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Abstract

We construct infinite families of abstract regular polytopes of Schlafli type
{4,p1,...,pn—1} from extensions of centrally symmetric spherical abstract regu-
lar n-polytopes. In addition, by applying the halving operation, we obtain infinite
families of both locally spherical and locally toroidal regular hypertopes of type

{217 . 'apnfl}-

Mathematics Subject Classifications: 51E24, 52B11, 20F05

1 Introduction

Polytope theory is a well studied area of algebra and geometry. The concept of an ab-
stract polytope was introduced in [11] as a poset whose elements are faces. Another way
of defining an abstract polytope is as an incidence geometry which is thin, residually-
connected, flag-transitive and has a linear Coxeter diagram. This idea of seeing polytopes
as incidence geometries was recently used in [6], in which the authors decided to general-
ize this concept, dropping the linear diagram condition and naming these new structures
hypertopes.

Since the introduction of the concept of a hypertope, many examples have been given
[1, 10], especially locally toroidal families [3, 5, 4]. In [7], the authors classified the
locally spherical regular hypertopes of spherical, euclidean or hyperbolic type, giving new
examples of the hyperbolic ones using MAGMA. During the 9th Slovenian International
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Conference on Graph Theory in Bled (2019), Asia Ivi¢ Weiss posed me the problem of
extending these examples into infinite families of locally spherical regular hypertopes of
hyperbolic type. Since then, in [12], Weiss and Montero have described two proper locally
spherical hypertopes of hyperbolic type for ranks 4 and 5. More recently [13], the same
authors have given a constructive way to obtain families of locally spherical hypertopes
of hyperbolic type using Schreier coset graphs.

The halving operation is quite common in regular polytopes of type {4,p} (p > 3),
where we double the fundamental region of the polytope, resulting in a self-dual polytope
of type {p,p}. This operation was broadened to any non-degenerate abstract regular
n-polytope by Weiss and Montero in [12], in which its use on Danzer’s polytopes 27 [2]
results in the two examples of locally spherical hypertopes of hyperbolic type mentioned
above.

Here, we obtain new families of regular hypertopes, some of which are locally spher-
ical hypertopes of hyperbolic and euclidean type, while others are locally toroidal. To
do so, we extend centrally symmetric polytopes into a family of polytopes denoted as
2P:90) with type {4,p1,...,pn_1}, Where we can obtain regular hypertopes through the
halving operation. The extension of polytopes is not new in polytope theory [14] and the
construction of the 279() polytopes is well described in [11, Section 8]. Our families of
extended polytopes 279() when we consider s = 2, give duals of the examples of locally
spherical hypertopes of hyperbolic type given by Weiss and Montero in [12]. Moreover,
the automorphism group presentation and its order are given for each of the polytopes
2P:9(5) and respective hypertopes, allowing this work to be extended further, as discussed
in Section 5.

In Section 2, an introduction to abstract regular polytopes, regular hypertopes and
the halving operation is presented. In Section 2.4, we introduce the polytopes 279().
In Sections 3 and 4 the families of polytopes and hypertopes are given, as well as their
automorphism group presentation and order. Specifically, in Sections 4.1 and 4.4 we
give two families of locally spherical regular hypertopes of hyperbolic type of rank 4 and
5, respectively. Moreover, in Section 3.2 a family of arbitrary rank of locally spherical
hypertopes of euclidean type is given and in Sections 3.3 and 4.3 two distinct families
of hypertopes of rank 4 and 5 are given from the halving of quotients of locally toroidal
polytopes {4, 4,3} and {4, 3, 4,3}, respectively.

2 Background

2.1 C-groups

A C-group of rank n is a pair (G,S), where G is a group and S := {pg,...,pn_1} is a
generating set of involutions of G that satisfy the intersection property, i.e.

VI,LJCAO,...,n—=1}, {pi [i€l) N (pj|je]) = (pu|keINJ).

A C-group is said to be a string C-group if its generating involutions can be ordered in
such a way that, for all i, j where |i — j| > 2, (pip;)* = id. A subgroup of G generated by
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all but one involution of S is called a maximal parabolic subgroup and is denoted as

Gii=(p; | 5 € I\{i}),

with I :={0,...,n—1}.

The Coxeter diagram of a C-group (G,S) is the graph whose nodes represent the
elements of S and an edge, called a branch, between the generators ¢ and j has label
pij = o(pipj), the order of p;p;. By convention, branches with label equal to 2 are
improper and are not drawn, and whenever an edge has label 3, its label is omitted. For
string C-groups, this diagram is linear, like the one represented in Figure 1. We say a

o(pop1) _ o(p1p2) o(pj—1p;) o(Pn—2pn—1)
° ° ° ° ° o """ o

£o P1 P2 Pi-1 Py Prn—2 Prn—1

Figure 1: Coxeter Diagram of a string C-group.

C-group is a Cozeter group when its group relations are just the ones given by its Coxeter
diagram. As we shall see, the automorphism groups of both abstract regular polytopes
and regular hypertopes are C-groups.

2.2 Regular Hypertopes and Regular Polytopes

The term hypertope was introduced in [6] as a generalization of polytopes whose auto-
morphism group is a C-group, but not necessarily a string C-group. A regular hypertope
is an incidence geometry that is residually-connected, thin and flag-transitive, as defined
in [6]. Here, we focus on its construction from C-groups.

An incidence system is a 4-tuple I := (X, x, ¢, I) satisfying the following conditions:

e X is a set with the elements of T';

I is a set with the types of T';

o t: X — [is a type function, attributing to each element = € X a type t(x) € I; we
call z an i-element if t(x) =i, for i € I; and

e x is a binary relation in X called incidence, which is reflexive, symmetric and such
that, for all x,y € X, if z xy and t(x) = t(y), then x = y.

