On the minimum bisection of
random 3-regular graphs

Lyuben Lichev

Department of Mathematics,
Univ. Jean Monnet, Saint-Etienne, France
and
Institute of Mathematics and Informatics,
Bulgarian Academy of Sciences, Sofia, Bulgaria
lyuben.lichev@univ-st-etienne.fr

Dieter Mitsche*

Department of Mathematics,
Univ. Jean Monnet, Saint-Etienne, France
and
Pontificia Universidad Catélica de Chile, IMC, Santiago de Chile
dmitsche@gmail.com

Submitted: Mar 3, 2022; Accepted: May 29, 2023; Published: Jun 16, 2023
© The authors. Released under the CC BY license (International 4.0).

Abstract

In this paper we give new bounds on the bisection width of random 3-regular
graphs on n vertices. The main contribution is a new lower bound of 0.103295n
based on a first moment method together with a structural analysis of the graph,
thereby improving a 27-year-old result of Kostochka and Melnikov. We also give
a complementary upper bound of 0.139822n by combining a result of Lyons with
original combinatorial insights. Developping this approach further, we obtain a
non-rigorous improved upper bound with the help of Monte Carlo simulations.

Mathematics Subject Classifications: 05C80, 68R10, 05D40, 05C30

1 Introduction

Given a graph G = (V, E) with even number of vertices (denoted by n), a bisection of G
is a partition of the vertex set of G into two equal parts, that is, subsets of equal sizes.
A bisection is a minimum bisection if the number of edges having endpoints in different
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parts is minimized. The bisection width of a graph G, denoted by bw(G), is the number
of edges going between A and B in a minimum bisection.

The minimum bisection problem has received a lot of attention in mathematics, theo-
retical computer science and physics due to its applications in a number of graph layout
and embedding problems such as the routing performance of a network [15]. The al-
gorithmic problem of finding a minimum bisection is well known to be NP-complete in
general [22] and even in the particular case of 3-regular graphs [7]. Moreover, even ap-
proximating the bisection width up to a constant factor is hard (see for example [29]
and the references therein). On the positive side, O(log® n)-approximation algorithms in
polynomial time exist [18], and exact polynomial time algorithms are available for graphs
of bounded treewidth [25].

In the context of random regular graphs, the minimum bisection problem has also
received quite a bit of attention. In this setting, one usually assumes that the number of
vertices tends to infinity, and the following results all hold only with probability tending
to 1 as n — oo.

Regarding the bisection width of random 3-regular graphs, the first lower bound of
11” ~ 0.0909n was given by Bollobas [4], and this was later improved by Kostochka
and Melnikov to 0.10101n [31]. Since then, during the last 27 years, to the best of our
knowledge, no further improvements have been made. On the other hand, Kostochka and
Melnikov [30] proved an upper bound of %n +o0(n) on the bisection width of any 3-regular
graph, which was later improved to %n for all sufficiently large 3-regular graphs by Monien
and Preis [34]. For random 3-regular graphs, a slightly weaker but simpler algorithmic
upper bound of 0.1740n was given by Diaz, Do, Serna and Wormald [14]. This bound
was then improved by Lyons [33] to 0.16226n.

Concerning random d-regular graphs, the first lower bound for fixed d > 3 was given by
Bollobés [4] who showed that the bisection width is at least (4 — W)n Independently,

2,
Clark and Entringer [8] observed that the bisection width is at least (4+04(d))n as d — oc.

On the other hand, Alon [1] provided an upper bound of (% — ev/d)n for some sufficiently
small positive constant ¢ and any d > 3. To our knowledge, the currently best known
upper bound for d with 5 < d < 12 is due to Diaz, Serna and Wormald [16], while for all
other d > 3, Lyons [33] gave an upper bound of arccos(z‘/_)n < (4- \/a)n. The case
d — oo was recently settled by Dembo, Montanari and Sen [13]. Therem, the authors

showed that the bisection width of a random d-regular graph is (4 — P*\/g + 0g(\/d))n

where P, &~ (0.7632 denotes the ground state energy of the Sherington-Kirkpatrick model.

For the Erdés-Rényi graph G(n,p) with p = £ for some constant ¢ > 0, Luczak and
McDiarmid [32] identified a phase transition: they showed that for ¢ < log4, the largest
component has size less than $n and the bisection width of G(n,p) is 0, whereas for
c > log4, the bisection width is already (n). For denser graphs with p = £ and ¢ — oo,
Dembo, Montanari and Sen [13] later showed that the bisection width of G(n, p) has value
(% — P*\/E + OC(\/E)) n with P, as above.

Regarding more general results, it is well known (at least since the 70’s, see Fiedler [19])
that %n is a lower bound for the bisection width for any graph where A, is the second
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eigenvalue of the Laplacian of the graph. For random d-regular graphs, using Friedman’s
result [20], this translates into a lower bound of (4 — @)n (in particular, giving 0.0428n
for random 3-regular graphs). Later, several improvements using spectral techniques have
been made: for example, Bezroukov, Elsésser, Monien, Preis and Tillich [3] gave a lower
bound of 0.082n on the bisection width of 3-regular Ramanujan graphs.

A different line of research focused on estimating the bisection width in a planted
bisection model. More precisely, given an unknown partition of the vertex set into two sets
of equal sizes (corresponding to a planted bisection), add an edge between two vertices of
the same part with probability p™, and add an edge between two vertices of different parts
with probability p~ < p™, independently for different edges. An asymptotic formula for
the bisection width in this setup was found by Coja-Oghlan, Cooley, Kang and Skubch [9]
when the difference between p™ and p~ is sufficiently large. This result was further
extended by Sen [35] (for more references on the planted bisection problem, see [23]).
Closely related to the minimum bisection problem on random 3-regular graphs is also the
prominent conjecture of Zdeborova and Boettcher [38] who conjectured that the bisection
width of a random 3-regular graph is equal to the number of edges not crossing a maximum
cut up to o(n). Unfortunately, our paper does not shed light on this conjecture. Weak
indications in its favor come from the fact that the upper bound on the bisection width
in Theorem 1 is the same as the upper bound for the edges not crossing a maximum
cut from [21]. For recent advances on the maximum cut of random 3-regular graphs, see
also [10].

In this paper we focus on improving the results on random 3-regular graphs. Denote
by Ga(n) the set of all d-regular (multi)graphs. Note that graphs in G4(n) can have loops
and multiple edges; graphs without loops and without multiple edges are called simple.
Denote also by G(n, 3) the random 3-regular graph with n vertices following the uniform
distribution over the set G3(n).

For a sequence of probability spaces (£2,,, Fr, Pn)n>1 and a sequence of events (A, ),>1
where A, € F, for every n > 1, we say that (A,),>1 happens asymptotically almost

surely or a.a.s., if liril P.(A,) = 1. The sequence of events (A, ),>1 itself is said to be
n—-+0o0

asymptotically almost sure or again a.a.s.
Theorem 1. A.a.s. 0.103295n < bw(G(n,3)) < 0.139822n.

Since the proof of the main theorem is rather cumbersome and relatively long, we
provide a detailed overview with pointers to different observations in the introduction. In
order to be precise, we first introduce the necessary notation.

1.1 Notation

We denote by N the set of all positive integers and by Z-, the set of all non-negative
integers. For every d € N, we denote by [d] the set of integers {i | 1 < i < d}.

For a graph H = (V, E) and U C V, we denote by H[U] the subgraph of H induced
by the vertices in U. For a vertex v € V, we denote by N(v) the neighborhood of v in
H, that is, N(v) ={u € V : uv € E}, and N[v] = vU N(v). The lowercase letters u, v, w
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will be reserved to denote vertices and the lowercase letters e, f will be reserved to denote
edges, possibly with some lower or upper indices. The order of a graph H is the number
of vertices in H, and the size of H is the number of edges of H. For k € N, the k-core
Cr(H) of a graph H is the (unique) largest subgraph of H with respect to inclusion in
which every vertex is of degree at least k.

A subdivision of an edge e = uv in a graph H is an operation of deleting the edge e and
adding one new vertex w together with the edges uw and vw. Consecutive subdivisions
of the edges of a graph H produce a new graph H from H. By abuse of terminology we
call the graph H itself subdivision of the graph H. For a subdivision H of H, an edge
e and a vertex w as above, we say that the vertex w subdivides the edge e in H. For a
graph H = (V, E), we say that three vertices u,v,w € V form a cherry with center v and
endpoints u,w if uv € E and vw € E. For a vertex v in H, we say that v is a leaf of
H if v is of degree one in H. Moreover, given a vertex v € V and a non-negative integer
r, we denote by By (v,r) the ball with center v and radius r consisting of all vertices at
(graph) distance at most r from v in H.

For a positive integer k, the k-star is the complete bipartite graph with parts of size
1 and k. A graph is a star if it is a k-star for some k£ > 1. In a subdivision of a star, a
branch is a path that starts from its center and ends at some of the leaves.

A cut (V1,V5) of a graph H = (V, E) is a partition of V into two non-empty sets with
ViUV, = V. Finally, the size of a cut (Vi,Vs), denoted by e(Vi, V3), is the number of
edges with one endvertex in V; and one endvertex in V5.

1.2 Detailed overview of the proofs.

The main contribution of this paper is the lower bound of Theorem 1.

The most difficult part of the proof of the lower bound is dedicated to a detailed char-
acterization of structural properties that a minimum bisection typically possesses. On a
high level, we show that if certain (forbidden) substructures appear, then one could switch
vertices between the parts of the bisection and thus reduce the total number of edges going
between these two parts. We use this to do a refined first moment computation.

The structural characterization goes as follows. To begin with, we show that a.a.s. the
random graph G(n,3) is usual meaning that its bisection width is at least 0.1n by the
result of Kostochka and Melnikov (Theorem 7), and it has at most logn vertices in cycles
of length at most 20 (we remark that in the above definition, any linear lower bound on
the bisection width is sufficient for our purposes.) Given a minimum bisection (Vi, V) in
a usual graph G, we show (via some elementary analysis of the local structure of the two
parts) that for both i = 1,2, V; contains a linear number of vertex pairs u, v such that both
vertices u, v are of degree 2 in G[V;], and u and v are at (graph) distance at most 4 from
each other in G[V;] (Lemma 12). This allows us to deduce that up to O(1) vertices, G[V}]
and its 2-core coincide (Lemma 13). Exchanging the vertices outside the 2-cores provides
a cut (Uy, Us) which is almost a bisection (the differences of the two parts is O(1)), has
minimum size among the cuts (W, Wy) with |W;| — |[Ws| = |Uy| — |Us| (Lemma 14 and
Corollary 15), and both G[U;] and G[Us] coincide with their 2-cores. We will then deal
with such minimum “almost” bisections with parts U; and Us.
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Once the cut (U, Us) is defined, for both ¢ = 1,2, we encode the graph G[U;] by a
weighted 3-regular graph G3; where the weight of each edge corresponds to the number
of times the edge was subdivided in the construction of G[U;] (see Definition 16, where
we also define the subgraph G;i of G5, consisting of the edges of positive weight). By
using that the cut (Uy, Us) cannot be reduced by keeping the sizes of U; and U, fixed, we
show in Observations 17 and 18 that two cases emerge.

In the first case, there is ¢ € {1,2} such that the sum of weights of the edges in G3;
having weight at least three is more than seven. Then, G;fg_i has O(1) vertices of degree
three and O(1) edges of weight at least two. This gives rise to a first type of cuts (Uy, Us)
where G;3_i essentially contains only paths and cycles of edges of weight one while the
structure of (i3, remains unresticted.

In the second case, both G5, and G4, have O(1) edges of weight at least three. For
both ¢ = 1,2, we define the weighted graph G?ff as the subgraph of G?f’i obtained by
deleting these edges (again, see Definition 16). We call a vertex in G:ff critical if it either
has degree three or is incident to an edge of weight two, and define S; C V(G[U;]) as
the set of all critical vertices in fo (seen in G[U;]) together with the vertices in G[Uj]
that subdivide the edges, which are incident to the critical vertices in G?ff At the end of
Section 3 we show that for both i = 1,2 and every ¢ > 2, either |S;| < 52¢ + 1091 or one
may delete O(1) edges from Gig_i to ensure that no path of length ¢/3 and consisting of
edges of weight 1 connects two critical vertices (Corollary 33). Finally, assuming without
loss of generality that |S;| < |Sy|, we study the cases |S;| < log®n (bisections of type
one, which also cover the first case described in the previous paragraph) and |S;| > log®n
(bisections of type two).

For both types of bisections, we perform a first moment method. In Section 4, we deal
with bisections of type one. First, we count the number of possible skeletons for the graph
Gpe1 = G:{l \ S} of order fn for some 5 € [0.1,0.5]. Then, we fix one possible skeleton
and label its vertices. Once this labeling is constructed, we bound from above the number
of extensions of Gy.1 to G[U;], and consequently to G. Finally, we optimize with respect
to the parameter 3 to get that bisections of type one and size at most 0.1069n are a.a.s.
not contained in G(n, 3).

In Section 5, we deal with bisections of type two. In this (slightly harder) case,
we first define an auxiliary graph that very much resembles G?f for both ¢ = 1,2 and
only consists of paths with at most one edge of weight two, cycles with edges of weight
one, subdivisions of 3-stars with edges of weight one, and o(n) further edges. Then, we
apply the first moment method to count bisections according to the form of the auxiliary
graph associated to Ggﬁ and to G;g, respectively (which then can be transferred to a
first moment method for the original graph). Since we want to count graphs instead of
bisections, we also use an additional lemma (that may be of independent interest), which
allows us to reduce the first moment: in Lemma 48, we show that in a bipartite graph
H of maximal degree two with parts H; and H,, there exists an independent set having
roughly |V (H;)|/2 vertices in H; and also |V (Hz)|/2 vertices in Hy. This allows us to
derive that one choice of auxiliary graphs gives rise to many different bisections of the
same size, and therefore, we may divide by the corresponding overcounting factor.
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The complementary upper bound of Theorem 1 has two main ingredients. It is based
on an idea of Lyons [33] using a result of Cséka, Gerencsér, Harangi and Virdg [11].
Knowing that the sequence of random regular graphs (G(n,3)),>1 a.s. locally converges
to T3, Lyons used a sequence of Gaussian processes (Xé“))vev(g(nyg)) that converges in
distribution to the Gaussian wave function associated to the second largest eigenvalue of
the transition operator of the (infinite) 3-regular tree T53. Then, he defined a cut of the
graph G(n,3) (that a.a.s. bisects it up to o(n) vertices) based on the sign of the variables
(qun))vev(c(mg,)), and used some local improvements to deduce a bisection of size approx-
imately 0.16226n. We refine this strategy by using more complicated local modifications
based on the structural insights from the proof of the lower bound. More precisely, we
define an auxiliary bipartite graph whose vertices are centers of border cherries (that is,
cherries whose leaves both have the opposite sign to the center of the cherry) and whose
edges cross the cut described above (see also Figure 17). Then, using Lemma 48 again,
we show that we may switch certain centers of border cherries, thereby reducing the size
of the constructed bisection. We conclude with a non-rigorous improvement obtained by
switching vertices based on an even more complicated substructure (unfortunately we are
not able to compute the associated integral, not even numerically).

