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Abstract

Let G be a finite abelian group. The Davenport constant D(G) is the maximal
length of minimal zero-sum sequences over G. For groups of the form Cg_l @ Cop
the Davenport constant is known for r < 5. In this paper, we get the precise value
of D(C3 @ Coy) for k > 149. It is also worth pointing out that our result can imply
the precise value of D(C§ @ Cay).

Mathematics Subject Classifications: 05C88, 05C89

1 Introduction

Let G be an additively written finite abelian group. A sequence « over G is a multi-set
with elements from G, i.e., @« = g;--- gy, where the repetition of elements are allowed
and their order are disregarded. The number / is called the length of «, also denoted by
|a| sometimes. In particular £ = 0 when « is empty. One can also write a sequence as
a = ngG g"7®), where v,(a) € Zs is called the multiplicity of g in . A sequence T is
called a subsequence of « if vy (T") < vy(a) for every g € G, and T is a proper subsequence
of aif vy (T') < v,(a) for at least one g. Althrough this paper, when we refer to sequences
or subsequences, we always mean nonempty ones unless otherwise stated. A zero-sum
sequence is a sequence such that the sum of all its elements is equal to the zero element
of G. A minimal zero-sum sequence is a zero-sum sequence over G such that none of its
proper subsequences is zero-sum. The Davenport constant of GG is defined as the maximal
length of all minimal zero-sum sequences over G, denoted by D(G).

In general it is a hard problem to determine this constant D(G), so far its actual value
is only known for a few types of groups. For a finite abelian group G, we have |G| =1 or
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G=C, ®C,, - ®C, with 1 <nqlng---|n,. Set
D*(G) =1+ (n;—1).
i=1

It is known that D(G) > D*(G) for all finite abelian groups G, and the equality happens if
G is a p-group or G is of rank one or two. Also the equality D(G) = D*(G) is conjectured
to be true for groups G of rank three or G = C], (see, e.g.,[4] Conjecture 3.5). For more
results, one can refer [1, 2, 5, 6]. In particular, van Emde Boas [1] proved the following
result:

Lemma 1 ([1]). Let p be a prime and m, n be positive integers. If G = Cyypn & H with
H being a finite abelian p-group and p™ > D*(H), then D(G) = D*(G).

It is interesting to study the Davenport constant for the case p* < D*(H) in the
above lemma. Hence, the groups of the form G = Cj ' @ Oy, draws much attention. For
sufficiently large , A. Plagne and W. Schmid [9] got an upper bound of D(G). For r < 4,
it is known that D(G) = D*(G). For r = 5 and k > 70, F. Chen and S. Savchev [11]
proved that D(G) = D*(G) + 1 if k is odd, otherwise, D(G) = D*(G). Actually for r > 5
and k odd it is known that D(G) > D*((G), and a lower bound for the gap between these
two constants is given in [8], (see also [3, 7]). In [10], W. Schmid also studied the inverse
problem of D(G) for r = 3. In this paper, we determine the precise value of D(C5 @ Coy)
for & > 149.

Theorem 2. For each k > 149, the Davenport constant of the group Cy & Cyy, is

D(C3 & ) — {2]{:4—52 D*(CS & Cy), ka 2:3 even.
2k +6 = D*(C5 ® Cox) + 1, if k is odd.

In [11], the authors mainly research the structure of long minimal zero-sum sequences
over G5! @ Oy, with k > [351(2" — 1)] — 7 4 2 (the condition imposed on k occurs in
section 5 of [11]). In this paper, we improve their method and have the same condition
imposed on k. Besides, most of the proofs that follow require k to be relatively large as

compared to r: the modest k > 2r? suffices for the purpose. Fix

3r—1
r+1

ko = max{2r?, [ 2" —=1)]—r+2}

and let k& > kg. To prove Theorem 2, we need the following result which is of general
interest for the study of Davenport’s constant of groups of the form C5~! @ Cy.

Theorem 3. Let G = C’;_l @ Cor with k > ko and let o be a minimal zero-sum sequence
of length D(G). If D(G) > D*(G) and there exists a unit block Ul|a with d(U) > r — 3,
then k is odd.
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Remark: For a unit block and d(U) in Theorem 3, one can see Definition 7 and the
definition of Defect in section 2, respectivrly.

For determining the precise value of D(C5 @ Cy;), we suppose D(G) > D*(G) and let
a be a minimal zero-sum sequence of length D(G) over G, where G = D(C} ' @ Cy;,) with
r > 6. In section 2, we improve Chen’s result “2 < d(Wgz) < r —2” to “3 < d(Wgz) <
r —2”. In section 3, we prove that if d(Wy) = r—2 or r — 3, then k is odd, i.e., Theorem
3. Besides, we completely characterize the structure of o with d(Wgz) =7 —2 or r — 3.
In section 4, let » = 6, and then we have r —3 =3 < d(Wgz) < r — 2, ie., k is odd by
Theorem 3. Hence, we have D(C5 @ Cy) = D*(C5 @ Cyy) for k even. By the structure of
a with d(Wz) =r —2 or r — 3, we can easily prove that D(C5 @ Cy;) < D*(C5 @ Cyy,) + 1
for k odd. It has been known that D(Cy~ @ Cop) = D*(Cy @ Cai) + 1 for k odd and
r > 5. The proof is complete.

2 Preliminaries

Let

be a sequence over G. Denote by Supp(a) = {g : vy(a) > 1}. The sum and the sumset of
a sequence « are denoted by o(«) and ) («) respectively. For a subsequence (3 of o we say
that « is divisible by 5 or g divides «, and write 8|a. The complementary subsequence of
3 is denoted by a3~ . For subsequences /3,7 of «, if their union 37 is still a subsequence
of a, then we say that [,y are disjoint subsequences of a;, and call 87 the product of 3, .

Let a sequence « be the product of its disjoint subsequences aq, ..., a,,. We say that
the a;’s form a decomposition of o with factors s, . .., oy, and write o = [, o;. Quite
often we study the sequence with terms o(ay),...,0(,). For convenience of speech it
is also said to be a decomposition of o with factors aq, ..., a,,; sometimes we call terms
aq, ..., q,, themselves.

Let H be a subgroup of G. Each sequence over G with sum in H is called an H-block.
For a sequence that is an H-block, an H-decomposition of the sequence is a decomposition
whose factors are H-blocks. An H-block is minimal if its projection onto the factor
group G/H under the natural homomorphism is a minimal zero-sum sequence. An H-
decomposition whose factors are minimal H-blocks is called an H-factorization.

Let G = O3 ' @ Oy and a € G be an element of order 2k. We consider the subgroup
(a) of G. For convenience, “(a)-block”, “(a)-decomposition” and “(a)-factorization” are
usually abbreviated to “block”, “decomposition”, “factorization”. However
decomposition also keeps its general meaning, a partition of a sequence into arbitrary
disjoint subsequences. The context excludes ambiguity. Denote by ¢ the coset t + (a),
and u ~ v if w = 1. For a sequence v = [[¢; over G, denote by 7 the sequence []#; over
G/{a), and (J) the subgroup of G//(a) generated by all terms 7. For any (a)-block B,
there exists a unique x € [1,2k] such that o(B) = xa. Write z,(B) := x. Let a be a
minimal zero-sum sequence and « = [[;_; B; be a (a)-decomposition of a. We call {a} a
basis of [, B; if "1 | x,(B;) = 2k. We have the following important proposition.
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Proposition 4 ([11], Proposition 4.1). Let G = C5 ' @ Coy, where r > 2, and let o be a
minimal zero-sum sequence over G with length |a| > k + [%(QT —1)] + 1. There exists
an order-2k term a of a with the following properties:

(i) Every (a)-decomposition of a has basis {a}.

(i) If Bla is a minimal (a)-block, then 0 < z,(B) < k.

(iii) If Bla is a (a)-block and B = By - - - By, is a (a)-decomposition of B, then z,(B) =
To(B1) + -+ 24(Bp).

(iv) If « = By -+ By, is a {(a)-factorization of «, then x,(a) = 2k = x4(B1) + -+ +
Zo(B) with each x,(B;) € (0, k).

(v) Every {(a)-block Bla with z,(B) =1 is minimal.

For the rest of the paper, we let o be a minimal zero-sum sequence of maximal
length in C5~' @ Cy,.  Obviously a has Proposition 4. It follows since by

k > ko = max{2r?, [?;g——ll(zr -] —-r+2}> 3:+—11(2r —D]-r+2

3r—1
r+1

|a|=D(G)>D*(G)=2k+r—1>k+{ (2’"_1)]“.
Fix an order 2k term a of a as Proposition 4 predicted. Recall two unconventional
notations from [11].

The DEFECT. For every (a)-block Bla, define d(B) = |B| — z,(B) and call d(B)
the defect of B. As indicated in Proposition 4, the defect is additive: for each (a)-
decomposition B = [[", B; of B one has d(B) = > d(B;). In particular the entire «
is an (a)-block with defect d(«) = |a] — z4(a) = |a| — 2k and |a| = 2k + d(«).

The 0-QUANTITY. Let Bla be a (a)-block and X|B a proper subsequence. Then
X' = BX ! is also proper; sometimes we say that B = XX’ is a proper decomposition
of B. As 0(X) and o(X') are in the same (a)-coset, they differ by a multiple of a.
Hence there is a unique integer dp(X) € [0, k] such that o(X') = o(X) + 6p(X)a or
o0(X) =0(X')+0p(X)a. This dp(X) is called d-quantity of B = X X’ and is denoted by
§(X) for short.

