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Abstract

We prove a generalisation of Bollobas’ classical result on the asymptotics of the
chromatic number of the binomial random graph to the stochastic block model. In
addition, by allowing the number of blocks to grow, we determine the chromatic
number in the Chung-Lu model. Our approach is based on the estimates for the
weighted independence number, where weights are specifically designed to encapsu-
late inhomogeneities of the random graph.

Mathematics Subject Classifications: 05C80, 05C15

1 Introduction

The chromatic number x(G) of a graph G, denoted by x(G), is the smallest number of
colours needed for the assignment of colours to the vertices of GG so that no two adjacent
vertices have the same colour. Understanding properties of the distribution of x(G) for
random G is one of the most prominent problems in the random graph theory since the
seminal paper [12] by Erdés and Rényi.

The binomial random graph G(n,p) is the most studied in the literature. Recall that
G(n,p) is a graph on vertex set [n] := {1,2,...,n} and each pair of distinct vertices
is connected by an edge independently of each other with probability p. A long line of
research led to many breakthrough results on the asymptotic behaviour and concentration
of x(G(n,p)); see [2,3,7,8,10,16,17,22,25, 26, 28, 30, 33| — this list is far from being
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exhaustive. In particular, it is well known that if p = p(n) € [0, 1] is such that np — oo as
n — oo and p < 1 — ¢ for some fixed £ > 0, then, whp (meaning with probability tending

to one) as n — o0,
nlog (l%p)

K@) = (1 0(1) gy (1)

Formally, “X (n) = (1+0(1))Y (n) holds whp as n — oo” means that, for any fixed € > 0,
the probability of the event that (1—¢€)Y (n) < X(n) < (1+€)Y (n) tends to 1 as n — oo.
Throughout the paper, we use log to denote the natural logarithm.

Our paper focuses on generalising formula (1) to a random graph G from the stochastic
block model, in which all vertices are distributed between several different blocks and
the probabilities of adjacencies of vertices depend only on the block they belong to; see
Section 2 for formal definitions. The chromatic number in this random graph model was
recently studied by Martinsson et al. [27]. Under the condition that the number of blocks
is fixed and all probabilities are constants from (0, 1), namely, they are all independent of
the number of vertices n, Martinsson et al. proved that, whp as n — oo,

X(G) = (1+0(1))

c*logn’

where constant ¢* is the solution of a certain convex optimisation problem, which depends
only on the matrix of probabilities and the proportions for the distribution of n vertices
between the blocks.

In this paper, we extend the above result by Martinsson et al. [27] in two directions:

(1) the edge probabilities can be functions of n (in particular, vanishing or tending 1),
(2) the number of blocks can grow as a function of n.

We defer the exact statement of our main result (Theorem 5) to Section 2 in order to
obviate introducing the technical notations in the introduction. In the rest of this section,
we discuss several consequences of Theorem 5, which are interesting of their own.

1.1 A very dense binomial random graph

The classical binomial random graph G(n, p) can be considered as a random graph from
the stochastic block model with a single block. Even in this case, our main result (Theo-
rem 5) implies new information on the chromatic number of a very dense binomial random
graph when p = p(n) — 1 as n — oo which was not treated in the literature. Namely, as
a straightforward application of Theorem 5, we obtain the following result.

Theorem 1. If p = p(n) € [0,1] such that p — 1 and 1 — p = n°Y), then (1) holds whp.

1
nlogn

then whp G(n, p;) has a clique of size (140(1))n since its complement contains o(n) edges.
Thus, whp as n — oo

We believe that n°") in Theorem 1 can not be improved. For example, if p; = 1—

X(G(n,p1)) = (1 +o(1))n.
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On the other hand, if p, = 1 — # then whp the complement of G(n,p,) contains a
perfect matching as shown by Erdés and Rényi [13]. Thus, whp as n — oo

X(G(n,p2)) < (1 +o(1)>g.

Note that formula (1) is not valid for p = py, but it might still be true for p = ps, because

——— =1+4+0(1) and —=2 =14o0(1).

More generally, for the case when p = 1 — n®®| we conjecture the following.

Conjecture 2. Let r > 2 be a fixed integer and p = p(n) € [0, 1] be such that
nfr% >>1—p>>n’%.
Then, x(G(n,p)) = (14 0(1))* whp as n — oo.

As observed above, G(n, p) can be coloured in § colours if its complement has a perfect
matching. In fact, to achieve a colouring with at most (1 + o(1))% colours, it is sufficient
that the complement of G(n,p) contains an almost perfect matching covering n — o(n)
vertices. Similarly, for any fixed integer r > 2, in order to show that x(G(n,p)) <
(14 o0(1))%, it is sufficient to find an almost perfect K,-matching in the complement
of G(n,p). (Throughout the paper, K, denotes the complete graph with vertex set [r]
or the clique of size r.) For an arbitrary graph G, the thresholds for the existence of
perfect G-matchings and almost perfect G-matchings was studied by Rucinski [31] and
by Johansson, Kahn, and Vu [15]. In particular, [31, Theorem 4] establishes the existence
of an almost perfect K,-matching if n(1 — p)’/2 > 1 which implies the upper bound of
Conjecture 2. However, the lower bound for x(G(n,p)) does not follow from the known
results on G-matchings since an optimal colouring migh have colour classes of different
sizes.

Conjecture 2 was recently confirmed by Surya and Warnke; see |32, Theorem 13].

1.2 Percolations on blow-up graphs

Given a graph G = (V(G), E(G)) and p € (0, 1), the percolated random graph G,, which
is also known as a random subgraph of G, is generated from G by keeping each edge in
E(G) independently with probability p. In particular, if G = K,,, then G, is equivalent
to the binomial random graph G(n,p). In this case, formula (1) can read as follows: whp

log(7)

X(Gy) = (1 o) gt

x(G), asn = |V(G)| — oo. (2)

In this paper we show that (2) holds when G is a blow-up graph Gy (n) constructed as
follows. Given a graph H on vertex set [k] and a vector n = (ny,...,n;)T € N*¥ we denote
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by Gy (n) the graph obtained from H by replacing each vertex i € [k] with K,,. An edge
between any two vertices from different cliques appears in Gg(n) if the corresponding
edge is present in H. One can consider the blow-up graph Gy(n) as a special case of
a ‘random” graph from the stochastic block model by setting all probabilities 1 or 0
according to the adjacency matrix of the graph H.
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Figure 1: A blow-up graph Gg(n) (left) for a graph H on 5 vertices (right).

Everywhere in this paper the norm notation || - || stands for the 1-norm:
Il =+
Theorem 3. Let ¢ € (0,1) be fized and H be a graph with verter set [k]. Assume

>
n =n(n) € N* and p = p(n) € (0,1) are such that as n — oo,

—lie —o
Inll = oo, p=n7it,  1—p=|n|W.
Then, (2) with G = Gg(n) holds whp.

We prove Theorem 3 in Section 3.3. Note that Theorem 3 with £ = 1 and n; = n
(and thus Gg(n) = K,,) recovers Theorem 1.

Determining the chromatic number of a random subgraph G, for a general graph G is a
much harder problem; see, for example, [4-6,29,34|. In particular, Bukh asks [6] whether
for any graph G, there exists a positive constant ¢ such that Ex(G1/2) > m X(G).
Using standard concentration results, Bukh’s question for blow-up graphs is equivalent to

that whp

X(Gip2) = Tog(V(G)]) X(G).

Theorem 3 establishes this bound for blow-up graphs. It would be interesting to find
other classes of graphs that satisfy (2) (or at least its lower bound).

1.3 Chung-Lu model

As mentioned, our main result (Theorem 5) allows the number of blocks to grow. Thus,
one can study x(G) for general inhomogenous random graphs G using approximations
by the stochastic block model. To demonstrate the idea, we consider the following two
random graph models. Given w = (uy,...,u,)’ € [0,1]" and p € [0, 1], a random graph
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G; ~ G*(u,p) has vertex set [n| and edges ij are generated independently of each other
with probabilities

piy=puu;  i,j € [n].
Similarly, given u € [0,1]" and p € [0, 2]
[n] and edges ij are generated independently of each other with probabilities

a random graph G’; ~ G (u,p) has vertex set

pi =puwit+u;) Q5 €n].

The model G*(u, p) is known as the Chung-Lu random graph model and it is of central
importance in the network analysis; for more extensive background, see, for example, (9]
and references therein. For decreasing p = p(n), the model G*(u,p) is asymptotically
equivalent to the complement of the Chung-Lu model.

Theorem 4. Let € > 0 be fized and p = p(n) be such 1> p > n=it¢ as n — oo. Then,
whp uniformly over w € [0, 1]" satisfying Zie ) Ui = Q(n), the following hold:

(a) x(G,) = (1 —i—o(l))ﬁ e ]U| (Z uz> , where G ~ G*(u,p);

(b) x(G,) = (1+o0(1)) Z u;, where G ~ G (u,p).

1€[n]

We prove Theorem 4 in Section 3.4. Theorem 4 applies to the case when a constant
fraction of expected degrees of the random graphs G and G; are within a multiplicative
constant of the maximum expected degree. We believe that the formulas of Theorem 4
can be extended to allow a larger variation of components of w covering, for example,
power-law degree sequences.

log(pn)

2 Stochastic block model

Before stating our main result on the chromatic number of a random graph from the
stochastic block model, we first define the stochastic block model formally. For a positive
integer k, a vector m = (nq,...,ng)" € N¥, and a k x k symmetric matrix P = (p;;)i jep
with p;; € [0,1], a random graph G from the stochastic block model G(n, P), denoted by
G ~ G(n, P), is constructed as follows:

e the vertex set V(G) is partitioned into k disjoint blocks By, . .., By of sizes | B;| = n;
for i € [k] (and we write V(G) = By U --- U By);

e cach pair {u,v} of distinct vertices u,v € V(G) is included in the edge set F(G),
independently of one another, with the probability

p(u7 U) = pij7

where ¢ = i(u) € [k] and j = j(v) € [k] are such v € B; and v € B;.
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Throughout the paper, for all asymptotic notation, we implicitly consider sequences
of vectors n = n(n) € N*¥ and k x k symmetric matrices P = P(n), where

E=k(n),  n(n) = (mn),...om)", P = (py(n)) o
Our bounds (including whp results) hold uniformly over all sequences n(n) and P(n),
where n — oo, satisfying stated assumptions where the implicit functions like in o(+)
depend on n only. Apart from the standard Landau notation o(-) and O(-), we also use
the notation a, = w(b,) or a, = Q(b,) if a, > 0 always and b, = o(a,) or b, = O(a,),
respectively. We write a,, = ©(b,,) if a,, = O(b,) and b, = O(a,). If both a, and b, are
positive sequences, we also write a,, < b, if a,, = o(b,), and a,, > b, if a,, = w(b,). For
log k(n) 0.
log [In(n)|
In the following, we always assume that p;; = p;; and 0 < p;; < 1 for all 4,5 € [K].

Define the k x k symmetric matrix @ = Q(P) by

example, k = ||n/|°® means that

Q = (¢ij)ijeln) where g;; := log (1_1pz'j> ' )

Let R, := [0, +00) and, for x,y € R*, we denote
y < x wheneverx — y € Ri.

