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Abstract

A Dasis of the center of the 0-Hecke algebra of an arbitrary finite Coxeter group
was described by He in 2015. This basis corresponds to certain equivalence classes
of the Coxeter group. We consider the case of the symmetric group &,,. Building on
work of Geck, Kim and Pfeiffer, we obtain a complete set of representatives of the
equivalence classes. This set is naturally parametrized by certain compositions of n
called maxzimal. We develop an explicit combinatorial description for the equivalence
classes that are parametrized by the maximal compositions whose odd parts form
a hook.

Mathematics Subject Classifications: 05E16, 20B30, 20C08

1 Introduction

Let W be a finite Coxeter group. The Iwahori-Hecke algebra Hy, (q) of W is a deformation
of the group algebra of W with nonzero parameter q. Iwahori-Hecke algebras arise in the
representation theory of finite groups of Lie type and Knot theory [9]. Setting ¢ = 0
results in the 0-Hecke algebra Hy, (0). A first (and thorough) study of Hy (0) was carried
out by Norton [23]. Its structure diverges considerably from the generic ¢ # 0 case [3].
The 0-Hecke algebras appear in the modular representation theory of finite groups of
Lie type [4, 23]. The Grothendieck ring of the finitely generated modules of the 0-Hecke
algebras of the symmetric groups is isomorphic to the Hopf algebra of quasisymmetric
functions [19]. This article is related to the center Z(H,(0)) of the 0-Hecke algebra H,,(0)
of the symmetric group &,,.

Fayers mentions the description of Z(Hy (0)) as an open problem in [5]. Brichard
gives a formula for the dimension of the center in type A [2]. Yang and Li obtain a lower
bound for the dimension of Z(Hy, (0)) for irreducible W in several types other than A [24].
Moreover, they specify the dimension in type I3(n) for n > 5. In [13] He describes a basis
of Z(Hw(0)) in arbitrary type indexed by a set of equivalence classes Wyax/~ of W.
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Motivated by the connection to the center of H,(0), we are interested in the quotient
set (6,),,../~- We want to develop a combinatorial description for certain elements of
(61)max/~- To this end, we introduce a complete set of representatives of (&,,) .. /~.
Other sets of representatives can be deduced from [12] or [2].

Let S be the set of Coxeter generators of W and ¢ be the length function of W. Define
Winin and Wi to be the set of elements of W whose length is minimal and maximal
in their conjugacy class, respectively. Geck and Pfeiffer introduce in [8] a relation — on
W. It is the reflexive and transitive closure of the relations % for s € S where we have
w > w' if w = sws and f(w') < {(w). By setting w ~ w' if and only if w — w' and
w’ — w one obtains an equivalence relation &~ on W. The a-equivalence classes of W are
known as cyclic shift classes.

In the case where W is a Weyl group, Geck and Pfeiffer show that Wy, in conjunction
with the relation — has remarkable properties and how these properties can be used in
order to define a character table of Hy(q) with ¢ # 0 [8]. Since then their results have been
generalized to finite [6], affine [15] and finally to all Coxeter groups [21]. The relation —
can also be used to describe the conjugacy classes of Coxeter groups [9, 12, 20] in particular
for computational purposes [6, 9]. Geck, Kim and Pfeiffer introduce a twisted version —;
of the relation belonging to twisted conjugacy classes of W in [7]. Building on the results
of [8], Geck and Rouquier define a basis of Z(Hw/(q)) for ¢ # 0 and W a finite Weyl
group, which is naturally indexed by the conjugacy classes of W [10]. A generalization of
cyclic shift classes related to parabolic character sheaves was given by He [14]. On W/~
the relation — gives rise to a partial order. Gill considers the corresponding subposets
O/~ where O is a conjugacy class of W [11].

For an element ¥ of the quotient set Wi.x/~, He defines the element Ty, := >, T,
where x runs over the order ideal in Bruhat order of W generated by 3 [13]. Then he
shows that the elements Ty, for ¥ € Wi/~ form a basis of Z(Hy (0)). We consider
He’s approach in Section 2.

For each composition o F n, Kim defines the element in stair form o, € &, [17].
Moreover, she calls a F n maximal if there is a k > 0 such that the first £ parts of « are
even and the remaining parts are odd and weakly decreasing. In this case we write o F, n.
We show in Theorem 18 that the elements in stair form o, for a F, n form a system of
representatives of (&,,),../~. For a E. nlet ¥, € (&,),../~ be the equivalence class
of the element in stair form o,. It follows that the elements Ty, for a F. n form a basis
of Z(H,(0)). This leads to an alternative proof of Brichard’s dimension formula from [2],
which she obtained by considering braid diagrams on the Mobius strip. The system of
representatives of the elements in stair form is the topic of Section 3.

Since Ty, depends on the order ideal generated by X, a description of the elements of
Y, is desirable. This is the subject of Section 4. We obtain combinatorial characterizations
of the equivalence classes X,y (Theorem 49) and ¥ jn-+) with & odd (Theorem 69) and
a decomposition rule X, o) = Bar) © L(as,..) if a1 is even, given by an injective
operator ® which we call the inductive product (Theorem 84). From the combination of
Theorem 49 and Theorem 84 it follows that the only unknown part in the description
of ¥, is ¥4 where o is the maximal composition consisting of the odd parts of a. As
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we know Y, in case where o is an odd hook from Theorem 69, we can describe Y,
for all a F. n whose odd parts form a hook (Remark 87). In particular, this includes a
characterization of ¥ 1n-+) for even k as well (Theorem 93). The case of describing X,
in the case where a has only odd parts and is not a hook remains as an open problem
(see Remark 94).

Let n > 3. Norton showed that H,(0) has exactly three blocks: one nontrivial block
B and two blocks of dimension one [23]. The author used the results of this paper in
order to show that for each maximal composition o # (1™) whose odd parts form a hook,
the basis element Ty annihilates all the simple modules belonging to block B [18].

The structure is as follows. In Section 2 we present the background material and
review He’s basis of the center of Hy (0) and the connection to the quotient set Wi/~
In Section 3 we obtain the system of representatives of (&,,), ../~ given by the elements
in stair form. There we encounter several intermediate results which are also applied in
Section 4, where we consider the equivalence classes ¥, € (&,,), ../~

2 Preliminaries

Let K be an arbitrary field. We set N := {1,2,...} and always assume that n € N.
For a,b € 7Z we define the discrete interval [a,b] := {c € Z|a < c< b} and use the
shorthand [a] := [1, al.

2.1 Coxeter groups

We consider basic concepts from the theory of finite Coxeter groups. Our motivation is
the application to the symmetric groups. Refer to [1, 16] for details.

Let S be a set. A Cozeter matriz is a map m: S x S — N U {oo} such that
(1) m(s,s’) = 1 if and only if &' = s and (2) m(s,s') = m(s,s) for all s, € S. The
corresponding Coxeter graph is the undirected graph with vertex set S containing the
edge {s,s'} if and only if m(s,s") > 3. If m(s,s’) > 4 then the edge {s, s’} is labeled
with m(s,s’). A group W is called a Cozeter group with Coxeter generators S if W is
generated by S subject to the relations

(1) s =1forallse S,
(2) (88" )m(s,s) = (8'58"+ )m(s,sy for all s,5" € S with s # s’ and
m(s,s’) < oo
where (ss's---), denotes the alternating product of s and s’ with p factors.

Let W be a Coxeter group with Coxeter generators S. We always assume that W is
finite. For I C S the parabolic subgroup W7y is the subgroup of W generated by I. It is a
Coxeter group with Coxeter generators /.

Each w € W can be written as a product w = s1---s; with s; € S. Then s;---s; is
called a word for w. If k is minimal among all words for w, s; - - - s is a reduced word for
w and ¢(w) := k is the length of w. The left and the right descent set of w € W are given
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Dp(w):={se S |l(sw) < l(w)},

Dr(w) :={s € S | L(ws) < {(w)} . (2.1)

The Bruhat order < is the partial order on W given by u < w if and only if there
exists a reduced word for w which contains a reduced word of u as a subsequence. The
Bruhat poset is graded by the length function ¢. Since W is finite, there exists a greatest
element wy € W in Bruhat order. This element is called the longest element of W. It has
the following useful properties.

Lemma 1 ([1, Proposition 2.3.2 and Corollary 2.3.3]). Let wy be the longest element of
W. Then we have

(1) u = 1.
(2) L(wwy) = L(wow) = L(wy) — L(w) for allw € W,
(3) L(wowwy) = L(w) for allw € W.

Lemma 2 ([1, Propositions 2.3.4 and 3.1.5]). For the Bruhat order on W, we have that

(1) wr— wwy and w — wow are antiautomorphisms,

(2) w— wowwy is an automorphism.

We now define the 0-Hecke algebra of W. Refer to Chapter 1 of [22] for background
information on Hy (0).

Definition 3. The 0-Hecke algebra Hy (0) of W is the unital associative K-algebra gen-
erated by the elements T for s € .S subject to the relations

(1) T52 = _T87
(2) (TsToTs - Jim(s,e) = (ToTsTy - -+ )mgs,sn) for all s, € S with s # .

For w € W define T, := Ty, - - - T, where s, --- s is a reduced word for w. The word
property ensures that this is well defined [1, Theorem 3.3.1]. We have that {7}, | w € W}
is a K-basis of Hy (0) with multiplication given by

T, — {Tsw if (sw) > {(w)
—Tw if l(sw) < l(w)

for w e W and s € S [22, Theorem 1.13].

2.2 The symmetric group

For a finite set X we define S(X) to be the group formed by all bijections from X to
itself. The symmetric group &,, is the group &([n]). Its elements are called permutations.
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Let S be the set of adjacent transpositions s; := (i,i + 1) € &, fori =1,...,n — 1.
The elements of S generate &,, as a Coxeter group subject to the relations

2 _
sy =1,
S$iSi+15i = Si+15iSi+1,
SiSj = 5554 if |Z —j| 2 2

[1, Proposition 1.5.4]. For n > 2, &,, is an irreducible Coxeter group of type A,_;. In
the case of the symmetric group &,,, we always assume that S is the set of adjacent
transpositions. For ¢ € &,, we have

Dy(o)={si€S|o (i) >0 " (i+1)},

(2.2)
Dr(o) = {si€ S| o(i) > a(i + 1)}

[1, Proposition 1.5.3]. The longest element wy of &,, is given by wy(i) = n —i + 1 for
i € [n]. We denote the 0-Hecke algebra of the symmetric group S,, with H,(0) := Hg,, (0)
and use the shorthand 7; := Ty, for i € [n — 1].

2.3 Combinatorics

A composition o = (ay, ..., ) is a finite sequence of positive integers. The length and the
size of o are given by £(c) := [ and |a| := S!_, ay, respectively. The a; are called parts of
a. If « has size n, a is called composition of n and we write a E n. A weak composition
of n is a finite sequence of nonnegative integers that sum up to n. We write a Fy n if «
is a weak composition of n. The empty composition () is the unique composition of length
and size 0. A partition is a composition whose parts are weakly decreasing. We write
A F nif X is a partition of size n. For example, (1,4,3) F 8 and (4,3,1) - 8. Partitions
of n of the form (k,1"*) with k € [n] are called hooks.

A permutation o € &,, can be represented in cycle notation where cycles of length one
may be omitted. The cycle type (or simply type) of a permutation o € &,, is the partition
of n whose parts are the sizes of all the cycles of o. If ¢ has cycle type (k, 1"%) for a
k € [n] we also call it a k-cycle. A k-cycle is trivial if k = 1. Writing o in cycle notation
is the same as expanding ¢ into a product o --- 0o, of disjoint cycles where the trivial
cycles may be omitted in the expansion. On the other hand, in order to describe the cycle
notation of a permutation combinatorially, it can be useful to include them. In Section 4
we will characterize the elements of certain equivalence classes of &,, by considering them
in cycle notation.

2.4 Centers of 0-Hecke algebras

In this section we introduce He’s basis of the center of H,(0). Following his approach
in [13], we take a more general point of view and consider the center of Hy (0) for a
finite Coxeter group W twisted by an automorphism 4. This enables us to prove a useful
invariance property in Corollary 13. By setting W = &,, and § = id, we recover the
desired results on the center of H,(0).

ot
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Let W be a finite Coxeter group with Coxeter generators S and ¢ be a automorphism
of W with §(S) = S. For instance, we can choose § = id. Another example is given
by the conjugation with wy. For u,w € W we use the shorthand w* = uwu~'. Define
v: W — W, w+— w". Then v is a group automorphism and from Lemma 1 it follows that
l(v(w)) = L(w) for all w € W so that v(S) = S. In general, each graph automorphism
of the Coxeter graph of W gives rise to a W-automorphism that fixes S. By the next
lemma, the converse direction is also true. The result is not new. For instance, it was
already used implicitly in [7, Section 2.10].

Lemma 4. Let 0 be a group automorphism of W with §(S) = S. Then
(1) 0 is an automorphism of the Cozeter graph of W,
(2) 0 is an automorphism of the Bruhat order of W.
Proof. For w € W denote the order of w with ord(w). Let m be the Coxeter matrix and

" be the Coxeter graph of W. Then m(s, s’) = ord(ss’) for all s, s’ € S. Since ¢ is a group
automorphism, we have ord(d(w)) = ord(w) for all w € W. Hence for all s,¢' € §

m(d(s),d(s")) = ord(6(s)d(s")) = ord(ss’) = m(s, s').

Thus, § is an automorphism of T'.

By a comment following [1, Proposition 2.3.4], we have that multiplicatively extending
a graph automorphism of I yields a Bruhat order automorphism of W. Hence, ¢ is such
an automorphism. O

Example 5. The Coxeter graph of &,, is shown below.

S1 S92 53 Sp—2 Sn—1
[ ] [ ] o — — 0 [ ]

This graph has at most two automorphisms: the identity and the mapping given by
S; — Sn_;. For n > 3 these maps are distinct. Let wy be the longest element of G,,. Then
wo(j) =n —j+1for all j € [n] and therefore si° = (n — i+ 1,n — i) = s,_;. Hence the
second map is v. Thus, id and v are the only possibilities for § if W = &,,.

Two elements w,w’ € W are called d-conjugate if there is an x € W such that w' =
zwd(x)~'. The set of §-conjugacy classes of W is denoted by cl(WW)s. For O € cl(W); the
set of elements of minimal length in O and the set of elements of maximal length in O is
denoted by O and Oy, respectively.

We want to decompose these sets using an equivalence relation. Let w,w’ € W. For
s € S we write w 5 w' if w' = swd(s) and £(w') < £(w). We write w —5 w' if there is
a sequence w = Wy, Wy, ..., Wgr1 = w' of elements of W such that for each ¢ € [k] there
exists an s € S such that w; 25 wiy. If w —5 w' and W' —s w we write w ~5 w'.
Then =5 is an equivalence relation. The equivalence classes of W under ~; are known
as d-cyclic shift classes. If w ~5 w' then {(w) = ¢(w’). Thus, for all O € cl(W)s, Omin
and Opax decompose into equivalence classes of ~s. Define Wspin = Uoecamw), Omin
and Wsmin/~s to be the quotient set of Wiumin by ~5. Analogously, define the sets
W max = Uoeam); Omax and Wi max /~s. In the case 6 = id we may omit the index 0.
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Example 6. We have (1,2, 3) L9 (1,3,2) ard (1,2,3) so that (1,2,3) ~ (1,3,2). More-

1,3,2
over, £((1,2)) = £((2,3)) = 1 and ¢((1,3)) = 3. Hence,

{1}, {(1,2,3),(1,3,2)} and {(1,3)}
are the elements of (&3) . /~.

Since ¢ is a Bruhat order automorphism of W by Lemma 4, we obtain an algebra
automorphism of Hy, (0) by setting T — Ty(,) for all s € S and extending multiplicatively
and linearly. This algebra automorphism is also denoted by d. The d-center of Hy,(0) is
given by

Z(Hw(0))s :={z € Hy(0) | az = zd(a) for all a € Hy (0)}.
We now come to He’s basis of Z(Hy (0))s. For ¥ € Wi max/~s set
Wes :={x € W |z < w for some w € ¥}

and

Theorem 7 ([13, Theorem 5.4]). The elements Ty, for ¥ € Wy max/~s form a K-basis
of Z(Hw(0))s.

We are concerned with the following special case.
Corollary 8. The elements Ty, for ¥ € (6,) ../~ form a basis of Z(H,(0)).

Example 9. Note that in G3
(1,2,3) = s159, (1,3,2) = s9s1 and (1,3) = wp.
Thus, Example 6 and Corollary 8 yield that the elements

17 1+T1+TQ+T1T2+T2T1 and Z Tw

weG3

form a basis of Z(H3(0)).

The basis of Z(H,(0)) from Corollary 8 depends on (&,,),..../~. This is the motivation
for considering (&,,),../~ in this paper. The remainder of this section is devoted to
show that v(X) = X for all ¥ € (&,,),,,./~ in Corollary 13. This result will be useful in
Section 4. In order to obtain it, we further study the quotient sets of Wiy and Wi max
under =;.

Define ¢’ := v od. Then ¢’ is a W-automorphism with §'(S) = S as well. The Bruhat
order antiautomorphism w — wwy from Lemma 2 relates W min/~s t0 W max/~sr.
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Lemma 10 ([13, Section 2.2]). We have a bijection
W&,min/zé — W&’,max/zé/, > ZU}O.

