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Abstract

This paper offers a systematic study of a family of graphs called amoebas. Amoe-
bas recently emerged from the study of forced patterns in 2-colorings of the edges of
the complete graph in the context of Ramsey-Turan theory and played an important
role in extremal zero-sum problems. Amoebas are graphs defined by means of the
following operation: Let G be a graph and let e € E(G) and €’ € E(G). If the graph
G' = G — e+ €' is isomorphic to G, we say G’ is obtained from G by performing a
feasible edge-replacement. We call G a local amoeba if, for any two copies G1, Go
of G on the same vertex set, G; can be transformed into G5 by a chain of feasible
edge-replacements. On the other hand, G is called global amoeba if there is an inte-
ger tg = 0 such that GUtK is a local amoeba for all t > ty. To model the dynamics
of the feasible edge-replacements of G, we define a group Fer(G) that satisfies that
G is a local amoeba if and only if Fer(G) = S, where n is the order of G. Via
this algebraic setting, a deeper understanding of the structure of amoebas and their
intrinsic properties comes into light. Moreover, we present different constructions
that prove the richness of these graph families showing, among other things, that
any connected graph can be a connected component of a global amoeba, that global
amoebas can be very dense and that they can have, in proportion to their order,
large clique and chromatic numbers. Also, a family of global amoeba trees with a
Fibonacci-like structure and with arbitrary large maximum degree is constructed.

Mathematics Subject Classifications: 05C88, 05C89

1 Introduction

Graphs called amoebas first appeared in [12] where certain Ramsey-Turdn extremal prob-
lems were considered, which dealt with the existence of a given graph with a prescribed

2Department of Mathematics, University of Haifa-Oranim, Tivon 36006, Israel
(yacaro@kvgeva.org.il).

bInstituto de Matematicas, UNAM Juriquilla, Querétaro, Mexico (ahansberg@im.unam.mx).

¢UMDI, Facultad de Ciencias, UNAM Juriquilla, Querétaro, Mexico
(amandamontejano@ciencias.unam.mx).

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(3) (2023), #P3.9 https://doi.org/10.37236/11876


https://doi.org/10.37236/11876

color pattern in 2-edge-colorings of the complete graph. More precisely, amoebas arose
from the search of a graph family with certain interpolation properties that could be
suitable to show balanceability or omnitonal properties [12] (see also [11]). The graphs
named just “amoebas” in [12] are called in this paper, with their rich, Matroid resembling
properties, “global amoebas”, as we will distinguish them from a similar family that we
call “local amoebas”. For the interested reader, we refer to [6, 22, 23, 32, 36, 37, 44] for
more literature related to interpolation techniques in graphs.

The feature that makes amoebas work are one-by-one replacements of edges, where,
at each step, some edge is substituted by another such that an isomorphic copy of the
graph is created. We call such edge substitutions feasible edge-replacements. Similar
edge-operations have been studied, for instance, in [13, 18, 19, 28, 37, 39]. As introduced
in [11], a family F of graphs, all of them having the same number of edges, is called closed
in a graph H if, for every two copies F, F’ of members of F contained in H, there is a
chain of graphs Hy, Hs, ..., H; in H such that H; = F, H, = F’, and, for 2 <1 < k, H;
is isomorphic to a member of F and H; is obtained from H;_; by interchanging one edge
with another (an edge-replacement that is not necessarily feasible). Perhaps the most
well-known closed family is the family of all spanning trees of a connected graph H, and
the edge-replacement operation given above is in fact the basic operation in the exchange
of bases in the cycle matroid M(H) of H. A graph G is a global amoeba precisely when
{G} is a closed family in K, (for n large enough), and it is a local amoeba if {G} is a
closed family in K. Exactly this global amoeba property is the key to the usefulness of
amoebas in interpolation theorems in Graph Theory and in zero-sum extremal problems
[11], and in problems about forced patterns in 2-colorings of the edges of K, [12]. We
note at this point, once again, that the amoebas defined in [12] correspond to the class of
global amoebas.

A first encounter with amoebas gives the impression that such graphs are very rare
and have a very simple structure. This, however, is not the case and amoebas may have
quite a complicated structure. Indeed, we will consider here different constructions with
which we will show that any connected graph can be a connected component of a global
amoeba (Theorem 24), that global amoebas can be very dense (in fact, with as many as
n?/4 edges, being n the order of the graph) and, that they can have very large chromatic
number and cliques, too (as large as roughly half the order of the graph) (Theorem 30).
Also, we introduce an interesting family of global amoeba trees with a Fibonacci-like
structure and with arbitrary large maximum degree (Theorem 29).

Most concepts and definitions concerning amoebas can be stated in graph theoretical
language. However, a group theoretical setting with which the dynamics of the edge
replacements are modeled — and which involve graph isomorphisms — will be necessary for
proving several results. In particular, the proof of Theorem 3.8, which is a key element
for many other results, employs tools of permutation groups, which via graph theoretical
language would be too intricate. This is the reason why we will develop an algebraic
theoretical setting so that we can then formalize all concepts and definitions by means of
the permutation language, and we will proceed further on with the theory this way. The
research on amoebas is related to problems like switching in graphs [5, 25], reconfiguration
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problems [27, 35], token graphs [9, 17, 31] and, with respect to aspects of group action
language, to reconstruction problems in graphs [15, 24, 30]. Similar approaches that deal
with graph isomorphisms can be found in [1, 38, 40]. For group theoretical concepts, we
refer to [26].

The paper is organized as follows. In Section 2, we define local and global amoebas
formally by means of graph theoretical language, and present some basic results achievable
by graph theoretical tools. In Section 3, we introduce the group theoretical tools that
will let us model how the so-called feasible edge-replacements work via permutations.
By means of this algebraic setting, we will reformulate the definitions of global amoeba
and local amoeba (Definition 9). Section 4 contains our main result (Theorem 15) which
displays different characterizations of global amoebas by which the relation between global
and local amoebas is very clearly established. Moreover, it is shown, using non-trivial
examples, how the characterization is very handy. In Section 5, we will present some
interesting constructions of both local and global amoebas that will exhibit the richness
of this family of graphs.

Example 2.5

‘
. Proposition 2.4
Proposition 2.3 ' P Example 55 | oommmion a3
- ‘ Proposition 3.94—( Lemma 3.3 )

Proposition 2.6
Observation 2.1 “‘

Corollary 4.2
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Proposition 5.2
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< Theorem 5.7 ' \ ( Lemmas2 )
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l Example 5.9 l l Example 5.11 l

Figure 1: Results dependence scheme.

