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Abstract

Dirac and Lovasz independently characterized the 3-connected graphs with no
pair of vertex-disjoint cycles. Equivalently, they characterized all 3-connected graphs
with no prism-minors. In this paper, we completely characterize the 3-connected
graphs with no edge that is contained in the union of a pair of vertex-disjoint cycles.
As applications, we answer the analogous questions for edge-disjoint cycles and for
4-connected graphs and we completely characterize the 3-connected graphs with no
prism-minor using a specified edge.

Mathematics Subject Classifications: 05C40, 05C75, 05C83

1 Introduction

Results about vertex-disjoint and edge-disjoint cycles have received extensive attention by
researchers in graph theory. There are two main lines of research in this area. One line of
research provides results that give a sufficient condition for a graph to contain a certain
number of vertex-disjoint or edge-disjoint cycles (see, for example, [3, 4, 6, 8, 9, 10, 11,
12, 13, 22]). Another line of research provides results that classify graphs with no pairs of
vertex-disjoint cycles (see, for example, [7] and [15]). We give some results of the latter
type here. Such results are particularly useful in the study of graph structure.

All graphs in this paper contain no loops nor parallel edges and we think of an edge as
the unordered pair of its endvertices. We use K7 to denote the graph obtained by deleting
an edge from the complete graph on five vertices. All paths we consider are simple, i.e.
they do not repeat vertices. The graphs K3, K3, and K3’ are obtained by adding,
respectively, one, two, or three edges to a partite class of size three in the graph Kj,,.
We denote by W,, the wheel with n spokes. The following result is independently due to
Dirac [7] and Lovasz [15]:
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Theorem 1. A 3-connected graph has no pair of vertez-disjoint cycles if and only if it is

isomorphic to Wy, K5, K5, Ks,, Ki,, K. or K} for some integer n exceeding two.

If e = wv is an edge of a graph G, we define the contraction of e in G as the
graph G/e obtained by identifying u and v into a single vertex. Rigorously: V(G/e) :=
(V(G) — {u,v}) U {w}, where w is an element not in V(G) — {u,v} and E(G/e) :=
E(G—A{u,v})U{zw:2u € E(G—v)orav e E(G—u)}. If X ={ey,...,e,}, we denote
by G/X the graph obtained by contracting the edges of X one by one (the order of the
contractions does not matter).

We say that a graph H is a minor of a graph G if H is obtained from G by contracting
edges, deleting edges and deleting vertices. An H-minor of a graph G is a minor of G
that is isomorphic to the graph H. The prism is the graph obtained from two disjoint
triangles by adding a perfect matching connecting the vertices of the different triangles. It
follows from Menger’s Theorem that Theorem 1 is equivalent to the following result:

Theorem 2. A 3-connected graph has a prism-minor if and only if it is not isomorphic
to Wy, Ks, Ky, K3, Ky,,, K3, or K3', for some integer n exceeding two.

3,n 3,n’

We generalize both Theorems 1 and 2. First we discuss the generalization of Theorem
2. We say that a minor H of a graph G uses an edge uv € E(G) if H has an edge zy
such that each z € {z,y} either is in {u,v} or is obtained by the identification of a set
of vertices intersecting {u, v} when making the contractions to obtain H. Some authors
call this a minor rooted on uv. Determining when a class of graphs (resp. matroids)
has a minor using specified edges (resp. elements) is often useful and important in the
study of structure of graphs and matroids. For instance, Seymour [18] established a result
on K -minors rooted on pairs of edges and derived results on disjoint paths on graphs.
Results on the existence of U, 4-minors rooted on one or two elements on matroids with
Uy 4-minors (Bixby [2] and Seymour [17], retrospectively) are classic results in matroid
theory; a property like this is called roundedness and has some variations, for instance,
3-connected graphs with a minor isomorphic to Ky, K5 e or K5 have a minor rooted on
the edge set of each triangle provided they have a minor isomorphic to these respective
graphs [5, 19] and 3-connected graphs with K3 3-minors have a K3 s-minor rooted on each
set of three edges incident to a common degree-3 vertex [21]. Our first main result is the
following generalization of Theorem 2:

Theorem 3. Suppose that G is a 3-connected graph on at least siz vertices and uv is an
edge of G. Then G has no prism-minor using uv if and only if

(a) for somen >3, G=W,, Ks,, K}

30 Ké’n or Kfli,,/n or

(b) G has a vertex w such that {u,v,w} is a vertex-cut of G and each connected
component of G — {u,v,w} is a tree with a unique vertex of Ng(w).

A proof of Theorem 3 will be given in Section 6. There are variants of Theorem 1,
including [20, Theorem 1.2], [16, Theorem 1.1], and [14, Theorem 1.3]. Motivated by
Theorem 1, we consider a much larger class of graphs. The graphs in this class may contain
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vertex-disjoint cycles, but they do not contain vertex-disjoint cycles whose union contains
a specified edge. Equivalently, those are the graphs with an edge e with the property that,
for each cycle C' containing e, G — V(C') is a forest. The full and detailed characterization
is made in Theorem 8, in the end of this introduction. The statement of this theorem
though requires a somewhat complicated definition, a structure we call a rope bridge.
Although its statement is not intuitive at first sight, the description given by Theorem 8 is
relatively easy to use and this theorem has practical applications and is of independent
interest. Indeed, it is used to prove all other main results in this paper. A more succinct
and intuitive description of the graphs with no pair of vertex-disjoint cycles whose union
contains a specified edge is given in Theorem 6; although Theorem 6 might not be very
suitable for producing rigorous proofs, it had its uses in the heuristic aspect and provided
important insights for many results in this paper.

We also consider a more strict class within the class of graphs with no pair of vertex-
disjoint cycles containing a specified edge, the class of graphs with no pair of edge-disjoint
cycles containing a specified edge, which admits a simpler characterization. Theorems 4
and 5 completely characterizes the 3-connected and 2-connected graphs within this class.

Theorem 4. If G is a 3-connected graph with an edge e = ujus, then G contains no
edge-disjoint cycles using e if and only if G\e has internally disjoint (uq,us)-paths o =
UL, U1y e v vy Up, Uy and B = Uy, Wy, . .., Wy, Uz, both not containing e, and there is a family
P of pairwise disjoint pairs of consecutive elements of {1,...,n} such that

(a) V(G) =V () UV(B) and

(b) {E(}G) = {vw;,v;w; : {1,5} € PYU{vswy, : k is in no member of P} U E(a) U E(S)U

w1 Wa W3 Wy Wy Weg wr ws W9

uy >< >< N

U1 V2 U3 (o Us Ve U7 Ug %)

2
Figure 1: An example for Theorem 4 with n =9 and P = {{2,3},{6,7},{8,9} }.

If Gy, ...,G, are (not necessarily disjoint) graphs, we define the union of these graphs,
denoted by G7 U --- U G, as the graph G such that V(G) = V(G;)U---UV(G,) and
E(G) = E(G))U---UE(G,). If G is a graph and e is an unordered pair of vertices of G
we denote by G + e the graph with same set of vertices as G and E(G) U {e} as edge-set.
The following theorem generalizes Theorem 4 for 2-connected graphs.

Theorem 5. Suppose that G is a 2-connected graph and e is an edge of G. Then G has no
pair of edge-disjoint cycles whose union contains e if and only if, for some integer n > 1,
G has subgraphs Gy, . ..,G,, and an (n+ 1)-element set of vertices U := {ug, ..., u,} such
that all of the following assertions hold:
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(a) G=(G1U---UG,)+eande ¢ E(G;) fori=1,...,n;

(b) e = upuy;

(c) up € Gy and u,, € Gy;

(d) for1 <i<j<n, V(G)NV(G;)=0ifj>i+1and V(G;) NV (Git1) = {w;}; and
(e) for each i =1,...,n, one of the following assertions holds:

(@]) Gl = K2 with V(GZ) = {ui,l,ui},
(e2) G; is a cycle, or

(e3) G;+ u;_1u; is a subdivision of a 3-connected graph with no pair of edge-disjoint
cycles whose union contains w;_1u;.

Now we state the results concerning the class of graphs with no pair of vertex-disjoint
cycles containing a specified edge. The next theorem is a shorter form of Theorem 8.

Theorem 6. Let G be a 3-connected graph with at least six vertices and e = uyuy be an
edge of G. Then G contains no pair of vertex-disjoint cycles whose union contains e if
and only if one of the following assertions hold:

(a) G —{uy,us} is a cycle and both u and v have degree at least four;

(b) G has a vertexr w such that {uy,us,w} is a vertex-cut of G and each connected
component G — {uy, us, w} is a tree with a unique vertex of Ng(w); or

(c) G is a 3-connected minor using using e of a graph as in one of Figures 2, 3, or 4.

Figure 2: The first family of graphs relative to item (c) of Theorem 6. Fans are shaded in
grey for better vizualization.

For 4-connected graphs, we have a strengthening of Theorem 6 as follows.
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Figure 3: The second family of graphs relative to item (c) of Theorem 6. Fans are shaded
in grey for better vizualization.

Figure 4: The third family of graphs relative to item (c) of Theorem 6. Fans are shaded
in grey for better vizualization.

Theorem 7. Let G be a 4-connected graph with a fized edge uwv. Then, either G contains
a pair of vertez-disjoint cycles containing uwv or G — {u,v} is a cycle and both w and v are
adjacent to all other vertices of G.

For a path ¢ in a graph, we denote by Int(c) the set of the non-extreme vertices of
o. For A;B C V(G), an (A, B)-path of GG is a path with an extreme in A, the other
extreme in B and no inner vertex in AU B.

Next we define the main structure used to describe the graphs in our fundamental and
last main result. It is a apparently complex structure and it is hard to have an intuition
on it on a first glimpse, but the properties that define this structure raises naturally when
trying to characterize the graphs satisfying item (b) of Lemma 17, which appear when
describing the graphs we are studying.

A graph R with distinct vertices u, z, and y is an (u, x, y)-rope bridge with ropes
p. and p, and family of steps S, if the following properties hold:

(RBO) dg(v) = 3 for all v € V(R) — {u,x,y}.

(RB1) p, and p, are paths from u to x and y respectively with V' (p,) NV (p,) = {u}.
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(RB2) S is a family of internally disjoint (V(p,) — u, V(p,) — u)-paths (whose members
we call steps). We denote by z, and y, the extremities of the step a in p, and p,
respectively. We say that a step a crosses a step f if for some {s,t} = {z,y}, sq
and sg are distinct and appear in this order in pg, while 5 and ¢, are distinct and
appear in this order in p;.

RB3) Each step crosses at most one other step.

RB4) Each vertex in V/(R) — V(p, U p,) is in some step.

(RB3)
(RB4)
(RB5) Each edge not in a member of S U {p,, p,} is incident to w.

(RB6) Let z € {z,y} and v € p,. Suppose that two steps have extremities in Int(u, p,, v).
Then, uv ¢ E(R) and each step with extremity in v has no inner vertices.

Theorem 8. Let G be a 3-connected graph with |G| > 6 and e := uyus € E(G). There is
no pair of disjoint cycles of G whose union contains e if and only if one of the following
assertions holds.

(a) G has a verter w such that {uy,us, w} is a vertezx-cut of G and each connected
component G — {uy, us, w} is a tree with a unique vertexr of Ng(w).

(b) G—{uy,us} is a cycle, dg(uy), dg(uz) = 4, G\e is 3-connected, and each 4-vertez-cut
ST of G containing {uy,us} has the property that G — S has a connected component
with a neighbor of each vertex in {uy,us}.