We now come to parametrizations of Wi/~ and Wi max/~s which are due to He.
A d-conjugacy class O € cl(W); is called elliptic (or cuspidal) it ONW; =@ forall I C S
such that §(/) = I. Define

Ls:={(,C)| I CS,I=46()and C € cl(W))s is elliptic} .
Proposition 11 ([13, Corollaries 4.2 and 4.3]). The maps

s — Wsmin/~s and Ly — Wimax/~s
(I, C) —> Cmin ([, C) — Cminwo

are bijections.

A complete set of representatives of the elliptic v-conjugacy classes of G, is given by
[12, Lemma 7.14]. This result can be combined with [12, §7.12] in order to obtain I', and,
by Proposition 11, representatives for (&,,),../~. Our aim is to characterize the elements
of ¥ for certain ¥ € (&,,),,,./~ combinatorially. To this end, we introduce another set of
representatives in the next section.

From Proposition 11 we deduce the following invariance properties.

Lemma 12.
(1) We have 6(X) =X for each X € Wi min/=s.
(2) We have §'(X) = X for each ¥ € Wi max/=s.

Proof. (1) Let ¥ € Wymin/~s and w € X. By Proposition 11 there exists a tuple
(I,C) € T's such that C' € cl(W;)s and ¥ = Cin. Hence w € W and therefore w™! € W7.
It follows that

S(w) =wws(w™ )t e C.

Moreover, ¢(6(w)) = £(w) because § is a Bruhat order automorphism by Lemma 4. There-
fore, 0(w) € Cipin = 2. Hence, §(X) = X.
(2) Let ¥ € Wi max/~s. From Lemma 10 it follows that Ywy € W min/~s. Hence,

5/(2)?1]0 = (SI<E’LU0) = ZU)(),

where we use that ¢’ is a group homomorphism with ¢'(wg) = wy for the first and Part (1)
for the second equality. Now multiply from the right with wy. O]

Setting W = &,, and § = id in the second part of Lemma 12 yields the desired result
on (&,) ./~ and v.

max

Corollary 13. We have v(X) = X for each ¥ € (6,,) .../~
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3 Elements in stair form

The goal of this section is to obtain a new set of representatives of (&,,), ../~ in Theo-
rem 18. As announced in the introduction, the set consists of the elements in stair form
indexed by the mazimal compositions of n. This is the foundation of the combinatorial
description of the elements of ¥ for the equivalence classes 3 € (&,,)__/~ considered in
Section 4.

The section is structured as follows. We first define elements in stair form and maximal
compositions. Then Theorem 18 is stated. We proceed with consequences of Theorem 18
before we come its proof. Along the way, we encounter several intermediary results which
are also important for Section 4. There Lemmas 23 and 25 are used directly. Moreover,
from Lemmas 26 and 27 we infer Proposition 28 at the end of this section, and this result
is then applied in Section 4.

We now begin with the definition of the elements in stair form.

max

Definition 14 (Kim, [17]). Let a = (s, ..., ) E n. Define the list (z1,z2,...,2,) by
setting xo;_1 := 1 and x9; :=n — 1+ 1. The element in stair form o, € &,, corresponding
to «v is given by

Oq i= 00,0qy """ Oq,

where o, is the a;-cycle

Oa; = (xa1+---+04i71+17 Log+-ta;_14+25 - - - 7$a1+---+a¢71+0@) :

For instance, o2y = (1,6,2,5)(3,4). We obtain o, for a = (oq,...,q) F n as
follows. Let d; := >75_; ; for @ = 1,...,[ and consider the list (x1,T9,...,T,) given as
above. Then split the list between x4, and x4, for i = 1,...,l—1. The resulting sublists
are the cycles of o,. In particular, if & and 3 are compositions with o, = og then ao = 3.
We continue with the maximal compositions.

Definition 15 (Kim, [17]). Let a = (a1,...,q) F n. We call @ mazimal and write
a E. n if there exists a k£ with 0 < k£ < [ such that «; is even for ¢ < k, «; is odd for ¢ > k
and g1 = Qi = ... 2 Q.

For example, among the two compositions (4,6,2,3,1,1) and (6,4, 3,2,1,1) of 17 only
the first one is maximal. The term mazimal is justified by the following result, which
goes back to Kim [17]. A proof is given in [7, Theorem 3.3].

Lemma 16. Let a« En. Then o4 € (S,)max if and only if « is a mazimal composition.
Thanks to Lemma 16 the following is well defined.

Definition 17. For a F. n define ¥, € (&,,),,,./~ to be the ~-equivalence class of the
element in stair form o,,.

We now state the main result of the section.
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Theorem 18. A complete system of representatives of (&,), ../~ is given by
{04 | Fen}.
That s, we have a bijection
{akE.n} = (6,) ../~ a— X,

Before we begin proving Theorem 18, we discuss some immediate consequences. One
of them is that (&,) ., /~ is parametrized by the maximal compositions of n. This
can also be shown by using the representatives of (&,,) ./~ from [12] mentioned after
Proposition 11.

max

Example 19. For n = 3 we have

aF. 3| (3)  (21) (1%
oo | (1,3,2) (1,3) 1

which by Theorem 18 is a complete set of representatives of (S3), ../~.
By combining Corollary 8 and Theorem 18, we obtain the following.

Corollary 20. The elements Ty, for a E. n form a basis of Z(H,(0)).
This leads to an alternative proof of Brichard’s dimension formula.

Corollary 21 ([2, Section 5.1]). The dimension of Z(H,(0)) equals

71)\!

Aen T

where for X = (17,27 . )b n, my = [Is1 k! and ny := 351 ke is the number of even
parts of .

Proof. Each summand is the number of maximal compositions that have the same multiset
of parts as A\ - n. Hence, the sum is the number of maximal compositions of n. By
Corollary 20 this is the dimension of Z(H,(0)). O

Remark 22. From Theorem 18 and Lemma 10 it follows that the elements o,wq for a F, n
form a system of representatives of (&), ,;,/~. A basis of the cocenter of H,,(0) twisted
by v is given by such a system [13, Theorem 6.5].

We now come to the proof of Theorem 18. Because of Lemma 16, it remains to show
the following.
(a) For each ¥ € (&,,),,./~ there is an « F. n such that o, € 3.
(b) If o, 8 Fe n and 0, = o5 then a = f5.
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There are two ways of showing

|(6n)max/%| = |[{a F. n}

which are independent of Theorem 18: (1) Combining Corollary 8 with Brichard’s dimen-
sion formula (Corollary 21) and (2) using the representatives of [12]. Using one of these,
it would suffice to prove (a). However, we choose to include a prove of (b) because it
follows a direct combinatorial approach and involves the intermediate results Lemmas 25
to 27 that we need for Section 4.

In order to prove Statement (a) we use the following result. It is also applied in the
argumentation leading to Theorem 49.

Lemma 23. Let W be a finite Coxeter group and w,w’ € W be such that w — w' and
l(w) =L(w'). Then w ~ w'.

Proof. Let S be the set of Coxeter generators of W. It suffices to consider the case where
w > w' for some s € S because by definition — is the transitive closure of all the relations
L with ¢t € S. Then w’ = sws. Thus, w = sw's and since /(w) = £(w'), we have w' = w.
Hence w ~ w'. O

Proof of Statement (a). Let ¥ € (6,,),../~ and 0 € X. In [17, Section 3| it is shown
that there is a § F n such that o5 — 0. Moreover, Statement (a”) of Section 3.1 in [7]
provides the existence of an o F. n such that o, — og. Therefore, o0, — 0. Hence, o,
and o are conjugate and ((o,) > {(0). But the length of ¢ is maximal in its conjugacy
class. Hence, ¢(0,) = {(0) and Lemma 23 yields o, ~ 0. O

We begin working towards Statement (b). It will follow from Lemmas 24 to 27. As
before, we will trace the relation ~ back to the elementary steps ~% with i € [n — 1].
Consider ¢ € &,, and 7 = s;,0s;. Then we have 7 2% o or 0 % 7 depending on {(s;0s;) —
((c). Moreover o ~ 7 if and only if the difference vanishes. Thus our first goal is to
determine ¢(s;os;) — ¢(0) depending on ¢ and s; in Lemma 25.

Lemma 24. Let o0 € S,, and i,j € [n—1]. Then {o(i),0(i+ 1)} # {j,j + 1} if and only
’Lf (Sj S DL(O') — S5 € DL(O'Si)).

Proof. We consider all permutations in one-line notation. From Equation (2.2) it follows
for each 0 € &,, that j € Dy(o) if and only if j 4 1 is left of j in o.

Now fix 0 € &,,. Observe that we obtain os; from o by swapping (i) and o(i + 1).
Since these are two consecutive letters in the the one-line notation of o, the relative
positioning of j and j + 1 is affected by this interchange if and only if {o(i),0(i + 1)} =
{j,7 + 1}. Now use the above remark on left descents to deduce the claim. O

We now come to the result on ¢(s;os;) — ¢(c). Determining this difference will also
be of interest in Section 4. It comes up when we trace ~ down to elementary steps (as
explained above) or when we interchange ¢ and i+ 1 in the cycle notation of o. Lemma 25
is invoked several times in order to obtain Theorem 49 and Theorem 69.
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Lemma 25. Let 0 € &,, and i € [n — 1].

(1) If{o(i),0(i+ 1)} # {i,i+ 1} then

o) =2 ifo(i)>o(i+1) and o7'(i) > o (i + 1),
U(sios;) = l(o)+2 ifo(i)<o(i+1) and o™(i) <o (i +1),
(o) else.

(2) If {o(i),0(i+ 1)} = {i,i + 1} then i and i + 1 either are fized points of o or form
a 2-cycle in o. In particular, s;0s; = 0.

Proof. Part (2) should be clear. For Part (1) assume that {o(i),o(i + 1)} # {3, + 1}.
We have that

U(sios;) —U(0) = L(s,0s;) — U(os;) + L(os;) — £(0).

Equation Equation (2.1) yields that each of the two differences on the right hand side is
—1 or 1 depending on the truth value of the statements s; € Dy (os;) and s; € Dg(0),
respectively. From Lemma 24 we have that s; € Dy (os;) if and only if s; € Dy (o). That
is, the first difference depends on whether s; € Dy (o) or not. Thus, Equation (2.2) implies
the claim. []

We now show for each o E, n that all elements of ¥, have the same orbits of even
length on [n].

Lemma 26. Let a F. n and o € G,, such that o, &~ o. Then we have the following.
(1) The orbits of even length of o and o, on [n] coincide.

(2) Let O be an o-orbit on [n] of even length. Then the orbits of o® and o2 on O
coincide.

Proof. Since o, ~ o, we have 0, — o and {(o,) = ¢(0). Using induction on the minimal
number of elementary steps w — w’ (with some w,w’ € &, and s € S) necessary to
relate o, to o, we may assume that there are 7 € &,, and s; € S such that o, — 7 X
and 7 satisfies (1) and (2) (o, certainly does). Then ¢(o,) > ¢(7) > (o) so that in fact
loy) =LU(1) ={(0) and 0, =~ T =~ ¢ by Lemma 23.

It remains to show that 2% transfers Properties (1) and (2) from 7 to 0. Because
o = 8;7S;, we obtain ¢ from 7 by interchanging ¢ and ¢ + 1 in the cycle notation of 7. If
and i + 1 both appear in orbits of uneven length of 7 then (1) and (2) are not affected by
this interchange. Thus, we are left with two cases.

Case 1. Assume that i and i + 1 appear in different orbits of 7, say O; and O, such
that at least one of them, say Oy, has even length. We show that this case does not occur.
To do this, let m; and my be the minimal elements of O; and Os, respectively. If Oy also
has even length, we assume m; < ms.

For w € &,, and j € [n] let (w) denote the subgroup of &,, generated by w and (w)j
be the orbit of j under the natural action of (w) on [n]. Since 7 satisfies Property (2) and
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O has even length, there is a p; > m; such that

O = (t%)my = (o2ymq = {mi,m1 +1,...,p;}, (3.1)
O7 = (15)7(m1) = (62)oa(mi) ={n—mi+1,n—mq,...,n —p +1}. '

We claim the following:
Let a € O7,b€ Oy and c € O7. Then a < b < c.

To prove the claim, consider the positions of elements of [n] in the cycle notation o, =
Oa, "+ 0q, given by Definition 14. The elements on odd positions 1,2,3,... form an
strictly increasing sequence. The elements on even positions n,n — 1, ... form an strictly
decreasing sequence but they are always greater than the entries on odd positions.

We want to show that the elements of Oy all appear right of the cycle consisting of
the elements of O;. If O has even length this is clear. If Oy has odd length, we can use
that by Property (1), the unions of odd orbits of 7 and o, coincide and that in o, the
elements of odd orbits are all located right of the elements of the even orbits.

Let a € Of. Then a is on an odd position and thus it is smaller than any entry right
of it. On the other hand, ¢ € O7 implies that c is on an even position and thus is greater
then any entry right of it. Finally, in the last paragraph we have shown that each b € O,
is located right of a and c. This establishes the claim.

Now, we have to deal with two cases.

Ifi € O; and i+ 1 € Oy then the claim implies i € O5. Then 771(i), 7(i) € O7. Since
i+ 1),7(i + 1) € Oy, our claim yields 77'(i) > 77*(i + 1) and 7(i) > 7(i + 1). In
addition, since O; has even length and i + 1 &€ Oy, 7(¢) # 4,7 + 1. Thus, we obtain from
Lemma 25 that ¢(0) < (), a contradiction to ¢(7) = (o).

Ifi+1¢€ O and i € Oy then the claim implies i + 1 € O7 and similarly as before
we obtain 771(i) > 771(i + 1) and 7(i) > 7(i + 1) and thus the same contradiction using
Lemma 25. That is, we have shown that i and ¢ + 1 cannot appear in two different orbits
if one of the latter has even length.

Case 2. Assume that ¢ and 7 + 1 appear in the same orbit with even length Oy of 7.
Then (1) also holds for o.

To show (2), assume i + 1 € (72)i first. Then both elements appear in the same cycle
of 72. As we obtain ¢? from 72 by swapping ¢ and i + 1 in cycle notation, (2) also holds
for o.

Lastly, we show that i+ 1 € (72)i is always true. For the sake of contradiction, assume
i+ 1¢(r%)i.

Suppose in addition that |O;] = 2. Then {7(i),7(: +1)} = {i,i+ 1} and from
Lemma 25 we obtain ¢ = s;7s; = 7. This contradicts the minimality of the sequence
of arrow relations from o, to o.

Now suppose |O;| > 2. Then {7(i),7(: + 1)} # {i,i+1}. Since i + 1 & (7)1,
it follows from Equation (3.1) that i = maxO; and ¢ + 1 = min O7. Consequently,
7710),7(i) € O7 and 771(i + 1), 7(i + 1) € O5. But this means that

@) > 77 i+ 1) and 7(i) > 7(i + 1).
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Because {7(i),7(i + 1)} # {i,7 + 1}, we can now apply Lemma 25 and obtain that {(c) <
¢(7). Again, we end up with a contradiction. O

Let 0 € &,,. Then the set of orbits of ¢ on [n] is a set partition of [n]. We denote this
partition by P(c). The set of even orbits of ¢ is given by

P.(0):={0 € P(0) | |O] is even}.

If P(o) = P(¢’) for 0,0/ € &, then ¢ and ¢’ have the same type, i.e. they are
conjugate.

Lemma 27. Let o, E. n such that o, and og are conjugate. If P.(0,) = P.(0s) then
a=[.

Proof. Let v = (aq,...,0q),8 = (B1,...,0r) Fe n and (x1,2s,...,x,) be the sequence
with z9; 1 = i and x9; = n — ¢+ 1. Since « is maximal, there is a k& € [0,(] such that
a; is even for ¢ < k and odd for ¢ > k. Assume that o, and oz are conjugate and
P.(0,) = P.(0p).

Because o, and oz are conjugate, o and 8 have the same multiset of parts. In par-
ticular, [ = I’. Since a and [ are maximal, the odd parts of a and [ form an weakly
decreasing sequence at the end of o and 3, respectively. As both compositions have the
same length and multiset of parts, it follows that a; = 3; fore =k +1,...,L.

We show that o; = §; for i = 1,..., k with induction. Assume that i € [k] and a; = 3;
for all 1 < j < 7. Define d := ;;11 «;. Then by assumption d = ;;11 ;. Moreover, let
O,, and Og, be the orbits of x4y under o, and og, respectively. From the definition of
elements in stair form it follows that

Oai = {xd—l-l; Tdy2,--- 7xd+ai} )
Oﬁi = {$d+17 Ld425 - - - 7xd+,3¢} :

In particular |O,,| = a; and |Og,| = §;. Since ¢ < k, o; and ; are even. Consequently,
O,, and Op, both have even length. Moreover, they have the element x4y, in common.
Hence, P.(0,) = P.(0s) implies O,, = Op,. Thus, a; = |Oy,| = |O0s,| = b. H

We are now in the position to prove Statement (b), and finish the proof of Theorem 18.

Proof of Statement (b). Let a, 5 . n such that o, ~ 03. Then o, and o are conjugate.
Moreover, Lemma 26 implies P.(0,) = P.(03). Hence o = by Lemma 27. O

We now use Lemmas 26 and 27 in order to prepare result for the proof of Theorem 84.

Proposition 28. Let aF. n and 0 € G,,. Then o € X, if and only if
(1) o and o, are conjugate in S,,
(2) o) = L(oa),
(8) Pe(0) = Pe(0a).
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Proof. First, assume o € ¥,. Because o, € ¥, and %, € (&,,)
(2). By Lemma 26, (3) holds as well.

