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Abstract

A graph is minimally k-connected (k-edge-connected) if it is k-connected (k-edge-
connected) and deleting any arbitrary chosen edge always leaves a graph which is
not k-connected (k-edge-connected). Let m = (g) +1¢, 1 <t<dand G, be the
graph obtained from the complete graph Ky by adding one new vertex of degree t.
Let H,, be the graph obtained from K;\{e} by adding one new vertex adjacent to
precisely two vertices of degree d — 1 in K \{e}. Rowlinson [Linear Algebra Appl.,
110 (1988) 43-53.] showed that G,, attains the maximum spectral radius among
all graphs of size m. This classic result indicates that G,, attains the maximum
spectral radius among all 2-(edge)-connected graphs of size m = (g) + t except
t = 1. The next year, Rowlinson [Europ. J. Combin., 10 (1989) 489-497] proved
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that H,, attains the maximum spectral radius among all 2-connected graphs of size
m = (g) +1 (d = 5), this also indicates H,, is the unique extremal graph among all
2-connected graphs of size m = (g) +1 (d = 5). Observe that neither G, nor Hy, are
minimally 2-(edge)-connected graphs. In this paper, we determine the maximum
spectral radius for the minimally 2-connected (2-edge-connected) graphs of given
size; moreover, the corresponding extremal graphs are also characterized.

Mathematics Subject Classifications: 05C50, 05C75

1 Introduction

A graph is said to be connected if for every pair of vertices there is a path joining them.
The connectivity (or vertez-connectivity) x(G) of a graph G is the minimum number of
vertices whose removal results in a disconnected graph or in the trivial graph. The edge-
connectivity k'(G) is defined analogously, only instead of vertices we remove edges. A
graph is k-connected if its connectivity is at least k and k-edge-connected if its edge-
connectivity is at least k. It is almost as simple to check that the minimal degree 6(G),
the connectivity and edge-connectivity satisfy the following inequality:

5(G) = #(G) = K(G).

One of the most important task for characterization of k-connected graphs is to give
certain operation such that they can be produced from simple k-connected graphs by
repeatedly applying this operation[l]. This goal has accomplished by Tutte [24] for 3-
connected graphs, by Dirac [8] and Plummer [18] for 2-connected graphs and by Slater [21]
for 4-connected graphs. A graph is said to be minimally k-connected if it is k-connected
but omitting any of edges the resulting graph is no longer k-connected. Clearly, a k-
connected graph whose every edge is incident with one vertex of degree k£ is minimally
k-connected, especially a k-regular and k-connected graph is minimally k-connected.

Questions in extremal graph theory ask to maximize or minimize a graph invariant
over a fixed family of graphs. A classic result of minimally k-connected graph is given by
Mader who determined the extremal size of a minimally k-connected graph of high order
in [13]. We use A(G) to denote the adjacency matrix of a graph G. The largest eigenvalue
of A(G) is called the spectral radius of G, denoted by p(G). Giving a graph family G
to study the bounds of spectral radius of graphs in G and to characterize the extremal
graphs that achieves the bound is a famous problem in the spectral extremal graph theory
[4], which attracts some scholars and have produced many interesting results published
in various magazines [17, 14, 12, 23, 27].

In the origin of researches, G is restricted to the graphs of order n or size m. For giving
order of a graph, Nikiforov proposed a spectral Turan problem which asks to determine
the maximum spectral radius of an F-free graph with n vertices. This can be viewed as the
spectral analogue of Turan type problem. For more results in this direction, readers are
referred to a survey by Nikiforov [16]. For giving size of a graph, Brualdi and Hoffman
[4] gave an upper bound on spectral radius: if m < (g) for some integer k£ > 1 then
p(G) < k — 1, with equality if and only if G consists of a k-clique and isolated vertices.
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Extending this result, Stanley [22] showed that p(G) < ¥*3™=. In particular, Nosal [17]
in 1970 proved that if G is a triangle-free graph with m edges then p(G) < v/m.

In the subsequent study, G is restricted to the graphs that have some combinatorial
structure. For examples, in 2002, Nikiforov [14, 15] showed that p(G) < y/2m(1 — 1) for

a graph G with m edges, where r is the clique number of G. Bollobas, Lee and Letzter
studied the maximizing spectral radius of subgraphs of the hypercube for giving size m
[2]. Very recently, Lin, Ning and Wu [12] proved that p(G) < v/m — 1 when G is non-
bipartite and triangle-free graph on m edges. Zhai, Lin and Shu [27] obtained that if G

contains no pentagon or hexagon of size m, then p(G) < %+ \/m— %, with equality holds

if and only if G is a book.

In the recent works, some authors restrict G to the graphs that have fixed connectivity.
For examples, Chen and Guo showed that Ky, o attained the maximal spectral radius
among all n-vertices minimally 2-(edge)-connected graphs [5]. Fan, Goryainov and Lin
proved that K3, 3 has the largest spectral radius over all minimally 3-connected graphs
of order n [9]. All the above studies indicate that the spectral radius of a graph are related
with the parameters of graphs (such as order n and size m), structure of graphs (such as
forbidding subgraphs) and vertex or edge connectivity of graphs.

Let m = (g) +1t,1 <t <dand G, be the graph obtained from the complete graph
K, by adding one new vertex of degree t. Let H,, be the graph obtained from K;\{e}
by adding one new vertex adjacent to precisely two vertices of degree d — 1 in K4\ {e}.
In 1988, Rowlinson [19] determined that G,, attains the maximum spectral radius among
all graphs of size m. This classic result indicates that G, attains the maximum spectral
radius among all 2-(edge)-connected graphs of size m = (g) + t except t = 1. The next
year, Rowlinson [20] proved that H,, was the unique 2-(edge)-connected graphs with
m = ( ) + 1 (d > 5) edges and the maximal spectral radius. However, we find that both
G, and H,, are not minimally 2-(edge)-connected graphs. Motivated this, our paper is
to study the spectral extremal problem of minimally 2-(edge)-connected graphs under
edge-condition restrictions.