Let w(-, Q) : RE — R, be defined by

w(x, Q) == max M

x € RE, 4
oS, gl + @)

where 0 = (0,...,0)7 € R¥ and ||y := |y1| + -+ + |yx|. In (4), we take yiyqﬁy to be zero

for y = 0, so it is a continuous function of y, which achieves its the maximal value on

the compact set {y € R’i :y = a}. In fact, it is always achieved at a corner, where
€ {0, z;} for all i € [k]; seeTheorem 10(b).

The quantity w(x, Q) is closely related to the minimum number of colours required
to properly colour an inhomogeneous graph with “balanced” colour classes. To illustrate
it, let us consider a random graph G' ~ G(n, P), where n = (nxy,nzs,...,nx,)T = nx
and number of blocks k and all probabilities p;; € (0, 1) are fixed. In order to determine
the size of the largest “balanced” independent set, we will present here some rough first
moment calculations, while the full details are given in Section 4 and Section 6.

The expected number of collections of & disjoint sets .5;, each of which takes sx; vertices
from each block B;, such that U;cpS; is an independent set in G (see Figure 2) is given
by

H Z:f) _ H (1— py; )s %5 — exp (—%:I;TQ:L' + O(SHﬂUH)) <%>sllm||’ (5)

ze[k} 1 _pu ¢
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Figure 2: A “balanced” set S = {J;cpyy Si in G ~ G(n, P), where |S;| = sz; and n; = na;.

where the RHS is derived via Stirling’s formula for any slowly growing s = s(n) < y/n.
The first moment threshold corresponds to

[l
exp (—%smTQm> <@> =1,
s

]|
zTQx’
However, this might be significantly above the existence threshold due to the fact that
our random graph model is inhomogeneous. In particular, the appearance of “balanced”
independent sets in G implies the existence of a “balanced” independent set (with the same
size proportion s/n) in its subgraph G’ ~ G(n/, P) where n’ = ny for any 0 < y < x.
Repeating the arguments of (5) for such G’, we conclude that whp s can not exceed

which gives

s~ 2logn -

oyl
2logn - min ———— =2logn - ———.
#1 0% yTQy *" (. Q)
In Section 4, we show that it is indeed the existence threshold (for a more general setting

that allows vanishing probabilities); see Theorem 19.
Define w.(-,Q) : RY — R, by

wy(x, Q) := inf Z w(y, Q), x € RY, (6)

SeF
eF(x) ves

where F(z) consists of finite systems S of vectors from R¥ such that > yes Y = . In fact,
the infimum of 3~ s w(y) in (6) is always achieved by a system S € F(z) consisting of
at most k vectors; see Theorem 10(f).

Similarly to w(x, @), the quantity w,(x, ) has a combinatorial meaning as follows.
Consider again a random graph G ~ G(n, P), where n = (nzy,nzs,...,nz,)" = nx
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and all probabilities p;; € (0,1) are fixed. Then whp the minimum number of colours
required to properly colour G utilising at most k different types of independent sets is

asymptotically equal to
n

wi(x, Q).

The next theorem shows that such colourings are asymptotically optimal, that is, no more
than & different types are required to determine x(G) (for a more general setting that
allows vanishing probabilities). Let

2logn

iclk) Lidii
q" := maxq; and j(x) = EL
ic[k] |||

, x#0. (7)

*

For convenience, we also set ¢(0) := ¢*.

Theorem 5. Let o € [0, 00] for some fized 0 < o < § and let P = (p;;); je) be such that
Pi; = pji and 0 < py; < 1 for alli,j € [k]. Let Q := (gij)ijecn) where q;; == log (1_1p>

ij
Let ¢*, 4(+), and w.(+, Q) be defined by (7) and (6). Assume that the following asymptotics
hold:

In| = oo, k=[n[M, ¢ =n|Y,  jn)=|n|7"". (8

Assume also that

1 -
(1 + q*> max gi; < log [|n| (9)
and
ol "
Then, whp
w,.(n, Q)
Y(G) = (1+o(1 ,  where G ~ G(n,P).
(@)= (14 o)z (n. P)

Remark 6. In Theorem 5, the parameter o € [0, 00| governs the density of G. It is
convenient for our examples to have it not fixed, but treat ¢ as a bounded parameter
appearing in the formula for the chromatic number. We believe that the condition oy < }1
is an artefact of our proof techniques. Similarly to the dense case in [14, Section 7.4] and
also to [27], we rely on Janson’s inequality to find sufficiently large independent sets inside
any subset of remaining vertices. Generalisations of the techniques used by FLuczak [25]
should extend Theorem 5 to any oy < 1.

Remark 7. Informally, the assumptions of (8) say that the number of blocks in G(n, P) is
not too big (sublinear in ||n||) and the maximum edge probability within a block deviates
not too much (also by a sublinear in ||n|| factor) from the average probability within
blocks. Next, the behaviour of edge probabilities between blocks is limited by assumption
(9): they can vary much more significantly than the diagonal probabilities, but we prohibit
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them to converge to 1 too quickly. Note that we allow some edge probabilities to be
small and even 0, but the upper bounds on the maximal probabilities are essential as
demonstrated in Section 1.1. Finally, (10) is a technical assumption that is usually not
very hard to verify. In particular, it follows from a stronger but more explicit condition
(kq*)? < ¢(n)log ||n||; see the lower bound of Theorem 10(d).

2.1 Proof of Theorem 5

In this section, we provide the proof of Theorem 5 based on two explicit probability
estimates for x(G) to satisfy the upper and the lower bound stated below.

Theorem 8. Let G ~ G(n, P), where P = (pij); jew @5 such that p;; = pj; and 0 < p;; < 1
for alli,j € [k]. Assume ||n|| — oo and (9) holds. Then, for any e > 0,

Pr (X(G) <(1- e)%) <exp (—Q (M)) . (11)

2log(q*|In|| Max; je[x] Gi

We prove Theorem 8 in Section 4.1. This lower tail bound follows from the existence
of large weighted independent sets, similarly to arguments of Bollobas |7] and Luczak [25].
Comparing to the assumptions of Theorem 5, we note that Theorem 8 also applies for
sparser graphs with ¢* < ||[n||~1,because it does not require assumption (8) to hold.

Theorem 9. Let G ~ G(n, P), where P = (pij)i jep s such that p;; = pj; and 0 < py; < 1
for alli,j € [k]. Let o € [0,00] for some fized 0 < o9 < ;. Assume that (8) and (10)
hold. Then, for any ¢ > 0,

Pr (X(G) > (149) 5 ) < onp (it (12)

We prove Theorem 9 in Section 6.3, using/extending some results and standard ar-
guments on the chromatic numer of the classical binomial random graph. Comparing
to the assumptions of Theorem 5, we note that Theorem 9 allows more variation in the
off-diagonal probabilities p;;,because it does not require assumption (9) to hold.

Now, we are ready to prove Theorem 5.

Proof of Theorem 5. Using the assumption ¢* = ||| =7+°()) from (8), we observe that
log(¢"[Inl) = (1 +0(1))(1 = o) log [[n]|.

Note that all assumptions of Theorems 8 and 9 hold as they appear as the assumptions
of Theorem 5. Also, the quantities on the right hand sides of (11) and (12) satisfy

log(q*(|m||) o

|2—40'
max; je(k] 9ij

and |n| — 0.

Thus, applying Theorems 8 and 9, we get that, for any fixed ¢ > 0, whp

(1—e)

This completes the proof. O

wy(n)
2(1—o)log|n|

wy (M)
2(1 = o)log ||l

<X(G) < (1+¢)
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2.2 Properties of w and w,

In this section, we collect some facts about the quantities w(-) = w(-,Q) and w,(:) =
wy(+, @), defined by (4) and (6) for a general matrix (). These properties are helpful for
applications of Theorem 5 and will also be repeatedly used in the proofs.

Theorem 10. Let QQ = (gij)ije be a symmetric k x k matriz with non-negative en-
tries. Let ¢* and §(-) be defined according (7). Then, the following hold for any x =
(z1,...,25)" € RE,

(a) [Scaling and monotonicity]. If ' € RY and &' < sz for some s > 0, then w(x') <
sw(x) and w,(x') < swy(x). In particular, w(sx) = sw(x) and w.(sx) = sw,(x).

(b) |Corner maximiser|. There is z = (z1,...,21)" with z; € {0,2;} for all i € [k] such
that . .
z Qz = w(x) := max ¥ Qy
=] o=y=z [yl

(c) [Pseudodefinite property|. If y*Qy = 0 for all y € R¥ with dicw Yi =0, then

w(w) = w(x) = glrfm) y;g w(y).

(d) [Upper and lower bounds|. We have

(G()* o (d@)’
221'6[@%“ I= kq*

where the lower bounds for w.(x) hold under the additional condition that ¢* > 0.

¢ llzll = ¢(2)||z|| > w.(z)

],

(e) [Triangle inequality|. For any @’ € R, we have w.(z) + w.(x') > w.(z + ).

(f) [Minimal system of k vectors|. There exists a system of vectors (:c(t))te[k], each from
RY, such that Y, 0 &™) =@ and 3,y w(@®) = w.(z).

(g) [Near-optimal integer system|. If & € NF then there exists a system of vectors
(2D)yeppy, each from N¥, such that D ikl x® = x and D ielk] w(z®) < w,(xz)+k2g".

The proof of Theorem 10 is technical and not very insightful, but for completeness it
is provided at the end of the paper in Section 7.

Remark 11. An interesting question not covered in this paper is how to compute or at
least approximate w,(-) efficiently. We give some examples in Section 3, but the question
remains open in general. We believe that the optimization problems of finding w,(-) and
w(-) can be efficiently solved by fast converging iterative methods such as gradient descent
and analogues of the simplex method.
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2.3 Structure of the rest of the paper

Section 3 covers applications of our main result, Theorem 5. We consider first the case
of two blocks in detail and then prove Theorems 3 and 4. In addition, we study the
unions of two independent random graphs from the stochastic block model. In Section
4, we introduce the weighted independence number and prove the lower tail probability
estimate of Theorem 8. Sections 5 and 6 are devoted to the upper tail probability es-
timate of Theorem 9. In Secton 5 we derive some preliminary estimates based on idea
of separately colouring the blocks of G(n, P). In Section 6, we derive an asymptotically
optimal bound on the chromatic number using the estimates for the existence of large
weighted independent sets given in Section 4.2. Finally, we prove Theorem 10 in Section
7.

3 Applications of the main theorem

In this section, we discuss some applications of Theorem 5. Specifically, we consider the
case of two blocks (Section 3.1), the union of two independent random graphs from the
stochastic block model (Section 13), percolations on a blow-up graph (Section 3.3), and
Chung-Lu model and its complement (Section 3.4).

3.1 Two blocks

Consider the random graph G ~ G(n, P) with two blocks, where

k’ = 2, n — (nl,ng)T € N2, P = |:p11 p12:| Wlth P12 = P21.
P12 P22

Let By and By denote the two blocks of G, i.e., a partition of the vertex set V(G), and let
G := G[By] ~ G(ny,p11) and Gs := G[By] ~ G(nay, paa) denote the induced subgraphs
of G ~ G(n, P) on By and By, respectively. Since B; and By are disjoint, we have

max{x(G1), x(G2)} < x(G) < x(G1) + x(G2). (13)

For fixed py1, p22 € (0,1), Martinsson et al. observed in |27, Section 4.1] that there are two
threshold values p and p such that whp x(G) is asymptotically equal to the lower bound
of (13) if p1o < p, but it is equal to the upper bound of (13) if p1o > . Using Theorem 5,
we extend this result to non-fixed py; = p11(n) or pes = pas(n) that are allowed to vanish
asymptotically. We also obtain the asymptotic formula for x(G) when p < p12 < .