Second, assume that o satisfies (1) — (3). By (1), o is in the same conjugacy class
as 0,. From (2) it follows, that o is maximal in its conjugacy class. Then Theorem 18
provides the existence of a 3 . n such that o € Y. Using the already proven implication
from left to right, we obtain that o and og are conjugate and P.(0) = P.(0g). But as o
satisfies (1) and (3), it follows that o3 and o, are conjugate and P.(0g) = P.(0,). Thus,
Lemma 27 yields § = « as desired. O]

/=2, o satisfies (1) and

max

We end this section with a remark on conjugacy classes.

Remark 29. The conjugacy classes of &,, are parametrized by the partitions of n via the
cycle type. For a composition o we denote the partition obtained by sorting the parts of
« in decreasing order by a. Let A = n and O be the conjugacy class whose elements have
cycle type A. From Definition 14 it follows that for o . n the element in stair form o, is
contained in O if and only if & = A. Hence, Theorem 18 implies that {0, | a F. n,a = A}
is a complete set of representatives of Opax/=. In particular, we have that

|Omax/~| = 1 if and only if the even parts of A are all equal.

4 Equivalence classes of (&,,)max under =

Let o = (ay,...,q;) Ec n. Recall that X, is the ~-equivalence class of the element in stair
form o,. From Theorem 18 we have that (S,,), ../~ = {¥a | @ Ec n}. In Corollary 20
we concluded that the elements Ty, for a F. n form a basis of Z(H,(0)). We emphasize
that Ty, directly depends on X, since Ty, = >, T, where z runs over the order ideal
in Bruhat order generated by >,. Motivated by this connection, the current section is
devoted to the description of equivalence classes ¥, and bijections between them.

Let (aq,...,q;) be the even and o' := (aj11,...,q;) be the odd parts of a. We will
characterize ¥, combinatorially in the case where « is a hook (Theorem 93). Moreover,
will see how an injective operator ®, the inductive product, can be used to decompose ¥,
into ¥a,) fori =1,...,7 and X (Theorem 84). As we know the ¥,,) from Theorem 93,
the only unknown in the description of ¥, is ¥,/. If o’ is a hook, we can use Theorem 93
again and obtain a description of ¥, for all & whose odd parts form a hook (Remark 87).
As an open problem, the case where a has only odd parts but is not a hook remains (see
Remark 94).

The section is structured as follows. In Section 4.1 we consider the case where « has
only one part. The first important result is the characterization of the elements of ¥, by
properties of their cycle notation (Theorem 49). From this we obtain bijections relating
Y(n—1) with X,y for n > 4 (Theorem 50) and a closed formula for the cardinality of 3,
(Corollary 53).

In Section 4.2 we generalize the characterization of Y, to odd hooks, where a hook
a = (k,1"7%) is called odd if k is odd and even otherwise (Theorem 69). Moreover,
we define a bijection ¥y x [m + 1,n — m] — X 1n-sy where k is odd and m := kgl
(Corollary 70). From this we obtain the cardinality of ¥ 1n-r) for odd k (Corollary 71).
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Table 1: The elements of X, for small n with the element in stair form o, in the top

TOW. o l() @
1

CORNES

)
2) (1,3
1,2

In Section 4.3 we consider the inductive product ® that allows the decomposition
Ylar, ) = S(ar) © ag,..ap) if @y is even (Theorem 84). This yields the reduction
mentioned above. Combining it with the results of the other sections, we then infer the
description of ¥, for all a ., n whose odd parts form a hook (Remark 87). This includes
the characterization of ¥, in the case where « is an even hook (Theorem 93).

4.1 Equivalence classes of n-cycles

In this section we seek a combinatorial description of the elements of ¥(,). Examples
are given in Table 1. Our main goal is to show in Theorem 49 that the elements of
Y.(n) are characterized by two properties: being oscillating and having connected intervals.
From this we infer in Theorem 50 a recursive rule for determining Y(,). The intermediate
results leading to Theorem 49 can be structured as follows: We first consider the property
of being oscillating in Lemmas 33 to 35 and Corollary 36. Then the second property of
having connected intervals comes into play. We show in Lemma 40 that the element in
stair form o, is oscillating and has connected intervals. Proving in Lemma 46 that the
relation = preserves the two properties is a major step towards Theorem 49. The final
ingredient is an algorithm considered in Lemma 47. This algorithm takes an arbitrary
n-cycle which is oscillating and has connected intervals as input and computes a sequence
of ~-equivalent n-cycles ending up at the element in stair form oyy).
We now begin with the property of being oscillating.

Definition 30. We call the n-cycle o € &,, oscillating if there exists a positive integer

m e {%1, 2 ’%1} such that o(|m]) = [n —m + 1,n].

In Corollary 36 we will obtain a more descriptive characterization of oscillating n-
cycles. It turns out that the n-cycle o of G, (represented in cycle notation) is oscillating
if n is even and the entries of o alternate between the sets [1, %] and [§ 4 1,n] or n is
odd and after deleting the entry ™ from ¢ the remaining entries alternate between the

2
sets [1, 251 and [*£2 n].

Example 31. (1) Recall that for n € N the element in stair form o, is an n-cycle of
S,,. For

oe =(1,5,2,4,3), o5 =(1,3,4,25) and 0@ =(1,6,2,5,3,4)
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we have
ow(2) = 45, oG (3) = 3,5 and o ([3]) = [4,6]

Hence, they are oscillating and the integer m used in Definition 30 is given by

5—1 541 6
mZQZ?, m:3:;— and m:3:§,
respectively. Note that the entries in the cycles alternate as described after Defini-
tion 30.

(2) All the elements shown in Table 1 are oscillating.

We explicitly write down the three cases for m in Definition 30.

Remark 32. Let o be an oscillating n-cycle 0 € &,, with parameter m from Definition 30.
Then we have

(1) niseven and o([3]) = [§ + 1,n] if m = §,
(2) nis odd and o([%51]) = [%£2, n] if m = 254,
(3) nis odd and o([*F]) = [25F, n] if m = L.

Our next aim is to give a characterization of the term oscillating in Lemma 35. By
considering complements in [n] we obtain the following.

Lemma 33. Let 0 € &, be an n-cycle and m € [n]. Then o([m]) = [n —m+ 1,n] if and
only if o([m + 1,n]) = [n — m)|.

Lemma 33 implies that an n-cycle 0 € G,, is oscillating with parameter m if and only
if o([m+1,n]) = [n —m)].

Lemma 34. Let 0 € &, be an n-cycle. Then o is oscillating if and only if =1 is
oscillating.

Proof. Let M := Nn {7t 2 »2L 1f n = 1 then ¢ = id = 0! (which is oscillating).
Thus assume n > 2. It sufﬁces to show the implication from left to right. Suppose that o
is oscillating. Then there is an m € M such that o([m]) = [n —m + 1, n]. Consequently,

o([m+ 1,n]) = [n —m] by Lemma 33 and hence
o Y ([n—m])=[m+1,n].

Moreover, m +1 =n — (n —m) + 1 and we have n —m € M since m € M and n > 2.
Therefore, 0! is oscillating. O

In the following lemma we rephrase Definition 30 from a more local point of view.
The result looks rather technical but its main idea is, that an n-cycle is oscillating if and
only if its entries in cycle notation alternate between entries smaller than ”“ and entries
greater than "TH with an extra rule for the neighbors of ”'QH if n is odd. Thls result will
also be used in the argumentation leading to the characterization of X, for o an odd hook
in Section 4.2.
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Lemma 35. Let 0 € &,, be an n-cycle. We consider the four implications for all i € [n]

(1) i <™ = o(i) > "2,

)
(i) i <™ = o (i) > 2,
(i) i > "5 = o(i) < 2,

(iv) i > = o71(i) < 2,

and if n is odd the statement

(A) either o~ (%) > 2L or o(24h) > 2EL

Then the following are equivalent.
(1) o is oscillating.
(2) One of (i) — () is true and if n is odd and n > 3 then also (A) is true.
(3) FEach one of (i) — (i) is true and if n is odd and n > 3 then also (A) is true.

Proof. First suppose that n is odd. If n = 1 then ¢ = id is oscillating and the implications
(i) — (iv) are trivially satisfied.

Assume n > 3. We show for each of the implications (x) that (A) and (x) is true if
and only if o is oscillating. As n is odd and n > 3, Statement (A) can be expanded as

either o~ !(%) > 2 and o(™H) < 21
or o '(%) <2 and o(%H) > 2L
Moreover, (i) can be rephrased as o([%51]) C [+, n]. Hence, we have (A) and (i) if and
only if
either 0([2711]) = [El,n] (1f 0_1(27:) > njzrﬁ and a(i) < Z?E)
or U([T]) = [ TL] (lf o (T) < and O'(T) > T)
In other words, o([m]) = [n—m+1,n] for either m = 2% or m = ™ i.e. o is oscillating.

Similarly, we have (A) and (iii) if and only if

cither o([%,n]) = [*2] or ([n+3 nj)

~ ‘
L

(%57

. This is equivalent to o

2
That is, o([m + 1,n]) = [n — m] for either m = "= or m =
being oscillating by Lemma 33.

So far we have shown that

2

(A) and (i) <= o is oscillating <= (A) and (iii). (4.1)
By Lemma 34 we therefore also have
(A) and (ii) <= o is oscillating <= (A) and (iv). (4.2)

This finishes the proof for odd n.
Suppose now that n is even. Note that I+ & [n] as it is not an integer. It is not hard

to see that the equivalences from Equation (4.1) and therefore those from Equation (4.2)
hold if we drop Statement (A). O
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We continue with two consequences of Lemma 35. We first infer the description of
oscillating n-cycles mentioned at the beginning of the section.

Corollary 36. Let 0 € G,, be an n-cycle. We consider o in cycle notation. Then o is
oscillating if and only if one of the following is true.

(1) n is even and the entries of o alternate between the sets [g} and {% + 1,n}.

(2) n is odd and after deleting the entry ”TH from o, the remaining entries alternate

between the sets {"T_l} and {RT%’”]

Proof. With (A), (i) and (iii) we refer to the statements of Lemma 35.

Suppose that n is even. By Lemma 35, o is oscillating if and only if the implications
(i) and (iii) are satisfied which is the case if and only if the entries of ¢ alternate between
(5] and [ +1,n].

Suppose that n is odd. If n > 3 then property (A) states that one of the neighbors
o 1 ("H) and o(™) of 2t in ¢ is an element of [*5!] and the other one is an element of
[2£2 n]. Therefore, o satisfies (A), (i) and (iii) if and only if after deleting “* from the
cycle notation of o, the remaining entries alternate between the sets [*31] and [%$2, n].
Thus, Lemma 35 yields that the latter property is satisfied if and only if o is oscillating. [

Consider an n-cycle ¢ in cycle notation such that 1 is the leftmost entry in the cycle.
Then we can rephrase Corollary 36 in a more formal way.

Corollary 37. Let 0 € &,, be an n-cycle. If n is odd, let 0 < | < n —1 be such that

al(1) ”TH If n is even, set | := oo. Then o is oscillating if and only if for all

0<k<n—1 we have

1
ok (1) < nt if k<l and k is even or k > 1 and k is odd,
k n+1 . ,
a”(1) > 5 if k <l and k is odd or k > 1 and k is even.

We now come to the second property in the characterization of ¥,): the property of
having connected intervals. Roughly speaking, an n-cycle of &,, has connected intervals
if in its cycle notation for each 1 < k < § the elements of the interval [k,n — &k + 1] are
grouped together.

Definition 38. (1) Let 0 € &, and M C [n]. We call M connected in o if there is an
m € M such that

M = {m,a(m),aQ(m), . ,alMl_l(m)} :

(2) Let 0 € G, be an n-cycle. We say that o has connected intervals if the interval
[k,n — k + 1] is connected in o for all integers k with 1 <k < .

Example 39. All elements shown in Table 1 have connected intervals. In particular,
the element in stair form o) = (1,6,2,5,3,4) has connected intervals. In contrast, in
(1,5,2,6,3,4) the set [2,5] is not connected.
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The main result of this section is that an n-cycle o € G,, is an element of X, if and
only if o is oscillating and has connected intervals. We now show that the element in stair
form has these properties.

Lemma 40. The element in stair form o,y € &, is oscillating and has connected inter-
vals.

Proof. By Definition 14,

1,n2,n—-1,....2.n—241 if n is even
2 2

O-’I’L =

e (L,n,2,n—1,..., 2% n— 22 4+ 1, 2H) if n is odd.

Thus, o) ([2]) = [2 + 1,n] if n is even and 0(,)([%51]) = [%F2, n] if n is odd. That is, o(,)
is oscillating.

For all £ € N with 1 < k < § the rightmost |[k,n — k + 1]| elements in the cycle of
0(ny from above form [k,n — k 4 1]. Thus, 0(,) has connected intervals. ]

Let 0 € G,,. Sometimes it will be convenient to consider ¢*° instead of 0. We will
now show that conjugation with the longest element wq of &,, preserves the properties of
being oscillating and having connected intervals.

Lemma 41. Let 0 € G,, be an n-cycle.
(1) If o is oscillating then o™ is oscillating.

(2) If o has connected intervals then c*° has connected intervals.

Proof. If n =1 the result is trivial. Thus suppose n > 2.

(1) Set M :=NnN {"T_l, 5 ”T“} and assume that o is oscillating. Then there is an

m € M such that o([m]) = [n—m+1, n] and from Lemma 33 it follows that o([m+1,n]) =
[n —m]. Using wo(i) =n —i+ 1 for i € [n], we obtain

" ([n —m]) = woowe([n — m])
= woo([m + 1, n])
= wo([n —m])
=n—(n—m)+1,n].
Asn—m € M, it follows that ¢"° is oscillating.

(2) Let I := [k,n — k4 1] be given by an integer k with 1 <k < 5. Then wo(I) = 1.
Hence, if I is connected in ¢ then it is also connected in c*°. O

In the following result we study the interplay between the conjugation with wy and
the relation ~. The generalization to all finite Coxeter groups is straight forward.

Lemma 42. Let w,w' € &,, and v be the automorphism of &,, given by x — x*°.
(1) If w3 w' then v(w) ™5 v(w').
(2) If w=w then v(w) = v(w').
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Proof. Assume w =% w'. Then w' = s;ws; and f(w') < €(w). Since v(s;) = s,_;, we
have v(w') = s,_;v(w)s,_;. Moreover, ¢(v(w')) < ¢(v(w)) because ¢(x) = {(v(z)) for all
z € &,. Thus, v(w) 25" v(w'). Now, use the definition of ~ to obtain (2) from (1). O

Consider n = 5, the oscillating n-cycle o = (1,4,2,3,5) and its connected interval
I = {2,3,4}. In the cycle notation of o, this interval is enclosed by the two elements
a =1 and b = 5. Note that "TH =3, a < 3 and b > 3. This illustrates a property of
oscillating n-cycles which is the subject of the next lemma.

Lemma 43. Assume that 0 € &, is an oscillating n-cycle with a connected interval
I :=[i,n —i+1] such that i € N and 2 < i < ", Let r := |I| and m € I be such
that I = {Uk(m) | k=0,...,r— 1}. Moreover, set a := o~'(m) and b := o"(m). Then
a,b #+ "TH and

n+1 n-+1
<~ b> 5

Proof. Let p € [n — 1] be such that o?(1) = a. Then o?*" (1) =b. Sincei > 1,1 ¢ [
and thus p+7r+1<n—1. We have r =n — 2i 4+ 2. Hence, r has the same parity as n.
We want to apply Corollary 37. If n is odd, let [ € [0, n — 1] be such that ¢'(1) = %L,
Then ”T“ € [ sothat p <l < p+r+ 1. In particular, a,b # ”TH Clearly, if n is even
then a,b # .
Therefore,

a <

n+1
2

a=o0"(1) < <= pis even

p+r+1isodd if neven
p—+r—+1iseven if nodd
n+1
= b=o""(1) > .
o) >

where we use Corollary 37 (and p < I < p+r + 1 if n is odd) for the first and third
equivalence. O

Since the — relation is the transitive closure of the 2 relations, we are interested in
the circumstances under which the conjugation with s; preserves the property of being
oscillating with connected intervals.

Lemma 44. Let 0 € &,, be an oscillating n-cycle with connected intervals, i € [n — 1]

with 1 < ”TH and o' := s;o08;. Then o' is oscillating and has connected intervals if and
only if
(1) ifi= 7% thenn =2,

(2) ifi=" ori="E theno(i)=i+1oro (i) =i+1,
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(8) if i < ™51 then
oliyelTando(i+1)¢gloro ()€l ando *(i+1) &1
where I :=[i 4+ 1,n —1].

Proof. We will use Lemma 35 without further reference. Note that ¢’ = s;0s; means
that we obtain ¢’ from ¢ by interchanging ¢ and ¢ + 1 in cycle notation. We show the
equivalence case by case, depending on 1.
Case 1. Suppose i = 7. In this case n is even. If n = 2 then (1,2) is the only 2-cycle
in S,,. Thus, 0 = ¢’ = (1,2). This element is oscillating and has connected intervals.
Assume now that n > 2. Since o is oscillating,

o(i) > g and o~ () > g

Moreover as n > 2, at most one of ¢(i) and o~1(i) equals 7 + 1. Since we obtain ¢’ from
o by swapping ¢ and 7 + 1 in cycle notation we infer
n _ n
o(i+1)>—oro (i+1) >~
2 2
As i+ 1> %, this means that o’ is not oscillating
Case 2. Suppose i = "T_l or i = ”T“ In this case n is odd and n > 3. Moreover,
i,i+le[k,n—k+1]fork=1,..., "T_l Hence, each of the intervals remains connected if
we interchange i and i+ 1. Therefore, o’ has connected intervals. It remains to determine
in which cases o’ oscillates. We do this for i = 25+, The proof for ¢ = 24+ is similar.