Denote by SK, m_1 the graph obtained from the complete bipartite graph Ky m_1 by
subdividing an edge once. Let K, m m=s K3 be the graph obtained by identifying a vertex
of maximum degree of K, m_s and a vertex of K3 from the disjoint union of K, m_s and
Ks. A friend graph, denoted by F;, is a graph obtained from ¢ triangles by sharlng a
vertex. In this paper, we determine the maximum spectral radius for the minimally 2-
(edge)-connected graphs of given size m, moreover, the corresponding extremal graphs
are completely characterized as the following two theorems.

Theorem 1. Let G be a minimally 2-connected graph of size m.

(i) If m is even, then p(G) < \/m, the equality holds if and only if G = Ko m.

(ii) If m is odd and m > 9, then p(G) < pi(m), where pi(m) is the largest root of
22— 22— (m—2)x +m — 3 =0, the equality holds if and only if G = SKlmTfl.

Theorem 2. Let G be a minimally 2-edge-connected graph of size m.
(i) If m is even, then p(G) < \/m, the equality holds if and only if G = Koy m.
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(ii) If m > 11 is odd and m # 15, then p(G) < pi(m), where p5(m) is the largest root of
=23+ (1—m)z?+(m—3)x+m—3 = 0, the equality holds if and only if G = Ky ms % K.

If m =15, then p(G) < %‘ﬁ, the equality holds if and only if G = F.

A famous sharp lower bound of spectral radius given by Collatz and Sinogowitz in [6]
is p(G) > 277”, equality holds if and only if GG is a regular graph. Thus, the m-cycle attains
the minimum spectral radius among all minimally 2-(edge)-connected graphs of size m.
Notice that p3(m) < y/m for m > 5. Therefore, by Theorems 1 and 2, we obtain that
the spectral radius of a minimally 2-(edge)-connected graph lies in the interval [2,/m]
for m > 5. It means that a graph whose spectral radius lies out of [2,/m] will not be
minimally 2-(edge)-connected. Theorems 1 and 2 indeed indicate the relationship between
spectral radius and connectivity.

The rest of the paper is organized as follows. In the next section, we will give some
lemmas and some properties of a minimally 2-(edge)-connected graph. In Sections 3 and
4, we will give the proofs of Theorems 1 and 2, respectively.

2 Preliminaries

In this section, we firstly list some symbols and then write some properties of minimally
2-(edge)-connected graphs and some useful lemmas.

Let G be a graph with vertex set V(G) = {v1,vq,--- ,v,} and edge set E(G). For
v e V(G), AC V(G), denote by N(v) and d(v) the neighborhood and the degree of the
vertex v in G, and denote Na(v) = N(v) N A, da(v) = |Na(v)|. The adjacent matrix
of a graph G is defined as the n x n square matrix A(G) = (a;;) whose entries are 1 if
vv; € E(G), otherwise 0. The spectral radius of G, denote by p(G), is defined to be the
largest eigenvalue of A(G). A chord of a graph is an edge between two vertices of a cycle
that is not an edge on the cycle. If a cycle has at least one chord, then it is called a
chorded cycle.

A graph is 2-(edge)-connected graph if it contains a 2-vertex (edge) cut set. A graph is
minimally 2-edge-connected, introduced in [1], if it is a 2-edge-connected but omitting any
edge the resulting graph is no longer 2-edge-connected. By definition, a 2-connected graph
is also 2-edge-connected, but the reverse is not true. However there exists a minimally
2-connected graph that is not minimally 2-edge-connected, for example the graph H(2,2)
shown as Fig.1. There exists a minimally 2-edge-connected graph that is not minimally 2-
connected, for example the graph C, x C,,. Clearly, C,, is both of minimally 2-connected
and minimally 2-edge-connected. Furthermore, we will give some the properties of a
minimally 2-connected graph.

Lemma 3 ([8]). A minimally 2-connected graphs with more than three vertices contains
no triangles.

Lemma 4 ([1]). Every cycle of a minimally 2-connected graph contains at least two ver-
tices of degree two.
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Lemma 5 ([18]). G is a minimally 2-connected graph if and only if no cycle of G has a
chord.

Lemma 6 ([3]). If G is a minimally 2-(edge)-connected graph, then 6(G) = 2.

Lemma 7. A 2-edge-connected subgraph of a minimally 2-edge-connected graph is also
manimally 2-edge-connected.

Proof. Let G be a minimally 2-edge-connected graph, and H be a 2-edge-connected sub-
graph of G. By contrary that H is not minimal, then there exists an edge uv € F(H)
such that H — uv is 2-edge-connected. Since G is a minimally 2-edge-connected graph,
we get that G — uv is 1l-edge-connected. Thus G — uv has a cut edge, say xy, which
divides V(G — uv) into two vertices sets U and V' such that € U and y € V, and so
ea—uw(U, V) = 1. Also we have u € U and v € V since G is a 2-edge-connected graph.
Noticed that H — uv is a subgraph of G — uv that is assumed to be 2-edge connected, we
claim that H — uv has a cycle C' connecting u and v which must be contained in G' — uwv.
It is a contradiction. Thus, H is a minimally 2-edge-connected graph. O]

Lemma 8. If G is a minimally 2-edge-connected graph, then no cycle of G has a chord.

Proof. Suppose by contrary that the cycle of the minimally 2-edge-connected graph G
has a chord. Then G contains a chorded cycle, which is not minimally 2-edge-connected.
This is a contradiction from Lemma 7. O

Recall that x(G) (k'(G)) denoted the vertex-connectivity (edge-connectivity) of G.