(¢c) G —{uy,us} is 2-connected and there is a 2-vertex-cut {x,y} of G\e. Moreover, for
each such vertex-cut {x,y} and for each i € {1,2}:

(c.1) there is an (u;, x,y)-rope bridge R; such that V(Ry) NV (Rs) = {z,y}, G =
(R1U Rs) 4+ e and Ry and Ry are induced subgraphs of G; and

(c.2) if there is more than one connected component of G — {uy,us, x,y} meeting
Ne(u;), then each such a connected component K is a path with one extreme
adjacent to x and u;, the other adjacent to y and u;, and each inner vertex w

satisfying Ne(w) — V(K) = {u;}.

One last remark is that the analogous questions for disjoint cycles containing a specified
vertex is reduced to Dirac’s characterization, as we can see in the next proposition.

Proposition 9. Let G be a 3-connected graph and v € V(G). If G has no pair of
vertex-disjoint cycles using v, then G has no pair of vertex-disjoint cycles.

Proof. Suppose that G and v contradict the proposition. Let C' and D be vertex-disjoint
cycles of G. Sov ¢ V(C)UV(D). By Menger’s Theorem, there are three (v, V(C)UV(D))-
paths in G meeting only in v. We may assume that two of them have an endvertex in C.
Note that the union of C' with those two paths contains a cycle containing v and avoiding
D, a contradiction. O
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This paper is structured as described next. In section 2 we establish some terminologies
and a few short lemmas. In section 3 we prove more specific properties of rope bridges.
Sections 4, 5, and 6 are respectively dedicated to prove Theorems 8, 6 and 7; 4 and 5; and
3.

2 Terminologies and Preliminaries

In this section we establish most of the terminologies that will be used along the paper
and establish a few preliminary results. The paths we consider are simple, i.e. they
do not repeat vertices, we think of paths (and cycles) both as subgraphs and (cyclic)
sequences of vertices. The number of vertices and edges in a graph G are denoted by |G|
and ||G|| respectively. We denote by V(e) the set of the endvertices of an edge e. For
vertices vy,...,v, and a subgraph H of a graph GG, we say that a cycle of the form
V1, .oy Uk, H Upy1, ..., 0, 01 1s & cycle that begins in vy, follows through vy, ..., v, then,
through a path of H, and, then, returns to v; through v, ..., v,. For a path v, we denote
by Int(y) the set of its inner vertices, i.e. its non-extreme vertices. For A, B C V(G),
an (A, B)-path of G is a path with an extreme in A, the other extreme in B and no
inner vertex in AU B. For u,v € V(G), we use the terms “(A, u)-path”, “(u, A)-path”
and “(u,v)-path” to abbreviate the respective terms “(A, {u})-path”, “({u}, A)-path” and
“({u}, {v})-path”. For a subgraph H of G and X C V(G) — V(H), we define the sum of
H and X, denoted by H + X, as the graph obtained from H by adding the vertices of
X and all edges of G linking the vertices of X with vertices of V/(H) U X. Equivalently,
H + X is obtained from G[V(H) U X] by deleting the edges in E(G[V(H)]) — E(H) that
are not incident to vertices of X. We denote by V(e) the set of vertices incident to the
edge e. For any set X and element z, we simplify the notations X U {z} and X — {z} by
X Uz and X — x respectively. The opperation of splitting a vertex in a graph, is the
opposite of the contraction operation; pecisely, if when contracting an edge uv in a graph
G, we identify v and v into a single vertex w to form G/uv, then we say that G is obained
from G/uv by spliting w into v and v.

Let e be a fixed edge of a graph G. We say that G is an e-Dirac graph if GG contains
no vertex-disjoint cycles using e. In such a case we say that e is a Dirac edge of G. An
elementary observation about the class of e-Dirac graphs is that it is closed under minors
that use e. Our classification is based on the study of a minimum-sized vertex-cut of G
containing V'(e). The next lemma establishes that such a vertex-cut exists for e-Dirac
graphs with an unique exception up to isomorphisms. We denote by K§§ the graph
obtained from K33 by adding two edges with no common incident vertex.

Lemma 10. Let e be an edge in a 3-connected graph G and suppose that V (e) is contained
in no vertez-cut of G. Then G — V(e) is complete. Moreover, if G is e-Dirac, then
G= K;; and dg(u) = dg(v) = 3.

Proof. Suppose that V(e) is in no vertex cut of G. If u,v € V(G) — V(e) and uv ¢ V(G),
then Ng(u) UV (e) is a vertex-cut of G separating u from v. Hence G — V(E) is complete.
This proves the first part of the lemma.
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For the second part let us first prove that |G| = 6. Suppose that |G| > 7. Let e = uw.
As G has minimum degree at least three, there are different vertices z € Ng(u) and
y € Ng(v). As G — V(e) is complete, it follows that u,v,y,z,u is a cycle of G avoiding
G — {u,v,z,y} which is complete with more than two vertices and, therefore, has a cycle.
This implies that G is not e-Dirac. So |G| = 6. If u and v have a common neighbor
w, then G[{u,v,w}] and G — {u,v,w} are disjoint cycles. So u and v have no common
neighbor and now it is clear that G = K31§ and dg(u) = dg(v) = 3. O

We will usually denote a minimum-sized vertex-cut containing V' (e) by S and also
denote S := St — V(e). We will call the size of this vertex cut the e-width of G and
denote it by w(e, G) provided such a vertex-cut exists. Other; in this case., we will use
the convention that w(e, G) = 4 as G will behave as graphs with w(e, G) = 4.

Lemma 11. Let G be an e-Dirac graph and suppose that S™ is a minimum-sized vertez-cut
of G in respect to containing V(e). Then each vertex of S := St —V(e) has a neighbor in
each connected component of G\S™.

Proof. If x € S has no neighbor in a connected component K of G\S™, then ST — x
separates K from the other connected components of G\S™, a contradiction to the
minimality of |ST]|. O

Lemma 12. Let G be an e-Dirac graph with more than five vertices. Fach verter of
V(G) —V(e) has at least w(e, G) — 2 neighbors in G — V (e).

Proof. The result is clear if G = K;; So we may assume that G’ has a minimum-sized
vertex cut ST in respect to containing V' (e). Define S := ST —V(e). Now [ST| =w(e,G) =
S|+ 2.

Suppose for a contradiction that u € V(G) — V(E) and u has n < |S| — 1 neighbors
in G —V(e). Thus X := Ng(u) UV(e) has n +2 < |S| + 1 elements. As ST is a
vertex-cut, then |G| > [ST|+ 2 = |S| 4+ 4. Hence V(G) — (X Uu) has a vertex v. But
Ng(u) € X. So, X separates u from v and, therefore, X is a vertex-cut containing V'(e).
But |[X|=n+2<|S|+1<|ST|, a contradiction to the minimality of S™. O

The next lemma has an elementary proof, which we omit.

Lemma 13. Let G be an e-Dirac graph and let D be a cycle of G such that e € E(D) and
H be a subgraph of G such that H — V(D) is connected. Suppose that [ is an edge of G
incident to x € V(H) — V(D) but such that f ¢ E(H). Then, each (x,V(H))-path v of G
beginning with f intersects D. In particular, v has an endvertex in V(D) if V(D) C V(H).

Lemma 14. Let H be a 3-connected graph, uv be an edge of H and X be a subset of
V(H) avoiding {u,v} with at least 3 elements. Then, for some x € {u,v}, there are
(X, {u,v})-paths o, B, and v of G such that V(o) NV (y) = V(B)NV(y) = 0 and
V() NV (B) = {«}.
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Proof. By Menger’s Theorem there are (X, {u,v})-paths aq, ay and a3 such that V(a;) N
V() C{u,v} for 1 <i < j < 3. We may assume that V(a;) N{u,v} ={v} fori=1,2,3
because we are done otherwise. This implies that dy(v) > 4. Consider a graph K with
minimum degree at least 3 obtained from H by splitting v into vertices vy and vy. It is
well known and easy to check that K is 3-connected. By Menger’s Theorem, K has three
vertex-disjoint (X, {u, v1,v9})-paths. The desired paths are the corresponding paths in
H. O

Lemma 15. Let u be a vertex in a vertex-cut X of a graph H. If u has 3 neighbors in
some connected component K of H — X, then H[V (K) U u] has a cycle containing u with
more than 3 vertices.

Proof. Let x,y, z be distinct neighbors of u in K. As K is connected, there is an (x, y)-path
and an (y, z)-path in K. If one of these paths has more than one edge, we are done.
Otherwise, both have one edge and u, x,y, z, u is the cycle we seek. O

3 Rope Bridges

In this section we establish more specific properties of rope bridges that will be used on
the proofs.

Lemma 16. Suppose that R is an (u,z,y)-rope bridge with ropes p, and p, and that
w € Int(p,). Let t be the vertex that follows w in p,, n :=1t,p,,y and oy,...,04 be the
steps meeting 1. Then, the graph R' obtained from R — (V(n) U Int(oy1), ..., Int(oy)) by
suppressing the degree-two vertices in Int(p,) is an (u,x,w)-rope bridge.

Proof. Define W = V(nUlnt(o1)U- - -UInt(oy,)). For some F' C E(p,), up to isomorphisms,
we have R’ = (R — W)/F. Consider p!, := p,/F and p, = p, — V(p) as ropes for R
When contracting the edges of F', preserve the labels of the vertices with degree exceeding
two in R — W. Now consider as steps of R’ the steps of R with exception of oy, ..., 0}
(the steps we chose are indeed in R’ because of our choice of labels). Now, its is easy to
verify that R’ with such ropes and steps inherits each one of the properties (RB0)-(RB6)
from R. [

The next lemma makes evident the importance of rope-bridges in our main results.
This lemma will play an important role when proving Theorem 8.

Lemma 17. Let R be a connected graph with vertices w,x,y and paths p, and p, from u
to x and y respectively, satisfying V(p,) NV (py) = {u}. Suppose that dr(v) = 3 for all
v e V(R)—A{u,z,y}. Then, the following assertions are equivalent:

(a) R is an (u,x,y)-rope bridge with ropes p, and p,.

(b) If z € {z,y} and C is a cycle of R — {u, z}, then R has no (u, z)-path disjoint from
C.
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Proof. Conditions (RB0) and (RB1) are given in the hypothesis. So, we have to prove
that (b) is equivalent to (RB2)-(RB6) for some family of steps S, which we will define
ahead. Suppose that (b) holds.

First we prove that each v € V(R) — (V(p.) UV (py)) is in a (V(ps), V(py))-path o,
avoiding u. If v is in a cycle of R — w, then, by (b), this cycle must meet p, and p, and
this implies the existence of g,. So, we may assume that v is in no cycle of R — u. As
dr—y(v) > 2, this implies that R — {u, v} has different connected components K; and K,
each one with a unique neighbor of v. If p, — u and p, — u are each one in a different
component in {K;, Ky}, then the existence of o, is straightforward. So, we may assume
that K avoids p, and p,. Let wy be the unique neighbor of v in K. As dp_,(wy) > 2, K
has more than one vertex. But, for all w € V(K1) —wq, dg—qup}(w) = 2. This implies that
K has a cycle, which must avoid p, and p,, contradicting (b). This proves the existence
of o,.

Now, we define to be the elements of S the paths o, with v € V(R) — V(p, U p,) and
the (V(pz) — u, V(p,) — y)-paths of length one. We will call steps the members of S. For
each step a, we denote by z, and y, the endvertices of « in p, and p, respectively.

To establish (RB2) we shall prove that the steps are internally disjoint. Indeed, suppose
for a contradiction that a step « intersects a step  in an inner vertex v. As o # 3, we
may assume that z,,o,v # xg, 3,v. This implies that, z,, a, v, 8,23, ps, T, contains a
cycle avoiding p,, a contradiction to (b). Thus, the steps are internally disjoint and (RB2)
holds.

