Spectral extremal graphs for disjoint cliques
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Abstract

Let kK,4+1 be the graph consisting of k vertex-disjoint copies of the complete
graph K,11. Moon [Canad. J. Math. 20 (1968) 95-102] and Simonovits [Theory of
Graphs (Proc. colloq., Tihany, 1996)] independently showed that if n is sufficiently
large, then the join of a complete graph Kj,_; and an r-partite Turdn graph T}, _j41,,
is the unique extremal graph for kK, 1. In this paper we consider the graph which
has the maximum spectral radius among all graphs without & disjoint cliques. We
show that if G attains the maximum spectral radius over all n-vertex kK, 1-free
graphs for sufficiently large n, then G is isomorphic to the join of a complete graph
Kj,_1 and an r-partite Turdn graph T5,_j41 .-
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1 Introduction

In this paper, we consider only simple and undirected graphs. For two vertex disjoint
graphs G, H, the union of graph G and H is the graph GU H with vertex set V(G)UV (H)
and edge set E(G)UE(H). In particular, we write kG the vertex-disjoint union of k£ copies
of G. The join of G and H, denoted by GV H, is the graph obtained from G U H by
adding edges joining every vertex of G to every vertex of H. For two graphs G and F', G
is called F'-free if it does not contain a copy of F' as a subgraph. For a fixed graph F', the
Turan type extremal problem is to determine the maximum number of edges among all
n-vertex F-free graphs, where the maximum number of edges is called the Turdn number,
denoted by ex(n, F'). An F-free graph on n vertices is called an eztremal graph for F if it
has ex(n, F) edges, and the set of all extremal graphs is denoted by Ex(n, F').

Let K,.(ny,...,n,) be the complete r-partite graph with classes of sizes ny,...,n,. If
Yoiyni =nand |n; —n;| < 1forany 1 <i<j<r, then K,(ny,...,n,) is called an
r-partite Turdn graph, denoted by T, ,. The well-known Turdn Theorem states that the
extremal graph corresponding to Turdn number ex(n, K,1) is T, ,, ie. ex(n, K,411) =
|E(T,)|]. There are lots of researches on Turdn type extremal problems (such as [3,
5, 10, 21]). Simonovits [20] and Moon [14] showed that if n is sufficiently large, then
K1V T, k41, is the unique extremal graph for kK, ;.

Theorem 1 ([20, 14]). Let G be a graph of sufficiently large order n that does not contain
kK,1 as a subgraph. Then e(G) < e(Kg-1V Th—+1r), and Kg_1 NV T, _11, 1S the unique
extremal graph for kK, ..

The following spectral version of the Turan type problem was proposed in Nikiforov
[19]: What is the maximum spectral radius of a graph G on n vertices without a subgraph
isomorphic to a given graph F'7 Researches of the spectral Turan type extremal prob-
lem have drawn increasingly extensive interest (for example, see [16, 2, 15, 23, 24, 25]).
Nikiforov [17] showed that if G is a K, i-free graph on n vertices, then p(G) < p(T,.,),
with equality if and only if G = T,,,. Cioaba et al. [8] proved that the spectral extremal
graphs for Fj belong to Ex(n, F}), where Fj is the graph consisting of k triangles which
intersect in exactly one common vertex. The family Ex(n, F}) was uniquely determined
for sufficiently large n by Zhai, Liu and Xue [26]. Desai et al. [9] generalized the result of
8] to Fj,, where Fy, is the graph consisting of k copies of K, which intersect in a single
vertex. Cioaba et al. [7] investigated the largest spectral radius of an n-vertex graph
that does not contain the odd-wheel graph Ws;. Moreover, they raised the following
conjecture.

Conjecture 2 ([7]). Let F' be any graph such that the graphs in Ex(n, F') are Turan
graphs plus O(1) edges. Then for sufficiently large n, a graph attaining the maximum
spectral radius among all F-free graphs on n vertices is a member of Ex(n, F).

The results of Nikiforov [17], Cioaba et al. [8], Desai et al. [9] and Li et al. [13] tell
us that Conjecture 2 holds for Ky, Fj, Fj, and Hyy, where H,, is the graph defined
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by intersecting s triangles and k odd cycles of length at least 5 in exactly one common
vertex. Recently, Wang et al. [22] proved Conjecture 2 completely.
In this paper, we shall prove the following theorem.