The cardinality of I is called the rank of I'. A flag is a set of pairwise incident elements
of T'. For a flag F, the set ¢(F) := {t(x)|z € F} is called the type of F, and we say F is
a chamber when t(F') = I. Moreover, the cardinality of ¢(F) is said to be the rank of F.
An incidence system I' is called a geometry or incidence geometry if every flag of I' is a
subset of a chamber. Consider the following proposition.

Proposition 1 (Tits Algorithm, [16]). Let n be a positive integer and I :={0,...,n—1}.
Let G be a group together with a family of subgroups (G;)icr, X the set consisting of all
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cosets G;g with g € G and i € I, and t : X — I defined by t(G;g) = i. Define an
incidence relation x on X x X by:

Gigr * Gjgo if and only if G;91 N G;g2 # 0.

Then the 4-tuple ' := (X, *,t,I) is an incidence system having a chamber. Moreover, the
group G acts by right multiplication as an automorphism group on I'. Finally, the group
G s transitive on the flags of rank less than 3.

The incidence system constructed using the proposition above is denoted I'(G; (G;)ier)
and designated as a coset geometry if the incidence system is a geometry. The subgroups
(G;)ier are the maximal parabolic subgroups of G, stabilizers of an element of type i. Let
G be a C-group. We say G is flag-transitive on I'(G; (G;)ier) if G is transitive on all flags
of a given type J, for each type J C I. We have the following result, which defines a
regular hypertope from a C-group.

Theorem 2. [6, Theorem 4.6] Let G = (p; |i € I) be a C-group and let I :== I'(G; (G)ier)
where G; = (p;|j # 1) for all i € 1. If G is flag-transitive on ', then I' is a regular
hypertope.

A regular hypertope with a string Coxeter diagram is an (abstract) reqular polytope;
conversely, if G is a string C-group, the coset incidence system I'(G; (G;)ier) is a regular
hypertope with string diagram [6, Theorem 5.1 and Theorem 5.2]. Thus, regular polytopes
are particular cases of regular hypertopes. We say a regular hypertope is proper if it
does not have a linear Coxeter diagram. Moreover, regular polytopes are in one-to-one
correspondence with string C-groups.

Let G be a string C-group and let I'(G; (G;)ier) be the regular polytope built using
Proposition 1. Let G_; := G =: (G,. Then, since the generators of a string C-group
have a prescribed order, the incidence relation of Proposition 1 is a partial order, where
Gjp < Gy if and only if —1 < j <k <n and G;¢ N Gy # (. This construction results
in a ranked partial ordered set (poset) P which satisfies all axioms of the definition of
an abstract regular polytope given in [11]. From now on, we consider abstract regular
polytopes as posets instead of coset geometries.

The elements of P are called faces and the rank of the faces are induced by the labeling
of the generators of the string C-group. A face F' € P of rank(F)= i is called an i-face,
where the O-faces of P are called vertices, the 1-faces edges and the (n — 1)-faces facets.
Let Fy be a vertex of P stabilized by Gy := (p;|7 # 0). We can identify the vertices of
P by the right cosets of Gy. We say a poset is a lattice if, for every two faces F,G € P,
there is a least upper bound and a greatest lower bound for {F, G}. Whenever the partial
order induces a lattice, we call P non-degenerate, otherwise we call it degenerate [15, 2].

The Schldfli type of a regular polytope P is defined as {p1,...,pn_1}, where p; is the
order of two consecutive generators o(p;_1p;). If a n-polytope has type {p1,...,pn_1}, we
can write its universal automorphism group, a Coxeter group, as [p1,...,p,—1]. The dual
polytope of P is obtained by reversing the partial order of the poset, which is equivalent
to reversing the order of the generators of the string C-group.
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Let P be an abstract regular n-polytope and Fl4, Fig € P be distinct vertices of P. The
unordered pair of vertices {F4, Fp} is called a diagonal of P. Two diagonals {F4, Fg}
and {Fe, Fp}, with Fo, Fp € P, are said to be equivalent if there is some o € G(P) such
that {Fo, Fp} = {Fao, Fgo}. Thus, the diagonals of P form equivalence classes, called
diagonal classes. Since these vertices can be represented as right cosets of Gg, we can
write a diagonal as {Gop, Gotb}, where Goop = Fop = Fa, Gotp = Fotp = Fp, Fa # Fp
and ¢, 1 € G(P). Moreover, due to the transitivity of G(P), we can think of the diagonal
classes by their representative {Go, Goo} for o ¢ Gg, where we fix one of the vertices
as Go. In this case, two diagonals {Fy, Fa} = {Go, Goo} and {Fy, Fp} = {Go, Gop} are
equivalent under G(P) if and only if

Y € GopGo U G ' G, (1)

for ¢, 1 ¢ Gy. If the polytope is realizable in an Euclidean space, the diagonal classes can
be ordered by the distance between their representative vertices. For instance, the edges
of the polytope P form a diagonal class.

An abstract regular polytope P is said to be centrally symmetric if its automorphism
group G(P) has a proper central involution o which is fixed-point free on its vertices. A
pair of vertices of a centrally symmetric polytope is antipodal if they are permuted by
this central involution. In the diagonal classes of a centrally symmetric polytope, there is
a diagonal class of all the pairs of antipodal points, with representative {Gg, Goar}.

A regular hypertope is spherical if its Coxeter diagram is a union of diagrams of finite
irreducible Coxeter groups. Moreover, a locally spherical reqular hypertope is a hypertope
whose maximal parabolic residues are spherical hypertopes. We say a locally spherical
regular hypertope is of euclidean type if its Coxeter diagram correspondes to an infinite
irreducible Coxeter group of Euclidean type [11, Table 3B2]. A reqular toroidal hypertope
is a quotient of a regular universal hypertope of euclidean type by a normal subgroup
of its translational symmetries [7]. A locally spherical regular hypertope is of hyperbolic
type if its type-preserving automorphism group of its universal cover is of an irreducible
compact hyperbolic Coxeter group [7, Table 2]. Lastly, a regular n-polytope or a regular
4-hypertope is said to be locally toroidal if its maximal residues are either spherical or
toroidal, with at least one of them being toroidal [11, 4]. A generalization of this concept
for hypertopes of rank greater than 4 is yet to be established.