Lemma 9. If G is a minimally 2-edge-connected graph with no cut vertex, then G is
minimally 2-connected.

Proof. Since G is a 2-edge-connected graph and G has no cut vertex, we have 2 = £/(G) >
k(G) > 2, and so k(G) = 2. Note that G is minimally 2-edge connected. We have
k(G —e) < K'(G—e) <1 forany e € F(G). Thus G is minimally 2-connected. O

Lemma 10 ([7]). Let G be a graph with adjacency matriz A(G), and let m be an equitable
partition of G with quotient matriz B,. Then det(xI—B;) | det(xI —A(G)). Furthermore,
the largest eigenvalue of B, is just the spectral radius of G.

By Lemma 10, we can give the bound of the spectral radius of SKZ,%'

Lemma 11. For odd number m > 5, we have '0<SK27’”T‘1) is the largest root of 1° — x* —

(m—2)x+m—-3=0 and\/m—2<p(SK27mTfl)) <v/m—1.

Proof. The vertices set of SK, m_1 has an equitable partition and the quotient matrix is

1
B,= 1|1
0

N O =
ONEO
w
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We have f(z) = det(zl3 — B;) = 2° —2? — (m — 2)x +m — 3. By Lemma 10, p(SszmTfl)
is the largest root of f(z) = 0. Moreover, one can verify that f(v/m —2) < 0, and so
p(SKQ’mT—l) > /m —2. Also, we have f(v/m —1) = v/m—1—-2 > 0 for m > 6 and
f'(x) = 32% — 22 — (m —2) > 0 for z > v/m — 1. Thus, p(SK2m1)<\/7 O

Notice that if each edge of a k-connected graph is incident with at least one vertex
of degree k then the graph is minimally k-(edge)-connected. Clearly, SKZmTA is the

minimally 2-(edge)-connected. Moreover, we have the following lemma.

Lemma 12. Let G* attain the mazximum spectml mdius among all minimally 2-edge-

connected graphs of size m = 6. Then p(G*) > v/m
Proof. If m is even, then p(G*) > p(Kym) = \/m > y/m — 2 since Ky m is minimally

2

2-edge-connected. If m is odd, then p(G*) > p(SKZmT—l) > y/m — 2 from Lemma 11. O

Lemma 13 ([10, 11]). Let G and H be two graphs, and let P(G,x) be the characteristic
polynomial of G.

(i) If H is a proper subgraph of G, then p(H) < p(G).

(i) If P(H,\) > P(G, ) for A = p(G), then p(H) < p(G).

Lemma 14 ([14, 15]). Let G be a Cs-free graph of size m. Then p(G) < \/m, the equality
holds if and only if G = K, ;, where ab=m

Lemma 15 ([26]). Let u, v be two distinct vertices in a connected graph G, {v; | i =
1,2,...,5} € Ng(v) \ Ng(u). X = (21,29,...,2,)" is the Perron vector of G, where x;
is correspondmg tov; (1<i<n). Lt G =G —{vv; | 1 <i<s}+{uy |1 <i<s) If
Ty = Ty, then p(G) < p(G').

Lemma 16 ([7]). Let G be a connected graph with Perron vector X = (xq,,...,z,)".
Let U, V and W be three disjoint subsets of V(G) such that there are no edges between V
and W. Let G’ be the graph obtained from G by deleting the edges between V and U, and
adding all the edges between V and W. If Y ., 2y <D, o Tw, then p(G) < p(G).

Lemma 17 ([25]). Let (H,v) and (K, w) be two connected rooted graphs. Then
p((H,v) x (K,w)) < /p*(H) + p*(K),

the equality holds if and only if both H and K are stars, where (H,v) x (K, w) is obtained
by identifying v and w from disjoint union of H and K.

3 Proof of Theorem 1

In this section, we will give the proof of Theorem 1. Let G* attain maximal spectral
radius p* = p(G*) among all minimally 2-connected graphs with size m. Lemma 3 and
Lemma 6 indicate G* has no triangles and 6(G*) = 2. If m is even, by Lemma 14 we have
G* = Ky m. In what follows, we always assume that m is odd.
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Next we will consider the structure of extremal graph G* for odd size m > 9. Let X =
(z1,79,...,2,)T be the Perron vector of G* with coordinate x,~ = max{z; | i € V(G*)}.
Denote by A = N(u*) and B = V(G*) \ (AUwu*). Since G* has no triangles, we have
e(A) =0, that is, >, , da(i)z; = 0, and thus

AR Z Z Ty = d(u")xys + ZdB(i)% + ZdA(i):L‘Z- =d(u")x, + ZdA<i)fEi

vEA ueN (v) €A i€B i€B

< (du*) 4+ e(A,B))xy = (m —e(B)) xys. (1)

By Lemma 12, p** > m — 2. Combining with (1), we get e(B) < 2. Thus, e(B) =0 or 1.
In the following, we will give four claims to finish our proof.

Claim 18. d(u*) > 3.