Theorem 3. Fork > 2, r > 2, and sufficiently large n. Suppose that G has the mazimum
spectral radius among all kK, 1-free graphs on n vertices, then G is isomorphic to Ky_1V

Tn—k+1,r-

2 Preliminaries

Let G = (V(G), E(G)) be a simple connected graph with vertex set V' (G) and edge set
E(G). For a vertex v € V(G), N(v) is the set of neighbors of v in G. The degree d(v)
of v is |[N(v)|, and the minimum and maximum degrees are denoted by 6(G) and A(G),
respectively. We denote by e(G) the number of edges in G. For Vi, V, C V(G), E(V1, Va)
denotes the set of edges of G between V) and V3, and e(Vi, V,) = |E(V4, V2)|. For any
S C V(G), we write N(S) = UyesN(u), ds(v) = [Ng(v)| = |[N(v) N S|. Denote by G\ S
the graph obtained from G by deleting all vertices in S and their incident edges. G[S]
denotes the graph induced by S whose vertex set is S and whose edge set consists of all
edges of G which have both ends in S. A set M of disjoint edges of G is called a matching
in G. The matching number, denoted by v(G), is the maximum cardinality of a matching
in G. We call a matching with k£ edges a k-matching, denoted by M;. For a matching M
of G, each vertex incident with an edge of M is said to be covered by M.

The adjacent matriz of G is A(G) = (a;j)nxn With a;; = 1 if ij € E(G), and a;; =0
otherwise. The spectral radius of G is the largest eigenvalue of A(G), denoted by p(G).
For a connected graph G on n vertices, let x = (x1,...,z,)T be an eigenvector of A(G)
corresponding to p(G). Then x is a positive real vector, and

p(G)x; = Z x;, for any i € [n]. (1)
iEE(G)

Another useful result concerns the Rayleigh quotient:

TAG 2) Tikj
p(G) = max XTﬁ = max 2 Je}i(G) S
xeR?  xTx x€R™ xTx

(2)

The following spectral version of Stability Theorem was given by Nikiforov [18].

Theorem 4 ([18]). Let r > 2,1/Inn < ¢ < r=80F2D0+) (< ¢ < 2736724 gnd G be a
graph on n vertices. If p(G) > (1 — % —e)n, then one of the following statements holds:

(a) G contains a K, (|clnn],..., [clnn], [n'=Ve]);
(b) G differs from T, in fewer than (e'/* + /8 )n? edges.

From the above theorem, we can get the following result.
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Lemma 5 ([9]). Let F' be a graph with chromatic number x(F) = r + 1. For every
e > 0, there exist 6 > 0 and ng such that if G is an F-free graph on n > ngy vertices with
p(G) = (1—2%—=8)n, then G can be obtained from T, by adding and deleting at most en?
edges.

Let G be a simple graph with matching number v(G) and maximum degree A(G).
For two given integers v and A, define f(r,A) = max{e(G) : v(G) < v,A(G) < A}. In
1976, Chvatal and Hanson [6] obtained the following result.

Lemma 6 ([6]). For every two integers v > 1 and A > 1, we have

F,A) = Av + EJ MAV/QWJ <Av it

The following lemma was given in [8].

Lemma 7 ([8]). Let Vi,...,V, ben finite sets. Then
Vin---nVu[ =Y Vil = (n = DI JViI
i=1 i=1

3 Proof of Theorem 3

In this section we shall give a proof of Theorem 3. Suppose that G has the maximum
spectral radius among all kK, 1-free graphs on n vertices, then we will prove G is isomor-
phic to Ky_1 V T},_j+1, for sufficiently large n. Clearly, G is connected. Let p(G) be the
spectral radius of G, x be a positive eigenvector of p(G) with max{z; : i € V(G)} = 1.
Without loss of generality, we assume z, = 1.

Lemma 8. Let G be a kK, 1-free graph on n vertices with mazimum spectral radius.

Then
p(G)>r;1n+2(kr—l)_%((k—l)(r—i—k—l)_i_r).

T 2

Proof. Let H = Kj_1 V T,_j+1,. Since K1 V T),_p11, is the unique extremal graph for
kK,y1, then

ex(n, kK1) = e(Toogiay) + (k= 1)(n —k+1) + (k 2 1)

>e(Tm)—|—k;1n—(k_l)(;:k_l)—g. (3)

According to (2) and (3),we have

1TAH)L  2ex(n, kK, 1)
171 n

p(G) = p(H) >
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2 -1 —1 —1
2_ e(an)+k n_(k )(T_'_k )_f
n ’ r 2r 8

r—1 2k—-1) 1 /((k—-D(r+k-1) r
> ( " +2>.