1.3 Organization of the paper.

In Section 2 we introduce basic concepts and lemmas used in the proof of the lower bound.
In Section 3 we describe several forbidden subgraphs that do not appear in a minimum
bisection of a typical 3-regular graph, ending with a characterization of two types of
candidates for a minimum bisection. In Section 4 we compute the expected number of
minimum bisections of type one. In Section 5 we do the same for minimum bisections of
type two, this time with an additional regrouping with respect to the underlying 3-regular
graph they originate from. Section 6 is devoted to the proof of the upper bound.

2 Preliminaries

In this section we introduce a few basic concepts that will be used in the sequel.

Observation 2. In a graph of maximum degree three, two cycles are vertez-disjoint if
and only if they are edge-disjoint.

Proof. Two vertex-disjoint cycles are clearly edge-disjoint. On the other hand, if two
cycles have a common vertex but no common edge, then the degree of this common
vertex must be at least four, thus contradicting the maximum degree condition in the
statement. O

We now introduce the probability space we will be working in until the end of this
paper. For two sequences of probability measures (P,,),~; and (Q,),>1 defined on sequence
of spaces (£2,,, Fn)n>1 respectively, we say that (IP,),>1 is contiguous to (Q,,)n>1 if for every
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sequence of measurable properties (A4, ),>1, lim, o P, (A,) = 0 implies lim,, o, Q,(A4,) =
0.

Configuration model. Given positive integers d,n with dn even, consider dn points
(P;,j)1<i<d,1<j<n regrouped into n buckets according to their second index. The configura-
tion model is the probability space of all perfect matchings of these dn points equipped
with the uniform probability measure. It was introduced by Bender and Canfield [2] and
further developed by Bollobds [6] and Wormald [36].

We call configuration a perfect matching of (P ;)ic(a),jem)- We also call partial configu-
ration a matching of (Pl-d)ie[d},je[n] which is not necessarily perfect. In order to transition
from configurations to graphs, identify the buckets with the n vertices of G(n,d), and
connect vertices v and v’ by k edges if the configuration contains k pairs consisting of one
point in the bucket v and one point in the bucket v" (in particular, one might add loops
as well). It is well known that for any fixed value of d, this model is contiguous to the
uniform distribution on simple d-regular graphs, see [26].

The following lemma is a standard result in the field of random graphs.

Lemma 3 ([37], Theorem 2.6 and [5]). For every ¢ > 1 and d > 3, the number of cycles
of length 0 in a random d-regular graph converges in distribution to a Poisson random
variable.

The next well-known observation explains how to algorithmically construct the 2-core
of a graph. For the sake of completeness, we give the proof of it as well.

Observation 4. The 2-core of a graph H is well-defined and may be obtained by consec-
utive deletions of the vertices of degree zero and one.

Proof. In the end of the deletion process, one obviously obtains a subgraph H' of H of
minumum degree at least two. On the other hand, suppose for the sake of contradiction
that there is another graph H” ¢ H’ which has minimal degree at least two. Then,
H'UH" is also a subgraph of H of minimum degree at least two. Let v be the first vertex
of H" \ H' that has been deleted throughout the construction of H’. At the moment of
its deletion, since v € H”, v had degree at least two, which is a contradiction. Thus,
every subgraph of H of minimal degree at least two is contained in H’, which proves the
observation. O

Bounds on the number of partitions. We first state a weak version of the Hardy-
Ramanujan theorem on the number of integer partitions that will be sufficient for our
purposes.

Theorem 5 ([24]). The number of partitions of an integer n is exp(©(y/n)) as n — oco.
The next lemma is an application of the previous theorem.

Lemma 6. For every integer M > 3, the number of unlabeled forests on n wertices in
which every connected component is a subdivision of a star with at most M leaves, 1is

exp(o(n))).
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Proof. To construct a forest, one may first partition its n vertices into subsets that induce
the trees of the forest, and then decide on the structure of each tree separately. Since
the number of partitions of n is exp(o(n)) by Theorem 5, we only need to prove that,
for a fixed partition, the number of ways to form a forest of the above type is at most
exp(o(n)). Observe that the number of unlabeled stars of order ¢ with at most M leaves
is given by the number of partitions of ¢ — 1 into at most M parts. This number is equal
to the number of non-negative integer solutions of the equation xy + --- + xy =t — 1,
which is at most (t — 1)M < ¢,

On the other hand, for every ¢t > 1, let ¢; be the number of sets of size ¢ in the partition
of n. First, consider the vertex sets of size at least logn. The number of forests induced

by these vertices is bounded above by Ht>1ogn teM where Zt>10gntct < n. We conclude
that
Mlogt
ceM —
H tM = exp ( Z (logt)ctM> < exp ((gfg}; ; > Z tct> = exp(o(n)).
t=logn t=logn t=logn

(1)

Next, for the smaller parts, we need to refine the previous upper bound. As before,
the number of stars on ¢ vertices remains at most . We count the number of ways
to partition the ¢; sets of size ¢ into groups where one group consists of the vertex sets
inducing a particular star. As every group has size between 0 and ¢;, and there are at
most tM groups, the number of partitions as above is at most (¢; + 1)tM. This means that
the number of (unlabeled) forests induced by the vertices in the smaller parts is at most

logn logn M

[Te+" <] (? +1) < (1) = exp(o(n)). (2)

t=1 t=1

Combining (1) and (2) finishes the proof. O

3 Structural properties of minimum bisections of the random
3-regular graph

The aim of this section is to give a detailed description of the structure of minimum
bisections of the random 3-regular graph. In the proof, we use the already mentioned
lower bound of Kostochka and Melnikov [31].

Theorem 7. The bisection width of G(n,3) is a.a.s. at least %n ~ 0.101n.

First, we define some concepts used in the proof of Theorem 1. Let G = (V| E)
be a graph and let (V,V3) be a cut of G. We will aim to decrease the size of the cut
(V1, V) while keeping the sizes of the sets Vi and V, unchanged. For some ¢ € {1,2}
and ¢ € N, a set S C V; is called (i,{)-winning (with respect to the cut (Vi,V3)) if
e(Vi, Vo) —e(V; \ S, V5_; U S) = (. For ¢ € N, a subset S of V' is l~winning or simply
winning if there is @ € {1,2} such that S is entirely contained in V; and S is an (4, ()-
winning set. See Figure 1.
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Figure 1: An illustration of a 1-winning set S.

A subset S of V' is indifferent if there is i € {1,2}, for which S C V; and e(Vj, V3) =
e(Vi\ S,V5_;US). Aset S CVis (i,0)-losing if e(V1,Vs) —e(Vi\ S,Vs_; US) = —,
and (-losing (or just losing) if it is (i, ¢)-losing for some i € {1,2} and ¢ € N. Finally, an
improvement of the cut (Vi,V5) is an operation of exchanging two sets S; and Sy, with
|81| = |SQ|, Sl Q ‘/1 and SQ Q ‘/2, for which

e(V1,V2) —e(S2 U (Vi \ 51), 51U (Vo '\ 52)) > 1.

Thus, the operation of improvement of a given cut creates a new cut of smaller size. More-
over, it does not change the sizes of the two sets participating in the cut. In particular, if
the cut is a bisection, improvements also produce a bisection.

In the sequel, we call a 3-regular graph G of order n usual if the following two conditions
are both satisfied:

e the bisection width of G is at least 0.10n,
e there are at most logn vertices in cycles of length at most 20.

We remark that the choice of 20 in the second point of the above definition is somehow
arbitrary — it could be replaced by every large enough positive integer.

Observation 8. A.a.s. G(n,3) is usual.

Proof. First, the bisection width of a uniformly chosen graph is a.a.s. at least 0.10n due
to Theorem 7. Second, by Lemma 3, the number of cycles of fixed length converges in
distribution to a Poisson random variable. Thus, the number of vertices in cycles of length
at most 20 converges in distribution to a tight random variable, and is therefore less than
logn a.a.s. Thus, a.a.s. both properties in the definition of a usual graph are satisfied. [J

From now on, we fix a minimum bisection (V;, V3) in a usual graph G.

Observation 9. For both i =1 and i = 2, each of the following holds.
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1. For every vertex u of degree two in G[V;] and for every d > 0, |Bgy,(u,d)| <
24+1 _ 1. Moreover, if all vertices at distance at most d from u have degree three in
G[V;i] and none of them participates in cycles of length at most 2d, the above bound
18 sharp.

2. For every vertex u of degree one in G[V;] and for every d > 0, |Bgp;(u,d)| < 2%
Moreover, if all vertices at distance at most d have degree three in G[V;| and none
of them participates in cycles of length at most 2d, the above bound is sharp.

Proof. The first point follows from a strong induction showing that for every ¢ > 1, there
are at most 2 vertices at distance at most ¢ from u in G[V;] with equality if the i-th
neighborhood of u in G[V;] is a binary tree of height 7. The second point follows in a
similar way. O

The previous lemma yields the following corollary.

Corollary 10. For both i = 1 and © = 2 and for every large enough n, there are two
vertices of degree at most two and at distance at most eight in G[V;].

Proof. We argue by contradiction. By assumption, the balls of radius four around the
vertices of degree one or two in G[V;] are disjoint. Since G is usual, first, there are at
least 0.05n vertices of degree one or two in G[V;], and second, the number of vertices
participating in cycles of length at most 8 is at most log n. Therefore, the balls of radius
four around at least 0.05n — 8logn of the vertices of degree one or two in G[V;] contain
at least min(2° — 1,2%) = 16 vertices. In total, this shows that the vertices in G[V;] are
at least 16(0.05n — 8logn) = 0.8n — o(n), which is a contradiction. The corollary is
proved. O

Corollary 11. For both i = 1 and i = 2 and for every large enough n, the number of
vertices of degree 0 or 1 in G[V;] is at most 19.

Proof. Fixi € {1,2}. Since (1, V3) is a minimum bisection of G, there is no improvement
of (V1,V2) in G. By Corollary 10 there is a path (v;)5_, in G[V3_;] where s < 8 and vy, v,
are both of degree at most 2 in G[V3_;]. Then, the vertices (v;)i_, form a (3 —4,s —1)-
losing set. We show that there cannot exist s 4+ 1 vertices in V; of degree at most one
in G;[V;] outside the neighborhood of the path (v;)_, in G. Indeed, such a set would be
(¢,£)-winning for some ¢ > s+ 1, and exchanging it with the vertices (v;)3_, in V3_; would
lead to an improvement of (V1,V3) in G. On the other hand, (v;);_, have at most s + 3

neighbors in V; in G (at most one for each of (Uj);;i, and at most two for vy and vy), so
in total the number of vertices of degree one in G[V] is at most s + (s + 3) < 19. O

Lemma 12. For every large enough n and for both i = 1 and i = 2, there are at least

Toos disjoint pairs of vertices of degree 2 in G[Vi| at distance at most 4.
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Figure 2: In the figure, the thick black vertices are the ones of degree two in G[V;] and the
others are of degree one or three in G[V;]. Note that some edges of G[V;] are not drawn to
preserve the clarity of the figure. The vertices of V/ are the ones contained in the smallest
of the three nested regions (encircled in red). The vertices u and v are at distance less
than five from V/, but do not participate in V. The vertices wy, ws, w3 and wy are at

distance at least five from V; and therefore the balls of radius two in G[V;] around them
are disjoint.

Proof. We argue by contradiction. Call a pair of vertices in G[V;] good if both have degree
2 and are at distance at most 4 in G[V;], and suppose that there are no To0s disjoint good
pairs. Let us construct a set V/ C V; as follows: as long as V; \ V/ contains a good
pair u,v, add both u and v to V;'. In particular, |V/| < 555 and for every good pair,
at least one of its vertices belongs to V/. Moreover, by maximality of V/, every vertex
v € V; of degree 2 and at distance at least 5 from V' in G[Vj] is such that Bgy;(v,4)
contains only vertices of degree 3 in G[V;]. We conclude that the balls of radius 2 around
vertices of degree 2 in G[V;], which are at distance at least 5 from V/, are disjoint, see
Figure 2. Since G is a usual 3-regular graph and (V4, V3) is a minimum bisection of G' by
Corollary 11 the total number of vertices of degree 2 in G[Vj] is at least {5 —3-19 (every
vertex participates in at most 3 edges between Vi and V) and out of these vertices of
degree 2 at least {5 —3-19 — (1 +2) - 19 = {5 — 114 are at distance at least 3 from all
leaves in G[V;]. Moreover, G contains at most logn vertices in cycles of length at most 4.

By Observation 9, the number of vertices in V; \ V/ should be at least

n ™  217n 5Hn
114~ dlogn — |V! 25—1)23—1 > 22 o8logn — 798 > 220
(10 ogn = Vil(Z=1)) (2" = 1) 2 75~ 5555 oen 100
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Figure 3: A possible choice of sets Si, S5, S3, 54,55 from the proof of Lemma 13 for a
given graph G[V}]

for every large enough n. This is a contradiction since |V;| = 3. O

Next, we show that for both i € {1,2}, almost all vertices in V; belong to the 2-core
of G[Vi].

Lemma 13. For both © = 1 and i = 2 and for all sufficiently large n, the graph
G[Vi] \ C2(G[Vi]) contains at most five vertices.

Proof. We argue by contradiction. Starting from the leaves of G[V;], we consecutively
construct sets Sy =0 C S; C Sy, C S3 C Sy C S5 such that:

e Vj e [5], |S;] =7,

e for every j € [5] there is ¢ > j, for which S; is an (7, {)-winning set with respect to

More precisely, for every j € [5], we construct S; from S;_; by adding a leaf or an
isolated vertex of G[V;] \ S;_1. Notice that this construction is possible for every j € [5]
by our assumption and Observation 4, see Figure 3.

