Ramsey-Type Results for
Path Covers and Path Partitions

Shuya Chiba*

Applied Mathematics, Faculty of Advanced Science and Technology
Kumamoto University
2-39-1 Kurokami, Kumamoto 860-8555, Japan

schiba@kumamoto-u.ac. jp

Michitaka Furuyal

College of Liberal Arts and Sciences
Kitasato University
1-15-1 Kitasato, Minami-ku, Sagamihara, Kanagawa 252-0373, Japan

michitaka.furuya@gmail.com

Submitted: Aug 14, 2021; Accepted: Aug 20, 2022; Published: Oct 7, 2022
(©) The authors. Released under the CC BY-ND license (International 4.0).

Abstract

A family P of subgraphs of G is called a path cover (vesp. a path partition) of G
if Upep V(P) = V(G) (resp. UpepV (P) = V(G)) and every element of P is a path.
The minimum cardinality of a path cover (resp. a path partition) of G is denoted
by pc(G) (resp. pp(G)). In this paper, we characterize the forbidden subgraph
conditions assuring us that pc(G) (or pp(G)) is bounded by a constant. Our main
results introduce a new Ramsey-type problem.

Mathematics Subject Classifications: 05C38, 05C55

1 Introduction

All graphs considered in this paper are finite, simple, and undirected. For terms and
symbols not defined in this paper, we refer the reader to [2].

Let G be a graph. Let V(G) and E(G) denote the vertex set and the edge set of
G, respectively. For a vertex z € V(G), let Ng(x) denote the neighborhood of x in
G; thus Ng(z) = {y € V(GQ) : zy € E(G)}. For a subset X of V(G), let Ng(X) =
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(Uzex Ne(z)) \ X, and let G[X] (resp. G — X) denote the subgraph of G induced by X
(resp. V(G) \ X). Let a(G) denote the independence number of G, i.e., the maximum
cardinality of an independent set of G. Let K,, P,, C, and K, denote the complete
graph of order n, the path of order n, the cycle of order n and the star of order n + 1,
respectively. For two positive integers ny; and ng, the Ramsey number R(ni,ns) is the
minimum positive integer R such that any graph of order at least R contains a clique of
cardinality n; or an independent set of cardinality ns.

For two graphs G and H, G is said to be H-free if G contains no induced copy of H.
For a family 3 of graphs, a graph G is said to be H-free it G is H-free for every H € J{.
In this context, the members of H are called forbidden subgraphs. For two families H;
and Hsy of graphs, we write H; < H, if for every Hy € H,, there exists H; € H; such that
H; is an induced subgraph of Hy. The relation “<” between two families of forbidden
subgraphs was introduced in [7]. Note that if H; < Hy, then every H;-free graph is also
Ho-free.

Let A be a family of graphs. A family P of subgraphs of G is called an A-cover of G if
Upep V(P) = V(G) and each element of P is isomorphic to a graph belonging to A. Note
that some elements of an A-cover of G might have common vertices. An A-cover P of G is
called an A-partition of G if the elements of P are pairwise vertex-disjoint. A {P; : i > 1}-
cover (resp. a {P; :i > 1}-partition) of G is called a path cover (resp. a path partition)
of G. Since {G[{z}] : € V(G)} is a path partition of G (and so a path cover of G), the
minimum cardinality of a path cover (or a path partition) of any graph is well-defined.
The value min{|P| : P is a path cover of G} (resp. min{|P| : P is a path partition of G}),
denoted by pc(G) (resp. pp(G)), is called the path cover number (resp. the path partition
number) of G. It is trivial that pc(G) < pp(G). Since a graph G has a Hamiltonian path
if and only if pp(G) = 1, the decision problem for the path partition number is a natural
generalization of the Hamiltonian path problem. In fact, it has been widely studied in,
for example, [12-14,16,17]|. Throughout this paper, we implicitly use the following fact.

Fact 1. Let G be a graph, and let { X1, Xo, ..., X,n} be a partition of V(G). Then pe(G) <
Zlgz’gm pc(G[X;i]) and pp(G) < Zlgigm pp(G[Xi]).

In this paper, we focus on the following conditions concerning a family JH of forbidden
subgraphs:

(A1) There exists a constant ¢; = ¢;(H) such that pc(G) < ¢; for every connected H-free
graph G.

(A2) There exists a constant co = co(H) such that pp(G) < ¢, for every connected H-free
graph G.

Our main aim is to characterize the finite families H of connected graphs satisfying (A1)
or (A2).