2
For ¢ = ”T’l we have 1 +1 = ”T“ Since o is oscillating,

n+1 1o ntl
and o~ " (2) > )
2 (i) 2=
Because n > 3, there is at most one equality among these two inequalities. Assume that

there is no equality at all. Then

,(n—{—l) n+1 ,1<n+1) n+1
o > and o >
2 2 2 2

since 0’ = s;05;. Hence, ¢’ is not oscillating.

Conversely, assume that (i) =i+ 1 or 07!(i) = i+ 1. In other words, there exists an
e € {—1,1} such that 0°(i) =i+ 1. Since i +1 = 2* and o is oscillating, we then have
a:=o0"°(i) > “*. Moreover, 0 *(i+ 1) = i < 1. Thus o being oscillating implies that

b:=0°(i+ 1) > ®. By definition of a and b,

o(i) >

0% = (a,i,i +1,b,...).
As a consequence,
o' = (a,i+1,i,b,...)

and o° and ¢’° coincide on the part represented by the dots because o/ = s;0s;. From
a > %rl, 1+ 1= %“, 1< ”7“ and b > ”T“ it now follows that ¢’ is oscillating.
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Case 3. Suppose i < “5*. Note that then n > 4. Define I := [i + 1,n — i] as in the

theorem and set 7 := |I]. Since i+ 1 < "+, we have r > 1. We show the implication from
left to right first. Assume that ¢’ is oscillating and has connected intervals. Note that

°(j) #4,i+1forall 7 € {o,0'} ,e € {—1,1} and j € {i,i + 1}

n+1

since o and o' are oscillating and 4,7 +1 < “3=. Because [ is connected in o', i +1 € [

and r > 1, we have that

Je € {—1,1} such that ¢"°(i + 1) € I.
Therefore,

Je € {—1,1} such that o°(i) € I
as 0/ = s;08; and 0’ (i + 1) # 4,7 + 1. In fact, the statement
Je € {—1,1} such that 0°(:) € [ and o °(i) € [ (4.3)

is true since otherwise we would have

oc=Mm+i—1,...,0°'),i,0(),...)

with 07%(i),0(i) € I and i,n + i — 1 & I in which case I would not be connected in o.
By interchanging the roles played by o and ¢’ in the argumentation leading to Equa-
tion (4.3), we get that

Je € {—1,1} such that ¢’°(i) € [ and o' “(i) € I.
From this we obtain that
Je e {—1,1} such that o°(i+ 1) €T and o °(i+ 1) ¢ I (4.4)

by swapping i and i + 1 in cycle notation and using that o’(i), o’ ' (i) # i,i + 1.
Now, let ¢ € {—1,1} be such that o°(i) € I and 07 (i) &€ I. Then

I={o*G) k=1, r} (4.5)

since [ is connected in o and ¢ ¢ I. From Equation (4.4) it follows that ¢ + 1 appears at
the border of I in the cycle notation of 0. Hence, Equation (4.5) implies that

o(i)=i+1or o™ (i) =i+ 1.
As 0°(i) # i+1, it follows that i+1 = ¢°"(i). Thus, Equation (4.5) yields that c~¢(i+1) €

I and 0°(i + 1) ¢ I. Therefore, we have (i) € I and 0°(i+ 1) ¢ I foran e € {—1,1} as
desired.
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Lastly, we prove the direction from right to left of the equivalence. We are still in
the case ¢ < “;1. Thus, assume that there is an ¢ € {—1,1} such that ¢°(:) € I and
o°(i+1) € I. Since o is oscillating and we interchange two elements ¢,i +1 < 2 in o
in order to obtain ¢’ from o, ¢’ is also oscillating.

It remains to show that ¢’ has connected intervals. Since i & I, 0°(i) € [ and [ is
connected in o, we have Equation (4.5). Moreover, from i +1 € I, 0°(i + 1) ¢ I and [

being connected in o, it follows that " (i) = i + 1. Thus,
I={o™i+1)|k=0,...,r—1}

because 0’ = s;0s;. That is, I is connected in o’. Let J := [k,n — k + 1] for k € N with
1 <k<3andk # i 4+ 1 be an interval different from /. Then either i,7+ 1 € J or
i,i+1¢& J. As J is connected in o and ¢’ = s;0s;, it follows that J is connected in o’.
Therefore, ¢’ has connected intervals. O

Example 45. Consider 0 = o = (1,6,2,5,3,4) and 0; := s,0s; for i = 1,2. Then o is
oscillating with connected intervals.

Since o71(1) € [2,5] and 071(2) & [2,5], Lemma 44 yields that o; is oscillating with
connected intervals. In contrast, o is not oscillating with connected intervals because of
o(2),071(2) € [3,4] and Lemma 44. This can also be checked directly. We have

o1 =(1,5,3,4,2,6) and s = (1,6,3,5,2,4).
For instance, [3,4] is not connected in oy.

In the next result we show that the relation ~ is compatible with the concept of
oscillating n-cycles with connected intervals.

Lemma 46. Let 0 € &,, be an oscillating n-cycle with connected intervals, i € [n — 1]
and o' := s;08;. If 0 = o' then o' is oscillating and has connected intervals.

Proof. We do a case analysis depending on 1.

Case 1. Suppose ¢ = 5. Then n is even. By Lemma 44, o' is oscillating with
connected intervals if and only if n = 2. Thus, we have to show that o % ¢’ if n > 4. In
this case we have o(i),07'(i) > % and o(i + 1),07 (i + 1) < % because o is oscillating.
But then Lemma 25 yields £(0') < ¢(0) so that ¢’ % o.

Case 2. Suppose © = ”T_l or 1 = ”TH We only do the case i = ”T_l The other
one is similar. Let [ :=[i,n —i+ 1] = {i,7 + 1,7 + 2}. We show the contraposition and
assume that ¢’ is not oscillating or that it does not have connected intervals. Then from
Lemma 44 it follows that (i) # i+ 1 and o71(i) # i + 1. Furthermore, there is an m € [

such that
I ={o7"(m),m,o(m)}

since I is connected in o. Thus, m = i + 2. Assume o (i +2) = i and o(i + 2) = i
(the proof of the other case with (i + 2) = i is analogous). Then o7(i) > i + 2 as
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o is oscillating and o~ 1(i) # i + 1,7 + 2. Moreover, Lemma 43 applied to I in o and
o~ 1(i) > ™ yields o(i 4+ 1) < ™ =i + 1. Therefore,

o(i)=i+2>0(+1) and o '(i)>i+2=0""(+1)

so that ¢(¢’) < {(0) by Lemma 25 and hence ¢’ % o.

Case 3. Suppose i < 1. Then for all j € {i,i + 1} we have o(j),07'(j) > “+! since
] < “TH and o is oscillating. We assume ¢ ~ ¢’ and show that ¢’ is oscillating and has
connected intervals. Define Iy, := [k,n—k+1] forall k < ® and [ := I, = [i+1,n—1].
Thanks to Lemma 44 it suffices to show

o(i)eTando(i+1)gloro (i) eland o ' (i+1) ¢ 1.

Since 0 = o', {(c) = {(0’). Hence, Lemma 25 implies that either o(i) < o(i + 1) or
o~ '(i) <o ' (i+1). We assume o(i) < (i + 1) and o7 (i) > 07!(: + 1). The other case
is similar.

First we show o(i) € I. Assume o(i) ¢ I instead. Then o(i) > 2+ implies o (i) >

max /. Now we use that o(i) < o(i + 1) to obtain (i + 1) € I. From this it follows that
I={o*i+1)|k=0,...,r—1}

where r := |I| since [ is connected in ¢ and i + 1 € I. Now we consider the interval
I; = [i,n —i+ 1] in 0. Because o is oscillating, o(i + 1) > ”;rl. An application of
Lemma 43 to I in o yields o~ "(i + 1) < 2. In particular, 0~ "(i + 1) # n — i+ 1. But
we also have i # 07" (i + 1) because o(7) € I. That is 07" (i + 1) € I;. As a consequence,

L={c i+1) | k=0,...,r =1} U{o(i+1),0%i + 1)}
since I C I; and I; is connected in o. Hence
{o(i+1),0%(i+ 1)} = {i,n—i+1}.
As o(i+1) > 2, it follows that o(i + 1) =n — i + 1 and o?(i + 1) = i. Consequently,
o(i) >maxl;=n—i+1=0(i+1).

This is a contradiction to o(i) < o(i + 1) and shows that (i) € I.
It remains to show that o(i + 1) € I. Because i ¢ I, o(i) € I and [ is connected,

[:{Jk(i)\kzl,...,r}.

We can apply Lemma 43 to [ in 0 and i < "} to obtain 6" (i) > L. Thus o (i) < 25
In particular, 0" (i) # n — 1.

If i =2 —1then I = {i+ 1,n — i} and it follows that o (i) = n —i and 0?(i) =i + 1.
That is, o(i + 1) & I as desired.
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Now suppose @ < 2 — 1. Then i + 2 < 2+ and we consider I;yo = [i +2,n — i — 1].
Assume for the sake of contradiction that o(i 4 1) € I. This means that ¢"(i) # i+ 1. In
addition, we have already seen that 0" (i) # n — i. Therefore, 0”(i) € I;12. Since ;5 is
connected in ¢ and [, 5 C I, we have

Liyz ={c*(i) [k=3,...,r}.

and hence {o(i),0%(i)} = {i+1,n—14}. Asi < 2 it follows that o(i) = n — i and
0(i) =i+ 1. But then

oli)=n—i>n—i—1=maxl o >0(i+1)

which again contradicts the assumption o (i) < o(i+ 1) and thus shows that o(i +1) & 1.
Case 4. Suppose i > "TH Assume 0 ~ ¢’ and let v: &, — &,,,x — 2", 7 := v(0)
and 7" := v(0’). Since o is oscillating and has connected intervals, Lemma 41 implies that
7 is oscillating and has connected intervals. In addition, from Lemma 42 we have 7 =~ 7’.
Because 7/ = s,_;7S,_; with n — ¢ < ”TH, we now obtain from the already proven cases
that 7’ is oscillating and has connected intervals. Hence, ¢’ = v(7') and Lemma 41 yield

that ¢’ is oscillating with connected intervals. O]

From Lemma 40 we know that the element in stair form o, is oscillating and has
connected intervals. Recall that o(,,) € X(,). Thus by Lemma 46 the relation ~ propagates
these properties to all elements of ;). In order to prove Theorem 49, it hence remains
to show that each n-cycle which is oscillating and has connected intervals is ~-equivalent
to o(,). To this end, we now use an algorithm that takes an oscillating n-cycle o € 6,
with connected intervals as input and successively conjugates o with simple reflections
until we obtain o(,). This algorithm has the property that all permutations appearing as
interim results are oscillating with connected intervals and ~-equivalent to o. Eventually,
it follows that o ~ o).

The mechanism of the algorithm is due to Kim [17]. She used it in order to show that
for each a F, n the element in stair form o, has maximal length in its conjugacy class.
The next lemma corresponds to one step of the algorithm.

Lemma 47. Let o = (n) and 0 € &,, be an oscillating n-cycle with connected intervals
which is different from the element in stair form o,. Then there exists a minimal integer
p such that 1 < p<n—1and o?(1) # o2(1). Set a :=oP(1), b:=o2(1) and

, Sq-108q-1 ifa>"b
o =
8408, if a <b.
Then o' ~ o and o' is oscillating and has connected intervals.

Proof. Set Iy := [k,n —k + 1] for all k£ € N with k < %, Because o # 0, and both
permutations are n-cycles, we have p < n — 2. Recall that by Definition 14,

(1,n,2,n—1,..., 254 »3 28y i g s odd.

2

J@n2n—1,..,5,5+1) if n is even
Oa = n—1 3
2
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If n is odd then ”TH = 0" 1(1) and hence p < n — 2 implies b # ”TH If n is even then
b # ”T“ anyway.

We assume b < "TH The proof in the case b > ’%l is similar and therefore omitted.
By the choice of p, we have b # 1 so that 1 < b < "T“ The definition of o, implies

{1k =0,...p—1} =[n]\ L,

4.6
{ok) [ k=p,....n—1} =1, (46)

Again by the choice of p, the same equalities hold for ¢. Hence, b < a as a € I, and
b = min [,. Therefore, we consider ¢/ = s,_105,_1 and show that ¢ =~ ¢’. Then Lemma 46
implies that ¢ also is oscillating and has connected intervals.

It follows from the definition of o, and b < ”T“ that

1
almy:%wm:n—b+2>”; . (4.7)

n+1

As o is oscillating, we obtain that a < 3

for o and p > 0,

from Lemma 35. Since Equation (4.6) holds

Uﬁl(a) ¢ Ib ) [afl ) Ia-
Let r := |I,|. Because I, is connected in o, a € I, and 07 '(a) & I,, we have
{o*@) [k=0,....r =1} = L.

Now we can use that [, ; = I, U{a —1,n —a + 2} is connected in o and that c~!(a) ¢
1,1 to obtain

{Uk(a) | kzO,...,r—l—l} =1,
The descriptions of I, and I, ; imply that

{07(a), 0" (@)} ={a—1,n—a+2}.

Lemma 43 applied to I, in ¢ and o7 '(a) > "T“ now imply that ¢"(a) < ”T“ Thus,
o"(a) =a—1and ¢"(a) =n —a + 2. That is,
ola—1)=n—a+2 (4.8)
Moreover, 0~ !(a — 1) € I, implies
cla—1)<n—a+1. (4.9)
We now show
ola) <Kn—a+1 (4.10)
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and deal with two cases. If a = ”TH then n —a+ 1 = a. Furthermore, we then have r =1
and therefore o(a) =a—1<n—a+1. If a < 2! then r > 1 so that o(a) € I, and thus
o(a) <n—a-+1 as desired.

From egs. (4.7) and (4.9) it follows that

cla—1)<n—a+l<n—->b+2=0ca).
Moreover, egs. (4.8) and (4.10) imply
ola—1l)=n—a+2>n—-a+12>o0(a).
Since 0’ = s,_108,_1, Lemma 25 now yields ¢(¢’) = ¢(c). Hence, ¢’ ~ o by Lemma 23. [

Example 48. Let n = 5 and a = (n). The n-cycle 0 = (1,3,4,2,5) € &, is oscillating
and has connected intervals. We can successively use Lemma 47 in order to obtain the
sequence

o=09=(1,3,4,2,5),
oW =(1,4,3,2,5) = 530 s3,
c@ =(1,5,3,2,4) = s,0Wsy,
c® =(1,5,2,3,4) =

= ( ) =

1,5,2,4,3

820' 82,

Oa = 5300
Moreover, Lemma 47 ensures that each o) is oscillating with connected intervals and all
o) are ~~-equivalent. Therefore, o € ¥, by Theorem 18.

We now come to the main result of this section, the characterization of ).

Theorem 49. Let 0 € &,, be an n-cycle. Then o € Xy if and only if o is oscillating
and has connected intervals.

Proof. Let 0 € &, be an n-cycle. Recall that o € X, if and only if 0 =~ o(,) by
Theorem 18. Assume that o € X(,). Then o =~ o) Wthh by definition of ~ implies
that there are sequences o, = 0 oM ... 0™ =5 € &, and iy,...,i, € [n — 1] such
that U™ ~ 0@ and o) = ;00 Vs, for j € [m]. From Lemma 40 we have that
0(n) is oscillating and has connected intervals. Moreover, Lemma 46 yields that o\ is
oscillating with connected intervals if U~ is oscillating with connected intervals. Hence,
o is oscillating and has connected intervals by induction.

Conversely, assume that o is oscillating and has connected intervals. Then we can use
Lemma 47 iteratively to obtain a sequence of ~-equivalent n-cycles starting with o and
eventually ending with o,. Thus o = o,. [

The goal of the remainder of this section is to find bijections that relate X, _1) to X,).
From this we will obtain a recursive description of X,y and a formula for the cardinality
of ¥(,). To achieve our goal, we define two operators ins and del.
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(1,3,4,2,5) (1,4,3,2,5) (1,4,2,3,5)

insg 1 dels

ins3 1| |dels

(1,2,3)

Figure 1: Examples for the operators del; and insy, appearing in Theorem 50 and its
proof. The lower part of the picture serves as an example for the operators used in the
case when n is even. The upper part is an example for those used in the case when n is
odd. Note that for the integer m from the theorem we have m = § +1 =3 if n =4 and
m = %“ =3if n=5.

Assume that the n-cycle o € G,, is given in cycle notation starting with 1. Then for
k € [2,n+ 1] ins p(0) € S,41 is the (n + 1)-cycle obtained from ¢ by adding 1 to each
element greater or equal to k£ in ¢ and then inserting k£ behind the pth element in the
resulting cycle. Likewise, for k € [2,n], delg(0) € &,,_; is the (n — 1)-cycle obtained by
first deleting k from o and then decreasing each element greater than k by 1. See Figure 1
for examples.