Proof. Otherwise, d(u*) < 2. Since G* is minimally 2-connected, we have d(u*) > 0(G*) =
2 by Lemma 6. This induces d(u*) = 2 and so |A| = 2. We may assume A = {u, us}.
Note that e(B) = 0 or 1. If e(B) = 0 then each vertex in B is adjacent with both of
uy and uy since §(G*) = 2. This leads to the size of G* is even, a contradiction. Thus
e(B) = 1, and we may assume B = {wjwy} U I, where I = {v1,va,...,v;} is an isolated
vertices set. Moreover, we see that each v; is adjacent to u; for j = 1,2 due to 6(G*) = 2,
and Na(w1) N Na(wy) =0, da(wr) = da(wy) = 1 since G has no triangles. Without loss
of generality, let Na(w;) = u; and Na(ws) = us. Now G* is determined and m = 2t + 5
in this situation, where ¢ > 2. By the symmetry, we have x,, = %y,, Ty, = Tw,, and
Tyr = Ty, for i =1,2,...,t. Thus from A(G*)X = p*X, we have

P*xu* = qulu
Py, = (t+ 1)y + x4y,
P Ty, = Ty + Ty = Ty + Tuyy -

Furthermore, we get
(p*? =2t — 2wy =

Let g(p*) = (0 =2t = 2)(p* = 1) =2 = p*° — p** — (2t + 2)p* + 2t. Then g(p*) =
p** — p*? — (m — 3)p* +m — 5. Since p* > v/m — 2 by Lemma 12 and
g )=3p"7=2p"—(m—=3)>g(Vm—2)=2m—2V/m -2 -3 >0,

* x2
we have g(p*) > g(v/m —2) = vm—2—2 > 0. Thus p** — 2t —2 > %. Therefore,

from (2) we get x,+ < x,,, which contradicts the maximality of x,. O

Claim 19. e(B) = 1.

Proof. Suppose to the contrary that e(B) = 0, that is, B induces an independent set.
Recall that A is independent, for u € B, it lies in a 4-cycle C' = uvju*vou where vy, v9 € A.
There is at least one of v; and vy having degree at least three since otherwise u* will be
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H H(s,t)
Figure 1: The graphs H and H(s,t), where s,t > 1.

a cut vertex. Also there is at least one of v; and v, having degree two since otherwise C'
contains at most one vertex of degree two, which contradicts Lemma 4. It implies that
d(u) = 2 due to d(u*) > 3, and then we may assume that d(v;) = 2 and d(vy) > 3. In
addition, the vertex as v, in A is unique, because two vertices ( in A ) of degree greater
than 2 must lie in a 4-cycle along with «* and in this cycle there have been three vertices
of degree greater than 2. Therefore, G* is isomorphic to H showed in Fig.1. By the

quotient matrix of H, we have p* =1+ w/mT_l < v/m — 2 for m > 9, which contradicts
Lemma 12. Thus e(B) = 1. O

Claim 20. G*[B] = K.

Proof. Otherwise, by Claim 19, we have G*[B] = {wjwy} U I, where I is a nonempty
isolated vertex set. Choosing a vertex v € I. Clearly, d(v) > 2. If N(v) C A = {v €
A | d(v) = 2}, then u* is a cut vertex, a contradiction. If N(v) C Ay = A\A;, then v is
included in a 4-cycle which has at most one vertex with degree two, a contradiction. So,
N4, (v)] = 1 and |Na,(v)| = 1. Let v1 € Ng,(v), v9 € Na,(v). Then u*vivveu® forms
a 4-cycle. Notice that min{|N4(w;)|,|Na(wz)|} = 1. Choosing two vertices u; € N(wy)
and uy € N(ws), respectively, then u*uywiwyusu® forms a 5-cycle. Moreover, the 4-cycle
and 5-cycle either have a common vertex u* or have a common edge u*vy (ug coincides
v9). If the former occurs then u* is a cut vertex, otherwise G* contains a chorded cycle,
a contradiction. O

By Claims 19 and 20, G*[B] = {wyws}. Since G* has no triangles, N4(w1) N Na(ws) =
(). Furthermore, Ny(w;) U Na(wy) = A. Assume |Na(wq)| = s, [Na(wq)| = t. Clearly,
s,t > 1 since 0(G*) = 2. Let H(s,t) be a graph obtained from a double star graph D;,
by joining an isolated vertex u* to all its leaves vertices (see Fig.1). Now we get that
G* = H(s,t) for some s and t satisfying 2s 4+ 2t + 1 = m.

Claim 21. G* = H(1,72).

Proof. Without loss of generality, we assume s < ¢t. If s = 1, then t = mT_?’, and so
H(s,t) = H(1,252). The result holds. Suppose G* = H(s,t) for s > 2. Let Y be
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the Perron eigenvector of H(s,t) with spectral radius p = p(H(s,t)), and let Ny(w;) =
{v1,...,vs} and Na(ws) = {uq,...,u;}. By the symmetry, y,, = -+ = y,, and y,, =
oo = Yy,,. We have

{ PYvy = Yur + Yuy, { PYwy, = SYvy T Yuwss
pyul = yu* + nga png = tyUJ + ywl'

Then yy, — yu; = %(ym - ywz) and

s
(P + 1>(yw1 - ywz) = SYp; — tYuy = ;(ywl - wa) + (S - t)yuu
which indicates that

S
(p+ - ;)(ywl - ywz) = (S - t)ym < 0.

Clearly, p > % since H(s,t) has K ; as a subgraph. It follows that y,, < y.,. Note that
s > 2, obviously, G’ = H(s,t) — vsw; + vswy is also a minimally 2-connected graph. By
Lemma 15, we have p(G’) > p(G*), which is a contradiction. O

By the definition of SK, m_1 and H(1,™23), it is clear that SKyma = (1, 22).

Thus Claim 21 and Lemma 11 imply the Theorem 1.

4 Proof of Theorem 2

In this section, we will give the proof of Theorem 2. As we know, a block of a graph is a
maximal 2-connected subgraph with respect to vertices. A block of a graph is called leaf
block if it contains exactly one cut vertex. By Lemma 9, a minimally 2-edge-connected
graph G without cut vertex is minimally 2-connected. Otherwise, G is made of some
blocks including at least two leaf blocks, in which each block is minimally 2-connected by
Lemma 9 and they intersect at cut vertices. In general, we write G = B(t, k) to denote a
minimally 2-edge-connected graph with ¢ cut vertices and k blocks. If t = 0 then £ =1
and G = B(0,1) is a type of minimally 2-connected graph that is considered in Theorem
1. If t > 1 then k > 2 and each block of G = B(t, k) has some cut vertices, in this case
G = B(t, k) can be viewed as a tree if each block is regarded as an edge.