Now, note that there are at most 5(3* — 1) = O(1) vertices at distance at most 4 from
S5 in G. Thus, by Lemma 12, for every sufficiently large n there is a pair of vertices u, v of
degree 2 and at distance d < 4 in G[V3_;] such that no vertex on a shortest path between
u and v is connected to S5 in G. Denoting by P the set of vertices on a shortest path
between u and v, we see that P is a (3 —i,d — 1)-losing set without edges towards Sy 1.
Hence, exchanging P and Sy, leads to an improvement, a contradiction. m

Now, given a minimum bisection (V1, V) of G, let us first move all vertices in G[V4] \
Co(G[VA]) to Vo, thus forming a set Vs Then, move the vertices in
G[Va] \ C2(G[Vz]) back to V' \ Va, thus forming a cut (Uy, Us) of G.
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Note that G[Us] is a graph with minimum degree 2. Moreover, G[U;| may be obtained
from Cy(G[V1]) by consecutively attaching vertices of degree at least 2 (corresponding to
consecutive deletions of vertices of degree 0 or 1 in G[V3]). Thus, both G[U;] and G|[Us)]
coincide with their 2-cores. Another easy observation is that ||U;| — |Us|| < 10: indeed,
the vertices in 172 outside the 2-core of G[‘~/2] either belong to V; (and were sent to V5
during the first exchange) or belong to V2 but remain outside the 2-core of G[V5]. By
Lemma 13, this number of vertices is at most 10.

The following lemma shows that, roughly speaking, the minimality assumption for the
size of the bisection (V7, V) remains correct for the cut (Uy, Us).

Lemma 14. For every large enough n, the cut (Uy, Us) obtained from (Vi, V) has minimal
size among the family of cuts {(Wy, Wa) | |[W1| — |Wa| = |Ur| — |Us] }.

Proof. We argue by contradiction. Let (W7, W3) be a cut with |W;| — |Ws| = |Uy| — |Us|
and of smaller size than (Uy, Us). Assume without loss of generality |U;| > |Us|, and note
that moving a vertex from V; to Vs or from Vs back to the first part (strictly) decreases
the size of the cut. Hence, using that at least (|U;| — |Us|)/2 vertices changed their part
during the exchange, the size of (U, Us) is at most e(Vi, Vo) — (|Uy| — |Us|)/2. Notice
that the cut (W;, Ws) contains at least n/10 — 15 edges since otherwise sending any set of
(|Wr|—|Wsl)/2 < 5 vertices from Wy to Wy would lead to two parts with the same number
of vertices, which form a bisection of size less than n/10 in the usual graph G. We conclude
that there is a set of at least n/30 — 5 vertices in W; with an edge to W5 in G. Notice
that every vertex with an edge in the cut is of degree at most two in the graph induced by
its part. Therefore, by Observation 9, there is a set of at least n/90 — 2 non-neighboring
vertices of degree at most two in G[W;]. Sending any (|W;| — |[Ws|)/2 of them to W,
produces a bisection of size e(Wy, Ws) + (|[Wy| — [Wal)/2 < e(Uy, Us) + (|Uy| — |Us]) /2 <
e(V1,Va). This is a contradiction with the minimality of the size of the bisection (V7, V),
which proves the lemma. O

Corollary 15. The cut (U1, Us) of the graph G does not admit improvements. 0

Since any constant difference between the sizes of the two parts will not alter sub-
sequent ideas and calculations, we abuse terminology and call bisections these “almost
balanced” cuts as well. However, we will keep the notation (Uy, Us) for such almost bal-
anced cuts and (Vj, V3) for true bisections.

Definition 16. For both i = 1 and 7 = 2, we define:

e (i3, as the unique 3-core whose edges may be subdivided to obtain the graph G[U;].
Moreover, we define a weight for every edge of G5, equal to the number of times
this edge should be subdivided in the construction of G[U;]. The weight of the edge
e in Gs; will be denoted by p(e), see Figure 4.

) G;;i as the graph obtained from Gj; by deleting the edges of weight 0.
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Figure 4: Top figure: An example of the graph G[U;]. Middle figure: the corresponding
graph G'3;. Bottom figure: the graph G;fl In it, the weight of the edges es, e4, €5 is one,
the weight of e; and eg is two and the weight of e3 is three.
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° G§2 as the graph obtained from G;;Z- by deleting all edges of weight more than 2.

52

Observation 17. For both i =1 and © = 2, at most one of the following happens:
1. The sum of the weights of the edges

{e € E(Gs:)[p(e) = 3}
1s more than five.
2. Gss_; contains at least nine edges of weight at least two.

Proof. We argue by contradiction. Suppose that each of the above two events happens
for some ¢ € {1,2}. We consider two cases: either there are two edges e, e in G3; with
p(e1) = 3 and p(e2) > 3 or there is an edge e3 in G3; with p(es) > 6. We define (w;)1<i<s
as follows:

e In the first case, (w;)1<i<3 are consecutive vertices subdividing the edge e; and
(w;)a<i<e are consecutive vertices subdividing the edge es in Gs; (see the left part
of Figure 5).

e In the second case, (w;)1<;<¢ are consecutive vertices subdividing the edge e3 in G ;.

By assumption there are edges (f;)i1<j<o in G33_;, each of weight at least two. More-
over, there are at least three of these edges that are subdivided by vertices, none of which
is adjacent to any of (w;)i1<i<s. Let fi, f3, f5 be one such choice of edges among (f;)i<j<o-
Then, exchanging the set of vertices (w;)1<i<e in U; and three pairs of neighboring vertices
of degree two in G[Us_;] subdividing fi, f5 and f} respectively, leads to an improvement
of the cut (Uy, Us). This is a contradiction with Corollary 15, which proves the observa-
tion. O

Observation 18. For both v =1 and i = 2, at most one of the following happens:
1. The sum of the weights of the edges
{e € E(Gs4) [ p(e) = 3}
1s more than seven.

2. G§3_i contains at least 21 vertices of degree three.

Proof. Suppose that each of the two events above happens for some i € {1,2}. Let
(€j)1<j<s be a set of at most three edges in G3; of weights p(e;) > ... > p(es) > 3 and

Z ple) = 8.

1<j<s

There are three cases.
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< D

Figure 5: To the left: the first case from the proof of Observation 17. To the right: the
first case from the proof of Observation 18. Only the edges contained in the two parts of
the bisection are given. Edges between the two parts are not depicted, however, in both
cases there is no edge between the two sets of vertices exchanged between U; and Us.

e In the first case, s = 3 and there are three connected sets of vertices (w;)i<i<s,
(w;)a<ice and (w;)7<i<s in G[U;], subdividing e;, es and ez respectively in Gs; (see
the right part of Figure 5).

e In the second case, s = 2 and there are two connected sets of vertices, regrouped
either as (wi)1<i<4 and (wi)5<i<8 or as (wi)1<i<5 and (wi>6<i<87 subd1v1d1ng €1 and
ez respectively in G ;.

e In the third case, s = 1 and there is a connected set of vertices (w;);<;<s, subdividing
€1.

Let also (v;)1<i<21 be vertices of degree three in G;;?,_i. Out of these 21 vertices, at
least five are at distance at least three from the set (w;)i<i<s in G. Indeed, every vertex
of degree three in G[Us_;] at distance at most two from the set (w;)i<i<s in G must be
adjacent to some of the eight neighbors of the vertices (w;)i1<;<s in Us_;. Moreover, out
of this subset of five vertices there are two vertices v] and v}, which are not adjacent in
Gty s

Let wuq,us,u3 and uy,us, ug be the vertices at distance one to v] and v} in G[Us_],
respectively. Exchanging (w;)i1<ics and (u;)1<i<6 U {v],v4} between U; and Us would
lead to an improvement of (U, Us) — contradiction with Corollary 15, which proves the
observation. O

If for « = 1 or for ¢« = 2, the first point from the statement of Observation 18 holds,
then G;’gfi must contain predominantly chains and cycles with edges of weight one. We
deal with this case in Section 4. There, we show that the proportion of graphs possessing
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Figure 6: The set S from the proof of Observation 19 is the union of the vertices in the
two encircled regions.

a bisection of this type of size between 0.1n and 0.1069n tends to zero as n tends to
infinity.

From now on we concentrate on the setting, in which the sum of the weights of the
edges {e € E(Gs;)|p(e) = 3} is at most seven for both ¢ = 1 and ¢ = 2. In particular,
there are at most two edges of weight at least three in both G, and G3,.

For both : = 1 and 7 = 2, recall the graph G?ff from Definition 16. We call a vertex in
G?ff critical if it is either of degree three in G;?, or if it is incident to an edge of weight
two. For example, in Figure 4 the graph fo is obtained from G;i by deleting the leaf
in G5, incident to the edge es, and the critical vertices in G:ff are the endvertices of the
edges e; and eg.

Observation 19. For both i = 1 and i = 2 and for every { > 2, at most one of the
following happens:

1. In G52, there are two (not necessarily disjoint) pairs of critical vertices, (v, vs) and
(u1,us), connected by two paths py and py satisfying the following conditions:

o The sum of the lengths of py and ps is at most L.

<2

e Both paths contain only edges of weight one in G37.

2. There are at least 30 + 27 edges in G;?,}_i of weight two.

Proof. We argue by contradiction. Suppose that each of the above two events happens
for some i € {1,2}. By choosing the two paths in Ggﬁ satisfying the above conditions and
with the smallest sum of lengths, one may assume that p; and p, intersect in at most one
vertex. Moreover, if p; and py have a common vertex, it must be an endvertex for each
of them.

Let S’ be the set of vertices in G[U;] that subdivide the edges in G;?, which are incident
to some of the vertices vy, vy, uy, us from the first statement. Define S C V(G[U;]) as the

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(2) (2023), #P2.40 17



union of S” and the set of vertices contained in the subdivisions of p; and p, in G[U;]. See
Figure 6. Of course, the subdivisions of the two paths contain both vertices of degrees
two and three in G[U;]. Then S is an (¢, ¢')-winning set of size |S| < 2¢+ 18, where ¢/ > 2.
Indeed, the subdivisions of the paths p; and p, contain at most 2¢ + 2 vertices and every
endvertex is incident in G§f to at most two edges of weight at most two. Then, among
the 3¢ + 27 edges of weight two in Gig_i there are £ + 9, for which the pairs of vertices,
which subdivide these edges in G[U;_;], contain no vertex incident to a vertex in S. Then,
an improvement of the bisection (U, Us) is given by exchanging S in G[U;] with

e |S|/2 of the above pairs of vertices in G[Us_;], if |S| is even.

e (|S| —1)/2 of the above pairs of vertices in G[Us_;] together with some additional
vertex of degree two in G[U;_;], not connected to the set S by an edge in G, if |5]|
is odd.

This is a contradiction, which proves the observation. O

Observation 20. For any two cycles ¢; and cs in a graph H containing a common edge,
there are cycles ¢ and ¢, contained in ¢y U co, for which ¢; N c, is a path.

Proof. If some of the cycles ¢; and ¢y has length two, the claim is trivial. Otherwise,
let p be a shortest path with endvertices u,v € ¢; N ¢y contained in ¢y and sharing no
common edges with ¢;. Then, ¢; U p consists of three disjoint paths p, p1, po between u
and v. Choosing ¢} = p U p; and ¢, = p U p, finishes the proof. H

Observation 21. For both i = 1 and i = 2 and for every { > 2, at most one of the
following happens:

. < . .
1. There are at least two cycles ¢, and cy in G2, whose union contains at least two

vertices of degree three in Gif, and the sum of whose lengths is at most £.

2. There are at least 30 4+ 27 edges in G;g_i of weight two.

Proof. Suppose that each of the above two events happens for some ¢ € {1,2} and some
¢ > 2. If the two cycles have a common edge, by Observation 20 one can find two cycles
¢y and ¢ in G?f whose intersection is a path p with endvertices u and v, see the left
part of Figure 7. Then, one may find without difficulty two paths (possibly some of them
of length zero, for example when all edges in ¢] U ¢}, have weight two) between critical
vertices in G;f without common interior vertices and containing only edges of weight one,
one starting from v and contained in ¢ \ p and one starting from u and contained in ¢, \ p.
We obtain a contradiction by Observation 19.

If the cycles are edge-disjoint, by Observation 2 they are vertex-disjoint as well. If one
cycle, say ¢, contains at least two vertices of degree three, we directly apply Observa-
tion 19 (again, paths of length zero may occur) for the subdivision of ¢; in G;f If both
cycles contain exactly one vertex of degree three and one of them, say ¢;, contains an edge
of weight two in G;?, then, again, we directly apply Observation 19 for the subdivision of
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Figure 7: The cycles in the proofs of Observation 21 (on the left) and Observation 22 (on
the right). The edges of weight two in G;f are thickened.

c1. It remains the case when c¢; and ¢ are disjoint and each contains exactly one vertex
of degree three and no edges of weight two. Then, the set S of vertices in G[U;] contained
in the subdivisions of the two cycles is 2-winning and has size 2¢ 4+ 2. Thus, there are

¢+ 1 pairs of vertices of degree two in G%_i, none of which is adjacent to S. Exchanging
S with this set of pairs leads to an improvement of (U, Us) in G — contradiction. ]

Observation 22. For both i = 1 and i = 2 and for every { > 2, at most one of the
following happens:

1. There are two cycles ¢; and co in Gif, whose union contains at least two edges of
weight two, and the sum of whose lengths is at most £.

2. There are at least 3 + 27 edges in G%_i of weight two.

Proof. We argue by contradiction. If the two cycles have a common vertex, they also
have a common edge by Observation 2 and therefore they contain at least two vertices of
degree three in G;f One may directly apply Observation 21 in this case.

If the cycles are edge-disjoint and some of them contains at least two edges of weight
two, then we directly apply Observation 19 (again, paths of length zero may occur). If
both of them contain exactly one edge of weight two, then the set S of vertices in G[Uj]
contained in the subdivisions of the two cycles is winning and has even size, which is at
most 20+ 2, see the right part of Figure 7. Thus, there are £+ 1 pairs of vertices of degree
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two in Gig_i, none of which is adjacent to S. Exchanging S with this set of pairs leads
to an improvement of (U, Us) in G — contradiction. O

Remark 23. The same conclusion holds in the case of two cycles containing at least one
vertex of degree three in G;f and at least one edge of weight two. O

Corollary 24. For both i =1 and i = 2 and for every £ > 2, at most one of the following
happens:

1. There are two cycles ¢y and cy in Gif, each of length at most £/2 and each containing

either an edge of weight two or a vertex of degree three, or both.

2. There are at least 3 + 27 edges in G;g_i of weight two.

Corollary 25. Suppose that there are at least 3¢ 4+ 27 edges in G;g’_i of weight two.
Then, by deleting at most six edges in Gi?, one may construct a graph Gy ,;, which does
not contain two critical vertices connected by a path of length at most £/2, which contains

only edges of weight one.