If, eg., o(X') = o(X) + 0(X)a, then o(X) + o(X’) = z,(B)a leads to the relations
20(X") = (zo(B) + 0(X))a and 20(X) = (x4(B) — 6(X))a. As 20(X) € 2G and 2a
generates 2G, we see that (X)) and z,(B) are of the same parity. It follows that there is

an element e in the (a)-coset o(X) such that 2e = 0 and

{o(X),0(X")} = {e + %(xa(B) —§(X))a, e+ %(wa(B) + 5(X))a}.
Define the lower member X* of the decomposition B = X X’ (of the pair X, X’). Namely
let X* := X or X" according as 0(X) = e+ 3(2,(B) — 6(X))a or 0(X') = e + 3 (x4(B) —
6(X))a. Thus o(X*) = e+ 3(24(B;) — 6(X;))a. Note that if §(X) = 0, then either one of
X and X’ can be taken as X*.

For the two notions, we have the following frequently-used results.

Lemma 5 ([11], Corollary 5.3). Every (a)-block in o has nonnegative defect.
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Lemma 6 ([11], Lemma 4.2). Let Bi,...,B, be disjoint blocks in « with
To(B1) + -+ x4(Bp) < k, and let B; = X;X| be proper decompositions, i = 1,...,m,
such that Y " o(X;) =0. Then

(i) The product of the lower members X, ..., X} is a block dividing By - -- B, with
a-coordinate

* * 1 - -
wa(XE- X1) = §(Zma<3i) - Za(xg).
i=1 i=1
In addition )", 6(X;) < Y00 o (B;) — 2.
(ii) For each i =1,...,m there exists an element e; € o(X;) such that 2e; = 0,
1
{U(X {ez a z - 5( ))a e + §(xa(Bi) + 5(XZ))CL}’

and ey, ..., e, satisfy ey + -+ e, = 0.

Definition 7. An (¢, s)-block means a minimal {a)-block B with length ¢ and sum sa with
0> s. That is d(B) > 0 is assumed. Obviously, ¢ < r. The phrase "B is an (£, s)-block”
is shortened to "B is ({,s)” whenever convenient. We write (x, s)-block or (,x)-block if
0 or s is irrelevant. Furthermore a unit block is a product of (*,1)-blocks.

We have the following corollary from Lemma 6.

Corollary 8. Let U | « be a unit block, and By, . . ., By, be disjoint minimal blocks in aU ™
with positive defect such that z,(U) + Y 1" xa(B;) < k. If there exist a decomposition
U =YY’ and proper decompositions B; = X;X/(1 < i < m) such that YX;---X,, is an

(a)-block, then >~ 0(X;) < Y ity za(B;) — 2.

Proof. 1t U = YY" is not proper, then Lemma 6 (i) completes our proof. Now suppose
that U = Y'Y’ is a proper decomposition. Let U = U; ---U, be a decomposition of U
such that U; is (x,1), and let Y = Y;---Y], be a decomposition of Y such that Y; | U;.
Let U’ be the product of the U;’s such that Y; is neither empty nor equal to U;. Without
loss of generality, suppose U’ = U; - - - U,y for some n’ < n. Then 6(Y;) > 1 for 1 <i<n/
since (Y;) shares the same parity with x,(U;). By Lemma 6 (i), we deduce that

n’—i—ié(){i) < HZ(S(Y;-) +§:5(XZ») < n/—l—ixa(B)—

=1

That is Z:il 5(Xz) < 221 l‘a(Bi) — 2. ]
For circumstances it is convenient to introduce the following notation. For any sequence
X, there exist an element e € (X)) of order 2 and a unique integer in (-1, £:1] denoted

by ! (X)), such that o(X) = e+x/,(X)a. In particular z}(b) is defined for b € G by treating
b as a sequence of length one. Note that z/(B) may not coincide with z,(B) if B is a
block. However z4(B) = ;,(B) = )5 7,(b) mod k. In particular, if B =T;--- T is a

ot
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decomposition with each z/,(T;) € [0, 2] and Zle 2 (T;) < "1, then it is easy to see

that 2,(B) = Y.L, 2/,(T}), which will be used repeatedly in this paper.

i=1"a
For minimal blocks By, ..., By, of @ and proper decompositions B; = X; X satisfying
the hypothesis of Lemma 6 or Corollary 8, by > 7", 6(X;) < D" x.(B;) —2 and z,(B;) <

|B;| < r we obtain

S ”ém 4 <% ;(5(&) —za(B)) + 1< %(xa(Bj) —5(X;))
<5l By) +50X)) < malB) 1+ 5 3wl Bo) — 6(X))
i#]
<r—pp LMD

2

When m is small such that r — 2 + w < %, then

LD () — w(B)) + 1< (X)) S alB) 14 5 D (ol B) —5(X). (1)
i#j i#]

In particular if m = 1, we get 1 < 2/, (X) < r — 2. This bound will be frequently used in
the next section.

The following lemma together with Proposition 4 (v) ensure that there are (x, 1)-blocks
dividing «, hence there exist unit blocks dividing «. Actually, we may get that every term
of o which is not an element of (a) is contained in a (x, 1)-block.

Lemma 9 ([11], Lemma 5.1). Let G be a finite abelian group and o a minimal zero-sum
sequence of mazimum length over G. For each term t|a and each element g € G there is
a subsequence of a that contains t and has sum g. In particular (o) = G.

Note that if > (a) = G, then (@) = G. Some results concerning unit blocks dividing
« are given below.

Lemma 10 ([11], Lemma 4.8). For each unit block Ulc, the subgroup (U) of G/{a) has
rank d(U). Consequently d(U) < r — 1.

Lemma 11 ([11], Lemma 4.11). (i) Let U be a (I,1)-block and B be a (m,2)-block in «.
If U, B are disjoint blocks such that u € (B) for every term u|U, then the product UB is
divisible by a (x,1)-block V with d(V') > d(U). Moreover if m > 5, then d(V)) > d(U) can
be strengthened to d(V') > d(U) + 1.

(ii) Let U be a (I,1)-block and B be a (m,3)-block in o. If U, B are disjoint blocks
such that u € (B) for every term u|U, and UB is not divisible by a unit block V with
d(V) > d(U), then Il =2 and UB is divisible by a (m, 2)-block.

Lemma 12 ([11], Corollary 4.12). Suppose that G has rank r > 5. Let Uy, Uy be both
(2,1)-blocks and B be a (r,3)-block such that Uy, Us, B are disjoint in cv. Then the product
U UsB is divisible by a unit block V' with d(V') > d(U,Us,).
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Fix the notation Wz for the product of all (x, 1)-blocks in a factorization .% of a. Let
d*(a) = max{d(Wz) : F is a factorization of a}.

Definition 13. A factorization .7 of « is canonical it d(Wg) = d*(«).

Lemma 14 ([11]). Let .F be a canonical factorization of a. Then

(i) The complementary block aW;l of Wz is not diwvisible by a unit block. More
generally let By, ..., By, be blocks in F, and let d be the combined defect of the (x,1)-
blocks among them. Then the product By --- B, is not diwisible by a unit block V with
defect d(V') > d.

(ii) 2 < dWgz) <r —2 and d(aW ;') > 2.

We can strengthen Lemma 14 (ii) if » > 4 and D(G) > D*(G).

Lemma 15. Let r > 4 and D(G) > D*(G). If a is a longest minimal zero-sum sequence
over G and F is a canonical factorization of «, then d(Wg) > 3.

Proof. Suppose to the contrary d(Wg) < 3. Then d(Wz) = 2 by Lemma 14 (ii). It follows
that every term of o which is not an element of (a) is a term of a (2,1) or (3, 1)-block
dividing a. We show first that there is a (3, 1)-block dividing a.. Let .# be a canonical
factorization of a. Then either Wz is (3,1) or Wy = UV where U,V are (2, 1)-blocks.
If W is (3,1), then we are done. For the latter case, there exist (a)-cosets g1 + (a) and
g2+ (a) such that all terms of U and V" are contained in g; + (a) and g» + (a) respectively.
Then for any term g of a with g &€ (g1, ¢92,a), there is a (%, 1)-block U’ containing g.
Obviously U’ is not a (2, 1)-block, or else UV and U’ are disjoint and d(UVU’) = 3 > 2
which contradicts d(Wg) = 2. Hence U’ is a (3, 1)-block. This proves the existence of a
(3, 1)-block.

Now let U = ujugul, be a (3,1)-block dividing . Since r > 4 and > («) = G, there
is a term uz of o with uz & (uy, ug,a). Let U | a be a (x,1)-block containing ug. Then
Uy is (3,1), or else Uy is (2,1) implying that U and U are disjoint and d(UU;) > 2, a
contradiction. Obviously U; and U can not be disjoint. Then we must have | ged(U, Uy)| =
1. Without loss of generality, suppose ged(U, Uy) = uy. Write U; = wjugus. Similarly,
there exists ug & (u1, us, us, a) such that a (3, 1)-block Us contains uy and |ged(Us, U)| =
| gcd(Us, Uy)| = 1. It follows that ged(Us, U) = uy, since otherwise ged(Us, Uy) is empty.
Continue this process we will find wy,...,u,—; such that u; & (us,...,u;_1,a) for all
2 <i < r—1and uyuu} are (3,1)-blocks. Additionally we derive that v, (o) = 1, and for
any term u ¢ (u1,a), u can not be a term of a (2, 1)-block, instead there is a (3, 1)-block
wpuy’ dividing a.