Suppose that (RB3) does not hold. So, there is a step « crossing different steps
and 7. First we assume that z, precedes both zg and z., in p,; in this case the cycle
T8, P> Tys Vs Yvs Pys Yss B, € avoids the path w, p,, Ta, @, Ya, py, y, a contradiction to (b).
Now we assume that z, succeeds xg and z, in p,; as o crosses 3 and v, this implies
that y, precedes yg and y, in p, and we can use the same argument as in the preceding
reversing the roles of the paths p, and p, to reach a contradiction. So we may assume
without loosing generality that zg, 2, and z, appear in this order in p,. Hence, y,, ya,
and y, appear in this order in p,. Now [ crosses both o and v and we may apply the
same argument as in the first case reversing the roles of o and 5. Now (RB3) holds.

By construction, each vertex of V(R) — V(p, U p,) is in a step and we have (RB4).

To prove (RB5) suppose that f = vw is an edge of R — u not in p, U p,. We have
to prove that f is in a step. If {v,w} C V(p,), then there is a cycle in p, + f avoiding
py, contradicting (b). So, {v,w} € V(p,) and, analogously, {v,w} € V(p,). If {v,w}
meet both p, and p, then f is in a step and (RB5) holds; so assume the contrary. Now
{v,w} € V(p,) UV (p,) and we may assume that v ¢ V(p,) UV (p,). By (RB4), v is in
the interior of a step o. If w is in o then either f € F(c) and (RB5) holds or o + f has a
cycle avoiding one of p, or p,, contradicting (b). So assume that w is not in o. If w is
in p, or p,, say the former, then w,v, o, z,, p,, w is a cycle avoiding p,, contradicting (b).
Thus, w is in the interior of a step a # 0. Now w, v, 0, T, ps, Lo, @, w is a cycle avoiding
py, & contradiction. So (RB5) holds.

Now, we prove (RB6). Let z € {z,y} and v € p, and suppose that two steps a and 3
have extremities in Int(u, p,,v). Say z = x. If uv € E(R), then the path u, v, p,, x avoids
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the cycle C := x4, @, Yo, py, Y3, B, 8, Pu; Ta, & contradiction. So, uv ¢ E(R). If a step o
with extremity in v has an inner vertex w, then, as dg(w) > 3, there is an edge incident to
w not in o, and by (RB5), this edge is uw. Now u,w, o, v, p,, x avoids C, a contradiction.
So, (RB6) holds and (b) implies (a).

Suppose that R is a graph for which (a) holds but (b) does not hold. Choose R with
|V(R)| as small as possible. Consider z € {z,y} such that there is a cycle C of R — {u, z}
and a (u, z)-path v disjoint from C' as short as possible. Say that z = z. Let v be the
vertex of v such that v, v, x is contained in p, and v,~, x is as long as possible. It follows
from (RB2), (RB4) and (RB5) that G — V/(p,) and G — V(p,) have no cycles. Hence C
meets p, and p, and this implies that C' meets at least two steps. Those steps have their
extremities in = preceding v in p,. This implies that v # u and, therefore, there is a vertex
w preceding v in .

Let us check that w € V(p,) — u. As there are two steps arriving in Int(u, p,,v) it
follows by (RB6) that uv ¢ E(G) and w # u. It is also a consequence of (RB6) that all
steps arriving in v have no inner vertices, so it suffices to check that vw is in a step to
conclude that w € V(p,) — u. If this is not the case, then, by (RB5), wv is in p, and
w contradicts the choice of v such that v, v, x is contained in p, and v, 7, x is as long as
possible. So wv is in a step and w € V(p,) — u.

If w =y, then u,~,w violates the minimality of v (for z = y), a contradiction. Let ¢
be the vertex following w in p,. If C' meets n :=t, p,, y, then, at least two steps contained
in C' have endvertices in 7, but these steps also have endvertices in Int(u, p,,v) and,
therefore, cross the step v, w, contradicting (RB3). So, C' does not meet 1. Let R’ be
obtained from R by deleting V' (n) and all inner vertices of steps with endpoints in 1 and,
then, suppressing the degree-2 vertices. By Lemma 16, R’ is an (u, x,w)-rope bridge with
less vertices than R. But, the path induced by u,y,w and the cycle induced by C in R’
contradict (b). This is a contradiction to the minimality of |V (R)]. O

The rest of this section is dedicated to prove lemmas that will be used to prove Theorem
6.

We say that a step in a rope bridge is short if it has no inner vertices and long
otherwise. A vertex v in a rope p of an (u, z, y)-rope bridge is clean if all steps arriving in
v are short and uwv ¢ E(G) — E(p). Note that (RB6) says that for the rope p containing
v, v is clean if two steps arrive in Int(u, p,v). The following lemma follows directly from
(RB0)-(RB6)

Lemma 18. Let R be an (u,x,y)-rope bridge with ropes p, and p,. Write, for z € {z,y},
20 = and p, 1= 29,21, - -, Zn(z)-

(a) Suppose that, form > 2 andt > 1, aq,...,q,, are the steps arriving in x;. Let
Yk(i) := Ya, and suppose k(1) < --- < k(m). Let Ry be the graph obtained from R by
splitting x; into vertices v and w in such a way that:

o 1, v € E(Ry),

o cither xy # x and vy yw € E(Ry) or xy = x and we consider w = x,
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e for some 1 <1 < m, the paths corresponding to oy, ...,q; arrive in v and the
ones corresponding to qyiq,...,qy, arrive in w in Ry and

o uww ¢ E(Ry) and uwv € E(Ry) if and only if uxy € E(Ry).
Suppose that all steps arriving in Ty, ..., Ty are short. Then, Ry is an (u,x,y)-
rope bridge if one of the following assertions hold:
(al) cyiq, ..., are short, or
(a2) t =1=1.

Moreover, a similar construction with x and y playing swapped roles also results in
an (u,z,y) rope bridge.

(b) Suppose that « is a step with endvertices in x, and Yy, Ta, ... Tn@)s Yos - - - Yn(y) OT€
all clean, o crosses no other step, and no other step has an endvertex in x, ory,. Let
Ry be the graph obtained from R by deleting the edge of «, splitting x, into vertices
vy and ve and Yy, into wy and we, then, adding the edges viwy and vowy as steps in
such a way that:

o L, 101, Yp1w1 € E(Ry),
o cither z, # x and x,41v2 € E(Ry) or x, = x and we consider vo = x and

o cither y, #y and yp 1wy € E(Ry) or y, =y and we consider wy = y.
Then Ry is an (u,z,y)-rope bridge.

Lemma 19. If R is an (u,z,y)-rope bridge then, up to the labels of elements other than
u, x and y, R is a minor of a graph as in Figures 5 or 6 (paths that contracts to the ropes
are drawn in thick lines and fans are shaded in gray).

Figure 5:
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Proof. Suppose that R’ is a graph contradicting the lemma. Let R be a graph obtained
from R’ using the operations of Lemma 18 up to the point that they can no longer be
performed. If we prove the lemma for R, it will also hold for R'. If all vertices in the
ropes are clean the result is clear. So, we may assume that there is a non-clean vertex.
Write p, = u, 21, . .., Zy(») for each z € {,y}. Consider the smallest index ¢(z) such that
all vertices Ze(z)41,- - -, 2n(z) are clean. By (RB6), 1 < ¢(z) < 2.

If ¢(z) <t < n(z), there is a unique step arriving in z; since operation (a) of Lemma
18 cannot be performed and (al) would hold otherwise. In particular, the step arriving in
z; must cross another step since operation (b) of Lemma 18 also cannot be performed.

Also, there is a unique step «, arriving in z1, as we prove next. If ¢(z) = 2, this follows
from (RB6). If ¢(z) = 1, this follows from the fact that item (al) of Lemma 18 does not
hold.

If there are no long steps, x5 and 5 are the unique possibly non-clean vertices and the
result holds. So, we may assume that there is some long step.

If ¢(x) = 1, then z; is the unique non-clean vertex of p, and, as a unique step arriving
at x1, o is the unique long step. If o, = «,, R is a minor of a graph as in Figure 5,
otherwise it is a minor a graph as in Figure 6.

So, we may assume that c¢(z) = 2 and, analogously, that c(y) = 2. If o, = oy, then R
is a minor of a graph as in Figure 5. Otherwise, as each step cross at most one other, o,
has an endvertex in y, and a, has an endvertex in x,. It follows that R is a minor of a
graph as in Figure 6. [

4 Proofs of Theorems 6, 7 and 8

In the end of this section we prove Theorems 8, 6, and 7 in this order. Next we establish
some specific lemmas towards this purpose.

Lemma 20. Suppose that G is an e-Dirac graph on more than six vertices and let e :== uqus.
Suppose that w(e,G) =5 and dg(uy),dg(ug) = 4. Let ST be a minimum-sized vertex-cut
of G containing V (e) and let Gy, ..., G, be the connected components of G — ST.

Suppose that there are i € {1,2} and k € {1,...,k} such that |Ng(u;) NV (Gy)| = 2,
then

(a) k=2 and
(b) N(;(u;;_l‘) Q V(Gg_k) U ;.

Proof. We begin with some definitions before proving items (a) and (b). Let us denote
S = 8T —V(e). Asw(e,G) > 5, |S| = 3. We may assume without loss of generality
that k =i = 1. As |[Ng(u1) N V(Gy)| = 2, there is a cycle C in G + u; meeting u;. As
w(e,G) =5, G — {uy,us} is 3-connected. Next we will define three (S5, V(C') — u,)-paths
aq, ag and ag of G — {uy,us} considering the two possible cases itemized next:

e If |C'| = 3, then, by Lemma 14 applied on the edge of C' — u;, we conclude that
G — {uy,us} have (S, V(C) —uq)-paths oy, as and ag such that a3 does not intersect
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a1 nor as and that oy and as intersect only in their endvertex in C' — u;. For each
1 €{1,2,3}, let a; be the endvertex of oy in C' — wuy; note that a; = ay in this case.

e If |C| > 4, then Menger’s Theorem implies that G — {u1, us} has three vertex-disjoint
(S,V(C) — uy) paths a;, as and ag, arriving in the respective vertices a;, as and
as of C. In this case, we pick all these labels in such a way that {a, a3} separates
uy from ao in C', or, equivalently, w1, a1, as, as, u; appear in this order if we follow a
specific cyclic ordering of C'.

For each [ € {1,2,3}, we define v; to be the endvertex of oy in S. Next we define the
following paths of C"

e [3; is the (uq, a;)-path of C' — as.

e [31 is the (a1, az)-path of C'—w;. Note that if |C| = 3 then [3y; is a trivial path with
only one vertex a;, which is equal to as in this case.

o (3 is the (ag, agz)-path of C'— uy.
e (5 is the (ag, u;)-path of C' — a;.

Note that a cyclic ordering of C' is given by the path wuy, 51, a1, o1, as, B3, as, B3, u;.
Moreover, ||B1]l, ||B2sl], |85l = 1 and ||B21]] = 1 if and only if |C| > 4. Now we prove the
items of the lemma.

Proof of item (a). Suppose for a contradiction that x > 3.

First we will establish that there is no edge from wuy to G;. Suppose for a contradiction
that such an edge exists. This implies that G + {u, us} has a cycle D containing e. Now
for different vertices v and v in S, Lemma 11 implies that there are edges from both
and v to both Gy and G3 and, therefore, (G U G3) 4+ {u,v} has a cycle. This cycle must
avoid D as (G2 U G3) + {u,v} and Gy + {u1,us} are vertex-disjoint. This contradicts the
fact that GG is e-Dirac. So, there is no edge from uy to Gj.