For many of these results, Theorem 15 is a crucial tool. In Section 6, we exhibit
extremal global amoebas with respect to size, chromatic number and clique number. In
order to show the purpose of the results, we will illustrate with abundant examples. In
the final section, we provide the reader with several open problems which could bring
more light to understanding this very interesting family of graphs called amoebas. Figure
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1 depicts a scheme that captures the structure and the dependence between the results
of this paper. The scheme includes Definition 9 to emphasize that the developed theory
in Section 2 is needed to be able to establish the definition of local and global amoebas
via the algebraic approach. It is important to note that all subsequent results depend on
this definition and its group theoretical setting.

2 Amoebas: graph theoretical approach

As it was said in the introduction, the graph class of amoebas arose from the search of
a family with nice interpolation properties that work in solving certain Ramsey-Turan
extremal problems in 2-edge-colorings of the complete graph, see [12]. In order to define
amoebas, we need to formally establish what a feasible edge-replacement is.

Let G be a nonempty and non-complete graph. Given e € E(G) and ¢’ € E(G), we
say that the graph G’ = G — e + €’ is obtained from G by replacing the edge e with
e/. If G’ is a graph isomorphic to GG, we say that the edge-replacement is feasible and
that G’ is obtained from G by a feasible edge-replacement. We also need to consider the
neutral edge-replacement as a feasible edge-replacement, which is given when no edge is
replaced at all. Note that every graph has at least one feasible edge replacement, namely
the neutral edge-replacement.

The following observation is a direct consequence of the definition of feasible edge-
replacement.

Observation 1. Let G be a nonempty and non-complete graph. Let wv € E(G) and

u'v' € E(G). Suppose that G' = G — uv + v'v' = G. Then we have, for any vertex
w e V(GQ),

dega(w) — 1, if w € {u,v} \ {v/,v'}
deger(w) = § degg(w) +1, if w e {u',v'} \ {u, v} (1)
degs(w), else.

Thus, for a graph that is nonempty and non-complete, there are two types of non-
neutral feasible edge-replacements (if any), according to how many vertices (0 or 1) share
the edge we remove and the edge we insert. Now we will define global and local amoebas.

Definition 2. A graph G is called a local amoeba if, for any two isomorphic copies of G on
the same vertex set V' = V(G), say F' and H, there is a chain F' = Gy, G1,Ga, ..., Gy = H
such that, for every 1 <1 < /¢, G; = G and G; is obtained from G;_; by a feasible edge-
replacement. Moreover, GG is called global amoeba if there is an integer ty > 0 such that
G UtK; is a local amoeba for every t > t.

By means of this innocent technical definition of global amoeba, one can imagine how
it is possible to move from any copy of a global amoeba G in K,, to any other copy of G
in K,, if n is large enough. We shall see later on that n = n(G) + 1 (i.e. ty = 1) suffices.
The following is a simple but very useful result.
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Proposition 3. Let G be a graph with minimum degree 6 and maximum degree A. If G
is a local amoeba then, for every integer v with § < r < A, there is a vertex v € V(G)
with deg(v) = r. If G is a global amoeba the same is true and, moreover, § < 1.

Proof. Let G be a local amoeba embedded in K, and let v € V(G) with deg,(v) = 9.
Let H be an isomorphic copy of G embedded in K, with degy(v) = A. Since G is a
local amoeba we know there is a chain G = Gq, G1, G, ...,Gy = H such that, for every
1<i </, G; =2 G and G; is obtained from G;_; by a feasible edge-replacement. Then, by
setting d; = degg (v), we have a sequence of integers dy, d1, . .., d, where dy = 6, dy = A
and, by Observation 1, for every 0 < i < ¢ —1, we have d; — 1 < d;;1 < d; +1. Now, fix r
with 0 + 1 <r < A —1, and let m = max{i : d; < r}. We claim that d,, = r, otherwise,
if d,, < r then d,,41 < dp, +1 <7+ 1, thus d,,41 < r which is a contradiction (by the
definition of m). Hence, we find a vertex of degree r in G,, which is graph isomorphic to
G.

If G is a global amoeba, let G be embedded in Ky for some N > n. Let v €
V(Kn) \ V(G) and recall that we set deg(v) = 0. To complete the proof, we proceed as
in the previous paragraph to find vertices of degree r for every 1 <r < A — 1. n

By Observation 1, regular graphs have the neutral edge-replacement as its only feasible
edge-replacement. Hence, no regular graph, except for the complete or the empty graph,
can be a local amoeba. Similarly, no regular graph, except for K, for even n, or K, can
be a global amoeba. We use Proposition 3 to formalize the above concerning not only
regular graphs but also graphs that have the neutral edge-replacement as its only feasible
edge-replacement.

Proposition 4. Let G be a graph of order n > 1 having the neutral edge-replacement as
its only feasible edge-replacement. Then

(i) G is a local amoeba if and only if either G = K,, or G = K,;
(ii) G is a global amoeba if and only if either G = §Ks, for even n, or G = K,.

Proof. (i) Supposing that G is a local amoeba, the fact of G having the neutral edge-
replacement as its only feasible edge-replacement means that every isomorphic copy G’ of
G on the same vertex set V(G) has the same set of edges as G, that is, E(G') = E(G).
This can only happen when G = K,,, or G = K,,, which are clearly local amoebas.

(ii) The fact that G = K, is a global amoeba having only the neutral edge-replacement as
a feasible edge-replacement is obvious. Since G' = 3 K> is a 1-regular graph, then its only
feasible edge-replacement is the neutral one. To see that G = § K, is a global amoeba
is not hard if we consider enough extra isolated vertices. We leave it as an exercise to
argue that § Ky UtK) is a local amoeba for every ¢t > n + 4 (in any case, we will provide
a general argument to prove this in Section 3).

Suppose now that G is a global amoeba having the neutral edge-replacements as its
only feasible edge-replacement. By Proposition 3, G' has minimum degree 6(G) < 1. If

o
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§(G) = 0, then G = K,, (otherwise, G would have vertices of positive degree and, by
Proposition 3, there would be a vertex x of degree 1, which would imply the existence
of a feasible edge replacement in G involving the edge incident to x and the isolated
vertex). If §(G) = 1, we will prove that G = 5K, by showing that A(G) = 1. Suppose
to the contrary that A(G) > 2. By definition, there is an integer to; > 0 such that
G UtK; is a local amoeba for every ¢ > t3. Since G has a vertex of degree at least 2,
there must be two copies H and H' of G U tK; such that H’ is obtained from H by a
feasible edge-replacement and such that a vertex v of H with degy(v) > 2 gets its degree
reduced by one. By Observation 1, this can only happen if there are vertices u, u’,v" such
that H' = H —uv 4+ v/v" and v ¢ {u/,v'}. Now, the fact that G has no feasible edge-
replacement different from the neutral one implies that all feasible edge-replacements of
H have to involve isolated vertices. Thus, some of v’ or v/ is an isolated vertex, say
degy(u') = 0. This forces that degy(u) = 1 and, since H and H' are isomorphic graphs,
it follows that degy (v') = degy(v). But, in such a situation, replacing the edge uv by
uv’” would represent a feasible non-neutral edge-replacement of G, which does not exist.
Hence, A(G) =1 and we are done. O

In the following example, we exhibit simple graphs concerning all possibilities of being,
or not, a local or a global amoeba. Items (i), (ii), and (iii) follow easily or directly from
Propositions 3 and 4. We leave the formal proof of item (iv) as an exercise for the reader.
Later on, we will provide other arguments by which this can be proven quite smoothly
(see Example 13).