If there are two terms ¢g; and gy belonging to the same (a)-coset other than (a) and
uy + (a), then g1 ¢ is an (a)-block and g;gs is not (2, 1), hence z,(g192) = 2. In particular,
if g & (u1,a) and vy(a) > 2, then g + g = 2a, and hence 2/, (g) = 1.

Consider the following decomposition of a:

Oé:So'Sl'SQ'Sé'Sg (2)
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where Sy consists of terms of « that are elements of (a), S; consists of terms of « that
are elements of uy + (a), So = [[/—y wi, Sh = [[/—, u; and S5 = a(S,S15254) "

For a term g of Sy, we have g = a according to Lemma 5. So 0(Sp) = |Sp|la. Write
u; = e; + ) (u;)a with 2¢; = 0 for 1 < i < r—1. Then 0(55%) = |S2|(e1 + (1 — 2/ (uq1))a).
Since uwjugufy and wjusufy are (3,1)-blocks, V' := ugubuguf is an minimal (a)-block with
d(V) = 0. We have 2(1 — 2/, (u1)) = z,(V) =2 or 4 mod 2k. So 2/ (u;) =0 or — 1 since
2l (uy) € (=52, B We distinguish the following two cases to complete our proof:

Case 1: 2/ (uy) = 0. Claim that Supp(S3) C Supp(5255). Assume to the contrary there
is a term ug of S3 with ug 1 S255. Then there exists a term wug, of S5 with ug 1 S2.S5 such that
uyuguyg is (3, 1). It is easy to see either ug or u is an element of (ug, ..., u,—1,a). Without
loss of generality, suppose ug € (ug, ..., u,_1,a). Then there must exist a minimal block
B | ugSs containing ug. For any u; | B (0 < i <r— 1), C := Bu; 'uyu} is also a minimal
block with length |B| + 1 satisfying that x,(C) = z,(B) + 1 — 22}, (u;) mod 2k. So by
1 < 24(C) < |B|+1 < r we derive that 5% < @), (u;) < 55+. Replacing u; | B by uj for all
w; with 1 < 2/ (u;) < %, we get a new sequence dividing «, which by abuse of notation,
is still denoted by B. Then B or Bu; is a minimal block. Noting that —5% < ] (u}) <0

if 1 < a)(u;) <551, we have 255 < 2/, (b) < 0 for each b | B. Thus

2 — 2 — —1 k—1
0> al(b) =Bl 2T>( ”2(7“ )>_T.
b|B

If B is a minimal block, it follows from x4(B) = >, p 2;,(B) mod k and Proposition 4 (ii)

that z,(B) > £ > r > |B|, which contradicts Lemma 5. By the same argument we derive
xo(Buy) > g > r > |Buy| if Buy is a minimal block, which also contradicts Lemma 5.
Thus the claim is true. So for every ug | Sz, vy, () = 2, and hence uy € a+ (e, ..., e.1).
We then derive that o(S55) € [Ss|la + (e1,...,e_1).

If |S1] =1, i.e.,, S1 = uy = ey, then 0 = o(«) € (|So| + |S2| + |53])a + +(e1, ..., €r-1),
which implies |Sy| + |S2| + |Ss5] = 2k. From || = |So| + [S1]| + 2[9:| + |S3] > D*(G), it
follows that |a| =1+ |Sa| + 2k =1 — 1+ 2k > D*(G), a contradiction.

If |Si| > 2, then for any e; + xa contained in S) - e;', (e; + za) - €; is a minimal
(a)-block, so z =1 or 2 from Lemma 5.

If ey + 2a | Sy, then |Si| = 2, since otherwise there is a minimal block (e; + 2a)(e; +
za) | Sy with = 1 or 2, which contradicts Lemma 5. Thus o(S;) = |Si]a. So 2k =
|So| + |S1| + |S2| + |S3|. From |a| = |So| + [S1]| + 2|S2| + |S5] > D*(G), it follows that
la| = |S2| + 2k = r — 2+ 2k > D*(G), a contradiction.

If z =1 for any e; + za contained in Sy \ {e1}, then 2k = |Sy| + |S1| — 1 + | S2| + |Ss].
From |a] = |So| + [Si| + 2[S] + |S5] > D*G), it follows that
la| = S| + 2k + 1 =7 — 14 2k > D*(G), a contradiction. This finishes the proof for
case 1.

Case 2: z/(uy) = —1. Let ug be a term of S3. If v, () = 1, there exists uy | S3

such that wuoug is (3,1), so up + uj = e + 2a. If vy (o) > 2, by wg &€ (u1,a) we have
uy € a+ {(e1,...,e,—1). Let S be products of pairs ss’ | S5 such that uyss’ is (3,1) and
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at least one of s and s is of multiplicity one, and let S§ = S355'. Then
o(Ss) =0a(S5) +0(S35) € |S5|la+ |S5la+ (e1,...,er—1) = |Ssla+ {(e1,...,em—1).

If |Sll = 1, then 2k = |So| - |Sl| —|—2|SQ| + |Sg| From |Oé| = |S()| + |Sl| +2|SQ| + |S3| >
D*(G), it follows that || = 2k + 2 > D*(G), which is impossible.

If |S1] > 2, then from Lemma 5 it follows that for any e; + xa contained in S;(e; —
a)™t, (e1 + za)(e; — a) is a (a)-block with z — 1 = 1 or 2, i.e., x = 2 or 3. It follows
that |S7| = 2, since otherwise there is a minimal block of the form (e; + za)(e; + ya)
contained in Si(e; — a)~! with negative defect. So o(S;) = a or 2a. It yields that
2k = |So|+2]5:| +|S3| +x — 1 with = 2 or 3. From |a| = 24 |Sy| +2|S2| + |S3] > D*(G),
it follows that |a| = 2 + 2k + 1 — > D*(G), which is impossible. This ends the proof of
Case 2 and proves the lemma. O

Lemma 16. Let % be a canonical decomposition of o and r > 6.

(i) Z does not contains a (r,3)-block.

(i) If U is a (I,1)-block and B is a (r — t,2)-block in F such that U, B are disjoint
and |(U) N (B)| > 1, then [51] <t + 1.

Proof. (i) Suppose to the contrary that .# contains a (r,3)-block B, and let U|Wgz be a
(%,1)-block. By Lemma 11 (ii), W4 contains only (2, 1)-blocks. Note that there are at
least two of them by Lemma 14 (ii). Let U; and Us be such blocks. Lemma 12 states
that the product U,U,B is divisible by a unit block V' with d(V') > d(U,Us), which yields
a contradiction. So .# does not contains a (r, 3)-block.

(i) Suppose [5%] > ¢ + 1. Since (B) is a subgroup of G/(a) with index 221—;11 = 2
and |(U) N (B)| > 1, there exists a proper decomposition U = X - - - X, with o(X;) € (B)
and |X;| <t+ 1. By z,(B) = 2, Lemma 6 implies 6(X;) = 1 and o(X;) € {e;, e; + a} for
1 < i < v, where ¢; € 0(X;) is of order two. Since z,(U) = 1, there is at least one X,
say X1, such that o(X;) = e; +a and o(UX; ') = ey, or else multiplying >_;_, o(X;) = a
by 2 yields the impossible 2a = 0. Consider the proper decompositions U = X;(UX; ')
and B =YY’ where 0(X;) ~ o(Y) and Y’ = BY~!. Lemma 6 implies that 6(Y) = 0
and o(Y) = o(Y') = e; + a. By symmetry let [Y| > |[Y’|. We have that V = (UX; )Y
is a block with sum e; + (e; + @) = a and length ¢/ = ¢ — | X;| + |Y|. Note that ¢ > 1
since [X| < ¢, so V is an (¢,1)-block dividing UB. Since [55] > ¢t 4+ 1, [X;| < t+1

and |Y] > [5], we have ¢/ > 0 —(t+ 1)+ [55H] > £+ 1. Sod(V) > ¢ > d(U), a

contradiction. O

3 Proof of Theorem 3

In this section we mainly prove Theorem 3. The following lemma is a key ingredient.

Lemma 17. Let a1a) be a subsequence of a such that x!(a1ay) = 1. If there exists a
subsequence T in a(aya})™t such that x!(a,T) = z!(a,T), then k is odd and z!(a;) =

4 (af) = B
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Furthermore,
(i) let Ty = ajay and Ty = bybabs be two disjoint subsequences of o such that x(aas) =
! (bybobs) = 1. If 1 < 2! (a;babs), x) (a;by) < % fori=1,2, then k is odd and x/(a,) =
T (a2> k;l
(ii) let Ty,...,T; be € disjoint subsequences of v of length 2 such that x!(Ty) = +-- =
2 (T) =1. Ift=2or3 and 1 < al,(t1---te) < EL forany t; | T; (1 <i <L), then k is
odd. In particular, if ¢ = 2, then x)(t) = % for any t|T\T;.

Proof. Since x (alT) = 2/ (a}T), we have that 2/ (a;) + x;(T) = 2/ (a] ) + ! (T) (mod k),
ie., 2l (a1) = 2 (a}) (mod k). It follows 2/ (a1a}) =1 = 2} (a )+a: (a}) = 22/ (a1) (mod
k). This implies that z/(a,) = 2/, (a}) = k“ and k is odd. We complete the proof of the
first assertion.

