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Abstract

For t > 2, let us call a digraph D t-chordal if all induced directed cycles in D have
length equal to t. In an earlier paper, we asked for which t it is true that t-chordal
graphs with bounded clique number have bounded dichromatic number. Recently,
Aboulker, Bousquet, and de Verclos answered this in the negative for t = 3, that is,
they gave a construction of 3-chordal digraphs with clique number at most 3 and
arbitrarily large dichromatic number. In this paper, we extend their result, giving
for each t > 3 a construction of t-chordal digraphs with clique number at most 3 and
arbitrarily large dichromatic number, thus answering our question in the negative.
On the other hand, we show that a more restricted class, digraphs with no induced
directed cycle of length less than t, and no induced directed t-vertex path, have
bounded dichromatic number if their clique number is bounded. We also show the
following complexity result: for fixed t > 2, the problem of determining whether a
digraph is t-chordal is coNP-complete.
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1 Introduction and preliminaries

Throughout this paper, graphs and digraphs are simple, and in particular, for two vertices
u, v in a digraph, not both of the edges uv and vu are present.

A k-coloring of a graph G is a function f : V (G) → [k] such that for each edge
e = xy ∈ E(G), we have f(x) 6= f(y). The chromatic number of a graph G, denoted
χ(G), is the smallest k such that G admits a k-coloring. In this paper we are interested
in an analogue of coloring for digraphs called dicoloring first introduced in [4, 8].

We say a digraph is acyclic if it has no directed cycle. A k-dicoloring of a digraph D
is a function f : V (D) → [k] such that for each i ∈ [k], the set f−1(i) induces an acyclic
subdigraph of D. Given a digraph D, the dichromatic number of D, denoted ~χ(D), is the
minimum value of k such that there exists a k-dicoloring of D.

For a graph G, we let ω(G) be the maximum size of a clique in G. For a digraph D,
we let ω(D) be the maximum size of a clique in the undirected underlying graph of D
(that is, the graph obtained from D with the same vertex set, and two vertices u and v
are adjacent if either uv or vu is an edge in D). A class C of graphs is χ-bounded (see [5])
if there exists a function f such that χ(G) 6 f(ω(G)) for all G ∈ C. Similarly, a class
C of digraphs is ~χ-bounded if there exists a function f such that ~χ(D) 6 f(ω(D)) for all
D ∈ C.

In [3], motivated by problems for the dichromatic number, we proved that the class of
graphs where each triangle-free induced subgraph has bounded chromatic number is not
χ-bounded. Since we were interested in the dichromatic number we posed various open
problems. In particular, we asked if the class of digraphs where every induced directed
cycle has length t, for a fixed integer t > 3, is ~χ-bounded. We will refer to a digraph in
which all induced directed cycles have length t as t-chordal.

In [1], Aboulker, Bousquet, and de Verclos answered our question in the negative for
t = 3. Our main result is to extend this negative answer to all t > 3:

Theorem 1. For t > 3, and every N ∈ N, there exists a t-chordal digraph D with
ω(D) 6 3 and ~χ(D) > N , and if t > 3, then ω(D) 6 2.

We give a positive result, which in some sense demonstrates that Theorem 1 is tight,
by proving ~χ-boundedness for a subclass of t-chordal digraphs:

Theorem 2. For every integer t, there is a function ft : N → N such that for every
digraph D which is t-chordal and has no induced directed path with exactly t vertices, we
have ~χ(D) 6 ft(ω(D)).

Since directed cycles of length more than t contain a directed path on t vertices,
Theorem 2 is equivalent to saying that for every t, digraphs with no induced t-vertex path
and no induced directed cycle on strictly less than t vertices are ~χ-bounded.

Despite not being ~χ-bounded, one could hope that t-chordal digraphs still have a
“nice” structural description. We show that any clean structural description of t-chordal
digraphs is unlikely, as deciding if a digraph is t-chordal is coNP-complete:
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Theorem 3. Fix an integer t > 2. Deciding if a given digraph is t-chordal is coNP-
complete.

The paper is organized as follows. In Section 2, we prove Theorem 1 and Theorem 2.
In Section 3, we prove Theorem 3.

