx-xGx{1}

is a direct product, then for any supercharacter theory (Chg,Clg) of G, we define a
supercharacter theory of G"~! by

Cl = {<A17 s 7ATL*17 {1}> ’ A17 <o 7An71 € C]-G}
Ch = {<X17 SR 7Xn—17XO) ‘ X1s-+-3Xn-1 € Chg},

(2)

where YU is the trivial character of the trivial group {1}. Then the corresponding function
space satisfies

scf(G"™1) 2 scf(G) ® - - - @ scf (G) @ scf({1}).
n—f?erms

2.2 Integer and set compositions

An integer composition = (pu1, . .., te) of n is a sequence of positive integers p1, ...,y €
Z1 such that |p| = py + -+ 4+ pe = n. We also write p E n and £(u) = ¢. A convenient
way to notate integer compositions is to give its “ribbon” shape so as a sequence of rows
of boxes appended end to end. For example,

(2,1,5,6,3,2) Hcﬁjjjajﬂjajaj

It is well-known that the set of integer compositions of n is in bijection with {0, 1}"~1.
However, there are two standard choices by reversing the roles of 0 and 1:

{0,131 «— {puEn} — {0,1}
bny(u) <« i —  bng(p),
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where for 1 < j < {(p),

0 if j& {p,pa+po, ..o pn+ -+ g1},

bno(,u)-: 0 ifj¢{Ml?ﬂl+:LL27"'7,U/1+"'+/'LZ—1};
! Loif j € {pa, i+ pay ooy pn + o+ e}

bnl(,u)]:{ 1 lf]¢{Ml?ﬂl+:LL27"'7,U/1+"'+/'LZ—1};

In terms of ribbons, the binary sequence gives a sequence of right and down steps, so, for
example,

L[] [Jo[Jo[]
m ey U by
i]I[E)] E]();]
HEERERERE [Jo[Jo[Jo[Jo[]

In fact, if i/ denotes the conjugate composition of u, then

bn (1) = bng ().

Given two compositions u = (pg,...,u,) and v = (v4,...,14), we have two ways of
combining them:

Concatenate. p-v = ({1, ..., fg, Vi, .-, V0),

Smash. priv = (g1, .., fte—1, g + V1, V2, ..., V),

which correspond to adding a 0 or 1 between the corresponding binary sequences.
Using either of the above bijections in the case that scf(G) = C-span{1l,reg — 1}, we
obtain
dim(scf(G™™1)) = #{u F n}.

A set composition A = (Aq,..., Ay) of a set B is a sequence of nonempty, pairwise
disjoint subsets Aq,..., A; C B such that

B=AU---UA,.

We write AF B and ¢(A) = (. Fix a set C' and define a poset on the set compositions of
C by
A=XB

if for each 1 < j < ¢(B) there exists an interval 1 < h < i < ((A) such that
(Ap, Apsr,... Ay) E By
For example,

({3,5,6},{1,2,9,10,11}, {4, 7,8, 12})

({3,5,6},{9,10},{2,11},{1},{7,8},{4,12})

In this case, we say that A refines B. Another way to interpret the relation is that A is
a sequence of set compositions on the blocks of B.
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2.3 Combinatorial Hopf algebras

The paper [2] introduced the formal definition of a combinatorial Hopf algebra as a graded
connected Hopf algebra H with an algebra homomorphism ¢ : H — C, where C is the
underlying field of 4. While it is standard to refer to these homomorphisms as characters
[2], due to the plethora of other characters in this paper we will refer to them as linear
characters. The formal definition in fact makes every connected graded Hopf algebra
a potential combinatorial one (by choosing ¢ to be the counit of #). The choice of
¢ is combinatorially significant and each choice comes with a canonical Hopf algebra
homomorphism to the Hopf algebra of quasi-symmetric functions QSym.
The set of linear characters of H forms a group under the convolution product

(Co&)(h)=(mo((®&)oA)(h) for heH, (& characters,

but aside from this structure there is little guidance on what makes a “good” choice of
linear character. One of the benefits of the representation theoretic approach is that we
easily obtain some natural choices along the way (we call “supported by modules”). In
Section 5.1, we even get a representation theoretic characterization of which functions
¢ : H — C are in fact linear characters (at least for our main example).

As an element of a group the linear character ( : H — C also has an inverse, where
the co-unit is the identity element of the group. We say a character ¢ is odd if

Resy, (¢71) = (—=1)"Res, (¢),

where H,, is the n degree component of H.
The main (well-known) examples of combinatorial Hopf algebras for this paper are as
follows, where, for now, we omit any choice of corresponding linear character.

Noncommutative symmetric functions (NSym). The Hopf algebra NSym is a
graded non-commutative, cocommutative Hopf algebra with bases

NSym = C-span{H,, | p En,n € Z>o} = C-span{R,, | pEn,n € Z,},
where the latter is known as the ribbon basis. The Hopf structure is given by

H,-H,=H

uvs  Where p--v is concatenation as in Section 2.2,

and

A(Hpy) =Y H;® H,_;.
§=0

The second basis is given by

H,= > Ry,

v coarsens W

with the product
R,u : Rl/ = R;m-l/ + R;u--ll/'
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One goal of this paper is to give an interpretation of this Hopf algebra via the represen-
tation theory of a tower of groups. The dual Hopf algebra QSym = NSym™ is the Hopf
algebra of quasi-symmetric functions.

Symmetric functions in noncommuting variables (NCSym). The Hopf algebra
NCSym is a graded non-commutative, cocommutative Hopf algebra with basis
NCSym = C-span{m,, |  a set partition of {1,2,...,n}, n € Z=},

and can be thought of as a version of symmetric functions Sym where the variables no
longer commute. The paper [1] shows that this Hopf algebra can be realized representation
theoretically by considering supercharacter theories

scf(UT,) = @ scf(UT,(F,)),

where UT,,(FF,) is the finite group of n x n unipotent upper triangular matrices over the
field F, with ¢ elements. In this case, the basis {mk}| A=n corresponds to the basis of
superclass identifier functions of scf(UT, (F,)).

Malvenuto—Reutenauer Hopf algebra (MR). The Malvenuto-Reutenauer algebra
MR is a noncommutative, noncocommutive self dual Hopf algebra with basis

MR = C-span{F,, | w € S,,n € Z=}.