(i) Since 2/ (araz) = ), (bibabs) = 1 and 1 < a,(a;babs), 2, (a;by) < L for i = 1,2, we
have .Iil(alagblbgbg) = l’;(al(lg) + .Z‘;(blbgbg) =2= l’;(albgbg) + JI;(CLle) = x;(agbgbg) +
x! (a1by). Tt follows that x/ (a1bobs) = ) (agbebsz) = 1. The first assertion completes our
proof.

(i) Set T; = t;t] for 1 < i < L. If€—2thenbya:(Tl)—x(Tg)zlandlg
2l (a1ag) < k“ for any ap | Tl,ag | Ty, we have z! (tt’) = 1 for any tt'|T}T5, since
otherwise x (T1T2) =2/ (1Y) + 2. (Ty) = 2 = 2/ (tt') + 2/ (1 To(tt')~* ) > 2. In particular,

) (tity) = a,(t}t2) = 1. The first assertion implies that & is odd and o, (t;) = /,(t}) = L.
Slmllarly, ! (ta) = @) (th) = EEL.

If ¢ = 3, then by (1)) = .CE;(TQ) = 2/(T3) = 1 and 1 < z)(arasa3) < E2 for
any a; | T; (i = 1,2,3), we have z/(ajaza3) = 1 or 2 for any a; | T}, since otherwise
LUZL(TlTQTg) = LL’ZL(T1> +x (TQ) +x (Tg) =3=ux (Clla,gag) + x;(TngTg(alagag)_l) 2 4. In
addition, it is easy to see that there exist a; | T, as | To, a3 | T3 such that z/ (ajaza3) = 1.
Without loss of generality, suppose x/ (t1tat3) = 1. If x/ (t1tatsti(t;)™!) = 1 for some
i € [1,3], the first assertion completes our proof. If @/, (t1tatstl(t;)™!) = 2 for all 4 € [1, 3],
then modular k z (titats) + 1 = 2 = 2/ (t1tatsti(t;) ™) = 2/ (t;) + 1 + 2} (t1tats(t;) L) =
2/ (1) + ! (titats(t;) 1), ie., 2/ (t:) + 1 = 2 (t)). Tt follows that ! (t;t)) = 1 = 2/ (t;) +
2, (t) = 22,(t;) + 1 (mod k), ie., z(t;) = 0 or & This implies a}(titot3) = 1 =
) (t1) + 2 (ta) + 2, (ts) = 0 or £ (mod k), which is impossible. This proof is complete. [

Lemma 18. Let U | o be a unit block, and B | aU~" be a minimal block with positive
defect. Then r((UB)) > r((U)) + 1.

Proof. 1f r((UB)) < r({U)) + 1, then r((UB)) = r({U)), i.e., (B) C (U). For any b | B,
there is a proper subsequence Y | U such that Y - b is a block. Hence by (1) one deduces
1<l (b) <r—2forallb| B. It follows that

k> (r—2)|B| =) a,(b) > |B,
b|B
a contradiction to d(B) > 0. Hence r((UB)) > r((U)) + 1. O
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Lemma 19. Let Ul|a be a unit block, B,C be two disjoint minimal blocks with positive
defect in aU™" such that (C) C (UB). Let By and Cy be sequences (possibly empty)
consisting of terms b | B with b € (U) and c | C with e € (U) respectively. Set B; = BBy
and Oy = CCy .

(i) If r((UB)) =r({U)) + 1, then 0 < (1) < 22 for any ¢; | C1. In addition there
exists c1 | Cy_such that z;(c1) =0, i.e., 1 is of order 2.

(ii) If r((UB)) = r({U)) + 2 and there exists some ¢, | Cy such that !(c1) < 0, then

r((UC)) =r((U)) + 1, and

(a) C, = (e + kia)(e' + kqa), where ki + ky = 1 and e, e’ € (UC) \ (U) satisfying
2e = 2¢' = 0;

(b) Co=(e14a) (e, + a), where e; € (U) has order 2 for 1 <i < |Col;

(¢c) there does not ewist a minimal block D with positive defect in a(UBC)™" such that
(D) C (UB).

Proof. (i) For each term c, of Oy, since (Cy) C (U), there exists a subsequence Y | U
such that Yey is a block. Then (1) yields 1 < )(c;) < r — 2. Similarly we have
1<.T (b2)<T—2fOI'b2|B2

Since r((UB)) = r((U)) + 1, by (C) C (UB) and Lemma 18 there exists e such that
(UB) = (UC) = (U,e). Obv10usly all terms of B, and C; are elements of e + (U), and
|B1], |Cy| > 0. For ¢; | Cy and by | By, bicy is a block or there exists proper Y | U such
that Ybyc; is a block. Applying (1) we derive that

_ 2 (B _

Thus we get 2/,(c;) < 252, To show 0 < x,(¢1), we suppose there exists ¢; | C; such that
2l (c1) < —1. Then LQZ“(B) + 1 < —1 for each b; | By, which yields

2 < (2a(B) + 3(b1)) < 2a(B) — 2.

DN | —

(za(B) = 0(b1)) <

Hence 1 < 2/,(by) < r — 3. It follows that

2B + [Ba| < ) (b)) + Y al(be) <r(r—2) < k.

b1|B1 b2| B2

DN | —

Consequently zq(B) = >, 5, Ta(b1) + 24, 5, Ta(b2) > |B], a contradiction to d(B) > 0.
Therefore 0 < 2}, (c;) < 252 for all ¢; | Cy. It is left to show there exists ¢; such that
! (c1) =0.

Assume to the contrary that x/(c;) > 1 for all ¢; | Cy. Then by 1 < 2)(cy) <7 —2
for co | Cy and 1 < ), (¢1) < 252 for ¢y | Cy we get k > > el Talc) = xa(C) |C'|, which
contradicts d(C') > 0. As a result there exists ¢; | C; with x;(C’l) = 0.

(ii) Since r((UB)) = r((U))+2, there are ey, e5 of order 2 such that (UB) = (U, ey, e3).
Let ¢; be a fixed term of C} with 2/ (¢;) < 0. Without loss of generality, one may suppose
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c1 € er +(U). Write B; = A; Ay A3 with Supp(A;), Supp(A;) and Supp(As) being subsets
of e; + (U), es + (U) and e; + ey + (U) respectively. By symmetry we can suppose
|As] < |As|. Consider the decomposition B = A; Ay AL AY, where A} is any subsequence
of Az with |Af] = |As| and A% = A3 A5 Tt is easy to see that |A%] is even.

Take X = a; with a; | A or X = agaz with as | A, a3 | A. Then there exists a Y | U
such that XY'¢; is a block. Then (1) and 2/,(c;) < 0 gives us

3—r . (X)) — z4(B)
2 2
This implies 6(X) < z,(B) — 4 and hence

+1< 2 () < -1 (3)

1

2 < S (walB) = 0(X)) < 5 (wa(B) +8(X)) < (B) — 2.

N | —

It follows that 2 < 2/, (X) < 24(B) — 2. For any T | A% of length two, we have o(T) € (U)
and hence there exists a Y | U such that YT is a block. One deduces from (1) that
1 <2/ (T) <r—2. It is worth mentioning that if there exist two disjoint subsequences
of A} of length two, say 11, T», such that 2/ (7)) = z/,(T2) = 1, then by Lemma 17 (ii) we
have 2/,(g) = £ for any g|T1T5.

Assume r((UC)) = r((U)) +2. Then (UC) = (UB), and hence (B) C (UC). For each
by | By, there exist Z | C'and Y | U such that ZY'b; is a block, where Y is empty if Zb;
is already a block. Then by (1)

-1 A —
e <5< ) Qx“(c>+1<x;(bl)<3r2 > (4)

So there is no by | By with 2/,(b;) = %!, and hence there exists at most one 7' | A
satisfying z/ (T') = 1. Write Ay AL = Q1 - - - Q5 with each @Q); consisting of exactly one term
from A, and one from Aj. Let A} = 1175 --- T} be any decomposition of A% with |7;| = 2

for all 1 < ¢ <t. To sum up, we have

k=) al(b)+ Y () + Z%(Qz‘) + fo;(Tz‘)

b2| B2 a1]Aq
>|Bs| + 2|A1| + 2|Ag| + |AS| — 1 = |B| + |A4] — 1.