As dg(ug) = 4, we may assume that there is an edge linking us and G + (S — {vy, v2}),
which is connected and contains vs. By Lemma 11 again, both v; and vy have neighbors
in GG3. Now, we have a cycle of the form

u, uz, (G + (S — {v1,v2})), vs, a3, as, B3, w
containing e and avoiding a cycle of the form
ax, Ba1, az, g, v2, G, v1, a4 ay,
a contradiction. So, k = 2 and item (a) holds.

Proof of item (b). Now suppose that (b) fails. We make the choice for a counter-example
to (b) and the structures we defined before proving (a) satisfying the following conditions:
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(C1) The counter-example maximizes |Ng(u;) NV (Gy)|. We still may assume without
losing generality that 1 = k = 1.

(C2) Subject to (C1), we choose C' such that |C| is maximized.
(C3) Subject (C1) and (C2), we choose ay, a, and a3 in such a way that ||5;|| is minimized.

Define a subgraph X of G by X := C'Ua; Uas U as. First we check:
(20.1). If ¢ is an (ug, V(X) — uy)-path of G + (S Uug), then either

(i) |C| =3 and ¢ has an endvertex in V(ay) UV (az) or
(i1) |C| = 4 and ¢ has an endvertez in V(az).

Let uy and z be the endvertices of (. First we check that z € A := V(o) UV (B21) UV (aa).
Suppose the contrary. As ¢ is an (ug, V(X) — uy)-path and A C V(X), ¢ avoids A. As
z is a vertex of X — A, a connected graph containing u,, there is a cycle D containing
e of the form uq,us,(, 2, X — A, u;. By Lemma 11, both v, and v; have neighbors in G,.
Hence, Gy + A is a graph with a cycle, which avoids D, contradicting that G is e-Dirac.
So, z € A.

If |C| =3, ||Bar]| = 0 and A = V() U V(a). So, (i) holds.

Now, assume that |C| > 4. As z € A, analogously, z € B := V(a3) UV (fa3) UV (aa).
Therefore, z € AN B = V(ay). So, (ii) holds. O

As (b) fails, us has some neighbor in G; U S. By Lemma 11, each vertex of S has a
neighbor in G and, therefore, G; 4 (S Uuy) is connected. This implies that G + (S U ug)
has an (ug, V(X)) — uy)-path 6. We put the following condition when choosing d:

(C4) Subject to (C1), (C2), and (C3), pick 6 minimizing |V (0) N S].

By (20.1), we may assume that § has an endvertex d in as (o7 and ay play similar
roles if |C| = 3). A consequence of (C4) is:
(20.2). If us has a neighbor in Gy then V(5) NS = 0.

For each ¢ = 1,3 and each (ug, V(X)) — uy)-path ¢ of Gy + (S U ug) with an endvertex

z in ay, we define the following cycle containing e:

Cc,z‘ = Uy, U, C, 2, g, A, Pos, A4, By, Uy

Now we prove:
(20.3). vy has at least two neighbors in V(Gy).

Suppose the contrary. As § is an (ug, V(X) — uy)-path arriving in d € V(ay), § avoids
V(X) — d; in particular ¢ avoids v; and this implies that Cs; avoids v;.

If v; has two neighbors in Gy + (S — V/(6)), then by Lemma 11, G5 + (S — (V(§) Uvy))
is connected, and, therefore, Gy + (S — V/(d)) has a cycle. But this cycle avoids Cj,
contradicting that G is e-Dirac. Thus v; has at most one neighbor in Gy + (S — V(6)).
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By Lemma 12, v; has at least w(e, G) —2 > 3 neighbors in G — {uy,us} = (G1UGs)+S.
As vy has at most one neighbor in each one of G; and Gy + (S — V/(9)), it follows that v,
has a neighbor v in SNV (6).

Now, by (20.2), us has no neighbors in G;. As dg(uz) > 4, us has a neighbor
w € V(Gy) U (S —{v,v1}). By Lemma 11, either w € V(G3) or w has a neighbor in Gs.
By Lemma 11 again, vs has a neighbor in Gi5. This implies that Gy + {w, v3} is connected.
So, there is a cycle D containg e of the form

Ui, Uz, G2 + {’LU7 U3}7 g, as, /837 Uusp.

Since 0 is an (ug, V(X) — up)-path arriving in d € as, it follows that v ¢ V(§). Thus
D avoids the cycle
V1, U, 57 da A, G2, 6217 ar, q, V1.

Hence G is not e-Dirac, a contradiction. O

By (20.3), v; has a neighbor v] € V(G;) such that viv] ¢ E(a;). Let o be a
(v1, V(X) N V(Gy))-path of G; + v; beginning with v1v} and let s be the other endvertex
of 0. Next we establish:

(20.4). Let ¢ be an (ug, V(X) — u1)-path of Gy + (S Uug) arriving in z € V(ag). Then o
intersects C.

Assume the contrary. Let Hy be the subgraph of G' obtained from G5 U X by adding the
edges that connects {v1,v2,v3} to Ga. Note that Hy — V(C; 1) is connected and, as the
only edge of Hy from vy to GGy is in ag, it follows that the edge vyv] is not in Hy. Now
we apply Lemma 13 for D = C;, H = Hy, x = vy, and f = v1v] to conclude that o
intersects Cg¢ 1.

As o is a (v, V(X) N V(Gy))-path, it follows that s is the unique common vertex of ¢

and X.

If s € Int(f31), then o, ap and a3 contradict the choice of oy, as and a3 minimizing
| B1]] required in (C3). So, s ¢ Int(5;) and o avoids Int(5;).
As (Hy — Int(p1)) — V(C¢3) is connected, we may apply Lemma 13 for D = C¢3,

H = Hy—Int(f), f =vv], z = v, and 7 = o to conclude that o intersects C¢ 3.

Now o intersects C¢; for j = 1,3. As o avoids ¢, o meets V(C; ;) — V(¢) C V(X).
As o is a (v1, V(X) NV(Gy))-path, s € V(C¢ ;) — V(¢). This implies that s € (V(C¢1) N
V(CQ?))) - V(C) = V(Z7 042,1)2) - 2.

Now we have the cycle as, as, s, 0,v1, aq, a1, Ba1, as avoiding a cycle of the form

Uy, U2, <7 z, 02, V2, G2a Vs, i3, a3, 6?” Uy,

contradicting that G is e-Dirac. O

By (20.4) o intersects ¢ in a vertex s, we define the cycle
B :=wvy,0, 3,>5, d, g, ag, faray, o, vy.

Note that B is a cycle of G; + v meeting X only in oy U ag U [o1.
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(20.5). Ng(uz) CV(Gy) U{uy,v1}. Moreover, ¢ is a path of Gy + us.

Suppose for a contradiction that v is a neighbor of uy in V(G2) U (S — v1). By Lemma
11, Go 4+ v is connected and contains a neighbor of v3. Now B avoids a cycle of the form
uy, us, Go +{v,v3}, as, as, fs, uy, contradicting that G is e-Dirac. This proves the first part
of the claim. As dg(ug) > 4, us has a neighbor in G; and now the second part of the claim
follows from (20.2). O

(20.6). |C| > 4 and ay # as.

Suppose that |C| < 3. By (C2) and by Lemma 15, u; has at most two neighbors in Gj.
Hence, u; has a neighbor w; € V(Gs) U S.

Let us prove that us also has a neighbor in V(Gg) U S. Suppose that this is false.
BY (20.5), as dg(ug) > 4, it follows that up has three neighbors in G;. Now picking
(i,k) = (2,1) would contradict the choice of (i, k) = (1,1) in order to satisfy the minimality
required in condition (C1) since u; has at most two neighbors in G; this is a contradiction.
Hence uy has a neighbor wy in V(G3) U S.

As |S| = 3, there is v € S — {wy,we}. By Lemma 11 each one of v, wy, and wy either
is in G5 or has a neighbor in Gs. So Gy + {wy,wy} is connected. If v has two different
neighbors in G, then a cycle of G + v avoids a cycle of the form wy, us, Go + {wy, wa}, uy,
a contradiction. So, by Lemma 12, v has two different neighbors in G5 4+ S, which has
a cycle, therefore; but this cycle avoids Cs; since § is a path of Gy + us by (20.5), a
contradiction to the fact that G is e-Dirac. Hence, |C| > 4. By the definition of a; and as,
we have a; # ao. This proves the claim. O

As G is 3-connected, G — u; is 2-connected and, by Menger’s Theorem, has two
(ug, V(X) — uyp)-paths (; and (» that only meet in us. Let [ € {1,2}. Let z be the
endvertex of (; other than wus.

If o intersects Int((;) in a vertex s;, then, as a; # as by (20.6) and as Int((;) avoids X
because (; is an (ug, V(X)) — up)-path, it follows, by Lemma 11 that the cycle

u17u27Cl78[70—7/0170517a17ﬁlyu1
avoids a cycle of the form
a27a27v27G27U37a37a375237a27

a contradiction. Hence, o avoids Int((;).
If §; meets G + (S — v1), which is connected by Lemma 11, as o avoids Int(¢) and
V(B) CV(X)UV(o), it follows that B avoids a cycle of the form

Uy, ug, G, Ga + (S — v1), v3, as, as, B3, ug,

a contradiction. So, (; is a path of G; + {v1,u2}. This implies that the endvertex z of
other than us is in as by (20.1) and (20.6). As o avoids Int((;), by (20.4), o contains z.
As o is an (vy, V(X) N V(Gy))-path and 2z, € V(X), s = z,. Now we have z; = s = 25, a
contradiction. This proves item (b) and finishes the proof of the lemma. O
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Lemma 21. Let G be an ujus-Dirac graph with dg(uy), dg(ug) = 4. Then w(ujug, G) < 4.

Proof. Suppose the contrary. Let e := ujuy, let ST be a minimum-sized vertex-cut of G
containing V' (e) and define S := ST — V(e). As the lemma fails, |[ST| > 5 and |S| > 3. As
G\S™ has more than one connected component, |G| > 7. Let G1,..., G, be the connected
components of G — S*. Let us prove some assertions next.

(21.1). Each one of uy and uy has at most one neighbor in each connected component of
G- St.

Suppose the contrary. We may assume without loosing generality that u; have two different
neighbors in G;. By Lemma 20, £ = 2 and Ng(ug) C V(G2). But this implies that the
hypothesis of Lemma 20 also holds for i = k = 2. Hence Ng(uy) C V(Gy). For I =1,2, as
dg(u;) = 4, by Lemma 15, there is a cycle C; of G; + u; containing u; with more than three
vertices. As w(e,G) > 5 and G is 3-connected, it follows that G — {uy,us} is 3-connected.
So, there are three vertex-disjoint (C} — uy, Co — ug)-paths in G — {uy, us} by Menger’s
Theorem. Together with the path wuq, us, we have four vertex-disjoint (C, Cy)-paths. Now
it is easy to check that there are vertex-disjoint cycles covering these paths. Hence, we
have two disjoint cycles with one of them containing e, a contradiction to the fact that G
is e-Dirac. O

(21.2). uy and ug have no common neighbor in S.

If w contradicts (21.2), then u, us, w,u; is a cycle containing e that, for some distinct
r,y € S —w, avoids a cycle of the form z,Gq,y, Gy, by Lemma 11. Hence G is not
e-Dirac, a contradiction. O

(21.3). k= 2.

Suppose the contrary. First we suppose that u;v € E(G) for some v € S.