The paper [4] shows that this Hopf algebra can be realized representation theoretically
by considering supercharacter theories

scf(ut,) = ED scf (ut, (Fy)),

where ut,(F,) is the additive group of n x n nilpotent upper triangular matrices. Here,
the supercharacters of ut,(F,) correspond to the fundamental basis {F, }wes, -

3 Functorial constructions for Hopf structures

Fix a finite group G with a supercharacter theory (Ch,Cl) and corresponding space of
superclass functions scf(G). If we let scf(G"!) comes from the supercharacter theory
defined in (2), we obtain a vector space

scf(G®) = @sef(G”‘l),
n=>0
where by convention
scf(G'™Y) = scf({1}) and  scf(G°™!) = C-span{x"},

and x? will be the unit of our Hopf algebra below. The following section imposes a
Hopf structure on this vector space using representation theoretic functors. As a running
example, we will use the case Ch = {1,reg — 1}.
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Remark 1. At first glance, the grading we have chosen seems a bit odd, since it might
be more natural to let the nth graded component be scf(G™). However, this choice gives
far less flexibility representation theoretically since G™ x G™ = G™*" where-as G™~! x
Gt C ™1 (with the containment generally strict). We were initially motivated by
the abelianization UT,(F,), given by

UT,(F,)/[UT,(F,), UT, (F,)] 2 FF x - x F.

n — 1 terms

In this case, we have that the dotted arrow

UTm+n

N

UT,, x UT,, UTmsn/[UTmtns U] -

S

UT,/[UTn, UT,0] % UT,/[UT,, U]

making this diagram commute is exactly our inclusion from our chosen grading.

3.1 Basic functors

All our functors will be based on the interaction between a set of normal subgroups of
G™ ! in bijection with {0,1}"'. Specifically, if a = (ay,...,a,_1) € {0,1}"7, let

Gt ={(g1,--.,9n-1,1) € G"" | g; # 1 implies a; = 1},

so that the lattice of subgroups is exactly isomorphic to the Boolean lattice on {0,1}"~1.
For example,
10-1
Grootroion =G x {1} x {1} x G x G x {1} x G x {1} x G x {1}.

Not only is G2~ € G"~! a subgroup, but since G2~ has a normal complement G2~ ' (a
is the binary sequence obtained by switching zeroes and ones), it is also a quotient under
a corresponding canonical projection m,. We therefore have standard functors induction
and inflation,

Ind : Gg_l—mod — G" 'mod and Inf: Gg_l—mod — G" Lmod

with corresponding Frobenius duals restriction Res and deflation Def, respectively. The
corresponding transformations on superclass functions are given by

IndGn vooscf(GRTY) — scf(G"™1)
|G™ 1 : n—1
(8 > gw{ G’"lw() ifg€Gy

0 otherwise.
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InfGn oosef(GRTY) — scf(G™TY)
(G = Y o Ty

By inspection, we obtain the following result, where we use ® to indicate pointwise
multiplication (corresponding to the diagonal action on modules).

Lemma 2. Fora e {0,1}"7!,

Indg () = InfGn Si(reg) © Infnoa (),

where reg is the reqular character of Gg_l.
By Frobenius reciprocity, we obtain the complementary result.

Corollary 3. Fora e {0,1}"7!,
Resgy 1 () = DefG, ) (InfGn \(reg) © )

Thus, if we wish to work in a setting where we include all the standard functors, we
can consider functions of the form

w|—>a®InfGn 1(¢) and wHDefGn 1(5@2/1)

for a, 8 € scf(G™™1).
We say a function ¢ € scf(G™!) factors if there are functions ¢y, 1, . . . , 1,1 € scf(G)
such that

(g1, gn-1,1) = Y1(g1)2(g2) - - - Yn1(gn-1) forgi,...,gn1 € G.

Equivalently, v is a simple tensor in the isomorphic space scf(G) ®- - - ®@scf(G) @scf({1}),
so we will write ¢ = ¥ ® 1y ® - - - @ 1, (where 10, = xU). Note that the elements in our
two canonical bases (supercharacters and superclass identifier functions) both factor, by
the construction of the supercharacter theory.
As a group,
Gl Gl where la| = a1 +as+ -+ a,_1.

We can therefore use the same supercharacter theories for these groups. However, as a
subgroup of G"! it is often convenient to factor functions v =y ® - -+ ® 7, € scf (Gg_l)

into n terms, where v; = U if a; =0 or j=n.
Proposition 4. Let a € {0,1}""'. Then

() If y=m®7® - @, €scf(Ga~") factors, then so does InfGn (7).

(b) Given a supercharacter x = x1 ® X2 ® -+ ® xn € scf(G2™) and 1 < j <n—1,

Gn—1 Xj Zf(l - ]-7
(InfG” (X )>]~:{ 1 ifaj-zO.
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(c) Given a superclass identifier function § = 6 ® 6, @ --- ® 0, € scf(Ga™") and 1 <

j g n— 1)
n—1 5 Zfa = ]_
Inf<) "] 5) { g
< Ga ©) > sec10s ifa; =0.
We have a similar result for deflation,

Proposition 5. Let a € {0,1}""!. Then

(a) If y =7 @7 & - 7, € scf(G"™') factors, then so does DefGn (7).

(b) Given a supercharacter x =x1 @ X2 @+ @ xn € scf(G" Y and 1 <j<n—1,

Def%, = ia; =1,
< “an (x )>] { <Xj,]].>X() if a; = 0.

(c) Given a superclass identifier function 6 = 6, ® o @ -+ ® §,, € scf(G"1) and 1 <

]gn_l;
" 0; ifa; =1
DefC", 5) = 2 o ’
( Ga ( ) J { IE;“XO Zfajzo,

where S; is the superclass identified by ¢;.

3.2 Product functor

Given a set composition A = (Ay, As, ..., Ag) of {1,2,...,n}, let Ic(4) € {0,1}"! be the
binary sequence given by

(), = {

For example, if A = ({1,3,4,5,7},{6},{8,9},{2,10}), then

1 if j ¢ {max(A;), max(As),...,max(A)},
0 otherwise.

l(d) 1 1 1 1 1 0 0 1 0O
-----l----

Thus we view the nonmaximal block elements as selecting the left coordinates of the
entries that will be 1. In this case,

Gioa =GXGEXxGExExEx {1} x {1} xGx {1} x {1} G x G x G x G*

where the isomorphism comes from rearranging the factors block by block.
For ¢ € scf(G), A,BF {1,2,...,n} with A a refinement of B, define

Inf3) : sef(Gpt) — scf(G;g g))

(8 = LA © InfoE?; (¥),
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where Lﬁ € scf (ch(_é)) is a factorizable function given by

1 if 1C(A)J = 1C<§>] = ]_,
(B); =< ¢ ifle(A); <le(B);,
B XV if le(A); =1¢(B); = 0.

The function Lﬁ effectively inserts an ¢ in each coordinate j where lc(A); < lc(B),. Note
that Infﬁ[]l] is ordinary inflation, and Infﬁ[reg] is induction.
These functions are transitive in the ways one would hope.

Lemma 6. Let A, BF {1,2,...,n} such that A refines B.
(a) If ¢ € scf(GﬁZAl)) factors, then Infﬁ[b](w) factors.
(b) If CEA{1,2,...,n} such that B refines C, then

Inf%[b] o Infi[b] = Inf%[L].