Let m and n be two positive integers. We define five graphs which will be used as
forbidden subgraphs in our main result (see Figure 1).
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Figure 1: Graphs K, F\., F\2,, FS) and FY),

e Let K, denote the graph with V(K7) = {z;,v; : 1 <i <m} and E(K},) = {x;z; 1 1 <
i<j<m}PU{zy 1 <i<m}

o Let A= {x,x}U{y; 1 <i<mpU{z:1<i<n}. We define four graphs as
follows:

o Let Fn(ll)n denote the graph on A such that E(F,(nl)n) = {z129, 2191, 121 } U {Yiyir1 :

o Let F,Sf ). be the graph obtained from Fy(nl)n by adding the edge vy 2;.

o Let FS’L denote the graph on A such that E(F,sf’%) = {z1y1, T121, T2y, X221 YU{Yi¥is1
I1<i<m—1}U{zzi:1<i<n—1}

o Let Fr(f% be the graph obtained from F},{;)n by adding the edge vy 2;.
Our first main result is the following, which is proved in Section 2.
Theorem 2. Let H be a finite family of connected graphs. Then the following hold:

(i) The family H satisfies (A1) if and only if H < {Ky,, K}, F,Elg, F,E%EL} for an integer
n = 2.

(ii) The family H satisfies (A2) if and only if H < {Klyn,K;;,Fé,l%,FTg?%,F,g?%,F,gf%} for
an integer n = 2.

Our motivation derives from two different lines of research. The first one is forbid-
den subgraph conditions for the existence of a Hamiltonian path. Now we focus on the
condition that
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(H1) every connected H-free graph (of sufficiently large order) has a Hamiltonian path

for a family 3 of connected graphs. Duffus et al. [3] proved H = {K;3, K} satisfies
(H1), and Faudree and Gould [5] showed that if a family I satistying (H1) consists of two
connected graphs, then H < {K 3, Ki}. Thereafter a series by Gould and Harris [9-11]
characterized the families H of connected graphs with |H| = 3 satisfying (H1). Since a
graph has a Hamiltonian path if and only if its path cover number (or its path partition
number) is exactly one, it is natural to study the forbidden subgraph conditions assuring
us that the path cover/partition number is bounded by a constant as a next step. Our
main result gives a complete solution for the problem in a sense.

Our second motivation is an analysis of gap between minimum A-covers and minimum
A-partitions. A path cover/partition, which is the main topic in this paper, is just one of
examples of A-cover/partition problems, and there also exist many other cover/partition
problems. One of representative other examples is the case where A is the family of
all stars, where we regard K; as one of stars. If we define the star cover number and
the star partition number in the same way as pc(G) and pp(G), we can easily verify
that the values are always equivalent. (Indeed, the star cover number also equals to the
domination number, which is one of classical invariants in graph theory. The forbidden
subgraph conditions assuring us that the domination number is bounded by a constant
were characterized in [8].) On the other hand, as it is evident from Theorem 2, there is a
gap between the path cover number and the path partition number. By Theorem 2, we
discover that F,EP’% and Fﬁz play an important role for essential structures giving such a
gap.

We also obtain an analogy of Theorem 2 considering a cycle cover/partition problem.
A {Ky, K, C; : i > 3}-cover (resp. a {Kj, Ks,C; : i > 3}-partition) of G is called a
cycle cover (resp. a cycle partition) of G. The value min{|P| : P is a cycle cover of G}
(resp. min{|P| : P is a cycle partition of G}), denoted by cc(G) (resp. cp(G)), is called
the cycle cover number (resp. the cycle partition number) of G. One might feel that it
is strange to admit the existence of K; and K, in cycle covers/partitions. However, if
we exclude K and K, from the definition of cycle covers/partitions, then the minimum
cardinality of a {C; : ¢ > 3}-cover cannot be defined for some graphs, for example, trees
and graphs having a vertex of degree one. Thus the cycle covers/partitions defined above
are sometimes considered instead of {C; : i > 3}-covers/partitions (see, for example, [4,6]),
and we focus on it in this paper. In Section 3, as the second result, we characterize the
families H of forbidden subgraphs satisfying one of the following:

(A’1) There exists a constant ¢; = ¢;(H) such that cc(G) < ¢ for every connected H-free
graph G.

(A’2) There exists a constant ¢y = c2(H) such that cp(G) < ¢ for every connected H-free
graph G.

Theorem 3. Let H be a family of connected graphs. Then the following are equivalent.
(i) The family 3 satisfies (A’1).
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(ii) The family 3 satisfies (A’2).
(iii) For an integer n > 2, H < {Ky,, K}, P,}.