Example 5.

(i) Stars Ki,_1, with n > 4, are neither local nor global amoebas. Also, graphs of
order n that are r-regular, for 2 < r < n — 2, are neither local nor global amoebas.

(ii) For every n > 3, the complete graph K, is a local but not a global amoeba.
(iii) For every even n > 4, the graph 7K, is a global but not a local amoeba.

(iv) For every n > 2, the path P, on n vertices is both, a local amoeba and a global
amoeba.

With the aim of showing the richness of both classes of local and global amoebas, we
will see more examples throughout the paper. The following proposition gives us useful
information about graphs with minimum degree 0 or 1.

Proposition 6. Let G be a graph of order n. If G is a local amoeba with 6(G) € {0,1},
then G U Ky is a local amoeba, and so G is a global amoeba.

Proof. Let G be a local amoeba of order n with §(G) € {0,1}. First of all note that, if
G = K, we are done. Hence, 6(G) < 1 < A(G), which, in view of Proposition 3, implies
that G has a vertex of degree 1.

Define G’ = G U K;. We need to prove that for any two isomorphic copies of G’ on
the vertex set V' = V(G'), say F’ and H’, there is a chain of feasible edge-replacements
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that takes F” to H'. Since both F’ and H' are isomorphic to G’, we know that there are
vertices v and w such that degp (u) = 0 and degy, (w) = 0. We consider two cases: either
u = w, or u # w. In the first case, we are done, since F'—u = H'—w = G and G is a local
amoeba. In the second case, we will make use of two auxiliary copies of G, J' and K’,
such that, by means of feasible edge-replacements, we will be able to transform F’ into
J', J"into K’, and finally K’ into H’. To this aim, consider a vertex v of degree 1 in F”.
Note that both v and w belong to V(F’)\ {u}. Since F' —u = G and G is a local amoeba,
we know there is a chain of feasible edge-replacements that takes F’ — u into a graph J,
isomorphic to G, where deg;(w) = 1. But this chain of feasible edge-replacements is also
a chain of feasible edge-replacements that takes F’ to a graph J’, where u is an isolated
vertex of J' (that is, J = J' — u), and deg;(w) = 1. Let y be the neighbor of w in J'.
Consider now the graph K' = J —yw +yu 2 G’. Since K = K' —w = H' —w = G and
G is a local amoeba, there is a chain of feasible edge-replacements that transforms K into
H’ —w. Clearly, this chain of feasible edge-replacements can be also used to transform K
into H. O]

In view of Proposition 6 we conclude that, if one knows that a graph G U tyK; is a
local amoeba for some integer ty > 0, then GUtK] is a local amoeba for all t > t;. Hence,
to prove that a graph G is a global amoeba, one has only to find a ¢t > 1 for which GUtK;
is a local amoeba. This means that the definition of global amoeba can be established as:
G is a global amoeba if there is an integer ¢t > 1 such that G UtK; is a local amoeba.

A natural question that arises at this point is the following.

Question 7. Let G be a global amoeba. What is the minimum ¢ for which G U tK; is a
local amoeba? Does the value of such minimum ¢ depend on the structure of G?

Interestingly, it turns out that we just need ¢ = 1, and that occurs for any global
amoeba. This is shown in Theorem 15, which is a major achievement of this paper.

3 Amoebas: algebraic approach

For positive integers m and n with m < n we use the standard notation [n] = {1,2,...,n}
and [m,n] = {m,m+1,m+2,...,n}. For a finite set X, let Sx be the symmetric group,
whose elements are permutations of X, and let S, = Sj,,). We will use the standard cycle
notation when referring to particular permutations. The group of automorphisms of a
graph G is denoted by Aut(G). Throughout this paper, every graph G we consider will
be equipped with a labeling on its vertex set A : V(G) — X, which will be always a
bijection. We define v, = A7*(z), for each x € X. Let Lg = {ij | viv; € E(G)} be the
set of labels of the edges of GG, where we do not distinguish between ¢5 and ji. For a
permutation o € Sx, we define G, as the copy of G on the vertex set V(G,) = V(G) and
edge set
E(G,) = {v; | 0(i)o(j) € La}.

Observe that, for every graph G’ on V(G) isomorphic to G there are |Aut(G)| different
copies G, that correspond to G’. That is, the set {o € Sx |G, = G'} has |[Aut(G)|
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elements. Moreover, {o € Sx |G, = G} = Aut(G). We will set
AG:{UESX|GJZG}.

Example 8. Let G = P, with V(G) = {v1,v9,v3,v4} and E(G) = {vvg, vovs, v304}.
Given the labeling A : V(G) — [4] with A(v;) = i, i € [4], we have Lgs = {12,23,34}
and {o € S,|G, = G} = {id, (14)(23)} = Aut(P,). For G’, the isomorphic copy of G
defined by E(G’) = {vyvs, v9v3, vov4}, we have two permutations, namely (23) and (14),
that satisfy Ga3) = G(14y = G’. See Figure 2 to visualize the corresponding labelings and
observe that, in all cases, F(G,) = {vv; | 0(i)o(j) € Lg}. For example, E(G23)) =
{vivj | o(i)o(j) € Lg} = {v1vs, v302, Vav4}.

G = Gig G = G14)(23) G’ = Ga) G = Gy

2 1 3 4 3 1 2 4
3 @9 4 2 @) @)1 2 (¢ (v 4 3 (3 )1
Figure 2: For G = Py with V(Py) = {vi1,va,v3,v4}, E(Py) = {viva,vovs,v3va}, and
A(vi) =i, 7 € [4], we have Lg = {12,23,34}. The labelings corresponding to the permutations

id, (14)(23), (23) and (14) are depicted (left to right) showing the copies G' = Giqg = G(14)(23
and G’ = G(g3y = G(14), where E(G,) = {vivj | 0(i)o(j) € Lg} in all cases.