We now define ins and del more formally. Let ¢ € G,, be an n-cycle and k € N. Set

o ity <k
T ifer() >k

for r =0,...,n — 1. In the following we will assume k > 1. The operators could also
be defined for £ = 1 but this is not necessary for our purposes and would only make the
exposition less transparent.

For k € [2,n+ 1] and p € [n], define ins ,(0) to be the (n+ 1)-cycle of &,,41 given by

o"(1) + &, ifr<p
insg ,(0)"(1) == k ifr=p
o1 +e,y ifr>p

for r =0,...,n. For k € [2,n], define del,(c) to be the (n — 1)-cycle of &,,_; given by

o"(1) — &, ifr<p
o) -,y ifr>p

delg(0)"(1) := {

for r =0,...,n — 2 where p is the element of [0,n — 1] with ¢?(1) = k.
The next results relates ¥,y with X,y via a bijection for n > 4.
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Theorem 50. Suppose n > 4. If n is even then set m := 5 + 1 and
V: V1) = B(ny, 0 — insy, ,(0)

where p is the element of [n — 1] with o?~*(1) = min {0*1(%), %} If n is odd then set

m = ”7“ and

Vi Yoty X {0,1,2} = Xy, (0,q) = insy, piq(o)

where p is the element of [n — 3] with o?~(1) & {m —1,m} and o?(1) € {m —1,m}.
Then Y s a bijection.

Corollary 51. Suppose n > 4. Then

Y| = ‘Zwl)\ if n is even
ol = 3|Sn)| ifn is odd.

Proof of Theorem 50. Theorem 49 states that for all n € N, X, is the set of oscillating n-
cycles of G,, with connected intervals. In this proof we repeatedly use this result without
further notice.

Let n > 4. We consider all permutations in the cycle notation where 1 is the leftmost
entry in its cycle. In particular, deleting an entry from a permutation or inserting an entry
into a permutation means that we do this in the chosen cycle notation. We distinguish
two cases depending on the parity of n.

Case 1. Assume that n is even. Then m = § + 1. For 7 € X,_1) let p be given as in

the definition of ¢. Then min {7_1(%), %} is the pth element in the cycle notation of 7.
Hence, we obtain 1(7) by increasing each element in 7 greater or equal to m by one and
then inserting m behind the element at position p.

Set ¢: Xy = Bn_1),0 +— del, (o). That is, for o € 3,y we obtain (o) by first
deleting m from o and then decreasing each entry greater than m by 1.

We show that ¢ and 1 are well defined and inverse to each other.

(1) We prove that ¢ is well defined. Let o € X(,,) and 7 := ¢(c). We have to show that
T € Y(n—1). That is, we have to prove that 7 is oscillating and has connected intervals.

To show the latter, let 1 < i < %5+ < 2. As [i,n — i+ 1] is connected in o there is a

0 < g <n—1such that
{1, .0 = [i,n—i+ 1]

where r := |[i,n — i + 1]|. Moreover, m € [i,n — i+ 1]. Thus, 7 = del,,(0) implies
[P ), . ) = [in ],

Hence, [i,(n — 1) — i 4 1] is connected in 7. It follows that 7 has connected intervals.

We now show that 7 is oscillating. Note that n — 1 is odd and % = 4. By

Lemma 35, it suffices to show that 7(i) > % for all i € [% —1] and that either 77! (%) > 3
or 7 (%) > 3.
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Let i € [§ —1]. Since i < § and o is oscillating, we infer (i) > § from Lemma 35.
Ifa()%mthen7‘()-a()—1> . Ifa()—mthena():ﬂsmcem—ijl

{%7%4‘1} is connected 1n0andz¢{2,2+1} Thus, 7(i) = 2

2
We now show that either 71 %) >GorT (5) > 5. Since {g, 5+ 1} is connected in

o there is a 0 < ¢ < n — 1 such that

{o9(1), 07 (1)) = {Z N - 1}

Hence, 7 = delz (o) implies 79(1) = 3. Because n > 4, we can apply Lemma 43 to

{2, 5 T 1} in o and obtain that there are a < 7 and b > 4 + 1 such that
{0971(1),07(1), 0" (1),0%(1) } = {a,b, Sooy 1} .

2

2°2
Therefore, 79(1) = § and 7 = delx (o) yield {7'*1 (ﬁ) T (%)} = {a,b—1}. That is,

2

(2) We check that Y is well defined. Let 7 € 3(,_1) and o := 9(7). We have to show
o€ E(n).

The definition of ¢ implies that § + 1 is a neighbor of § in ¢. In addition, [i,n — 1] is
connected in 7 for i € [§ — 1]. Therefore, [i,n — i + 1] is connected in o for i € [§]. That
is, 0 has connected intervals.

We now show that o is oscillating. By Lemma 35, it suffices to show that o (i) >
for all 7 € [§]. For ¢ < % this can be done as before. Thus, we only consider i = . As
is oscillating, Lemma 35 implies that one of the neighbors of ¥ is smaller than  and the
other one is greater than 7. Let a be the smaller and b be the bigger neighbor of 7. In

the definition of ¢, p is chosen such that 3 + 1 is inserted in 7 between a and 5. Thus, 7

2
has neighbors § + 1 and 0 + 1 in 0. Consequently, o (ﬂ> > 3.
(3) We now show that 1) o p =id. Let 0 € ¥(,). Since {” 24+ 1} is connected in o,

either 771 <@> > 5 orT ( ) > . Thus, 7 is oscillating.

n
2
T

V)

these two elements are neighbors in 0. As o is oscﬂlatlng, tie?e is an a < 7 such that
+ 1 has neighbors a and . We obtain ¢(o) from o by deleting % 4 1 so that a and
are neighbors in ¢(o). On the other hand, we obtain (p(c)) from ¢(o) by inserting
+ 1 between a and . Thus ¥(¢(0)) = 0.

(4) Finally, we show that ¢ o ¢ = id. Let 7 € ¥(,_1). Then we obtain ¢(7) from
7 by inserting § + 1 at some position and get ((7)) from ¢(7) by deleting it again.
Hence, o(4(7)) = 7.

Case 2. Assume that n is odd. Then m = 2. For 7 € X(,_y) the set {m —1,m}
is connected. Thus, there is a unique integer p Wlth 1 < p < n—3such that 7P~ 1(1) ¢
{m —1,m} and 7°(1) € {m — 1, m}. That is, the integer p from the definition of ¢ in
the theorem is well defined. Note that p is the position of the left neighbor of the set
{m—1,m} in 7.

Conversely, for o € ¥, I := {m —1,m,m + 1} is connected in o. Hence, there is
a unique 0 < p < n — 1 such that I = {ap+k(1) | k=0, 1,2} and a unique g € {0, 1,2}

[SIRISIRTSI
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such that oP"9(1) = m. We define the map ¢: X4,y — X(—1) x {0,1,2} by setting
(o) := (del,,(0),q). Again, we show that ¢ and v are well defined and inverse to each
other.

(1) First we show that the two maps are inverse to each other. Let o € X, and
©(0) = (71,q). Then we have

0 if m is the left neighbor of {m — 1,m + 1} in o,
q= 41 if mislocated between m — 1 and m + 1 in o,

2 if m is the right neighbor of {m —1,m + 1} in o.
Conversely, let 7 € X(,_1), ¢ € {0,1,2} and 0 = 9(7,¢) then

the left neighbor of {m —1,m+ 1} ino if¢=0,
m is ¢ located between m — 1 and m + 1 in o ifg=1, (4.11)
the right neighbor of {m —1,m+1}ino if ¢=2.

From this it follows that ¢ and 1 are inverse to each other.

(2) In order to prove that ¢ is well defined one has to show that del,,(c) € X¢,_1).
This can be done similarly as in Case 1.

(3) To see that ¢ is well defined, let 7 € X(,_1), ¢ € {0,1,2} and o := (7,q). We
first show that o has connected intervals. Recall that m = ”'2“. Let 7 < ”T_l =m — 1.
Then [i,n — 7] is connected in 7 since 7 has connected intervals. By the definition of v,
we obtain the entries [i,n — i+ 1] in o by adding 1 to each entry > m of [i,n —i] in 7 and
then inserting m such that by Equation (4.11) at least one of the neighbors of m is m — 1
or m+ 1. Since m — 1,m,m+ 1 € [i,n — i+ 1] it follows that [i,n — ¢ + 1] is connected
in 0. Therefore, o has connected intervals.

In order to show that o is oscillating, let 7/ be the (n — 1)-cycle of &,, obtained by
adding 1 to each entry of 7 which is greater or equal than m. Since 7 is oscillating,
the entries in 7’ alternate between the sets [m — 1] and [m + 1,n]. Furthermore, we
obtain ¢ from 7’ by inserting m somewhere in 7/. Thus, Corollary 36 implies that o is
oscillating. O

From Table 1 we know X,y for n = 1,2, 3. That is, Theorem 50 allows us to compute
Y.(n) recursively for each n € N. This is illustrated in the following.

Example 52. We want to compute X, for n = 4,5. To do this we use the bijections 1
and the related notation introduced in Theorem 50.
(1) Consider n = 4. We have

2(4) = {@/J(U) | o € 2(3)}
by Theorem 50. From Table 1 we obtain X3y = {(1,3,2),(1,2,3)}.
For o = (1,3,2) we have p = 3 since
4\ 4

o3 1(1) = 2 = min {2,3} = min {0_1 <2> : 2} .
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Thus,

(o) =inss3((1,3,2)) = (1,3+1,2,3) = (1,4,2,3)
For o = (1,2,3) we have p = 1 and

Y(o) =ins31((1,2,3)) = (1,3,2,34+ 1) = (1,3,2,4).

Therefore, ¥4y = {(1,4,2,3),(1,3,2,4)}.
(2) Consider n = 5. Theorem 50 yields

ZJ(5) = {¢(0-7 Q) | S 2(4)7(] € {07 172}} . (412)

Let m =2 =3 and I = {m — 1,m} = {2,3}.
For o = (1,4,2,3) we have p = 2 since 027 '(1) =4 ¢ I and 0*(1) = 2 € I. Thus, for

instance we have
Y(o,1) =1ins33((1,4,2,3)) = (1,4+1,2,3,3+ 1) = (1,5,2,3,4).

For o0 = (1,3,2,4) we have p = 1. Computing (0, ¢q) for all ¢ € X4 and ¢ € {0, 1,2},
we obtain the following table. By Equation (4.12), it lists all elements of ¥s).

U(o,q) | 0 1 2
(1,4,2,3) | (1,5,3,2,4) (1,5,2,3,4) (1,5,2,4,3)
(1,3,2,4) | (1,3,4,2,5) (1,4,3,2,5) (1,4,2,3,5)

Corollary 53. Let n € N. Then

1 ifn<2
2.3l"") ifn>3.

Proof. Let x, :== S| forn > 1, y; :=yp := 1 and y,, :== 2 31"2°] for n > 3. We show
that both sequences have the same initial values and recurrence relations. First note that
(21,22, 3) = (1,1,2) = (y1, Y2, Y3)-

where we obtain the x; from Table 1. Now let n > 4. By Corollary 51 we have to show
that y, = y,,_1 if n is even and y,, = 3y,,_1 if n is odd. If n is even, we have

-l -

and thus vy, = y,_1. If n is odd, we have

VL—Z%J_n—3_n—5+1_VL—5+IJ+1_VL—4J+1
2 1 2 2 L2 2 a

and hence y,, = 3y,_1. O
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4.2 Equivalence classes of odd hook type

Let o = (k,1"*) E n be a hook. Then « is a maximal composition. Recall that a
hook « is called odd if k is odd and even otherwise. In the main result of this section,
Theorem 69, we show for each odd hook a that the elements of 3, are characterized by
three combinatorial properties which we call the hook properties (Definition 63). Two
of these properties are generalizations of the concepts of being oscillating and having
connected intervals. The third property is a requirement on the orbits on [n] of the
permutation in question.

We emphasize that the hook properties are defined for all hooks a but in this section
we only show that X, is characterized by them if « is odd. In the next section we prove
in Theorem 93 that the characterization also holds if « is an even hook. This will follow
from an application of the inductive product, which is the topic of that section.

The current section is structured as follows. We first generalize the properties of being
oscillating and having connected intervals from n-cycles to all permutations. In Corol-
lary 60 and Lemma 61 we then show that the relation ~ also propagates the generalized
properties. After defining the hook properties in Definition 63, the argumentation leading
to Theorem 69 is similar to that in the last section. Let « be an odd hook. We show
that the element in stair form o, has the hook properties (Lemma 65), that ~ preserves
the hook properties (Lemma 67) and that for each permutation of cycle type « satisfy-
ing the hook properties there is a chain of ~-equivalent permutations that ends up at
0o (Lemma 68). The latter result is based on a generalization of the algorithm used in
Lemma 47 for the case of n-cycles. After having established Theorem 69, we use it for
odd k > 3 to obtain a bijection which allows to compute X, 1n—ry from X (Corollary 70)
and infer a cardinality formula for 3 1n-r) (Corollary 71).

Lets start with the generalization of being oscillating and having connected intervals.

In order to do this, we standardize cycles in the following way. Let o := (¢1,...,¢) € &,
be a k-cycle. Replace the smallest element among cy, ..., c; by 1, the second smallest by
2 and so on. The result is a k-cycle with entries 1,2, ...,k which can be regarded as an

element &;. This permutation is called the cycle standardization cst(o) of o.

Example 54. Consider o = (3,11,4,10,5) € &;;. Then cst(o) = (1,5,2,4,3) € &5
which is oscillating with connected intervals.

We formally define the cycle standardization as follows.

Definition 55. (1) Given o € &,, and i € [n], there is a cycle (¢i, ..., ¢;) of o contain-
ing 7. Then we define

po(i) == {7 € [k] | ¢ < i}

(2) Let 0 = (c1,...,cr) € &, be a k-cycle. The cycle standardization of o is the k-cycle
of & given by

cst(a) := (po(cr), po(C2), - - polcr))-

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(3) (2023), #P3.16 34



Note that the permutation cst(o) is independent from the choice of the cycle notation
o = (¢1,¢9,...,c) in Definition 55.
Remark 56. Let 0 = (c1,¢a,...,c,) € &, be a k-cycle.
(1) The anti-rank of i € [n] among the elements in its cycle in o is p, (7).
(2) For all 4,5 € [k] we have ¢; < ¢; if and only if p,(¢;) < ps(cj).
(3) Let ¢ be an element appearing in the cycle (¢1,¢a, ..., cx). Then we have

cst(0)(ps (1)) = po(0(i))-

We now generalize the notions of being oscillating and having connected intervals to
arbitrary permutations via the cycle decomposition and the cycle standardization. Recall
that trivial cycles are those of length 1.

Definition 57. Let 0 € G,, and write ¢ as a product ¢ = oy ---0; of disjoint cycles
including the trivial ones.

(1) We say that o is oscillating if cst(o;) is oscillating for each cycle o;.

(2) We say that o has connected intervals if cst(o;) has connected intervals for each
cycle o;

Let (¢) € &,, be a trivial cycle. Then cst((c)) = (1) € &; which is oscillating and has
connected intervals. Therefore, in order to show that a permutation o is oscillating (has
connected intervals) it suffices to consider the nontrivial cycles.

Example 58. Let a = (4,5,3,1) F. 13 and
oo = (1,13,2,12)(3,11,4,10,5)(9,6, 8)(7).
The cycle standardizations of the nontrivial cycles of o, are
(1,4,2,3),(1,5,2,4,3) and (1,2, 3).

Each of these three permutations is oscillating and has connected intervals (see Table 1).
Thus, o, is oscillating and has connected intervals.

Assume that ¢ € &, is an n-cycle. Then ¢ has only one cycle ¢ in cycle notation
and cst(0) = o. Thus, for n-cycles our new notion of being oscillating (having con-
nected intervals) from Definition 57 is equivalent to the old concept from Definition 30
(Definition 38).

We now prove some general results on oscillating permutations with connected inter-
vals. As in the last section, we are interested in the effect of swapping entries 7 and 7 + 1
in cycle notation (that is, conjugating with s;). This will in particular be useful to prove
our results on odd hooks. We consider the case where ¢ and 7+ 1 appear in the same cycle
first.

Lemma 59. Let 0 € G,, and write o as a product o = oy - - - 0y of disjoint cycles. Assume
that there is an i € [n — 1] and a k € [l] such that i and i+ 1 both appear in the cycle oy.
Set 7' := p,(i) and T := cst(ox). Then we have
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(1) cst(sjors;) = SpTSy,

(2) sjos; = o if and only if syTsy = T.

Proof. By the definition of p,, we have that p,(j) = p,,(j) for all entries j in the cycle
Of.

(1) We obtain s;oys; from oy, by interchanging ¢ and ¢ + 1 in cycle notation. Since i
and ¢ + 1 appear in oy, we have p,, (i + 1) = ¢’ + 1. Thus, we obtain cst(s;0%s;) from
T = cst(oy) by interchanging i" and ¢’ + 1 in cycle notation. That is, cst(s;0s;) = sp7sy.

(2) We have s;os; ~ ¢ if and only if {(s;0s;) = {(0). By Lemma 25, this is the case if
and only if either o(i) < o(i+ 1) or 07'(i) < 07'(i + 1). From the definition of the cycle
standardization we obtain that 7(p,(j)) = po(c(j)) for each entry j in oy (cf. Remark 56).
Moreover, by the definition of p, and the fact that ¢ and ¢ + 1 appear in the same cycle
of o,

o(i) <o(i+1) <= ps(o(1)) < ps(c(i+1)).
Hence,
o(i)<o(i+1) < 1) <7 +1).