It follows that |B| + |A;] — 1 < z4(B). To have |B| > x,(B), one must have |A;| = 0,
one of T1,...,T,, say Ty, satisfies x/ (T1) = 1 and others satisfy =/ (T;) = 2, as well as
7' (Q;) =2 for 1 <i< s Byr((UB)) =r((U))+2and |A;] =0, we have |As|,|As| > 0.
Since Aj is arbitrarily chosen, we get 2/ (aza3) = 2 for any ay | As and asz | As. It follows
that all 2/,(a3) are equal for az | Az. Their common value z € (=51, EH] satisfies the
congruence 7/,(T}) = 1 = 2z (mod k), ie., o = %' contradicting (4). Hence

({TOY) = r(TY) + 1. :
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Recall that & € e; + (U). From r({UC)) = r((U)) + 1 we get Supp(Cy) C ey + (U),
which derives o(c,c;) € (U) for all ¢, | C;. Then there exists a Y | U such that Ye,c,
is a block. Consequently 1 < 2/(c1¢)) < r —2 by (1). By the same argument used
to derive (4), we can obtain 3 < a/(c}) < %52, which together with (3) gives us
3—r<al(cr) + 2,(c)) < 2L Tt implies @, (¢1¢)) = 2/,(c1) + 2/,(c}) and hence

3r—17
2

2<1 -2l () <zl(d) <r—2—2al(c1) < < k.
It follows that C} = ¢;¢) with 2/ (C7) = 1 and 2/, (¢y) = 1 for any ¢y | Cy, since otherwise
k> 24(C) = Soe 2h(c) > [C], e, d(C) <0

Assume to the contrary that there exists a minimal block D with positive defect in
a(UBC)™! such that (D) C (UB). Let Dy be a sequence (possibly empty) consisting of
terms d | D with d € (U). Set D; = DD;". Then (1) yields 1 < /,(dy) < r — 2 for
dy | Dy. For any d; | Dy, there exists a proper X | By such that either Xd; is a block or
XYd, is a block for some proper Y | U. Applying (1) we derive that

0(X) — za(B)
2

Obviously, there exists dy | Dy such that 2/(d;) < 0, since otherwise 1 < 2/,(d;) < 3r2_5

for all di | Dy, and then (D) = 32 p, 2o(d1) + D 4, p, Ta(d2) = |D|, a contradiction
to d(D) > 0. If d; € e; + (U), by Supp(C}) C ey + (U) we get that c;d; is a block or
there exists a proper Y | U such that Y¢d; is a block, where ¢; | Cy with 2/, (¢;) < 0. By
! (dy) < 0 and 2)(c;) < 0, we have 6(dy) = x,(D) and §(c1) > z,(C). It follows from
Corollary 8 that x,(D)+z,(C)+1 < §(d1)+d(c1) < 24(D)+2,(C)—2, a contradiction. If
dy € ea+(U) ordy € e;+ey+(U), then for any by | By, one of {o(byc;), 0 (bidy), o(bicidy)}
is contained in (U), where ¢; | C; with 2/ (c;) < 0. Then there exists a proper Y | U such
that one of {Ybic1,Ybidy, Ybieidi} is a block. By ) (dy) < 0, 2/ (c1) < 0 and Corollary
8, we have 0(by) < x,(B) — 2. It implies that
1< 2 (n(B) — 3(0) < 5(ra(B) + (b)) < a(B) — 1

Hence, 1 < 2/,(b1) < zo(B) — 1 for all by | By. Since 1 < /) (by) < r — 2 for all by | By, we
have that z,(B) = >, 5, To(b1) + X2y, 5, Ta(b2) = |B], a contradiction to d(B) > 0. The
proof is completed. n

3r—>5
+1<£If;(d1)< 712 .

Lemma 20. Let Ula be a unit block, and write ry = r({(U)). For 1 < i < 3, let B; be
disjoint minimal blocks with positive defect in aU™' such that r({UB;)) = ry + 1 and

r((UBlBng>) = r((UB,B])) =ry +2 for 1 <4 <] < 3.

Denote by V; the longest subsequence of B; with Supp(V;) C (U), and V] = B;V;"'. Then
1<z (v)<r—2forallv]|V; and 0 < 2l (v) <2r—3 forallv|V/. In particular, there
exists some v | V! with z! (v) = 0.
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Proof. For v | V;, there exists a proper subsequence W | U such that Wwv is a block.
Applying (1) to the decompositions V; = v+ Vo=t and U = W - (UW 1) one deduces that
1<l (v)<r—2.

For 1 < i < 3, let v; be any term of V/. Then o(v1v203) € (U). So there exists a
subsequence W | U such that Wwvvqv3 is a block, where W is empty if vjv9v5 is a block.
Then by (1) we derive

d(vn) — x4(Br) N d(vj) — za(By) k+1

—7r < 1< 2r — —,
3—r 5 5 + xl(v;) < 7“3<2 (5)

where 1 < h, 4,5 < 3 are different integers. Hence 3 —r < 2/, (v;) < 2r — 3.
Assume that there is a vy | V] with 2/ (v;) < —1. Then by (5) we have

6(vg) — 24(DBs) N 0(v3) — a(B3)

1<-1
2 2 *

for all vy | V3 and vg | V5.

If 2/ (vy) > 1 for all vg | VI, then |By| = x,(Bs) > |Va| + |V5| = |Bs|, contradiction
to d(By) > 0. If 2/(vy) < 0 for some vy | V3, then §(vy) = z,(B2). It follows that
d(vs) < x4(B3) — 4, and hence

2 < 3 (wa(Bs) — 6(05)) < 5 (wa(Bs) + 6(0s) < walBo) — 2
Thus 2 < 2}, (v3) < 24(Bs) — 2 for all vg | V5. This together with 1 < 2/, (v3) < r — 2 for
vg | V3 implies that z,(Bs) > V3] +2|V4| > | B3|, a contradiction. Hence we conclude that
2l (v1) = 0 for all vy | V/. Similarly we can prove z/ (v) > 0 for v dividing Vj or VJ.

Finally, if there exists no v | V! with 2/ (v ) =0, then 1 < 2/ (v) <2r—3forallv | V.
Consequently z,(B;) = ZUW ! (v )+ZU‘V, z! (v) = |By|, a contradiction. This proves the
existence of v | V/ with z/ (v) = 0. O

Lemma 21. Let Ula be a unit block. If there is a minimal block BlaU™" with d(B) > 2
and r((UB)) =r({U)) + 1. Then k is odd.

Proof. Since r((UB)) = r({U)) + 1, there is an e | B such that (UB) = (U,e). Write
B = BB, with Supp(B;) C € + (U) and Supp(B;) C (U). Then |B;| > 2 is even and
each pair of terms of B; has sum in (U). Consider any decomposition By = T} - - - T},, with
|T;| = 2. For each T; | By, since o(T;) € (U), there exists a subsequence W of U such that
T;W is a block. Then from (1) it follows that 1 < 2/(7;) < r — 2. On the other hand, we
can similarly get 1 < 2/,(b2) < r — 2 for any by | By. If there exists at most one T;, say
Ty, such that 2/ (T1) = 1, then 2 < 2/ (T;) < r — 2 for 2 < i < m. It follows that

2o(B) =Yl (T)) + Y al(b) = 1+2(m—1)+ |By| = |B| - 1,
i=1 b|Bo

contradicting d(B) > 2. So there exist T; and 7} such that 2/, (T;) = 2/, (7;) = 1. Then
Lemma 17 (ii) tells that £ is odd. O
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Lemma 22. Let Ula be a unit block with d(U) = r — 2. Then there ezists exactly one
minimal block with positive defect in aU 1.

Proof. Since d(a) = |a| =2k > r and d(U) = r — 2, by the additivity of defect we have
d(aU™') = d(a) — d(U) > 2, i.e., there exists at least one minimal block with positive
defect in aU~!. Assume to the contrary that there exist two disjoint minimal blocks B
and C with positive defect in o/ 7!. Combining Lemma 10 with Lemma 18 yields that
r(({UB)) 2 r((U) +1=d(U)+1=r—1and r((UB)) <r(G) =r — 1. Then (UB) =G.
Similarly, (UC) = G. By Lemma 19 (i) there exist b; and ¢; of order 2 of G \ (U)
contained in B and C respectively. Then (b)) = z,(B) and d(c;) = 74(C). Since (U) is
an index-2 subgroup of G, there exists a Y | U such that Ybic; is a {a)-block. It follows
from Corollary 8 that 6(by) +d(c1) = 24(B) +24(C) < 2,(B) +x,(C) — 2, a contradiction.
This proves the lemma. O]

Lemma 23. Let Ul be a unit block with d(U) = r — 3. Then there exists at most two
disjoint minimal blocks in aU~' with positive defect.

Furthermore if there exist two minimal blocks B, C in oU ™" with positive defect, then
(UB) # (UC) and one of the following two holds:

(i) if (UB) and (UC) do not contain each other, then r({UB) (

) =r(({UC)) =r — 2.
(ii) if (UC) c (UB), then r(UB)) =r((UC)) +1=7r—1, d(B) >

el

2,d(C) =1 and
C = (¢} +kia) - (€3 +koa) - (e +a) -+ - (€] + a),

where k1 + ky =1, ky <0, (€] + k1a) | Cy and €; € G has order two.

Proof. Suppose that there exist two disjoint minimal blocks B, C in aU~! with positive
defect. Let By and Cy be sequences (possibly empty) consisting of terms b | B with
b€ (U) and c | C with ¢ € (U) respectively. Set By = BB;"' and C; = CC; .

Claim: Suppose (UC) C (UB).

(a) If there exists some ¢; | C; such that 2/,(¢;) < 0, then r((UB)) = r({U)) +2 =1 — 1.
In particular, (UB) = G.

. In addition,

(b) If 2/(c1) = 0 for any ¢; | Cy, then 0 < (1) < 3
there exists ¢; | Cy such that 2/(¢;) =0, i.e., ¢ is of order 2

(a) Suppose to the contrary r((UB)) < r — 1. By Lemma 18 we have r((UB)) >
r(({U))+1=d(U)+1=r—2. Then r((UB)) =r —2 =r((U)) + 1. By Lemma 19 (i) we
get 0 < 2(c1) < 252 for any ¢; | C4, a contradiction.

(b) Since <W) C (UB), by (1) we get 1 < a/,(by), 2, (cz) < 7 — 2 for all by | By and
2 | Cs. In addition, for any ¢y | C} there exist proper X | Band Y | U (Y may be empty)
such that XY¢ is a block. Applying (1) we derive that

OX) — 2u(B) _2”3“(3) +1< 2)(a) < 3T2_5.
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Hence, 0 < 2/,(c1) < 352 1 1 < (1) < 222 for all ¢1 | €4, then by 1 < 2 () <7 —2
for ¢y | Oy we get k > >, cay(c) = ,(C) = |C|, which contradicts d(C) > 0
complete the proof of the claim.