The key point of using labels on the vertices is to keep track of the role each vertex and
each edge is playing in each of the copies of G. More precisely, note that the corresponding
copies of the vertices and edges of G in G, are given by their labels: The copy of vertex
v; of G is the vertex of G, having label ¢, while the copy of an edge v;v; € E(G) is the
edge of G, having label ij. It is important to note that Lg, = Lg for all 0 € Sy, i.e.
the set of labels of the edges of G remains invariant among all copies G,, 0 € Sx. Given
the prescribed labeling, we can talk now about edge-replacements by means of elements
in Lg. In this context, we will denote by rs — kil the edge-replacement that corresponds
to deleting the edge with label rs and adding the edge with label kl. When the edge-
replacement rs — kl is feasible, it means that G — v, v, +vpv; = G. We denote with () — ()
the neutral edge-replacement, where no edge is replaced at all. We define now

Rg =A{rs =kl | G —vvs + vy =2 G,rs # kI U{0 — 0}

as the set of all feasible edge-replacements of G given by their labels together with the
neutral edge-replacement. Let Rf, = R \ {0 — 0}. We will use sometimes the notation
e — € € Rg when we do not require to specify the labels of the vertices involved in
the edge-replacement, and it includes the possibility that e — ¢’ is the neutral edge-
replacement.
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Notice that, since feasible edge-replacements are defined by the labels of the edges,
any ¢ — ¢ € Rg represents also a feasible edge-replacement of any copy G,, 0 € Sx.
Hence, clearly Rg, = R for any o € Sx.

Given a feasible edge-replacement rs — kl € R, we will use the following notation

Ferg(rs — ki) = {o € Sx | G, = G — v,vs + v},

and we will set Ferg() — 0) = Ag.

That is, Ferg(e — €’) is the set of permutations representing the |Aut(G)| different
copies of G that one can get to by means of performing the feasible edge-replacement
e — € € Rg.

Observe that performing a feasible edge-replacement e — €’ € R in a copy G, of G
yields the copy of G given by the permutation o p, where we can choose any o € Ferg(e —
¢’). In other words, we can model the application of a series of feasible edge-replacements
by considering the composition of the corresponding permutations. A formal proof of this
rather intuitive fact can be found in Lemma 39 in the Appendix. It now makes sense
to consider the group Fer(G) generated by the permutations associated to all feasible
edge-replacements, that is, by the set

Ea = U Ferg(e — €').

e—e’€ERg

Thus,
Fer(G) = (&) -

Clearly, Fer(G) acts on the set {G, | ¢ € Sx} by means of (p,G,) — G,,, where
p € Fer(G) and o € Sx. Observe that this action represents what happens when a series
of feasible edge-replacements, represented by p, is performed on a copy G, of G: the
result is the graph G,,. Hence, the property of being able to go from any copy G, to
any other G, by means of a chain of feasible edge replacements means that, for any
0,0 € Sy, there is a p € Fer(G) such that ¢’ = po, i.e. Fer(G) = Sx. Recall also that,
by Proposition 6, if G UtyK; is a local amoeba for some t; > 0, then actually G U tK is
a local amoeba for every t > ty. Thus, we can define now local and global amoebas by
means of the group Fer(G).

Definition 9. Let G be a graph provided with a labeling A : V(G) — X on its vertices.
G is called a local amoeba if Fer(G) = Sx. On the other hand, G is called global amoeba
if there is an integer ¢ > 1 such that G UtK; is a local amoeba.

We shall also note that Aut(G) = Ag = {0 € Sx |G, = G} < Fer(G). In the next
lemma, we discuss the connection between the feasible edge-replacements of a graph G
and those of its complementary graph G, concluding that the corresponding associated
groups are the same.

Lemma 10. Let G be a graph provided with a labeling A : V(G) — X on its vertices.

Then Fer(G) = Fer(G).
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Proof. By definition, it is enough to show that, for every feasible edge-replacement e —
¢ € Rg and o € Ferg(e — ¢'), there is a feasible edge-replacement in G represented by o,
and vice-versa. If e — ¢/ = () — ), then clearly G = G, for any o € Ferg() — ) = Ag.
Hence, take kl — rs € R}, and o € Ferg(rs — kl), and observe that

GG, =G — v+ v =G — v0; + 0,05,
which means that o € Sg(kl — rs). The converse is analogous. O
As a consequence, we note the following.

Proposition 11. A graph G is a local amoeba if and only if its complementary graph G
15 a local amoeba. [

To continue, we need some terminology. Given a subgroup I' < Sx and k£ € X, we
denote by I'k the orbit of k by means of the canonical action of I' on X, i.e.

Tk = {o(k) | o € T}.

If, for some Y C X and some k € Y, we have that 'k = Y, then we say that [' acts
transitively on Y. We denote by Stabr(Y'), the stabilizer of I on Y, that is

Stabp(Y)={c el |o(y) €Y forally € Y}.

For an x € X, we write Stabp(z) instead of Stabr({z}). Moreover, for ¢ € Sx and
Y C X, we denote with 7|, the restriction of o to Y, i.e. the mapping o), Y - X
defined by ayy(y) =o(y) fory € Y. Given sets A, B, X, Y and two mappings 0 : A — X,

and 7 : B — Y such that o(i) = 7(i) for every i € AN B, we denote with o U7 the union
of ¢ and 7, that is, the function cU7: AU B — X UY such that

. o(i), ifie A
(o)) = { (i), ific B.

According to Definition 9, in order to determine whether a graph G with a vertex
labeling A : V(G) — X is a local amoeba, we need to demonstrate that Fer(G) = Sx.
Therefore, any way that enables us to generate the symmetric group Sx using a small
number of specific permutations would be advantageous. For example, the following are
well known facts:

e For any i € [1,n] we have that S, = ((123--- n),(ii+1)).
e The set {(i n) | i € [n — 1]} generates S,,.

e Let X be a finite set, and let £ € X. Then, for any subgroup I' < Stabg, (k) which
is transitive on X \ {k}, we have that Sx = (' U{(i k)}), where i is any element of
e X\ {k}.

Due to this, we can derive the following observation.
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Observation 12. Let G be a graph, and let A : V(G) — X be a labeling on its vertices.
In the following cases, G is a local amoeba:

e If X =[n], (123--- n) € Fer(G) and, for some i € [1,n], also (i i+ 1) € Fer(G).
e If X =[n], and (i n) € Fer(G) for alli € [n —1].

o [f there is a k € X such that Stabpe(c)(k) acts transitively on X \ {k} and (i k) €
Fer(G) for some i € X \ {k}.