In Table 1, we give a list of all centrally symmetric regular non-degenerate polytopes
of spherical type (i.e. finite irreducible Coxeter groups with linear diagram) whose auto-
morphism group is (7o, ..., 7,_1) and having central involution «.

The only centrally symmetric polygons have an even number of vertices and their
proper central involution is a 180 degree rotation. For rank 3 and 4, the spherical regular
polytopes that are centrally symmetric can be easily computed. For rank n > 5, the only
spherical regular polytopes are the n-simplex and the n-cube {4,372} (and its dual).
Since the group of the n-simplex is centerless, only the n-cube {4, 3" 2} (and its dual) are
centrally symmetric, with a = (7971 - - - T,—1)" [9]. Moreover, all the polytopes of Table 1
are convex polytopes, meaning that their poset form a face-lattice.

ot
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Table 1: The centrally symmetric non-degenerate regular polytopes of spherical type

Rank Schlafli type Number of vertices « [P
2 {2p}, for 2 < p < o0 2p (To71)P 4p
3,4 6
}4 3{ 8 (7'07'17'2)3 48
3 7
{3,5} 12 5
{57 3} 20 (7’07‘17‘2) 120
3,3,4 8
}4 3 3% 16 (7'0’7'17'27'3)4 384
4 {3, 4, 3} 24 (T0T1T273)6 1152
3,3,5 120
}5 3 3{ 600 (7'07'17'27'3)15 14400
377 4 7
n=b5 %4 3”‘% 2773 (ToT1 -+ Tu1)™ | 2™n!

2.3 Halving Operation of non-degenerate polytopes

Recently, in [12], the halving operation was revisited and, furthermore, the conditions
under which it gives a regular hypertope from a regular polytope were established. In
what follows we recall important results that can be found in [12].

Let n > 3 and let P be a regular non-degenerate n-polytope of type {p1,...,pn-1}
with automorphism group G(P) = (po, ..., Pn_1)-

The halving operation is the map

102 (Po, P15 P2 - - Pue1) = (POPLPO: P15 P2, - - s Pr—1) = (0, P1, P25+ - -+ Prt)-

Here, we are considering the halving operation as the dual of the one described in
[12]. The halving group of P, denoted by H(P), is the image of the halving operation on
G(P). If n > 3 and P is non-degenerate, then H(P) = (po, p1,- - -, pn—1) is a C-group [12,
Theorem 3.1] with the following Coxeter diagram

P1

5 - In this paper, we focus on polytopes of type

where s = p; if p; is odd, otherwise s =

{4,p2,...,pn-1}, hence the Coxeter diagram is as follows.
.P1
K
p3 Pn—2 Pn—1
° o— ——— ——0o——@
P2 P3 Pn—3 Pn—2 Pn—1
%
[
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the non-degenerate regular polytope P, where H; are the maximal parabolic subgroups
of H(P). Then, H(P) is flag-transitive [12, Proposition 3.2]. Hence, using Theorem 2,
we have the following corollary.

Corollary 3. [12, Corollary 3.2] Let P be a non-degenerate reqular n-polytope and I =
{0,...,n—1}. Let H(P) be the halving group of P. Then the incidence system H(P) =
T(H(P), (H;)ier) is a reqular hypertope such that Aut;(H(P)) = H(P).

If P is a polytope of type {4,p2,ps,...,Pn_1}, then we denote the type of H(P) as
{iz D3, .. ,pn_l}, and its universal automorphism group as [zz D3, ..., Pn_1|. Moreover,
as stated in [12], H(P) has index 2 in G(P) if the graph induced by the vertices and
edges P is bipartite, which is only possible if p; is even. In Sections 3 and 4 the halving

operation is used on polytopes of type {4, ps,...,p,_1} factorized by relations with even
number of py. Hence, in all cases that we deal with, |H(P)| = |G(P)|/2.

2.4 The 27:90) polytopes

Consider a Coxeter group W generated by k involutions oy, . . ., ox_1 with Coxeter diagram
G, and 79, ..., T,_1 to be involutory automorphisms of W, permuting its generators. Then
W can be augmented by the group A generated by these permutations using a semidirect
product, resulting in a group G = W x A. In the case W is a C-group represented by a
Coxeter diagram G, the automorphisms 7; can be seen as symmetries of G.

Definition 4. [11] Let G be the Coxeter diagram of a C-group and let P be a regular
n-polytope with automorphism group G(P) = (19,...,Tn—1). We say G is P-admissible
if:

e The Coxeter diagram G has more than one node;
e (G(P) acts transitively on the set of nodes of G, V(G);

e The subgroup (71, ...,7,_1) of G(P) fixes at least one node of G, which we designate
as Fy;

e The action of G(P) on the diagram G, with respect to Fy, respects the intersection
property, i.e., for I C {0,...,n — 1} and denoting V (G, I) as the set of nodes of G
that the subgroup (7;|i € I) maps the node Fj to, then

V(G I)NV(G,J)=V(G InJ)ifI,] C{0,...,n—1}

Let us consider the case V(G) = V(P) and let Fy be the vertex in P fixed by
(T1,...,Tn—1). Then we have that G(P) acts in the natural way in its vertices (which
we are considering to be the nodes of G) and the intersection property is always satis-
fied. Then G is P-admissible [11, pp. 248], i.e. G(P) acts on G as a group of diagram
automorphisms. Being V(G) = V(P), we have that the number of possible choices for
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the proper branches of the diagram G depends on the number of diagonal classes of P.