Step 1: (UB) # (UC).

Assume to the contrary that (UB) = (UC), i.e., (B) C (UC) and (C) C (UB). If there
exists some c; | C such that 2/,(¢c;) < 0, then by Claim (a) we have r((UB)) U
It follows from Lemma 19 (ii) that r((ﬁ» =r((U))+1, which 1mphes that (UB) # (UC).

If 2/ (¢;) = 0 for any ¢; | C4, then Claim (b) yields 0 < x (bl) '(c
all by | By, ¢1 | C7 and there exists e | By, € | Cy such that e, e’ are o
r((UB)) =7 —2, by Lemma 18 we have r((UB)) =r—2 > r({U)) + 1 = d(U

e., f({UB)) = r({U))+1 = r—2. Then there exists e; such that (UB) = (UC’> (U 61>
J

e
applying Corollary 8 we derive that z,(B) 4+ 2,(C) = d(e) + 0(e') < 24(B) + z,(C) — 2, a
contradiction.

Since r((UB)) > r((U))+1 = r—2and r((UB)) < r(G) = r—1, we have r({UB)) = r—2
or r — 1. Then it suffices to prove our result if r((UB)) = r — 1. By (UC) = (UB) there
exist ey, ey such that (UB) = (UC) = (U, ey, e;) = G. It follows that there exists exactly
one element of order 2 in By, C; respectively. Assume to the contrary that there exist two
elements ¢y, ¢} of order 2 in ). Let b; be an element of order 2 in By. Obviously, one
of {cicy, bicy, bic), bicic,} is contained in (U). Since §(by) = x,(B) and 6(c;) = §(c}) =
d(c1d)) = 2,(C), by Corollary 8 we get that either z,(C) = 0(cic)) < x,(C) —2 or
Zo(B)+2,(C) = (b)) +0(X) < 24(B) +2,(C) —2 for Xb; € {bic1,b1¢},bic1c)} contained
in (U). This is a contradiction. Let e and ¢’ are elements of order 2 in By, C; respectively.
Then we have 2/, (¢) = 2/,(¢/) = 0 and 2/,(b) > 1, 2/,(¢) > 1 for all b | Bye™' and ¢ | Cy¢' .
Hence, by 0 < @,(b1), 2}, (c1) < 252 for all by | By, ¢ | Cy and 1 < 2/ (ba), 2l (co) <7 — 2
for all by | Ba, ¢ | Co, we get

k+1 3r—>5
o> (=) bu_;lx (B) > |B| =1 > x,(B) and

kE+1 _3r—>5
_ > ! = > —1> .
> -1 > ;1%(0) 24(C) 2 |C] = 1 > 2,(C)

It follows that |B| = z,(B) + 1, |C]| = 2,(C) + 1 and 2/,(b) = 2/,(c) = 1 for all b | Be™!
and ¢ | Ce’~", which implies that d(B) = d(C) = 1. In addition, by the proof of
r((UB)) = r — 2, it is easy to see that e and €’ can not be contained in the same (U)-
coset, i.e., € # ¢/. Since d(aU~1) > 3, there exists a minimal block D in a(UBC)~! with
positive defect. Since (UB) = G, we have (D) C (UB). Repeat the reasoning of C' and we
have that (UB) = (UD) = (U, e;,e3) = G, d(D) = 1 and there exists exactly one element
of order 2 in D;. Set €” is the order-2 element of D; and we have that €, ¢/, ¢’ are pairwise
distinct contained in (ey, e;). Hence, a(ec’e”) = 0. Since d(e) = x4(B), 5(e') = x,(C) and
d(e") = z4(D), by Corollary 8 we get that x,(B) +2,(C) +2,(D) = d(e) +(e') + (") <
2o(B) + x,(C) + 24(D) — 2, a contradiction.
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By step 1 it is easy to see that any two disjoint minimal blocks B,C in aU ! with
positive defect satisfy (UB) # (UC).

Step 2: If (UC) C (UB), then (ii) holds and there exist exactly two disjoint minimal
blocks in aU ~! with positive defect.

If there exists some ¢; | C; such that 2/,(¢;) < 0, then by (UC) C (UB) and Claim
(a) we have r((UB)) = r({U)) + 2 and (UB) = G. It follows from Lemma 19 (ii) that
(1) (([TB)) = ({TC)) +1 = r({T) +2 = r — 1; (2) C = (€, + k1) - (¢h + koa) - (¢} +
) (e|C| + a), where k1 + ko = 1, k; < 0 and ¢, € G has order two, and this implies

d(C) = 1; (3) there does not exist a minimal block D with positive defect in a(UBC)™!
((D) c (UB) = G), which implies that d(B) = d(a) — d(U) — d(C) > 2 by the additivity
of defect. Hence, our result is true.

Now suppose 2 (c;) = 0 for any ¢; | Cy. Since (UC) C <_B> nd (UC) # (UB),
by Lemma 18 we have r((UB)) > r((UC)) +1 > r((U)) +2 = d(U) + 2 = r — 1. By
r
U,

Q

r((UB)) < r(G) = r — 1, we derive that r((UB)) = ((_C)) +1=r(({U)+2=17r—1,
(UB) = G and there exists e;, e5 such that (UB) = e1,e0) and (UC) = (U,e,). By
(1) and Claim (b) we get 1 < a/(c2) < r—2,0 < xa(cl) < 35 forall ¢ | Cy, 1 | O,
and there exists ¢; | Cy such that z/(c;) = 0. It follows that there exists exactly one
element of order 2 in ;. Assume to the contrary that there exist two elements ¢, ¢ of
order 2 in Cy. It follows from (UC) = (U, e) that &1, ¢, € ey + (U). Then ¢,c} is a block.
Since §(c1c)) = x4(C), applying Corollary 8 we derive that x,(C) = d(c1c}) < z,(C) — 2,
a contradiction. Let €] be the element of order 2 in C}. Then we have z,(¢}) = 0
and x4(c) > 1 for all ¢ | Cye}~". Hence, by 0 < z(c;) < =5 for all ¢; | €y and
1 <2l (c2) <r—2forall cg | Cy, we get

E+1 3r—5 ,
— > = > —1> .
D) (r—1)> CE,_lx (c) =24,(C) 2 |C] =1 = z,(C)

It follows that |C| = 2,(C)+1 and 2/, (¢) = 1 for all ¢ | C'¢}, ™", which implies that d(C) =
and C' = ¢ - (ey+a)-(e5+a)- (€ +a), where €; € G has order two.

If there does not exist minimal blocks in a(UBC)~! with positive defect, then by the
additivity of defect, d(B) = d(«) —d(U) — d(C') > 2. Hence, it suffices to prove that there
does not exist minimal blocks in «(UBC)~! with positive defect. Assume to the contrary
that there exists a minimal block D in o(UBC)™! with positive defect. Let Dy be the
sequence (possibly empty) consisting of terms d | D with d € (U). Set D; = DD;*. By
step 1 we can see that (UD) # (UB) and (UD) # (UC). Since (UB) = G, we have
(UD) c (UB). By the proof of the structure of C, we can derive that

D = (e} +ka) - (€5 + kya) - (e3 +a) - -+« (e]p + a),

where & +ky = 1, &y <0, (ef + kja) | Dy and e € G has rder two. Since r((UB)) =

r—1, (TB) = G, we have r — 1 > r({UD)) > r({0) + 1 = r — 2, ic., ({UD)) =

r —2. Since (UB) = (U, ey, ¢3), (UC) = (U, ey1) and (UD 7é < > we must have either
)

D)
(UD) = (U,e3) or (UD) = (U,e; +e3). By €| € e+ (U) and €] + kla € es + (U) or
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e1 + ea + (U), we have that for any b; | B, there exists a proper Y | U such that one of
{Ybie}, Ybi(ef + Kia), Ybie)(ef + kja)} is a block. By d(€}) = x,(C), 6(ef + kia) = x,(D)
and Corollary 8, we get that

5(by) + 24(C) = 8(b1) + 6(€}) < wa(B) + 24(C) — 2 or

§(b1) + 24(D) < 8(by) + (€] + Kja) < x4(B) + z,(D) — 2 or
5(b1) + 24(C) 4+ 24(D) < 8(by) + 6(e)) + d(ef + Kja) < 24(B) 4+ 24(C) + x4(D) — 2.
This implies 0(b1) < x,(B) — 2 and hence

1< (2a(B) + (b)) < 2(B) — 1.

N | —

(za(B) = 0(b1)) <

It follows that 1 < 2/, (b1) < x,(B) — 1 for any by | By. By (1) we have 1 < 2/ (by) <7 —2
for any by | Bs. Hence k>3 08 Ta(b1) + 304, , a(b2) = za(B) = |B|, a contradlctlon
to d(B) > 0. We complete the proof of step 2.

By step 2 we can suppose that any two disjoint minimal blocks B,C in aU~! with
positive defect satisfy that (UB) and (UC) do not contain each other.

Step 3: If (UB) and (UC) do not contain each other, then (i) holds and there exist
exactly two disjoint minimal blocks in o/~ with positive defect.

Since (UB) ¢ (UC) and (UC) ¢ (UB), we have r((UB)),r((UC)) < r((UBC))
r(G) = r— 1. By r((UB)),r((UC)) > r({U)) + 1 = r — 2, we derive that r((UB))
r(({UC)) =r —2 and r((UBC)) = — 1.