Next, we will show how Definition 9 is very handy by completing the proof of items
(iii) and (iv) of Example 5. We also present an example that will be used in Section
5. The different feasible edge-replacements performed in Example 13 together with the
corresponding permutations are illustrated Figure 3.

Example 13.
(i) For n > 1, the path P, on n vertices is a local and a global amoeba.
(ii) For n even, the graph K5 is a global amoeba but not a local amoeba.

(iii) For n > 3, the graph C(n, 1) obtained from a cycle on n vertices by attaching a
pendant vertex, is both, a local amoeba and a global amoeba.

Proof. (i) For n < 2, we are done by Proposition 4. So we assume n > 3. Let P =
vivg -+ - v, be a path on n > 3 vertices, with the labeling A : V(P) — [n], A(v;) = 4.
Consider the feasible edge-replacements n — 1 n — 1 n and 2 3 — 1 3, which give
the permutations (1 2 3--- n) and (1 2). Since ((123--- n),(12)) = S,, P is a local
amoeba. Let now P’ = P U {v,41}, a graph isomorphic to P, U K;, with the usual
labeling on its vertices. Clearly, (1 2 3--- n),(1 2) € Stabpe(py(n + 1), which acts
transitively on [n] = [n+1]\{n+1}. Moreover, we have now the feasible edge-replacement
n—1n — n—1n+1 that gives the permutation (n n 4+ 1) € Fer(P’). Thus, By
Observation 12 we have that P’ is a local amoeba, and thus P is a global amoeba.

(ii) Let n be even. To show that §K, is a global amoeba, we will demonstrate that
5 K> UK is a local amoeba. Let n be even, and let G be a graph isomorphic to § K, U Kj.
Let V(G) = {v; | i € [n+ 1]} and E(G) = {vviy1 | © € [n],i odd}. As usual, let
A(v;) = i be a labeling on its vertices, i € [n + 1]. Clearly, the permutations (i i + 1)
and (i n — 1)(i + 1 n) are contained in Ag < Fer(G), for any odd i € [n]. Moreover, the
edge-replacement n — 1 n — n — 1 n + 1 is certainly feasible, and so (n n + 1) € Fer(G).
Now we can see that, for any i € [n], where 7 is odd, we have:

(in—1(+1n)onn+1)o(in—1)(i+1n)=(+1n+1) € Fer(G).
Thus, we can also perform the following computation with elements from Fer(G):

(ii+1l)o(i+1ln+1)o(ii+1)=(in+1) € Fer(G).
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Figure 3: P, is local and global amoeba; 5 K> is global but not local amoeba; C'(n, 1) is global
and local amoeba.
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It follows that (j n+ 1) € Fer(G) for every j € [n]. This set of permutations is known to
generate S, 1. Hence, G is a local amoeba and we are done.

(iii) Let C(n,1) be defined on the vertex set {vy,vg,...,vn41} with edges {v;vi41 | @ €
Zy} U {v1v,51} and let it have the labeling A : V/(C(n, 1)) — [n + 1] with A(v;) = i, for
i€n+1]. Thenl (n+1) - n(n+1)and (n—1)n — (n—1) (n+ 1) are feasible edge-
replacements that give the permutations (12 3--- n) and (n n + 1) that generate S, 1.
Thus, C'(n, 1) is a local amoeba and, by Proposition 3, it is also a global amoeba. O

The graphs P,, § Ky and C(n, 1) are still quite basic examples to test to which amoeba
family they belong. However, a simple application of the definition is not that easy to
use when we consider a little more complicated graphs (not necessarily large ones). For
example, the graph depicted below in Figure 4 can be shown to be a global amoeba and
that it is not a local amoeba. We will prove this later on by means of more sophisticated
tools that we will develop (see Example 17). Meanwhile, we leave to the reader to play
around with this example.

Gy

Figure 4: Example of a graph that is a global amoeba but not a local amoeba.

We will finish this section with an interesting example that will play an important role
in Section 6. Let H,, be the graph of order n > 2 with V(H,,) = AU B such that, taking
q= 3], A={vi,v9,...,v,} and B = {0441, Vg42, ..., Vgs[n}, Where B is a clique, A is
an independent set and adjacencies between A and B are given by v;v,4; € E(H,) if and
only if j <4, where 1 <7 < gand 1 <j < [5] (see Figure 5). Observe that deg(v;) = i
for all 1 <4 < ¢ and deg(vgy;) = n —j for all 1 < j < [§]. Hence, we have one vertex
from each degree between 1 and n — 1 with exception of vertices v, and v,, that have both
degree |7 ].

Example 14. H, is both a local and a global amoeba.

Proof. In [7], it is shown that H,, is the only graph of order n having {deg(v) | v €
V(G)} = [n —1]. Observe that H, can be defined recursively in the following way.
By definition, Hy, = K5, which is the same as H; U K;. Now we will show that H, =
H, 1 UK, for n > 3. Indeed, this comes from the fact that the set of all degree values
in H, 1 UKj is [n — 2] U {0} yielding that the set of all degree values in H, ;U K is
{n—1-d|0<d<n—2}=[n—1]. Hence, H, = H,,_1 U K, for each n > 2. To show
that H,, is a global and a local amoeba, we proceed again by induction on n. Hy = K, is
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clearly both a local and a global amoeba. Now we assume that H, is a local and a global
amoeba for some n > 2. By Proposition 6, it follows that H,U K is a local amoeba. Then
also H,41 = H, UK, is a local amoeba (Proposition 11), and because it has minimum

degree 1, it is also a global amoeba (Proposition 6). O
Vi V) V3 1%
H, p H,
n=2q+1 n=2q

Va+1 Va2 Vg43

Figure 5: The graph H,.

4 Main result

4.1 Characterizations of global amoebas

The following theorem provides equivalent statements for the definition of a global amoeba.
An important consequence of Theorem 15 is that it shows that a graph G is a global
amoeba if and only if G U K is a local amoeba, giving an answer to Question 7.

Theorem 15. Let G be a non-empty graph. Let X\ : V(G) — X be a labeling on its
vertices, and let T' = Fer(G). For each x € X, let v, = X1 (x). The following statements
are equivalent:

(i) G is a global amoeba.
(1) GU Ky is a local amoeba.
(1it) For each v € X, there is a y € I'x such that degg(v,) = 1.