When P is centrally symmetric, there is an involution o permuting pairs of antipodal

vertices of P, forming one diagonal class of P. When this diagonal class is the only one

represented in the Coxeter diagram G by proper branches all with the same label s, then

the diagram G =: G(s) is a matching and the corresponding Coxeter group is a direct

product of dihedral groups of degree s, Dy, which is finite if and only if P is finite.
Consider a Coxeter group with diagram G(s),

W= W(G(s)) = (or | F € V(G(5))), (2)

and a centrally symmetric regular polytope P where V(G (s)) = V(P). Let F, be a vertex
of P. Then the (n + 1)-polytope 279() is defined by the group

G2P99)) .= W % G(P) = (po, ..., pu)

where

. Jon, for i = 0,
pi = {Ti—h forizl,...,n—i—l. (3)

For each F' € V(G), there exists an element 7 € G(P) and an involution op of W such
that

Op = Opy =T 0T =T ‘poT. (4)
When P is centrally symmetric, with central involution «, and G(s) is a matching as
before with label s, then (0pop,)® = id. When s > 3, as all generators op of W commute
with each other, except with op,, W = plyonz, Also, for each F, F', F" € V(G) and
7,7 € G(P), such that Fy7r = F, Fyr’ = F" and Fyr't7~! = F”, we have that

1

0pOpa =T ‘poram  porar = T ppapoart. (5)

and
opop =T ‘porT tpom = 7 loR,0mT. (6)
In particular, for s = 2, the diagram G(2) only has improper branches and 279®) is the
Danzer polytope 27 [2].
The following theorem gives some properties of 27:9(5) which is of great importance
for our results.

Theorem 5. [Theorem 8C5 of [11]] Let n > 1, and let P be a centrally symmetric reqular
n-polytope of type {p1,...,pn_1} with py = 3. Then the reqular (n + 1)-polytope 279)
has the following properties.

1. 2799 s of type {4, p1, ... Par}

2. G(2P96)) = D1 x G(P), with q := |V(P)|/2, where the action of G(P) on DI
(= W) is induced by the action on G(s). In particular, 2799 is finite if and only
if P s finite, in which case

GEPED)| = D1 |G(P)] = (29)VPI2IG(P);
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3. If s is even and P has only finitely many vertices, then 2P9%) is also centrally
symmetric.

Corollary 6. Let n > 1, and let P be a centrally symmetric reqular n-polytope with
automorphism group the Coxeter group [pi,...,pn_1], with p1 > 3, factorized by a set
of relations R. Then the automorphism group of the regular (n + 1)-polytope 2PG(s) s
a factorization of the Coxeter group [4,p1,...,pn—1] by the relations in R and the extra
relations

(poapoct)® = id,

where a is the central involution of P, and
(P07 po7)? = id
for all T € G(P) such that T # « and {Fy, For} give distinct diagonal classes of P.

Proof. From Theorem 5(1) and (2) we have that G(279()) must be a factorization of
the Coxeter group [4,p1,...,pn_1] by at least the relations R. Moreover, we know from
Theorem 5(2) that the extra relations added must come from W. We know that G(s) is a
matching with branches of label s between antipodal nodes, being the remaining branches
improper. Hence, we can write the relations between the generators of W considering pairs
of nodes of G(s) which are in distinct diagonal classes (since pairs of nodes in the same
diagonal class give relations which are conjugate by the action of G(P) on G(s)). From
equations 5 and 6, we can fix always vertex F{, as one of the elements of the diagonal.
Based on the diagram of G(s), we have the relations

(pDOZPOO‘)S = Zda

where « is the central involution of P (giving the relations of the proper branches of G(s),
unless s = 2 in which these branches are improper), and

(00771007)2 =1d

for all 7 € G(P) such that 7 # « and {Fy, Fy7} give distinct diagonal classes of P (giving
the relations of the improper branches of G(s)). O

When P is non-degenerate, this construction gives a non-degenerate polytope, as ex-
pressed in the next lemma.

Lemma 7. [pp. 264 of [11]] Let P be a centrally symmetric reqular n-polytope of type
{p1,... D1} with py > 3. If the poset of P is a lattice, then the poset of 279() is q
lattice.
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3 Polytopes 27:9(5) and Hypertopes H(2P’g(s)) when P is a 2p-
gon, n-cube or n-orthoplex

In Table 1 we were introduced to the centrally symmetric polytopes P that we consider
in this paper. There are three infinite families of polytopes given in that table: the
2p-gons with type {2p}, the n-cube with type {4,3"72} and the n-orthoplex with type
{3772 4}. In the following sections, we construct extensions of these polytopes and then
apply the halving operation as defined in Section 2.3 to obtain families of hypertopes.
Moreover, families of proper regular toroidal hypertopes {g, 3"73, 4} (25,0n-1) are given for
an arbitrary rank and s, extending the results of [3] and [12], where the duals of the
hypertopes {3,4}(25’0’0) and {g, 3”_3,4}(470%1) are presented, respectively.

3.1 The polytope 2{2P}:9(s) and hypertope # (2{2P}9(s))

Consider the following polytopes, defined as below.

Definition 8. [11, Section 7B| Let 2 < j < k := L%qj Then, we define the polytope P :=
{p,q | ho, ..., hi} such that its automorphism group G(P) has the following presentation

G(P) == (po,p1,p2 | p§ = P :Pg = (pop1)* = (p1p2)? = (pop2)* = id,
{(popr(pep1)yiHM =id, for 2 < j < k}),

where h; is the length of the j-hole of P.

Let P be the polygons with even number of vertices, i.e. of type {2p}, for p > 2. From
Corollary 8C7 of [11], we have the following result.

Corollary 9. /11, Corollary 8C7] Let 2 < p < oo and 2 < s < co. Then 2{2Ph90) —
{4,2p | 4p72, 25}, with group DP x Day, of order (25)P - 4p. If p = 2, this is the torus map
{4,4} 250y, with group (Ds x Dy) x Dy of order 32s>.

We write 4772 to mean a row of 4’s of size (p — 2). Using this result and Definition 8,
we have the following proposition.