Proof. If there is a cycle of length at most ¢/2, containing either a a vertex of degree
three, or an edge of weight two, then:

1. in the first case, delete one of the edges incident to the vertex of degree three and
participating in the cycle.

2. in the second case, delete the edge of weight two participating in the cycle.

By Corollary 24 one may conclude that after the deletion, in each of the two cases, no
cycle of length at most £/2 contains a vertex of degree three or an edge of weight two.

If after the deletion there is no path of length at most £/2 between two critical vertices
containing only edges of weight one, then we are done. In any other case, let p be a
path of minimal length between some pair of critical vertices vy, v. By minimality of p, p
contains only vertices of degree two in Gf? and only edges of weight one, and has length
at most £/2. Deleting all edges in G§f outside p that are incident to v; and vy, and one
edge from p, ensures that there remains no pair of critical vertices at distance at most ¢/2.
Indeed, deleting the edges incident to v; and vy outside p disconnects the path p from the
rest of G?f Deleting further one edge in p means that if there is a path of length at most
(/2 between two critical vertices in the new graph, it would be disjoint from p in Gi?,
which would contradict Observation 19. The corollary is proved. O

Note that Observations 19, 21, 22, Remark 23 and Corollary 24 all deal with edges of
weight two in G;?, whose subdivisions in either G[U;] or in G[Us] play the role of minimal
indifferent sets in the bisection (Uy, Usy). These results have natural counterparts for the
other minimal indifferent sets in G[U;] and G[Us,] — the 3-stars. We continue by presenting
these analogous results.
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Observation 26. In a graph of maximal degree three that contains at least m vertices of
degree three, one may find an independent set I of at least m/4 vertices of degree three.

Proof. Such an independent set can be constructed by consecutively adding a vertex of
degree three to I, which does not yet have a neighbor in I. At every step, this decreases
the number of vertices that could be added to I by at most four. O

For a graph H and a vertex v in H, we define the (closed) degree two neighborhood
N 52 [v] as the set of vertices that may be attained from v by a path in H, containing no
vertex of degree more than two except possibly v itself.

Observation 27. For both i = 1 and i = 2 and for every { > 2, at most one of the
following happens:

1. There are three pairs of critical vertices in Gif, (v},v?)lgjgg, connected by three
paths (pj)i<j<s such that:

o the sum of their lengths is at most (,

e containing only edges of weight one in G?f
2. There is an independent set I of at least 5¢/2+ 55 vertices of degree three in Gig_i.

Proof. We argue by contradiction. Suppose that each of the above two events happens
for some i € {1,2} and some ¢ > 2. Notice that up to choosing the paths p;,p> and
p3 such that the sum of their lengths is minimal, we may assume that p;, ps and p3
do not share common interior vertices since otherwise one may always shorten at least
one of the three paths. We remark that the subdivision of p; U ps U p3 together with

Uicjes NéfUi][v]l-] U Né[QUz][v]?]) in G[U;] forms an ¢'-winning set S; for some ¢’ > 3 — this

follows directly by an elementary case by case analysis of the positions of the endvertices
of the paths pq,po and p3: Indeed, together pi, ps and p3 may form:

e two cycles, which intersect in a common path;

e one cycle containing two of the paths and intersecting the third path;

e one cycle containing two of the paths that is disjoint from the third path;
e a subdivision of a 3-star;

e a longer path consisting of p;, po and p3, composed one after the other in some order
in a sequential manner;

e a path consisting of two of p;, ps and p3, composed one after the other in some order
in a sequential manner, and a third disjoint path; this is the case from Figure §;

e three disjoint paths.
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Now, on the one hand, the number of vertices in S; is at most ({+6-2-2) + (£ +3) =
20 + 27. On the other hand, there are at most 2(¢ + 6 - 2 - 2) = 2¢ + 48 vertices in I,
which may have a neighbor in G[Us_;|, adjacent to a vertex in S;. Indeed, every vertex
in G[U;_;] with a neighbor in S; must have degree at most two in G[U;_;]. There remain
at least /2 4 7 vertices in [ at distance at least three from S; in G, for which the balls
of radius one in G[Us_;] are two by two disjoint. Thus, one may choose ||S;|/4] of these
balls together with one, two or three vertices from another ball in G[U;_;] with center in
I to form an indifferent, a 1-losing or a 2-losing set S5_; C Us_; with |S;| = |S5_;] and no
edge between S; and S3_; in G. Exchanging S; and S5_; between U; and Us_; leads to an
improvement of the bisection (Uy, Us) — contradiction. The observation is proved. O

We directly deduce the following corollary of Observation 27:

Corollary 28. For bothi =1 and 1 = 2 and for every { > 2, at most one of the following
happens:

1. There are three connected components in Gif, each of them containing a path:

e of length at most /3,

e containing only edges of weight one in Gi?,

e starting and ending with critical vertices in G?f

2. There is an independent set I containing at least 5¢/2 4+ 55 vertices of degree three
in Gsa_;. O

The next observation is in the same spirit.

Observation 29. For both i = 1 and i = 2 and for every { > 2, at most one of the
following happens:

1. There are three vertex-disjoint cycles in Gif, each of length at most £/3 and each
containing a critical vertex in G;f
2. There is an independent set I containing at least 50/2 + 55 vertices of degree three
in G?ﬁ?’)—i'
Proof. The proof is analogous to the one of Observation 27 by choosing v} = v? for every
i€ [3]. O
Corollary 30. For bothi =1 and i = 2 and for every £ > 2, at most one of the following
happens:
1. There are two cycles in Géf, each of length at most €/3, which share a common
edge.

2. There is an independent set I containing at least 5¢/2 + 55 vertices of degree three
in Gsa_;.
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Figure 8: The three paths p;, ps and p3 from the proof of Observation 27. The edges of
weight two are thickened.
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Proof. We argue by contradiction. Suppose that each of the above two events happens
for some ¢ € {1,2} and some ¢ > 2. Let ¢; and ¢y be two cycles as described in the first
assertion. By applying Observation 20 one deduces that there are two cycles ¢ and d,
such that ¢ Uc), C ¢y Ucy and p = ¢, N ¢, is a path. Then each of the paths p, ¢} \ p
and c, \ p in G:ff is of length at most ¢/3, and they share common endvertices, which are
therefore critical in G:ff (in case the cycles contain edges of weight two, one may shorten
the paths so that all three of them contain only edges of weight one. Note that this may
possibly lead to paths of length zero.). This is a contradiction by Observation 27. The
observation is proved. O

Corollary 31. Suppose that there are at least 100 + 220 vertices of degree three in G;g_i.
Then, by deleting at most 20 edges in G?f one may construct a graph G ;, which does not
contain two critical vertices, connected by a path of length at most £/3 of edges of weight
one.

Proof. We argue by contradiction. By Observation 26 there is an independent set of at
least 5¢/2455 vertices of degree three in G;g_i. Then, by Observation 29 and Corollary 30
there are at most two cycles of length at most ¢/3 in G;?, which contain a critical vertex
in G;?, and, if present, they must be (vertex-)disjoint. Moreover, in each of the cycles
there are at most:

e two edges of weight two and no vertex of degree three in G;?, or
e one edge of weight two and one vertex of degree three in Gif, or

. . <
e two vertices of degree three in Gy>.

Indeed, if a cycle contains at least, say, two edges of weight two and a vertex of degree
three in G;?, one may find three edge-disjoint paths between critical vertices (some of
which may be reduced to a single vertex), containing only edges of weight one in G§f -
contradiction with Observation 27. All other cases are treated analogously. We conclude
that one may delete at most eight edges — at most four edges to disconnect the cycles
containing critical vertices from the rest of G;?, and at most four more edges to disconnect
all paths of positive length between critical vertices in G:ff containing only edges of weight
one. See Figure 9.

It remains to deal with the paths of length at most ¢/3 between critical vertices, which
consist of edges of weight one. There are at most two paths p; and p, of this type by
Observation 27. Notice also that the paths p; and p, cannot have common interior vertices
and may only share common endvertices — otherwise one would be able to decompose p;
and p, into at least three paths of length at most ¢/3 of edges of weight one, contradicting
Observation 27. For the same reason all interior vertices of these paths are of degree two
in G?f Suppose that the paths p; and py have endpoints the critical vertices (v, v) and
(u1,us). Then, by deleting all (at most twelve) edges G;?, incident to vy, v, u; and us
we obtain a graph without critical vertices at distance ¢/3. Indeed, if there remains some
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Figure 9: Deleting edges incident to cycles, containing critical vertices, in the proof of
Corollary 31. Edges of weight two in G;f and G3 ; are thickened. In the figure, three edges
are sufficient to disconnect the paths of edges of weight one between critical vertices.

path of length at most £/3 between two critical vertices in the obtained graph, containing
only edges of weight one, it will be disjoint from the first two and this would contradict
Observation 27. The observation is proved since we deleted in total at most 8 + 12 = 20
edges in G§f O

<2

Lemma 32. Suppose that there are at least 130 + 273 critical vertices in G35 ;. Then,
one may delete at most 20 edges in G?f to obtain a graph G, which does not contain a
path of length at most €/3 between two critical vertices in Gi?, which contains only edges

of weight one.

Proof. Out of these at least 13¢ + 273 critical vertices, either at least 6/ + 54 are incident
to edges of weight two and thus the number of these edges is at least 3¢ + 27 in G?i%_i,
or there are at least 10¢ + 220 vertices of degree three in G§f In the first case, we apply

Corollary 25. In the second case, we apply Corollary 31. The lemma follows. O]

The results in this section suggest the following idea. For both i = 1 and 7 = 2, let

S; = U Nyl (3)

. " . <2
v is critical in G3’}
;

In words, S; is the union of the set of critical vertices in G;f together with the vertices
in G[U;], which subdivide the edges, incident to the critical vertices in G?f See Figure 10.

Corollary 33. Suppose that |Ss3_;| = 520 +1092. Then, one may delete at most 20 edges

n G?ff to obtain a graph G5 ;, which does not contain a path of length at most £/3 between
2

two critical vertices in G; which contains only edges of weight one.
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Figure 10: The figure depicts an example of the subdivision of the graph G§f included in
G[U;]. The big black vertices are the critical ones in V(G57) € V(G[Uj]). The big white
vertices are the non-critical ones in V(G;f) C V(G[U;]). The small black vertices are the
ones that subdivide the edges of G?f in G[U;]. Finally, the set S; consists of the vertices
in the union of the encircled regions.

Proof. Every vertex in S3_;, which subdivides an edge in G?Ei, is at distance one to at

least one critical vertex. On the other hand, every critical vertex in G?ffz is at distance

one in G[Us_;] to at most three vertices in S3_;. Thus, the number of critical vertices in
Gﬁ_i is at least |S3_;|/4 > 130 + 273. It remains to apply Lemma 32. O

In the rest of the paper we assume without loss of generality that |S;| < [Sa.

Lemma 34. For both i =1 and i = 2, at most one of the following happens:
1. The sum of the weights of the edges
{e € E(G3:) | ple) = 3}
s at least 34.

2. |S5_;| = 129.
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Proof. We argue by contradiction. Suppose that each of the above events happens for
some i € {1,2}. Then, by Observation 17 and Observation 18 we know that there are at
most eight edges of weight two and at most 20 vertices of degree three.

Suppose that there is an edge e in G;{,3_i of weight at least three and let u, v, w be three
consecutive vertices subdividing this edge in G[Us_;]. Then, by the pigeonhole principle,
either there are four edges in G3; of weight at least three or there is one edge in Gj; of
weight at least twelve. In both cases, one may find three consecutive vertices u/, v, w’" in
G|[U;], subdividing an edge of G§; and none of them being adjacent to any of u,v and
w. Therefore, one may exchange u, v, w in Us_; with «/,v’,w’ in U; and thus improve the
bisection (Uy, Us), which is a contradiction. See Figure 11. Therefore, all edges in G33_;
have weight at most two. In total, this would mean that |S3_;| < 8 x2x 3420 x4 = 128,
which is a contradiction. The observation is proved. O

Figure 11: The improvement from the proof of Lemma 34. The large vertices are the ones

in Gf? U G:f% The small vertices are the subdivision vertices of the edges of G:ﬁ U Ggf%
in G[Ul] U G[UQ]

Corollary 35. If the sum of the weights of the edges
{e € E(Gs1) | ple) = 3}

is at least 34, then |S;| < 128.
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Proof. This follows from Lemma 34 and the assumption that |Si| < [Ss|. O

We partially characterized the structure of a minimum bisection. In the next two
sections we do first moment computations for two types of bisections (U, Us) depending
on |Sy|:

1. Bisections (Uy, Uy) of type one: |S;| < log®n. This case is treated in Section 4.

2. Bisections (Uy,Us) of type two: logn < |S;|. This case will be considered in
Section 5.

4 Bisections of type one

In this case, we count bisections with |S;| < log?n with S; defined in (3).

We define the skeleton Sk(H) of a labeled graph H to be the unlabeled graph obtained
from H by deleting the labels of the vertices of H.

Recall that by Observation 8, a.a.s. G(n,3) is a usual graph, so the results from
Section 3 hold a.a.s. for G(n,3). Thus, our aim in this section is to count the number
of bisections (Uy, Us) of type one in usual 3-regular graphs. We begin by counting the
number of possible skeletons of G;l. Then, we count the ways to give labels to the vertices
in G[U;] in the subdivisions of these skeletons. Finally, we count the extensions of these
subdivisions of G§, to G[U1], and consequently to G.

Let 8 > 0.1 be such that e(Uy,Us) = pn. Then, G[U,] contains n vertices of degree
two. Since |S1| < log?n, all but at most log®n of the edges of G;;l have weight one, and
at most log® n vertices in G4, have degree three.

Observation 36. By deleting the vertices of Sy in G;l, we obtain a graph whose connected
components are paths and cycles with edges of weight one.

Proof. The maximum degree in this graph is two, and all vertices, incident to edges of
weight more than one, have been deleted. The observation follows. O

Observation 37. The number of unlabeled graphs containing at most Bn edges and of
mazximal degree two is exp(o(n)) as n — 0.