(iv) For each x € X such that degg(vy) = 2, there is a 0 € I' such that degq(vo(z)) =
degG(”I) -1

Theorem 15 gives us interesting information about amoebas and useful tools to deter-
mine if a graph is a global amoeba. Before giving its proof, we will discuss some of its
consequences and give some examples of how it can be applied. Recall that, by Proposi-
tion 3, every global amoeba GG has minimum degree 0 or 1. On the other hand, a local
amoeba can have minimum degree arbitrarily large (for example K,,), and by Proposi-
tion 6, a local amoeba with minimum degree 0 or 1 is a global amoeba, too. However,
the converse of the latter is only true when the graph has isolated vertices, as can be seen
with the graph Gy depicted in Figure 4.
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Corollary 16. Let G be a graph with minimum degree 6 = 0. Then G is a local amoeba
if and only if G is a global amoeba.

Proof. If G is a local amoeba with § = 0, then G U K is a local amoeba by Proposition
6. Hence, it follows with Theorem 15 that GG is a global amoeba. For the only-if part, let
G be a global amoeba with an isolated vertex v. By definition, G — v is a global amoeba
and thus, by Theorem 15, GG is a local amoeba. O

To prove the usefulness of Theorem 15, let us consider two examples. The graph G,
we describe next is a variation of the graph H,, in which we attach just a pendant vertex.
It turns out that, while the property of being a global amoeba is conserved, it is no longer
a local amoeba. Let GG, be the graph of odd order n = 2¢q + 1, for ¢ > 4, obtained from
H,_1 (see Example 14) by attaching a pendant vertex vg,+1 to vertex vg, (see Figure
6). Observe that the graph Gy is precisely the graph of Figure 4. The second example
is the so-called half-graph, as was named by Erd6és and Hajnal [16]. The half-graph is
famous for being an example that shows that Szemerédi’s Regularity Lemma cannot be
strengthened to a regular partition [14]. The half-graph, which we denote here with FE,, is
closely related to H,, as can be seen in the following description: let E, be the bipartite
graph of even order n = 2¢ > 2 with V(E,) = AU B such that A = {vy,vs,...,v,} and
B = {vg+1,V4+42, - .., Un}, and the edges between A and B are given by v;v,4; € E(H,) if
and only if 7 <4, where 1 < 4,5 <gq.

Example 17. The following graphs are global amoebas but not local amoebas:
(i) The graph G, for odd n > 9.
(ii) The graph E,, for even n > 6.

Proof. (i) Let n = 2q + 1, where ¢ > 4. We first note that the degrees of the vertices in
G, are the following: deg(v;) = j for 1 < j < ¢, deg(vyy;) =2¢ —j for 1 < j < ¢ —1,
deg(vyq) = ¢ + 1, and deg(v,) = 1. By Theorem 15(iv), to prove that G, is a global
amoeba, it is enough to show that, for each « € [n] such that deg(v,) > 2, there is a
o € Fer(G),) such that deg(v,(;)) = deg(v,) — 1. For 2 < j < ¢, we can see that the
feasible edge replacement j (¢ + j) — (j — 1) (¢ + j) implies that (j — 1 j) € Fer(G,).
Also, for 1 < j < ¢—2, the feasible edge replacement j (¢+7) — j (¢+j+1) implies that
(q+7 q+j+1) € Fer(G,,). Finally, the feasible edge replacements (¢—1) (2¢—1) — (¢—1) ¢
and 2g n — ¢ n imply, respectively, that (¢ 2¢ — 1) and (¢ 2¢q) belong to Fer(G,).
Therefore, every vertex with degree at least 2 can decrease its degree in one unit, as
desired. To see that G,, is not a local amoeba, observe that Fer(G,,) contains two orbits,
[2¢] and {n}, because (having n > 9) there is no feasible edge-replacement that can change
the role of v, (see Figure 6 for a visual representation).

(ii) Let n = 2q, where ¢ > 3. Using feasible edge-replacements similar as with G,,, we
obtain permutations (j j+1), and (¢+7 ¢+j+1), for 1 < j < ¢—1. Moreover, the graph
has exactly one automorphism represented by the permutation (1 n)(2n—1)...(q ¢+1).
We obtain therefore one single orbit, and, as F, has vertices of degree 1, we conclude
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with Theorem 15(iii) that E, is a global amoeba. However, besides the automorphism
mentioned above that interchanges the whole sets A and B, there is no other way of
permuting labels between vertices from A and vertices from B, and thus Fer(E,) 2 S,
(see Figure 6). O

Figure 6: The graphs G,, and E,, and their orbits.

These examples are just a glimpse of the power of Theorem 15. In Section 5, it will
prove to be a very important tool.

4.2 Proof of Theorem 15

To prove Theorem 15, we will need a lemma that deals with the situation of edge re-
placements where no isolated vertex is involved or, on the contrary, when isolated vertices
are involved. The lemma is quite technical and graph theoretically it is easy to handle,
but the proof of Theorem 15 will require us to work with the group action, and so this
language is necessary. Due to these reasons, we chose to put it in the Appendix Section as
Lemma 41, and here we will just describe informally what it is about. First of all, let us
remark that, to have a better control of the situation, we will consider a graph G without
isolates and we will add to it ¢ isolated vertices. Now we let U be a set of ¢ vertices
disjoint from V(G), for some ¢ > 1, and G* = GUU = G UtK;. We use the labelings
A:V(G) — X and A : V(G*) - X UY such that . )= A, and let I' = Fer(G) and
[ = Fer(G*).

Lemma 41 has two statements. Item (i) deals with the case of a feasible edge replace-
ment e — ¢ € Rg that does not involve isolated vertices. In such a situation, we have
that any permutation o € I'*(e — €’) permutes labels among X and maybe also among
Y but it does not interchange labels between the two sets. That happens, in particular,
when o € Ag+. Moreover, the restriction 7|, of every such permutation o corresponds to
a permutation in I'(e — ¢') and A = {p|, [y € Ag-}.

In the second statement, we have a permutation in o € £g« that interchanges labels
between X and Y, meaning that there are vertices from G as well as isolated vertices
involved. This can only happen in one of the following situations: either we are deleting
a pending edge and inserting a new edge making it pend on the same vertex but joining

(G
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now one of the isolated vertices, or we have an isolated edge (two adjacent vertices of
degree 1) and we are replacing it by an edge joining two of the isolated vertices outside
G. Item (ii) of Lemma 41 describes then how o can be expressed in those two cases: it
can be written as a concatenation ¢ = @ o (r k) or ¢ = p o (r k)(s l), where ;s € X,
k,l €Y, and p € Eg-NStabp«(X). In the second case, one can even deduce that p € Ag.

Now we are ready to present the proof of Theorem 15.

Proof of Theorem 15. We will show (i) = (iii) = (ii) = (i), and (iii) < (iv).