To state our results, define B

. 1 _ 2 1 _ "1
= (n7p117p22) :=1—min {(1 —1011)2 : (1 —p22) ey (1 —p22)2 : (1 —pll) 2 } .
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Obviously, 1 > p > p since pi1, pa2 € (0,1). Observe also p = 0 since

min{ 1—pi)t  (1—pw)? } _ ( (1—pu)? )nlm ( a _p22) )mm .,
n2 n1 ~N n2 -
(1= pa2)® (1 —pu1)? (1 — pyo)?m (1 —p11)2”2

Recall from (3) that Q@ = Q(P) = (gij)ijeq1,2y is defined by g;; := log(1=- p”)

Theorem 12. Let o € [0,00] for some fizred 0 < o < 5. Assume that

2
_ _ q q
||| — oo, qu = ||| U+O(1)7 g2 = |1 Ho(l)a A2« log ||n|].
G22 q11

Then the following hold whp.
(i) If p < p12 < P then

n'Qn

2(1 = 0)|n|/log ||n||

X(G) = (1+0(1))

(1) If p < p12 < 1 then

n1q11 + N2go2
2(1 —o)log||n||

X(G) = (1+0(1)) (x(G1) + x(G2)) = (1 +o(1))

(1i) If 0 < p1a < p then

max {n1Q117n2Q22}
2(1 — o) log ||In||

X(G) = (1 + o(1)) max {x(G1), x(G2)} = (1 + o(1))

Proof. Let ¢*, 4(-), w(-, Q) and w.(-, Q) be defined by (7), (4), and (6). We will first check
that the assumptions of Theorem 5 are satisfied in part (i). To this end, note that (8) are
given in Theorem 12 and observe that

P12 <SP = Q12 S 2Q11 + 2@22
In particular, we get that ¢15 < ¢*, thus

*\2
<1+%> i q]\q*Jrlg(Aq) +1<@+q22
T/ ije{12} g(n) G2 qu

+ 1 < log||n|l.

Using alsothe bounds of Theorem 10(d), we find that

)
@2 i
2q* '

w(n, Q) > > Toglm]

This establishes (9) and (10).
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To prove part (i) by applying Theorem 5, it remains to show that if p < p1» <P then

n'Qn

]

wi(n, Q) =

The inequality g2 < %qn + %qm is also equivalent to y?Qy > 0 for any y € R? with
Y11+y22 = 0 (clearly, one only needs to consider y = (1, —1)7). Usingthe corner maximiser
and the pseudodefinite properties in Theorem 10(b,c), we get that

nTQn} ‘

[l

w.(n,Q) = w(n,Q) = max {711(111, N2G22,

Observe that .
n"Qn  niq + 2ninoqis + n3¢2

Inl| ny + ng

niqin <

holds whenever ¢ > %qn — 2%‘122‘ Similarly, noges < % holds whenever ¢ >

220 — "Lqi1. Next, we recall the second assumption of part (i) that p1o > p, which is
equivalent to

1 1
¢12 =2 max {5911 — 2”721(122; 5422 — 271712(111} .

Thus, we conclude that

nTQn} _n'Qn

w*(”?@) :max{n1QI17n2QQ2; ] Tnl

which completes the proof of (i).

For part (ii), we consider the random graph G ~ G(n, P) such that G C G, where
the diagonal entries of P are the same as of P while the off-digonal entries of P equal 7.
Using (13), we get that

X(G) < X(G) < x(G1) + x(Ga).

Thus, it is sufficient to show that whp

n1q11 + N2go2

G)=(1+o0(1 , 14
W(G) = (14 o)z, (14)
n1qi1 + N2q22
= (1 1 . 1
Applying part (i) to G, we get that
n’Qn

X&) =+ W) g ozl

where @ is the matrix corresponding to P. Note that

n"Qn _ niqu + nina(qu + ga2) + 1322
leddl n Ny

= N1q11 + N2go2.
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Thus, (14) holds.
Next, observe that (15) is implied by Theorem 1 if n; = ||n||**°™ and ny = ||n|/*+°M.
Otherwise, if one of the parts is very small, say G, then we have

||n|| = (1 +o(1))ny and n1qi1 + Nagee = (1 + 0(1))712%2.

Applying Theorem 1 to G, we get whp

N2qG22 N1q11 + N2goo
Gy)=(14+0(1)———————=(1+0(1 .
X( 2) ( ( ))210g(p22n2) ( ( ))2(1 —O') loanH
Let ny = 2L By the assumptions, ny = [n||**°®) > n;. Using the embedding
G, C G(n},p11), we estimate
niqi n1g11 + Nagaa
G)) < x(G(n,p =(1+o0(1))—L1  —p(1)——— ==
X( 1) X( ( 1 11)) ( ( ))QIOg(pun’l) ( ) log||n|]

The above two bounds for x(G;) and x(G2) prove (15), completing the proof of part (ii).
Part (iii) is proved in a similar way to part (ii). O

3.2 Union of two independent random graphs

Consider two independent binomial random graphs G; = G(n,p;) and G, = G(n, p3) on
the same vertex set [n], where py, ps are some constants from (0, 1). It is easy to show that
their union G1UG, is also a binomial random graph G(n, p), where 1—p = (1—py)(1—p2).
This is equivalent to

log <1%p) = log (ﬁ) + log (1_—1]02) . (16)
Then, by formula (1), we get that whp
X(G1UG:) = (1+0(1)) (x(G1) + x(G?2)) - (17)

That is, the chromatic number of the union of two independent random graphs is whp
asymptotically equal to the sum of the chromatic numbers of the two binomial random
graphs. In this section, we prove a generalisation of this observation to the stochastic
block modelbased on Theorem 5. Apart from the assumptions of Theorem 5, we also
insist that both random graph models satisfy the pseudodefinite property of Theorem
10(c).

Theorem 13. Let Gy ~ G(n, P)) and Gy ~ G(n, P2) be independent random graphs
from the stochastic block models, where Py and Py satisfy the assumptions of Theorem &
(with the same o). Assume also that yTQiy > 0 and y*Qyy > 0 for all y € R* with
Y1+ ...+ yr =0, where Q1 = Q(Py) and Q2 = Q(Ps) are defined by (3). Then, whp

X(G1UG2) < (1+40(1)) (x(G1) + x(Ga)) - (18)

In addition, if w(n, Q) = nQm g w(n, Q) = n=Qan ypen (17) holds whyp.

[l ([l
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Proof. Applying Theorem 5, we find that whp

w*(n7 Ql)
2(1 — o) log ||n|’

w*("a Q2>
1—o)log|n|

(19)

X(Gh) = (1+0(1)) X(G2) = (1+0(1)) 5

Observe that the union G; U G5 also belongs to the stochastic block model G(n, P)with
the entries of P defined similarly to (16). Observe that

Q= Q1+ Q,

where Q = Q(P) is defined by (3). In particular, we get that w.(n,Q) > w.(n,Q;)
and wy(n, Q). It is straightforward to check that P and @ satisfy the assumptions of
Theorem 5 (with the same o). Thus, we get whp

w,(n, Q1 + Q2)
2(1 —o)log |n|’

X(G1UG3) = (1+0(1)) (20)

Next, by the pseudodefinite property in Theorem 10(c), we get that

w*(n,Ql) = w(n, Ql), w*(naQZ) = w(n, Qz)-

Note also y7Qy = yTQ1y + yTQoy > 0 for all y € R™ with y; + ... + v, = 0. Using
Theorem 10(c) again, we find that

wi(n, Q1+ Q2) = w(n, Q1 + Q)
Y (Qi+Qa)y

T
= max Y < max y Quy + max Y Qy
0=<y=<n [yl 0=<y=n Hyll 0=y=n Hyll

=w(n, Q1) + wn,Qs) = wi(n, Q1) + wi(n, Q2).

Combining the above, we prove (18).
Now assume that w(n, Q) = "ﬁ% and w(n, Q) = "ﬂgﬁ". To establish (17), we will
show that

w*(n) Ql + QQ) - w*(n7 Ql) + w*(”a QQ)
Then, the result would follow by (19) and (20). We already proved that w.(n, Q1)

wln, Q). w.(n, Q) = w(n, Q). w.(n,Qy + Q) = w(n, Qs +Qs), and w(n, Qu + Qa) <
w(n, Q1) + w(n,Qs). Thus, it remains to prove that

w(n, Q1+ Q2) > w(n, Q1) +w(n, Qq). (21)
Note that

n Qin + n'Qn _ n1(Qi1Qy)n < max Y (QuiQo)y _ wn, Q1 + Qo).

[ Inll [ Tozy=n |yl

Recalling the assumptions that w(n, Q) = nQin and w(n, Q) = %, we derive (21),

thus completing the proof. O
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3.3 Percolations on blow-up graphs: proof of Theorem 3

In order to prove Theorem 3 by applying Theorem 5, we need the following auxiliary result
on the chromatic number of any deterministic graph which can be found as a solution of
a discrete optimisation problem similar to (6).

For a graph G, let mad(G) denote the mazimum average degree over all subgraphs of

G.

Lemma 14. For any graph G, we have
(@) =min Y (14 mad(@[S))).

where the minimum is over all partitions U of the vertex set V(G) and G[S] denotes the
induced subgraph of G.

Proof. 1t is a standard fact from the graph theory that

<
X(G) <1+ o oc(U), (22)

where d(U) is the minimum degree in the induced graph G[U]. The proof of (22) is by
a straightforward induction on |V (G)|; see, for example, [14, Lemma 7.12].
Clearly, we have that

max dg(U) < mad(G),
UCv(G)

which together with (22) implies that, for any S € V(G),
X(G[S]) € 1+ mad(G[9)).

Thus, for any partition U of V(G), we get

X(G) <) X(GIS) <Y (14 mad(G[S)))

by colouring all parts of ¢/ in different colours.
On the other hand, for the partition U of V(G) corresponding to the colour classes of
an optimal colouring of GG, we observe that mad(G[S]) = 0 for all S € U. Thus, we get

that
Doy, T mad(GIS)) = x(G).
This completes the proof. n

We proceed to the proof of Theorem 3. The three key proof ingredients are the
following:

e the asymptotic formula for the chromatic number of the stochcastic block model in
terms of w,(-) given in Theorem 5;
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e Lemma 14 that expresses the chromatic number of an arbitrary graph in terms of
the maximum average degree that is similar to the underlying optimisation problem
for w,(-);

e the existence of a small near-optimal integer system given by Theorem 10(g) that
approximates wi(+).

Proof of Theorem 3. Let € € (0,%) and H be a graph on vertex set [k]. Assume that
p = p(n) satisfies the conditions in Theorem 3. Let A denote the adjacency matrix of H
and I be the k X k identity matrix.