2 The construction

Our construction uses a key idea similar to and inspired by [1], making sure that in every
k-dicoloring, certain independent sets miss a color, and arranging this for one independent
set at a time. This is accomplished through the following lemma, from which Theorem 1
will be derived.

Lemma 4. For t > 3, suppose that D is a t-chordal digraph with ω(D) 6 3 and ~χ(D) = k.
If C = {I1, . . . , Ip} is a collection of independent sets in D, then there exists a t-chordal
digraph D′ with the following properties:

• ω(D′) 6 3, and if ω(D) 6 2 and t > 3, then ω(D′) 6 2; and

• for every k-dicoloring of D′, there exists a copy of D as an induced subgraph of D′

such that for each 1 6 i 6 p, the copy of Ii contained in that copy of D is dicolored
with at most k − 1 colors.

Proof. We will prove the lemma by induction on the chromatic number of an auxiliary
graph that we define now. For a digraph D and a collection C = {I1, . . . , Ip} of indepen-
dent sets, let GD,C be the graph with V (GD,C) = {1, 2, . . . , p}, and where ij ∈ E(G) if
and only if Ii ∩ Ij 6= ∅; in other words, GD,C is the intersection graph of C.

The base case is when χ(GD,C) = 0, (and thus, C = ∅) where the statement is
trivially true. Now, for s > 0, suppose that the statement is true for all digraphs D
paired with a collection of independent sets C such that the corresponding graph GD,C
has χ(GD,C) 6 s, and suppose that χ(GD,C) = s + 1. Take an (s + 1)-coloring of GD,C,
say f . Let X0 = {j1, . . . , jq} be a color class of f , and let S0 = {Ij1 , . . . , Ijq}. It follows
that χ(GD,C\S0) = s, and that the sets Ij1 , . . . , Ijq are pairwise disjoint.

We define a sequence D0, . . . , Dq with the following properties:

• D0 = D;

• for all i ∈ {0, . . . , q}, Di is a digraph with clique number at most 3 (at most 2 if
ω(D) 6 2 and t > 3);

• for all i ∈ {0, . . . , q}, Di contains pairwise disjoint copies G1
i , . . . , G

ti

i of D;

• for all i ∈ {0, . . . , q}, in every k-dicoloring of Di, there is a t∗ ∈ {1, . . . , ti} such that
for every r ∈ {1, . . . , i}, the independent set corresponding to Ijr in the copy Gt∗

i of
D is dicolored with at most k − 1 colors; and
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• for all i ∈ {0, . . . , q} and for every r ∈ {i + 1, . . . , q}, the union of the independent
sets corresponding to Ijr in G1

i , . . . , G
ti

i is an independent set in Di.

Clearly, D0 satisfies the properties above for i = 0. Suppose that we have defined Di for
some i ∈ {0, . . . , q−1}. Let I be the union of the sets corresponding to Iji+1

in G1
i , . . . , G

ti

i .
From the properties of Di, it follows that I is an independent set. We create a new digraph
Di+1 as follows. Let D1

i , . . . , D
t
i be t copies of Di, and let V (Di+1) =

⋃t
j=1 V (Dj

i ). In

addition to the edges corresponding to each copy Dj
i of Di, we add the following edges.

For j ∈ {1, . . . , t}, let Ij denote the copy of I in Dj
i . Then, for each vertex v ∈ Ij and

u ∈ Ij+1, we add the edge vu (where indices are taken modulo t, so I t+1 means I1).
Observe that the clique number of Di+1 is at most 3, and at most 2 if t > 3 and

ω(D) 6 2. This follows since a clique in Di+1 either has all its vertices in Dj
i for some j,

or it has at most one vertex contained in each copy of Dj
i . Similarly, Di+1 is t-chordal,

as every induced directed cycle either uses precisely one vertex from each Dj
i , or it is

contained completely in a copy Dj
i for some j.