To see (i) = (iii), let G be a global amoeba. We will first handle the case that G has
no isolates and then the case with isolates will easily follow.
Case 1: Suppose that G has no isolates.
By definition of global amoeba, there is a ¢ > 1 such that G* = G U tK; is a local
amoeba, that is, Fer(G*) = S\x|4+. Let X* : V(G*) — X UY a labeling on V(G*) such
that )\*‘V(G) = ), and set v, = \*"'(y), for each y € Y. Let I'* = Fer(G*), and let

x € X. Take a permutation 7 € I' with 7(z) = m for some m € Y. We know that
T = 0404-1---01 Where 01,...,0, € Eg=. Set 7, = 0;---01, 1 <1 < q Ifqg=1, we
have that 7 € &g+, and the facts that x € X and 7(x) € Y imply that, after an edge-
replacement, the vertex v, gets degree 0, meaning that it originally had degree 1. As
x € 'z, in this case we are done. In case ¢ > 2, we will show that 7 can be chosen having
the following properties:

(a) i(z) e X forall 1 <i<qg—1
(b) 7i(x) # 7j(x) for any pair ¢,j with 1 <i < j <gq.
(c) o; € Stabp«(X), for 1 <1< qg— 1.

If 7;,(z) € Y for some i < ¢, then we can take 7; instead of 7. Hence, we may as-
sume property (a). If 7,(x) = 7;(x) for some pair 1 < ¢ < j < ¢, then we can take
T = 04041+ 0j410,0,_1---071 instead of 7. Hence, we may assume (b). Suppose
o; ¢ Stabp«(X) for some j € {1,2,...,¢g—1}. Choose j such that it is minimum with this
property. Then o;(r) € Y for some r € X, say o;(r) = k. By (a), we have r, k # 7,_1(z).
By Lemma 41, either there is a ¢ € Eg« N Stabp«(X) such that o; = o (r k), or there is a
¢ € Ag- such that 0; = po(r k)(s 1) for certain s € X\ {r}, ! € Y\ {k}. Suppose we have
the first case. Since ¢ € Eg+, and 7j(x) = 0,(15_1(2)) = (@ o (r k))(1j-1(x)) = ¢(7j-1()),
we can replace 7 by 7' = oy -0, with 0} = o; for 1 < i < ¢, i # j, and o} = ¢.
Suppose now that o; = o (r k)(s 1) for certain s € [n]\ {r}, I € Y \ {k}, where
¢ € Ag+. Observe that, by item (i) of Lemma 41, ¢ € &g« N Stabp«(X). Then
gi(s) = po(rk)(sl) =¢() €Y. Thus, by (a), we know that s # 7;_;(z). Hence,
we can proceed completely analogous to the previous case replacing o’ by ¢. Thus, we
can assume that o; € Stabr«(X), for 1 < i < ¢ — 1 and property (c) is satisfied.

Set y = 7,-1(x). Now, since o, € &+, y € X, and

74(y) = 04(1q-1(2)) = 7(x) = 7(x) =m €Y,
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we have, in view of Observation 1, that degq.(v,) = 1. Finally, we will show that y € I'z.
To this aim, we will use the fact that o; € Stabp«(X) for each 1 < i < ¢ — 1 and so
i, € I’ by Lemma 41 (i). Then To-1|, = (Og—1--- 01)|X € I', and we have

Tat] o (®) = Tya(@) = v,

implying that y € I'z. Since degg(v,) = degg-(v,) = 1, we have finished.

Case 2: Suppose that G has a non-empty set U of isolated vertices.

Observe that, by definition and in view of Proposition 6, G — U is global amoeba if and
only if GG is a global amoeba. Hence, if G is a global amoeba, it follows with Case 1 that
(G —U)UKj is a local amoeba, and, applying Proposition 6 as many times as necessary,
we obtain that G is a local amoeba and thus Fer(G) = Sx. As G is non-empty, it has
to have at least one vertex of degree 1 by Proposition 3, say v,. Hence, we have that
y € Fer(G)x = Sxx = X for every z € X.

To see (iii) = (ii), let G* = G U K; and let \* : V(G*) — X U{y} a labeling such
that )\*‘V(G) = A Let I'* = Fer(G*) and X' = {z € X | degy(v,) = 1}. Note that item
(ii) is equivalent to say that X = J,.y I'z. For every o € I, consider the permutation
o Ut € Stabs,. (n + 1), where ¢ = idg, ,,,. Let k € I'i for some 7 € X’. Then there is a
o € I" such that o(k) = i. Moreover (i n+ 1) € I'* for every i € X’ because of the feasible
edge-replacement s;i — s;(n+1) € R+, where v;, is the unique neighbor of v; in G. Then
(cU)(in+1)(cU) = (kn+1) € Sg- Since this holds for each k € [ J!_, Sgi = [n],
(kn+1) € Sg for all k € [n] and we conclude that Sg- = S, ;1. Hence, G* = G U K is
a local amoeba.

Finally, the implication (ii) = (i) is direct by the definition of global amoeba and
Proposition 6, while (iii) < (iv) is easy to see considering Observation 1. O]

5 Constructions

In this section, we give several constructions of global amoebas that arise from smaller
ones. In particular, we will be able to construct large global amoebas, as well as global
amoebas having any connected graph as one of its components and global amoeba-trees
with arbitrarily large maximum degree. It is important to note that, by Proposition 6
and Proposition 11, every construction given here for a global amoeba G can also be used
to construct a local amoeba when considering the graph G U tK; for any ¢ > 1, which
is, in fact, connected. In order to simplify things, we will make use of certain abuse of
notation when we deal with unions of graphs.

Remark 18. Let G = H U H' be the disjoint union of two graphs H and H'. Let A :
V(H) = X and X : V(H') — X' be labelings, where X N X’ = (). Let I' = Fer(H), and
I = Fer(H'). We will identify the groups {cU7T | 0 € I', 7 € I'} and I' xI". Since we have
that I' x IV < Stabpe ¢y (X) < Fer(G), we have in particular that I' = T' x (idp) < Fer(G)
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and that I'" = (idr) x IV < Fer(G). In an abuse of notation, we will say that I and I are
subgroups of Fer(G).

The formal argument of the existence of the subgroups mentioned in Remark 18 can
be checked in Lemma 40 of the Appendix.

5.1 Unions and expansions

As a consequence of Theorem 15, we will show, in the first place, that the vertex disjoint
union of two global amoebas is again a global amoeba.

Proposition 19. Let H and H' be two vertex-disjoint global amoebas. Then G = HU H'
18 a global amoeba, too.