First, we note that the percolated random graph G,, where G = Gy (n), is distributed
according to G(n, P) with P = p(I + A). Let Q = Q(P) be defined according to (3). We
apply Theorem 5 with o := lolg—HZH < 0p = }1 — e. All assumptions of Theorem 5 are
straightforward to check. Since (1—0)log ||n| = log(p||n||) by definition of o, Theorem 5

implies that

w*(n7Q)
2(1 —o)log|n|

w*(’n,, Q)
2log(pl|nll)

X(Gp)= (1 +0(1)) = (1+0(1))

Note that all elements of matrix () are log(l%p) or 0. More precisely, Q) = log(fp)@,
where ) := I + A. By the scaling property in Theorem 10(a), we have

w,(n,Q) = log(1L) w.(n, Q).
Thus, to prove (2), it remains to show that
X(G) = (1+o(1)w.(n, Q) (23)
To show (23), we employ Lemma 14. To this end, for any S C V(G), we define
b(S) = (b:(9),...,b(9))" € N with () :=[SNBy| foric [k, (24)

and observe that, for any U C S

D)'QbU) => bi(U) +2 ) bi(U)b;(U

i€[k] ijeH

= o)) +2 | Y WAL Ny (25)
1€[k] ijeH

= U]+ 2|E(GU))].

Using (25) and the corner maximiser property in Theorem 10(b), we find that

-~ b{U)TQ bU) \U| + 2|E(G[U))|
w(b(9), Q)= max == = pax 0]

=1+ mad(G[95]).
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By the definition of w,(n, Q), we obtain that
w,(n, Q mm Z (14 mad(G[S))), (26)

where the minimum is over all partitions U of the vertex set V(G). On the other hand,
due to the near-optimal integer system of Theorem 10(g), there exists a partition U* of

V(@) such that
min Y (1+mad(@[S)) <Y (1+mad(G[S)) < win, Q) + K7,
This together with (26) gives
mmz 1+ mad(G[S])) < w.(n, Q) + k*§".

Note that the bounds of Theorem 10(d) imply w,(n,Q) — co. Because §* = 1 and
k =|V(H)| is a fixed constant, using Lemma 14, we get that

mlnz (14 mad(G[S])) = w.(n, Q) + O(1),
which implies (23) and completes the proof. O

3.4 Chung-Lu model: proof of Theorem 4

Let k = k(n) € N be such that 1 < k < logn. Let Sy = [0, 1], S»
(52, 1]. Define n(u) = (n4,...,n)" by

I
—~
e
Enl[N]

n
o

I

n; =n;(u):=|{t € [n] : u € S;}.
Define two k x k matrices P* = (ph); jep and PV = (p})); jep by

L . i—1)(j—1 U . 7
phomp UG

Then, for any two vertices a,b € V(G,') = [n], we have

L U
Py < p;b < Py

where ¢ = i(a) and j = j(b) are such that u, € S; and u;, € S;. Therefore, there are two
random graphs G" ~ G(n(u), P¥) and GY ~ G(n(u), PY) such that G* C G C GV.
Furthermore, we find that

X (GY) <x(G)) <x(G").

p

Let Q¥ = Q(PY) and QY = Q(PY) be defined according to (3).
Next, we show that w, (n(u), Q%) = Q(n) and w, (n(u),QY) = Q(n). Then the
assumptions of Theorem 5 hold for both random graphs G* and GY. Indeed, setting
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__logp
logn

D icln Wi = X(n), we get
¢, i((n(u) =0(p) =0(n %) =n"tM « 1

for G* and GY. Recalling also k < logn, we obtain (8) and (9). Finally (10) holds if
w, (n(u), Q*) and w, (n(u), QY) are Q(n) since kg(n(u))q* < logn. Thus, to complete
the proof of Theorem 4(a), it remains to establish the following lemma.

o= and using the assumptions of Theorem 4, that is, 1 > p > n~ Y4+ and

Lemma 15. Suppose the assumptions of Theorem 4 hold. Then

T ﬁ (ZteU ut)Q - L.(l)w* (n(u)v QL) - 1+—0(1)w* (n(u)’ QU) - Q<n)

UC|n] p p
Proof. Since .1, ue = (n), we find that
2

1 2 1
M= [rjnga}zi} |_U] <Zt€U ut) > n (Zte[n] ut) = 2(). (27)

Since p = o(1), we have log 1711[)” = (1 + o(1))pzy uniformly over all z,y € [0,1]. Then,

by the definition of w,(+), we derive that

w, (n(uw), Q") = 1+ o(1)w, (n(u), P*),
w, (n(w), Q") = (14 o(1))w, (n(u), PY).

For any € R, we have

2
TpL, _ P :
x Prx =5 <Ziem x; (i — 1)) > 0. (28)

Using the pseudodefinite property in Theorem 10(c), we find that w, (n(’u,),PL) =
w (n(u), PL) . Similarly, we get that w, (n(u), PU) =w (n(u), PU) . Thus, it remains to
show that

M = 22y (n(w), PE) = H2w (n(u), PY). (29)

- 2 :
Let U* C [n] be the set that maximises ﬁ (> cpwe), that is,

M= ‘(}*\ (ZteU* ut>2'

Using the trivial bound ), .. u; < |U*| and (27), we get that

ZteU* U 2 |(}*| (ZtEU* “t>2 =(n). (30)

Let

x(U*) := (21,...,23)" € NF, ri:=H{te€n|:ue€S;NU"}.
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Combining (30) and the trivial bound ||x(U*)|| = |[U*| < n, we get that

ZteU*ut:(lJrO(k‘l))Z% (1+ 0k Z L

i€[k]

Due to (28) and a similar formula for PV, we get that (3, ;. u)? is equivalent to
D (U*)Prx(U*) and =T (U*)PVz(U*) up to the factor p. Recalling ||z(U*)|| = |U*|,
we get that

D (U*)PLe(U~)
l(U)]l

T (U*)PYz(U*)

pM = (1+o(1)) (U]

= (1+0(1))

This implies
w (n(u), PY) > w (n(u), P*) > (1+ o(1))pM.

For the other direction, using the corner maximiser property in Theorem 10(b), we
get that there is W C [k] such that

Uy _ D ‘ 2
w (n(u), PY) = m (%ﬁ;znz) :

Let UMW) :={t € [n] : w € UiewS;}. Then, Y., n; = [U(W)]. We also have

Ziglnié Z ut<‘ %nz

Therefore,
2 2
1 7 1
—_ “n; | =1+0(k))— w | .
icw M (%:Vk ) U1 ;

w (n(u), P*) < w (n(u), PY) < (1+o(1))pM.
This completes the proof of required bound (29) and of the lemma. [

This implies

We proceed to the proof of Theorem 4(b). Define two k x k matrices PX = (D) jelr)
and PU = (P%)i.jemm by
A —1)+(j—1 +j
pz@::p,(z )JI;(] ), ﬁ%rzp-%.

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(2) (2023), #P2.56 20



Then, for any two vertices a,b € V(G,) = [n], we have

~I + ~U
Pij <Py S Pijs

where i = i(a) and j = j(b) are such that u, € S; and u, € S;. Therefore, there are two
random graphs G~ G(n(u), PX) and G~ G(n(u), PY) such that G" C G C e
Furthermore, we find that

X<@U> <x(G)) <x(aL)-

Then Theorem 4(b) follows immediately by combining Theorem 5 and the following
lemma.

Lemma 16. Let the assumptions of Theorem 4 hold. Let @L = Q(}A)L) and QU = Q(ﬁU)
be defined according to (3). Then

Z up = 1+T(j(1)w* <n(u), @L) = H%@w* (n(u), @U> = Q(n).

te[n]

Proof. Since p = o(1), we have log m = (1+0(1))p(x+y) uniformly over z,y € [0, 1].

Then, by the definition of w,(+), we observe that
w. (n(w),Q") = (1 + o())w. (n(w), P¥),
w, (n(u), @U) = (1+ o(1))w, (n(u),ﬁU) .
For any « € R%, we have

T DL . .
~ y' Py 1—1 1—1
w(w,PL>: max = p- max g Yi=7p- E ;.
o<y=<z ||yl 0<y=z s k o k

By the definition of w,(-), we find that

1—1
, k
1€[k]

W, (n(’u,),ﬁL> =p-

;.

Observing that

&

DR pra

[K] teln] iclk]

=

ic
and recalling > ., ue = (n), we derive

w, (n(u), JSL) — 1ok -3

te(n]

Similarly, we prove w, (n(u),lgU) = (L4 O(k™")p - 3 jcp w- This completes the
proof. O
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4 Weighted independence number

A set U C V(@) is an independent set of a graph G if the induced graph G[U] has no
edges. Let Z(G) denote the set of all the independent sets of G. The independence number
a(G) equals the size of a largest independent set of G. It is well known that (see, for
example [19,25]) if np — 0o and p < 1 — ¢ for a constant € € (0,1), then whp

X(G(n,p)) = (1+0(1)) (31)

a(G(n,p))

That is, for an asymptotically optimal colouring of G(n, p), almost all vertices are covered
with colour classes of approximately equal size a(G(n, p)).

One may think that, to approach the chromatic number of inhomogeneous random
graphs, one can also start with its independence number. In fact, Dolezal et al. [11]
studied the clique number in inhomogeneous random graphs. Note that the clique number
of a graph equals the independence number of its complement. However, we find little use
of the results of [11] in determining the chromatic number of a random graph G ~ G(n, P)
from the stochastic block model. Unlike the homogeneous binomial random graph G(n, p),
some parts of the random graph G ~ G(n, P) will typically contain substantially larger
independent sets than other parts of the graph so one can not achieve an optimal colouring
using colour classses of approximately same size.

To take the inhomogeneity of G ~ G(n, P) into account, we assign special weights to
subsets of vertices (depending on the edge probabilities) and introduce a new parameter,
called weighted independence number, which is the maximal weight of an independent set.

Formally, for a set U C V(G), define

W) = h(U.n, P) — —log(Pr(U € I(G')))

19
Then, for a graph G on vertex set V(G) = V(G), let
= P) = .
ah(G) ah(Gv n, ) UGII(nGa)J?(Uifb h(U) (32)

It might be not obvious but nevertheless true that the weights h(U) are designed in such
a way that all maximal independent sets U in the random graph G have similar weights
whp. This is a natural generalisation of the idea of the balanced colouring of G(n,p)
except we use the weight instead of the size of a colour class.

In this section, we show, in particular that, under the assumptions of Theorem 5
and provided that not all blocks B; are very small, the quantity a;,(G) is concentrated
around (1 — o) log||n|| whp; see Theorem 19. Moreover, we establish fast decreasing tail
bounds for the probability of a(G) being too large or too small; see Lemmas 17 and
18, respectively. Lemma 17 almost immediately leads to the proof of Theorem 8. Even
though, Lemma 18 does not immediately give Theorem 9, it will be the crucial instrument
for our construction of an optimal colouring of G in further sections.

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(2) (2023), #P2.56 22



Let @ = Q(P) be defined by (3), where P is the matrix of edge probabilities for
G ~ G(n, P). For simplicity, everywhere in this section, let

w() =w(-,Q) and  w.() = w.(,Q);

see (4), (6) for definitions. Let ¢* and () be defined according to (7). In addition, we
consider the vector-valued function b : 2@ — NF that maps U C V(G) into b(U)
defined by

b(U) = (b (U),...,bp(U)T with b(U):=|UNDB;| foric [k]

Here, B; are the blocks of vertices in the stochastic block model G(n, P). Note that, for
any U C V(G), we have that ||b(U)|| = |U| and

b(U)TQb(U) = —2log (Pr(U € Z(G))) + > _ qiibi(V) (33)
1€[k]
< —2log (Pr(U € Z(@Q))) + ¢*|U|. (34)

4.1 Lower tail bound: proof of Theorem 8

First, we estimate the probability of a;,(G) to be large for a general random graph G
with independent adjacencies.

Lemma 17. Let G be a random graph on n vertices where edges appear independently of
each other. Assume s;e' > 6n for some t > 0, where

se:=min{|U| : 0 £U CV(Q), Pr(U € Z(GQ)) < e‘”U‘}.