Suppose that there exists a minimal block D in a(UBC)™! with positive defect. Let
D, be the sequence (possibly empty) consisting of terms d | D with d € (U). Set
D, = DD;'. By step 2 we can see that any two of {({UB), (UC),(UD)} do not contain
each other. Hence, r((UD)) =7 —2 and r((UBC)) = r((UBD)) = r({UCD)) =r—1. By
r((U)) = r — 3 and Lemma 20, we get that 1 < 2/ (vo) <7 —2, 0 < 2/,(v;) < 2r — 3 for
all vy | BQCQDQ, vy | B1C1 Dy, and there exist some by | By, ¢ | Cl,dl | Dy with a(by) =
2! (c1) = 2! (dy) = 0. In addition, there exist e, e; such that G = (U, e1, e5). Without loss
of generality, we can suppose (UB> (U,e1), (UC) = (U,ey) and (UD) = (U, e, +ey). It
follows that by = e1, & = ey and d; = e; + €. Hence, bycid; is a block and 6(b1) = x,(B),
d(c1) = x4(C), 6(dy) = z4(D). By Corollary 8 we have 24(B) + 24,(C) + z,(D) =
3(b1) +d(c1) +(d1) < 2o(B) + 24(C) + z4(D) — 2, a contradiction. O

N | —

I /N

Lemma 24. If there is a unit block U of a with d(U) =r — 3, then k is odd.

Proof. Since d(U) = r — 3, from Lemma 23 it follows that there exist at most two disjoint
minimal blocks in o/~ with positive defect. Since r({U)) = r — 3, there exist ey, e5 such
that G = (U, e1, e5). We consider the following two cases to complete our proof:
Case 1 : There exist two disjoint minimal blocks B, C in aU ! with positive defect.
Let B, and O, be sequences (possibly empty) consisting of terms b | B with b € (U)
and ¢ | C with ¢ € (U) respectively. Set B; = BB;"' and C; = CC;*. By the additivity
of defect d(B) 4+ d(C) = d(«) — d(U) > 3. By d(B) > 0 and d(C) > 0, we have d(B) > 2
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/B) and (U__C'> do not contain each other, then Lemma 23 (i) tells us

UC)) =r({U)) +1=r—2. Lemma 21 yields that k is odd.
), then by Lemma 23 (ii) we have that r((UB)) = r(({UC)) +1 =r —1,

C = (¢ +kia) - (ey +koa) - (e +a) -+ (€ +a),

where ki + ko = 1, ky < 0, (¢} + k1a) | Cy and €; € G has order two. It follows that
(UB) = G = (U, ey, e5). Without loss of generality, we can suppose (UC) = (U, e;) with
Supp(Cy) C ey + (U). Write B; = A; Ay A3 with Supp(A; ), Supp(Az) and Supp(As) being
subsets of e; + (U), ey + (U) and ey + ey + (U) respectively. By
symmetry we can suppose |As| < |As|. Consider the decomposition B = A; Ay AL A%,
where A} is any subsequence of Az with |A4| = |A,] and Aj = A3 A5 . Tt is easy to see
that |A%| is even and |As| 4+ |A3| > 2 is also even.

Take X = a; with a; | A or X = asag with ag | A, ag | As. Then there exists a Y | U
such that XY (e} + k1a) is a block. Then (1) and /(€] + k1a) < 0 give us

3—r . (X)) — x4(B)
2 2
This implies 6(X) < z,(B) — 2 and hence

+1 < al(e] + kia) <O0.

1< (2a(B) + 6(X)) < 2a(B) — 1.

N | —

(za(B) = 6(X)) <

It follows that 1 < 2/ (X) < x,(B) — 1. It is worth mentioning that if there exist two
disjoint subsequences T7, Ty of AyAs of length two such that z/ (7)) = z/(T3) = 1, then
by Lemma 17 (ii) and 1 < 2/ (aga3) < z,(B) — 1 for all as | As, a3 | A3 we have that k
is odd. In addition, it is easy to see that the above conditional assumption must hold.
Assume to the contrary and then for a decomposﬂnon Ay Az = - T, with each |T;| = 2,
there exists at most one T}, say 77, such that =/ (77) = 1 and 2 2 (T;) < z4(B) — 1 for
2< i<l Forany T =by | Boor T | A; oflengthtwo(z—23) we have o(T) € (U)
and hence there exists a Y | U such that YT is a block. One deduces from (1) that
1 <2/ (T) <r—2. It follows from d(B) > 2 that

|B| -2 >z, Za: a +Zaz —|—Za: (bs)

a1|A1 b2‘B2
> |A1| + |Ba| + |Aa] + |A3| — 1= |B| — 1.

N | —

This is a contradiction.

Case 2 : There exists exactly one minimal block B in U~

Then d(B) = d(a) — d(U) > 3. Since r((UB)) > r((U)) +1 =1 — 2 and r((UB)) <
7(G) = r — 1, by Lemma 21 we can suppose r((UB)) = r — 1. It follows that (UB ) =
G = (U, ey, 62>. Let By be a sequence (possibly empty) consisting of terms b | B with
b e (U). Set By = BB;"'. Write B; = A;AyAs with Supp(A4;), Supp(Az) and Supp(A_g)
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being subsets of e; + (U), es + (U) and e; + ey + (U) respectively. Take T = by | By
or T = ajasasz for a; | A; (i = 1,2,3) or T' | A; of length two for 1 < i < 3, we have
o(T) € <U) and hence there exists a Y | U such that YT is a block. One deduces from (1)
that 1 < 2/ (T') < r—2. It is easy to see that at least two A; are nonempty for 1 < i < 3,
and elther all |A;| are even or all |A;| are odd.

If all | A;| are even, then let A; = Tj; - - - T}y, be a product of some subsequences of length
two. We can find three subsequences of length two, say T4, 7%, T3, such that «/(T7) =
! (Tz) = ! (T3) = 1. Assume to the contrary there exist at most two subsequences of
length two, say Tl,Tg, such that 2/, (T7) = «,(1%) = 1. Since 1 < 2/ (T};;) < r — 2 for all
T;;, we have 2 < 2/, (T;;) < r — 2 except for T1,T,. By d(B) > 3 we have that

Bl =32>2(B) = Y al(Ty) +2,(Th) + 2, (To) + D (o)

T;j#T T2 b2 | B2
> |Ay| +|As| + |As| — 2+ |Bs| = |B| — 2.

This is a contradiction. If there exist two T;, say T4, Ts, in {11, T, T3} contained in the
same A; for 1 < j < 3, then for any ¢; | 11,t2 | 15 there exists a Y | U such that
Ytity is a block. It follows from (1) that 1 < 2/ (t1t2) < r — 2. From Lemma 17 (ii)
one deduces that £ is odd. If 77,75, T3 are contained in distinct A; respectively, then by
1 < 2 (arazas) < r—2for any a; | A; (i = 1,2,3), Lemma 17 (ii) yields that k is odd.

If all |A;| are odd, then let A;a; ' = Tj; --- Ty, be a product of some subsequences of
length two for a; | A;. By Lemma 17 (i) we can suppose that either 2 < 2} (7;;) < r — 2
for all T;; or 2 < 2l (ayaza3) < r—2 for any a; | A; (i =1,2,3). If the former holds, then
by d(B) > 3 we have

|m—3>%@ﬂ—xamﬂ3+§}pZ]+§:xm

b2|Bg

> 142

|Bl|—3
9 )+ |Ba| = |B| — 2.

This is a contradiction. If the latter holds, then by Lemma 17 (ii) we can suppose that
there exists at most one T}; in each A;, say T}y, such that 2/ (T;;) = 1. By 1 < 2/, (a1az2a3) <
r — 2 for any a; | A; (i = 1,2,3) and Lemma 17 (ii) we can again suppose that at most
two of {2/, (T11), x),(Ts1), 2} (T51)} equal 1. It follows from d(B) > 3 that

B| = 3 > 24(B) = tly(a1020a3) + > _ 2, (Tyy) + > a),(b2)

1,J ba| B2

Byl -3
>2+2+2(%—2)+|32|=|B|—3.

Then we must have that z/(ajasaz) = 2 for any a; | A; (i = 1,2,3) and there exist
exactly two of {x!(T11), ) (T21), x, (T31)}, say Th1, To1, such that 2/ (T11) = 2 (Ty) = 1.
Set Ty = t1t} | Ay and we have ) (taza3) = 2/ (t)asas) = 2 for as | Ag, a3 | As. Lemma
17 implies that k£ is odd. We complete the proof. O]

Proof of Theorem 3: Immediately from Lemma 21 and Lemma 24.
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4 Proof of Theorem 2

Proof of Theorem 2. Set C3 @ Cyy, = {€) ® G4, where 2¢ = 0 and G = C @ Cyy,. We have
known that D(C§ & Coy) = 2k + 5, if k is odd with k& > 70. Thus there exists a zero-sum
free sequence T of length 2k + 4 over Gy, if k is odd with k£ > 70. It follows that S = €T
is a zero-sum free sequence of length 2k + 5 over C3 @ Cyy, i.e, D(Cy & Cop) > 2k + 6, if
k is odd with £ > 70.