Proposition 10. Let 2 < p < oo and 2 < s < oo. Then the group G(21h96)) =
[4,2p | 4772, 25| has the following presentation

GO = ( po, p1, 02 | = P = p3 = (pop1)* = (m1p2)* = (popa)* = id,

{(pop1(papr)’ ™) =id, for2<j <p—1}, (popi(papr)’™")* =id ).
Proof. The proof follows from Corollary 9 and Definition 8. [

From the polytopes of the previous proposition, we derive a family of polytopes using
the halving operation.
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Proposition 11. Let 2 < p < 00, 2 < s < 00. The incidence system
H(Q{Qp}’g(s)) = F(H(2{2p}’g(s))a (Hi)icfo,1,2})

where H(22P196)) .= (pop1po, p1, p2) = (o, p1, p2), is a reqular polytope of type {2p,2p},
where its automorphism group, of size (2s)P - 2p, is the quotient of the Coxeter group
2p, 2p] by the relations

((Pop2)’~ popr(papr)’™)? = id,
for2<j3<p—1, and

((Bop2)?~" pop1(p2pr)P~1)* = id.

Proof. Let 2 < p < 00, 2 < s < oo. The fact that the incidence system of the halving
group H(2{2P19()) is a regular hypertope follows from the fact that 2{?%9() is non-
degenerate (a lattice, by Lemma 7) and from Corollary 3. Moreover, in Section 7B [11], it
is given that the halving operation on regular polytope of type {4, k} results in a regular
polytope of type {k,k}. Let us write the relations that are not of the infinite Coxeter
group [2p, 2p|.
Firstly,
4

id = (pop1(p2p1)’™")

pop1(p2p1)’ " pop1(papr)’1)?
pop1(pop2popr)’ ™ pop1(papr)’ ™)
(Poﬂlpom)]flpoplﬂopl (/32/71)]71)2
(

pop2)’ " popr(p2pr)’ )2

= (
= (
= (
= (

For the relation (pgp1(pep1)P~1)?* = id, similar arguments give

id = (popr(p2p1)?~")* = ((Pop2)"~" popi(p2p1)P~ )" O

Notice that, if p = 2, the regular hypertope obtained from the halving of {4,4} ) is
the regular map {4,4} ).

3.2 The polytope 2{3"7*4h9(5) and hypertope H(2{3"*4}1:9(s))

Let P be the n-orthoplex, with n > 3. From Corollary 8C6 of [11], we have the following
result.

Corollary 12. [11, Corollary 8C6] Let n >3 and 2 < s < co. The polytope 283" *419(5)
is the cubical reqular (n+ 1)-toroid {4,3"2,4} 25 0n-1), with group D? x [3"72 4] of order
(4s)™n!.

The defining relations of the regular polytope {4,3" 2,4}, on-1) are those given by
its Schléfli type and the extra relation [11, Section 6D]

(Pop1P2 " - Pr—1PnpPr—1 " ,p2p1)2s = 1d.

Now, using the halving operation, we get a family of proper regular toroidal hyper-
topes, as shown in the following result.
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Proposition 13. Letn > 3, 2 < s < oo. The incidence system
H(EHAE)) = T(H P9 (Hy)ieqo.ny),

where H (23" 24900y .= (popipg, p1,....pn) = (fo.p1,---,pa). is a regular hypertope
whose automorphism group, of size (4s)"~1(2s)n!, is the quotient of the Coxeter group

with diagram
p1

[ ]
\ 4
[ — — — — —@——— ®
/P2 p3 Pn—2 Pn—1 Pn
o
PO

factorized by
(Pop2ps =~ Pu1Pnpn—1 - - papap1)® = id.

Proof. The incidence system of the halving group H (213" *439()) ig a regular hypertope
since the poset of the polytope {3772, 4} is a lattice, making 2{3"7%,4},0(s) non-degenerate
(by Lemma 7), which is under the conditions of Corollary 3. The relations of the Coxeter
diagram above follow naturally from the definition of the halving operation.

Consider now the extra relation

(Pop1p2 - Pr—1PnPr—1"" .p2p1)2s —id
of {47 371—27 4}(28,0"—1)- Then,

id =

POPLP2 *** Pt PPt p2p1)”

POP1P2 """ Pr—1PnPr—1 """ P2P1POPLLL2 " * Prn—1Pnfr—1" " P2p1)’

PoP1P2 " Pn—1PnPn—1 """ P2P0L1POP1LPOLP2 " ** Pn—1PnPrn—-1" " 'P2Pl)s

POP1POP2 "+ Prn—1PnPrn—1 " P2P1L0P1LOL2 " * * Pn—1PnfPr—1 " 'p2P1)S

PoP2** Pr—1PnPr—1""" P2P1P0P2" " * Pn-1PpPn-1" " P2p1)’

PoP2 " Prn—1PnPr—-1""" P2P1)28 u

o~ o~ o~ o~ o~ o~

Following the notation of Ens [3] and Weiss and Montero [12], we denote these regular
toroidal hypertopes by {g, 33, 4}(25,0%1)‘
3.3 The polytope 243" 7°}9() and hypertope #(2{43"7*}9(s))

Consider the n-cube with automorphism group [4,3" 2] = (79,..., T, 1), With n > 3.
Let (v1,vs,...,v,) be the coordinates of a vertex of the n-cube in an Euclidean space
and let v; € {£1}. In addition, let

(01,09, « .., Uy)To := (=1, V2, ..., 0p)

(Ul, ey V-1, V5, V541, V542, - - ,Un>7'j = (Ul, ey V-1, V541, V5, Vjga, - - . ,Un),
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for j € {1,...,n—1}. Let Fy := (1™) be the vertex having all coordinates equal to 1, and
let B :=719m172 - T_2Tn_1. Then,

Fop = (1n—1’ —1)

where 17! means we have a row of +1’s of size (n — 1). Moreover, it is easily seen that
Bt = (1" —1%)

Particularly,

FoB" = (—17).