Then
Pr(an(G) > t) < 2175,

Proof. Let X, denote the number of independent sets U of size s in G such that
Pr(U € Z(G)) < e IV,
By definition of s;, we have that X, = 0 for any s < s;. If s > s; then we bound

Pr(X,>0)<EX, <) Pr(U € I(G))
U

n en\ s
< ( )e—“ <(5) <2
S Se

where the sum is over all U that contribute to X,. Thus, we can bound

Pr(an(G) > 1) < > Pr(X,>0)< Y 27° <2,

S=St S=S5¢

which concludes the proof. O
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Next, applying Lemma 17 to G ~ G(n, P), we derive the required probability bound
for the event that the chromatic number x(G) is small.

Proof of Theorem 8. Take t := log(q*||n||). To apply Lemma 17, we need to bound the
quantity s; in Lemma 17. If U is such that Pr(U € Z(G)) < e VI, then using (33), we
get that

HU| < —log (Pr(U € T(G))) < LU max g5

i,jE[K]
Then, by the assumptions, we get that
2t 21 *
max; jefk] dij max; je(k] 4ij

and oot ) |

te *||n|| log(q*||m

max; je(k] dij max; je(k] 4ij
Applying Lemma 17, we find that
Pr(an(G) = log(¢*[[n]])) < 2"~ (36)

Next, using the corner maximiser property in Theorem 10(b) and (34), we find that, for
any U € 7(G),

_ bIV)TQb(W) _ (_2Pr(WeI(G)) ) <o .
W)= e, T S T 9 S 2@ (37)
In the above, we also used that if W C U € Z(G) then W € Z(G). Recall that
log(¢*[|n[]) = ©(og|n) by (8) and ¢* < max;jer q; < log|ln|l by (9). Thus, if
an(G) < log(g*||m||) then, by (37), we have that

Jnax w(b(U)) < 2log(g"[[nl)) + " = (2 + o(1)) log(q [ ]}))-

-----

of G. Cosidering the system consisting of vectors b(U;) for i = 1,..., x(G), and recalling
definition (6), we find that

x(G)
w.(n) < w(b(l)).
i=1
We conclude that, with probability at least 1 — 2175t
(@) > T wb(U) w.(n) (o))
max; w(b(U;)) ~ (24 o(1))log(q*||n]) 2log(q*||m|])
Using (35), we get that
1 *
on — p (- (Ll ).
max; jelk] 4ij
This completes the proof. O
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4.2 Existence of heavy independent sets

We consider a special class of sets distributed between the blocks By, ..., By proportionally
to its sizes (up to rounding). For a vector © = (xy,...,2;)T € R* denote
x| = (|z1],..., 7))’ and 2, := m{l}i}l ;.
ic

For a positive real v, let Z,(G) denote the family of independent sets U C Z(G) such
that b(U) = |vn|.

Lemma 18. Let G ~ G(n, P), where P = (p;;)i jep %5 such that p;; = pj; and 0 < py; < 1
for alli,j € [k]. Let Q@ = Q(P) be as in (3) and o € [0,00) for some fired 0 < 0¢ < 3.
Assume that ||n|| — oo, w(n) > ||n||'~°,

n, = ||ln|-rom, n, > M) (38)
log [[n]|

where n, = min;e n;. Then, there exists v € Ry such that v = (2 + 0(1))% and

Pr(Z,(G) = 0) < exp (—|Jn|> 470y,

Proof. Since n, > %, we can find some r(n) such that
U < 1 (n) < log|Inl|. (39)
(v :
For example, one can take r(n) := (n— log ||n||> . Define
2
V= W(log(w(n)) — 2loglog(w(n)) — log (%) — r(n)). (40)
Note that the assumptions imply that
1 1
fog(u(m)) > jloglnl, v = 2+ o(1) A (41)

Let £ = (¢1,...,0x) = |vn]. That is, we have £ = b(U) for all U € Z,(G). Using the
assumptions, we get, for all i € [k],

n;log(w(n))
w(n)

n. log(w(n))

li=(2+0(1)) o

> (2+0(1)) > 1. (42)

Observe that the number of ways to pick the set U € V(G) such that b(U) = £ equals
T T
e, (7). Then, using (33) that relates Pr(U € Z,(G)) and e~ B =

i

=e 2 ,weget
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that

k k
n; _2Tqe n; s
B17)] =i e @) [T () = TL () )1 - o
i=1 N i=1 N
T k . 4 T
> e 11 (%) > e~ 52l

Using the scaling property in Theorem 10(a) and the definition (40) of v, we get

Qe - V(Vflf)TQ(yflﬁ) vw(n) o w(n)n, o
2]~ e STz g(10g2<w<n>>||n||) (m). (43)

From (42), we also get that
[l log(w(n))
Ll = (2 1 .
el = (2-+ o) P
Using (39), (41), (43), the obvious inequality n, < ||n||, and w(n)

> ||n||*=7, we get that

_tTae g 1 Il ) I
BIL(G)] > e 01 > ( (34 ott) togtumy 2ere)

*

> elltr®) = exp (w (M)) = ||ln|~W.
T

A= Y Pr(UeL(G)and WeZI,(G)),

[UNW|>2

where the sum is over all possible ordered pairs (U, W) of subsets of V(G) such that
|[UNW| > 2. Note that if |[UNW/| < 1 then the events {U € Z,(G)} and {W € Z,(G)}
are independent. By Janson’s inequality, see |20, Theorem 1|, we have

(E|Z,(G)))
Pr(Z, =0) < — . 4
(TAG) = 0) < exp (SN (4
We have already established a lower bound for E|Z,(G)| in (44)
bound W from the above. Using (33), we find that

(44)

Next, let

. Thus, it remains to

A _Z TQmH ﬁ, ZZ rlel) i ,,)mi/Q
EL(G))? i)

where the sums are over m = (my,...,my)7 € Nk with ||m| > 2 and m < €. Observe

that
()5 (82— iy _ (D) _ 1 (B\™
(?) N mil(ni)e, S mil (7)) im, S m;! (m)
1+ o(1))v%n;)™ 1 loe(wmnN\ 2\
(o 1 (5”(35—11())))) |
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Denote
m’Qm
0,, = max ———,
Imf=m 2[|m|

where the maximum is over m € N* with ||m|| = m and m < £. Then, we obtain

m; L ms

A le] log(w(n))\* 4 n;
Q\Z( ( w(n) )6 ) Hm"! (46)

_ii 5|n| (M)Qeem m

- m)! w(n)

m=2

[E[Z,(G

There are two ways we can estimate the quantity 6,,. First, repeating the arguments

of (43) with € replaced by any m < £, we find that

vw(n) w(n)n, )
O < = log ( —r(n). (47)
2 log*(w(n))||n||
Second, observing = T = = n and using the monotonicity property in Theorem 10(a), we
get
rgm _ Imle (Fm)  jmjum)
2||m|| 2 n, 2n,
Thus, we get
muw(n)
Om < : 48
o (48)

which is better than (47) for small m.
Using (39), we can find my € N such that

log|n| =~ n n, log ||n|
1 . 4
< () + w(n) < my < w(n) (49)

Using the inequality m! > m™e~™ and the bound e < Me‘“") implied b
& Anatty log? (w()) ] prec by
(47), we find that
(1€l 2 m el _ m
1 log(w(n)) 5elmMn,
> (=) ) < ey
m! w(n) =\ muw(n)
1] o (50)

< D e gfem el = n|

m=mo

m=my
—w(l

where the last two inequalities used the lower bounds of (49): first m > my > oGy and
then m > mgy > log(”?". we have 6, < log|n|| by (48). Recalling our assumptions
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that w(n) > ||n||'*~ and ||n|"*°® = n, > log(|| )”, we find that the following sum is

dominated by the first term:

mi_:li (5(log(w(n)))2”n“€9’”)m _ <% _|_0(1>> (HnHeo(lognl))z < ||n||4a—2+o(1)‘

=y m! (w(m))? (w(m))?
(51)
Putting (50) and (51) in (46), we obtain that
A < 2—40+0(1) —w(l) _ 2—40+0(1)
Recalling from (44) that E|Z,(G)| = ||n||“"), we conclude that
A+E |IV(G)| H H274U+0(1)
EIZ@))* '
Applying (45), we complete the proof. O

4.3 Concentration of the weighted independence number
The estimates of Sections 4.1 and 4.2 lead to the following result.

Theorem 19. Let G ~ G(n, P), where P = (py;)i jer @5 such that p;j = pj; and 0 < pU
1 for alli,j € [k]. Let Q = Q(P) be as in (3). Let o € [0,00] for some fized 0 < oo < 3
Assume that (8), (9) hold and

me= 0, s A
’ log ]|

where n, 1= minep n;. Then, whp
an(G) = (1 =0 +o(1))log ||n.

Proof. All the assumptions of Theorem 8 also present in this theorem, so we can use the
formulas and arguments given in its proof. Using (36) and the assumption ¢* = ||| ~7+°M)
by (8), we find that whp

an(G) < log(q"[|ln]]) = (1 — o+ o(1)) log [|n].

Next, using Theorem 10(d) and the assumptions §(n),¢* = ||n||=7°® by (8), we have
that . )

() > L ] oo,

Thus, all assumptions of Lemma 18 hold. Applying Lemma 18, we find that whp Z,(G) #
0 for some v = (2 + 0(1))1‘%— If U € Z,(G) then for all i € [k]

w(n)

£
G
\%

b;(U) = |vn;| > (l/ — n%) n;.
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Combining the above, the monotonicity property in Theorem 10(a), and (8), we get that

w(d(U)) = (v = 2)w(n) = (2 + o(1)) log(w(n)) > (2 — 20 + o(1)) log |n|.

Ty

Thus, using (37) and the arguments below (37) showing that ¢* < log ||n||, we find that,
whp
an(G) 2 5 (w(b(U)) — ¢") = (1 — o + o(1)) log | m.

This completes the proof. O

We note that the proof of our main result, Theorem 5, does not rely on Theorem 19, but
the study of the distribution of the parameter «;(G) is of independent interest. Observe
that definition (32) extends to any random graph model. We believe that Theorem 19
carries over as well. In particular, we conjecture the following.

Conjecture 20. Let G = G(n) be a random graph on vertex set [n| where edges ij
appear independently of each other with probabilities p;; = p;j(n) € (0,1). Assume that
there exist ¢ = ¢(n) and constants ¢, co > 0 such that

qn — 00, q < logn,
as n — oo, and, for all edges i7,
e MLl —p; <e @

Then, whp
an(G) = (1+ o(1))log(qn).

In fact, proceeding from Lemma 17 similarly to (36), one can derive that a,(G) <
log(gn) whp under the assumptions of Conjecture 20. However, proving the counterpart
would require significant modifications of the arguments given in Section 4.2.

5 Crude upper bound

In this section, we establish a crude upper bound on x(G), where G ~ G(n, P) based on
a simple idea of colouring each block separately. To do so, we only need the results for
the classical binomial random graph G(n,p).

Lemma 21. Let o € [0,00] for some fized 0 < 09 < 1 and p = p(n) € (0,1) is such that
logn > q:= logl%p >n°.
Then, for any e > 0 and any s = n'T°N) | with probability at least 1 — exp (—n2_4"+0(1)),

there is a colouring of G(n,p) with at least n — s vertices using at most (1 + ) —21027&”)
colours.
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Proof. This argument is well known for a constant p € (0, 1); see for example, [14, Section
7.4]. For the sake of completeness, we repeat it here and check that it extends to p = p(n)
satisfying the assumptions of Lemma 21.