Proof. Any graph of the above type consists of paths and cycles. Thus, for any ¢ < 6n
and k, ¢ € N with k£ + ¢ = t, the number of graphs with k£ edges in paths and ¢ edges
in cycles is given by exp(o(k) 4+ o(l)) by Theorem 5. Summing over all pairs (k,¢) with
k + ¢ < fBn, we obtain an upper bound of n?exp(o(n)) = exp(o(n)) on the number of
unlabeled graphs of maximal degree two and at most Sn edges. The lemma is proved. [

The main object in this section will be the graph
Gpeq = G4, \ S1. (4)

Let also Gy have f'n > fn—3 log® n edges. Our goal is to bound from above the number
of possibilities for the graph G in which (Uy, U;) is a minimal bisection of size fn. To do
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this, we first construct the skeleton of G,.; and label its vertices. Then, we bound from
above the number of extensions of G).1 to G[U;] and consequently to G. After that, we
optimize with respect to the parameter (.

Let t; = t;(n) be the number of paths of length ¢ in G).; and let ¢; = ¢;(n) be the
number of cycles of length 7 edges in G ;.

Lemma 38. The number of automorphisms of the graph G,.. are

(H 2tltz'> X 01! X 20202! X H(2Z)Clczl

i>1 i>3

Proof. First, the paths (respectively the cycles) of the same length are indistinguishable.
Second, a path has two symmetries and a cycle has one symmetry, if it is of length one,
two symmetries, if it is of length two, and 2i symmetries, if it is of length ¢ > 3. This
proves the lemma. O

Now, we count the number of bisections (Uy, Us) of size Sn. By Observation 37, the
number of possible (unlabeled) graphs for G,.; is subexponential. We conclude that the
sum over all possibilities for (¢;);>1 and (¢;);>1 must be dominated, up to a subexponential
factor, by the number of extensions of the unlabeled graph G, which has the largest
number of extensions among all unlabeled graphs of maximum degree two on at most gn
vertices. Thus, maximizing over (¢;);>1 and (¢;);>; will give us the correct exponential
order of growth of the number of extensions in general. This is what we do in the sequel.
For the same reason, we ignore the fact that the size of U; is between n/2 —5 and n/2+5,
since summing over all possible sizes of U; does not make a difference on an exponential
scale.

We now explain our counting procedure step by step. Since G is a 3-regular graph on
n vertices, n is even and therefore n/2 € N.

1. Choose in (n%) ways the labels of the vertices participating in U; and the labels of
the vertices participating in Us.

2. Choose the n labels of the vertices of degree two in G[U;] in (O;n”) = exp(o(n)) (%,5:)
An

ways. Out of these, choose in ( B’n) = exp(o(n)) ways which of these vertices must

subdivide the edges of G .
3. Assign the labels to the vertices in (8'n)!(Bn — f'n)! = exp(o(n))(8'n)! ways.

4. Choose T'n := ), (i+1)t; labels for the vertices of degree three in U, participating
in the paths in G).; and Cn = Zi>1 1c; labels for the vertices of degree three in U,
participating in the cycles in G in

(Tn, Cn, ((00.55—_ :f)f C— 5)n) = exp(o(n)) (Tn, Cn, (((?55—_ zél)—nc . 6’)n>

ways. Here, T'=T(n) and C' = C(n) are functions of n.
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5. Assign the labels to the vertices in (7'n)!(Cn)! ways.
6. Divide by the size of the automorhpism group of G, which by Lemma 38 is
<H 2%!) x ol x 2%¢y! x [ J(20)¢,
i>1 i>3

since different ways to distribute the labels might lead to the same final (labeled)
graph.

7. Extend the labeled copy of the optimal skeleton in
(1.5 —4p" = g)n)! (1.5 =55 )m)!

92T +O—B)n+(B—Bng05—(B+T+C)m exp(o(n)) 92T+C—B)n 05— (B+T+C))n

ways to a graph G[U;]. The exponent of 2 in the formula comes from the fact that
the number of paths in G, is exactly (T'+C — ’)n since, first, every cycle contains
the same number of edges and vertices, and second, every path contains one vertex
more than edges. Moreover, every path of length at least 1 contains two vertices of
degree one.

8. Choose f3n labels for the vertices of degree two in Us in (%) = exp(o(n)) ()
ways.

9. Form the matching between the vertices of degree two in G[U;] and G[Us] in (fn)! =
exp(o(n))(f'n)! ways.

10. Construct the graph G[Us] in

15— B)n)! 15— B!
(L5 D0 ol oo Tt

11. Multiply by 6™ to count configurations instead of graphs.

12. Finally, divide by the total number of 3-regular configurations (3n — 1)!! to find an
upper bound on the proportion of bisections of type one.

The final formula is given by

(1.5 —pHnyn
28’'ng(0.5—8)n

— 4 1"
o(n)( m ) (0.5n)\ 5/ (0.5—8")n ((1.5 = 58")n)!! 0.5n\ a7
¢ (0-5n) (ﬂ’n)(ﬁ ")!(Tn,Cn,(o.s—a’—T_c)n)(T")!(cn)[22(T+0—B'>n6<0.5—(ﬂ’+T+c>)n (B’n)(ﬁ n)!

(Misq 2% tat) x et x 2°2¢a! x (TT;55(20)% e5!) (3n — N

Before proceeding with explicit optimization computation, we observe that the numerator
depends only on 7'+ C' as a function of 7" and C'. We define a cycle transformation of
some unlabeled graph H of degree at most two to be the unlabeled graph containing the
exact same multiset of paths as H and in which each of the remaining vertices participates
in one common cycle. Remark that neither the number of vertices in H nor the number
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of edges changes by applying this transformation and therefore both 7'+ C' and (' remain
unchanged. Then, the denominator becomes

(Hztw) 2(8'n = it;) x (3n— 1.

i>1 1>1

Since the term 2(5'n — .., it;) = exp(o(n)), we may include it in the exp(o(n)) term
in the beginning of the formula and thus simplify the expression, leaving only the terms
in (¢;);>1 and T. Moreover, taking one edge out of the large cycle (which decreases 'n by
one) and transforming it into a path changes the number of extensions by at most ©(n).
Therefore, one may suppose in this optimization part that we optimize over the unlabeled
graphs H, which consist of a multiset of paths. The final formula simplifies to

/ b5 =58"n)! 1
exp(on) () (52) (3O ) ot GO o gy (2 0

(H,;l 2t,:ti!> (3n — 1!

67’L

(5)

Now we maximize the above formula over the parameters (¢;);>; under the conditions

Tn—Y ti=pn < Y ti=

i>1 i>1

1.

Z(z +1)t;=Tn <~ Ziti = f'n,

i>1 i>1

where the second equivalence uses the left equality in the first one. Our first main goal is
the minimize the product
11

i1

itself for fixed T" and ' since Hi>1 oti — (T—p")n_

Lemma 39. There is a sequence (t(-n))z‘>1, which minimizes the function (t;)i>1 = [ ]2, ti!
under the conditions 1 and 2, such that for all but at most one i > 1 we have t( "> t£+)1
Moreover, for this exceptional © we may only have tg " = 0, tﬁl =1 and tgi)z =0.

Proof. Let (t;)io be a minimizing sequence for [[;., #;! under the two conditions above.
Let (t})i=0 be a sequence such that {t.},>1 = {t; }Z>1 as multisets of non-negative integers
and (t});>1 is decreasing,.

Then, first, > ., t; = > o 1 = (T B)n and [];5,t:! = [];s, !, Moreover, let

m = max{i € N, ¢, > 1}. Now, define (t! ; ™);>1 as follows:

¢ if i ¢ {m,m+ B'n—3 it}
=31 —1 ifi=m,
1 ifi=m+5'n—zi>1 Zt;
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Figure 12: An example of a sequence (t;);>1 being transformed into (tz(."))i>1 (in this
example 'n — ), it; = 6).

See Figure 12. One may easily verify that the product [] ™)) can only decrease and

121 z

this time (tg ))i>1 satisfies both conditions given above. O

Observation 40. In the sequence (tl("))l;l, the second-largest © > 1, for which tg") > 1,

18 less than /23'n.

Proof. Notice that all indices 7 < 7 to the left of this second-largest 7 satisfy t§n) > 1. For
this second-largest ¢ we have

2{: jt Z +'1)

1<5<i
so 28'n > 2. n

(n) < (T—=pH)n—1
Corollary 41. t;7 > -

Proof. Let 1 be the second-largest index, for which tﬁ”) > 1. We have that

28'mtt" > > W =(T-p)m-1. O

1<j<i

We distinguish two cases. First, let us treat the sequences ()5, for which tﬁ”) =1

(and therefore for every ¢ > 1 one has t € {0,1}). In this case, by the proof of
Corollary 41, we have that \/20'n +1 > (T f')n. Then, one may rewrite (5) as

exp(o(n) () ) (5 ) o e S iy oy S e

(3n — 1!
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By Stirling’s formula we deduce that the above expression can be rewritten as

53T (15— g 6\
exp(0<n))< (1.5 — 58) 235 (15 - )56 )

2/3/31.5(0.5 _ 5/)0.5—,6/(()‘5 _ 25/)0.5—2&

One may easily check that the maximum of the function

1.5—58’

(15— 58) 5 (1.5 — B) 7763
2/3’31.5(0.5 _ 5/)0.5—/3’(0_5 _ 25/)0.5—25’

B €10,0.25)

over the interval [0, 0.25) is strictly less than one. We deduce that at most an exponentially
small fraction of the configurations have bisections with tﬁ") =1
We now treat the second case, in which tg") > 2.

Observation 42. For every j > [2v/2n + 2|, we have that tg-n) =0.

Proof. We argue by contradiction. Suppose that t;") > 1 for some j > [2v/2n+2]. Then,
define (s5{™)s50 as follows:

(4" it ¢ {11+ [v2n],j - [V2n],j}
1 ife=1,

1 if £ =1+ [v2n],

1 if ¢ = j—[v2n],

0 if ¢ = 3.

Using Lemma 39 and Observation 40, one may easily verify that

Hé;l tén)' _ 4(n)

= h =22

[Ty st
which is a contradiction, since (s§"),s1 satisfies both conditions 1 and 2 and (£, is a
sequence minimizing the function (¢;)i>1 — [];-, ;! with these properties. O

Since for our purposes a subexponential factor in the formula (5) does not matter,
by abuse we forget about this largest isolated positive term of the sequence (tl(.n))@l, if it

exists. Indeed, by Observation 42, it contributes at most [2v/2n+2] to the sum .., it'™
(

and at most one to the sum ., tin). From now on, we consider the sequence (tEn)),;l
to be decreasing.
Let m = m(n) = max{i € N,tl(n) > 1}. By Observation 42 we have that

m(n) < 2v/2n + 2. For the terms (£™)1<;<m, we bound ¢! from below by

2

¢

(n)
t; n
(—’ ) \/ 27th(- ),
e
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We remark that the product of the terms 27rt ) fori € [m] is at most (v2mn)™ <
(v2mn) 2272 — exp(o(n)), so it is absorbed by the exp(o(n)) term in the beginning of

the formula. Since [T, ,,, exp(—t™) = exp((8' — T)n) depends only on -7, ¢ but
not on any of the individual terms tl("), we need to minimize the quantity
()
IT
1<i<m
under the constraints 1 and 2. We rewrite this as
0\ " A\ "
(n) t(n) n , t(n) n
n(Zi>1 t; ) H v — n(ﬁ —T)n H v . (6)
1<is<m n 1<i<m n

Define the function

fm ( )1<7,<m O 1 — Z tln

1<i<m

By extending t € (0,1] — tlogt € R at zero by continuity to the value zero, f,, may be
seen as a projection of the function

f . (ti)i21 € [0, 1]N — Z ti ln(tz) € RU {—OO}

1<i<m

onto its first m coordinates.
Clearly under the conditions

th‘:T—ﬁl (7)

i1

i1

and

the minimum of the function f,, = f,(») is larger than the minimum of the function
f.  On the other hand, f&% I is a convex and infinitely differentiable function on an

infinite-dimensional Banach space, and therefore by ([12], Theorem 1) and [17] we know
that if there is some critical point in the interior of the domain, it must be unique and
it must be a global minimum for the function f. This allows us to apply the method of
Lagrange multipliers for the function f under the constraints (7) and (8) for any fixed n
in the infinite-dimensional setting.

Let
F((t:)is1, M, A2) := f((t Alzt —)\QZzt

i>1 =1
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Differentiating with respect to t; and setting the derivative to zero gives
1+ ln(tz) — )\1 — Z)\Q =0 < t; = exp()\l -1+ Z)\Q)
Therefore, we solve the following system to find A; and \s:

exp(/\1 + )\2 — 1) —T_ B,’
1 —exp(A2)
exp(/\l + )\2 — 1) Y
(1 — exp(A2))?

Solving this system gives

_ QN2
exp(Ar) = 6(22,7_%?7
expl) = 2T

Thus, we have that

(T —B)2 (28— T\
5 (25)

is the argument where the absolute minimum of f is attained. The value of this minimum

) f((t)iz1) = (10g ((T _B,B/P) - 266_, ! log ((357_5;2)> g

Plugging in this minimum consecutively into (6) and then into (5) leads to the formula

Vi>1,t =

1.5—p’

(1.5 — 557y 2252 348/ 2T 328/ +T 151 5 _ gy
exp(o(n)) (T B/)z 28" — T (T B/)Z .
— B! — B! — - - -
(0.5 = B)0-5=F" (0.5 — B/ — T)0-5=F' =T exp (B’ <1og( = ) =% log< 2 =T )))

Taking the logarithm of the n—th root of the entire formula and letting n — oo, we
obtain the following expression, which remains to be maximized as a function of ' and
T:

0.5(1.5 — 58") In(1.5 — 53") + (48’ — 2T) In(2) + (26 + T — 1.5) In(3)

$0.5(1.5 — B In(1.5 — ) — (0.5 — B)In(0.5 — B') — (0.5 — ' — T) In(0.5 — B’ — T)

(T - p')? 28 -T (T - p')?
- 1os (575 ) - 25 e (G52 ))

One may easily observe that in the range §’ € [0.1,0.1069] the above function is well
defined for every T € (5',20') and may be extended by continuity at the values 7' = [’
and 7" = 2/’. Maximizing this function in the range {(5’,7) : 5 € [0.10,0.1069], 5" <
T < 2’} gives a maximum of —3.713 x 107°, which is attained at the point (8',T) =
(0.1069,0.1802). This calculation is confirmed by the graphing calculator Desmos - see

Figure 13. It proves that the proportion of 3-regular graphs containing a bisection of size
£ < 0.1069n of type one is exponentially small.

(9)
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Figure 13: In both figures, the horizontal axis represents the [’-coordinate, and the
vertical axis stands for the T-coordinate. In the top figure, the curve represents the set
of coordinates (f’,T"), for which the expression (9) is equal to zero. The exterior of the
encircled region is the set where (9) is negative, and its interior corresponds to the set
where (9) is positive. The bottom figure is a zoomed copy of the top one around the point
on the curve with minimal /3’
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Figure 14: The transformation of an edge of weight two into a 4-star

5 Bisections of type two

This section is dedicated to counting the bisections of type two. Recall Sy and S, from (3).
In this section, we suppose that log®n < |S;| < |Ss|.