Thus g™ is clearly the central involution of the n-cube.

Lemma 14. The n-cube has exactly n diagonal classes which can be represented by
{Fy, Fo8'}, for 1 < i < n, where Fy is a vertexr, = ToTiTo -+ Tn_2Tn_1, and FyS' is
the vertex of the action of 5° on the vertex Fy.

Proof. Consider the construction of the vertices of the cube as above and let Fj := (1").
Let 1 < 4,5 < n and consider the vertices Fy3° = (1", —1%) and Fyp7 = (1", —17).
Suppose that the diagonals {Fy, Fo3'} and {Fp, Fy37} are in the same diagonal class.
Then, they share the same square length as their diagonal class representative

|1Fo — FoB'||? = || Fo — Fo&| .
Hence,

1Fo — BfB||* = || Fo — || &
& (0", 292 = [](0", 29)|]* =
&=
Since there are n distinct diagonal classes of the n-cube [11, Section 5B| and we can

represent n distinct diagonal classes as above, we have proven the statement of the
lemma. O

With the above lemma, we are able to give the relations of the group of automorphisms
of 2143"2)9(6).

Corollary 15. Letn > 3 and 2 < s < co. Then 243" 7°196) s ¢ (n 4 1)-polytope with

type {4,4,3"2} and automorphism group D¥'" x [4,3"72] of order (25)*" ' 2"n! with the
relations given by its Cozxeter diagram and the following extra relations

(poB ' poB)2 =id for2<i<n-—1
(poB" pop™)* = id,

where 8 = p1py- - pp. Moreover, its toroidal residue is the map {4,4},0)-

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(2) (2023), #P2.20 13



Proof. The polytopes above are obtained by Theorem 5 and, when 7 = n, 3™ is the central
involution of the polytope {4,3" 2}, meaning that

(PoB"poB"™)* = id.
The remaining extra relations of the statement of this corollary come from diagonal classes

of improper branches of the diagram G(s). Particularly, when i = 1, we have

id = (poB " poB3)* = (Popn—1- - paprpoprp2 -+ pn)’

which implies that
id = (pop1popr)® = (popr)",

a relation given by the type of the polytope. Hence, (po3"po3")* = id and (po3~"po3*)? =
1d, for 2 < i < n — 1, are the only extra relations needed to define the automorphism
group of 243" 7*19(s),

To prove that the toroidal residue is the map {4,4}(,), observe that from id =
(poB2po/3?)? we have

id = (poprpn—1 -+ p2p1POP1P2 " * - Pupr)’
which implies
id = (Poﬂlpzplpoplpﬂ?l)z = (pop1p2p1)4,
showing that the toroidal residue is the map {4, 4}4,0). u

If n = 3, the resulting abstract polytopes are quotients of the locally toroidal polytope
of type {4, 4, 3}, satisfying the following relations

(Poprpap1)t = (po(prp2ps)’)™ = id,

which do not give an universal locally toroidal polytope. Therefore, these polytopes do
not appear in [11].

Let us construct the regular hypertopes corresponding to this family. As before, we
use the halving operation.

Proposition 16. Let n > 3 and 2 < s < co. The incidence system
H(2{4’3n_2}’g(3)) = F(H(2{4,3n—2},g(s))7 (Hi)iefo,..n})

where H (243" "196)) .= (popipo, p1,- .., pu) = (fo, 1. - -, pu), is a regular hypertope and
its automorphism group, of size (25)2n712n_1n!, has the relations given by its Coxeter
diagram

.,01
&
[ ] - — — — —@— @
P2 P3 Pn—2 Pn—1 Pn
a
[

and the extra relations (B71BY)? = id, for 2 < i < n—1, and (3"6")5 = id, where
B =pip2---pn and 3 = pops - - pn. Moreover the toroidal residue is the map {4,4}22).
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Proof. Let n > 3 and 2 < s < oo. The incidence system of the halving group of

213" 71G(6) - (243" °19()) i a regular hypertope by Corollary 3 since the poset of

the polytope {4,3" 2} is a lattice, making 2{%3"*}9¢) non-degenerate, by Lemma 7.
Then, if we denote 8 = p1ps- -+ pn and B = fopa - - - ppn, we have

id = (o~ po3')"
= (po(pn-1-- 'P2P1)iP0(Plp2 o 'Pn)i)k

= ((pu1 - p2poprpo) (prpza -+ pn)')*

= ((pn-1-- p20) (prp2 -+ )"
= (878",
where k =2 if 2 < i <n—1, and k = s if : = n. Moreover, we have that B“ = B‘”,
meaning that R ~
(BB") = (737",
Let us prove that the toroidal residue is the map {4,4}(22). Consider the translations

w = popap1p2 and g := (popap1)? of the toroidal map residue {4, 4} of the above hypertope.
Then, we have that

w = fopapip2 = PoPrPoP2p1P2 = PoprP2pop1P2 = (popip2)’,

which is a translation of order 4 of the toroidal residue {4, 4}, of 243" 7*19(5) - Further-
more, we have that

g = (Popap)? = (Pop1popap1)? = PopipP2PoP1POPLPOL2PL = PoP1P2PLLOPLL2PL,

which is a conjugate of po3~2pp3%, meaning o(g) = 2. Since o(u) = 4 and o(g) = 2, then
the toroidal residue of our regular hypertope is the map {4,4} ). ]

Particularly, when n = 3, the regular hypertope of type {1,3} given by Propo-
sition 16 is locally toroidal, with toroidal residue {4,4} ), and satisfies the relation

((Popap3)®(p1paps)®)® = id.