We will apply Lemma 18 to subgraphs G (n’, p) of G(n, p) with n’ > s, by setting k = 1,
n = (n'), and P = (p). Then, by definition, we have n, = ||n| = n’ and w(n) = gn’ so
all assumptions of Lemma 18 hold. Using Lemma 18, we show that the probability that
there is a subgraph in G(n,p) with at least s vertices without an independent set of size

(2 — 5)@ is at most
on eXp(_8274a+0(1)) — exp (_n2740+0(1)) .

Thus, we can keep colouring such independent sets and deleting them from the graph
until we are left with fewer than s vertices. The number of colours used in this process is
bounded above by

n o (1 +5> qn
(2_5)@ 2 log (gn)

Note that, in the above, we can assume that € < 1 since the statement of the lemma
becomes stronger. Then, the inequality QL—E < % holds. O

To colour the remaining vertices, we use the following lemma.

Lemma 22. Let G = G(n,p), where p = p(n) € (0,1) is such that pn — 0o as n — 0.
Then, for any positive integer s = p~t, we have

Pr <E| W CV(G) : [W|=s and x(G[W]) = pslogn + 1 ) < exp (—w(p®s”log’n)) .

Proof. First, for any postive integer u < s, we estimate the probability of the event that
the minimal degree of G’ = G(u, p) is at least pslogn. This event implies that G’ has at
least %psu logn edges. Let N, := (;‘) Since the distribution of the number of edges in
G’ is Bin(N,, p), we find that

Ny

Pr <G/ has at least %psu logn edges) = Z ( . )pi(l — p)Nu—i

> %psu logn

epN % e %psulogn ( )
< u <2 — —wpsu'
> () <lm)

> %psu logn

1

To derive the last inequality in the above, we observe that

N, 2 1
PNu . pu”

. AN ~ .
7 psulogn = logn

Note also that if u < pslogn then G’ has less than %psu log n edges with probability 1.
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Using the union bound over all choices for W C V(G) with |W| = s, for u such that
pslogn < u < s, and for U C W with |U| = u, we get that

Pr (EIW CV(G) : [W|=sand (IJHCE%&;(U) > pslogn)

() 3 O

u>pslogn
en\ s es u
<2<—> (—n_w(ps)> = exp (—w(p®s*log?n)) .
<2(- w;}gﬂ - p (—w(p®s*log” n))

Combining this and the upper bound (22) on the chromatic number in terms of the
minimal degree of subgraphs, we complete the proof. n

Combining Lemma 21 and Lemma 22, we get the following result for G ~ G(n, P).
This result will be important in the proof of Theorem 9 to show that the number of colours
required for the remaining vertices (given by a set U C V(G)) after a certain “optimal”
colouring process is negligible.

Theorem 23. Let G ~ G(n, P), where P = (pi;)ijew 15 such that p;j = pj; and 0 <
pij < 1 foralli,j € [k]. Let ¢* and § be defined in (7). Let o € [0,00] for some fived
0<og< }1. Assume that n is such that

n > ||n|ttoW, k= n°W, logn>q¢*>n""°.

Let u= (ui,...,u;)" € RY be such that §(u) = ¢*n°V. Then, for any e > 0,

q(u)||ul 2—40+0(1)
P 14 &) LWL ) o (—p2-tote)
r (b%?é(ux(G[U]) > (1+¢) 2log (1) exp (—n )

where the maximum is over all subsets U C V(G) such that |U N B;| < w; for all i € [k].

Proof. For each i € [k], we let G; = G(n;, p;;) denote the induced subgraph of G|B;]. Let
dellul_|

n,:=n; + s, where s := {
kg* log® [In

Define p}; € (0,1) to be such that

1 q(u)
i =1o = @i + Qo, where =
Since logn > ¢* > n~7 and §(u) = ¢*n°Y, we get that
logn > qi + 0o(q*) = ¢ = qo > n oW, (52)

By adding s dummy vertices to each block B; and introducing some rejection probability,
for each i € [k] there is a coupling (G, G;) such that G, = G(n}, p;) and G} is a subgraph
of G, with probability 1.
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Consider any U; C V(G;) such that |U;| < w; and let U] consist of the union of U; and
s dummy vertices of G.. Note that, by assumptions,

oW L s < uf o= U] < ug + s

Using (52), we find that sqy = ¢*||u|[n°® and

G(w)||u|ln°®
k_ Y

(ui + 8)(i + qo) = wiqsi + 0 <
(ui +5)(qii + qo) < (L+0(1))q"||u].
Since ¢* > n~7, we get that
log(qi;u;) = (14 o(1))log (q"n) .

Using (52), we find that the assumptions of Lemma 21 hold for G;[U]] = G(ul,p),).
Applying Lemma 21 with & = %, we find that there is a colouring of u, — s = u; vertices
of G using at most

g

(1+¢) 2log (¢*n)

q;u; < € )
— L (14+=c 1
Tog(guy S\ T2 rol)

colours with probability at least

1 —exp (—(u;)2—40+0(1)) >1—exp (_n2—40+0(1)) .

Recalling that 2 — 40 > 1 and applying the union bound, we get that the probability that
there are some i € [k] and U; C V(G;) with |U;| < u; for which such colouring does not
exist is bounded above by

k
Z 97+3 exp (_n2—4cr+0(1)) — exp (_n2—40+0(1)) ‘
i=1
Next, we show that only a small number of colours is needed to colour the remaining

s vertices from each V(G?). Applying Lemma 22, we get that any subset W C V(G)
with s > n'toM) > (p/.)~! vertices can be coloured using at most

pislogn, +1 < ¢*slogn, +1 < 4wl
klog(q*n)

colours with probability at least

1 — exp (—w((p};)*s*log? n;)) > 1 — exp (—n*27HW).

1 1
2° 23
which follows from the fact that ¢~!log ﬁ is monotonically

The last inequality is clear for p}, > For pl, < one can use (52) together with
a;
2log2”’

the inequality pl, >
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increasing for t € (0,1). Applying the union bound, we can complete the colouring of all
sets U] for i € [k] using at most

g(u)||ul

log(q*n)

Z(p;islog n,+1) <

i€[k]
colours with probability at least
1 — kexp (—n2_2”+0(1)) >1— exp (_n2—4o+0(1)) .

Now, consider any U C V(G) such that |[U N B;| < w; for all i € [k]. Combining the
above bounds and using the inequality in the second line of (53), we get that U can be
coloured with at most

qll’t / /
> (145400 >210g( 3+ 2 Whslogni +1)

i€[k] i€[k]

(145 o) 2 (e +o (2521)) (st

2 2log(q*n) log(q*n)
q(u)||ull
< (1 .
(1+¢) 2log(g*n)
colours with probability at least 1 — exp (—n?~4 (L), O

6 Optimal colouring: proof of Theorem 9

In this section we prove Theorem 9. First, applying Lemma 18 multiple times, we find
there are approximately % independent sets covering almost all vertices of G ~
G(n, P). Then, we use Theorem 23 to estimate the number of colours for the remaining

vertices, proving that

WG < (40— Lo (M)

2log(q*||m]) log*(g*||In]))

with probability sufficiently close to 1. Finally, we obtain Theorem 9 by applying this
upper bound to each random graph corresponding to an optimal system of k vectors
(2"),cpry from RE such that

— () - (t)
n = Zte[k] x and  w.(n)= Zte[k} w(zx'™).

Everywhere in this section, we use notations w(-) and w,(+) in place of w(-, Q) and w, (-, @),
where Q = Q(P) is the matrix defined by (3), and ¢*, ¢(-) are the same as in (7).
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6.1 Covering by independent sets

Recall that, for & = (x1,...,7;)" € RY, we defined

x| = (lz1], ..., 2 ])" and  z,:=minuz,.

Provided z, > 0, we have, for any s > 0,

sl > [lsall > (- ) lel] (54)

Similarly, using the monotonicity and scaling properties in Theorem 10(a), we get that
1
sw(x) > w(|sz]) > (s — —> w(x). (55)
Ty

The next lemma shows that we can cover almost all vertices of a random graph from the
stochastic block model with the large “balanced” independent sets provided by Lemma 18.

Lemma 24. Let G ~ G(n, P), where P = (p;;)i jep %5 such that p;; = pj; and 0 < py; < 1
for alli,j € [k]. Let o € [0,00] for some fized 0 < o9 < 3. Assume that w(n) and n,
satisfy the following as ||n|| — oo:

|1—0"

|1+0(1) w(n)

w(n) = n| ) Ty 2> Tog [nl

. = |||

Then, for any fized constant € € (0,1), with probability at least

1 —exp (—[n|?>*7tM)

there is a colouring of G with at most (1 + ¢) w(n) ) colours covering at least

2log(w(n

n; (1 - m - 55_1%)

vertices from each block B; for all i € [k].

Throughout this section we let € € (0, 1) be fixed and set

oglw(n)) o, L uw(n)

vi=(2—¢) w(n) = 21002 mll log? ]| + 3¢ —n* log(w(n))’

To prove Lemma 24 we first claim some auxiliary results, whose proofs we defer to the
end of this section.
Claim 25. With probability at least
1 — exp (—|m2-1)
there exists a sequence (Uy,...,Uy) of disjoint independent sets in G satisfying the fol-

lowing.
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(1) For all j € [{], we have

sy = | Aol |

]|
where
n® =, ) = n =Y b(U) (56)
=1

satisfies |n9|| > 6||n||.

1) The set Zii U, covers all but at most Heénz vertices from each block Bz That 7:8,
( ) j=1>J

or allZ & k|, we have Z-_ bl U; > 1-— 96% n;.

f ’ j=1 J

Our next claim gives the upper bound on the length of the sequence (Uy,...,Uy) of
disjoint independent sets in G' from Claim 25.

Claim 26. Suppose there exists a sequence (Uy, ..., Uy) of disjoint independent subsets in
G such that condition (i) of Claim 25 holds. Then

w(n)

BT TE)

We are ready to establish Lemma 24 based on the claims given above.

Proof of Lemma 24. We take the independent sets Uy, . .., U, provided by Claim 25 as our
colour classes. Note that %e% < 1 and 3e2 < 5 so the condition (i) of Claim 25 ensures

that this colouring covers all but at most n; (Fl\\n\\ + 5e1

block B;. Claim 26 establishes the upper bound for the number of colours as desired. [

_wn) '
. log(w(n))> vertices from each

In the rest of this section we will prove first Claim 26 and then Claim 25. To this end
we need the following lower bounds on n' defined by

)

ng) ‘= minn
i€[k]

Claim 27. Suppose there exists a sequence (Uy, ..., Uy) of disjoint independent subsets in
G such that condition (i) of Claim 25 holds. Then, for all j € [{] such that j < %,

we have .
nij) > <1 _ %) n*HnJ H

Inl

Proof of Claim 27. 1t is sufficient to prove that, for all j € [¢] such that j < Tog(w(n))’

) (9)
n) > n, It — 74+ 1. 57
+ J
[
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Indeed, by the condition (i) of Claim 25 we have [|n")| > 6||n||. From the definition of
6, we get that, for every j € [{],

() __n] L1 _Inflw(n)
n > 0|n||=——— —_— o8
I > bl = st (58)
Using the trivial bound ||n|| > n., we immediately get from (58) that
Y | P O (59)
[l log(w(n))

Thus, if j < Tog(w(n) then Claim 27 follows from (57) and (59).