If Ng(uz) € S Uwy, then, as dg(ug) = 4, by (21.2), it follows that there is a 3-
subset {z1,x9, 23} of Ng(ug) — {u1,v}. By Lemma 11, there are cycles of the forms
Uy, U, 1, G1,v,u; and x9, Ga, x3, G3, x5 avoiding each other, a contradiction.

So uy has neighbors out of S U wu; and we may assume that there is an edge from wu,
to G;. By Lemma 11, for distinct x,y € S — v, cycles of the forms wuy,us, Gy, v, u; and
x,Ga,y, Gz, x avoid each other, a contradiction. Hence, u; has no neighbor in S and,
analogously, neither has us.

If both u; and uy have neighbors in a common component of G — S, say G, then,
by Lemma 11, we have, for distinct z,y € S, cycles of the forms wuy,us, Gy, u; and
x,Ga,y, Gz, avoiding each other, a contradiction.

Therefore, u; and us have no neighbors in S nor in a same connected component of
G — ST. By (21.1), k > 4 and we may assume that u; has a neighbor in G; for i = 1, 2.
Now, by Lemma 11, for distinct z,y, z € S, cycles of the forms uy, us, Go, z, Gy, u; and
x,G3,y, Gy, x avoid each other, a contradiction. This establishes (21.3). O

Let k € {1,2}. By (21.1) and (21.3), uy, has a neighbor v, € S as dg(ug) > 4. Let
x € S —{vy,ve}. If & has two neighbors in Gy, then G + z has a cycle avoiding a cycle of
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the form wq, ug, v9, Go, v1,u; by Lemma 11, a contradiction. Hence, By Lemma 11, x has
only one neighbor in GG; and, analogously, only one neighbor in G3. By Lemma 12, x has
a neighbor y € S. If y ¢ {v1,v2}, by Lemma 11, a cycle of the form uy, ug, v, Gy, v1, Uy
avoids a cycle of the form z,y, G5, x, a contradiction. So, we may assume that y = v;. As
de(uy) > 4, there is w € Ng(uy) — {uz,v1}. By Lemma 11 and (21.3), for some i € {1, 2},
either w € G; or w has a neighbor in G;, and, therefore GG; + w is connected. Now, by
Lemma 11, a cycle of the form x, v;, G3_;, x avoids a cycle of the form wuy, us, vo, (G;+w), uq,
a contradiction. O]

Lemma 22. Let G be an e-Dirac graph with w(e, G) =4 and let ST be a minimum-sized
vertez-cut containing V(e). Suppose that G — St has a connected component J with
neighbors of both endvertices of e. Then G — S™ has a unique connected component K
other than J and, for S := ST —V(e), G[V(K) US| is a path with endvertices in S.

Moreover, each vertez of K has a neighbor in V (e).

Proof. Define {x,y} := S. Note that J + V(e) has a cycle C containing e. If G — ST has
two different connected components K and K’ differing from J, by Lemma 11, C' avoids a
cycle of the form z, K, y, K', x, a contradiction. This establishes the uniqueness of K.

Now we prove that P := G[V(K)U S| is an (z,y)-path. By Lemma 11, P is connected.
As C avoids P and G is e-Dirac, P is a tree. By Lemma 11, P — x is connected, and,
therefore, x is a leaf of P. Analogously, y is a leaf of P.

Suppose for a contradiction that [ is a leaf of P differing from = and y. As dg(l) > 3,
V(e) € Ng(l). Aslis aleaf of P, P—1is connected. By Lemma 11 2 and y have neighbors
in J. Now the cycle uy,us,l,u; avoids a cycle of the form x, P,y, J, z, a contradiction.
Hence x and y are the only leaves of P and P is an (z,y)-path and the first part of the
lemma holds.

For the second part, simply observe that, as each inner vertex of P has degree two in
P, it must have a neighbor in V'(e) in order to have degree at least three in G. [

The next lemma gives a full characterization of the e-Dirac graphs when w(e, G) = 3.

Lemma 23. Let G be a 3-connected graph. Suppose that e := uv € E(G) is an edge of G
and w € V(G) is such that {u,v,w} is a 3-vertex cut of G. Then the following assertions
are equivalent:

(a) G is e-Dirac.
(b) Each connected component K of G — {u,v,w} is a tree with |[Ng(w) NV (K)| = 1.

Proof. Suppose (a). As G is 3-connected each vertex of {u,v,w} has at least one neighbor
in each connected component of G — {u,v,w}. Let K and L be different connected
components of this graph. Suppose for a contradiction that either K is not a tree or K
has more than one neighbor of w. In both cases K + w has a cycle, which avoids a cycle
of the form u, L, v, u, a contradiction to (a). This implies (b).

Conversely, if (b) holds, it is easy to check that G — {u, v} is a tree and G is e-Dirac. [
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Let G be an wujus-Dirac graph with w(ujus, G) = 4. Let X be a 4-vertex-cut of G
containing {uy,us}. We say that X is two-sided if, for each component K of G — X,
there is {i,j} = {1, 2} such that there is an edge from u; to K but no edge from u; to K;
note that X is two sided if and only if X — {uy,us} is a vertex cut of G\ujus. We say
that X is one-sided if, for each component K of G — X, there are edges from both u,
and uy to K. We say that X is no-sided if X is neither one-sided nor two-sided.

Lemma 24. Let G be an e-Dirac with w(e,G) > 4 and write ujuy := e. Let S be pair of
vertices in V(G) — V(e). The following conditions are equivalent.

(a) S is a vertez-cut of G\e and
(b) either

(b1) for some {i,j} = {1,2}, Ng(u;) = SUuy; or
(b2) SUV(e) is a two-sided vertez-cut of G.

Proof. Suppose that (a) holds and (b1) fails. As G — S is connected, G\e — S = (G — 5)\e
has exactly two connected components K; and K, with u; € V(K;) for i = 1,2. As (bl)
fails, u; has a neighbor out of S U us_;, which must be in K;, implying that K; — u; is
nonempty. Now each connected component of G — (V(e) US) = G\e — (V(e) U S) is, for
some i € {1,2}, a connected component of K; — u; and, therefore, meets N¢(u;) but not
N¢(us—1). Now (b2) holds and (a) implies (b).

If (b1) holds, as w(e, G) > 4, |G| = 6; so there is v € V(G) — Ng(u;). Observe now
that S separates u; from v in G'\e because Ng\.(u;) = S and (a) holds. So (bl) implies
(a).

It is left to prove that (b2) implies (a). Suppose (b2). Let, for ¢ = 1,2, U; be the union
of the vertices in components of G — (V(e) U S) with a neighbor of u;. As SUV(e) is
two-sided, Uy N Uy is empty and Uy U Uy = V(G) — (V(e)US). Now, for i = 1,2, G[U; Uu,]
is the connected component of G'\e — S containing u; and (a) holds. O

Lemma 25. Suppose that G is an e-Dirac graph on more than five vertices, w(e, G) = 4,
the endvertices of e has degree at least four, and all 4-vertex-cuts of G containing V (e) are
no-sided. Then G —V (e) is a cycle.

Proof. Suppose that the lemma fails. Denote {uy,us} := V(e). It follows from Lemma
22 that, for each 4-vertex-cut X containing V' (e), G — X has exactly two connected
components.

Now, for each 2-subset S of V(G) — V(e) such that SU V(e) is a 4-vertex cut of G,
S UV (e) is no-sided by hypothesis. The connected component of G — (SUV (e)) containing
neighbors of both u; and uy will be called the S-double component and denoted by D(S),
while the component containing neighbors of only one element of V' (e) will be called the
S-single component and denoted by D*(S). Choose S maximizing |D*(S)|. Say that u;
has a neighbor in D*(S) and uy does not.

Write S = {v1,v2}. By Lemma 22, G[D*(S) U S| is an (vy, v2)-path with all vertices in
the neighborhood of w;. If |D(S)| = 1, the lemma follows from Lemma 11. So, |D(S)| > 2.
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(25.1). Fori=1,2, v; has at least two neighbors in D(S). Moreover, vius, vaus, V10 &
E(G) and us has at least three neighbors in D(S).

For the first part, first suppose for a contradiction that v; has at most one neighbor in
D(S). By Lemma 11, v; has a unique neighbor x in D(S). For A := {z,v}, AUV (e)
separates D*(S) + vy from D(S) — z, which is nonempty as we already verified that
|D(S)| > 2. By Lemma 11, D*(S) + v; is connected. By Hypothesis, AUV (e) is no-sided
and, by Lemma 22, G — (AU V(e)) has only two connected components. Hence D(S) — x
is connected. If upvy ¢ E(G), then, as us has no neighbor in D*(.S), there are no edges
from ug to D*(S) +v; and D*(A) = D*(S) 4 vy; this contradicts the maximality of |D*(.S)].
Thus usv, € E(G). So, both u; and us have neighbors in D*(.S) + v;. This implies that
D(A) = D*(S) 4w, and D*(A) = D(S) —z. By Lemma 22, G[D*(S)US] is a (v1, ve)-path.
By Lemma 22 again, but now with A playing the role of S, G[D*(A) U A] = G[D(S) U vy]
is a (vg, x)-path. Recall that x is the unique neighbor of vy in D(S). Hence G — V(e) is a
cycle and the lemma holds in this case, a contradiction. Therefore, v; has at least two
neighbors in D(S) and, analogously, so does vy. This proves the first part of (25.1).
Now, suppose for a contradiction that vyus € E(G). Since there are two neighbors
of vy in D(S), D(S) + v, has a cycle, which, by Lemma 11, must avoid a cycle of the
form wy, us, ve, D*(S), u1, a contradiction. So, vouy ¢ E(G). Similarly vius ¢ E(G). As
dg(ug) = 4, uy has at least 3 neighbors in D(S). We already saw that vivy ¢ E(G), since
G[D*(S)U S| is a (v, vz)-path. So (25.1) holds. O

(25.2). D(S) is a tree.

Suppose for a contradiction that C'is a cycle of D(S). By Lemma 24, G\e is 3-connected.

By Menger’s Theorem, there are three pairwise disjoint ({v1, ve,u1}, V(C))-paths aq, as
and ag in G\e. As {uy, vy, v9} separates D*(S) from C' in G\e, none of these paths meet
D*(95).

Say that {vy,a1}, {ve,as} and {uy, a3} are the respective pairs of endvertices of «j,
ay and ag. Consider also (ug, V(C))-paths §; and [y of the 2-connected graph G — uy
intersecting only in us and let b; and by be the respective endvertices of 5; and (£ in C.

If for some j € {1,2} and i € {1,2,3}, ; meets o; out of C, then G has an
(ug, {v1,v2,u1 })-path v avoiding C' and, as a consequence, by Lemma 11, C' avoids a
cycle of the form wy, us, v, D*(S) + {v1, v9, u1 } containing e, a contradiction. So, «; and
B; do not meet out of C. In particular, us ¢ V(o) for i = 1,2, 3.

Let ¢ and € be the (a1, az)-paths of C' meeting and avoiding as respectively. If 3; has
an endvertex in Int(d), then, the cycle uy, us, 55,05, 9, as, as, uy avoids a cycle of the form
U1, a1, a1, €, Az, Vg, D*(S), vy, a contradiction. So, b; and by are in £ and we may assume
that by is closer to a; than by in €. See an illustration in Figure 7.

We define H as the subgraph of GG in Figure 7, more precisely, for edges e;, es, and e3
linking vy, vy and uy to D*(S) (which exist by Lemma 11):

H = (D*(S) uCcu aq U (0%)] U (0% U Bl U ﬂg) + {61, €9, 63}.
By (25.1), v has two different neighbors in D(S) and there is a (vy, V(H))-path ¢ of
D(S) + vy beginning with an edge out of H. Let x be the other endvertex of ¢. Next we

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(2) (2023), #P2.38 21



Figure 7: An illustration of the proof of (25.2).

consider, for ¢ = 1, 2, the following cycle:
Di = U, Uz, /6i7 bia €,0a;, 57 asz, g, Uj.