O

Lemma 9. Let G be a kK, 1-free graph on n vertices with mazimum spectral radius. For
every € > 0, there is an integer ng such that if n = ng, then

e(G) = e(T,,) — en’.

Furthermore, G has a partition V(G) = V3 U --- UV, such that the number of crossing
edges of G (i.e. 32 iz, €(Vi, V})) attains the mazimum, and

> e(Vi) < en’,
i=1
and for any i € [r]
E—3\/En< Vi < E+3\/En.
r r
Proof. Since G is kK, 1-free, by Lemmas 5 and 8, for sufficiently large n, there exists a
partition of V(G) = U; U--- U U, such that e(G) = e(T,,,) —en?, > ._, e(U;) < en?, and

| 2] <|Ui| < [%] for each i € [r]. Therefore, G has a partition V(G) = V1 U... UV, such
that the number of crossing edges of GG attains the maximum, and

s 7

D e(Vi) <) e(Ui) <en’.

i=1 =1

max {||V;] — 2|,j € [r]}. Without loss of generality, we may assume that

(@) < Y Wl e

I<i<j<r

< Wil =MW+ Yo WVillVjl +en?

2<i<<r
1 r T
= Waltn— Vi) + 5 (O 1iD? = Yo Vi) +en?
j=2 i=2

1

m(n — |Vi])* + en?

1
< Wil =i+ 5(n = Wl)* -

< T 6L2+7“—1
2(r—1) 2r

n? + 8n2,
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where the last second inequality holds by Holder’s inequality, and the last inequality holds
since [|V4] — 2| = a. On the other hand, since e(G) > e(T,,) — en?, we have

-1 —
e(G) = e(T,,) —en® > TQT n* — g —en® > TQT n? — 2en?.
Therefore, ﬁcﬂ < 3en?, which implies that a < wnz < 3y/en. The proof is
completed. [l
Lemma 10. Suppose € and 0 are two sufficiently small constants with 6 < WM and
e < 6% Let
W:=U_{veV:dy) = 20n}.
Then |W| < On.
Proof. For all ¢ € [r], let W; =W NV,. Then
2e(Vi) =) dv(u) = ) dvi(u) = 2|W;|on.

ueV; ueW;
Combining with Lemma 9, we have

en® 2 ) "e(V;) = [W|on,

i=1

which implies that |W| < £ < On. O

Lemma 11. Suppose €1 is a sufficiently small constant with \/e < 1 < 0. Let

1
L:={veV(G):dv)<(1—-=-—¢e1)n}.
T
Then |L| < e9n, where 9 K €1 is a sufficiently small constant satisfying e —e169+ %5% <

2
0.

Proof. Suppose to the contrary that |L| > eon, then there exists L' C L with |L'| = |ean].
Therefore,

e(G\L) > e(G)-> dv)

vel/
) 1
> e(T,,) —en”—en(l———¢e1)n
T

-1
= e(T,,) —en®— L

82712 + 8182712

r—1
2r

(k—1)(k+7r—1)

(= ean)) - T

(n— lean))? +
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> e(Ty,) + (K _rl)n/ (k- 1)(/26:— r—1)

= €X<7’L,, kKrJrl)a

where n’ = n — |ean|. Since e(G \ L') > ex(n — |L'|,kK,11), G\ L' contains a kK, as
subgraph. This contradicts the fact that G is kK, -free. O

Lemma 12. For any i € [r], if uv is an edge of G[V; \ (W U L)], then G has k(r + 1)
copies of K,.1 which have only one common edge uv.