Similarly, one shows that this equivalence is also true for o=! and 7=!. Therefore, we have
s;08; ~ o if and only if either 7(i') < 7(¢'+1) or 771(¢) < 771(¢’ +1). As for o, the latter
is equivalent to sy 7sy ~ 7. ]

We now infer from Lemma 59 that swaps of ¢ and ¢ + 1 within a cycle that preserve =
also preserve the properties of being oscillating with connected intervals.

Corollary 60. Let o0 € &,, be oscillating with connected intervals, i € [n — 1| such that i
and 1 + 1 appear in the same cycle of o and o' := s;os;. If o = o' then o' is oscillating
with connected intervals.

Proof. We write o as a product ¢ = oy - --0; of disjoint cycles and choose k such that ¢
and i + 1 appear in the cycle o5. Moreover, we set 7 := cst(oy), 7’ := cst(s;0s;) and m
to be the length of the cycle o.

As i and i+1 only appear in oy, 0’ = 07 - - - 04_1(8;018;) k11 - - - 07 is the decomposition
of ¢’ in disjoint cycles. Since o is oscillating with connected intervals, cst(o;) is oscillating
with connected intervals for all j € [l]. Therefore, it remains to show that 7’ has these
properties. Since o ~ ¢’, Lemma 59 yields that 7 &~ 7/. In addition, 7 is an oscillating m-
cycle with connected intervals and thus 7 € ¥(,,) by Theorem 49. Hence, also 7 € ¥,
i.e. 7/ is oscillating with connected intervals. O]

The next result is concerned with the interchange of ¢ and 7 + 1 between two cycles.
This also preserves the properties of being oscillating and having connected intervals.

Lemma 61. Let 0 € &,, be oscillating with connected intervals, i € [n — 1] such that i
and i + 1 appear in different cycles of o and o' := s;os;. Then o’ is oscillating and has
connected intervals.
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Proof. We obtain ¢’ from o by interchanging i and i + 1 between two cycles in cycle
notation. It is easy to see that this does not affect the cycle standardization of the cycles
in question. In addition, all other cycles of ¢’ appear as cycles of 0. Since o is oscillating
with connected intervals, it follows that the standardization of each cycle of ¢’ is oscillating
with connected intervals. That is, ¢’ is oscillating with connected intervals. O]

Note that from Corollary 60 and Lemma 61 it follows that ~ propagates the properties
of being oscillating and having connected intervals also in the general form. For n-cycles
we showed this in Lemma 46. We now narrow our scope to hooks.

Example 62. Let a = (3,1,1) E. 5. The elements of ¥, are
(1,5,2),(1,2,5),(1,5,3),(1,3,5),(1,5,4),(1,4,5).
Note that 1 and 5 always appear in the cycle of length 3.

Recall that we use type as a short form for cycle type.

Definition 63. Let a = (k,1"%) E, n be a hook, o € &,, of type o, m := k—;l if k is odd
and m := g if k is even. We say that o satisfies the hook properties it

(1) o is oscillating,

(2) o has connected intervals,

(3) if £ > 1 then i and n — i + 1 appear in the cycle of length k of o for all i € [m)].

The permutations from Example 62 satisfy the hook properties. The main result of
this section is that for an odd hook «, the elements of ¥, are characterized by the hook
properties (Theorem 69). In Theorem 93 of Section 4.3 we will see that the same is true
for even hooks.

Example 64. (1) Let 0 € &, be of type (1"). Then ¢ = id and o satisfies the hook
properties. Moreover, ¥qn) = {o}.

(2) Let 0 € G, be of type (n). That is, ¢ is an n-cycle. Then the third hook property
is satisfied by o since all elements of [n] appear in the only cycle of o. Thus, ¢ has the
hook properties if and only if ¢ is oscillating with connected intervals. By Theorem 49,
this is equivalent to o € X,).

(3) Let o = (3,1,1) F n. We want to determine all permutations in &,, of type «
that satisfy the hook properties. Let o0 € G,, be of type «, o1 be the cycle of length 3 of
o and O; be the set of elements in o;.

Since oy is the only nontrivial cycle of o, ¢ is oscillating and has connected intervals
if and only if 7 := cst(oy) has these properties. The type of 7 is (3). By Theorem 49, the
oscillating permutations of type (3) with connected intervals form ¥3). From Table 1 we
read X3y = {(1,3,2),(1,2,3)}.

The third hook property is satisfied by o if and only if O; € M where we set

M = {{175}U{j} |]€ [274]} = {{17275}7{1’375}7{174’5}}'
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Therefore, o fulfills the hook properties if and only if there is a 7 € X3y and an O; € M
such that we obtain o; by writing O; in a cycle such that the relative order of entries
matches that one in 7. For instance, from 7 = (1,3,2) and O; = {1,4,5} we obtain
o = (1,5,4). Going through all possibilities for 7 and O; we obtain the desired set of
permutations. These are the ones shown in Example 62.

In order to show that 3, is characterized by the hook properties when « is an odd
hook in Theorem 69, we follow the same strategy as in in the case of compositions with
one part from Section 4.1: For any odd hook o we show that o, satisfies the hook
properties (Lemma 65), ~ is compatible with the hook properties (Lemma 67) and there
is an algorithm that computes a sequence of ~-equivalent permutations starting with o
and ending up with o, for each permutation o of type « satisfying the hook properties
(Lemma 68).

Lemma 65. Let a E, n be an odd hook. Then the element in stair form o, € &,, satisfies
the hook properties.

Proof. Let o = (ay,...,q;) = (k,1"%) E, n be an odd hook. If & = 1 then o, is
the identity which satisfies the hook properties. Assume k£ > 1 and set m := % By
definition, the cycle of length k of o, is given by

0oy = (L,n,2,n—1,....omn—m-+1,m+1).

Hence, o, satisfies the third hook property. In order to show that o, is oscillating and has
connected intervals, it suffices to consider o,, because the other cycles of o, are trivial.
From the description of o,, we obtain its cycle standardization

cst(o,) = (L, E,2,k—1,... mk—m+1,m+1).

That is, cst(o,,) is the element in stair form o(;) which is oscillating and has connected
intervals by Lemma 40. O

Let a F. n be an odd hook and ¢ € &,, be of type «a satisfying the hook properties.
In order to show o, ~ o we will successively interchange elements 7 and ¢ + 1 in the cycle
notation of ¢. The next lemma considers the case where at least one of 7 and i 4+ 1 is a
fixed point of o.
Lemma 66. Let o = (k,1"7%) E, n be an odd hook, m := % and 0 € G, of type «
satisfying the hook properties. Furthermore, assume that there are i,i+1 € [m+1,n—m]
such that © or i + 1 is a fixed point of o. Then s;os; ~ o and s;08; satisfies the hook
properties.

Proof. 1f both ¢ and i+ 1 are fixed points of o then s;0s; = ¢ and there is nothing to show.
Therefore, we assume that either 7 or ¢ + 1 is not a fixed point and call this element j.
By choice of ¢ and 1 + 1, m < j < n —m + 1. Since o satisfies the hook properties, the
cycle of length k of o consists of the elements 1,...,m,j,n—m-+1,...,n.
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First we show that s;0s; satisfies the hook properties. As o is oscillating with connected
intervals and ¢ and ¢ + 1 appear in different cycles of o, Lemma 61 yields that s;os; is
oscillating with connected intervals too. As we obtain s;os; by interchanging ¢ and ¢ + 1
in cycle notation of ¢ and

hwi+lg{l,....ommn—m+1,... n},

s;0s; satisfies the third hook property.

In order to show s;0s; =~ o, we assume that ¢+ 1 is a fixed point of ¢ and 7 is not. The
other case is proven analogously. Let 7 := cst(0) and ¢’ := p,(i). Thend’ = m+1 = £ by
the description of the cycle of length k£ from above. Since o is oscillating, 7 is oscillating.
Thus, Lemma 35 implies that there is an € € {—1, 1} such that

7°(#') >m+1and 77°(7) <m+ 1.
Now we use that 7°(i') = p,(c°(i)) for § = —1,1 and obtain that
o°(i) 2n—m+1and o °(i) < m.
Aso(i+1)=i+ 1€ [m+2,n—m), it follows that
o°(i) > o°(i+ 1) and 07°(i) < o (i + 1).
Hence, Lemma 25 implies ¢(s;0s;) = £(c). Therefore, s;os; = 0. O

The following lemma shows that ~ preserves the hook properties. It is an analogue
to Lemma 46.

Lemma 67. Given an odd hook o = (k,1"%) . n, o € &,, of type a satisfying the hook
properties and o' := s;08; with o ~ o', we have that also o’ satisfies the hook properties.

Proof. We show that ¢’ has the hook properties. If k& = 1 then o
o’ satisfies the hook properties. Hence, assume k > 1. Set m = &=
7' :=cst(o’). We deal with three cases.

First, assume that neither ¢ nor i+ 1 is a fixed point of o. Then ¢ and i+ 1 both appear
in the cycle of length k of . Since o satisfies the hook properties, it is oscillating and
has connected intervals. Therefore, Corollary 60 yields that also ¢’ has these properties.
The elements 1,...,m,n—m+1,...m all appear in the cycle of length &k of o because o
satisfies the hook properties. Since we interchange two entries in this cycle to obtain o
from o, all the elements also appear in the cycle of length k of o’.

Second, assume that i + 1 is a fixed point of o but 7 is not. Since o ~ o', we have
l(c) = {(0') and by Lemma 25

o' = id so that
-

L 7 := cst(o) and

2

either o(i) >i+1and o (i) <i+1

4.13
oro(i) <i+1land o (i) >i+1 (4.13)
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where we used o(i+1) = i+1. The elements of the cycle of length k of ¢ are 1,...,m, j,n
m+1,...,n where j € [m+ 1,n —m]. We now show that 7,7 +1 € [m+ 1,n —m].

Asi+1 is a fixed point, we have i +1 < n —m and it remains to show that ¢ > m + 1.
Assume that i < m instead and set ¢ := p,(i). Then i’ < ¥1. Since 7 € &; is an
oscillating k-cycle, Lemma 35 yields that 77!(¢'), 7(¢/) > £, Because p,(j) = 5, it
follows that 0=1(7),0(i) > j. Moreover, i + 1 being a fixed point and 7 < m imply that
i+ 1< j. Hence, 07'(i),0(i) > i + 1 which contradicts Equation (4.13).

Since i,i+1 € [m+ 1,n—m] and i + 1 is a fixed point of o, we can apply Lemma 66
which implies that ¢’ satisfies the hook properties.

In the same vein, one proves the remaining case where 7 is a fixed point but ¢ + 1 is
not. O

We now extend Lemma 47 to the case of odd hooks. That is, we consider one step of
the algorithm mentioned earlier.

Lemma 68. Let a = (k,1"7%) B, n be an odd hook and o € &,, such that o is of type
«, o satisfies the hook properties and o # o,. Then there exists a minimal integer p such
that 1 <p < k—1 and oP(1) # o(1). Set a:=oP(1), b:=oP(1) and

, {sa_lasa_l ifa>b
o =

8408, if a <b.

Then o' ~ o and o' satisfies the hook properties.

Proof. Set m := % If @ = (1™) then the only permutation of type « is the identity and
there is nothing to show. If & = (n) then this is Lemma 47. Therefore, assume 1 < k < n.
Since o satisfies the hook properties, 1 appears in the cycle of length k of 0. By definition,
o, has the form

(Ln,2,n—1,...,m+1)(n—m)(m+2)--- (2£2)(%) ifnisodd

(

In particular, [m + 2,n — m] is the set of fixed points of o, and 1 also appears in the
cycle of length k of o,. Thus, from o # o, it follows that there exists p as claimed. In
particular, we can define a, b and ¢’ as in the theorem.

If n is odd, k < n implies that ”T“ is a fixed point of o, and hence b # "T“ If nis
even, we have b # ”TH anyway. Let 7 := cst(o) and note that cst(o,) is just the element
in stair form o). Moreover set a’ := p,(a).

Assume b < ”T“ The proof for b > "T“ is similar and hence omitted. If b < ”TH then
b < m + 1 by the description of o, from above. The choice of p and 1 < b < m+ 1 imply

%—{ﬂmﬁm—L”wm+Um—WMm+® (2)

)
5 +1) ifnis even.

o la)=0'b)=n—-b+2>m+1
and

(1,2,...6—1}C{o"(1) | r=0,....p— 1}y ={o"(1) |r =0,...,p—1}.
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The last equality and a # b imply b < a. Thus, we consider ¢’ := s, 108,_1. From the
hook properties, we obtain that the elements in the cycle of length k of o are 1,...,m, j,n—
m+1,...n where j € [m+1,n—m|. Thus, c7'(a) > m+ 1 implies 77(a’) > m+ 1. But
since o is oscillating, 7 is oscillating and therefore Lemma 35 implies ¢’ < m + 1. From
the description of the elements in the k-cycle of o, it now follows that a < n — m.

To sum up, we have b < a < n—m and ¢’ = s,_105,_1. Now we have two cases
depending on a — 1. If a — 1 is a fixed point of o then because of a < n—m, we can apply
Lemma 66 and obtain that ¢’ &~ o and o’ satisfies the hook properties.

If a — 1 is not a fixed point of o then p,(a — 1) = o’ — 1. Moreover, interchanging
a—1 and a in ¢ does not affect the third part of the hook property. Therefore, we obtain
from Lemma 59 that ¢/ =~ o and o’ satisfies the hook properties if 7/ := sy 1781 & T
and 7’ is oscillating with connected intervals. By Lemma 47, 7" has these properties if
(1) = 0}y (1) for 0 <r < p—1, 77(1) > 0f(1) and 77(1) = @’. This is what remains
be shown.

As 0"(1) = o (1) for 0 < r < p— 1, we have the following equality of tuples

(r°(1), 7 (1), ., 7P7HD)) = (06 (1), po (1), P0(2), po(n = 1), .., po(n — b+ 2))
= (Lk2k—1,...,k—b+2)

(00(1), 0l (1),- .. ,af,;)l(l)).

Since the cycle of length & of o contains exactly one element of [m+1,n—m], a—1 and a
appear in this cycle and a < n — m, we have that a < m + 1. Moreover, 1,...,m appear
in the cycle of length k of ¢ and . Since b < a < m + 1, this implies

0y (1) = po, (b) = b and 7(1) = p,(a) = a.
In particular, a’ = 7P(1). Moreover, we have b < a so that o7, (1) < 77(1) as desired. [

We now come to the main result of this section.

Theorem 69. Let o F. n be an odd hook and o € &,, of type a. Then o € ¥, if and
only if o satisfies the hook properties.

Proof. Let a = (k,1"*) E, n be an odd hook and o, be the element in stair form.
The proof is analogous to the one of Theorem 49. By Lemma 65, o, satisfies the hook
properties. Let o € G,,.

For the direction from left to right assume that ¢ € ¥,. Then o ~ ¢,. From the
definition of ~ and Lemma 67 it follows that ~ transfers the hook properties from o, to
0.

For the converse direction, assume that o satisfies the hook properties. By using
Lemma 68 iteratively, we obtain a sequence of ~-equivalent permutations starting with
o and ending in o,. Hence o € X,. O]

We continue with a rule for the construction of ¥, jn—x) from ¥, in the case where k
is odd and £ > 3. The rule can be sketched as follows. Given a 7 € ¥ we can choose a
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subset of [n] of size k in accordance with the third hook property. Arranging the elements
of this subset in a cycle of length & such that its cycle standardization is 7 (and letting the
other elements of [n] be fixed points) then results in an element of ¥ jn-x). See Part (3)
of Example 64 for an illustration.

Corollary 70. Let o = (k,1"%) E. n be an odd hook with k > 3. Set m := *51. For
T € X and j € [m+1,n—m)| define p(7,j) to be the element o € &,, of type o such that
cst(o) = 7 and the entries in the cycle of length k of o are 1,....m,j,n—m+1,... ,n.
Then

@IZ(k)X[m+1,n_m]_>Ea7 (Taj)HQO(T’j)
is a bijection.

Proof. Given a 7 € X and a j € [m + 1,n — m| there is only one way (up to cyclic
shift) to write the elements 1,2,...,m,j,n—m+1,...,nin a cycle of length k such that
the standardization of the corresponding k-cycle in &,, is 7. This k-cycle is (7, 7). By
construction, (7, j) satisfies the hook properties. Hence, Theorem 69 yields ¢(7,j) € X,.
That is, ¢ is well defined.

Let 0 € ¥,. Then by Theorem 69, ¢ satisfies the hook properties. The third hook
property yields that there is a unique j € [m+1, n—m] such that the elements in the cycle
of length k of o are 1,2,...,m,75,n —m 4+ 1,...,n. From the first two hook properties
it follows that 7 := cst(o) is oscillating and has connected intervals. Thus, 7 € X
by Theorem 49. By definition of ¢, the cycles of length k of ¢(7,j) and o contain the
same elements. Moreover, they have the same cycle standardization 7. Consequently,
o(1,7) = o. That is, ¢ is surjective. Since (7,j) uniquely depends on o, ¢ is also
injective. O

In the last result of the section we determine the cardinality of 3, for each odd hook «.
Corollary 71. If a = (k,1"7%) &, n is an odd hook then
1 ifk=1
’Za’ - k=3
2ln—k+1)37 2 ifk>3.