Since Di+1 contains t copies of Di, it follows that Di+1 contains t times as many
copies of D as Di does, for t · ti = ti+1 copies overall. Let us label them as G1

i+1, . . . , G
ti+1

i+1

arbitrarily. It follows that the last bullet holds for Di+1, since it holds for Di, and since the
only edges between copies ofDi inDi+1 are between vertices that are in a set corresponding
to Iji+1

in a copy of D, and Iji+2
, . . . , Ijq are disjoint from Iji+1

from the choice of S0.
Now, let c be a k-dicoloring of Di+1 (if one exists). Then, not all k colors occur in

each of I1, . . . , I t, for otherwise there would be a monochromatic t-vertex directed cycle.
It follows that there is a j ∈ {1, . . . , t} such that the copy of I in Dj

i is dicolored with
at most k − 1 colors. Consequently, for each of the copies of G1

i , . . . , G
ti

i of D in Dj
i , the

copy of Iji in this copy of D is dicolored with at most k−1 colors. Together with the fact
that the third bullet holds for Di, by applying it to Dj

i , it follows that it holds for Di+1.
This completes the definition of D0, . . . , Dq. Note that Dq has the property that in

every k-dicoloring of Dq, there is a copy of D in Dq such that each of Ij1 , . . . , Ijq is dicolored
with at most k − 1 colors.

Now we construct a collection of independent sets C ′. For every independent set
I ∈ C \ S0, and for every t∗ ∈ {1, . . . , tq}, we add the copy of I in Gt∗

q to C ′. Note that we
can s-color GDq ,C′ by fixing an s-coloring of GD,C\S0 , and assigning to each independent
set in a copy of D the color of the independent set in D it corresponds to. This, by
construction, is an s-coloring, since two sets which are assigned the same color are either
copies of disjoint sets, or disjoint copies of the same set.

It follows that we can apply the inductive hypothesis to Dq and C ′; and so there is a
digraph D∗ with ω(D∗) 6 3 (and if ω(D) 6 2 and t > 3 then ω(D∗) 6 2), and for every
k-dicoloring of D∗, there is a copy D′q of Dq in D∗ such that for every I ∈ C ′, the copy
of I in D′q is dicolored with at most k − 1 colors. It follows that in D′q, there are copies
G1

q, . . . , G
tq

q of D, and for every I ∈ C \ S0, every copy of I in every one of G1
q, . . . , G

tq

q

receives at most k−1 colors. But also, from the properties of Dq, there is a t∗ ∈ {1, . . . , tq}
such that for Gt∗

q in D′q, for each I ∈ S0, the copy of I in Gt∗
q receives at most k−1 colors.

This shows that in this copy Gt∗
q in D′q of D, the second bullet of the lemma holds. This

concludes the proof.
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Now, we present our main result, which is proved in the same way as in [1] (in which
the main theorem is derived from their Lemma 3 exactly like we derive ours from Lemma
4 above):

Theorem 5. For all t > 3, there exists a sequence of t-chordal digraphs {Dn} such that
for all n > 1, we have ω(Dn) 6 3 (and ω(Dn) 6 2 if t > 3) and ~χ(Dn) > n.

Proof. Let D1 be the digraph with one vertex and no edges, and define the sequence of
digraphs inductively as follows. For k > 1, take ~χ(Dk) disjoint copies of Dk, forming a
digraph D′k, and construct a collection C of independent sets of D′k as follows: for each
set of ~χ(Dk) vertices, one in each copy of Dk in D′k, place this set in C. Then by Lemma
4, we have that there exists a t-chordal digraph Dk+1 with ω(Dk+1) 6 3 (and ω(Dn) 6 2
if t > 3) such that for any ~χ(Dk)-dicoloring of Dk+1 there exists a copy of D′k such that
each independent set in C uses at most ~χ(Dk)− 1 colors. Now, for a ~χ(Dk)-dicoloring of
D′k, it follows that in each of the ~χ(Dk) copies of Dk in D′k there is a vertex of each color,
so there exists an independent set in C with exactly one vertex of each color, which is a
contradiction. It follows that there does not exist a ~χ(Dk)-dicoloring of Dk+1 and thus
~χ(Dk+1) > ~χ(Dk) + 1, and therefore ~χ(Dk) > k for all k > 1, as desired. This completes
the inductive step and completes the proof.

We now show the following positive result which shows that the above construction is
in some sense tight:

Theorem 6. For every l, there is a function fl : N → N such that for every digraph
D with no induced directed cycle of length less than l and no induced directed path with
exactly l vertices, we have ~χ(D) 6 fl(ω(D)).

Proof. Let us denote by Cl the class of digraphs with no induced directed cycle of length
less than l and no induced directed path with exactly l vertices.