Lemma 43. For both i =1 and i = 2, the number of edges in E(G;Z)\E(G:ff) is at most
12. Moreover, the number of extensions of the skeleton of the graph G§f to the skeleton
of the graph G, is exp(o(n)).

Proof. By Lemma 34 one may conclude that, for both ¢ = 1 and ¢ = 2 and for every large
enough n, the sum of the weights of the edges

{e € E(Gs;)[ple) = 3}

is at most 34. This means in particular that, for both i = 1 and i = 2, E(GY;) \ E(G?f)
contains less than [34/3] = 12 edges and therefore the number of ways to extend G5 to
G4, is less than
Z n* = exp(o(n)).
0<i<l12

Indeed, knowing Gif, the number of ways to add a new edge is always at most n?. The

lemma is proved. O

Since our counting strategy will be similar to that in Section 4, polynomial factors will
not be of any importance for us. Hence, we may and do assume that |U;| = |Us| = n/2
(recall that ||U;]| — |Us|| < 10 in general).

By Corollary 33 we know that, for both ¢ = 1 and ¢ = 2, by deleting at most 20 edges
from G?f we can obtain a graph in which the minimal length of a path of edges of weight

one between critical vertices is at least @%_ We call this graph Gj4,;. This graph
<2

inherits the weights of the edges that come from G737.

Definition 44 (The graphs G, ; and Gy, ;). For i € {1,2}, define the graph Gj;; from
Gia; as follows: for every edge e = wv of Gjq; of weight two, delete e and add three
vertices we, Wy ¢, Wo . together with the edges wev, wet, Wewy ¢, Wews .

By definition, the distance between every pair of vertices of degree three or four in
14 1s at least bgzg_ig;m. Construct the graph Gj; by deleting every edge of weight one
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) , . . . log?n—1092 | log? n—1092 |
in G}, ; with endvertices at distance exactly {—2.3_52 J 2 and {—2_3.52 1 from a

vertex of degree three or four in Gj .

Roughly speaking, the construction of G}, ; replaces every edge of weight two in Gia;
by a 4-star (see Figure 14), while the construction of Gj;; ensures that every connected
component contains at most one vertex of degree more than two.

Observation 45. Given the skeleton of the graph G, ;, there is a unique weighted unla-
beled graph H = Sk(Ga;) such that Sk(Gl,;) is obtained from H by the operation from
Definition 44.

Proof. Consider a vertex of degree four in Gj;; and denote its four neighbors by w, ws,

ws, wy. We consider three cases.

o [f two of wy, wsy, w3, wy, say wy and wy, are of degree at least two, then the star came
from an edge wyw, of weight two.

e If only one of wy, wy, w3, wy is of degree at least two, say wq, then the star came from
an edge of weight two with endvertices w; and some leaf in Gj4;. Since skeletons
are unlabeled graphs, this leaf may be an arbitrary vertex among ws, w3 or wy.

e [f none of wy, wy, w3, wy is of degree at least two, then the star came from an isolated
edge in G4, of weight two.

Finally, there is a unique way to reconstruct Gj;; in each of the cases, as desired. O
Observation 46. For every large enough n, the number of deleted edges of G, ; in the

construction of GYly; is at most 224"
)t log“n

Proof. For every edge in G, ; to be deleted in the construction of Gj ;, associate to it the
shortest path from some of its endvertices to a vertex of degree three or four. Notice that

these paths are well defined and edge-disjoint since, first, in G, ; all pairs of vertices of

log? n—1092
352

J — 1 (the edge to be deleted is counted as an edge of the path).

degree three or four are at distance at least , and second, each of these paths has

log? n—1092
2-3-52

We conclude that for every large enough n, the total number of deleted edges must be at
most

length exactly {

3n/2 <2-3-52-2n_624n
log? n—1092 = 2 " log?n’
L%TJ 1 log”n log”n
The observation is proved. O

1"

Corollary 47. The number of possible skeletons for the graph Gy ; is exp(o(n)).

Proof. First, recall that all connected components in G7;; contain at most one vertex
of degree three or four. Moreover, by construction Sk(Gy;) is the union of a forest
F on N < n vertices, and a 2-regular graph H. By Lemma 6 with M = 4, there
are exp(o(NN)) = exp(o(n)) choices for F. Moreover, Theorem 5 implies that there are
exp(O©(vn — N)) = exp(o(n)) choices for H. Since Sk(GJ,;) is determined by the pair
(F, H) (which can also be chosen in exp(o(n)) ways), the corollary follows. O
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By applying the reverse transformation of the graph Gy, ; of 4-stars into edges of weight

two (see Figure 14), we conclude that the connected components in the skeleton of the
graph G4, can be:

e paths with at most one edge of weight two,
e cycles with edges of weight one,

e subdivisions of 3-stars with edges of weight one, and

e at most ggﬁ’; + 12 more edges due to Lemma 43 and Observation 46.

1

We will base our first moment computation on this decomposition. Since we are in
fact interested in counting graphs containing a bisection of size fn and not bisections
themselves, we will divide by a factor, which ensures that the same graph is not counted
separately for too many bisections. In the next lemma (that might be of independent
interest), let H be a bipartite graph with parts H; and Hy of maximal degree two.

Lemma 48. H contains an independent set I, which contains at least {@W —1 vertices

m Hy and at least [ww — 1 vertices in Hs.

Proof. Since isolated vertices of H may always be added to any independent set, suppose
without loss of generality that there are none. The components of the graph H are paths
and even cycles. Let pi, ps, ..., pw be the paths of even length containing one more vertex
of H; than of Hy with 2 < |p1| < |p2] < ... < |pw| and also let ¢, g, . . ., gx» be the paths of
even length containing one more vertex of Hy than of H; with 2 < |¢1| < |ga| < ... < |qwr]-
Suppose without loss of generality that &’ > k”. Since the property from the statement
of the lemma is decreasing, one may add edges to H to form cycles from the paths of
odd length and also to form one long cycle by consecutively joining the endvertices of the
paths prr g1, q1, Pr— k7125 Q25 - - - Dk s Qs Prr—k+1 10 this order while keeping the sets H;
and H, independent (see Figure 15). Let the new bipartite graph be called G with parts
Hy and H, and define k = k' — k”. Let I be the empty set in the beginning. We consider
two cases:

e The number of vertices of Hy in | J p; is at most {@-‘ — 1. Add these to I and
1<i<k

then start exploring the cycles vertex by vertex in the following way: First, choose

a cycle ¢ = vy . .. 95100, a vertex (say vg) in H; N ¢ and a direction. Then, start

adding to I the vertices vo, vy, ... consecutively. If the vertex vs,_o is added to I,

and [ still contains less than [w-‘ — 1 vertices of Hy, then choose another cycle

and iterate. When this number of vertices of H; in I is reached, then either jump
over the next vertex of H; in the cycle we are just exploring and start in the same
way adding vertices of Hs to I, if possible, or go to another cycle and do the same
(for Hy). This ensures that in total the number of vertices from Hy added to I is

at least
V(@)-2 _ (PV(H“'] _ 1) S vaﬂ 1
2 2 = 2 ’
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Figure 15: Joining the paths of even length in the proof of Lemma 48. The vertices of H;
are black, and the vertices of H, are white. The dashed edges are added to form cycles.

which is enough to conclude.

e The number of vertices of H; in |J p; is more than {@-‘ — 1. Then, start
1<i<k

exploring the paths of py,ps,...,pr in this order. For a path p, add to I one of

the endvertices of p and then continue adding vertices of H; in order until either

we explore p to the other endvertex (in which case we redo the exploration process

with the next path) or the number of vertices of Hy in I reaches [Lfl)'—‘ —1. We

add the vertices of Hy outside the neighborhood of I N H; in G to I and prove that
this independent set [ satisfies the condition of the lemma. Let ¢, /s, ..., ¢, be the
lengths of the paths py, po, ..., pr respectively, and suppose that there are exactly ¢
edges in cycles. Suppose that, for some i € [k], for every j < i — 1, all vertices from
H, in the path p; are in I, and there are b vertices from H; in the path p; in I.
On the one hand, the number of vertices in H, outside the neighborhood of H; N 1
is exactly % (0+ iy + ... 0+ max{0,¢; — 2b}). On the other hand, since at most
half of the vertices in H; have been added to I,

l; 1 (7 l;
') = el .
> (2 +1>+b\ . <2+ > (2 +1)>
1gj<i—1 1<j<k

We deduce that

S+ +26<l+ > (G +2) + 6 +2-2D.

1<j<i—1 i+1<j<k
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Therefore

1

WV

1
§<€+€i+1+"'+€k+€i—2b)

WV

1
§(€1+---+€i_1+2b+2(i—1)—2(k—i+1))

1
= 5(51+"-+€i—1+2b+2(i—(l€—i)—2)).

However, there are at most %(61 + -+ 0;_1 + 2b) vertices in the neighborhood of
H, NI that belong to Hy. Moreover, ¢ > k — 1, since by definition the number of
vertices from H; in the union of the paths pi, po, ..., p; plus one must be at least as
large as the number of vertices from H; in the union of the paths p;1, ..., px (recall
that 2 < [p1] < |p2| < ... < |pk|). Therefore, the number of vertices from Hy added
to I is at least the number of vertices from H, in the neighborhood of H; N I minus
two.

This finishes the proof of the lemma. O

We will be interested in an upper bound on the number of 3-regular graphs, containing
a bisection of size fn, coming from a first moment computation. As we shall see below,
as in Section 4, only the exponential order in this upper bound will be of any importance.
Therefore, by Corollary 47 it is sufficient to count the extensions of the skeleton of G7;;,
which contains the largest number of them.

To characterize this particular skeleton, we do a new transformation, which was already
presented in Section 4. We merge all cycles in this unlabeled graph into one very large
cycle. This transformation changes neither the number of vertices of any degree in Gj;
nor the number of edges in G, ;. We conclude that the number of extensions of the newly
obtained graph to G3; remains the same as the number of extensions of the original
graph Gy, itself. Moreover, as already observed, a constant number of edges contributes
exp(o(n)) to the counting given by the first moment. Therefore, after merging the cycles
in Gy, ; one may delete one edge from the obtained very long cycle, and thus we are left
only with paths and subdivisions of stars. By abuse of notation, we denote by G7;; the
graph after the transformation as well.

Let fin (respectively £5n) be the number of vertices of degree two in G[U;| (respec-
tively in G[U,]), which subdivide the paths and the 3-stars in G, | (respectively in GJ,),
and let Sn be the total number of vertices of degree two on both sides. Note that [, 5]
and 3y are functions of n with max{(8 — 3{)n, (6 — By)n} < 23~ +12. For i,j,¢ € N

log
with ¢ < j <4, let 2} be the number of paths containing no edge of weight two of length
i in G7,, ;; be the number of paths with an edge of weight two in position j < % in

1a1 and of length 4, and y; ;, be the number of stars with branches of length 4, j, £ in

ja1- Let also o7 be the number of paths containing no edge of weight two of length 7 in
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l12> ©; be the number of paths with edge of weight two in position j < %t in G7;, and

of length 4, and y;;, be the number of stars with branches of length i, j, iil Gy

Now, for any given /3, we give an upper bound, up to exp(o(n)), of the number of graphs
that contain a bisection of type two of size fn. To this end, we find the skeleton of Gy ;,
whose subdivision admits a maximal number of extensions, up to a exp(o(n))—factor,
to G[U;] by maximizing the first moment. We now explain the factors appearing in the

counting in this first moment, as in the previous section.

1. Choose the n/2 labels of the vertices in U; (and respectively in Us) in
n
n/2

2. Choose (n labels for the vertices in Uy, which are going to be vertices of degree two
in G[U;], and another fn labels for the vertices in U, which are going to be vertices
of degree two in G[Us], in

(02) =eswtetn () (3

ways. Furthermore, choose the labels of the vertices of degree two in the subdivision
of G, in (58,7:1) = exp(o(n)) ways and choose labels of the the vertices in the
’ 1

ways.

subdivision of G7;, in ( B’ZL) = exp(o(n)) ways. Here we use that for every constant
¢ > 0, by Stirling’s formula

LOZZHJ! =o ((1g”n) T) = exp(o(n).

3. Distribute the labels of the vertices of degree two on the edges of the unlabeled
graph G, in

((8 = B)n)!(Bin)! = exp(o(n))(Bin)!

ways. Also, distribute the labels of the vertices of degree two on the edges of the
unlabeled graph G7; , in

((8 = B2)n)!(Byn)! = exp(o(n))(B3n)!
ways.

4. Divide by the product of the sizes of the automorphism groups of G7;; and G7;,,
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which is given by

[Izeeey T @y I 27 I 27

121 i>1,(i+1)/225>1 i>1,i odd i>1,i odd

H ym, H 2y“l H 2%“ Hﬁyyu

1>j>i>1 I>5>1 j>i=1 j>1

H (y;’ﬂ)l H DURE H WYigj HGZ/}',J',J',

(252121 I>j5>1 j>i>1 j>1

5. For ¢« = 1,2, we introduce the parameters t;, the number of connected components

in Gldw kl, the number of edges of weight two in G7;;, and I;, the number of leaves
in G7;;. Thus we have

E / .
1’]71 - kln,

i>1,(i+1)/225>1

Z SL’” = kon;

i>1,(i+1)/225>1

doai+ > @+ Y Y=t

i>1 i>1,(i+1) /2251 12j>i>1

Z T + Z i+ Z Yi 1 = tan;

i>1 i>1,(i+1)/225>1 12j>i>1

Z i)+ Z (i + 1)z, + Z (i 47+ Dyij = Bims

i1 i>1,(i+1) /2251 I>j>i>1

Zix;’—k Z (i + 1)y, + Z (i 47+ Dyi; = Bams

i>1 i21,(i41)/22j>1 12j>i>1

Z 2 + Z 21’;1 + Z 392,3‘,1 = (n;

i>1 i>1,(i+1)/225>1 I>j>i>1

Z 21';’ + Z 2:63/71 + Z 3y;:j7l = lyn.

i>1 i>1,(i4+1)/225>1 12j>i>1

6. Express the number of Vertices of degree three in G[U,] participating in GJ,, (the
same computation holds for G7;, and G[Us], respectively). Note that this number
is equal to the number of vertices of degree two in the subdivision of G7; , plus a
“correction” of one vertex per connected component without edge of weight two. In
total this yields (8] +t1 — ki)n vertices in G ; and (85 +t2 — kz)n vertices in

Thus, choose the labels of these vertices on the two sides in

(i Do) s Do) = e (7 0 ) (ko)

ways and distribute them in the skeleton in

((By + 1 = k)n)U((By + 2 — k2)n)!