Proof of Theorem 2 (i). We may assume that m > 4 and X = (zy,...,z,)7 is the
Perron eigenvector of G.

Case 1. G has no cut vertex.

In this case, G is minimally 2-connected. By Theorem 1, p(G) < /m and the equality
holds if and only if G = K m, which are just required.

Case 2. (G has some cut vertices.

By definition, G = B(t, k) for some t > 1 and k > 2. Let By, ..., By be its k blocks
and m(B;) = m,; fori =1,2,..., k. We know that each B; is minimally 2-connected and
m =m(B(t,k)) = S5 m;. Let pi(m) be the largest root of 23 — 2% — (m—2)z+m—3 = 0.
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By Lemma 11 and simple computation, we have pj(m) = p(SKZmTA)) < /m for any odd
m. Thus from Theorem 1, we have p(B;) < /m;, and the equality holds if and only if
B; = K27% for i = 1,2,..., k. Notice that each B; is not a star since B; is minimally
2-connected. By Lemma 17, we obtain

p(B(t, k) < /p2(B1) + p*(Ba) + - + p2(By) < Vmay + ma + -~ +my = v/m,
as desired. 0

In what follows we will show (ii) of Theorem 2, and first we give some lemmas and
propositions for the preparations. Clearly, if we transfer a leaf block of B(t, k) to another
leaf block, one can simply verify the following result.

Lemma 22. For a minimally 2-edge-connected graph G = B(t, k), let B; be a leaf block of
G andu € B; be a cut vertex. For anyv € V(G)\{u}, we have G' = G=3_,  y(np, WU+
ZwEN(u)ﬂBi wv is also minimally 2-edge-connected.

F
Fo(t1,t2,t3) 1(t1,t2,t3)

Figure 2: The graphs Fy(t1,t2,t3) and Fi(tq,ta,t3).

Denote by u; the maximum degree vertex of the friend graph with ¢; triangles, uo
a maximum degree vertex of Ks;,, and ug a vertex of Ky, with degree two. Let
Fo(ty1,ta,t3) be the graph obtained from the above three graphs by identifying wu;, us and
us. Denote Fi(ty,1s,t3) the graph by identifying a vertex of C5 and the maximum degree
vertex of Fy(ty,ts,t3) (see Fig.2), where t; > 0.

In order to give the proof of Theorem 2 (ii), we begin by proving the following two
useful propositions.

Proposition 23. p(Fi(t1,t2,t3)) < p(Fo(ti+1,t2+1,13)), where Fi(t1,ta, t3) and Fo(t: +
1,t9 + 1,t3) have the same number of edges

3t + 2t +2t3+7  foranyt; =0,t,=0o0r =2 andt; > 1, (3)
| 3t 2+ 5 foranyt; >0, to =0 or > 2 and t3 = 0.

Proof. Let Gy = Fi(t,ta,t3) U K; and let

Gll =G — (w1w2 + wiws + w2w4) + (w3w4 + ’UJ*U,I + u’lv) = Fl(tl +1,t9 + l,tg) U 2K,

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(2) (2023), #P2.23 10



Figure 3: The vertex labels of Gy = Fi(t1,te,t3) UK, and G| = Fy(t1+1,ta+1,t3) U2K].

where the labels of V(G1) and V(G}) are shown in Fig.3. Clearly, p(G1) = p(Fo(t1, ta, t3)),
p(Gll) = p(F()(tl + 1,t2 —f- ]_, tg)) and

3ty +2to+2t3+7 forany t; > 0,t, =0o0r > 2 and t3 > 1,

JR— / — JR—
m(Gl)—m(Gl)—m—{ 3t + 2ty +5 for any t; > 0, t, =0 or > 2 and t3 = 0.

It suffices to show p = p(G1) < p' = p(GY).
Let Y = (y1,...,yn) and Z = (z1,...,2,) be the Perron eigenvector of G; and G7,
respectively. Then we obtain

(f —p)YT'Z = YTAG)Z -YTA(G)Z
= > wmtay) - Y, Wzt ay)
ijeE(GY) ijeE(G1)
= (YuwsZws + ZwsYun) + Yo 2w, + 20 Yur) + (Y 20 + 20, Yo)
~[(Yuwn Zws + 2w Yuws) F YuwnZwy + ZwnYwn) + Y Zws + ZuwnYeo)]-

Notice that Yut, = 0, Yy = Yuwsy Yws = Ywss Zwy = Zwy =0 and z,, = 2,,, we have

(p' — p)YTZ = 2(Yws — Yun ) 2wy T+ Yur 2w, + YoZu - (4)

Since Cjs is a proper subgraph of Gy, by Lemma 13, we have p > p(Cs) = 2. By the
eigen-equations pYuw, = Yuw, + Yws = Yw, + Yws, We have yu, = (p — 1)Yw, > Yu,, and so the
right of (4) is more than 0. Note that Y7Z > 0. Tt follows that p' > p. ]

PI‘OpOSitiOIl 24. p(Fo(tl,tg,t3)> < p(FO(tl,tQ + i3 + 1,0)), where F()(tl,tg,tg) and
Fo(ty,ta + t3 + 1,0) have the same number of edges m = 3t; + 2ty + 2tz + 2, where
t1>0, tQZO 07“22, andt3>1.