Proof. For any i € [r], and any vertex w € V; \ (W U L), we have d(w) > (1 — 1 —&)n,
dy,(w) < 20n. Then for any j € [r] and j # ¢,
dy,(w) > d(w)— dy(w) — (r — 2)(2 +3v/zn)
1
> (1-— o e1)n —20n — (r — 2)(; + 3v/en)

> 2o 3(r —1)0n.
r

Without loss of generality, let uv be an edge of G[V; \ (W U L)|. We consider the common
neighbors of w,v in V5 \ (W U L). Combining with Lemma 7, we have

[ Nvs () O Ny, (0) \ (WU L)

Z  dyy(u) + dy (v) — Vo = [W] = |L]|
> 207 = 3(r — 1)fn) — (= +3vEn) — fn — ean
r r
> L 670n
r

> k(r+1).
So there exist k(r + 1) vertices ug 1, ..., Uz p(r41) in Vo \ (W U L) such that the subgraph
induced by two partitions {u,v} and {uaq,...,us k1)) is a complete bipartite graph.
For an integer s with 2 < s < r—1, suppose that there are vertices u, 1, ..., Us g1y € Vi \
(WU L) such that {u, v}, {ugq,..., U2 ko) }s -5 {Uss- - Us k1) } induce a complete

s-partite subgraph. We next consider the common neighbors of the above (s—1)k(r+1)+2
vertices in Vi1 \ (W U L). By Lemma 7, we have

|Nv,,, (u) 0 Ny, (v) N (miE[S]\{l},jG[k(r—i-l)]NVs+1 (uij)) \ (WU L)

> st ( + st+1 + zs: Z st+1 u” ((S - 1)]{3(7"_’_ 1) + 1)|V5+1| - |W| - |L|
> (5= Dk(r+1)+2) (_ _3(r— 1)0n> (s —Dk(r+ 1) +1) (; + 3\/§n>

—0n — ean
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> 2o 12skr(r 4+ 1)6n

r
> k(r+1).
Then we can find k(r 4 1) vertices tsi1,1, - .., Ust1,k(r+1) € Vag1 \ (W U L), which together
with {u,v}, {ug1,. .., uskerr1)}, -5 {Us1,- -+, Usp(r41)} forms a complete (s + 1)-partite
subgraph in G. Therefore, for every 2 < i < r, there exist k(r+ 1) vertices in V; \ (W UL)
such that {us1,..., uskes1)}, ooy {Ur1, - o Urgr41)} induce a complete (r — 1)-partite
subgraph in G, and u,v are adjacent to all the above k(r — 1)(r 4+ 1) vertices. Hence G
has k(r + 1) copies of K,,; which have only one common edge uv. |

Lemma 13. For each i € [r], there exists an independent set I; C V; \ (W U L) such that
L] = [Vi\ (WU L)[ = 2(k —1).

Proof. We first claim that G[V; \ (W U L)] is M-free for any ¢ € [r]. Suppose to the
contrary that there exists iy € [r] such that G|V, \ (W U L)] contains a copy of M. Then
we can find a kK, ; by Lemma 12, and this contradicts the fact that G is kK, ;-free.
For every i € [r], let M* be a maximum matching of G[V; \ (W U L)], and B’ be the set
of vertices covered by M*. Since G[V; \ (W U L)] is Mj-free, |B'| < 2(k — 1). Therefore,
there exists an independent set I; C V; \ (W U L) by deleting all vertices of B, and
L] = [ViN (WU L) = 2(k = 1), O

Lemma 14. For any i € [r] and any v € V; \ (W U L), dy,wur)(v) < k(r + 1).

Proof. We will prove this lemma by contradiction. Without loss of generality, suppose
that there exists a vertex v € Vi \ (W U L) such that dy,\wur)(u) = k(r 4+ 1). Let G be
the graph with V(G’) = V(G) and E(G') = E(G) U{uw : uw ¢ E(G)}. It follows from
we Vi \ (WUL) that E(G) C E(G"). By the maximum of p(G), G’ contains kK, 1, say
Fi, as a subgraph. From the construction of G’, we see that u € V(F}), and there is a
(k—1)K,41, say Fy, in Fy \ {u}. Obviously, F» C G. Thus Fy is a (k— 1)K, copy of G,
and u ¢ V(F3). Since dy,\(wur)(u) > k(r+1), there exists a vertex v € Ny,\wur)(u) such
that v ¢ V(F3). Then we can find k(r + 1) copies of K, which have only one common
edge uv by Lemma 12. Thus, we can find a K, 1, say F3, such that V(F3) NV (Fy) = 0.
Thus F, U F3 is a kK11 copy of GG, which contradicts the fact that G is kK, 1-free. [

Lemma 15. For anyu € W\ L, G contains k(r + 1) copies of K, 1 which intersect only
m u.