1
1d,2*
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ways.

7. Choose the remaining edges completing the graphs G[U;] and G[Us] in
( ((1.5— 48] — B+ 2k)n)!! ) ( ((1.5 =48 — B+ 2k)n)!! )

2 +B—B)ng(05—F—B—(Li—k)n | \ 2WatA—B3)nG(0.5—B—F5—(t2—k2)n

B (1.5 = 58] + 2k1)n)!! (1.5 — 585 + 2k9)n)!!
=exp(o(n)) ( 20116(0.5-28] —(t1—k1))n 2t2n(0.5—285—(t2—k2))n

ways.
8. Multiply by (8n)! = exp(o(n))\/(Bin)!(B4n)! for the matching between the two
parts.

9. Multiply by 6™ to count configurations instead of graphs.

10. Divide by the total number of (3n — 1)!! configurations to transform the counting
into a probabilistic upper bound.

11. Up to now, we counted only bisections and did not take into consideration the fact
that these may come from the same graph. Now, we make one step further, partially
regrouping the bisections according to the 3-regular graph G they come from.

Consider the vertices of degree two in G[U;] and G[U,], which have a neighbor of
degree two on the same side. These vertices are exactly the ones which subdivide
in G[U7] and G[U,] the edges of weight at least two in G3, and G, respectively.
We concentrate on the pairs of vertices subdividing edges of weight two in Gy, and

la2- Contracting each of these pairs to a single vertex and considering the graph
induced by the edges in the cut, which are incident to at least one vertex in the
contracted pairs, leads to a bipartite graph of maximal degree two, see Figure 16.
We also know the number of vertices in each part of this graph, these are kin and
kon, respectively. By Lemma 48 one may form an independent set in this graph
with [52] — 1 vertices from the first part and [%2*] — 1 vertices from the second
part. Now, notice that to form a bisection of G, it is sufficient to put the vertices
in any PCITTL-‘ — 1 of the contracted pairs into U; and the remaining pairs into Us to
form a minimal bisection of G. This makes a total of

|_:I{,'17’L/ 2-| -1

choices, which correspond to different bisections of the same size coming from the
same graph.

Using that ¢, = 2t + 37,00 Yige and by = 2ty + 37, oo ¥, the final formula
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Figure 16: The formation of the bipartite graph of maximal degree two from the pairs of
vertices subdividing the edges of weight two in G7;, and G7;,. The only edges in the cut
on the left that are depicted, are the ones that participate in the bipartite graph.

reads

explo(n) (;;2) (o) () simesin

-1
(e T e T T T

i> 1,(i+1)/2>j>1 i>1,i odd 1>5>i>1 l>_]>1 j>i>1 j>1

ai

1
( 296 H (z;‘/,i)! H 295’{31@ H y”l H DURE H Y55 H 6974, ,)
i>1

i>1,(i4+1)/225>1 i>1,i odd I>]5i>1 15531 ) B
05—ﬂ1 < (0.5 — By)n ) / ,
+t1— k1)n)! ity — ko)n)!
1 +i - ) (52 +to — kz)n ((61 1 1)’/1) ((/82 2 2)77,)

%(215 5,6’1+2k:1) )M )(((1.5—5ﬂ5+2k2)n)!!>

016(0.5—281 —(t1—k1))n 22 6(0.5-285—(t2—k2))n
/7 |kin/2]| + |kan/2] — 3\ "
Bln 62” | < Lkln/2J -1

Similarly to Section 4, we use the method of Lagrange multipliers to minimize the
product of the order of the automorphism group of G7;; and 2 = 22M1H 2521 Y50 in
the first case, and the product of the order of the automorphism group of G7; , and 2> =

X

X

/" . . . . . .
222422221 %5. in the second case, under the constraints given in point 5 of the counting
procedure above. The calculation is the same for (z})i>1, (¥};)iz1,641)/225215 (Y j1)izjziz1
! /! /! 3 3
and for (x7)iz1, (27 ;)iz1,(11) /25551, (Ui j1)1zji>1, s0 we only do it for the first set of vari-
ables.
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Let

/
_ _ J5t _ %),
Ti=—Tji = —— and Yijl = — -
n n

Stirling’s formula and the constraints in point 5 above directly imply that one needs
to maximize the expression

e T1 o I1 2 T1 o T2 T1 200 It

i>1 i>1,(i4+1)/2>5>1 i>1,i odd 02>i>1 I>5>1 j>i>1 j>1
X | | 22:1:7_' H 22$j71' | | 23:[/7;,]‘,1
i>1 i>1,(i+1)/225>1 I=j>i>1

as a function of (2;)i>1, (),)iz1,6+1) /255515 (Yij1)izjziz1-
Let f be a logarithm of the above expression, that is,

f((fi)@l, (xj,i)i>1,(i+1)/2>j>1> (yi,j,l)l>j>i> ) =

Zazi In(2) + x; In(x;) + Z wjqIn(x;,) + Z

121 i21,(i+1)/225>1 >1,i

+ Z Yi g ln(yi,j l Z Yj hl Z yz,],] Z Yj,5.5 1n<6)+
12j>i>1 I>5>1 j>i>1 j=1

+ Z 2x;In(2) + Z 2,1 Z 3yijuIn(2
i>1 i>1,(i+1)/225>1 I>j>i>1

Viewing ti, to, k1, ko, 51, B as parameters, note that f contains all terms depending on
the variables of x;, x;;,v; ;. Moreover, f is a strictly convex and infinitely differentiable
function over its feasible domain. Therefore, by ([12], Theorem 1) and [17] the method of

Lagrange multipliers may be applied to find the global minimum of f (which is its unique
critical point by convexity) even in infinite-dimension.
The optimization will be performed under the constraints

! . L — .
A Zi>1,(i+1)/2>j>1 Ty = k;

! . _ .
Ay Ez;l T + Zi>1,(i+1)/2>j>1 Tji+ Zl;j;i;l Yijl = ti;

Ny o0 1@+ D0 iy 21 (0 DT + 2 imis (0 5+ Dyiga = B

The Lagrange objective function is
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F((l’i)m, (xj,i)¢>1,(i+1)/2;j;1, (?Ji,j,l)l>j>i>1)

=f((xi)iz1, (T53)iz1,641) /25551 Yij)ij=i1)

—)\,1 Z Tji— kl

i>1,(i+1)/225>1

—)\,2 Z(L‘z + Z Tji + Z Yigl — tl

i1 i>1,(i4+1)/225>1 125>i>1

i1 i>1,(i+1)/225>1 1>j>i>1
Direct calculation gives

/ )/
3ln(2)+1—|—1n(azi)—)\’2—i}\§:0:>xizw

Re ’
for j Z; L omn(2) £ 14 (@) — N, — Ny — (14 1N = 0=z — PN A%l: (i+ DXa)
for j = # 4 3I0(2) I s) — Xy — Xy — (i + D)X = 0 = gy, = SPNH X28: (i+ DXa)
for 1> > i1+ 3In(2) + (i) = Ny — (i +j+ DN = 0 = gy = P2 (;:j +DAs)
for = j >i:1+4mn(2)+ (i) — Ny — (i 4 2)X = 0 = gy — S22 ig: 20)X)
for 1> j = i:1+41n(2) + In(gy50) — Xy — (2] + DN = 0= g, 5, = S22 +1é2€j +DXs)
forl=j=14:143In(2) +In(6) +In(y; ;) — Ao —3jA\5 =0 =y, ;= %;;3%.

Inversing the system this time is more difficult, but at the same time we would
like to have ] as a parameter and not as a function of A\, \; and A;. There is an
easy solution — we keep A\, \; and ] as parameters and express t1,k; and A, as func-
tions of these parameters. This is not difficult since each of z;,z;; and y;;; can be
represented as exp(A,)g(A], A;) for some function ¢ depending on the term. An anal-
ogous computation may be done for to, ko, 5, with Lagrange multipliers A/, Aj, A\j. A

1>
numerical optimization with Maple shows that, optimizing over A\, A7, A5, A in the in-
terval (51,55) € [0.1,0.103295], the maximum is attained at A} = A] = 0.002428,
Ay = Nj = —1.412768, yielding the value of 0.999996. We conclude that the propor-
tion of 3-regular graphs of order n with bisection of size at most 0.103295n tends to zero
exponentially fast with n (the maple code for the maximization can be found on the au-

thors” webpages). Together with the results of the previous section, the lower bound of
Theorem 1 follows.
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6 An upper bound

In this section we show a complementary asymptotically almost sure upper bound on the
bisection width of a random 3-regular graph. The approach is very much inspired by
the works of [11] and [33], together with combinatorial observations from the previous
sections. In order to explain it, we need a few definitions: first, define a rooted graph
as a couple (G, p), with G some graph and p a distinguished vertex of G called root. A
finite rooted graph (G, p) is said to be uniformly rooted if p is a vertex chosen uniformly
at random among the vertices of G. Thus, one may consider (G, p) as a probability space
equipped with the uniform measure. A sequence of uniformly rooted graphs (G, pn)n>1
is said to converge locally (in the Benjamini-Schramm sense) if for every fixed r > 0 and
every fixed graph H, lim,, . P(Bg, (pn,r) = H) exists. Indeed, local convergence for
sequences of graphs is a particular case of weak convergence of probability measures (of
course, formally, one needs to embed the sequence of probability spaces into a common
probability space and then argue on the basis of it). Since one often comes up with a
simple description of the limit measure (let us call it 1) in terms of the empirical frequency
of the balls of any radius in a given infinite graph G, p is usually abusively identified
with G.

The following lemma is well known (and follows from the observation that there are
a.a.s. at most o(logn) cycles of any constant length):

Lemma 49. Let G, be a random 3-reqular graph on n vertices, uniformly rooted at p,.
The sequence (G, pn)n=1 converges locally to the infinite 3-reqular tree Tj.

In order to use the previous lemma, we first define the concept of a factor of iid
process. Suppose that, for a (possibly infinite) graph G, a family of standard normal
random variables (Z,)yev(q) is assigned to the vertices of G. A factor of iid process on a
graph G is a family of random variables (X,),cv(¢) such that:

1. for every v € V(G), X, is a measurable function of the random variables (Z,)vev (),
and

2. the joint distribution of the family (X,),cv () is invariant under permutation of the
indices induced by the action of any automorphism on V(G).

Let F be the class of factors of iid processes (¢, )vev (ry) on 15 with values ¢, € {0,1},
for which P(¢, = 0) = 3. The proof of Theorem 4.1 in [33] shows that

i sup (P (Go)/1V (G } < I B({0 ~ 0 6 # 0} )/2 (10)
where (G, p,) is any sequence of graphs converging locally to 73. By Lemma 49, in
particular, this also applies to the random 3-regular graph. Hence, for an upper bound on
the scaled bisection width it suffices to find a suitable factor of iid process ¢ on T3 having
values in {0, 1}, and for which the probability that the root obtains value 0 is 1/2.

We say that a process (X,)vev(q) is @ linear factor of iid process (Z,)vev(c) on a
graph G if there exist ag, o, ... such that X, = 7 v ) Qdg(w,uZu for all v € V(G).
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Note that X, is always a centered Gaussian random variable. We call a collection of
random variables (Y,)yev () a Gaussian process on G if they are jointly Gaussian and Y,
is centered for every v € V(G). We say that a Gaussian process (Y,),ev (@) is invariant if
the distribution of the family (Y},),cv(¢) is invariant under the action of any automorphism
of G on the index set V(G). We use the following theorem, proven in [11]:

Theorem 50. For any real number X with |\| < 3 there exists a non-trivial invariant
Gaussian process (Y,)vev(ry) on Ts that satisfies the eigenvector equation with eigenvalue
A, i.e. (with probability 1), for every vertex v it holds

ZY_)\Y

u€N (v)

Moreover, the joint distribution of such a process is unique under the additional condition
that, for everyv € V(T3), the variance of Y, is 1. We will refer to this (essentially unique)
process as the Gaussian wave function corresponding to the eigenvalue .

Let ((Gy, pn))n>1 be any sequence of uniformly rooted graphs converging locally to T3.
It was shown by Kesten (see [28]) that the spectrum of the transition operator for the
simple random walk on 73 is contained in the interval [—2\/5, 2\/5] Moreover, Csdka,
Gerencsér, Harangi and Virdg showed in [11] the following theorem:

Theorem 51. For any real number A with |\| < 2v/2, there exists a sequence of linear
factors of iid processes (ngn))UEV(Gn that converges in distribution to the Gaussian wave
Junction (Y,)vev(y) corresponding to the eigenvalue \.

As shown in [11], the joint distribution of a Gaussian process on T3 correspond-
ing to the eigenvalue A with |A\| < 2v/2 is completely determined by its covariances
(Cov(Yu, Yy))uvev(my) and satisfies Cov(Y,,,Y,) = Ol (uy0) s where

oo =1,301 — Aopg = 0 and 204,41 — Aoy + o1 = 0 for every k& > 1, (11)

and so in particular o, = A\/3 and 0, = 2=2. By the general theory of recursive sequences,
the covariances decay exponentially to zero as dr,(u,v) — oo. Note that due to this decay
of covariances together with Theorem 51 we may (and do) choose the process (Xz(,"))vev(cn)

to be of the form
|loglogn|

P SR SRS (12)

1=0 ’U,EV(Gn),dGn (u,v):i

where (Z,)vev(G,) is a family of independent standard normal random variables.

We consider the largest eigenvalue for which the theorems apply, that is, A = 2v/2,
as already done in [33]. The idea is that the corresponding eigenvector has positive
correlation between neighbors in T3 (since A > 0), and thus the cut between the set of
vertices {v|Y, > 0} and the set of vertices {v|Y, < 0} has relatively few edges going
across. More formally, consider the Gaussian wave (K,)UeV(T3) on 73 given in Theorem 50
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associated to the eigenvalue A = 2v/2. As before, let ((Gn,pn))n>1 be any sequence
of rooted graphs converging locally to 7T5. By Theorem 51, there exists a linear factor
of iid process (qun))vev(gn) on G, that converges in distribution to the Gaussian wave
(Yy)vev(ry)- Since every variable in the Gaussian wave is centered, by setting for each
vertex v of T3, ¢, = 0 in case Y, < 0 and setting ¢, = 1 in case Y, > 0, we see that
¢v € {0,1} and P(¢, = 0) = 1. Hence, ¢ € F, and by (10),

lim sup {bw(Go) [V (G|} < E({o ~ p: 60 # 6,)})/2.

n—oo

Now, consider the sequence ((Gp, pn))n>1. We first explain the approach of [33] using
the linear factor of iid process (Xén))vev(g(mg)) (denoted by (ng")) in the sequel to simplify
notation) described above. We consider events regarding cherries. Recall that a cherry
(v1,v,vy) consists of three vertices, v,vy,vo € V(T3), connected by edges vv; and vvs.
Here v is said to be the center of the cherry, and v; and vy are its endpoints. We also call
a cherry (v1,v,v9) a border cherry if the sign of X, is different from both the sign of X,
and the sign of X,,.