Suppose that a group C5 & Cy, with k > 149 satisfies the excessive inequality D(C5 &
Cor) > D*(C5 @ Cy,) = 2k + 5. Let r = 6 be the rank of C5 @ Cy, let a be an
arbitrary minimal zero-sum sequence of maximum length over this group, and let a | «
be a distinguished term, i.e., a is a generator of Cy,. Then d(a) > 6. By Lemma 15 and
Lemma 14 (ii), we have r —3 = 3 < d(Wz) < r — 2 = 4. It follows from Theorem 3
that k is odd. Hence, if k > 149 is even, then D(C5 & Cy) = D*(C5 @ Co) = 2k + 5.
Let Wg = T\T; ... T,, be a product of (x,1)-blocks T;. By Proposition 4 we have that
reWz) = 2,(Th) + 2.(To) + - - - + 2o(T1) = m. Tt follows from Lemma 18 that for any
(¢, s)-block B with positive defect in on;l, we have 2 < s < £ < r—1 = b5, since
otherwise ¢ = 6 and then 7(C3 ® Co) = 5 = r((B)) < 7((WzB)) < 7(C3 ® Cy), ie.,
r((B)) = r((W7B)).

If dWgz) = 4, then d(aW ;') > 2 and |Wz| = 2,(Wz) + d(Wz) = m +4. By Lemma
22 there exists exactly a (¢, s)-block B with 2 < s </ <5 in aW;-l. Thus o = W#Ba/
with d(aW ;') = d(B) = { — s > 2, where o is a product of some minimal block D with
d(D) = 0. It follows that 5 > ¢ > s +2 > 4 and z,(a’) = |¢/|. This implies that B is
(5,3), (5,2), or (4,2). Combining with Lemma 16 yields that B is not (5,2), i.e., B is
(s +2,s) with 2 < s < 3. Since z,(a/) = |/| and z,(a) = 2k, by Proposition 4 we have

zo(a) =2k = 2,(Wz) + 24(B) + z4(a’) = m + s + |d/].
Hence,
la| = [Wa| + |B| + |o/| = (m+4) + (s + 2) + (2k — s — m) = 2k + 6.

If dWgz) = 3, then d(aW3;') > 3 and [Wgz| = z,(Wz) + d(Wz) = m + 3. By
Lemma 23 there exist at most two disjoint minimal blocks with positive defect in on;l.
If there exists exactly a (¢, s)-block B with positive defect in aW;', then 2 < s < £ <5
and d(B) = d(aW;') > 3. It follows that £ = s+ 3 = 5, i.e., B is (5,2). This is a
contradiction to Lemma 16.

If there exist a (¢, s)-block B and a (¢4, s;)-block C' with positive defects in aW ;!
such that B, C are disjoint, then 2 < s </ <5and 2 < 51 <1 < 5. Set a = WzBCd/,
where o is a product of some minimal block D with d(D) = 0. It follows from Lemma
23 that either d(B) > 2, d(C) =1 or

r((WzB)) = r((WzC)) =4, (C) £ (W»B) and (B) £ (W>C).

If the former holds, then /1 —s; =1 and 4 < s+2 < /¢ < 5, i.e, Bis (5,3), (5,2) or (4,2).
Combining with Lemma 16 yields that B is not (5,2), i.e., Bis (s +2,s) with 2 < s < 3.
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Since z,(a) = 2k and z,(a’) = |/|, by Proposition 4 we have
zo(a) =2k = 2,(Wz) + 24(B) + 24(C) + 2o () = m + s+ 51 + |&].
Hence,
la| = [Wgz|+ |B|+|C|+ || =(m+3)+ (s+2)+ 1+ (2k —m — s — s1) = 2k +6.

If the latter holds, then 2 < s </ <5 and 2 < s1 < ¥ <5, ie, Band C are contained
in {(4,2),(4,3),(5,2),(5,3),(5,4)}. By Lemma 16 B is not (5,2). If B is (5,3), then
r((B)) = 4 = r((W#B)), a contradiction to Lemma 18. Hence, B is (4,2), (4,3) or (5,4).
Similarly, C'is (4,2), (4,3) or (5,4). From d(aW;') = d(B) + d(C) > 3 it is easy to see
that one of B, C' must be (4,2). Without loss of generality, suppose B is (4, 2).

If Cis (4,3) or (5,4), then by z,(a) = 2k, 2,(c’) = |/| and Proposition 4 we have

To(a) =2k = 2,(Wz) + 24(B) + 24(C) + z4(a) = m + 2+ 51 + |o].
Hence,

la| = [Wz|+ |Bl+ |C|+ || = (m+3)+4+ 0+ (2k — s —m —2) = 2k + 6.

If C'is (4,2), then by d(Wz) = r((Wz)) =3 and 7’(__) there exist eq, €, €1, €2, €3
such that G = (e, ey, e3; €0, €p),  Where (I/Kg>: (e1,€9,€3). Since
r(WzB)) = r((WzC)) = 4, (C) ¢ (WgB) and (B) ¢ (WzC), without loss of

generality we can suppose (WzB) = (Wz, e) and (W C) = (Wgz,ep). Let By and Cy
be sequences (possibly empty) consisting of terms b | B with b € (Wz) and ¢ | C with
¢ € (Wgz) respectively. Set By = BB, and C; = CC,'. Tt is easy to see that
Supp(B1) C eg+ (W), Supp(Ci) C ef+ <W¢> and |By,|Cy| € {2,4}. Let X =b1b; | By
or X =) |Cyor X =by | By or X = ¢y | Cy and we have 0(X) € (Wg). Then there
is a proper subsequence Y | Wz such that Y X is a block. By (1) one deduces
1 <zl (X) <r—2=4. It follows that |By| = 0, since otherwise |By| = |B;| = 2 and
then x,(B) = 2 = af(b1b}) + a/(b2) + 2, (by) > 2, where By = byb| and By = bobl. Set
B = bybybsb, with all b; € ey + (Wz) and we have 1 < 2/,(bib;) < 4 for 1 <i < j < 4.
Then z,(B) = 2 = o, (bb;) + z,(B(bib;) ') = 2 i.e., x/,(b;b;) = 1. Tt follows from Lemma
17 (ii) that 2/ (b;) = k“ for 1 < ¢ < 4. Without loss of generality, we can set

E+1 E+1 kE+1 E+1
W)ey+ a)(e + a)(E + b+

B =¢y+ (] + a),

where each €/ is of order two with (¢, e}, e5) = (W) = (e1, 9, e3). Similarly, we can set

k+1 k+1 k k+1
O = e+ (¢ + 22 a)(e + o ta)(h + ot a) (el + b e+

a),

where each € is of order two with (€7, €5, e) = (Wz) = (e1, 2, €3).
We claim that at least one of {e] + €3, ef + e3,e5 + €3} equal to e} + ¢} for some 1 <
i < j < 3. If not, then we have {ef + ¢4, e/ + e, e + e} C {e}, el es, ¢ + e+ ek}
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Since €7, 62, 63 are distinct, we have that e] + €5, €] + e3, €5 + e3 are distinct. Thus two of
{e] + e, el + €l e} + e} are contained in {61,62,63} say e + ey = eh and e + el = €},
which 1mplies that (ef +e5) + (61 +ef) = ef+ef = e +e This is a contradiction.
Without loss of generality, let e} + €5 = €| + €}. Furthermore, we have e + e} = €] + €.
Assume to contrary that ef+ej = e +ef+ka. Take X = (60+61+k;“1 )(60+€3 Hla) | B
and Z = (ef+e| + 5 a)(ef+ef +ELa) | C. Then o(XZ) = (k+2)a, ie., XZis (4,k+2).
Lemma 5 implies that 4 > k£ + 2, which is impossible. Hence,

1 k+1
o((eg + €} a)(eg + ey + 5 a) “
6
k41 kE+1
(e + €] ;— a)(ey + ey + ;_ a)) = ey + €5 + 2a.

Take X = (eg + ¢} + Ea)(eo + €5 + “2ta) | B. Since o(X) € (Wg), there exists a
proper Y | Wz such that Y X is a block. From o(X) = (e} + €} + ka) + a it is easy to see
that /,(X) =1 and 6(X) = 0. Set 0(X) = e+a withe = e}, +es+ka. Let Y =Y --- Y,
where Y;* | T;. Since each T} is a (%, 1)-block, we have §(Y;*) > 1 is odd. Since §(X) = 0,

zo(B) =2 and x,(Wg4) = m, by Lemma 6 (i) we have that
< S 6(V) = 6(Y) + 6(X) < 2a(Wr) + 2u(B) —2 = m,
=1

i.e., 0(Y) =m. It follows from Lemma 6 (ii) that

{0(Y),c(WzY 1)} = {e+ %($Q(Wy‘) —0(Y))a, e+ %(xa(Wy) +4(Y))a} ={e,e+ma}.
Then o(Y') = e. Combining (6) yields that

k+1
a)
2

a)) =e+ ey +e;+ 2a = (k+ 2)a,

1
o(Y(eg + €] 5 a)(eg + ey +
(66 6,1/ k+1 ,, k+1

a)(eq

ie, Y(eo+ e + Hla)(eg + €

+E810) (e + ef + EELa)(e + ef + L) = (Y] + 4,k +2).
Since d(Wgz) = 3 and d( Z) > 1,
_l’_

by the additivity of defect, we have d(Wgz) = 3 =
Wz —x2,(Wgz) = |[We| — Z d(T;) = m. This implies that m < 3 and |W4| < 6.
By Lemma 5 we have that ]Y! k: 2, ie., k=2 < |Y| < |Wg| < 6. This is impossible
and the proof is completed. O
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