Proof. For any u € W \ L, without loss of generality, we may assume that u € V].
Combining with Lemmas 10 and 11, we have d(u) > (1 — £ —&;)n, and

dyp\wury(w) = dy,(u) = [W U L]
> 20n —0n — e9n
> k(r+1).
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Let uiq, ..., U kirt1) be the neighbors of u in V4 \ (W U L). Then for every i € [k(r + 1)],
we have d(u1 ;) > (1—+ —ep)n, dy, (u1;) < 26n, and

da(ur) > d(ur,) = dy; () = (r = 2)(= + 3VEn)

—en —20n — 3(r — 2)\/en

V

\Y
33

—3(r —1)0n. (4)

Since V(G) = Vy U--- UV, is the vertex partition that maximizes the number of crossing
edges of G, we have dy, (u) < £d(u). Therefore

dva(w) > d(u) = dy (u) = (r = 2)(= + 3V/En)

r_l(l—%—sl)n—(r—Z)(g—i-B\/gn)

>

”
> % —en—3(r —2)yen
r
n
> 5 (3r + 5)ern. (5)
We consider the common neighbors of u,uy 1, . .., U1 kr11) in Vo \ (W UL). Combining

with Lemma 7, we have

[Ny, (1) N (Niefpgra1y) Nve (u1)) \ (WU L)
7"—1—1

dv, (u Zdvzuu k(r + 1)Va| — W] — ||

V

> % — (3r +5)ein + k(r + 1)(% —3(r — 1)0n) — k(r + 1)(2 +3v/zn) — 0n — ean

n

k(r+1).
Let ug1, ..., Uz p(r+1) be the common neighbors of w, i, ..., u1ke1y in Vo \ (WU L).
For an integer 2 < s < r — 1, suppose that w,,..., usk+1) are the common neighbors

of {u,ui1, .. Uigerny 11 <i<s—1}in Vo \ (W UL). We next consider the common
neighbors of {u, u; 1, ..., Ukes1) 1 1 <4< s}in Vo \ (WUL). Using the similar method
as in the proof of (4) and (5), for every i € [s] and j € [k(r + 1)], we have
dv,,, (uig) > — = 3(r — 1)én,
r
and

n
dy,.,(u) > ol (3r + 5)ein.
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By Lemma 7, we have

[Nv,1 (W) N (Nigls)jelrerr1) Nvaga (wig) \ (WU L)
S k(?"+1)

st+1(u) + Z Z st+1(ui,j) - Sk’(?‘ + 1)|Vs+1| - |W| - |L|

i=1 j=1

\%

> % — (3r +5)e1n + sk(r + 1) (E —3(r— 1)977,) —sk(r+1) (% + 3\/571)

,
—0n — e9n
n
i 16skr(r 4+ 1)6n
k(r+1).
Let Usi11,. .-, Usi1k(r+1) De the common neighbors of {u,u;1,... Ukeri1) @ 1 <1 < s}

in Viu1 \ (W U L). Therefore, for every i € [r], there exist k(r 4+ 1) vertices, denoted
by {uii, ..., Uik}, in Vi \ (W U L) such that {u11, ..., 01 ke }s {u2,1,- -5 U2 kert1) )

coos {Un, - oo, Uprgny } form a complete r-partite subgraph in G, and u is adjacent to the
above kr(r + 1) vertices. Hence we can find k(r + 1) copies of K1 in G which intersect
only in u. O]

Lemma 16. W\ L| <k — 1.

Proof. Suppose to the contrary that [W \ L| > k. By Lemma 15, for any v € W\ L, we
can find k(r 4+ 1) copies of K, in G which intersect only in u. Therefore, we can find at
least k disjoint K., in G. This is a contradiction to the fact that G is kK, -free. O

Lemma 17. L = (.

Proof. Let z,, = max{z, : v € V(G) \ W}. Recall that z, = max{z, : v € V(G)} =1,
then
p(G) = p(G)z: < W+ (n— [W])ay,.