We will prove (57) by induction on j. Clearly, it is true for j = 1 since n") = n.
Suppose, we established the claim for 7 = i such that i < ¢. By definition and using (54)

with £ = n( and s = %, we get that

ItV vlnl | 1
In@[ =" @] 0

(60)

[nt0)
]

i+1)
5 (1 mmw>nn><Wﬁku_;g)@@
Rl R

(i+1) (i4+1) (i+1)
LSt P Las SR T B
Inl [ ] Il

Combining the induction hypothesis, the bound of (60), and < 1, we find that

Vv

= *

Note also that the induction hypothesis and (59) imply that n{ is positive, since it is

at least <1 — §> ”‘—‘ Thus, the claim is true for j = ¢ + 1 and, by induction, for all

\
< —.
J € [€] such that j < Tog(w(m)) O

Proof of Claim 26. Assume otherwise that £ > (1+¢) 5 Z}(n) . By definition (24) we
have |U;] = ||[b(U;)] and by Claim 25(i) and (54) with = n() and s = A2 we have

[n )]
in|
I > (1o~ =) I

Note further that, by definition of v and the assumptions n, > )

1Og||n|\= w(n) > ||n||170=

v

we have v > 1/n,. Then, using Claim 27, we get that o[ > n(j) for all j € [¢] such

w(n)

o wmn)
that j < Toa(w(n)) Therefore,

0] = 1601 > (ke = =55 ) I = (= owelnl (61)

n
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w(n)

Using (61) and our assumption that £ > (1 + ¢) Toglw(m))’ Ve get
w(n)
> U;| = (1 —o(1 1 _
Inll > 1] > (1= o) (1 +9) o s
i€l
=(1—-0(1)(2—¢)(1 M
=1 =0o(1)(Z =) (L1 +e) = > [Infl.
The last inequality is true for any fixed € € (0,1) when o(1) gets sufficiently small. This
contradiction proves Claim 26. O
Proof of Claim 25. In order to show the existence of such a sequence (Uy, ..., U,) of dis-

joint independent sets in G, we repeatedly apply Lemma 18. Suppose we already con-
structed sets Uy, ...,U;_;. We will show that if |[n| > 0||n| then, with sufficiently
high probability, we can find another independent set U; in the induced subgraph of G
on remaining vertices, which satisfies condition (i) of Claim 25. By Claim 26, we get that

, w(n) w(n)
J<(l+e < : 62
1) Slogw(n)) < log(u(m) o2
For all i < j, using (54) with £ = n(¥ and s = ﬁ/r!g)'h, we find that
[+ v|n|l
—>1- — (63)
In]] [n]]
From (55) (with the same x and s), we obtain
(i+1) _ v|n| 1 ()
w(n" ) < (1 | + o w(n'). (64)
Due to (62), we can apply Claim 27 to obtain
o (1), InOl 8= wm)  [nO]
| e log(w(n)) [[nt+D]|
where the last inequality follows from (59) by taking j =i + 1 which gives
e 3 w(n) 1
In]l = elog(w(n)) [[n+D|”
Then, combining this with (63), we have
(i+1)
- dnl, L I ket
[n® pf 2] (3 —e)w(n)
which in (64) implies
W) ) () slogu(m) ) )
w(nt) [ (3 —e)w(n)
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Multiplying (65) together for i = 1,...,5 — 1, we obtain

w(n®) _ ﬁ w(n D) . In| (1 N elog(w(n)) )j1

wim) ~ U umey < Tl M G- owm)
) (et _ [m9] .
S Tl p(2<3—e>)< [l < (66)

where the penultimate inequality is due to 1 + 2 < €® and the first inequality in (62).
Similarly to (65) and (66), we get

w(n) (Hn“*”!l 1 ) It (1 ) elog(w(n»)

wn®) 7\ n@] 0 I (3 —¢e)w(n)

Tox

which leads to the bound

w(n(ﬂ)) ”n(])H . (67)
w(n) [l
Thus, we obtain from (66) and (67) that
WL () W .
nO ;w9 _ a0 5 .
7] w(n) ]|
(@) (7)
From (58), we have ||Trrz|||| >0> m and obviously HFTZH” < 1. Using the assumption
n, = ||n||**°MW we get that

log(|[nl) = (1 + o(1)) log [n']]. (69)

(") e find that

w
log [[n]|

By Claim 27 and the assumption n, >

| () ) (im0
nff) > (1 . §> n. |\ > [|ln'\7|| _ w(n) > 6_Ew(n ),
Ikl [n|l  log|n) log ||n|]

where the last inequality follows from (66). Combining this with (69), we get

4 ()
n}(kj) > M
log [[nU)]

Combining, Claim 27, the assumption n, = ||n|'*°®"), and (69), we find that

Ny o ,
1> > (1 - é) — In)o® = [nO o).
3/ |In|

Furthermore, the assumption w(n) > ||n||'~ together with (68) and (69) implies

D) . . :
Hn ”e—§ > efil‘nHlfafo(l) _ Hn(])Hlfafo(l).

wn?) i) e
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Thus, all assumptions of Lemma 18 hold for the random graph GY) ~¢g (nV), P).
Applying Lemma 18 to GY) ~ @ (nY), P) we show the existence of an independent
set U' € V(GY) in GY) with probability at least 1 — exp (—|n|?>~%7 M) such that
b(U’) = |v'n|, where
log (w(n)))
wn®)
Moreover, since 2 — 40 > 1, the probability that there exists W C V(G) such that
b(W) = n') and G[W] does not contain such an independent set U’ is at most

n —4o —4o
<|||7|1<j|>|||) exp (= [n]*770) = exp (~[lm |77

Y = (2+o(1))

In particular, we get that the graph obtained from G by removing Uy, ..., U;_; contains
such U’ with probability at least 1 — exp (—||n 2% W)

Next, we show that it is possible to find U; C U’ such that b(U;) = “’;!g)””n(j)J. To

Using (68), (69), and the assumption

v|n|

do this, it is sufficient to show that v/ > @[’

w(n) = ||n||'~7, we find that
log (w(n®)) = (1 +o(1)) log (w(n)).

Observe that g(g) := (2 —¢)e*/? is decreasing on R, so g(¢) < g(0) = 2. Therefore, using
(68) and the first inequality in (55), we get that
es210g (w(n)) [n[/log(w(n))  v|n|

w(n?) [nDlw(n) — [n@]

The probability that there exists the required sequence (Uy,...,U,) can be estimated
as follows. Using Claim 26 and applying the union bound for the event that there is no

V> (2—¢)e > (2—¢)

suitable choice for Uj; after removing Uy, ..., U; from G, we get that
1
|l [|2—40+0(1) 2 w(n) lan [[2—4o+o(1)
Zexp( || ) < (2 + 6) Tog(w(n)) exp (—||n|| )
Jjeld
= exp (_||n||2—4cr+o(1)) ]

To derive the last inequality, we use the assumptions to estimate bll()& < n, < ||n|

g(w(n))
and recall that 2 — 40 > 1.
The construction of the sequence (Ui, ...,U,) is terminated when ||[n™V| < 0||n||.
Note that, for any i € [k],

ngjﬂ) < ngj) — 1/||'n,|| ngj) +1< (11— —V“nH + L n,gj).
[0 [0 T 50

Repeating the arguments of (65) and (66), we find that

ey _ < ln

Thus, condition (ii) of Claim 25 is satisfied. This completes the proof of Claim 25. O]
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6.2 Final ingredient for colouring completion

In this section, we combine Lemma 24 and Theorem 23 to estimate the chromatic number
of G ~ G(n,P) under the additional condition that w,(n) is asymptotically equal to
w(n). In the general case of Theorem 9, this additional condition will be satisfied by
each part of the random graph G corresponding to a near-optimal integer system given
by Theorem 10(g); see Section 6.3.

Lemma 28. Let G ~ G(n, P), where P = (pij); jew @5 such that p;j = pj; and 0 < p;; < 1
for alli,j € [k]. Let o € [0,00] for some fized 0 < 0o < 3. Assume that, as ||n|| — oco:

k=n|*W,  logln| > k¢ = |n|| ™.

Assume also that
w.(n) = (14 0(1))w(n) = (¢"[|n)) .
Then, for any fized € € (0,1),

w(n) ) kg(n)q*||n||) 2—45+40(1)
P G) > (1 — 120 ———— | < — oo .
I'<X< 1> 048 et nl T2 gk nyy ) < P IR

Proof. Let

ew(n)

Ng ‘= g

Consider the vector o = (i, ..., 7x)T € N* defined by

~ ng, if n’t No,
n; ‘=
0, otherwise.

Let Uyig be the union of blocks B; for which n; > ny. We will apply Lemma 24 for the
induced subgraph G := G|[Uyig] ~ G(n, P) (ignoring zero components of ). Then, we
will use Theorem 23 to colour the rest of the vertices of G.

First, we check that G satisfies the assumptions of Lemma 24. From the triangle
inequality in Theorem 10(e) and the assumptions, we find that

w(R) = w. (i) = w.(n) —wi(n—n) = (1+o(1))wn) — w.(n — 7).

Using the upper bound of Theorem 10(d) and by the definitions of 1, ng, we get

Z Nogii= Qk(qn) qii < %w(n)
1€[k]

Therefore, by the assumptions

w() > (1= 5 +o(1)) wn) > (¢'llnl)* =0 > o] =7*0 > a0, (70)
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Using our assumption that w(n) = (1 + o(1))w.(n) and Theorem 10(d) again, we get

I = Al < kng = S50t = (14 0(1)) 45 < (14 0(1)) 5 . (71)
In particular, we get ||72| = ||n|'T°™). By the definition of 72, all non-zero components

of i are at least ng. Using the bounds of Theorem 10(d) and the assumptions, we have
that

q*||n|| > wi(n) > (1+o(1))w(n) > (¢ n)*+0.
Thus, 2™ — ||n|[°@. Recalling also k = ||n||°®, we find that

o = Sm) _ e L) ) o) 0 (72)
=

and, since k¢* < log||n|| and 7

w(n w(n) w(n)
Tog [n]| = Tog [l — (T+o(L) log [l

o >

Thus, all assumptions of Lemma 24 for G ~ G (1, P) hold.

Applying Lemma 24 with ¢ := %, we show that, with probability at least

‘274a+0(1)) ‘274a+o(1))

1~ oxp (| —1—cxp (~|n]

Y

there is a colouring of G with at most

o w(n ~ w(n)
(1+6)m<(1+8+0<1))m

colours covering all vertices from each block B; that n; > ng except at most
n [ —Lt— + 5(5)—1%
* \ log? |n]| no log(w(n))
vertices.