Note that H — V(D;) is connected for i = 1,2. By Lemma 13, z € V(D;) for i = 1,2.
Hence, x € V(D;) N V(Dy) NV (D(S)) = V(ag) — uy. Now, vy, aq,a1,9, a3, as,, @, 01
avoids a cycle of the form uy, ug, Ba, €, ag, ag, vo, D*(S), u1, a contradiction. O

(25.3). u; and uy have no common neighbor as a leaf of D(S).

Suppose that [ is a leaf contradicting (25.3). By (25.1), v; and vs have neighbors in
D(S) — [, which is connected as [ is a leaf. Then, by Lemma 11, a cycle of the form
vy, D(S) — 1, vy, D*(S), v, avoids the cycle uq, ug, l, uy, a contradiction. O

(25.4). Let I be a leaf of D(S). Then, usl ¢ E(G), wl € E(G) and there is a unique
index 1 € {1,2} such that lv; € E(G).

First let us prove that there is no leaf [ of D(S) such that lvq,lvy € E(G). Suppose that
[ is such a leaf. If u; has a neighbor in V/(D(S)) — [, then by (25.1), so does us and, by
Lemma 11, cycles of the form wuy, ug, (D(S) — 1), u; and vy, 1, ve, D*(S), vy avoid each other,
a contradiction. Hence [ is the unique neighbor of u; in D(S). As we can repeat the same
argument to any other leaf I’ of D(S) in the neighborhood of both v; and vy to conclude
that uyl’ € E(G) and I is the unique neighbor of u; in D(S), we conclude that:

[ is the unique leaf of D(S) incident to both v, and v,. (1)

By (25.1), |D(S)| > 2, so D(S) has a leaf I differing from I. As Ng(uy) N D(S) = {l}, we
have Ng(I') — D(S) C {ug,v1,v2} and, as dg(I') > 3, we may assume that l'v; € E(G).
By (1), it follows that l'vy, ¢ E(G) and, therefore, l'us € E(G). By (25.1), vy has a
neighbor in D(S) —[. Now, since 1!’ € E(G), (1) implies that v, has a neighbor in
D(S)—{l,I'}. So, (D(S) —1") + vy has a cycle, which, by Lemma 11, avoids a cycle of the
form uy, ug, ', v1, D*(S), u1, a contradiction. So, no leaf of D(S) is a common neighbor to
vy and vs.

By (25.3), this implies that each leaf of D(SS) is adjacent to a unique element of {uy, us}
and a unique element of {vy,v,}. Let us prove that no leaf is adjacent to uy. Suppose
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that some leaf I” is adjacent to us. As 1" is adjacent to a unique vertex of {vy,v2} we may
assume that ["v; € E(G) and l"vy ¢ E(G). By (25.1), vy has at least two neighbors in
D(S)—1" and, by Lemma 11, cycles of the form vy, D(S) —1", vy and uy, uz, ", vy, D*(S), uy
avoid each other, a contradiction. This implies (25.4). O

(25.5). D(S) has exactly two leaves.

Suppose the contrary. Then, D(S) has a vertex w with dps)(w) > 3. Furthermore,
D(S) — w has different connected components K7, K, and K3, each one containing a leaf
of D(S). Let t € {1,2,3}. By (25.4), K; has a neighbor of u; and a neighbor of some
wy € {v1,v2}. By (25.1), ug has a neighbor in D(S) — w, so, we may assume that us has a
neighbor in K; and, therefore, K; + {uy,us} has a cycle C' containing e. By Lemma 11,
D*(S) 4 {vy,v9} is connected, and as each one of Ky and K3 has an edge to {vy, vy}, there
are two edges linking D*(S) + {v1,v2} to (K3 U K3) 4+ w, which is also connected. This
implies that there is a cycle in (D*(S) U Ky U K3) 4+ {w, v1,v2} avoiding C, a contradiction.
O

Now, we may write D(S) as a path wy,...,w,. By (25.4), vyw;,wyw, € E(G). By
(25.1) and (25.4), there are 1 < a < b < n such that w,, w, € Ng(uz). Also by (25.1)
and (25.4), there are edges from H := D*(S) + {v1, v2} to wy, w, and a vertex wy with
1 <d<n. Ifd<b, then a cycle of the form wy, ..., wq, H,wy avoids uy, ug, wy, . . . , Wy, U1,
a contradiction. Thus d > b. But, symmetrically, we have d < a, a contradiction. O

Proof of Theorem 8: Let us first prove that if (a), (b) or (c) holds, then G is e-Dirac.
This is clear if (b) holds. If (a) holds, this follows from Lemma 23. So, assume that (c)
holds. Suppose for a contradiction that C' and D are vertex-disjoint cycles of G with
e € E(D). Note that D\e is an (R;, Ry)-path and, therefore, D\e meets {z,y}. We may
assume that x € D. Note that {y} is a vertex-cut of G — V(D) separating R; — V(D)
from Ry — V(D); hence C' is entirely contained in one of these graphs. Say that C' is
cycle of Ry — V(D). Note that § :== DN V(Ry) is an (u1, z)-path avoiding C', which is
a cycle of Ry — {uy,z}. Since G is 3-connected, G'\e is 2-connected and, by Menger’s
Theorem has internally disjoint (uy, us)-paths ¢, and (,. As {x,y} separates u; from us
in G'\e, we may assume that z € V((,) for each z € {z,y}; define p, := (. N Ry. As G is
3-connected, each vertex of Ry — {x,y,u;} has degree at least 3 in G, and as {x,y,u;}
separates Ry — {x,y, u;} from the other vertices of G, the vertices of Ry — {z,y,u;} also
have degree at least 3 in R;. Now § and C contradict Lemma 17. This proves one of the
implications of the theorem.

For the other implication, suppose that G is e-Dirac and let us prove that one of the
assertions (a), (b) or (c) holds.

First suppose that G has no vertex cut containing V' (e). By Lemma 10, G = K§§ and
the endvertices of e have degree three. For {x,y} = Ng(u1) — uz we have item (c). So we
may assume that G has a vertex-cut containing V' (e).

If w(e,G) = 3, (a) follows from Lemma 23. So, we may assume that w(e, G) > 4. Now
we split the proof into two cases.

Case 1. dg(uy),dg(ug) = 4 and G has no two-sided 4-vertex cuts.
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As dg(uy), dg(usz) > 4, Lemma 21 implies that w(e, G) = 4. If all vertex-cuts containing
V(e) are no-sided, the result follows from Lemma 25. So we may assume that there is
a one-sided 4-vertex-cut ST := {uy,uq, x,y}. By Lemma 22, G — ST has exactly two
connected components K and Ky and Ky + {z,y} and Ky + {z,y} are (x,y)-paths. This
implies that G — {uy,us} is a cycle. Finally, by Lemma 24, G\e is 3-connected. This
establishes (b).

Case 2. FEither some endvertex of e has degree 3 or G has a two-sided vertex cut S™
containing V (e).

By Lemma 24, G'\e has a 2-vertex-cut {z,y} and, as w(e,G) = 4, G — {uy,us} is
2-connected. Now we have to prove that (c.1) and (c.2) hold.

Define {uy,u,z,y} := ST. Let K; be the union of the connected components of
G — ST intersecting Ng(u;). In Case 2 each connected component of G — ST intersects
only one of the sets Ng(u1) or Ng(usz), hence V(K;) and V(K>,) are disjoint. Define
R; = G[V(K;) U {u;,z,y}]. We have to prove that R; is an (u;,z,y)-rope bridge for
i = 1,2 to establish (c.1).

Note that {ug,x,y} separates u; from V(Ry) in G. This implies that {z,y} separates
uy from V(Ry) in G — uy. By Menger’s Theorem, there is a pair of (uy, V(R2))-paths
in G —uy. As x,y € V(Ry), it follows that x and y are end-vertices of these paths and
these paths lay in R;. Now R; satisfies the hypothesis for Lemma 17. Suppose for a
contradiction that Ry is not an (u;, x,y)-rope bridge. By Lemma 17, there is z € {z,y}, a
cycle C of Ry — {uy, z} and an (uq, 2)-path vy of Ry avoiding C. By Lemma 11, C' avoids a
cycle of the form wq,, z, R, us, u1, a contradiction. Hence, Ry is an (uq, x, y)-rope bridge.
Analogously, R is an (us, z,y)-rope bridge and (c.1) holds.

To prove (c.2) we may assume that there are two different connected components H
and Hy of G — ST meeting Ng(uq).

Let us prove that H; + x is a tree. Suppose for a contradiction that H; 4+ x is not a tree.
By Lemma 11, each connected component of G — S* meet both Ng(x) and Ng(y). Hence
H, + z is connected and one of its cycles avoids a cycle of the form uy, us, Ro,y, Hy, uy.
This implies that G is not e-Dirac, a contradiction. So H; + z is a tree. Analogously,
Hy +vy, Hy + x, and Hs + y are trees.

As H, is connected and H; + z is a tree, this implies that H; has a unique neighbor of x
and, analogously, a unique neighbor of y. For each leaf [ of Hy, Ng(l) — V(H) C {z,y,u1},
and therefore [ is adjacent to x or y. By the uniqueness of the neighbors of x and y in Hy,
this implies that Hy + {x,y} is an (x, y)-path. As each one of its inner vertices has degree
at least three, this implies that the inner vertices are adjacent to u;. this proves (c.2) and
concludes the proof of the theorem. O

Proof of Theorem 6: 1If items (a) or (b) of Theorem 8 hold, then items (b) or (a) of
Theorem 6 hold respectively. So Assume that item (c) of Theorem 8 holds; for i = 1,2
consider the (u;, z,y)-rope bridge R; as in that theorem. By Lemma 19, R; is a minor
of a graph R; as in Figure 5 or 6 replacing the label of u by u;. We may pick R] with
V(R) NV(R,) = {z,y}. Now item (c) of Theorem 6 holds. Indeed, the graph in Figure
2 is obtained by concatenating two mirrored copies of the graph in Figure 5 and adding
the edge e. Idem for Figures 3 and 6. Figure 4 is obtained by the concatenation of a
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mirrored version of Figure 6 on the left side with a copy of Figure 5 on the right side and
the addition of the edge e. 0J

Proof of Theorem 7: Suppose that the result fails. As G is 3-connected G does not satisfy
items (a) nor (c¢) of Theorem 8; hence item (b) holds. So G — {u,v} is a cycle. As G is
4-connected, all vertices in G — {u, v} have degree at least 4 and, therefore are adjacent to
u and v. This establishes the theorem. ([l

5 Proofs of Theorems 4 and 5

In the end of this section we prove Theorems 4 and 5. Next we establish some lemmas and
terminologies. If G contains no edge-disjoint cycles using e, then G is said to be strongly
e-Dirac. It is clear that all e-Dirac graphs are strongly e-Dirac, by the main results the
converse is not true. Although the class of e-Dirac graphs is closed under minors that use
e, the same is not true for the class of strongly e-Dirac graphs; this class is closed under
deletions but not under contractions of other edges than e. For example, when G is the
prism, and e and f are edges not belonging to triangles, then G is strongly e-Dirac, but
G/ f is not.

Lemma 26. If G is an e-Dirac graph with |G| > 6 satisfying item (a) of Theorem 8, then
G is not strongly e-Dirac.