Proof. (a) Suppose ¢ =11 ® - -+ @ 1b,. Then

Inf3[t] (v)
B G B Glim) B Gle@n
= Inf —11 Ifn—12 n Ifn—l n) |-
(0 @i () @ ()2 © i D2 () @ - @ () © Inf & (1)
b)Y =1 @ @Yy,
c B c i, (B Clm),
(0650 0 1)) = (§); © Inf ' ((5); @ nf i ()
j 1c(B); 1c(4)
) o1 if Ic(A); =1c(B); <le(C); =1
XV oxVoxV ifle(d); =1¢(B); =1c(C); =0
= L)1), =
We define a product on scf(G*®) by extending the graded product
scf(G™ 1) @ scf(GM1) — scf(Gmtn=1)
o o Il G v) @
v DLy o md fmrt,.n ) LY

linearly. By Lemma 6 (b), this product is associative.
Note that if y =Y ® -+ ® 1, and v =y ® - -+ ® 7, factor, then

1,2,....m+n
It 2 ) =t ® ® Y1 ® @ ® - ® .

.....

If we want to work in a specific basis, therefore, we merely need to know how to decompose
L.
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Running Ezample. In our example with scf(G) = C-span{1, reg},
Case ¢t = 1. Fora € {0,1}" " and b € {0,1}" 1,
X X _ X(a 1,b)

0q * 0 = Oa1.0) + d(a,0)-
Case ¢t =reg. For a € {0,1}™ ' and b € {0,1}" 1,

0g - Op = |G\(5 (a,0,b)-

There is in fact a Pontryagin style duality between the two cases which encodes why these
results seem so similar (while being reversed).
3.3 Coproduct functor

Given a set composition A = (Ay, As, ..., Ay) F {1,2,...,n}, define binary sequences
llc(4),be(A) € {0,1}* ! by

|1 ifjeAyand j+1€ A with k </,
lle(4); = { 0 otherwise,

. 1 ifje Ay, and j+1€ Ay,
be(4); = { 0 otherwise.

For example, if A = ({1,3,4,5,7},{6},{8,9},{2,10}), then

le(4 10 1 1 1 0 1 1 1 be(A) 0 0 1 1 0 0 0 1 0
[ O I R A N B B [ O I R I R B B

A 1 3—4—5 ~7 Al 1 3—4—5 7

Az \ ’ \6‘7\ and Az 6

As B 8—=9 A3 8—9

Ay 2 10 Ay 2 10

We view llc(A) as selecting those left coordinates j for which j + 1 is in the same block
or a subsequent block, and bec(A) as only allowing those coordinates j where j 4 1 is in
the same block.

For 7,c, 8 € scf(G), A, BE {1,2,...,n} with A a refinement of B, define

DnZ(r, a, ] : scf(Gﬁ(’é)) — scf(G"*1 )
- — n 1 n l
v — 7A®Inf ) 6 Def if(E{’) ((c B) © ),
Gbc(A) Gbc(A)

where 74 € scf (G?C(z ) and (a X ﬁ) € scf (G" ! ) are the factoring functions given by

1 ifbe(4); =1,

A .
: £ = B a if be(A); < llc( )J,
(Ta)j=q7 if bc(ﬁ)g‘ < 10(%);» and ((a x B)y); = B if 0= lle(A), i ¢(B);,

A); =0, YO0 i 0 = lie(A), = 1(B),
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Here we have Dn[l,1,1] = Inf o Def, Dn[l, reg, reg] = Inf o Res, and Dnlreg,1,1] =
Ind o Def.

These functions are transitive in the ways one would hope as long as we add some
conditions on 7, o and f3.

Lemma 7. Let A,BF {1,2,...,n} such that A refines B.
(a) If ¢ € scf(Gﬁ(’é)) factors, then Dnﬁ[a] (v) factors.
(b) Suppose (1,a) = (1,8) = 1. If C E{1,2,...,n} such that B refines C, then

Dnﬁ[T7 a, 8] o Dn%[T, a, f] = Dni[T, a, f.

Proof. (a) Suppose ¢ =11 ® - -+ ® 1b,. Then

- Glia), Glis),
Dujlr, @, 5)(v) = @) ((ra); © Iy D" o Def 2 (o x 5)5); @),
]:1 clAa ] clAa, _7
(b) We begin with some observations about refinements. First, if A refines B, then
be(A); < be(B); and le(A); < le(B);, and llc(A4); < lle(B), for all 1 < j < n. Second,
that even stronger condition of be(B); = 0 implies llc(A); = lle(B), forall 1 < j < n
holds, since A refines B block by block.

=1 @ @y,
(Dnifr. o8]0 Daflr. . B](0) )
e,
= (TA)j ® IIlfG{)LC_(IA)
Gles), B Gl Gluo), c
o Def (o x B)); © () © Inf "0 Def 1V (o x 9)5); ©0))
() if be(4); =1,
<1pj,Oé>T if bC(A% < bC(E)j, HC(A)j = IC(A)] = ].,
(5, )XV if be(A); < be(B)jy, e(A); > 1e(A);,
(;, B)T if be(A4); < be(B);, lle(A); < le(A);,
(15, BYxV if be(A4); < be(B)j, He(A); =1c(4); =0,
) Wy, a)(r,apt  if be(B); < lle(A); = le(A);,
) (@, a) (T, a)xV if be(B); = 1c(A); < le(4); = 1e(B);,
( j,a)xo if be(B); =le(B); < llc(4);,
(Vj, B)(7, B)T i be(B); = llc(B); < 1e(A);,
(W5, B) (1, B)xV if be(B); = lle(B); = 1e(A); < 1e(B);,
(5, B)XY if be(B); = lle(B); = 1e(B); < 1c(C);,
\ X() if IC(C>j =0,
— () © s o Defers” (@ x 8)); 0 ) 0
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Define a coproduct on scf(G*®) by extending

scf(G"!) — @ scf(G™ 1) @ scf(G™ 1)

" e (@

Ag{1,2,77’b}

linearly, where by convention if A or A is empty, then we get x?®1 and 1®x?, respectively.
By Lemma 7 (b) this product is co-associative.
If) =1 @Yy @+ @, €scf(G"!) factors, then for 1 < j < n—1,

W, if be(A, A); =1, B B
o (j, ) if be(A4, A); =0, (A, A); =lc(A4, A); =1,
Du %[, @, B](0); = § (5. a)x 0 if be(A, A); = le(A, A); = 0, Ue(A, A); = 1, (5)
(1, >T if be(A, 4); = llc(A, A); = 0, 1e(4, 4); = 1,
<77Z}], > if bC(A,Z)j = 1C(A,Z)j = HC(A,Z)J =0

Note that this expresses the product without reshuffling into two factors, so for example,

if A={2,3,6,7,8} C{1,2,...,10}, then

D5 e Bl(w)

—= T(A A) @ Inf IC(A A

bc(A A)

2 3 6 7 8
oDetly (| BOUSEa O YSEEE O YsDvrea O vserax))

be(A,A)

= T(a, Z)

© Tt g (i, B)X0 0, )V {85, BNV S (s, 002XV

bc(A A)

= (1, BY Ty, ) TR (s, BT 6 s, )X Do

which unshuffles to

(" o, arenspro (s, alx) © ( (un, Byreva (s, B)roveex?)
1 4 5 9 10
€ scf(G°) ® scf(G°1).