We conclude this section by defining a new Ramsey-type concept concerning the path
cover /partition number. Let H be a family of graphs. The path cover Ramsey number
RP¢(H) (resp. the path partition Ramsey number RPP(H)) is the minimum positive integer
R such that any connected graph G with pc(G) > R (resp. pp(G) > R) contains an
induced copy of an element of H, where RP*(H) = oo (resp. RPP(H) = oo) if such an
integer does not exist. Then it follows from Theorem 2 that the following hold:

(P1) For a finite family H of connected graphs, RP°(H) is a finite number if and only if
<Ky, K, FT(Ll,)L, FT(LQ,)L} for an integer n > 2.

(P2) For a finite family H of connected graphs, RPP(H) is a finite number if and only if
H <K, K2, FY, F2FES FAY for an integer n > 2.

Note that RP°(H) = 2 if and only if RPP(H) = 2. As we mentioned above, it is known
that RP¢({Ky3, K3}) = 2 and the study of triples { H1, Ho, H3} of connected graphs with
RP*({Hy,Hy, H3}) = 2 is completed. Since the K s-freeness tends to give an impor-
tant structure to many Hamiltonian properties, one might be interested in a relationship
between such new Ramsey-type values and K s-freeness. Here we focus on the values
RP¢(H) and RPP(H) for the case where H contains K 5. Note that for positive integers
m and n with m +n > 3, all of an, Fﬁ?n and Fm)n contain K3 as an induced copy.
Thus if K 3 € H, then

B pu

RPS(30) = RP(FHN\AF ) Fys Fn im 2 1, n > 1, m+n > 3})

and
RPP(H) = RPP(HN\AFD, FD FD om>1,n>1, m+n>3}).

Considering (P1) and (P2), we leave the following open problem which will be a next
interesting target on this concept for readers.

Problem 4. For positive integers p, q and r with p > 3 and ¢ +r > 4 and for a family
3 of graphs with H < { K3, K, Fi } determine the value Rpc(ﬂ{) and RPP(H).

2 Proof of Theorem 2

2.1 The “if” parts of Theorem 2

In this subsection, we prove the following theorem, which implies that the “if” parts of
Theorem 2 hold.

Theorem 5. Let n > 2 be an integer. Then the following hold:
(i) There exists a constant ¢; = c¢1(n ) depending on n only such that pc(G) < ¢ for

every connected { K1 ,,, K} FT(m, nn} -free graph G.
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(ii) There exists a constant co = ca(n) depending on n only such that pp(G) < co for
every connected { K1, K} F,S%, F,g%, Fﬁ%, F(A‘)} -free graph G.

The following lemma was proved in [15].
Lemma 6 (Pésa [15]). For a graph G, cp(G) < a(G).

Let € be a cycle partition of a graph G. For each cycle C' belonging to €, fix an edge
ec € E(C). ThenP ={C—ec:Ce€C, |V(C)| =3}u{C:C e, |[V(C)| <2}isapath
partition of G. This implies that pp(G) < cp(G) for all graphs G. Hence the following
lemma is obtained by Lemma 6.

Lemma 7. For a graph G, pc(G) < pp(G) < Q).

Lemma 8. Let n > 2 and o > 1 be integers. Let G be a {Ky,, K\}-free graph, and let
X be a subset of V( ) with a( [X]) < a. Then a(G[Ng(X)]) < (n—1)R(n,a+1) — 1.

Proof. By way of contradiction, we suppose that there exists a subset Y of Ng(X) such
that Y is an independent set of G and |Y'| = (n — 1)R(n,a + 1). Take a subset X of X
with Y C Ng(Xp) so that |Xg| is as small as possible. If | Xo| < R(n,a + 1) — 1, then
% > % > n—1, and hence there exists a vertex xy € X, with |[Ng(x¢)NY| = n
which contradicts the K ,-freeness of G. Thus |Xo| > R(n,a + 1). Since a(G[Xj]) <
a(G[X]) < a, this implies that there exists a subset X; of X such that X; is a clique of
G and |X;| = n. By the minimality of Xy, (Ng(z) NY) \ Ne(Xo \ {z}) # @ for every
x € Xg. For each z € Xy, let y, € (Ng(z)NY)\ No(Xo \ {z}). Then X; U{y, :x € X1}
induces a copy of K in GG, which contradicts the K -freeness of G. O