4 Polytopes 279(5) and Hypertopes %(27’9(5)) when P has rank
3or4

In this section we consider that P is one of the remaining regular polytopes of Table 1: the
icosahedron, the dodecahedron, the 24-cell, the 600-cell and the 120-cell. In what follows,
similar to the previous section, we construct extensions of these polytopes and then we
apply the halving operation to obtain regular hypertopes. In [12], two locally spherical
regular hypertopes of hyperbolic type are given: {g, 5}, with automorphism group of order
60-2'2, and {3,3,5}, with automophism group of order 7200 x 2!2°. These two hypertopes
correspond to our hypertopes H(213°h9(2)) and #H (2{335h9()) respectively. Here, we give
an infinite family of these hypertopes. In addition, we give a family of hypertopes of type
{g, 4, 3} with toroidal residue {g, 4} (4.0.0)° Most proofs of the following results are omitted
as they follow the same ideas present in the proofs of Corollary 15 and Proposition 16.
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4.1 The polytope 2{3:31:9() and hypertope # (2{3:5}:9(2))

Let P be the icosahedron with automorphism group G := (79, 71, 72). The icosahedron has
three distinct diagonal classes, which can be determined computationally with GAP[8]:
{Fy, o8}, {Fy, FoB2} and {Fy, Fy8°}, where 8 := 79my7o. The vertices of the latter
diagonal class are antipodal. In fact, the diagonals {Fy, Fy3} and {F,, Fy3?} are in the
same diagonal class, since the double Gg-cosets coincide, that is,

G052G0 = GO(TOTITQ)2GO = Go1om11270Go
= Goromi102Go = GomiToTi TGy = GOBGO-

The same can be proven for the diagonals {Fy, Fy32} and {F,, Fy3*}. With this, we can
provide the polytope 213°59(5) and the hypertope H (2{3519()),

Corollary 17. Let 2 < s < oo. Then 2835h90) s q 4-polytope of type {4,3,5} with
automophism group DS x [3,5] of order 120 - (25)®. Moreover, the automorphism group
G(2135H96)) .= (pg, p1, pa, p3) is the quotient of the Coxeter group [4,3,5] by the relations
(poB~2po?)? = id and (pof°po°)° = id, where 3 = p1paps.

Proposition 18. Let 2 < s < oo. The incidence system

where H(2U35H96)) .= (pop1p0, p1, p2, p3) = (Po, p1, p2, p3), s a reqular hypertope and its
automorphism group, of size 60 - (2s)8, is the quotient of the Cozeter group with diagram

opl
\ 5
® ®
/P2 "
®

PO

factorized by (B728%)% = id and (5°5°)* = id, where B := p1psps and B := popaps.

4.2 The polytope 2{319() and hypertope #(21%:3}9(2))

Let P be the dual of the icosahedron, the dodecahedron. Using GAP[8] and the dou-
ble coset action described in equation 1, we can determine the diagonal classes of the
dodecahedron: {F,, Fy8'}, for 1 < i < 5, where 3 = 7y7y7y is an element of the
group [5,3] = (15, 71,7). As before, we give the polytope 2{>3+9() and the hypertope
H (2153190,

Corollary 19. Let2 < s < co. Then 2153496) js o family of 4-polytopes with type {4,5,3}
and automorphism group DI° x [5,3] of order 120 - (2s)'°. Moreover, the automorphism
group G(2153296)) .= (py, p1, pa, p3) is the quotient of the Coxeter group [4,5,3] by the
relations (pof~poB°)? = id, for 2 <i < 4, and (poS°poS°)* = id, where B = p1paps.
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Proposition 20. Let 2 < s < oo. The incidence system
H(2PH) = T(H(2P90), (Hi)ieqo....3}),

where H(213496)) .= (pop1p0, p1, p2, p3) = (Bo, p1, p2, p3), s a reqular hypertope and its
automorphism group, of size 60 - (25)1°, has the relations given by its Cozeter diagram

p1

Y
® { ]
P2 p3
4
@

and the extra relations (B8 = id, for 2 <i <4, and ((°8°)° = id, where = p1paps
and [ := pop2ps-

4.3 The polytope 2{34319() and hypertope # (2{343+9(2))

Let P be the self-dual polytope of type {3,4,3}. Using GAP[8] we have that the 24-cell
has 4 distinct diagonal classes: {Fy, Fo8'}, for i € {1,3,4,6}, where 8 = 7gTy7273 is an
element of the group [3,4,3] = (7, 71, 72, 73). We will determine the polytope 2{343}9(s)
and regular hypertope H (2{34319()),

Corollary 21. Let 2 < s < oo. Then 2B343596) s o 5-polytope of type {4,3,4,3}
and automorphism group D x [3,4,3] of order 1152 - (25)'2. Moreover, the automor-
phism group G(28343496)) .= (py. p1, pa, ps, pa) is the quotient of the locally toroidal Cox-
eter group [4,3,4,3] factorized by the relations (poB~'po')? = id, fori € {3,4}, and
(po8po8)® = id, where 8 = pipapsps and its toroidal residue is a quotient of the cubic
toroid {4,3,4} (4,0,0)-

Proof. The proof follows the same idea as in Corollary 15. To prove that the toroidal
residue is a quotient of the cubic toroid {4,3,4}(,0,0), observe that the relation

(P2 pof®)? = id
implies that (pop1papszp2p1)t = id. O
Proposition 22. Let 2 < s < oo. The incidence system
7.[(2{3,473}79(5)) — F(H(2{3’473}79(5)), (Hi)ico....4),

where H(2{3’4’3}’g(5)) = (pop1P0; P1, P2, P3, P1) = (Po, P1, P2, P3, Pa), 15 a regular hypertope
and its automorphism group, of size 576 - (2s)12, has the relations given by its Cozeter

diagram
.Pl
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and the estra_relations (67'6")* = id, fori € {3,4}, and (3°85) = id, where B =

p1p2psps and B = popapsps. Moreover, its toroidal residue is a quotient of {2,4}(400).