In this case, if we are working in a specific basis we need to know how to decompose «,
£ and T.

Running Example. In our example with scf(G) = C-span{1,reg}, consider two cases.
Case T =a=08=1. For AC{1,2,...,n}, be {0,1}"1,

0 if be(A,A); =0=0b; forsome 1 <j<n—1,
e ®x% if be(A, A); = 0 implies b; = 1,
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where if A= {a; <ay <---<ag}, then b, € {0,1}*7! is the sequence given by

(bA>j - baj .

Note that if we encode {0,1}"~! as integer compositions of n by letting 1’s denote
carriage returns, then this operation deshuffles the parts.

Case T =reg, a =1, 3 = (reg — 1)*. For AC {1,2,...,n},be {0,1}"}

Dnltlreg, 1, (reg — 1)7](x")
0 if llc(A,
_ Z Y @y if lle(4,

b €{0,1}4,b"" €{0,1} A
bl =bq if a € A, bc(A,A)q =1
bl =bg if a € A, be(A, A)g =1

A); < bj for some j,
A); = 0 implies b; = 0.

3.4 Hopf compatibility

As defined in (3) and (4), the product and coproduct generally do not give a bi-algebra,
but under some minor restrictions on ¢, 7, o, and S we in fact not only get a Hopf algebra,
but the underlying structure for a Hopf monoid in species. Our main result in this section
is as follows, where for a set of integers X we let

Xem={reX|z<m} and X.,={re X |x>m}.

Theorem 8. Let 1, 7,a, 3 € scf(G). For all (A,B) E {1,2,...,n}, ¥ € scf(GIA=1), and
v € scf (GIPI7Y),

Dng " o B o I (i [0 )
- (Infgﬁ)gw,&w)[b] ® Infggim\,&\m)[d)
(Dufl D el @) @ Dl o, 5)(0)
if and only if L =T and (1, a) = (1, 5) = 1.

Proof. Since we have a basis whose elements factor, we may assume WLOG that ¢ and ~
factor. By Lemmas 6 (a) and 7 (a) we may evaluate this equality coordinate-wise. First,
consider the case j = m = |A|. Then

1,2,...,n 1,2,...,n
DD&,B) })[Tao"ﬁ]omfgm ----- m}}),{m+1 @ @)

-----

L if be(A, B),, = 1,

(t, B)7  ifbe(A, B)yn =0, llc(A, B),, =0, lc(A, B),, = 1,
=< (t,a)7 if be(A, B),, =0, 1lc(A, B),, = 1, 1c(A, B),, = 1,

(1, BYxV if be(A, B)y = 0, llc(A, B),, = 0, 1c(A, B),, = 0,

(t,a)xV if be(A, B),, = 0, llc(A, B),, = 1, 1c(A, B),, =0
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On the other hand,

A B
(InfEA)ém:A>m) [[)} ®InfEB)<m7B>m B
v ifle(A,B)m =1,

A, B)p = 0.

If we choose A so that lc(A, B),, = 0 we get equality only if

(¢, 8) = 1.

Next choose A such that 1c(A, B),, = 1, bc(A, B),,, = 0 and llc(A, B),, = 0. Then we get
equality only if
L=, B)T=r.

If A satisfies lc(A, B),, = 1, bc(A, B),, = 0 and llc(A, B),, = 1, we get equality only if
v= ()T = (1, ),

so (t,a) = 1. In particular, we have established that we get equality only if : = 7 and
(t,) = (1, B) = 1. Furthermore, if these conditions hold we get equality when j = m.
Suppose ¢ =7, {1,) = (1, 5) = 1, and j # m. Then
1,2,...,n 1,2,...n
DHEQ,B) })[7'7 a,fB] o Infgm ,,,,, m}}),{m+1 n})[b](w ®7);

-----

(W ®@7); if be(A, B); = 1,

(b ®7);,8)¢  if be(A, B); =0, llc(A, B); =0, Ic(A, B); = 1,
={ (W @7);,a)  ifbe(A,B); =0, lc(A,B); =1, 1¢(4, B); =1,

(b @7);, B)xV if lle(A, B); = 0, le(4, B); = 0,

(1 ®7);,a)xV if lle(4, B); = 1, 1e(4, B); = 0

On the other hand, if j € X with X € {(A<n, B<m), (Asm, Bom)}, then

(4) (5) ({1en)
(Infmgm,Am) @It s, b, M) (Dnmgm,Bgm) [

(Y ®7); if be(X); =1,
<(¢ ®7)j76>b if bC(X>j =0, HC(X)J =0, IC(X)J' =1,
(W @7)j,a) it be(X); =0, le(X); =1, le(X); = 1,
= <(¢ ® ’7)]" 6>L if IC(X)j =0, HC(X)j =0, IC(Aa B)j =1,
(b @7)j,0)0  ifle(X); =0, Ue(X); =1, 1c(4, B); =1,
<(w ® V)ja B>X() if HC<X)] = 07 IC(Aa B)J = 07
\ <(w @ 'V)ja O‘>X() if HC<X)j =1, IC(A, B>j =0.
Since for j # m, be(X); = be(A, B); and if le(X); = 1, then lle(X); = llc(A, B);, we can
check that we get equality. O]

Remark 9. Theorem 8 implies that we not only get a Hopf algebra, but that there is in
fact an underlying Hopf monoid.
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We say (¢, a, B) is a Hopf triple if ¢, v, B € scf(G) with (v, ) = (¢, 8) = 1. For a Hopf
triple, let H(, »,3) denote the Hopf algebra

Hap) = @ scf(G™1)

n=>0

whose product (3) uses ¢ = ¢ and coproduct (4) uses 7 = ¢, « = a and § = f.

3.5 Freeness

All the above Hopf algebras are free, as proved in the next result.
Proposition 10. Let (¢, o, §) be a Hopf triple. Then the Hopf algebra H . ap) is free.

Proof. Fix a basis B C scf(G) with ¢ € B, and let B = B — {1}. For n € Z1, the set
B®(=1) is a basis for scf(G™!), and let

B* = U B where BN = (i @ - @1 @ XV [ Y1, ¥y € B

n=0
If )@ @Y1 @xV € B et (i1,14y,...,1i) be the subsequence of (1,2,...,n—1)
recording the indices with ¢;; = ¢. Then
P1®- - @y @ XV
— (@@ @x0) (V@ @b @x0) - (Y @ @ g @)

is a unique factorization into a product of elements in B°. Thus, B° is a set of free
generators for H, q g). O

Running Erample. If scf(G) = C-span{l,reg} and ¢ € {1,reg}, then |B| = 1. Thus,
each degree has exactly one generator.