Proof. Let Gy = Fy(tq,t9,t3) U (t3 + 1)K, its vertices be labelled as in Fig.3 and the
isolated set Iy = {uj, uh, ..., up, }. Let

2 2 t3 t3+1
Gy = Ga= (3o uvf+ 3> vjwy) + (3 (w'uj+vul)) = Fotr ta+ts+1,0)U (ts + 2) K1,
i=1 i=1 j=1 i=1
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v1

v2 @

) Utz @

Figure 4: The vertex labels of Go = Fy(t1,1ts,t3) U (t3 + 1)Ky and Gy = Fy(ty,te + t3 +
1,0)U (t5 + 2) K.

Clearly, p(Fo(t1,t2,t3)) = p(G2) and p(Fy(ty,te + t3 + 1,0)) = p(GY). Also, Fy(ty,ta,t3)
and Fy(ty,to +t3+1,0) have the same number of edges 3t; + 2t5 + 23+ 2 = m. It suffices
to show p = p(G2) < p’ = p(G5).

Suppose to the contrary that p > p/. Let Y = (y1,...,yn) and Z = (21,...,2,) be
the Perron eigenvector of G and Gj, respectively. By symmetry, we have y,, = 0, and
Zy, = 2y, = 0. Thus we obtain

(0 =p)Y'Z=YTAGYZ =YTAG)Z = > iz +zw)— Y, Wiz +zy))

ijEE(GY) ij€E(Gz)
= (I3 + D) (Yur2uy + 20 Yy + Yo2uy + 20Yu;) — 2(Yu20p + 20 Y;) — 23(Yor 204 + 2o, Yuy)
= (t3 + 1)(yu2u, + Yo2ut) — 29t Zur- (5)
By eign-equation of A(G3) and A(G)), we have
{ PYo = t2Yus { PYo, = Yur + Lol { P2, = Zur + 2,
PYus = Yur + Yo- PYoy = 2o, Pz = (ts+ta + 1) 2y
Then we obtain
Yo = Zt—zyu Yo = ey and 2, = v Zur-
p? —to Lop? =2t Lot —(tg+ta+ 1)
From (5), we get
(ts + 1)/ p? 2p

(p—pY'Z = ( )Yur Zus - (6)

PP (ts+ta+1)p2—ty  p? — 2y

Since % monotonically decreases with respect to p’ and p > p/, from (6) we get
ts+1)p P’ 2p
I YTZ > ( 3 _ w2
(r = p) > ([)2_(tﬁtﬁl)pg_t2 pg_%g)y
( t3 +1 p2 2 )
— —_— u* Zu*
pPP—(tzt+ta+1)p?—ta p*—2t3 W
t3+1 2
> (i ot e (7

p2—(t3+t2+1> _p2—2t3
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Let g(p) = (t3+1)(p? — 2t3) — 2(p* — (t3 +ta + 1)) = (t3 — 1)p* — 2t3 + 2t5 + 2. It is clear
that g(p) > 0 for p > p(Ka411) = V/2t3 + 2. One can also verify that p* > ty + t3 + 1.
Hence,

t 1 2
(ts +1) _ > 0.
pQ—(t3+t2+1) p2—2t3
From (7) we have p’ > p, a contradiction. Therefore, p < p'. ]

Now is the time to prove (ii) of Theorem 2.

Proof of Theorem 2 (ii). Let G* be the graph with the maximum spectral radius over
all minimally 2-edge-connected graphs of odd size m > 11, and let X = (zy,...,2,)T be
the Perron eigenvector of G* with coordinate x,~ = max{x; | i € V(G*)}. Denote by
p*=p(G*), A= N(u*) and B =V(G*) \ (AUu*). Notice that 6(G*) = 2. Now we give
Claims 25-32 to finish the proof of Theorem 2 (ii).

Claim 25. G*[A] is isomorphic to the union of some independent edges and isolated
vertices.

Proof. On the one hand, G*[A] contains no cycle. Otherwise, we assume that a cycle
C, € G*[A] (I = 3). Then there exists a wheel Wiy, in G*, it forms a chorded cycle in
G*, which contradicts Lemma 8. On the other hand, G*[A] contains no P3. Otherwise,
G* contains a chorded cycle with order 4, a contradiction. O]

Let A; be the isolated vertex set of G*[A]. Then Ay = A\ A; consists of some
independent edges if Ay # (.

Claim 26. Ng(u) =0 for any u € A,.

Proof. Otherwise, there exists a vertex v € B that is adjacent to a vertex uy € A;. We
may further assume that uy ~ u) € As. If v has no neighbor in B, then there exists a
vertex u € A adjacent to v due to §(G*) > 2. It follows that

C' = u*ubusvuiu® is a cycle with the chord u*us  if u=1wu; € A4
C' = u*ubvusu® is a cycle with the chord ubus if u=uje Ay
C = u*ubusvugu® is a cycle with the chord ujus  if u=1ug € Ay

It is impossible since any cycle of G* has no chord. So, dg(v) > 1. However, in this
situation, there exists a path P := vv;---v; in G*[B] such that v; is adjacent to some
u’ € A since otherwise usv will be a cut edge. By regarding u' as the above u, as similar
above we can find a chorded cycle in G*, a contradiction. O]

If Ay # (), then, from Claim 25, {u*} U Ay induces t; = |A—22‘ triangles with a common
vertex u*. Moreover, we see from Claim 26 that each of these triangles must be a leaf

block of G*.
Claim 27. e(B) =0 or 1.
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Proof. By Claims 25 and 26, we know that A, induces some independent edges and
Np(Ay) = ). Recall that Ay induces some isolated vertices. Clearly, > ., da, (i)z; = 0.
From Lemma 12, p* > v/m > 3 for m > 11. By symmetry, for any 1 j € A,y, we have

x; = z; and 8o p*z; = Ty + T; = Ty« + x5, which induces z; = p”ijl

PP = AW )z + Y da(zi+ Y day,(Dzi+ Y dali)z
€A1 1€Ag i€B

< d(u xu*—i-—ZdAg )+ e(A, B)x,s

1€Ag
= d(u")xy + % - 2e(As) +e(A, B)x,
d(u*) +e(A) + e(A, B))x,
m — e(B))x,s.

o~~~

Combining it with (m — 2)z,» < p**z,-, we have e(B) < 2. It follows the result. O

If e(B) = 1, we may denote e = wjwj the unique edge in G*[B] in what follows.
Without loss of generality, we may assume d4(w}) < da(w3).