Proof. Let 0 € 5. If k =1 then ¥, = {1}. Now suppose that k > 3 and set m := 2L,

The cardinality of [m + 1,n —m]isn—k+ 1. Asa consequence, Corollary 70 yields
that |X,] = (n — k+1)|E@)|. In addition, we have [Xqy| = 2- 32" from Corollary 53. [

4.3 The inductive product
The inductive product is a binary operator
©: 6, X Gy, = G, (01,02) = 01 © 0y

where n; + no = n. The main result of this section is that it restricts to a bijection
O V(ay) X Vlag,) — o for all @ = (oq,..., ) Fc n with a; even (Theorem 84).
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Thus, we obtain a decomposition rule for ¥, in this case. Together with Theorem 69
this leads to a description of ¥, for all maximal compositions o whose odd parts form
a hook (Remark 87) and a result on the cardinality of ¥, (Corollary 88). We then infer
in Theorem 93 that >, is characterized by the hook properties if a is an even hook and
hence generalize Theorem 69 to all hooks.

Let o F, n and o be the maximal composition consisiting of the odd parts of «.
Combining Theorem 84 with Theorem 49 reduces the problem of describing >, to ..
If o' is an odd hook we can do this with Theorem 69. So the problem that remains is
to describe X, for all maximal compositions o with only odd parts which are not hooks.
A solution to this problem would be interesting but is out of scope of this paper (see
Remark 94). In the case where o is odd, Theorem 84 provides a bijection given by ®
only between certain subsets of ¥(,,) X Y(a,,... o) and 2.

The main steps towards Theorem 84 are the following. We first define and formalize the
inductive product. Then we consider basic properties such as its injectivity (Lemma 79)
and the length ¢ of certain images under the inductive product (Lemma 80). We then
show in Lemma 83 how the elements in stair form can be decomposed by the inductive
product. These results allow us to show that ©: X(4,) X X(a,,...a)) = X is surjective for
even «q, and we obtain Theorem 84.

We now begin with the definition of the inductive product. Recall that we write v Fq n
if v is a weak composition of n, that is, a finite sequence of nonnegative integers that sum
up to n.

Definition 72. Let (ni,ns) Fo n. The inductive product on &,, x &, is the binary
operator

®: 6, X6, -6,

(0’1,0’2) — 01 © 09

where o1 ® 05 is the element of &,, whose cycles are the cycles of o7 and o9 altered as
follows:

(1) in the cycles of oy, add ny to each entry > k,
(2) in the cycles of 09, add k to each entry
where k = [%].

2
For two sets X; C &,,, and X, C G,,, we define

X0 Xy = {01@0’2 | o1 € Xl,O'Q € XQ}
We will see in Lemma 76 that the inductive product is well-defined.

Example 73. (1) Let § € & be the empty function and o € &,,. Then

loo=0c00=o0.
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(2) Consider n; = 6, ny = 4, n = 10 and the elements in stair form o) € &, and
0(3,1) S 6n2. Then k£ = 3 and

0 (6) O] 0(3,1) = (1767 2a 57374) © (1a472)(3)
=(1,64+4,2,5+4,3,44+4)(1+3,4+3,2+3)(3+3)
= (1,10,2,9,3,8)(4,7,5)(6).

(3) Consider ny = 5, ng = 4 and the elements in stair form o) = (1,5,2,4,3) € &,
and o(z1) = (1,4,2)(3) € &,,. Then oy, = (1,3,4)(2) where wy = (1,4)(2,3) is
the longest element of &4. We have k = 3 and

a(5) GUE%?l) = (175+47274+473)(1+373+374+3)(2+3)
=(1,9,2,8,3)(7,4,6)(5).

Note that in Parts (2) and (3) we obtain the elements in stair form o 31) and o531y,
respectively.

In order to work with the inductive product, it is convenient to describe it more
formally. To this end we introduce the following notation which we will use throughout
the section.

Notation 74. Let n > 0, (n1,n2) Fo n, k== (%L
Ny :=[k]Uk+no+1,n] and Ny:=[k+1,k+ns).

We have that |Ni| = ny, |Na| = ng, Ny and Ny are disjoint and Ny U Ny = [n]. Note
that [0] = [1,0] = (). Define the bijections p1: [n1] — Ny and @3: [na] — Ny by

and (i) :==1+ k.

%u%:{i ifi<k

t+ne ifi>k
The bijections @1 and po formalize the alteration of the cycles of o1 and oo in Defini-
tion 72, respectively. Their inverses are given by

: i<k
o1 (i) = {Z i and o, (i) :==1i—k.

i—ny ifi>k

Fori=1,2 and 0; € &,,, write of" := p;00;0¢;'. Then of" € &(N;) and of* can
naturally be identified with the element of &, that acts on N; as of" and fixes all elements

of [n] \ V;.

We will see in Lemma 76 that we obtain o/ by applying ¢; on each entry in of o; in
cycle notation.
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Example 75. Let n; = 6 and ny = 4 and consider the elements in stair form
o1 =0 = (1,6,2,5,3,4) € & and 0y := 01 = (1,4,2)(3) € &,
Then k£ = 3 and
of' =(1,644,2,5+4,3,4+4) = (1,10,2,9,3,8),
05 =(14+3,443,2+3)(3+3) = (4,7,5)(6).

Thus, from Example 73 it follows that o7 ® 09 = 07'0§*. The next lemma shows that
this is true in general.

We now come to the more formal description of the inductive product.

Lemma 76. Let 0, € 6, with cycle decomposition o, = 010,90y, forr=1,2.

(1) We have

1 2
o1 ® oy =0i'0d>.

(2) Letr e {1,2} and 0, = (c1,...,¢;) be a cycle of o,. Then

ofs = (pr(er), - nler).

(8) The decomposition of o1 ® oo in disjoint cycles is given by

_ P1 Y1 P2 ¥2
01002 =011 0Olp " 031" 03p,:

Proof. Set 0 := 01 ® 09 and ¢’ := o{'0$*. It will turn out that o = o’.

We first show Part (2). Let r € {1,2}, £ be a cycle of o, and i € [n,]. Then

£ (pr(i)) = (pro € oo 00,)(0) = 9, ((0))-
Hence, if £ = (¢1,...,¢) € 6, then £ = (v.(c1),...,pr(cr)) € S(N,).
We continue with showing Part (3) for o’. For r = 1,2 we have
of" :90T00r090;1
= 00,1 Opp, O (10;1

= (pro0m1 00, ") (r 00, 0@, ")

— g g
- 0-/’"71 O-,r7p’l“
Thus,
/I 5PL P11 P2 P2
g —0171-~~01’p10271--~01’p2. (414)

The cycles in this decomposition are given by Part (1). As ¢; and @9 are bijections with
disjoint images, the cycles are disjoint.

Lastly, we show o = ¢’. From Equation (4.14), Part (2) and the definition of ¢; and
9 it follows that we obtain the cycles of ¢’ by altering the cycles of oy and o5 as described
in Definition 72. Hence, o = ¢’. O
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Corollary 77. Let 01 € G,,,,09 € &,,, and 0 := 01 © 03. Then
P(o) = ¢1(P(o1)) U pa(P(02)).

We continue with basic properties of the inductive product.

Lemma 78. Let 0y € 6,00 € &,,, and 0 := 01 ® 9. Then for all i € [n]

N Ufl(l) ZfZENl
oli) = {a;”(z‘) ifie No.

Proof. By Lemma 76, 0 = o{'0$*. If ny = 0 or ny = 0 the claim is trivially true. Thus,
suppose ni,ne > 1 and let ¢ € [n]. Consider of"' and 0§ as elements of &,. Since
{N1, N2} is a partition of [n] there is exactly one r € {1,2} such that i € N,. We have
that o¥"(N,) = N, and that o3>, 4" fixes each element of N,. Hence,

o(i) = of"05?(i) = o7 (i). O
We now determine the image of the inductive product and show that it is injective.

Lemma 79. Let (ny,n2) Fo n.
(1) The image of S,, x &,, under ® is given by

G, ©6,={0€&,|dN;)=N; fori=1,2}.
(2) The inductive product on S, x &, is injective.

Proof. (1) Set Y :={o €6, |a(N;) =N, fori=1,2}.

We show 6,,, ©6,, CY first. Let 0 € G,,, ©6,,,. Then there are 0; € &,,, fori = 1,2
such that 0 = 07 ® 0y. By Lemma 78 we have o(N;) = 0% (N;) = N; for i = 1,2. Hence,
oceY.

We now show ¥ C &, ©6,,. Let 0 € Y. For i = 1,2 set 6; = o|y, (the restriction
to NN;). Consider i € {1,2}. Since ¢ € Y, 7;(N;) = N; and thus ¢; € &(N;). Therefore,
o = 166, 0¢; is an element of S,,. Moreover, o considered as an element of &,
leaves each element of Ny ;. fixed. Hence, we have

. ~P1 P2
N, = 01 03

(Jl@OQ) Ni:U;pi Ni:6i|Ni:UNi'

Consequently, 0 = 01 ® 05.

(2) Since |N;| = n; for i = 1,2, the cardinality of Y is nilny!. This is also the
cardinality of &,,, x &,,. As the image of &,,, x &,,, under ® is Y, it follows that ® is
injective. O

Recall that for a F. n, each element of X, has the property that its length is maximal
in its conjugacy class. We want to use this property to prove our main result.

Consider o = 01 ® 09 such that o, has type (n;). We seek a formula for ¢(¢) depending
on o7 and go. We are particularly interested in the case where the n;-cycle o, is oscillating.

Giveno € G, let Inv(o) :={(i,j) | 1 <i < j <n,o(i) > o(j)} be the set of inversions
of 0. Then ¢(c) = | Inv(c)| by [1, Proposition 1.5.2].
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Lemma 80. Let 01 € &,,, be an ni-cycle, o9 € G,,,, 0 := 01 ® 09,
P:={ie€lk]|o1(i) >k},
Q:={ielk+1,n]|o1(i) <k},
p:=|P| and q :=|Q|. Then we have
(o) = L(o1) + L(o2) + (P + q)na.
Moreover,
(1) pa <[],
(2) if o1 is oscillating, then p = q = L%J

Proof. Let i,j € [n] and m := {%J We distinguish three types of pairs (i, j) and count
the number of inversions of ¢ type by type.

Type 1. Thereis an r € {1,2} such that i, j € N,.. In this case let ¢t € {7, j} and set
t':= p;1(t). Then ¢’ € [n,]. From Lemma 78 we obtain

o(t) = pr(an(1).
In addition, we have
er(0:(i) > ¢r(0,()) = 0:(i") > 0,(j)

since ¢, is a stricly increasing function. As ! is stricly increasing as well, we also have
that

<] = i <j.
Hence,
(i,7) € Inv(0) <= i < jand o(i) > o(j)
< i' < j and ¢, (0,.(i") > o, (0.(5"))

<— ¢ <j and 0.(7) > 0.(j)
— (¢, € Inv(o,).

Thus, the number of inversions of Type 1 is
| Inv(oq)| + | Inv(og)| = €(071) + £(02).

Type 2. We have i € Ny, j € Ny and ¢ < j. Assume that (4, 7) is of this type and
recall that Ny = [k|U[k+n2+1,n] and Ny = [k+1, k+ny] where k = [§]. Since i < j, we
have i < k which in particular means that ¢; (i) = i. As o (j) € Ny, k+1 < 0(j) < k+no.
Moreover, o(i) = o{' (i) by Lemma 78. Consequently,

o(i) =o07(i) = o1(i)) = o1(i) < o(j) if 09(i) < k
(i) = o' (1) = o1 (01(3) {gl(i)+n2>a(j) ) o
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Therefore,
(1,7) € Inv(o) <= o01(i) > k.

Hence, the number of inversions of Type 2 is the cardinality of the set P x Ny. Thus, we
have pns inversions of Type 2.

Type 3. We have i € Ny, j € Ny and i < j. Let (i,5) be of Type 3. Then from
1 < j we obtain j > k + ng + 1. In particular, this type can only occur if n; > 1 because
otherwise n =1+ ny < J.

Since i € Na, also o(i) € Ny. That is, k + 1 < 0(i) < k + ny. Moreover, from i < j
and ¢ € Ny it follows that 7 > k + ny + 1. Thus,

-/

J = 901_1(1) =J—ng

and j' € [k + 1,n4]. Hence,

o(j) =of"(j) = v1(o1(4") =

o1(j") < o(i) if () <k
o1(j") +ny > o(i) if o1(y') > k.

That is,
(i,j) € Iv(o) <= 01(j') <k = j €Q <= j€p(Q)

where we use that j° € [k 4 1,n4] for the second equivalence. Consequently, the set of
inversion of Type 3 is the set Ny X ¢1(Q). Since ¢ is a bijection, it follows that there are
exactly gns inversions of this type.

Summing up the number of inversions of each type, we obtain the formula for the
length of o.

We now prove (1) and (2).

(1) By definition, 01(P) C [k+1,n;] and @ C [k+1,ny]. The cardinality of [k+ 1, n4]
is {%J Therefore, p,q < {%J

(2) Assume that o, is oscillating. Suppose first that n is even. Then k = %-. Be-
cause o7 is oscillating, we obtain that

or([k]) = [k +1,n1] and oq1([k+1,n]) = [K]

from Definition 30 and Lemma 33. Hence, p = ¢ =k = |3 ].

Suppose now that n is odd. Then k = "17“ Since o7 is oscillating, Definition 30 and
Lemma 33 yield that there is an m € {k — 1, k} such that

oi([m]) =[n1 —m+1,n and o([m+1,n]) = [ny — m].

It is not hard to see that this implies p =¢ =k — 1 = |%]. ]
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We have seen in Example 73 that the elements in stair form o3y and o 3) can be
decomposed as

O3 = 0(5) @ 0(3 and  0(e3) = 0() © I(3)
where wy is the longest element of G3. We want to show that these are special cases
of a general rule for decomposing the element in stair form o,. Before we state the
rule in Lemma 83, we compare the sequences used to define the element in stair form in
Definition 14 for compositions of n, n; and ns.

Lemma 81. For m € Ny let 2™ be the sequence (2™, ... (™) given by 5™

(1) We have ¢1(y;) = x; for alli € [n4].
(2) If ny is even then ps(2;) = Xirn, for all i € [ns].

1 =1 and

(8) If ny is odd then po(wo(z;)) = Titn, for alli € [ny] where wy is the longest element
of G,,.

Proof. Recall that k = [%W and (ny,n2) Fo n by Notation 74. Let ¢ € N. We mainly do

straight forward calculations.
(1) Assume 2i — 1 € [nq]. Then ¢ < k and thus ¢, (i) = i. Consequently,

©1(Y2im1) = 01(i) =1 = T9_1.

Now, assume 2i € [n;]. Then
. . ny
n1—2+1=(n1—2+ﬂé{n1—2+1w

sl ny
=|=+4+1|=|= l=k+1
541 =[5k

i.e. p1(ny —i+1) =ny +ny —i+ 1. Therefore,
o1(y2) = p1(np—i+1)=ni+ne—i+1=n—i+1=uxy.
(2) Assume that n; is even. Then ny = 2k. If 2i — 1 € [ny] then we have
2k+1)—1=n14+2i—1<ny+ny=n.
Thus,
©2(22i-1) = 02(i) = k + 1 = Toghqi)—1 = T2im14m, -
Suppose 2i € [ng]. Then 2(k + i) =n; +2i < n and

=n—k—i+1

= T2(k+i) = T2+nq-
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(3) Assume that n; is odd. In this case ny = 2k — 1. Let wy be the longest element
of &,,. We have wy(j) =ng—j+1 for all j € [ny]. If 20 — 1 € [ny] then 2i — 1 +ny € [n]
and

o (wo(22i-1)) = wa(wo(7))
= pa(ng —i+1)
=no+k—i+1
=n—2k+1—ng)+no+k—i+1
=n—(k+i-1)+1
= T2(>i+k—-1)

= L2i—1+2k—1 = T2—1+4n; -
If 2i € [ng] then 2i + ny € [n] and

wa(wo(22i)) = p2(wo(ng — i+ 1)) = @a(i) = i + k = To(iyr)—1 = T2i4n, - O

Example 82. Consider n =9, n;y = 6 and ny, = 3. Then k = 3. Using the notation from
Lemma 81 we obtain

v =(1,9,2,8,3,7,4,6,5),
y = (17 67 27 5’ 37 4)7
z=(1,3,2).
Then x = (p1(y1),- -, 01(¥s), P2(21), p2(22), p2(23)) as predicted by Lemma 81. Moreover,

x,y and z are the sequences used to define the elements in stair form o 3), o) and o(3),
respectively. Therefore,

1

0(6,3) = (801(y1)7 e 7801@6))(902(21)7902(22)7S02(Z3)> = UZ%)UEP;) = 0@) O 0(3).
This also illustrates the idea of the proof of the next lemma on the decomposition of .

Lemma 83. Let o = (ay,...,q;) Ee n with 1 > 1. Then we have the following.