Consider the event that a given cherry with center at v is such that X has the same
sign as both X{™ and X{". The probability of this event, in the limit as n — oo, is given
by

lim P(X[ >0,X0" > 0,X7 > 0)+P(XM <0, X0 <0,X[) <0)

n—-+oo

1 1
= lim QIP’(X(”) >0, XM >0, XM > 0) =2 =+ — (2arcsinry + arcsinrs) |,
n—-+0o v vl 2 8 47

with

r1 = Corr(Y,,Y,,) = Corr(Y,, Y,,) = Cov(Y,, sz)/\/Var(Y;,)Var(K,z)

and

T2 = COI‘I‘(YLNYLQ) = COV(Y;)NY;)Q)/\/V&I'(Y;)l)var(yziz)'

Here, we abusively view (vq,v,v2) as a cherry in T3 as well. For the calculation, see for
example (6.22) of [27], or also Subsection 4.1 in [11]. Plugging in the values of oy = ¥

and g9 = % we get that

11
lim 2P(X{™ >0,X{™ >0,X{" >0) =2 <— + - (2 arcsin
m

n—+o0o 8

2v/2
V2 + arcsin %)) ~ 0.798611.

Hence, we may conclude that, as n — oo, with probability tending to 0.798611 none
of the edges of a cherry participates in the cut with parts {v € G(n,3) | x> 0} and

{v e G(n,3)| XM < 0}. Similarly, as n — oo, the probability of a cherry (v, v,vs)
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having exactly one endpoint with a sign, different from the sign of Xé"), is given by

lim P(X™ >0, X >0, X" < 0)+P(X™ <0, X" <0, X" >0)

n—-+00
+P(XM > 0,XM <0, X >0)+P(X <0,X™>0,X"<0)
= lim 4P(X{ > 0,X™ > 0, X" < 0)

n—-+4o0o

1 1 24/2
= 4 ( + — <arcsin T\/_ -+ arcsin

2 )
st 1. + arcsin F)) ~ 0.186429.

By analogy, the probability to obtain a border cherry, as n — oo, tends to

lim P(X{™ >0,XM™ <0, X" <0)+P(X™ <0,X™>0,X" > 0)

n——+00
= lim 2P(X{” > 0,X{" < 0,X" <0)
n—+00
1 1 —2v2 —2v/2 5
= 2 + — | arcsin V2 + arcsin V2 + arcsin — ~ 0.0149586.
8 ' 4r 3 3 6

We define a partition (V;™, Vi™) of V(G(n, 3)), where V™ = {v € V(G(n,3))| X, >
0} and V3" = V(G(n,3)) \ V"

Observation 52 (Theorem 4.1 in [33]). The minimum bisection in a random 3-regular
graph is of size a.a.s. at most

3
(0.186429 + 2 x 0.0149586)Zn ~ 0.16226n.

Sketch of proof. By summing over all 3n cherries and taking into account that each ed%e
is counted in four cherries, we get that, as n — oo, the expected size of the cut (

is equal to (0.186429 + 2 x 0. 0149586) 3~ (0.16226n. While this cut is not necessarlly a
bisection, by (12), (Xf,")) is a process depending on the set of standard normal variables
corresponding to vertices at distance at most loglogn from v in G(n,3) only. Hence,
since two uniformly chosen vertices in G(n,3) are at distance Q(logn) from each other
(which follows by a direct computation), by a standard second moment argument, a.a.s.
|V1(n)| - |V2(")| = o(n). Concentration of the number of border cherries, as well as the
number of cherries (vy,v,vy) with Xé?) and qug) being of different signs, around their
expected values follows from a similar second moment computation. O

We now improve on Lyons’ result of Observation 52.

Observation 53. The number of vertices v in G(n,3), which are centers of at least two
border cherries, is a.a.s. o(n) as n — +o0.
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Figure 17: The construction of the bipartite graph H™. The vertices in black belong to
Vl("), and the vertices in white belong to VQ("). Since (u', v, u) is a cherry with black center
and white endpoints, and (v, u,v") is a cherry with white center and black endpoints,
the vertex v (u, respectively) is included in H 1(") (Hz("), respectively), and the edge uv is
included in H™.

Proof. A center v of at least two border cherries with leaves vy, v9, v3 in G(n,3) must be
attributed the value X" whose sign is different from each of X, X{™, X{™. Since the
distribution of the process (qun))vev((;(n’g)) approximates the one of the Gaussian wave on
Ts for the eigenvalue A = 2v/2, for a uniformly random vertex v of G(n, 3) with neighbors
v1, v9 and v3 and for every € > 0, a.a.s.

2VEXD - (X + X + X)) <. (13)

Thus, for v to be a center of at least two border cherries, we must have that either
|X{™| < & or that (13) does not hold. By choosing ¢ sufficiently small, the probability of
either event may be made arbitrarily close to 0 as n — oo, which shows that the expected
number of centers of at least two border cherries in G(n, 3) is o(n). The proof is completed
by Markov’s inequality. O

Proof of the upper bound of Theorem 1. We construct the bipartite graph H™ with parts
W C V™ and Wi € V™. Its vertices are the centers of border cherries. Its edges
are the ones crossing the cut (Vl(n), VQ(n)), whose endvertices are both centers of border
cherries (see Figure 17). Also, recall from the (sketch of) the proof of Observation 52 that
a.as. V"= V"] = o(n).

Now, for a given cherry, the probability that it is a border cherry with center in Vl(") is

QOL9%5 + 9(1), and there are a.a.s. 3n/2+ o(n) cherries with centers in Vl(n). Thus, there

are a.a.s. at least 0.0149595 - 3 4 o(n) ~ 0.022438n + o(n) vertices in W™ (concentration
around the expected values follows as before). Notice that here, we use Observation 53
to say that a.a.s. |[V(H™)| is, up to o(n), equal to the total number of centers of border
cherries. We conclude by Lemma 48 that a.a.s. there exists an independent set [,, having
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at least &, = 20288 4 o(n) = 0.011219n + o(n) vertices of W™ and &, vertices of W™.

Sending the vertices in I, N W™ to Vi and sending back the vertices in I, N Wi™
to V™ leads a.a.s. to a cut (U, UM) with [U™| = |USY| = n/2 — o(n) and size at
most 0.16226n + o(n) — 2¢, = 0.139822n + o(n). After exchanging another o(n) vertices,
(Ul("), UQ(")) may be transformed into a bisection, which finishes the proof. O

We remark that the value obtained is exactly the same as the one given in [21] for
the number of edges not going through a maximum cut of a random 3-regular graph (the
authors therein prefer to give only two digits after the decimal point). Their result is a
corollary of the paper [11]. It uses a similar approach to our paper to find a maximum cut
based on the eigenvalue \,,;, = —2v/2 of the transition operator of the random 3-regular
graph. The numbers appearing in both calculations are the same. From a combinatorial
point of view, the rough intuitive explanation of this phenomenon is the following: in [21]
the authors pick two maximal independent sets on both sides of the cut (of equal sizes)
and then add the remaining vertices in greedy order to the part where they have less
neighbors. From an algorithmic point of view, this is equivalent to choosing arbitrarily
the part of every vertex outside of the two initial independent sets and then switching
vertices having at most one neighbor on the other side, as long as this is possible. We
pick a minimum bisection given by the largest eigenvector and switch vertices having at
least two neighbors on the other side, as long as this is possible. Despite the fact that
this is far from a proof, as mentioned in the introduction, this phenomenon was observed
before — Zdeborova and Boettcher conjectured in [38] that the number of edges crossing a
minimum bisection in a random 3-regular graph is a.a.s. (up to o(n)) equal to the number
of edges not crossing a maximum cut in such a graph.

Non-rigorous improvement. The previous argument does not take into account
that vertices of degree zero in the bipartite graph (H 1(”), HQ(”)) can be freely switched from
one side to the other. Indeed, having once identified the number of these vertices on
each side, they can be switched to reduce the cut, and in the remaining graph consisting
of vertices of degree one or two, Lemma 48 can be applied. In order to compute the
probability that one vertex v, in, say, VQ(") with neighbors vs, v5 in Vl(n) has degree zero in
H™ _ we must have for the other two neighbors vy, v5 of v3 and for the other two neighbors
g, v7 of vs that X >0, X > 0, X" > 0 and X > 0 (see Figure 18). Analogous
computations hold if the vertex v, is in V™ and all remaining vertices are in V,"™.

Now, let us compute

P(XM >0, X >0, X > 0,-X™ > 0,X™ > 0,X™ > 0,X™ > 0). (14)

We proceed as before. Using (11), we obtain that the covariance matrix of the random
vector
(X(”) xn) xm) _x0) x0) xh) X(n)>T

v Y7 v YT vg ) Vg 77 TU5 VT v )T TUT
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Vg
&
U2
U3
U1

Figure 18: The vertices in black belong to Vl(n), and the vertices in white belong to VQ(n).
In the figure v, is an isolated vertex in H™, since neither vs, nor vs participate in a
border cherry.

converges to the matrix B, given by

1 5/6  2v2/3  —5/6  1/v/2 7/12  7/12
5/6 1 2¢/2/3  —=5/6  1/V/2  7/12 7/12
2v/2/3 2v/2/3 1 —2v2/3  5/6  1/v/2 1/V2
-5/6 —5/6 —2/2/3 1 -2v/2/3 —5/6 —5/6
1/vV2 1/v/2 5/6 —2v2/3 1 2v/2/3 2v/2/3
7/12  7/12 1/v/2  —5/6  2v/2/3 1 5/6

7/12  7/12 1/v/2  —5/6  2v/2/3  5/6 1

Using the eigenvalue decomposition of B, we find the matrix V satisfying VV7T = B
with approximate entries

0 0 —0.2887 0 —0.4082 0.0676  0.8634
0 0 0.2887 0 —0.4082 0.0676  0.8634
0 0 0 0 —0.2887 —0.0215 0.9572
0 0 0 0 0 0.1962 —0.9806
00 0 0 0.2887 —0.0215 0.9572
00 0 —0.2887 0.4082  0.0676  0.8634
00 0 0.2887  0.4082  0.0676  0.8634

In particular, applying V' on the left to the standard normal vector
(Zurs Zogs Zug, Zoss Zugs Zogs Zor)"
gives us the desired joint distribution of the seven-dimensional vector
(Yors Yoo, Yoo, =Yor, Yog, Yoo, Vo)
(by abuse of notation we assume again that the vertices (v;);>; are included in G(n, 3)

as well as in T3). Indeed, recall that the linear factors of iid (qun) JveV(G(n,3)) converge
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in distribution to the Gaussian wave (Y, )ev(ry). More precisely, in order for all seven
coordinates of this resulting vector to be positive, the following inequalities must hold:

Zy, > —(VigZy, +VisZy, +VigZy)/Viz (15)
Zy, > —(VagZy, + VasZyy + VasZys)/Var (16)
Zyy > —(VasZys + Va6Zus)/Var (17)
Zy < VagZus/(=Vag) (18)
Zy, > —(VssZuy + VssZus)/ Vs (19)
Zyy > —(VoaZu, + Vs Zus + VssZus)/ Ve (20)
Zye > ~(VtaZoy + Vi Zuy + Vi Zus)/ Vi (21)

Defining LB to be the maximum of all lower bounds corresponding to inequalities (15,
16, 17, 19, 20, 21) for X,,., and UB = max{LB, the right hand side of (18)}, computing
the desired probability (14) is thus equivalent to computing the following integral:

22 22 z ad a2 ]-
/ / / / / -3-3-3F —%—%dedxﬁd%dmdwg.
LB

Unfortunately, we are not able to compute this integral (not even numerically). Per-
forming a Monte Carlo simulation with 3 x 107 iterations (see the authors’ wegpages for
the corresponding Python code) and checking in each round whether the new sample of
gy Ly s Lus s Ly Lo, satisfies all inequalities, we obtain an estimated value of 0.002818666.
Therefore, the total number of border cherries having their centers in HQ(") and of degree
zero in H™ is 3 x 0.00281866n = 0.008456n + o(n) a.a.s. (concentration around the
expected value follows as before). By symmetry, this clearly holds also for border cherries
having their centers in H fn) and of degree zero in H™.

We can therefore improve the previous argument in the following way: first switch the
2% 0.008456n+o0(n) centers of border cherries having degree zero in H™ (0.008456n+o0(n)
in both parts of the graph) to the other side of the cut (that is, change the associated
value ¢, from 0 to 1 and vice versa), yielding a total a.a.s. gain of 0.016912n + o(n)
edges. These centers of cherries “disappear” as vertices of H™ since they are no longer
centers of border cherries. We apply Lemma 48 to the remaining bipartite graph with
parts of size 0.022438n — 0.0084912n + o(n) = 0.013982n + o(n) to obtain an independent

set of size at least 2 x w + o(n). Switching these to the other side gives another
gain of 0.013982 + o(n), thus yielding a total cut (U™, US™) size of at most 0.16226n —
0.016912n — 0.013982n + o(n) = 0.131366n + o(n) with [U\"| — |US”| = o(n) a.a.s. As
above, this cut may be transformed into a bisection by switching the sides of at most
o(n) vertices of G(n,3). We remark that this numerical value is also close to the one in
Remark 4.1 given in [11] for numerical calculation of the number of edges, not included
in a maximum cut of G(n,3), thus giving another indication that the conjecture of [38]
holds true.
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Clearly, taking into account different substructures (such as, for example, paths vy,
Vo, ..

., of three or more consecutive vertices, for which (X,,)i1<i<r have all the same

sign, and each of (v;)1<;<x having exactly one neighbor (u;)1<;<k, respectively, such that
for every ¢ € [k], X,, and X, have different signs, or other structures that were observed
in the proof of the lower bound), we could further improve the previous bound. Since we
cannot evaluate the corresponding integrals numerically, we stopped as this point.
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