Using (70) and recalling o < i, we find that w(n) = (w(n))*°W = (¢*|n|)+°W. Us-
ing also the assumption kq* < log ||n||, we conclude that the set of remaining uncoloured
vertices (with sufficiently high probability) has at most

1 B w(n)
U; =Ny + Ny (—~ + 5(5)_1—~>
log® || no log(w(n))
30kq*n;

=ng+ (14+0(1) 55—

e2log(q*[|In )
vertices in each block B;. Since ng = ||n||**°W) by (72) and k = ||n|[°™ by our assump-
tions, we find that u; = ||n||'T°M and ||u|| = ||n|'T°"), where w = (u1,...,uz)T. Then,

we get that

= ‘
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By the definitions of u; and ng, we observe that
30kq"||n||g(n)
e?log(q*|In|)

e 11,30k ] ()
= 7w+ (o) e G )

q(u)||ull < kq'no+ (1+o(1))

Using Theorem 23 with n := ||n|| with any ¢’ < %, we can colour the remaining vertices

37
using at most
1oy Al (e wlm) o ok nl()
2log(q*(|n|]) 4 log(q*[m|) log(q*[n|)

colours with a probability at least 1 — exp (—||n||?>~**°()) . Thus, the total number of
colours is at most

., (L+e)e ) w(n) o kg"|In]lg(n)
l+e+—F""—+0 — 4+ 20—
( > W) Zog ) T2 st )
The claimed bound on x(G) follows since & = £/3 and (Ha < 2e/3. O

6.3 Upper tail bound: proof of Theorem 9

By the near-optimal integer system property given in Theorem 10(g), we can find k vectors
(n");epr) from N* such that

n = Z n® and Z w(n®) < w,(n) + k2" (73)
telk

te(k]

We treat our graph G as the union of the vertex disjoint random graphs G ~ G(n®, P),
for t € [k]. Since we can colour them with different colours, we have that, with probability

L,
@) < 3 vE). (74)

te(k]

Timann = (€ K] : (t)<M .

= {re et <

The proof of Theorem 9 consists of two parts. First, applying Theorem 23, we show that,
with sufficiently high probability, >, . X(G(t)) <« ) Second, we use Lemma

small IOg(q ”nH
28 to estimate x(G ) for t & Timan-
Before proceeding, we derive some preliminary bounds implied by our assumptions.
Since k = ||n|°™ and §(n),¢* = ||n| "M, we find that
5 2
(Q(n)) _ ||n||—a+o(1) *

— o(1)
=|n
o I
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Then, using the bounds of Theorem 10(d), we get

S ))2 ()2
* R WM qgm qn 0 *
¢ > im) > ) WOV GO o (75)
HnH Zie[k] Qi q
Since kq*||n| = [|[n)'=7+°M) we derive from (75) that
wi(n) = (¢"[n])* = ||| > K log(q" [ n]). (76)

Using (75) and assumption (10), we get that

. kqq
w.(n)  ka'i(n)
[l Toglinl

g(n) >

which implies
< kg" < log|n|,

which is needed to apply Theorem 23 and Lemma 28. Also, by the definition of w.(-),

we know that
)< S

which, together with (73), implies that

S (w(n®) —w.(n) < Kq°

te(k]

Since every term of the sum above is non-negative, using the assumption k = ||n|/°®™ and
the estimate ¢* < log ||n||, we derive that, for any ¢ € [k],

w(n®) < w,(n®) + K" = w(n®) + ),

Then, using the first equality of (76) and our assumption k = ||n°W, for any t €
K]\ Toman, we get

0y > w«(n) 14o(1 g O [ 1+o(1) 77

wln®) > = (@l > ) (77)

This implies that
w(n) = (1 4+ o()u(n®) > (g [n )+

as required by Lemma 28.

Now, consider any ¢ € Typan. Define u = (uq,...,u;)" € RY
k2q* log ||n||

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(2) (2023), #P2.56 43



Using the bound w,(n) < ¢*||n|| of Theorem 10(d) and the assumption k = ||n|°®), we

get
[n@) < Jlull < [0 +
2 2 Tog ] qu log HnH
1€[k] (78)
7|l 140(1 1+o(1
<P + ——— < [In|| + [n|'°" = |n|+o0.
klog||n|

Using the lower bounds of Theorem 10(d) and the inequality G(n®) < ¢*, we find that

i~ () (t)
P 0 el R
w(n) > w,(n) > e
wy (1)
k2 log|In|

This implies ¢(n®)||n®|| < kw(n®) <
Using the definition of u; we get that

(® w.(n) )
u)jjull = QiU = Qs \ "+ o T
il = Y = 5 (1 +

1€[k] i€[k]

because w(n®) < since t € Taman-

klogH

— 4(n® (®) E
k2q 1Ogllnll s

Using (76), the inequality ¢(u) < ¢*, and ¢* = ||n|=7+°(") by (8), observe also that

(n)

il > 25> Py

q* Hn”1+o(1)

Recalling from (78) that |lu| < ||n|/**°") and using ¢(u) < ¢*, we derive that

¢ = () |n|.

wx(N)
k

Applying Theorem 23 with n := ||n|| and using §(u)||u| < from (79) we get

that
o (_iwlu] w.(n)
UG =0 (qctitingy) < o ol

with probability at least 1 — exp (—||'n||2 doto(l ) Applying the union bound, it follows
that, with sufficiently high probability,

Y (@) < M (80)

1€ T log(g*|[n])

Next, we consider any ¢ € [k] \ Timan. Since w,(n®) < ¢*||n®|| by Theorem 10(d)
and w,(n) = (1 + o(1))w(n®), we have [[n®]| > (1 + o(1))“™". Using (77) and the
bound k = ||n||°™, we find also that

w(n®)

= (1 + 0(1))M _ HnH1+O(1)-

n|| > [[n®] > (1+o(1
Il > 9] > (1 +o(1) Fqlog ]
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That is, we get |n®|| = ||n|**°M. Applying Lemma 28 with any 0 < &' < ¢, we derive
that,

Y Ly w(m) kgt [n ]l g(n®)
WGD) < (11 +o( )),

2log(q*[[n®]) log®(¢*[[n®]

with probability at least 1 — exp (—||n|[*~47*°()). Using the union bound for all such
event over t ¢ Tyy,.n, we get that, with sufficiently high probability,

S M@ < (14 o) S LEL o (FL]Rl0)

2 log(q* 2
t€[k]\ Tammal og(q*|Inl|) log*(q*||n|]) (1)

< (1+¢€ +0(1)) ﬁzjﬂ)ﬂm'

For the first inequality in (81), we estimated the O(-) term using

ST ngn) = 3T S ganl” <3 quna = Inllg(n).

te[k]\Tsmall te[k]\Tsmall ZGUC} le[k]
Finally, substituting the bounds of (80) and (81) into (74) and bounding
1+e'4+0(1) <1+e¢,

we complete the proof of Theorem 9.

7 Proof of Theorem 10

The part (a) follows directly by the definition.
The part (b) is trivial if w(x) = 0 as we Can take y = 0. Thus, we can assume that

w(x) > 0. Observe that the function y — ” H Y (defined to be 0 at origin) is continuous
on the compact set K, defined by

Ky ={yeRl : y=<z}.

Therefore, there exists a maximiser y* = (yi, ..., y;) € K. Furthermore, for each i € [k],
T
y Qy b
filyi) = = qii(yi —a) + ;
o ly] yi+ -+ U

where y differ from y* in the i-th component only and a = a(y*), b = b(y*). If b < 0 then
¢ii # 0 because f;(y;) = w(x) > 0. This implies that ¢; > 0 so the function y; — fi(y;) is
strictly increasing. If b > 0 then the function y; — f;(y;) is strictly convex. In any case,
the maximum lies on the boundary {0, z;}. Repeating the same argument for the other
components, we get (b).
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Before proceeding, we introduce an additional notation. For a positive integer ¢ and
x € RY, let

wy(x) ::( g)l)m ZwQ (82)
T )tele

‘
subject to Z " = x and Y € R* for all ¢ € [(].
=1

A minimum system of ¢ vectors (x();c[q in (82) exists since S wo(x®) is a continuous

function on the compact set of all systems that Zle x® = ¢ and ) € R’_‘;. Using
definitions (4) and (6), we find that

w(x) =wi(x) > wi(x) > w.(x) and w,(x)= }H?o wy(x).

We will also use the following identity.

Lemma 29. For any y,z € RY, we have

¥y Qy  2'Qz (y+2)"Q(y+2)

[yl 1]l [yl -+ 1=

T
:HyHHzH<y_Z>Q(y_Z)
lyll + 1zl \ Myl =] lyll 11zl

where m” Qﬂm is 0 if ||| = 0 and the RHS is taken to be 0 if ||y|| = 0 or ||z|| = 0.

T
Proof. This follows by expanding ( = ) Q (L\I — i) and (y + 2)7 Q (y + 2),

[PIRENE ly |2]]
using linearity, and direct substitution. O]

We proceed to part (c). Take any y € K, such that yﬁ;ﬁy = w(x), which exists by
part (b). Using Lemma 29, we find that

14 l

U)g( Zw (t Z Qy > Qy:w(w)'

= P Hy I [yl

Taking the limit ¢ — oo, we prove (c).

The upper bound
( ) (j |5B” - sz(hz

follows by definition (6) taking the system of k vectors (w(t))te[k], where, for each ¢t €
[k], the t-th component of x® equals z; while other components are 0. Also we have
4(z)||z|| < ¢*||z||. Next we prove the lower bound for w, () of part (d). Let (z®),c, be
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such that we(x) =3,y w(z®) and > el z'¥ = x. By the Cauchy-Schwarz inequality,
we find that

2
()
@) Q2 _ Sy talat)? (Zicpy gl

()
w(z') > = - .
|z®]] Jz®]] [EaR PIREAYE

Using the Cauchy-Schwarz inequality again, we obtain

2
(Z‘e[k} qz'ix(-t)>
% ? t k>
D=y S 2 Dt | = | | = ()l
i€[k]

te(l] te((] tell] i€[k]

2 2

Therefore,
(4(x)?)
we(x) = Zw(ﬁ) > Z—ku
tel] ic[k] i
Taking the limit / — oo and observing Zie[k] ¢i; < kq*, we complete the proof of (d).
For (e), consider any two vector systems S € F(x) and S’ € F(a'); see definition (6).
Then, the union system S U S’ belongs to F(x + ’). Thus,

Zw(y) + Z w(y) = Z w(y) = wi(z+ ).

yes yes’ yeSUS’

Taking the infimum over S,S’, we get (e).

For (f), assume ¢ > k. Then, we can find real constants ¢}, ¢ = 1,..., ¢, such that
¢
3 0z
t=1

Next, we show that @ = (14 ec)z® gives another optimal solution of (82). Observe

that Zle o) = If |e| is sufficiently small that x) e R* then

L L

fle) =) w@l) =) (1+ec)uw(@?),

t=1 t=1

that is, f(e) is a linear function of €. Since ¢ = 0 gives the minimum value of f(e), it
should be a constant function. Then, we can make at least one of mg) to be trivial while
others remain in R¥ without changing the value of the target function Zle w(azgt)). This
implies wy(x) = wy—;1(x). Repeating these arguments several times we find that

’lUg(%) = wg_l(il,') == wk(:c)

Taking the limit ¢ — oo, we get (f).
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Finally, we proceed to part (g). Using part (f), we can find a system (y®),cp such
that

Xk: w(y?) = w,(x) and Z yV =
t=1
In particular, by definition of w,(-), we find that
w.(y¥) = w(y"). (83)
Define £® := |y®]. Combining (83) and parts (d), (e), we also find that for all ¢ € [k]
w(y®) = w.(y) < @) 4y~ 20) < @) 40y 20 < @) ke

Thus, we get that

k
Y w(@?) =Y (wy") - ke') = w.(z) - Kq".

t=1 t=1

Now, we can increase some components of x® to ensure that Zte[k] ) = . By part

(a), this would only increase the values of w(x®). This completes the proof of part (g)
and Theorem 10.
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