By Lemmas 11 and 16, we have
W|=|WNL|l+|W\L <|Ll+k—-1<em+k—1 (6)
Combining with Lemma 8, we have

PG =W p@ =Wl 10 2 (7)

0T n—w 7 n r n r

Therefore, we have

p(G)zy, = Z Ty = Z T, + Z Ty

vo€E(G) veEW,vvo€E(G) vgEW,ovo€E(G)

< W (d(vo) — (W),
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which implies that

%%
dw) > p(G)+w) - W
2|W|
> 2
> T_1n+2(k_1)—l (k—l)(r%—k—l)_i_f _ 2en 2(k—1)
r r n r 2 r—2 r—2

1
> (1—-—¢
( r l)n7

where the last inequality holds as g5 < &1. Thus we have vy ¢ L, that is vg € V(G) \
(WU L). Without loss of generality, we assume that vy € V4 \ (W U L). Combining with
Lemmas 13 and 14, we have

p(G)x,, = Z Ty + Z Ty + Z Ty

veWUL, veVi\(WUL), ve(Ur_,Vi)\(WUL),
v €E(G) v EE(G) v EE(G)

< W+ |L|zy, + k(r 4+ 1)xy, + Z T, + Z T,
veUio1i, ve(UI_,Vi\Li)\(WUL),
v EE(G) voEE(G)

< W[+ |Llzy, + k(r 4+ Dy, +2(k = D(r = Dag, + > 2,

UEU 2.[,'
which implies that
Y 7= (p(G) = [L] = kBr = 1) +2(r = 1)y, — [W]. (8)
’UEU{:QQ

Next we will prove L = (). Suppose to the contrary that there is a vertex uy € L,
then d(ug) < (1 — % —e1)n. Let G’ be the graph with V(G') = V(G) and E(G') =
E(G\ {uo}) U{wuy : w € U_,I;}. Tt is obvious that G’ is kK, ;-free. Combining with
Lemmas 8, 11, (6), (7) and (8), we have

o(C)=p(G) > X (AG) — A(G))x _ 2wy, Z ro— S

xT'x xT'x
weUi_ uug€E(G)
2%y,
> 222 ((p(G) = L] = k(3r = 1) +2(r = 1)), — 2AW| = (dlug) — W)y,
X X
2%y,
= S22 ((p(@) = |L = k(3r = 1) +2(r — 1) = d(uo) + [W )z, — 2|WV)
2%y, m— 2
> T ( . (e1n —ean — O(1)) — 2|W]>
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> 2Zu (= 2 (em — ean — O(1)) — 2(ean + k — ) >0

=
xT'x r

where the last inequality holds since €5 < €. This contradicts the fact that GG has the
largest spectral radius over all kK, -free graphs, so L must be empty. O

Lemma 18. For any v € V(G), ©, > 1 — .

Proof. Since L = (), then [W| = |W \ L| < k — 1 by Lemma 16. Let z,, = max{x, : v €
V(G) \ W}. Recall that x, = max{z, : v € V(G)} = 1, then

p(G) = p(G)r. < W] (n = [W])zy,.

Combining with Lemma 8, we have

pG) = W] _ p(G) =W _ 1 _0()

0T W 7 n - r n

Using the similar method as in the proof of (8), we have

Z zy, = (p(G) — k(r +3) 4+ 2)x,, — (K —1).

veU;_o1;

Suppose to the contrary that there exists v € V(G) such that z, < 1 — —. Let G’ be
the graph with V(G’") = V(G) and E(G') = E(G\ {u}) U{uw : w € U_ 2]} It is obvious
that G’ is kK, 1-free. Therefore, we have

p(G,)_p(G)>XT(A(G’)—A(G))XZ2xu Z . — Z v

o xix weU_o T weE(G)
> ii; <(P(G) —k(r+3)+2)zy, — (k= 1) — p(G)xu>
> (5 -om) >0

This contradicts the fact that G has the largest spectral radius over all kK, -free graphs.
]

Lemma 19. |W| =k — 1, and V; \ W is an independent set for any i € [r].

Proof. Let [W| =s. Then s < k — 1 by Lemmas 16 and 17.
Claim 20. v(U_,G[V; \W]) <k—1-—s.
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Proof of Claim 20. Otherwise, v(U,_,G[V; \ W]) > k — s. By Lemma 12, we can find a
(k — s)K, 41, denoted by Fi. Since |W| = s, by Lemma 15, we can find a sk, denoted
by Fy, such that V(Fy) NV (Fy) = (. Therefore, F} U Fy is a copy of kK,,; in G, a
contradiction. O

Suppose to the contrary that s < k— 1. By Lemmas 14 and 17, we have A(Ul_,G[V; \
W) < k(r + 1). Combining with Lemma 6, we have
e(Un GIViA W) < fFr(Un GV A W), AU GV W)
< k(k—s)(r+1).
Take S C Vi \ W with |S] = k — s — 1. Let G’ be the graph with V(G’') = V(G) and
E(G) = E(G)\{w : uww € U_E(G[V,\ W)} U{uv : u e S;ve (Vi \ W)\ S} Itis
obvious that G’ is kK, -free. Therefore,

p(C) — p(G)

WV
o
N
"

<(k—s—1)(|V1|—|W|—k+s+1)(1—ril)Q—k(k—s)(r—l—l))

> %((k;—s—u(% —3yen—k+1)(1 - %)2—/{(/{—5)(%1))

>
>

> 0.