In the remainder of this subsection, we fix an integer n > 2 and a connected { K ,,, K7,
FiF, nm}—free graph G. Set ng = max{ [T},n} Take a longest induced path P of
G, and write P = ujug - Up,. Let Xo ={u; : 1 <i<ngorm—ng+1<i<m}and
Y = Ng(V(P) \ Xo) \ (XoU Ng(Xp)). Note that if |V (P)| < 2ng, then Xy = V(P) and
Y = @. We further remark that Ng(y)N\V(P) C {u; : no+1 <i < m—ng} foreveryy € Y
(and in the remainder of this subsection, we frequently use the fact without mentioning).
For each ¢ with ng+1<i<m—ng,letY; ={y €Y :min{j : ng+1 < j <m—ny, yu; €
E(G)} = i}. In other words, Y; is the set of vertices y € Y whose neighbor in P with
the smallest index is u;. Now we recursively define the sets X; (i > 1) as follows: Let
X1 = Ng(Xo)\V(P), and for i with i > 2, let X; = Ng(X;-1)\(V(P)UYU(U, ;i1 X5))
(see Figure 2). Then X;NY =@ and X; UY = Ng(V(P)).

Lemma 9. We have Xs,, = @.

Proof. Suppose that Xy,, # @. Let xq,, € Xs,,. Then we can recursively take a vertex
Tong—i € Na(Tang—it1) N Xapg—i for i with 1 <@ < 2ng. Note that xy = uy, for some k with
1 <k<ngorm—ng+ 1<k < m. By symmetry, we may assume that 1 < k < ng
Under this condition, we choose k so that k is as large as possible. Since zgx - - - 2oy, is
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Figure 2: Path P and sets X; and Y.

an induced path of G having 2ny + 1 vertices, it follows from the maximality of P that
|[V(P)| = 2no + 1. In particular, V(P) \ X, # &.

If Ng(z1)N(V(P)\ Xo) = @, then o, Ton,—1 -+ T1UkUK11 * * * Um—n, 1S an induced path
of G having 2ng +m —ng —k + 1 (= m + 1) vertices, which contradicts the maximality
of P. Thus Ng(z1) N (V(P)\ Xo) # @.

Now we consider an operation recursively defining integers ji, j2,... with 1 < j, <
m (p>1)and j; < jo <--- asfollows (see Figure 3): Let j; = min{j : 1 <j < m, zu; €
E(G)}. For p > 2, we assume that the integer j,_; has defined. If {j : j,-1 +2 <
Jj<m, nyu; € E(G)} # @, we let j, = min{j : j,_1 +2 < j < m, xu; € E(G)};
otherwise, we finish the operation. Let S = {u;, : p > 1}, and set s = |S|. Let
J =max{j: 1< j<m, ziu; € E(G)}. Note that j* € {js, js + 1}. Since j, = jp—1 + 2,
S is an independent set of G. Since G is K ,-free and {z;, 22} U S induces a copy of
K441 in G, we have s +1 <n — 1.

Ty

U

gz U

ja o UjsUs=

Figure 3: An example for s = 5.

For the moment, suppose that s = 1. Since Ng(z1) N{u; : 1 < j < no} # @ and
Ne(z1) N (V(P)\ Xo) # @, this forces Ng(x1) = {tng, Ung+1}. Then

{'Tlu :U27 un(])unofl; .. 7unofn+17 un0+17 un0+27 s 7un0+n}

induces a copy of Fﬁ)l in (G, which is a contradiction. Thus s > 2.
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Let Q1 = wug---u;, and Qsp1 = Uj=Uje41 - - - Uy, be subpaths of P. For p with 2 <
p < s, let Qp = uj,  42uj, 43 uj, be asubpath of P. Then V(P)\ (U,cpcsy V(@) =
{uj,+1 : 1 < p < s—1}, and hence

2no + 1 < |V(P)|

- V(P)\( U V(Qp)> + U v
<=1+ Y [V(Q)
1<p<s+1
= 3 (V@)I+1) -2
1<p<s+1

2

This implies that >3, (V(Qp)] +1) = 2ng +3 > 2[==2] +3 > n’ —n+ 1. If
V(Qp)| <n—1forallpwithl <p<s+1,thenn?—n+1<>  ([V(Qp)|+1) <
(s + 1)n < (n — 1)n, which is a contradiction. Thus |V(Q,)| = n for some ¢ with
1<g<s+1.

Note that |Ng(z1) N V(Q,)| = 1. Write Ng(z1) NV (Q,) = {u;}. If ¢ # s+ 1, then
J € {jp 1 < p < s}; otherwise, j = j* (€ {Js,Js+1}). Since u; is an endvertex of @,
there exists a subpath @ of @), such that u; is an endvertex of ) and |V(Q)| = n. Since
|S| > 2, we can take a vertex v € S as follows: If ¢ # s+1, let v € S\ {u;}; otherwise (i.e.,
J =17%), let v =u;,. Then by the definition of @, (1 < p < s+ 1), Ng(v)NV(Q,) = .
Since 2ng > 2n > n + 1, the vertices x; with 2 <7 < n + 1 have been defined, and hence
this implies that {x1,v, 9,23, ..., 2,11} U V(Q) induces a copy of FST)L in G, which is a
contradiction. ]

Lemma 10. Let © be an integer with ng +1 < ¢ < m — ng, and let y € Y;. Then the
following hold:

(1) If yui1 ¢ E(G), then Ng(y) NV (P) = {u;, uita}.
(ii) We have Yy_p, = &.
(iii) If G is F,S?%-free, then yu; 11 € E(Q).