Claim 28. G*[{u*, w}, w3} U Ny, ({w}, w3})] = C

Proof. Firstly, we will show Nga,(w;) N Na,(wi) = (. Otherwise, let uy € A; be the
common vertex. Now, {ug, w}, w}} induces a 3-cycle. If upwiw} is a leaf block of G*, then
G' = G* — wyw} — upwj + v wi + vw*wj is minimally 2-edge-connected and p(G’) > p(G*)
by Lemma 15, a contradiction. Therefore, there exists another vertex uy, € A; that is
adjacent to at least one of {w},w}}. It follows that

C = wiupu*uswiws is a cycle with the chord wow;  if ug ~ wy,
C = vrupwjwsusu® is a cycle with the chord wows  if ug ~ wj3,

which always leads a contradiction.

Secondly, we will show da, (w}) = 1 and da,(w3) > 1. In fact, since §(G*) = 2 and
Na,(wi) = Nap,(wl) = 0 by Claim 26, we have da,(w}),da,(wy) > 1. If
da, (wy),da, (w) > 2, then G* contains H(2,2) (see Fig.1) as a subgraph. We see that
H(2,2) is not minimally 2-edge-connected, which contradicts Lemma 7.

Combining the above two facts, we have G*[{u*, w}, wi} U Na, {wi, wi})] = H(1,t5)
for some positive to > 1, and clearly H(1,t5) is a leaf block of G*. Finally, it suffices
to show to = 1. Suppose to the contrary that to > 2. Now let Ny, (w}) = {uo} and
Ny, (wy) = {uy,ug, ..., u}. Then G' = G* —wiwi +wiu* is a graph obtained from G by
replacing the block H(1,ts) to Koy, * K3. Thus, G’ is also minimally 2-edge-connected.
By Lemma 15, we have p(G’) > p(G*), a contradiction. O

Denote by Bj the set of all isolated vertices in B. By Claim 27, B = By U {wjw}}.
By Claim 28, we may assume that Ny, (w}) = {vf} and Ny, (w3) = {v5} in what follows.

Claim 29. Np, ({v],vi}) =10
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Proof. Suppose to the contrary that there exists a vertex w in By with neighbor v} or v3.
Without loos of generality, we assume Ny, (w) = vi. Notice that d(w) > 2. We claim
that Na, (w) = {v],v5}. Since otherwise, w ~ v € A;\{v}, v}, then v vwvjwiwiviu* is
a cycle with the chord viu*, a contradiction. Thus, W = {u*, w,w}, w}, v}, v3} induces
a minimally 2-edge-connected leaf block of G*. By symmetry, we also have z,x = x,;.
Let G’ = G* — wiv; + wivy. We see that W also induces a leaf block of G’ and so G’
is also a minimally 2-edge connected graph. By Lemma 15, we have p(G’) > p(G*), a
contradiction. O

Let A} = A;\{v],v3}. By Claim 29, each vertex of B; only joins some vertices in Aj.
i.e. Na,(w;) = Ny (w;) for any w; € B.

Claim 30. |By| > 2 and |N4, (w1) N Ny, (we)| =0 or 2 for any wy # wy € By.

Proof. Firstly, we show that |B;| > 2. Otherwise, we may assume B; = {w;}, then
G*[Nyg, (w1) U {wy,u*}] = Ky,,, where a; = |Na, (wy)|. By Claims 26, 28 and 29, we
have G* = Fi(ty, as,0) for some positive t; > 0, ay > 2 and 3t; + 2a; + 5 = m(G*) = m.
By Proposition 23, we know that p(G*) = p(Fi(t1,a2,0)) < p(Fy(t; + 1,a2 + 1,0), a
contradiction.

Suppose that |Na, (w1) N Na, (ws)| = 3, let {vy,v9,v3} C Na,(wy) N Na, (ws), then
G* contains a H-cycle Cy = viwivawsavsv, with chord viws, a contradiction. Next we
show that |Na, (w1) N Na, (we)| # 1. Otherwise, let Ny, (w1) N Na, (wy) = {v}, then G*
contains a 6-cycle C) = u*wjwvwewiu* with chord u*v, where w] € Ny, (wi)\{v} and
wh € Na, (we)\{v}, it is a contradiction. Thus, we have | N, (w;) N Na, (we)| =0o0r 2. O

Notice that da,(w;) > 2 for any w; € By. By Claims 25-30 we can get the struc-
ture of G* shown as Fig.5. In particular, if e(B) = ), then G* contains no 5-cycle C' =
w*viwjwyvyu®. For two nonnegative integers p, ¢, G*[Na, (B1)UB1] = UiZ, K, UjZ) Ko,

Figure 5: The structure of G*, where t; > 0, p+>_7 | s; = |By| and >0 r; +2q = |A]].

where 3t14+2>"_ ri+2>"7 | 5;+2¢+5=m (r;, s; > 2). Furthermore, we will determine
the values of p, q.
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Claim 31. p< 1 and ¢ < 1.