Proof. Suppose that G is a graph contradicting the lemma and let e = ujuy. Consider
a 3-vertex-cut S := {uy,us, w} of G as in item (a) of Theorem 8. If G — S has three
distinct connected components K, Ky and K3, then G has edge-disjoint cycles of the
form wuy, ug, K1,uy; and ug, Ko, w, K3, us, a contradiction. Thus G — S has exactly two
connected components, K and K’. As |G| > 6, we may assume that | K| > 2. So, there
are two leaves [; and [ in K. According to item (a) of Theorem 8, we may suppose that
wly ¢ E(G). Asdg(ly) = 3, liug, lius € E(G). As dg(ly) = 3, I3 has a neighbor in {uy, us},
say louy € E(G). Consider the (1, ls)-path v of K. Now, G has the cycle uy,ly,7, 2, uy
edge-disjoint from a cycle of the form uy, K’, us, uq, a contradiction. m

Lemma 27. If G is an e-Dirac graph with |G| > 6, satisfying item (b) of Theorem 8, then
G is not strongly e-Dirac.

Proof. Suppose that G contradicts the lemma. Let e = ujus, and xy,..., 2z, be a cyclic
ordering of the cycle G —{uy, us} with uyzy € E(G). By item (ii) of Theorem 8, dg(uy) > 4
and there are indices 1 < a < b < n for which wz,, w1z, € E(G). Let ¢ be an index for
which ugz, € E(G). If ¢ < a, then the cycle uy, x1, 29, ..., ., uz, u; avoids the edges of
U, Tq, Tail, - - -, Ty, U, & contradiction. So ¢ > a. Let C' be the cycle uy, xq, 29, ..., Tq, Uy
and let o be the (24, 2.)-path of G — V(C). Now C is edge-disjoint from the cycle
U1, Ty, O, Ty U, U7 ]

We say that an (u, x,y)-rope bridge is strong if all its steps have length one, no pair
of steps have a common endvertex and u is incident only to the edges that start the ropes.
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Lemma 28. A graph R with a 3-subset {u,x,y} C V(G) is a strong (u,x,y)-rope bridge
with ropes py and p, if and only if R has internally disjoint paths p, := vo, ..., v, and
Py = Wo, . .., Wy, With v, =2, w, =y and vy = wy = u and there s a family P of pairwise
disjoint pairs of consecutive elements of {1,...,n} such that

(a) V(R) = V(p) UV (p,) and

(b) For F = {v,wp, vyw, : {a,b} € PYU{v.w. : ¢ is in no member of P}U E(p,)UE(p,),
either E(R) = F of E(R) = F — {zy}.

Proof. Tt is clear that a graph satisfying the given conditions is a strong (u, x, y)-rope bridge
with ropes p, and p,. Let us prove the converse. Let p, := vp, ..., v, and p, = wy, ..., w,
be the ropes with v,, = x, w, = y and vy = wy = u. By the definition of strong rope
bridge, no pair of steps shares the same endvertices and u is adjacent only to vy and wy;
as no pair of steps may have a common endvertex in a strong rope bridge, it follows that
m = n. We call g; the step with extremity in v;. Let P be the family of pairs {7, j} such
that o; crosses 0;. By (RB3), the members of P are pairwise disjoint. It also follows from
(RB3) that each pair in P contains consecutive indices. Analogously, for a pair {i,j} € P,
o; and o; also have endvertices that are neighbors in p,. Now it is a simple induction on k
to verify that the edge of oy is in F' and this implies the lemma. m

Lemma 29. Let R be a connected graph with vertices w,x,y and paths p, and p, from u
to x and y respectively, satisfying V(py) NV (py) = {u}. Suppose that dg(v) = 3 for all
v e V(R)—{u,z,y}. Then the following assertions are equivalent:

(a) R is a strong (u,x,y)-rope bridge with ropes p, and p,.

(b) If C is a cycle of R, then R has no (u,z)-path edge-disjoint from C for each
z € {x,y},.

Proof. 1t follows from Lemma 28 that (a) implies (b). Suppose (b). This implies item (b)
of Lemma 17. So, R is a (u,z,y)-rope bridge with ropes p, and p,. Let us prove the R is
strong as a rope bridge.

First we check that no step has an inner vertex. If o is a step with an inner vertex z,
then p, is edge-disjoint from the cycle u, z, 0, y,, py, u, a contradiction to item (b).

Next we check that at most one step arrive at each vertex. If o and 3 are steps with a
common end-vertex, say x, = xg, then p, is edge-disjoint from the cycle

$ﬁaﬁayﬁvpyaya7aaxaa

a contradiction again to item (b).

Finally let us check that u is only adjacent to the edges in the end-vertices of p, and
py- Suppose that v is incident to an edge uz not in p, or p,. As we already proved
that no steps have inner vertices, it follows from (RB4) that z € V(p,) UV (p,). Say
z € V(ps), now p, is edge-disjoint from the cycle u, p,, 2, u, a contradiction to (b) again.
This establishes (a) and finishes the proof of the lemma. O
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Proof of Theorem 4: First note that all graphs described in the theorem are strongly
e-Dirac. Let us prove the converse. Let G be a strongly e-Dirac graph. By Lemmas 27 and
26, G satisfies item (c) of Theorem 8, so consider distinct vertices x,y € V(G) — {uy, us}
and, for each i € {1,2}, an (u;, z,y)-rope bridge R; such that V(R;) NV (Rs) = {x,y}
and G = (R; U Ry) + e and R; and Ry are induced subgraphs of G.

Let us prove that R is a strong rope bridge. Suppose the contrary. By Lemma 29, there
is a cycle C' of Ry and an (ug, z)-path a of R; edge-disjoint from C' for some z € {z,y}.
We may assume z = x. As Ry is an (us, , y)-rope bridge it has a rope p with an extreme
in , which avoids y. This implies that xy ¢ FE(p). As zy is the unique edge that possibly
is in E(Ry) N E(Ry), it follows that p is edge-disjoint from R, and, consequently, from C.
Now C' is edge-disjoint from the cycle uy, us, p, x, o, uy, a contradiction. So R is a strong
rope bridge. Analogously, R, is also a strong rope bridge.

If zy € E(R;) for some i € {1,2}, then zy is in F(G) and as R; is an induced subgraph
of G, xy € E(Ry) N E(Ry). Now the theorem follows from Lemma 28. So assume that
xy ¢ E(G). '

For each € {z,y} and i € {1,2} let p’ be the rope of R; with extreme in z. If both R,
and Ry have no steps arriving in x, by Lemma 28 on R; and Ry, it follows that dg(z) = 2,
a contradiction. So we may assume that Ry has a step « arriving at x. As xy ¢ E(G), by
Lemma 28, « is of the form x, 1y with ¢y € E(p;) and x, 1 crosses a step of the form 2/, y
with 2’z € E(pl). If Ry has no steps arriving in z, Lemma 28 implies the theorem. So
assume that Ry has a step arriving at x. As argued for Ry, Ry has vertices " and y” such
that 2"z € E(p?), v"y € E(p?) and x,y” and y, 2" are steps crossing each other. Now the
cycle z,y',y,y", z is edge-disjoint from the cycle uy,us, p2, 2", y, 7', pL, uy, a contradiction.
0

Proof of Theorem 5: Consider a graph G as described in the theorem. By items (a)-(d),
all cycles not contained in one of the G;’s are the cycles containing U, which are exactly
the cycles containing e. As each G; + u;_qu; is u;_1u;-Dirac, it follows that G is e-Dirac.
For the converse, suppose for a contradiction that G is a 2-connected strongly e-Dirac
graph not fitting into the description of the theorem minimizing |G]|.

The 3-connected strongly e-Dirac graphs, described in Theorem 4, fit trivially in the
description in this theorem. So G is not 3-connected. As the theorem also holds trivially
if |G| < 3, then G has a 2-vertex-cut {x,y}. This implies that we may write G as the
union of two graphs H and K such that |H|, |K| > 3, V(H)NV(K) = {z,y}, H+ 2y and
K + xy are 2-connected, e € V(H) and zy ¢ E(K).

Let us check that H 4+ zy is a strongly e-Dirac graph. Suppose for a contradiction
that H + xy has a pair of edge-disjoint cycles Dy and Dy with e € E(D;). Then for some
i € {1,2}, D, is not a cycle of G. So, xy € E(D;) — E(H). Let D be a cycle of K + zy
containing xy. Now (D; U D)\zy and D3_; are disjoint cycles of G whose union contains
e, contradicting the fact that G is strongly e-Dirac. So H + xy is a 2-connected strongly
e-Dirac graph. As |H| < |G/, the theorem holds for H + zy. Consider, for H + zy, graphs
GY,...,G", and vertices uy, ..., u,, as in the theorem, with e = ugu/,.

As K +zy is 2-connected and zy ¢ E(K), then either K has a cycle or K is an xy-path.
In the later case, GG is isomorphic to a subdivision of H and as, the theorem holds for H,
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it is straighforward to verify that it also holds for GG, so K has a cycle C.

If H has a cycle C'y containing e, then C'y and Ck are edge-disjoint cycles of G, a
contradiction. So e is in no cycle of H. As H + xy is 2-connected, this implies that
xy ¢ E(H) and {e, xy} is an edge-cut of H + xy. By the description of H + zy as in the
theorem, {x,y} = {u,_,,u} for some index ¢ € {1,...,n'} such that V(G}) = {u]_,, u}}.

We may assume without loss of generality that (z,y) = (u,_q,u}).

i—1> U

Let us check that K + xy is strongly xy-Dirac. Suppose for a contradiction that
K + xy has a pair of edge-disjoint cycles Cy and Cy with zy € E(C}). Then for a cycle
C of H + xy with e,zy € E(C), ((C'UCy)\zy, Cs) is a pair of edge-disjoint cycles of G
whose union contains e, a contradiction. So K + xy is a 2-connected strongly xy-Dirac
graph. As |K| < |G|, we may apply the theorem on K + xy in respect to the edge xy.
Consider, for K + zy, graphs G/, ..., G, and vertices ug, ..., u", as in the theorem with
(2,9) = ().

Now the graphs

e !/ ! 1 1/ !/ !/
(Gl,...,Gn).f< 17"'7Gi—17 17"'7GTL//7Gi+17"'7GTL/)

and vertices

. / " " / /
(U0y vy W) 2= (UG e ey U gy Uy e U gy Uy ooy Uy

give a description of G according to the theorem. 0

6 Prism-Minors

In this section we prove Theorem 3. The theorem follows straightforwardly from Lemmas
31, 32 and 34.

If G is a graph with a subgraph H’ isomorphic to the subdivision of a graph H, we
say that an H-minor of H' is an H-topological minor of G. If G has an H-topological
minor using an edge e, then it is clear that G has an H-minor using e. The converse
does not hold in general, but it is easy to verify that it is true provided G and H are
3-connected and H is cubic, which is the case in our concern: when H is the prism and G
is 3-connected. We will use this fact with no mentions.

Let G be a 3-connected graph with an edge e. By Menger’s Theorem, G is not e-Dirac
if and only if G' has a prism-minor H using e as an edge in a triangle of H. So, our problem
lies within the class of e-Dirac graphs. As the prism minor are topological minor in our
case, the following lemma is valid.

Lemma 30. A 3-connected e-Dirac graph has a prism-minor using e if and only if it has
vertex-disjoint cycles C' and D and three vertez-disjoint (V (C),V(D))-paths a1, as, and
agz such that e € E(as).

The next two lemmas proves Theorem 3 for e-Dirac graphs satisfying items (a) and (b)
of Theorem 8.
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Lemma 31. If G is a 3-connected e-Dirac graph with |G| > 6 satisfying item (b) of
Theorem 8, then G has a prism-minor using e.