Proof. (i) Suppose that yu, 11 ¢ E(G) and Ng(y)NV(P) # {u;, uiy2}. Let k = max{j :
no+1<j<m—ng, yu; € E(G)}. If k=i (ie., No(y) N V(P) = {w;}), then

{uia Yy i1, Uj—2y o v+ Ujepy Wit 1, Uiy 2y - - - 7ui+n}

induces a copy of F\') in G, which is a contradiction. Since yu;,, ¢ E(G) and
Nea(y) NV (P) # {u;, uiyo}, this forces k > ¢ + 3. Then

{uia Ui41, Uj—1, Ui—2y + + +y Ui, Y, Uy U415 - - - 7U’k+n72}

induces a copy of Fé% in G, which is a contradiction.
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(ii) By (i), if there exists a vertex y € Y,,_p,, then it follows that yu, ,,4+1 € E(G)
or Ne(y) N V(P) = {tm—ngy, Um—ng+2}, and in particular, Ng(y) N X, # @, which
contradicts the definition of Y. Thus we have Y,,,_,,, = &.

(ili) Suppose that G is F¥)-free and yu; ¢ E(G). Then it follows from (i) that Ng(y)N
V(P) = {u;, u;+2}, and hence

L Wi, Wiy Wim1, oo Wi 1, Ui, Uiy 3, - oy Uil
. 3) . . . . .
induces a copy of Fqﬁ,l in (G, which is a contradiction. O

Lemma 11. We have V(G) = V(P) U Ng(V(P)) U (Us<icon,—1 Xi)-

Proof. Suppose that V(G) # V(P)U Ng(V(P)) U (Uycicon,—1 Xi)- Since G is connected,
there exists a vertex z € V(G)\ (V(P)UNg(V(P))U(Uscicon, 1 Xi)) adjacent to a vertex
y € V(P)UNg(V(P)) U (Uscicon,—1 Xi) in G. By Lemma 9 and the definition of X; and
Y, this implies that y € Y. Let i be the integer such that y € Y;. Then by Lemma 10(ii),
no+1<i<m-—nyg—1 Let k =max{j:no+1<j<m-—ngy yu; € E(G)}. By
Lemma 10(i), k > i+ 1. If k =4 + 1, then

{y,zauiauz’—la ceey Wi 1, Ui 15, Wi 2y - - 7ui+ﬂ}
. 2) . . .
induces a copy of Fﬁ% in G; if £ > i+ 2, then

{y, Zy Uiy Ui—1y v vy Uit 1, Uy U1, - - - ,Uk+n—1}

induces a copy of Fy(bl,% in GG. In either case, we obtain a contradiction. O
Now we recursively define the values a; (i > 0) as follows: Let ag = 2[%], and for ¢
withi > 1, let oy = (n — 1)R(n, ;1 + 1) — 1.

Lemma 12. For an integer i with i > 0, a(G[X}]) < «;.

Proof. We proceed by induction on i. If |V(P)| < 2ng, then G[X] equals to P, and hence
a(G[Xy]) = a(P) = [@} < np < ap; if |V(P)] = 2ng + 1, then G[X,] consists of two
components each of which is a path of order ng, and hence a(G[Xo]) = 2[%] = ag. In
either case, we have a(G[Xy]) < ap. Thus we may assume that ¢ > 1, and suppose that
a(G[X;—1]) < ;1. Since X; € Ng(X;_1), it follows from Lemma 8 that a(G[X;]) <
a(G[Ng(Xi-1)]) < (n—1)R(n,a;-1 + 1) — 1 = o, as desired. O

Note that the value  , _; <omy_1 i 1s a constant depending on n only. Thus, considering
Lemmas 7, 11 and 12, it suffices to show that

e pc(G[V(P)UY]) is bounded by a constant depending on n only, and

o if Gis {FT(L?’%, FT(L?L}—free, then pp(G[V(P)UY]) is bounded by a constant depending
on n only.

Hence the following lemma completes the proof of Theorem 5.
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Lemma 13. (i) We have pc(G[V(P)UY]) < max{3n — 6, 1}.