4 Favorite Examples: NSym and QSym

The main motivation for this work was understanding the different representation theo-
retic interpretations for NSym the authors had come across in recent years. This section
focuses on the case where scf(G) = C-span{1,reg}, so that dim(scf(G"™')) = 2"~

4.1 Free cocommutative graded Hopf algebras

Let H = D,-o Hn be a free graded cocommutative Hopf algebra. By Milnor-Moore, it
is generated by its set of primitive elements prim(H).

Lemma 11. Let H = D, Hn be a free graded cocommutative Hopf algebra. Then H is
freely generated by a subset of prim(H).
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Proof. Let I be a set that freely generates H such that each generator has homogeneous
degree, and let F, = F'N @Kn H;. We prove by inducting on n that Fg, may be
replaced by F., C prim(#,) such that the set F’ obtained by replacing Fi, in F by F_,
still freely generates H. Note that for n = 1, Fe; C prim(#H).

Suppose we can replace Fe(n—1) by FL(, ;) C prim(H). If F,, C prim(#), then we are
done. Else, let f € F,, — prim(H). Since prim(H) generates H,

f = P<n + P=n,

where p_, is a linear combination of products of primitives from a lower degree (WLOG
in F ;(n_l)), and p—,, is a linear combination of primitives of degree n. But

f = p<n € prim(H),
so if F” is the set where we replace f in F,, by f — p.,, then F” also generates H. To see
that " is still free suppose there is a polynomial Y in F” involving f — p.,, that is zero,
SO
Y(f —p<n) =0.

However, f — p., is a polynomial in the elements of F', so by the freeness of F', Y must
be identically zero. Thus F” is still free. In this way, every element in F,, — prim(H)
can be replaced by a primitive, and we obtain a new set F] of primitives such that
FL, = F, 1) UF, gives us a desired replacement. O

The following result appears to be well known folk-lore, though we were unable to find
a reference. We've included a proof here for completeness.
Theorem 12. Let H = @, Hn and H' = D,,ooH,, be two free graded cocommutative
Hopf algebras. Then H = H' if and only if
dim(H,,) = dim(H,,) for alln > 0.

Proof. Let F' C prim(H) and F' C prim(#H') be sets of homogeneous free generators.
Suppose n is minimal such that |F,,| # |F)|. Then

#{r x| @, WQU deg(z1) + -+ deg(ze) = n, 0 = 1} + |F|
j<n
= dim(H,) = dim(#H.,)
=H#{x1- x| 21, ... ZL’gEU deg(z1) + -+ -+ deg(xg) =n, 0 =1} + |F))|.
i<n
Since |Fj| = |Fj| for all j < n, we conclude that |F,| = |F}|, contradicting our choice of

n. Thus, |F,| = |F!] for all n, and we may fix a graded bijection ¢ : FF — F’. Then ¢
extends multiplicatively to an algebra homomorphism ®. Suppose fi,..., fr € F. Then

A(@(fr--- fe)) = A(R(f1)) - -- A(D(fe))
= ) O(fa)®(fs)

AUB={1,2,...0}

= O(A(f1--- fo)),
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where fa = fo, - fo, if A={a1 <ay < -+ < au}. Extend linearly to get that @ is
also a co-algebra isomorphism. ]

Corollary 13. Fiz a supercharacter theory (Ch,Cl) of G and let v, o, 5 € scf(G) form a
Hopf triple.

(a) If (Ch,Cl) is another supercharacter theory of G with dim(scf(G)) = dim(scf(Q)),
and 7, &, B € scf(G) forms a Hopf triple, then

H(L»avﬁ) = %(Z,d,ﬁ) :

(b) If dim(scf(G)) = 2, then
H(L,a,ﬁ) = NSym.
4.2 NSym

While we obtain a number of different versions of NSym via Corollary 13 the choices
naturally pick out certain bases. For 7,1 € scf(G) and p F n, let (1);, € scf(G"™') be
given by

(7)), = PN e, @ e, ®... @ kD g\ escf(GM).

In fact, since

in H,a,p we have
(T = (M) (T)azy =~ (T (6)
By construction, we have
(T)p = ()}
where 1 is the conjugate ribbon where we replace right steps with down steps and vice-
versa. In terms of binary sequences, conjugation corresponds to switching zeroes and

ones.
In particular, if scf(G) = C-span{1,reg}, then the supercharacters are given by

{(reg — 1), | nEn} ={(1); " | nEn},

and the superclass identifiers are given by

{(%)1 | pE n} = {(]L)Leg/\Gl | wEn}.

I

Note that if (¢, , 5) is a Hopf triple and o € C-span{}, then due to the compatibility
conditions with ¢, we have a = . If o # 3, let {a*, *} denote the dual basis to {«, 5}
with respect to the usual inner product (-, -), so that « = o* + §*.

Lemma 14. Suppose scf(G) = C-span{1,reg} and (v, «, B) is a Hopf triple.
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Case a = 3. Let 7 € scf(G) be a nonzero element such that C-span{r, 1} = scf(G) and
(1,8) = 0. Then {(7)(,) | n € Zz1} is a set of primitives that freely generate H, a,p)

and
H(Lﬂﬂ) — NSym

(T)L = <"p#>’

is a Hopf algebra isomorphism, where p,, is a shuffle basis element of QSym.

Case a # B. The set {(a”),) | n € Zz1} freely generates H, a5 and

H(L7a7/3) — NSym
(@), +w— H

2 Iz

1s a Hopf algebra isomorphism. In this case,

(a*)ﬁ* = R,

Proof. In both cases, (6) implies that the sets generate freely, using a similar argument
as in the proof of Proposition 10. For the coproduct

A((T)n) = (M @ X"+ X" & (7)),

n

A((@) ) = D (@) ® (@)

=0
and the results follow by the multiplicativity of the coproduct. m

Ezxamples. If 1 = a = § = 1, then by letting 7 = reg — 1, we get that the supercharacters
(7)), = x"mw

are dual to the shuffle basis of QSym. In this case,
n—1

(reg);, = IndZ. . (1)

bug (1)

multiplies by concatenation. To compute the coproduct, it therefore suffices to consider
the composition (n). Here, we sum over all ways to assign each box left or right; if we
have assigned (for example, starting with a left) (L*, R* ...) where ki, ks, ... € Z>; and
ki+k+24--- =n, then we get the composition (ki, ks, ...) on the left side of the tensor
and (ko, ky,...) on the right side. Explicitly,

A((reg)ly) = ) _((reg)), ® (veg),, + (reg),, © (reg);,)

HEN

where if
= (g1, p2,...) then po = (u1,us,...) and pug = (u2, fa,...).
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We were unable to find this latter basis in the literature, though we very well may have
overlooked it.
Let t=reg, a=1 and f =

= 1 and the permutation characters
(1)re8 = Ind%,_, (1)
bny (p)

correspond to the H-basis. In this case, the supercharacters correspond to the ribbon
basis of NSym. In this case, one might ask about the third canonical basis of superclass
identifier functions. Let

Su = (|G[1 - reg)zeg = |G||M|_15bn1(u)

Then o i
N(SV = 6u v
and
A(g(")) = Z( ‘G’)Z(uo (’G‘ o ®6,U«E+ Z —|GJ) LZ /2] (5 ®(5 +5ME®§#O)
w(hyeaz gz

At the specialization |G| = 2, we get

Afw) = 3 DU (i © s + 515 6.

pEN
gz
Again, we were unable to find this last basis in the literature (neither with |G| arbitrary
nor with |G| = 2), though we very well may have overlooked it.