Proof. We firstly show p < 1. Suppose p > 2, then there exists two vertices, say wi, ws
in By with G*[Na; (w;) U {w;}] = Ky, for i = 1,2. Without loss of generality, we may
assume that z,, > x,,. Denote by

G =G — Z vwe + Z vwy.

vGNAl (w2) UE]\[A1 (w2)

By Lemma 15, we have p(G') > p*. Clearly w, is an isolated vertex of G'. Set
G" = G — {wy}. Then G” is also a minimally 2-edge-connected graph since Ny, (w;) U
Na, (wy) U {wy,u*} induces a block Ky, 1, in G". However p(G") = p(G') > p*, a
contradiction.

Now we will show ¢ < 1. Otherwise, ¢ > 2. Then G*[Ny, (B;1)UB;] contains Ky 5, K 5,
(s1,52 = 2) as induced subgraphs. Denote by w; € V(Ksy,) N By for i = 1,2, Set
Ny, (w)) = {v1,v2} and Nga,(wy) = {vs,vs}. Let X be the Perron vector of G* whose
entry z, is labelled by vertex v. By the symmetry, z,, = z,, and z,, = z,,. Without
loss of generality, we may assume that z,, > z,,. Then z,, + x,, > x,, + ,,. Let

11

G" = G* — whvs — whvy + whvy + whvy, and p” = p(G"). Clearly, G is minimally
2-edge-connected. By Lemma 16, we get p” > p*, which contradicts with the maximality
of p*. ]

By comparing Fig. 2 with Fig. 5, we have ¢, = r; and t3 = s;. From Claims 25-31, we
know that G* has two forms: Fy(t1,t,t3) or Fy(t),t5,t5), where ¢y, t3,t),t5 > 0, to, t, =
or ty,th, > 2 and satisfy

3t1 +2t2 lf tg :O
) 3t 2ty 4 2t5 4 2 if tg > 1
TN 3t 426,45 if ¢, =

3th+ 2t + 2t +2+5 ifth > 1.

Clearly, t; > 1 since otherwise m is even. Suppose that G* = F(t],t},t5), by Proposition
23, we have p(Fy (8], t5,15)) < p(Fo(t) +1,t5+1,t%)), which contradicts the maximality of
p(G*). Thus G* = Fy(ty, ta, t3), where t3 > 0, to = 0 or > 2 and

| 3ty + 2y +2t5+2  iftg > 1.

If t5 = 0, then ¢, = =% and thus G* = Fy(ty,t2,0) = Fy(ty, 5%,0)). If ¢3 > 1, then
tat+ts+1= m’T‘?‘tl By Proposition 24, we have

m—3t1
2

p(FO(tl,tQ, tg)) < p(Fo(tl,tQ + t3 + 1, 0)) = p(F()(tl,

,0)).

m—3t1
2

~Y

By the maximality of p(G") again, we get G* = Fy(ty,
o3 — () or > 2. At last, we will show ¢ = 1.

,0) for some t; > 1 and
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Claim 32. G* = Fy(1, mT_‘g,O) form > 11 and m # 15, and G* = Fy for m = 15.
Proof. Denote by f(G,x) the characteristic polynomial of quotient matrix of A(G). Let

m—3t1

fi(z) = f(Fo(ts, 2

where t; > 2, and let fo(2) = f(Fo(1,22,0),2) = 2* —2® + (1 —m)a® + (m—3)z +m—3.
Then

fil@) = fol@) = (b — D2 + (3 — 3tz — 362+ 3+ (t, — Dm = (t, — 1)g(z),  (8)

where g(z) = 22 —x +m — 3(t; + 1).

If m’Ty’tl > 2 then 2 < t; < mT_‘l. Note that m > 11. One can verify that g(z) > 0

for x > v/m —2. From (8), we have fi(x) — fo(xz) > 0 for x > /m — 2. Notice that

fo(m—=2) = —v/m—=2—1 < 0. By Lemma 13 (ii), we have p(Fy(t;, 25, 0)) <

p(Fy(1,252,0)) for any ¢; > 2. Thus, G* = Fy(1, 52,0).
= 0, then t; =

,0),2) =2t — 23 + (ty —m)a? + (m — 3t)x — 34,2 + mty,

If m’TStl 7, ie G = Fy(%,0,0), where 3 | m and m > 11. By the
computation,
1+,/1+ 8
m 3 m—3
p(Fo(g,0,0)) = # <vVm-—2< p(F()(l, T,O))

for m > 19. For 11 < m < 17, i.e. m = 15, we have %‘H = p(F5) > p(Fp(1,6,0)).
By the above arguments, G* = Fy for m = 15, and G* = Fy(1, mT_?’,O) for m > 11 and
m # 15. O

Notice that Fy(1,752,0) = Ky m—s x Ky and p(Fo(1,252,0)) is the largest root of
2t — 22+ (1 —m)2® + (m —3)x +m —3 = 0. It completes the proof of Theorem 2 (ii). [

Remark 33. For odd m < 11, by Claims 25-31, we get that the minimally 2-edge connected
graphs of size m = 3,5,7,9 and their extremal graphs are given by Table.1.

m Minimally 2-edge-connected graph G* p(G*¥)
3 Cs Cs 2
5 Cs Cs 2
7 Oy, SKag, Cs % Cy Cy % Cy 2.5035
9 Co, SEa, Cy % Cs, Cy % Koy, Oy % Cs, Fy Fy 3

Table 1: The extremal graphs of minimally 2-edge-connected graph for m = 3,5,7,9.

Remark 34. Nosal in 1970 stated that if a graph G of size m is triangle free, then its
spectral radius p(G) < /m, which is called a spectral Mantel’s theorem. A natural
question: how large can a graph family be such that p(G) < /m? If G is a minimally 2-
edge-connected graph of size m, from Theorem 2 we know that p(G) < +/m. A minimally
2-edge-connected graph may contain a triangle. Thus the minimally 2-edge-connected
graph set is a new class of graphs with their spectral radii no more than /m.
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