(i) If G is {FTELS)L, F,(L%T)L}—free, then there exists a Hamiltonian path of G[V(P)UY], i.e
pp(GV(P)UY]) = 1.

Proof. ' Y = @, then P is a Hamiltonian path of G[V(P)UY], and hence pc(G[V (P) U
Y]) = pp(G[V(P)UY]) = 1. Thus we may assume that ¥ # &. By Lemma 10(ii),
Yoo = O.
We first prove (i). Fix an integer ¢ with ng +1 < i< m —ny—1. Let Y;; = {y €
Y yuip1 € E(G)} and Y; o = Y;\ Y, 1. Then by Lemma 10(i), Ng(y) NV (P) = {u;, uit2}
for all y € Y;o. Let j € {1,2}. If there exists an independent set U C Y;; of G with
|U| = n—1, then {u;_1, u; }UU induces a copy of K, in G, which is a contradiction. Thus
a(GlYi,]) < n—2. Since Y # @, i.e., Y, , # @ for some p and g with no+1 < p < m—ny—1
and q € {1 2} this implies that n > 3. By Lemma 7, there exists a path partition
Pij = {Q i ”,.. Q(s” } of G[Y; ;] with s;; < n — 2, where P, ; = @ and s” =0 if
Y;; = @. For an integer ¢ with 1 <t <n— 2 if t <s;5, let R() be the path w; UQ WU,

where {v,w} is the set of endvertices of Q!"): otherwise, let R be the path between u;

INE
and u;4; on P (ie., R( 1 = Wiuiy1 and R(2 = UUis1Uiro). We deﬁne the value & (resp.
&) with & =m—mngor & =m—ng—1 (resp. & =m—ng—1or & =m—ng) according

as m is odd or even. Let

Rgt) = Urug - 'un0+1R7(1t3+1,1un0+2R£2+2,1uno+3 o ‘Um—no—1R7(7?—n0—1,1um—noum—no+1 © Umy
t t t ¢

Ré) = UrUz -~ uno—HR£Lg+1,2uno+3R£Lg+3,2uno+5 o 'u§2—2R22)72,2u€2U§2+1 ©r Umy, and
¢ ¢ t ¢

Rz(a) = UUg -~ ~uno+zR£3+2,guno+4323+4,2un0+6 o 'U§3—2R§3)_2,2u€3u§3+1 T U

Then we easily verify that {R((lt) ca € {1,2,3}, 1 <t < n—2}is a path cover of

G[V(P)UY] having cardinality at most 3(n — 2), which proves (i).

Next we prove (ii). Suppose that G is {F,(LS%, F,(Lfl%}-free. We start with the following
claim.

Claim 14. For an integer i with ng+1 <i < m—ng—1, {u;, uip1} UY; is a clique of G.

Proof. Suppose that there exist two vertices v,y € {u;, u;n1} UY; with yy' ¢ E(G). By
the definition of ¥; and Lemma 10(iii), every vertex in Y; is adjacent to both u; and u;
in G. Thus y,y € Y;. Recall that No(Y) N V(P) C {u; : ng +1 < j < m — ng}.
Let £ = max{j : no+1 < j < m —mng, Ne(u;) N{y,y'} # @}. We may assume that
yur € E(G). Note that k > i+ 1. If k =i+ 1, then

/
{y, Yy Uiy Ui—1y - -y Ujimn41, Uit 1, Uid2, - - - 7ui+n}

induces a copy of F\a in G, which is a contradiction. Thus k > i + 2. If y/u; € E(G),
then

/
{y’ Y, Upy Ui—1y - ooy U411, Uy U1y - - - 7uk+n—1}
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induces a copy of F\ in G if y/uy, ¢ E(G), then
{ui7 y/7 Ui—1, Uj—2y + + oy Ui, Yy Uy Uy 15 - - - Uk+n,2}

induces a copy of F,g » in G. In either case, we obtain a contradiction. O]
For an integer ¢ with ng + 1 <7 < m — ng — 1, it follows from Claim 14 that there
exists a Hamiltonian path R; of G[{w;, u;+1} U Y] with the endvertices u; and w; ;. Then

Urug - - - un0+1Rn0+1un0+2Rn0+2uno+3 e um—no—lRm—no—lum—noum—no—l-l ccUm

is a Hamiltonian path of G[V (P)U (| Y:))] (= G[V(P)UY]), as desired. [

no+1<i<m—ng—1

2.2 The “only if” parts of Theorem 2

Let s > 2 and t > 3 be integers, and let Q; = u; )u(Q) N (1 <i < s) be s pairwise
vertex-disjoint paths. We define four graphs.