4.3 The relation of NSym to other Hopf algebras

Recall, that NSym injects into the Hopf algebra NCSym of symmetric functions in non-
commuting variables. There are various ways to realize this inclusion, but the following
gives one.

Proposition 15. Let G = ]F;f. Then the function Inf : H (g regreg) — scf(UT,) given by
extending

Inf8$2/[UT vt (W) fori e scf(G™™1),

linearly, is an injective Hopf algebra morphism that sends the supercharacters of scf(G*®)
to the supercharacters containing the linear characters of scf(UT,).

There is also (at least) one injective homomorphism into the Malvenuto-Reutenauer
Hopf algebra. The paper [4] relates the Malvenuto—-Reutenauer algebra to the represen-
tation theory of

ut, = {u € Mn(]Fq) | Uj; = 0, if ¢ < j}
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For w € S, define
uty = {u € uty |uy =0, i j — i > #{h < i |w(h) > w(i)}}
ut:;:{ueutn]uij:(), ifj—z'—1>#{h<i\w(h)>w(z’)}}.

For example, if w = (4,2,9,5,8,3,1,7,6),

0 x x x x x x 0 0 0 *« *x x % x x *x 0

0« 00O0O0O0O0 0 x = 00000

0 « = = x 0 0 0 « * x *x x 0

00 0O0O0O0 0« 0000

ut, = 0« 000 and ut) = 0 « = 00

0 * * % 0 * *x x

0 * x 0 * x

0 = 0 =*

For w € Sy, let w be the set composition of {1,2,...,n} given by
w = ({w@)}{w(2)},... {wn)}).
Then we have the following composition of functions
twsty,: scf(G"1) — scf(ut,,) —  scf(ut)) — scf(ut,)
W) > Inff{‘tf]ﬁ o Dnglreg, 1, (reg — 1)*](v))
v — Inf[reg — 1](v)

0 — Ind"t (0).

If we apply the first function to a supercharacter (]l)ffg”l, we obtain

Inf!% o Dng[L, (reg — 1)°] ((]1);;%—1) —0,

unless w!(z) > w™! (i + 1) if and only if i € {p1, 1 + pa, ..., n — pe}. Thus,

twst ((11)“%—11) _ [ oxe w0 > wT i+ 1) i€ {pn e, n =
v K 0  otherwise.

Extend linearly, to get the function

twst : scf(G"1) — scf(ut,)
Y — thstw(@/}).

Proposition 16. The function twst : H(reg 1 (reg—1)+) — scf(uts) is an injective Hopf
algebra morphism.
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Proof. First note that for u F n,

twst((]l)zeg’g = Z XY < R,

wESn
desc(w=1)={py,...,n—pg}

where for v € S,
desc(v) ={1 <i<n|v(@)>v(E+1)}.

Thus, the composition

NSym — Hreg (reg—1)*1) — scf(ut,) — MR
R, ~ (et o twst<(]1)ffg*ﬂ> — R,
gives the usual embedding of NSym into MR [8]. O]

5 Combinatorial Hopf algebras

We return to the general setting, where scf(G) can be arbitrary. We begin with some
results on the groups of linear characters of #, o,3) and conclude with an antipode formula.

5.1 Character groups

Recall, that a linear character x : H — C is an algebra homomorphism, and the set of
all such characters forms a group under the convolution product. If ¥, : Z>o — H(,ap)
is a function such that W,, € scf(G"™ 1), then we may define

\I/.>: H(L,(Lﬁ) — C
¥ = (7, ¥,) if v € scf(G"TY).

In fact, every linear character of H, . g is of this form, although the converse does not
hold. The following lemma gives a characterization.

Lemma 17. Let V¥ : Z>o — H(,a,p) be a function such that ¥,, € scf(G™1) and ¥y = 7.
Then Wq) is an algebra homomorphism if and only if for each 0 < j < n,

n—1 1,2,...n
Defgjilxenijil([/EELQV“Ji){j""l ----- n}) @ \Ijn) - \Ij] ® \Ijn_]

Proof. On the one hand, if v € scf(G™™1) and x € scf(G™"™!), then
1,....m+n m+n—1
<”7 "X \Ilm""") - <LE%1,...,m;_,{r}n)+1,.,.,m+n}) © Infgmflenfl (7 ® X)7 lIjm—i—n>
m4n—1 1,...m+n
=(Y®X, Defgmfl xGn—1 (LE}L...,m;_,{g1)+1,...,m+n}) © Wrnin)).

On the other hand,
<77 \Ijm><X7 \Iln> = <7 X X, \Ilm X an)

Since v and x were arbitrary, the result follows. O
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From a representation theoretic point of view this construction is especially nice if each
U, is in fact the character of a module; in this case, if ¥,, is the trace of a G" '-module
for all n > 1, then we say VU,) is supported by modules.

One way to construct such a linear character is to fix ¢ € scf(G) and define 1) by

n =109 - @ypaxl.

n—1 terms

Then
n—1 1,2,...,n
Defgﬂ’le"*H(LE%1,2,...,jf,){j+1 np ©¥n) = (1) (%’ ® ¢n—j)~

-----

Thus, ,) is an algebra morphism if and only if (;,%) = 1. In particular, ¢ € {«, 5}
always works for H, . ).
For ¥,) an algebra homomorphism, 7 € scf(G), and p = (u1, ..., we) E n, let

(\If.); = \Il,ul ®T®q’“2®7®"'®7®\lf”w
where we make use of the convention that
U, @71 = (U, x\)r

as class functions of scf(G). For p € scf(G) and I'y) another algebra homomorphism, let

(W) 0y () = (W, ©7) @ (T, @) @ (W ©7) @ (T, @) @+ @D,

where
0_ v if £ is odd,
1 ' if 7 is even.

Theorem 18. Let U,),T',) be algebra morphisms. Then
(a) Ue) o) = (Vol),) where

(Wol)y =) (V) allls (Te) + (Fa) sllia (Va).