We will show that fl(ω) = (l+1)ω gives the desired result. We proceed by induction on
k = ω(D). For k = 1, the statement is true, since in that case ~χ(D) = 1 6 l+1 = (l+1)ω.

Now, suppose that the statement is true for k = n, namely that for all digraphs
D′ ∈ Cl with ω(D′) = n, we have ~χ(D′) 6 (l + 1)n. Now, consider a digraph D ∈ Cl with
ω(D) = n+1. We will show that ~χ(D) 6 (l+1)n+1. Suppose for the sake of a contradiction
that ~χ(D) > (l + 1)n+1. First, note that we may assume that D is strongly connected,
since the dichromatic number of a digraph is equal to the maximum of the dichromatic
numbers of its strongly connected components. Let v1 ∈ V (D) be an arbitrary vertex, and
let C1, . . . , Cs be the strongly connected components of D \ ({v1} ∪N(v1)), where N(v1)
denotes the set of vertices which have an in-edge or an out-edge to v1. We claim that there
exists a component Ci with ~χ(Ci) > (l + 1)n+1 − (l + 1)n. Indeed, since ω(N(v1)) 6 n,
we have by induction that ~χ(N(v1)) 6 (l + 1)n. So if ~χ(Ci) 6 (l + 1)n+1 − (l + 1)n for all
1 6 i 6 t, we can dicolor each component Ci with the same set of (l + 1)n+1 − (l + 1)n

colors, dicolor N(v1) with a disjoint set of (l + 1)n colors, and reuse one of the colors
from the Ci to dicolor v1. Clearly, this is a dicoloring of D with at most (l + 1)n+1

colors, which is a contradiction. Thus we may assume without loss of generality that
~χ(C1) > (l + 1)n+1 − (l + 1)n.
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Now, since D is strongly connected, there exists a directed path from v1 to a vertex
in C1. Let P ′ be the shortest such path, and let the second-to-last vertex in P ′ be v2.
Now, we let P be the portion of the path P ′ from v1 to v2. First, we note that P is
forward-induced, meaning that there are no edges in the direction of the path other than
those in P . Furthermore, since P ′ was the shortest directed path from v1 to C1, it follows
that v2 is the only vertex in P which has an out-edge to a vertex in C1.

Let D1 = D. We define a sequence of digraphs as follows. Let D2 = D[{v2} ∪ C1],
and note that since C1 is strongly connected and v2 has an out-edge to C1, it follows
that there exists a directed path from v2 to every vertex in D2. Then we iterate this
argument, letting C ′1 be a strongly connected component of D2 \ ({v2} ∪ N(v2)) with
~χ(C ′1) > (l + 1)n+1 − 2(l + 1)n, taking a shortest directed path Q from v2 to C ′1, and
adding to our path P the subpath of Q from v2 to the second-to-last vertex of Q, which
we call v3. Since (l + 1)n+1 − (l + 1)(l + 1)n > 0, we can iterate this argument l + 1
times and obtain a forward-induced path P with a subset of the vertices of P specified
as v1, . . . , vl+2. In particular, the l vertices v3, . . . , vl+2 are not in {v1} ∪ N(v1), since all
vertices of P after v2 are in C1, and thus not in {v1} ∪N(v1).

Now, let w be the last vertex in P which is inN(v1). Then it follows from the properties
of P that there exists a forward-induced path P ′ with l vertices starting at w such that
w is the only vertex in P ′ which is in {v1} ∪ N(v1). Since P ′ is a forward-induced path
on l vertices and there is no induced directed path on l vertices and no induced directed
cycle of length less than l, it follows that P ′ is an induced directed cycle of length l. Let
the vertices of P ′ be (w1, . . . , wl) such that w1 = w. Now, if w1 is an out-neighbor of
v1, then we have that (v1w1w2, . . . , wl−1) is an induced directed path on l vertices, which
is a contradiction. Suppose instead that w1 is an in-neighbor of v1. Then we have that
(w3w4, . . . , wlw1v1) is an induced directed path on l vertices, which is a contradiction
as well. Hence, ~χ(D) 6 (l + 1)n. This finishes the proof by induction and shows that
~χ(D) 6 (l + 1)ω(D) for all digraphs D ∈ Cl, as desired.