o Let Hs(’lt) be the graph obtained from the union of the paths @1, . .., Q, by adding 2(s—1)

vertices v;, w; (1 <i<s—1)and 3(s—1) edges Uzwz,vzu(t) ViU l(+)1 (I1<i<s—1).

o Let Hg) be the graph obtained from Hs(}t) by adding s — 1 edges ugt)uﬁ)l (1<i<s—1).

e Let H f’t) be the graph obtained from the union of the paths @1, . .., Q, by adding 2(s—1)
vertices vy, w; (1 < i< s—1) and 4(s — 1) edges v;u () vzuffl,w u() wiugl (1<i<
s—1).

o Let HS(? be the graph obtained from HS(?;) by adding s — 1 edges ugt)ugfl (1<i<s—1).

Lemma 15. We have pc(HLE V) = pe(H (2)) = [=H].

Proof. Note that ugl),ugt),wi (1 < i < s—1) have degree one in Hs(i). Since a path

contains at most two vertices of degree at most one, pc(G) > [L] for every graph G where
[ is the number of the vertices of G having degree one. In particular, we have

et > |5 )

If s is odd, let

N

-1
P= {Hs(,lt) —{w; 1<) <s—1}, wzi—lvm’—1Ug)inug?Uziwzi 1<i < ° } ;

if s is even, let

. . s—2
P= {Hs(,lt) —{w; 1 <j<s—1}, Hs(,lt) {ws—1}], wzi_1v2¢_1ug?622¢ug?vmwm 1< < 5 } .

Then we verify that P is a path cover of H, ( t) with |P| = [££1]. Furthermore, since H 512 is a spanning

subgraph of HS( t), a path cover of Hs(}t) is also a path cover of H( t), and hence pc(HS( t)) < pc(HS(}t)) <

[£11]. This together with (1) leads to the desired conclusion. O
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Lemma 16. We have pp(Hﬁi)) = pp(H(4)) = s.

st

Proof. We first prove that

pp(HY) > s. (2)

)

Let P be a path partition of Hs(4t) It suffices to show that |P| > s. For each i with

1 <17 < s, let R; be the unique element of P containing u . We remark that R; might
equal to R; for some 1 <i<j<s Let I ={i:1<i<s—1, R, = R;41}, and write
I = {z’l,z’Q,...,z’h} with iy < iy < ... < i, where h = 0 if I = @. For integers ¢ and

(2) (2)

7 with 1 < i < i < s, any paths of H(75 joining w;”’ and wu,

{u§ i < j <'}. This implies that if R; = Ry with 1 <i < < s, then i — i+ 1 paths
R; (i < j <) are equal. In particular, we have [{R; : 1 <1i < s}| =s—h.

Fix an integer [ with 1 <[ < h. Then for every path R of H t joining w;;
we easily verify that

contain every vertex in

(2) (2)

and u; 4,

o {u,uiils} CV(R), and
e v;, ¢ V(R) or w;, ¢ V(R).

Since vy w;, ¢ E(H, H, )) this implies that there exists an element R; of P such that either
V(R]) = {vy} or V(R/l) {w;,}. Therefore

[PIZH{Ri:1<i<sPULR 1 1<j<h}
{Ri:1<i<s}+ KR :1<j<h}
=(s—h)+h

= s,

which proves (2).
Since
P = {HE) —{w;:1<j<s—1}, HY{w}] :1<i<s—1}
is a path partition of H s(?;) with |fP’ | = s. Furthermore, since H (t) is a spanning subgraph
of Hst , a path partition of H t is also a path partition of Hst , and hence pp(H( )) <

pp(H, s(,t)) < s. This together with (2) leads to the desired conclusion. ]

Now we prove the following proposition, which gives the “only if” parts of Theorem 2.

Proposition 17. Let H be a finite family of connected graphs.
(i) If K satisfies (A1), then H < { Ky, K, F, F,(L%)L} for an integer n > 2.

(i) If K satisfies (A2), then H < {Ky,, K, FD R FS). Fr(L4T)L} for an integer n > 2.
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Proof. Since H is a finite family, the value p = max{|V(H)| : H € H} is well-defined. If
p < 2, then the desired conclusions trivially hold. Thus we may assume that p > 3.