(b) W)=t = (U~1),), where

LEN

Proof. (a) We have that for ¢ € scf(G™"™1), by Frobenius reciprocity,

(ool (@) = > (Do e Bl(6), Wiy x Tjz)

AC{1.2,....n}
m—1
_ ({1,2,...,n}) Ggn-1 GC( )
= 2. Wilax Py Ommig oDl () © Yia < Tin))
AC{1,2,...,n} ’ c(A,
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SO

n—1

n— G _
(Wol)y= > (axB)Z ™ omif oDef i (yum © Via x Tjg).
AC{1,2,....,n} A) Gbc(A,Z) GbC(AJ) (A,A) 14|

As functions on

Gﬁ jA) ~ G\A|—1 % G|A|—1

W4 evaluates on the first factor and I' 3, evaluates on the second. When we deflate, ¢, 7
multiplies each coordinate i such that i + 1 is in a different block of (A4, A) by ¢. Due to

this separation, we can use Lemma 17 to see that

Hz»

c( _

De fGiz ?A) (tam) OV xTg) =¥, @T
be(A,A)

where p14 is the integer composition whose parts lengths record the length of the sequences

with consecutive integers in A and py is the integer composition whose parts lengths

record the length of the sequences with consecutive integers in A. For example, if A =

{1,4,5,7,8,9} C {1,2,...,15}, then

MA:E and  fpiz =

However, as we inflate to G"~! the relative order of the parts is preserved, so something
like

HER

11[12[13[14]15|

2(3|T

[4[5] >
(6]
7|8|9|¥3

10|11{12|13[14|15| T'g

Now the (a x 6) (1, 2’ ™) term adds an o whenever we transition from A to A and a 3
whenever we go from A to A. Result (a) follows as we sum over all A.

(b) Let I'y be given by
T, = Z(_\If.);ﬁﬁ.

HEN

We want to show that T'y) = ¥,)~! or (¥, 0T,), =0 for all n > 1. By (a),

(PaoT)n =D (W)l (Ta) + (T4 s, (W)

HEN

If we expand the I'-terms according to its definition, all the summands are of the form.
:I:\Ifl,l®x1®\11,,2®$2®-"®$e_1®‘1/w (7>

where v = (v1,...,v) Enand xy,..., 2,1 € {a, B, + B}. However, for a fixed compo-
sition v not all sequences in {«, 3, a + 8}~ can occur. Since ¥, and I'; terms alternate,
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any « in the sequence must be followed by either an a4 3 or a 5. Similarly, any 5 must
be followed by an a. The o + 8 could be followed by either a 8 or an a + . Define

S, = {(131 o me) € {auBat BY x; € {a,a + B} implies ;41 € {ﬁ,a—i—ﬁ},}

x; = [ implies x;11 = «
This set is in bijection with the summands of the form (7). For example,

(a, B,a,a+ B, + B, 8, a,a + f3)

!