This contradicts the fact that G has the largest spectral radius over all kK, ;-free graphs.
Therefore, |W| = s = k — 1. Then it follows from the claim that v(U_,G[V; \ W]) <
k—1—s=0forany i€ [r]. So V;\ W is an independent set. O

Lemma 21. For anyu € W, d(u) =n — 1.

Proof. Suppose to the contrary that there exists u € W such that d(u) < n — 1. Let
v € V(G) be a vertex such that uv ¢ E(G). Let G’ be the graph with V(G’) = V(G)
and E(G') = E(G) U {uww}. We claim that G’ is kK, i-free. Otherwise, G’ contains
a copy of kK,., say Fy, as a subgraph, and uwv € E(F}). Let F» be the K,y of F}
which contains wv. Then G contains a (k — 1)K, denoted by Fj3, as a subgraph, with
V(Fy,) NV(F3) =0 and u ¢ V(F3). Since u € W, by Lemmas 15 and 17, we can find a
K, 11, denoted by Fy, which contains v and V(Fy) NV (F3) = (). Thus F5U Fy is a copy of
kK,.1 in G, a contradiction. Therefore, G’ is kK,,i-free. By the construction of G’, we
have p(G') > p(G), which contradicts the assumption that G has the maximum spectral
radius among all kK, i-free graphs on n vertices. O
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Proof of Theorem 3. Now we prove that G is isomorphic to Kj;_; V T,,_j4+1,. For any

€ [r], let |V; \ W| = n;. By Lemmas 19 and 21, there exists an r-partite graph H
with classes of size ny,ng,...,n, such that G = K;_; V H. By the maximum of p(G),
H = K,(ny,ng,...,n,). It suffices to show that [n; —n;| < 1forany 1 <i < j <.

Suppose n; = ny = ... = n,. We prove the assertion by contradiction. Assume that
there exist g, jo with 1 < iy < jo < r such that n,, —nj, > 2. Let H' = K, (nq,...,n;, —
L...,nj,+1,...,n ),andG Ky 1V H.
Recall that x is the eigenvector of G corresponding to p(G), by the symmetry we may
asSUMe X = (L1, ..., L1, L2, .., B2y vy Tpyervs Tpy Tpg1y -+, Tpp1) . Thus by (1), we have
ny n n k1
G)x; = anxj —nx; + (k — 1)z,41, for any i € [r], (10)
and
G)rr = anxj (k —2)xp41. (11)
Combining (10) and (11), we have z; = ’)((GG)):TZ xp41 for any i € [r], which implies that

Trp1 = max{z, : v € V(G)}. Recall that max{z, : v € V(G)} = 1, then z,,,; = 1, and

pp((g)):nli for any i € [r]. Let u;, € V;, \ W be a fixed vertex. Then G’ can be obtained

from G by deleting all edges between w;, and Vj, \ W, and adding all edges between u;,
and Vi, \ (W U {w;,}). According to (2), we deduce that

Tr; =

xT(A(G") — A(G))x

o@) - plcy > S AEL
= i ((nm - 1)x120 - njoxioxJ'O)
_ 2 (o PG+ p(G)+1]
= XTX <( 20 1)p(G) +nio Jo p(G) +nj0)
_ 2, (p(G) +1)(n4pp(G) — 15, p(G) — p(G) — )
xTx (P(G) + niy) (p(G) + 1)
20 (O D) ~n)

xTx (p(G) + n4,) (p(G) + 1)

where the last second inequality holds as n;, —nj, > 2, and the last inequality holds since
p(G) > = ln+2(k D _ 2 ((k—l)(T’-i-k—l) + %>’ and Nj, = H/;O\W‘ +3fn ( ) This

T

contradlcts the assumption that G has the maximum spectral radlus among all n-vertex
kK, -free graphs. Therefore, G is isomorphic to Ky_1 V T} _gt1,. O
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