We first suppose that H satisfies (A1), and show that (i) holds. There exists a constant
¢1 = ¢1 () such that pc(G) < ¢ for every connected H-free graph G. Since pc(Ki o0, 4+1) =
c1 + 1 and pe(K3, ) = c1 + 1, neither K 5., 41 nor K3, ,; is H-free. This implies that

:}C g {K1,201+1aK;cl+1}' (3)

For each ¢ € {1,2}, it follows from Lemma 15 that pc(HQ(c)1 p) = [*H] = ¢ +1, and

hence HQ(C) is not H-free, i.e. H2(C)1 contains an induced subgraph A; isomorphic to an

element of ﬂ'C Since |V (A;)| < p, we have

o [{7:1<7 <20, V(A)NV(Q)) # T} <2, and

o {j:1<7 <2 -1, V(A) N {y;,w;} # 2} <1
This implies that A; is an induced copy of Fp(z, and hence

3 < {EY, FY. (4)

pp’

Let n = max{2c; + 1,p}. Then by (3) and (4), H < {K1.., K, F\'), )}, which proves
().

Next we suppose that H satisfies (A2), and show that (ii) holds. There exists a
constant ¢o = co(H) such that pp(G) < ¢ for every connected H-free graph G. Since
pp(G) = pe(G) for all graphs G, H also satisfies (Al). Hence by (i), there exists an
integer m > 2 such that

H <K , K, W F@ 1 (5)

m,m?’* m,m

For each i € {3,4}, it follows from Lemma 16 that pp(HC(Q)Jrl ») = c2+1, and hence H(Q)Jrl »

is not JH-free, i.e. HC2 +1,, contains an induced subgraph B; isomorphic to an element of

H. Since |V (B;)| < p, we have
o 1< < et VB)NV(Q,) £ 2} <2, and
o {j:1<y<e, V(B)N{v,w;} #2} <1

This implies that B; is an induced copy of Fé?},, and hence

H<A{ED, FD}. (6)
Let ' = max{m,p}. Then by (5) and (6), H < {KLn/,K;,,Fﬁ)n,,F,E?’)n/,F,gi)n,,Fﬁ)n/},
which proves (ii). O
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3 Proof of Theorem 3

In this section, we prove Theorem 3. The following lemma was implicitly proved in [1].
(To keep the paper self-contained, we give its proof.)

Lemma 18 (Choi et al. [1]). Let n > 2 be an integer. There exists a constant ¢ = c¢(n)
depending on n only such that o(G) < ¢ for every connected { K ,,, K}, P, }-free graph G.

Proof. Let x be a vertex of G, and for an integer ¢ with 7« > 0, let X; be the set of vertices
y of G such that the distance between z and y in G is exactly i. Note that Xy = {z} and
X, = Ng(z). Since G is P,-free, X; = @ for all i > n — 1. Since G is connected, this
implies that

vig = |J X. (7)

0<i<n—2

We recursively define the values «; (i > 0) as follows: Let oy = 1, and for ¢ with i > 1,
let ; = (n—1)R(n,a;_ 1 +1)— 1.
We prove that

a(G[X;]) < «; for an integer ¢ with 0 < i < n — 2. (8

~—

We proceed by induction on i. Since a(G[Xo]) = 1 = ap, we may assume that i > 1
and o(G[X;_1]) < a;_1. Since X; C Ng(X;_1), it follows from Lemma 8 that o(G[X;]) <
a(G[Ng(Xi-1)]) < (n —1)R(n,a;—1 + 1) — 1 = «, as desired.

By (7) and (8), we have a(G) < Y ;o ®(G[Xi]) < D gcicn_p @i- Since the value
> 0<i<n_p Qi is a constant depending on n only, we obtain the desired conclusion. O]

b

Proof of Theorem 3. By the definition of cycle cover and cycle partition, “(ii) = (i)
clearly holds.

We show that “(ili) == (ii)” holds. Let n > 2 be an integer, and let ¢ = ¢(n) be
the constant as in Lemma 18. It suffices to show that there exists a constant ¢; = ¢1(n)
depending on n only such that c¢p(G) < ¢; for every connected { K ,, K, P, }-free graph
G. By the definition of ¢(n), we have o(G) < ¢. This together with Lemma 6 leads to
cp(G) < a(G) < ¢. Since ¢ is a constant depending on n only, we obtain the desired
conclusion.

Finally, we show that “(i) = (iii)” holds, which completes the proof of Theorem 3.
Suppose that a family 3 of connected graphs satisfies (A’1). Then there exists a constant
c1 = ¢1(H) such that cc(G) < ¢ for every connected H-free graph G. Since cc(K . 41) =
¢+ 1, ce(K: 1) = a1 + 1 and co(Paey+1) = [2EH] = ¢ + 1, none of Ky 41, K,
and Py 11 is H-free. This implies that H < {Kyc 1, K 1, Pocy11}, and hence 3 <
{K1 20041, K50, 15 Pacy 41}, which leads (iii). O
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