3 Deciding if a graph is t-chordal is coNP-complete

In this section, we prove Theorem 3. The construction is very similar to those of [2, 7, 6];
in particular, [7] showed that for every r > 0 and d > 2, deciding if a given digraph has
an induced directed cycle of residue r modulo d is NP-complete. Note that Theorem 7
can be modified in a straightforward way to show that the problem of determining if a
non-simple digraph (where both uv and vu are allowed to be present at the same time) is
2-chordal is coNP-complete as well, whereas we can decide in polynomial time if a simple
digraph is 2-chordal by checking if it is acyclic.

Theorem 7. For t > 3, the problem of determining whether a digraph D is t-chordal is
coNP-complete.

Proof. Observe the problem is in coNP. To see this, given any digraph D, a certificate
that it is not t-chordal is an induced directed cycle C which has length not equal to t.
Further, such a certificate can be checked in polynomial time.
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For the rest of the proof, let t > 3 be a fixed integer. We will give a reduction from
3-SAT, a well-known NP-complete problem. Let φ be an instance of 3-SAT, with variables
x1, . . . , xn and clauses C1, . . . , Cm. We will construct a digraph D such that D is t-chordal
if and only if φ is a NO-instance of 3-SAT, which suffices to prove the result.

We build D in stages. First, for each variable xi i ∈ {1, . . . , n}, we create a variable
gadget, Dxi

, which is a digraph with two vertices vi1, v
i
2 and two directed paths P i

1, P
i
2,

both directed from vi1 to vi2, which are vertex-disjoint aside from the vertices vij, j ∈ {1, 2}
and both contain exactly t edges. For each j ∈ {1, 2}, let zij be the vertex in P i

j adjacent
from vi1 and qij the vertex adjacent to vi2 in P i

j .
Second, for each clause Ci, i ∈ {1, . . . ,m}, we create a clause gadget, DCi

which has
two vertices ui1, u

i
2, and for each literal y contained in Ci, we add a directed path ui1, w

y, ui2.
Now we create a digraph D whose vertex set is

{V (Dxi
) : i ∈ {1, . . . , n}} ∪ {V (DCi

) : i ∈ {1, . . . ,m}}.

For the edges, for i ∈ {1, . . . , n−1}, we add the edge vi2v
i+1
1 , as well as the edge vn2u

1
1. For

j ∈ {1, . . . ,m − 1} we add the edges ui2u
i+1
1 , as well as the edge um2 v

1
1. For a clause Ci,

if the non-negated variable xi appears in the clause, then we add edges wxizi2 and qi2w
xi .

For a clause Ci if the negated variable xi appears in the clause, then we add edges wxizi1
and qi2w

xi .
Now we claim that D is t-chordal if and only if the 3-SAT instance has no solution.

Suppose there is an induced directed cycle C of length other than t. Suppose first that C
uses an edge of the form wxizij or qijw

xi for some j ∈ {1, 2}. If C uses wxizij, then, since
zij has a unique out-neighbor, it follows that C contains the path P i

j \ vi2. In particular, C
contains qij; and since C contains wxi , and C is induced, it follows that C contains qijw

xi ,
and so C has length t. If qijw

xi , then, since qij has a unique in-neighbor, it follows similarly
that C has length t. Now, by construction, it follows C has non empty-intersection with
every variable gadget and every clause gadget.

For each variable xi, if C takes the path P i
1, we set xi to true, and otherwise we set xi

to false. We claim this gives a satisfying assignment to the 3-SAT instance. If not, then
some clause evaluates to false, say C1 without loss of generality. We may assume up to
symmetry that C ∩ DC1 is the path associated to the variable xi. If this variable is not
negated in C then this implies that C uses the path P i

2 to set xi to false, however in this
case there are edges from vertices in P i

2 to wxi which are not apart of C, contradicting
that C is induced. An analogous argument holds when xi is negated in C1.

Similarly for the converse, if an assignment to x1, . . . , xm satisfies the formula, we
construct the induced directed cycle by adding either P i

1 if xi is true, or P i
2 if xi is false,

taking any path from each clause gadget which corresponds to a true literal in that clause,
and adding the edges between clause gadgets and variable gadgets in the natural way. It
is easy to check that this directed cycle is an induced directed cycle of length not equal
to t, completing the proof.
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