Proof. The proof follows the same idea as in Proposition 16. Moreover, as seen in the proof
of Proposition 13, we can rewrite the relation (pop1p2p3p2p01)* = id, given in Corollary 21,

as (popapspapr)t = id, which is the factorizing relation of the hypertope {3, 4}(4 0.0) O

4.4 The polytope 213:3:51:9(s) and hypertope H (2{3:3:5}:9(2))

Let P be the 600-cell. The 600-cell has 8 distinct diagonal classes, which can be obtained
with GAP[8] and can be represented by {Fy, Fy3'}, for i € {1,4,6,7,9,10,12,15}, where
B = 1omiTeTs is an element of the group [3,3,5] = (79,71, T2, 73). Let us determine the
polytope 2{3351:9() and the hypertope H(2{33°19(5)),

Corollary 23. Let 2 < s < co. Then 2335096) s q 5-polytope of type {4,3,3,5} and
automophism group D% x [3,3,5] of order 14400 - (25)°. Moreover, the automorphism
group G(2335490)) .= (py, py, pa, p3, pa) is the quotient of the Cozeter group [4,3,3,5] by
the relations (poB~'poS*)? = id, fori € {4,6,7,9,10,12}, and (poB*°poB'°)* = id, where
B = p1p2pspa.

Proposition 24. Let 2 < s < oo. The incidence system
H(2{3’3’5}’g(5)) = F(H(2{3’3’5}’g(8))a (Hi)ic{o,...4})s

where H(2{3’375}7Q(8)) = <p0p1p0;p17p27p37p4> = <p~07;017p2ap37,04>; is a Tegulm‘ hypertope
and its automorphism group, of size 7200 - (25)%°, has the relations given by its Cozeter

diagram
p1

and the extra relations (871812 =id, fori e {4,6,7,9,10,12}, and ('°5')* = id, where
B := p1pap3ps and B = popapspa.

4.5 The polytope 2{5:3:319() and hypertope #(2153:3}9(2))

Lastly, let P be the 120-cell polytope. As previously, we can determine with the help of
GAPI8] that the 120-cell has 15 distinct diagonal classes, using the double coset action
described in equation 1. These diagonal classes can be represented by {F,, Fo3'}, for
1 <i < 15, where § = 7977273 is an element of the group [5, 3, 3] = (79, 71, 72, 73). Let us
determine the polytope 2{>3319() and hypertope H(2{%3319()),

Corollary 25. Let 2 < s < oo. Then 21°33196) s g 5-polytope of type {4,5,3,3} and
automophism group D3 x [5,3, 3] of order 14400 - (25)3%°. Moreover, the automorphism
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group G(2B335196)) .= (py, p1, pa, p3, pa) is the quotient of the Cozeter group [4,5,3,3]
by the relations (poS~'poB')? = id, for 2 < i < 14, and (pofS*°poBt°)* = id, where
B = p1p2p3spa.

Proposition 26. Let 2 < s < oo. The incidence system
H(25H90)) = D(H(203H99) (Hy)icqo,..0)s

where H(2{5,3,3},Q(8)) = <p0p1p0; P1, P2, P3, p4> = <P~07 P1, P2, P3, P4>; is a Tegulm“ hypertope
and its automorphism group, of size 7200 - (25)3°°, has the relations given by its Cozeter

diagram
P1

and the extra relations (87182 = id, for 2 < i < 14, and (Bl5ﬁ15)5 = id, where 8 =
p1p2p3pa and B = pop2pspa.

5 Final Remarks

This work gives a list of infinite families of regular hypertopes of arbitrary rank, con-
structed from finite centrally symmetric non-degenerate spherical polytopes P, which is
summarised in the following Table 2.

We notice that Theorem 5 establishes the following:

e If 5 is even and P has only finitely many vertices, then 279() is also centrally
symmetric.

This implies that if s is even, all the polytopes determined in Sections 3 and 4 are centrally
symmetric, being eligible to be used in Theorem 5, giving other families of polytopes of
type {4,4,p1,...,pn_1}. Moreover, since we know that these polytopes 27:9(*) are also
non-degenerate, these new families would also be eligible for the halving operation, giving
families of hypertopes.

Here the focus was on spherical polytopes but the same idea can be applied to centrally
symmetric toroidal polytopes. Indeed, from Corollary 9 and the point above, it follows
that the toroidal maps {4, 4} s0) are centrally symmetric and non-degenerate (for s > 4
and even), and therefore extendable by the same process that was used in this paper.
Moreover, the toroidal map {4,4} 25,0 is just a case of the toroidal (n+1)-cubic tesselation
{4, 3”_2,4}(2570%1) for n = 2. We can repeat the process to this more general case and
extend further this cubic tesselation.
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Table 2: Families of proper regular hypertopes of rank r from centrally symmetric poly-

topes
Rank Coxeter Diagram Size Extra Relations
P1
° ~ . - )
et , 60 - (25)8 (B7%6°%) = (6°8°)° = id,
-p/”z re for 8 := p1paps and S := popaps
0
! & o
\. ] 60 - (25)10 (57251)2 = (BE)BSES = Zda for 2 g { < 45
0/;/5’72 P B = p1p2p3 and B := pop2p3
0
o - -
et e o 576 - (25)12 (678 = (56515)S~: id, for i € {3,4},
o P P3P B 1= p1papsps and B = popapsps
Po
.Pl\ ; (B—zﬂ1)2 _ (515515)3 =id,
3 P 7200 - (25)%0 for i € {4,6,7,9,10,12}, B := p1p2p3p4
%o and 8 := popapspa
L1
e 5 A—i i > s . .
TSe o o 7900 (25300 | (BTBV(BREY) =id for 2 i< 14,
o2 P b B := p1papsps and 3 := popapspa
Po
.Pl
SNe oo otae (45)"=2(28)(r — 1)! | (p 25 — 4d
T e e U1 (Popaps - pr—opr—1pr—z -~ p3pap1)™ =i
@
o
rz4 P? B—ipi)2 Ar—1pgr—1ys _ ;
L (362 = (757 ) = id,
P P hes P P (2) 272 (r = 1)) | for 2<i <=2, B=pip2--proa
%! and 8 = popz -+ pr1
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