1 FVQ ‘1/7/3 ) FV4‘E\V5+1/6 .
\I}m Ka & (_\IJW) ®6 ® \Ijvg ®a® (_\IIW) & (Oé + B) ® (—\IJVS) & (a + B) ® (_\I/Vcs)
®5 ® \ij ®a @ <_\IJV8) ® ((1/ + ﬁ) ® (_\I]VS))

~~~ N ~~

)4

vt Fu8+1/9
The sign of the summand is also determined by
sgn(xy, ..., xp_q) = (—1)iHlilzimal =z =6}

Consider the sign-reversing bijections

JZJ:B,
Tig] = Q tgl; .
(«Th...,xg_l)ESg ]+_ ’ <—J> {(l‘l,...,Ig_l)ESf’xk:Oé+6,]€>]}
iL‘k—Oé—i‘ﬂ,
k>4l
(xlw"axj—laﬁJa?xj-‘rla"'7xf—1) — (xla"'7xj—17a+57a+/87xj+17‘"ng—l)

in Sy. Note these functions are well-defined since both g and a+ 8 may only be preceded
by a or a + 3. Now by tgl,_;,

Z sgn (21, ..., T-1)T1 @ - @ X1 + Z sgn (21, ..., T—1)T1 @ - @ Tpq

(T1,e0y zp_1)ESy (€T zp_1)ESy
zy_1=P Typ_1=a+p

= Z sgn (1, ..., T 1)T1 Q- R Typ_2 D .

(€I xp_1)ESy
zg_1=atp

Thus,

Z sgn (1, ..., T—1)T1 @ -+ @ Tp—y

(xl ,‘..,:ngl)GSg

= Z sgn(T1, .., Tp—1)T1 @ -+ @ Tp—q

(€IS zp_1)ESy
zp_g=hzy_1=a

+ Z sgn (1, .., X 1)T1 R R Ty 2 D«

(T1,e-0y zp_1)ESy
zp_1=a+pB
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= Z SgN(T1, ..., 1)1 R R Ty o @

(€T zp_1)ESy
rp_3=Bxp_g=axy_1=ath

+ Zsgn(xl,...,xg_l)m@---®xg_3®oz®a,

[T zp_1)ESy
rp_g=ry_j=ath

by applying tgl,_,. Continue to iterate with tgl, s, tgl, ..., tgl;, until we get to

Z sgn(r1,..., T 1)T1 @ -+ @ Ty

(@1, 1)ESy

= Z sgn(zy, ..., r1)a® - @ a+ Z sgn(zy, ..., T 1)a® - R«

(€T xy_1)ESy (T15--) Tp_1)ESy
Ty =arg=ag=-=r)_1=a+8 ry=ep==wg_j=ath

=0,

since these last two summands have opposite sign. This implies that all the summands
of the form (7) sum to zero and so (¥, o I's), = 0 for n > 1. O

Corollary 19. Suppose o and [ are class functions that are traces of modules. If U,)
and I'y) are algebra homomorphisms of H.qp) supported by modules, then (VoTI'),) is an
algebra homomorphism supported by modules.

Corollary 20. If a = 3, then ) is an odd linear character of H, o s)-

Proof. Note that since o = (3, for pu F n,

(a.)fﬁ — (&.)Z‘X - 25(11)—1(0[.)?“)‘

Thus, by Theorem 18 (b),

(@ =D (-1 2007 @)y,

HEN

(X come) ey,

AC{12,...,n—1}

:(_ > (—2)'A‘>(a->2n>

AC{1,2,....,n—1}
= —(=2+1)" ()
= (=1)"(e){n);

as desired. O
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5.2 Antipode

For 71,...,Yn—1 € scf(G) and v,, = xV,

Sme- @)= > (=)@t Z " lowsoDni "V, a, Bl(m -

AF{1,2,...n}

where w4 is the straightening permutation with minimal crossings that sends

A1P—>{1,2,7|A1|},A2'—>{|A1|+1,,|A1|+|AQ|},,Ag'-){n—lAd—f-]_,

Specifically, for j € Ay,
wa(j) = #{i <jlie A+ |Al
i<k
Note that

IHfSAl’(QA")'"n}) 1] o onDnS{l’z ..... ”})[L, o, Bln®-® %)wﬁ(j)

<7j7 Oé>L if bC(A)j = 0, HC(A% = 17
_ ) B ifbe(A); = 0, le(A); = 0, walj) # n,
B <’7j7 5))(0 if bC(A)j =0, HC(A)J =0, wa(j) = n,
L if j =n # wa(j),
[ XV if j =n=wa(j)-

Consider the case where we have j < k and

wa(k) =wa(j) + 1,

or
XY & Vjtr1 @ -+ - Q Vi

D wa(i) @ walh) © -

,n}.

Then we could either have j and k in the same block of A or not. If k # j+ 1, then we get
the same answer for the w,(j) coordinate whether j and k are in the same block of A or
not. However, these two choices do have a different sign in the sum. If k£ = j + 1, we get

the same answer only when ~; = «. With this in mind, a toggle point in A = {1,2, ..

is an element 1 < j < n such that if j € A;, then either
split toggle. j is maximal in A; and min{A4;1} > j+ 1, or
fused toggle. j is not maximal in A; and j +1 ¢ A;.
Define

TF, ={AE {1,2,...,n} | A has no toggle point}
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Lemma 21.
(a) |TF,| =31,
(b)
Stn@-@y) = Y ()@t 0wy 0 Dl Bl (n @+ @),
AETF,
Proof. (a) To construct a generic element of TF,,, make the following choices:
Step 1. Place 2 in the same block as 1, start the next block with 2, or start a block in
the beginning with 2.

Step 2. Place 3 in the same block as 2, start the next block with 3, or start a block in
the beginning with 3.

Step n — 1. Place n in the same block as n — 1, start the next block with n, or start a
block in the beginning with n.

Constructing the first few examples is as follows:

(@)
_—
(.2
(2.3 (20 3 (3 12y ED e ()
(23D 2L GBI . 2D )
(2.3 (1) (21 48} (1) ({3}, 121, (1)

In each case, we have 3 choices, giving the total.
(b) We begin by sorting the set compositions of {1,2,...,n} that have toggles into
two subsets:

Splt ={AF{1,2,...,n} | A¢ TF,, the minimal toggle is split}
Fusd = {AF{1,2,...,n} | A ¢ TF,, the minimal toggle is fused}.

By changing the minimal toggle from split to fused (fusing the corresponding blocks), we
obtain a sign reversing bijection
Splt «— Fusd,

where, for example,

(45,6, 7}, {1,2,3}, {8,9},{4,10}) & ({5,6,7},{1,2,3,8,9}, {4, 10}).

However, because llc, bc and lc are the same between the two cases, the terms cancel in
the sum. ]
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For p E n, let
Hi = pn A+ g e

and let g = 0.
Theorem 22.
-1
Sme- o) =3 ([Tom8) () e () gie- are (—D),
pwEn  g=1
where

19 = (Y= — (=, 0)) © -+ @ (Y1 — (1, @) € scf (GH 7Y,

Remark 23. This formula is generically cancellation free. That is, if v, ..., ~, are linearly
independent and do not include a multiple of ¢, then there is no cancellation.

Proof. We begin an equivalence relation on TF,,. Let A ~ B if wz = wg. This means
that if one reads off the integers in increasing order in the order of the parts, then the
resulting words are the same (w;1 in 1-line notation), so for example

A= ({7,8},{9,10},{3,4,5,6},{1},{2})

B h 1= (7.8,9,10,3,4,5,6,1,2) — w3,
B:({7},{8,9, 10}’{3’4},{5,6}7{172}) ave  wy ( ) Wp

(8)

Note that

> (—1)£(A)Inf1(jé1’(2é")'”"})[doonDnSm """" e, a, (i @ -+ @ )

wy'=(1,2,...,n)

- Z (_1)£(é)’7141 ® <'7|A1\7 Oz)L @74, @ <’7\A1UA2M Q>L & ® V4,

w21:(1,2 ..... n)

where
Ya; = Yin @ Yy @ - @y, i Ay = {1y <dp <o <}

By comparing the coefficients of the monomial terms we see that

> (D) s ® (ar ) © 74, © (Vauas, )L @ - @74,
w71:(1,2 ..... n)
A

=—(n—(,)0) ® (e — (Y2, )1) @+ ® (V-1 — (Yn-1,0)t) ® XV

. m
= Ty
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Now fix w," with A € TF,, and let u be the composition that gives the lengths of the
consecutive rising sequences in A; in (8), u = (4,4,2). Then

> VOt o wp o Duff i B0 @ -+ @ 7)

> ()@

wp(B) [L] Cwpgo Dn({l B )[L’ a, B](’YMH-I K- '771)
_?':{“1;"1 ,,,,, n}

=w
B TY(Aq,..,Ap_q)

gc ({1,2,...,n})
® Y (-1 ) OTnf %"

12,..
owg o Dn({ et
CF{1,2,..1}

)[['7 0475](’71 K- ® 7#171 & <7M17 6>X())
S (=D By, Bt ] o wp 0 DV, 6, B (1 ®

BF{p1+1,...,n}

, P ® fyn)
wg 1_, —1

(A1, A1)
® (=)

Iterate to get the result.

If we return to the situation of Lemma 14, we have the following consequences

Corollary 24. Let scf(G) = C-span{1,reg}. Then

Case a = (. If 1 € scf(G) is a nonzero element such that (7, 5) = 0 and C-span{r, 1} =
scf(G), then

S((7e)imy) = = (7o) ny-
Case a # B. If 7 € scf(QG) satisfies (t,a) =1 and (1,5) =0, then

S((Te)tm))

(7 = 0)e)iw)-

Applying to NSym we do not get new results, but they are easy to prove

Corollary 25. Let scf(G) = C-span{1,reg}. Then

Case a =08 =t=1. For ukFn,

S(ano(#)) — (_1)5(M)ano(w)xbno(uz—1) .. .ano(ﬂl)'

Case t = reg,a = 1,83 = (reg — 1)*

S(Inng i (]1))

. For pEn,

. Z(I/) Gn— 1
by (1) Z (=1) IndGTbLn_ll(w (1).
v refines (fg,... 42, H41)
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Proof. (a) Note that "W = (reg — 1),, so this follows from Corollary 24 with 7 =
reg — 1.
(b) Note that ITnd%,~, (1) = (1)"°8, so we will use Corollary 24 with 7 = 1. In the

n—1 9
Gbnl(u) ’

case pu = (n), we have

S(()isg) = —(1 — reg){¥
= YDy

vEn

= Sy

vEn

The result now follows from the multiplicativity of the antipode. n

Remark 26. One can also prove the formula for the ribbon basis, but it does not fall
directly out of the formula in the same way (there is a lot more cancellation involved).
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