Proof. Let e = uv. First suppose that |V (G)—{u,v}| = 5. Denote for each {z,y} = {u, v},
A, := Ng(x) —y. Assume without losing generality that |A,| > |A,|. Choose distinct
vertices a,b € A, with the property that |A, — {a, b}| is maximum. As |4, U A4,| > 5 and
|Ay|, |Ay| = 3, this maximality implies that |A, — {a,b}| > 3. Hence v has neighbors ¢
and d with the property that a, b, ¢ and d appear in this order in some cycle ordering of
the cycle G — {u,v}. This implies that G has a subdivision of the prism containing e and
this implies the lemma if |[V(G) — {u,v}| > 5.

As |G| > 6, we may assume now that |V (G) — {u,v}| = 4. As dg(v) > 4, there is a
cycle ordering a, b, ¢,d of G — {u,v} with the property that b, ¢, and d are neighbors of v
and d is a neighbor of u. As dg(u) > 4, either b or d is a neighbor of u, we may assume
ub € E(G) as swapping the labels of b and d just inverts the cycle ordering. Now {u, a,b}
and {v, ¢, d} induce triangles in G. But ad, bc and e = uv are edges of G. So e is in a
prism-minor of G. This finishes the proof. ]

Lemma 32. If G is a 3-connected e-Dirac graph satisfying item (a) of Theorem 8, then
G has no prism-minor using e.

Proof. For e = uv and some vertex w, A := {u,v,w} is a vertex-cut of G and each
connected component of G — A is a tree with a unique neighbor of w. Suppose for a
contradiction that there is a prism-minor of G using e. By lemma 30, G has vertex disjoint
cycles C' and D and vertex-disjoint (V(C'), V(D))-paths a1, as and a3 with e € E(ag).

As the components of G — A are trees, both C' and D meet A. Since w has a unique
neighbor in each connected component of G— A, then it is not possible that V(C)NA = {w}
or V(D)N A= {w}. So, we may assume that u € V(C) and v € V(D).

For : = 1,2, let ¢; and d; be the endvertices of o; in C' and D respectively. Consider
the cycle:

C':=1¢c,C —u,co,an,do, D —v,dy,aq, .

As the connected components of G — A are trees, C' meets A. But u,v ¢ V(C’). Hence
V(C")NA={w}. So V(C') — w is entirely contained in a connected component of G — A,
which, therefore, contains the two neighbors of w in C’, a contradiction. O

Lemma 33. Suppose that G is a 3-connected graph with an edge wv with the property that
G — {u,v} is 2-connected. Suppose that C' and D are vertex-disjoint cycles of G such that
{u,v} CV(C)UV (D). Then G has a prism-minor using uv.

Proof. 1f both v and v are in one of these cycles, say (', then we may choose C' in such a
way that uwv € E(C); by applying Menger’s Theorem on G to obtain three vertex-disjoint
(V(C),V(D))-paths, we get a subdivision of the prism in G using e. So, assume that
u€ Candv € D. As G—{u,v} is 2-connected, we apply Menger’s Theorem on G — {u, v}
to obtain two (V(C) — u, V(D) — v) vertex disjoint-paths that, together with w,v, are
three vertex-disjoint (V(C), V(D))-paths and G has subdivision of the prism containing
uv in all cases. Therefore, G has a prism-minor and the lemma holds. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(2) (2023), #P2.38 29



Lemma 34. If G is an e-Dirac graph with |G| > 6 satisfying item (c¢) of Theorem 8, then
either G has a prism-minor using e or G = W,, K3, K3, Kj, or K3’ for somen > 3.

Proof. Suppose that the lemma fails. By Theorem 8 (c¢), G has vertices = and y and
induced subgraphs R; and Ry such that V(R;) N V(R2) = {z,y} and, for i = 1,2, R;
is an (u;, x,y)-rope bridge with ropes p’ and p;. Denote, for i € {1,2} and z € {x,y},
Py = Uir 215 - -+ Zpa) with (i) = % Next we prove:

(34.1). For some i € {1,2}, dg(u;) = 3.

Suppose the contrary. This implies that R; and Ry have steps. As dg(u;) > 4, u; has a
neighbor v; in R; other than z¢ and y!.

First assume that R, has a step a with an inner vertex v, which is incident to u; by
(RB5). Either v, is in a rope of Ry, say p? if it is the case, or v, is in an inner step of Ry
by (RB4). In both cases there is an (ug, V(p2) — ug) path 3 internally vertex-disjoint from
p2 and avoiding 1012;' This implies that Ry has a cycle C' avoiding pz — uy and containing us.
Now C' is vertex disjoint from uy, v, o, oy, p;, uy and, by Lemma 33, G has a prism-minor
using e, a contradiction. So R; has no step with an inner vertex. Analogously R, also has
no step with an inner vertex.

This implies that, for i = {1,2}, v; is in a rope p. . So we have the cycle C; :=
Uu;, pii, v;, u;. If v1 # ve, C7 and Cy are vertex-disjoint and, by Lemma 33, G has a prism-
minor using e, a contradiction. So vy = vy. As V(R1) NV (Ry) = {z,y}, we may assume
that v; = x = vy. As vy # z}, and dg, (71) > 3, R; has a step v with extreme in z}. Now
Cy is vertex disjoint from the cycle uy, 21,7, y,, p;, uy and, again we have a contradiction
to Lemma 33. O

Now we may assume that dg(uz) = 3. In particular this allow us to pick {z,y} =
Ne(ug) — uy. As Ry is a trivial rope-bridge, now it makes sense simplifying our notation
by pl:=p., m(z) := m(z,1) and z} := z} for each z € {x,y} and i = 1,...,m(z). Also,
when we talk about ropes and steps, is about the structures of R;. In particular, note
that the unique possible step of Ry is x,y, but it is also a step of R; in this case, so we do
not need to consider the steps of Ry any longer.

(34.2). If a step has an inner vertex, then its end-vertices are x and y.

Suppose that « is a step with an inner vertex z and extreme other than x or y. By (RB4),
wz € E(G). Say that a, # x. As dg(x) > 3, there is a step § with an extreme in x. Now
us, T, B, Yz, py, Y, 2 is a cycle vertex-disjoint from uy, 2, a, ;. By Lemma 33, there is a
prism-minor using e, a contradiction. O

(34.3). Each step has at most one inner verter.

Suppose that the claim fails. So R; has a step a with two adjacent inner vertices a and b.
Suppose first that Ry has a step 8 other than . Now the cycle uy,a, b, uy is vertex-
disjoint from the cycle

u27x7pxaxﬂ7ﬁ>yﬁapy>yau2-
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Now, by Lemma 33, G has a prism-minor using e, a contradiction. So « is the unique step
of R1~

Now p, = uy, 2 and p, = u;,y because the existence of any other vertex in the ropes
would imply the existence of some step arriving at this vertex. Now note that each vertex
of G is a neighbor of u; and G — u;y is the cycle us, x, a,y, x. This implies that G is
isomorphic to a wheel and the lemma holds, a contradiction. O

(34.4). There is no step with an inner vertex.

Suppose that the claim fails. We will prove that the lemma is valid proving that G = K3,
K;,, K3, or Ki . For this purpose it suffices to prove that Ng(v) = {u1,z,y} for each
v € V(GQ) — {uy,z,y}. This is true for v = up by our assumption after proving (34.1).

First suppose that v is an inner vertex of a step, by (34.2) and (34.3), =,y € Ng(v).
As dg(v) = 3, v is incident to at least one edge out of the step that v is in. By (RB5), ujv
is the only such an edge. So, we proved that Ng(v) = {u,x,y} for each inner vertex v of
each step.

Now it is left to prove that the vertices in the ropes either are in {uy,x,y} or have this
set as neighborhood. Suppose that v is a vertex in V(p,) — {u1,z}. As dg(v) > 3, v is the
extreme of a step 5. As the claim fails, there is a step « with an inner vertex. By (34.2) x
and y are the extremes of a. By (RB6) applied on «, § is the unique step with an extreme
in Int(p,). This implies that p, = wuy,v,x. Moreover, by (RB5), this uniqueness of /3
implies that the unique neighbor of v other than u; and x is its neighbor in 3, call it w. We
have to prove that w = y. Since 8 does not have x and y as extremes, by (34.2), 5 = v, w
and w € V(p,). If w # y, it follows that the cycles uy, v, w, p,,u; and ug, x, o, y, us
are vertex-disjoint, contradicting Lemma 33. Hence 8 = v,y. So Ng(v) = {w,z,y}.
Analogously this also holds if v € Int(p,) and the claim holds. O

(34.5). There is a pair of crossing steps.

Suppose that the claim fails. By (34.4) each step has only two vertices. If there are
steps x4, yp and x.,y; with a < ¢ and b < d, then we have the vertex-disjoint cycles
UL, Pas Tas Yoy Py, U1 AN U, T, Py Tey Yas Pys Y, Uz, contradicting Lemma 33. Hence there is
no such a pair of steps. This fact together with the absence of crossing steps implies that
either all steps arrive in the same vertex of p, or all steps arrive in the same vertex of
py, we may assume the later case. In particular, this implies that p, = u;,y. Note that
G — y is the cycle uy, pg, x, us, uy. This implies that G is a wheel and the lemma holds, a
contradiction. O

(34.6). p, = uy, 21, 2z for each z € {z,y}

By (34.5), there are steps 24, yp and z., yq crossing each other. Say that a < ¢ and d < b.
By (34.4), all steps are of the form x;,y; for some indices i and j.

Let x; be a vertex of p,, let us prove that i € {a,b}. Assume the contrary.

First suppose that i < a. As dg(x;) > 3, there is a step of the form z;,y;. By (RB3),
Zc, Yq do not cross x;, y;, so j < d. Now we have the vertex-disjoint cycles u1, pg, s, Yi, py, U1
and ug, T, Py, Ta, Y, Py, Y, U2 contradicting Lemma 33. So, ¢ > a.
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Next suppose that i > c¢. By (RB3), z4,y, do not cross z;,y;, so j = b. Now we
have the vertex-disjoint cycles u1, pg, T, Yd, py, w1 and s, &, Pz, Ti, Y5, Py, Y, U2 contradicting
Lemma 33. So, a < i < b.

As b > d, either j > d and z;,y; crosses x¢, yq or j < b and x;,y; crosses 4, yp. In both
cases we have a contradiction to (RB3). Hence i € {a,b}. This implies that p, has only
two vertices other than u; and p, = uy,x1,z. Analogously p, = uy, y1,y and the claim

holds. O

Now (34.6), (34.4) and (RB4) imply that V(G) = {uy, us, 1,91, x, y}.

Note that (34.4) and (34.5) and (34.6) imply that z,y and z,y; are steps. By our
assumption after proving (34.1), Ng(ug) = {u1,x,y}. Hence uyzy, u1yr, 12, 91y € E(G).
This implies that G has a subgraph isomorphic to K5 with stable sets A := {uy, z,y} and
B = {uy, r1,y1}. If G[A] or G[B] has no edges, then G = K33, K33, K33 or K3’y and
the lemma holds. So both G[A] and G[B] have edges. As Ng(ug) = {u1,z,y}, x1y; is the
unique edge of G[B]. So two steps arrive in x; and, by (RB6), uyz ¢ E(G). Analogously,
w1y ¢ E(G). Hence zy is the unique edge of G[A]. Now we have the vertex-disjoint cycles
w1, T1, Y1, uy and ug, x, Y, ug, contradicting Lemma 33. O

Theorem 3 now follows from Lemmas 31, 32 and 34.
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