(2) If ay is odd then 04 = 0(a) © <U(a2 al))wo where wy s the longest element of

-----

6042+~~~+0tl'

Proof. Set ny := a1 and ny := as + -+ + . As in Lemma 81, let (™) be the sequence

(a;Y”), ...,z{™) given by xg’j"‘_)l = ¢ and xg”) =m —i+1form € Ny and set z := 2",

y = 2™) and z := ("), We have that
(1) o4 has the cycles

Oa; = (xa1+---+01i71+17 Log+-ta;_ 1425 - - - ,xa1+---+a¢,1+ai)
fori=1,...,1,
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(2) O(a1) = (yh Y2, ... >yn1) and
(3) O(as,....ar) has the cycles

Oa; = (Za2+~~-+ai_1+17 Zogttoi 1425+ -+ Zaz+-~~+o<i_1+ai)
fori=2,...,1.
Assume that a; is even and set 0 := 0(q,) © O(qy,....a)- From Lemma 76 we obtain that

o has the cycles (0(q,))¥" and (G(q,))¥? for i = 2,...,l. By Lemma 81, ¢(y;) = x; for
J € [n1] and @o(2;) = 4,44 for j € [ng]. As a consequence,

(0@)? = (1), - 01(Yen)) = (21, -+ Tay) = Oay

and
(6a¢)¢2 = (902(20!2+---+ai71+1>7 SR 902(20!2+"'+ai—1+04i))
= <$a1+~~+ai_1+1, e 7xa1+--~+ai_1+a,-)
= Oq;
fori=2,...,1. Hence, 0 = o,.

Now let a; be odd. Set 0 := 0(4,) ©® (U(az,...,al)) * where wy is the longest element of
Goototar- Then o has the cycles (0(q,))#" and ((G(a,))"*)¥? for i = 2,...,1. Moreover,
from Lemma 81 we have that ¢s(wy(2;)) = Ta,+i for j € [ng]. Thus,

(5(%))100)@2 = <¢2(w0(za2+-~~+ai_1+1))a e 7@2(w0(za2+~-~+ai—1+oci)>)
= (xa1+"'+06i—1+17 e 795a1+--~+ai71+a¢)
= O-Oéi
fori=2,...,1. As we have already shown that (0(a,))?* = 04,, it follows that 0 = 0,. O

We now come to the main result of the section. It enables us to decompose ¥, if a;
is even. Before we can state the result, we need to introduce some more notation. For
a F. n we define

Y:={oe€eX,| Plo)=P(o.)}.

Below the set (XX)"° appears where wy the longest element of &,,. Let 0 € ¥,. Then by
Corollary 13, o%° € X,,. Since P(c"°) = wy(P(0)), we have

o€ (Zj)
Theorem 84. Let a = (ay,...,q;) Fen with 1 > 1.
(1) Suppose that oy is even. Then the map

wo

<= P(0"°) = P(0,) <= P(0) = P(cg2°). (4.15)

«

E(041) X Z(QQ,.‘.7QI) — Zom (0-17 02) = 01 © 02
is a bijection. In particular, we have the decomposition

Ea = E(al) ® E(QQ,...,QZ)'
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(2) Suppose that oy is odd and let wy bet the longest element of Gpyi.ia,- Then the
map

YX % (EX

(a1) ozl)> ’ — 227 (017 02) = 01O 0y

SE=55,0 (2@2 ..... al))wO'

Proof. Let a) := (o)), a® 1= (a,..., ), n1 := |[aW], ny := |a®| and wy be the longest
element of &,,. We use the inductive product on &,, x &,, and the related notation.
By Lemma 79 the two maps from the theorem are injective so that it remains to prove
the surjectivity. That is, we have to show the following.

(1) If o is even then X, =¥ 1) © X, o).
(2) If oy is odd then X7 =¥, © (E;@))
The proofs of (1) and (2) have a lot in common. Hence, we do them simultaneously as

much as possible and separate the cases a; even and a7 odd only when necessary.
If | =1 then a = oV, a® = () and thus

wo

Eau) ® Ea(z) =Y, 067 =1%,.

Moreover, ¥, ) = ¥(a,) and (Zg)wo = Yy. Thus we have (1) and (2) in this case.

Now suppose [ > 2. Let 0 := 04, 01 := 0,0 and 03 := 0, if ay is even and oy = JZ’{;)
if @y is odd. From Lemma 83 we have 0 = 01®05. By Theorem 18, o) € X, fori =1, 2.
In addition, Corollary 13 then yields that 0% € ¥,e. Thus, o; € ¥,0) for i =1, 2.

We begin with the inclusions “C”. Let 7 € ¥, with P(7) = P(0) if oy is odd. First
we show 7 € 6,, ©® 6,,. By Lemma 79, we have to show 7(N;) = N, for i = 1,2.
Since {Ny, Ny} is a set partition of [n], it suffices to show 7(N;) = N;. As 01 € &, is
an ny-cycle, P(oy) = {[n1]}. Moreover, Corollary 77 yields P(c) = ¢1(P(01))Upa(P(02)).
Thus,

N1 = pi([n1]) € 1(P(01)) C P(o).

If oy is even then Ny € P.(0). Moreover, Proposition 28 yields P.(7) = P.(o). Thus,
N; € P(7) which means that 7(N7) = N;. If o is odd then P(7) = P(¢) by assumption.
Hence, N; € P(0) = P(7) and thus 7(N;) = Nj.
Because 7 € 6,,, ® G,,,, there are 1y € &,,, and 7 € &,,, such that 7 =7 ©® 7. Let

i € {1,2}. We want to show 7; € ¥ ). Recall that o; € ¥_i). Thus, from Proposition 28
it follows that =, € ¥ if and only if

(i) o; and 7; are conjugate in &,,,

(ii) ¢(o;) = £(7;) and

(ili) P.(0;) = P.(13).
Therefore, we show that 7; satisfies (i) — (iii). Let ¢ be arbitrary again.
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(i) For a permutation &, let C'(¢) be the multiset of cycle lengths of . Assume
E=6 0&for & €6, and i = 1,2. From Lemma 76 it follows that

C(€) = C(&) U C(&). (4.16)

Since 7 = 11 ® Ty, Corollary 77 implies P(7) = ¢1(P(11)) U ¢2(P(12)). Therefore, from
Ny € P(7) it follows that P(my) = {[n1]}. That is, 7 is an ny-cycle of S,,,. By definition,
o1 is an ny-cycle of &, too. Thus, C(11) = C(0y). Since 7 € ¥, 7 and o are conjugate
so that C'(7) = C(0). Because of Equation (4.16) and C(71) = C(0y), it follows that also
C(72) = C(02). In other words, 7; and o; are conjugate for i = 1, 2.

(ii) Let m := {%J By Lemma 80, there are p, ¢ < m such that

() = £(n) + U(72) + (p + g)na.

Moreover, we have ¢(7;) < {(0;) for i = 1,2 because 7; and o; are conjugate and o; € ¥ ).
On the other hand, o, is oscillating by Theorem 49 and hence Lemma 80 yields

U(o) =L(or) + (0o2) + 2mns.

Since 7 € 3, we have (1) = (o). Therefore, we obtain from the equalities for ¢(7) and
¢(0) and the inequalities for £(7), ¢(7s), p and ¢ that (1) = {(0o1) and £(72) = £(03).
(iii) Corollary 77 states that

P(§) = ¢1(P(&)) U p(P(&)) (4.17)

for & = o,7. This equality remains valid if we replace P by P.. From 7 € X, and
Proposition 28 it follows that P.(7) = P.(c). Hence,

P1(Pe(11)) U p2(Pe(12)) = @1(FPe(01)) U p2(Fe(02)).

Since ¢; and 9 are bijections and the images of ¢; and ¢, are disjoint, it follows that
P.(1;) = P.(0;) for i = 1,2. This finishes the proof of 7 € ¥, 1) ® X, .

It remains to show that 7, € X7, and 7 € (E;@))wo if a;; is odd. Thus, assume that
a; is odd. We have already seen that P(r;) = P(01). Hence, € ¥",. Since oy is
odd, P(1) = P(o0) by assumption and therefore we deduce from Equation (4.17) as above
that P(72) = P(02). Now we can use that o, = 0. and obtain 7, € (Z:(z))wo from
Equation (4.15).

We continue with the inclusions “27. Let 7, € ¥, fori=1,2and 7:=71 O m. [f ¢y
is odd, assume that in addition 7, € ¥, and 7, € (Z:m)wO which by Equation (4.15) is
equivalent to P(1;) = P(o;) for i =1,2.

We want to show that 7 € ¥, and again use Proposition 28 to do this. That is, we
show the properties (i) — (iii) for 7 and o.

(i) Fori e {1,2} we have C(r;) = C(0;) since 7; €
it follows that C(7) = C(0), i.e. 7 and o are conjugate.

). Hence, from Equation (4.16)

ali
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(ii) Since 11,01 € X, 0, they are oscillating ni-cycles by Theorem 49. Therefore,
Lemma 80 yields

0(&) = L(&1) + £(&2) + 2mny

for { = 0,7 and m = [%]. Moreover, as 0;,7; € X0, {(1;) = £(0;) for i = 1,2. As a
consequence, £(1) = {(o).

(iii) Since £ = & © & for & = o, 7, Equation Equation (4.17) holds. This equation
remains true if we substitute P by P.. In addition, from Proposition 28 we obtain that
P.(1;) = P.(0;) for i = 1,2. Thus, P.(7) = P.(0).

Because of (i) — (iii) we can now apply Proposition 28 and obtain that 7 € ¥,. In the
case where o is odd, it remains to show P(7) = P(c0). But this is merely a consequence

of P(1;) = P(o;) for i = 1,2 and Equation (4.17). O
Recall that, given a maximal composition o = (s, ..., q;) F. n, there exists 0 < j < I
such that oy, ...,  are even and a1 > ... > o are odd. Using Part (1) of Theorem 84

iteratively, we obtain the following decomposition of the elements of >,,.

Corollary 85. Let « = (ay,...,q;) Fen, 0 € &, of type a and 0 < j < I be such that
o = (ajy41,...,0q) are the odd parts of . Then o € X, if and only if there are 0; € ¥(a,)
forio=1,...,7 and T € X such that

c=01000-00;OT
where the product is evaluated from right to left.
Example 86. Consider a = (2,4,3,1,1) F, 11. From Table 1 and Example 62 we obtain

Yo ={(1,2)},
S = {(1,4,2,3),(1,3,2,4)},
Sein = {(1,5,2),(1,2,5),(1,5,3), (1,3,5), (1,5,4), (1,4,5)} .

By Corollary 85, X, consists of all elements (1,2) ® (0 © 7) with 0 € ¥4 and 7 € X311).
Thus, |X,| = 12. For instance,

(1,2) ®((1,3,2,4) ® (1,3,5)) = (1,2) ®(1,8,2,9)(3,5,7)
= (1,11)(2,9,3,10)(4,6, 8)

is an element of X,,.

Remark 87. For compositions with one part a = (n), Theorem 49 provides a combinatorial
characterization of X,). Therefore, Corollary 85 reduces the problem of describing %,
for each maximal composition a to the case where o has only odd parts. These « are the
partitions consisting of odds parts.

If a is an odd hook, then Theorem 69 yields that the hook properties characterize
the elements of . That is, we have a description of ¥, for all maximal compositions «
whose odd parts form a hook.
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Let o F. n and o be the composition formed by the odd parts of a. We infer from
Corollary 85 a formula that expresses |X,| as a product of |¥,/| and a factor that only
depends on the even parts of a. In the case where o is an odd hook, we can determine
|Xo| explicitly and thus obtain a closed formula.

Corollary 88. Let a = (a1,...,q) Fe n, 0 < j < [ be such that (ay,...,«a;) are the
even and o = (ji1,...,0qq) are the odd parts of a, n' := |o/|, P := {i € [j] | as = 4},
p:=|P| and g := —2p+ %Ziep a;. Then

I5,] = 2739|D .

Moreover, if o' is a hook (r,1"'~") then

w2 ifr<1
TN —r+1)2237 ifr>3
where p' :==p+1 and ¢ = q+ F.
Proof. Since aq,...,a; are the even parts of a, Corollary 85 implies that
J
Zal = (B T [Ean- (4.18)
i=1
For the same reason, Corollary 53 yields
1 ifn<2
|E(a7,) — a;—4 .
2-372 ifn > 4.
for i =1,...,j. Therefore,
J _
] 1Sl = [[2-3%F = 203723 Licr ™ = 230,
i=1 ieP

and with Equation (4.18) we get the first statement.

For the second part, assume that ' is a hook. Then, by the choice of j, o is an
odd hook. It remains to compute |So|. If o/ = ) or o/ = (1) we have |X| = 1. If
o = (r,1"~") with r > 3 then Corollary 71 provides the formula

Sor| =2(n' —r+1)3"7. O

Example 89. Consider o = (2,8,4,5,1,1,1) k. 22. Then o = (5,1,1,1) . 8 is a hook,
P={23},p=2+1and ¢ = —2-2+4 L(8+4) + 252 = 3. Thus, Corollary 88 yields
50| = (8 — 5+ 1)233% = 864.

Let o = (I,1"7!) F. n be a hook. From Corollary 70 we know how to construct ¥,
from X if k is odd. If [ is even, we obtain ¥, in the following way.

ot
o
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Corollary 90. Let o = (I,1"7!) E., n be an even hook and id € &,,_,,. Then the map
E(l)—>2a, c—oc@®id
is a bijection.

Proof. Recall that ¥n-1y = {id}. Then Theorem 84 yields that the map from the claim
is a bijection. O]

Example 91. Consider a = (4,1,1) and id € &,. From Table 1 we read
S = {(1,4,2,3),(1,3,2,4)}
Hence, Corollary 90 yields
0o = {a ®id|o € 2(4)} = {(1,6,2,5),(1,5,2,6)}.

In Theorem 69 we showed that ¥, is characterized by the hook properties if « is an
odd hook. In the remainder of the section we want to prove that the same is true for
even hooks. We first show that © is compatible with the concepts of being oscillating and
having connected intervals.

Lemma 92. Let 01 € 6,,, 0y € S, and 0 := 0y ® 03. Then o is oscillating (has
connected intervals) if and only if o1 and oy are oscillating (have connected intervals).

Proof. Let 0, = 0,102 0., be a decomposition in disjoint cycles for r = 1,2. Fix an
r € {1,2} and a cycle (ci,...ct) = 0, of 0. Then by Lemma 76 we have that

Pr

org = (pr(cr), -5 or(er)).

As ¢, is strictly increasing, it preserves the relative order of the cycle elements so that

cst(oy;) = cst(a)).

In addition, Lemma 76 provides the cycle decomposition
_ %1 Y1 Y2 ©2
O=011"""01p 021" " 02p,-

of 0. Hence, o is oscillating if and only o; and o, are oscillating. For the same reason, o
has connected intervals if and only if o; and o, have connected intervals. O

We now generalize Theorem 69 to all hooks. The hook properties can be looked up in
Definition 63.

Theorem 93. Let o F. n be a hook and 0 € S,, of type a. Then o € X, if and only if o
satisfies the hook properties.
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Proof. Let a = (I,1"") E, n and 0 € &,, be of type a. The case where [ is odd was done
in Theorem 69. Therefore, assume that [ is even. If [ = n then the third hook property
is satisfied and therefore the n-cycle o € &,, has the hook properties if and only if it is
oscillating and has connected intervals. By Theorem 49 this is equivalent to o € X,).
Therefore we now assume [ < n. Write o = (dy,...,d;) omitting the trivial cycles. We
consider the inductive product on &; x G,,_; and id € &,,_;. Following Notation 74 we
then have that

[ l
Note that o satisfies the third hook property if and only if {dy,...,d;} = Ny.

We begin with the implication form left to right. Assume that o € ¥ 1n1y. By
Corollary 90 there is 7 € Xy such that 0 = 7 © id. Certainly id is oscillating and has
connected intervals. Moreover, 7 has these properties by Theorem 49. Therefore, o is
oscillating with connected intervals by Lemma 92. Because o = 7 ®id, Lemma 76 implies
that we can write 7 = (¢, ..., ¢) such that d; = ¢1(¢;) for i = 1,...,1. Therefore,

{dl, e 7dl} = @1({617 .. .Cl}) = QOl([l]) = N1

which means that o satisfies the third hook property.

We now show the implication from right to left. Assume that o fulfills the hook
properties. Then the third hook property yields that {di,...,d;} = N; which implies
that o(N7) = N;. Therefore, 0 € &; ® &,,_; by Lemma 79, i.e. there are 0y € &, and
o9 € &,,_; such that o = 07 ® 02. From Lemma 78 we obtain that o|y, = 07" so that we
can write oy as oy = (cy1,...,¢) with ¢; = @1 '(d;) for i = 1,...,1. Tt follows that oy is an
l-cycle of &;. Since o fixes each element of N, it follows from Lemma 78 that o9 = id. As
o is oscillating with connected intervals, Lemma 92 implies that o; has these properties
as well. Thus, oy € Xy by Theorem 49. Hence, we can apply Corollary 90 and obtain
that

o=01© id € E(l,l”*l)' ]

Remark 94. In Remark 87 we reduced the problem of describing 3, for all maximal
compositions « to the partitions with only odd parts. As we have such a description for
odd hooks, it remains to find a combinatorial description of ¥, in the case where « is a
partition of odd parts which is not a hook. Then 3, consists of all permutations of type
a of maximal length. Unfortunately, the situation is a lot more complex. One reason for
this is the following. For any subset % of &,, define

P(X):={P(o)|oceX}.

In general, P(o,) is not the only element of P(X,) and there seems to be no obvious
way to describe P(X,). Moreover, the number of o € ¥, whose orbits yield the same
set partition of [n] depends on this very set partition. For example, 33 3) consists of the

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(3) (2023), #P3.16 57



following elements where elements with the same orbit partition occur in the same row.
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