Proof. Let A: V(H) — X and X' : V(H') — X' be labelings on the vertices of H and H’,
respectively, where X N X’ = (). Let Ix and Ix/ be the sets of all labels of the vertices of
degree one in H and H’, respectively. Let I' = Fer(H) and I = Fer(H’). Since H and H’
are global amoebas, we have, by the equivalence of items (i) and (iii) of Theorem 15, that

=X and =X
U U

i€lx iEIX/

Hence, with I' x IV < Fer(G) (see Remark 18), and I = Ix U Ix, we obtain

XUX = Jrx1)i | JFer(G)i,

icl i€l

from which, again by the equivalence of items (i) and (iii) of Theorem 15, we obtain that
G is a global amoeba. O

Observe that the converse statement of Proposition 19 is not valid. For example, let
H = P, and H' = C}, for k > 3; the graph G = HUH' is a global amoeba as we will show
in item (ii) of Example 23. However, H = C} is not a global amoeba (by Proposition
3). We remark also at this point that there is no corresponding result to Proposition 19
for local amoebas, since the union of two local amoebas is not necessarily again a local
amoeba. For instance, take H = H' = Py, for k > 2, then, while Py is a local amoeba (see
Example 13), the graph G = HU H’ is not. In item (i) of Example 23 we prove something
stronger. Before that, we need to prove the following proposition, which establishes that
the union of several vertex-disjoint global amoebas with the same number of edges is again
a global amoeba but never a local amoeba.

Proposition 20. Given an integer k > 2, let Gy, G, ..., Gy be connected and pairwise
vertez-disjoint global amoebas such that |E(G;)| = |E(G;)| > 1, for 1 < 4,5 < k. Then
G = Ule G, is a global amoeba but not a local amoeba.

Proof. Let n = n(G). By Proposition 19, G is a global amoeba. However, G is not a local
amoeba because the only possible feasible edge replacements can just interchange edges
within the components, implying that Fer(G) = Fer(Gy) X - - - x Fer(Gy) 2 Sy. O
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In the next proposition, we give a construction of a union of two vertex-disjoint graphs
that is always both, a local and a global amoeba.

Proposition 21. Let G be a local amoeba on n vertices with a vertex v € V(G) such that
deg(v) = 1. If H is a copy of G — v, which is vertex-disjoint from G, then G U H 1is both,
a local and a global amoeba.

Proof. Let A : V(G) — X = [n] be a labeling on V(G) such that v = v,, and let
N :V(H) =Y = [n+1,2n — 1] be a labeling on V(H) such that v,; is the copy of
v;, for 1 < i < n — 1. Consider now the labeling \" : V(GUH) - X UY = [2n — 1].
Since G is a local amoeba, we know that Fer(G) = Sx = S,. By Remark 18, we have
Fer(G) < Fer(G U H). Thus,

(12---n—1),(n—1n) € Fer(GU H).

Let now v; be the neighbor of v and consider the feasible edge-replacement jn — n+jn,
which gives the permutation

c=(1In+1)2n+2)---(n—12n—1) € Fer(GU H).

Then we have two permutations (12 - -- n—1) and ¢ which act transitively on [2n—1]\{n}.
Hence, together with the permutation (n—1n), they generate Sy, _1, implying that GU H
is a local amoeba. Since G U H has a vertex of degree 1, it follows by Proposition 6 that
G U H is a global amoeba, too. O]

The next proposition allows us to enlarge a global amoeba by means of taking a copy
of a portion of its components where either an edge is added or deleted.

Proposition 22. Let G = H U J be a global amoeba, where H and J are vertex-disjoint
subgraphs of G (where J can be possibly empty, meaning that G = H) and such that
E(G)=E(H)UE(J). Let H be a copy of H which is vertex disjoint from G. Then we
have the following facts.

(i) For any e € E(H'), GU (H' + ¢) is a global amoeba.
(ii) For any e € E(H'), GU(H' —e€) is a global amoeba.

Proof. We will give only the proof of item (i) as the one of (ii) can be deduced similarly. We
consider a labeling A : V(GU(H'+e¢)) — Y such that A(V(H)) = X and A(V(H')) = X".
As usual, we set v; = A\71(i), for each i € Y. Moreover, for z € X, let v, be the copy
of v, in H' (and so we have X' = {2’ | x € X}), and let e = vyvp. Then j'K' — jk is
a feasible edge-replacement in G U (H' + e) and the permutation o € Sy with o(i) = '
and o(i') =i, for i € X, and o(i) =4, for i € Y \ (X U X') is in Fer(GU (H' + ¢)). Then
x' € Fer(GU (H' + e))x, for every x € X. Since G is a global amoeba, we know, by the
equivalence of items (i) and (iii) of Theorem 15, that Fer(G)z, and, by Remark 18, also
Fer(GU(H'+e))z, contains an element [ € Y\ X’ such that degqy /4. (vi) = degg(vi) = 1.
Hence, GU (H' + ¢e) is a global amoeba and we are done. ]
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The converse statements of Proposition 22 are not valid. For item (i), we can take
G =C(k, 1)U (Cr U Ky), where C(k, 1) is the graph obtained from a cycle on k vertices
by attaching a pendant vertex. Then G is a global amoeba by Proposition 22(ii) because
C(k, 1) is a global amoeba (see Example 13(iii)). However, C U K is not a global amoeba
because it violates Proposition 3. On the other hand, for item (ii), consider the graph
Cr U Py, k > 3, that is a global amoeba as we will show in Example 23(ii). However, we
also know that Py is a global amoeba (Example 13), while C}, is not (by Proposition 3).

Example 23. The following graphs are global but not local amoebas:

(i) The graph obtained by taking the disjoint union of ¢ copies of a path of order k,
tP,, fort > 2 and k > 2.

(ii) The disjoint union of a path and a cycle of the same order k, P, U Cy, for k > 3.

Proof. (a) For t > 2 and k > 2, tP; is not a local amoeba by Proposition 20. However,
the graph tP, is a global amoeba because of Proposition 19 and the fact that Py is a
global amoeba (see Example 13).

(b) For k > 3, the disjoint union of a path P, and a cycle C} is a global amoeba by means of
Proposition 22(i) because Py is a global amoeba (see Example 13) and Cj, can be obtained
from P, by adding an edge. However, P, UC} is not a local amoeba. To show this, let us
describe the graph with the path vivs ... v, and the cycle v vk s . . . VopVkL1. Since Py is a
local amoeba, we know that the permutations corresponding to feasible edge-replacements
that interchange edges with vertices in {vy, vq, ..., v} generate the symmetric group Sy.
Moreover, there are no non-trivial feasible edge-replacement involving edges with ver-
tices {Upy1, Vgsa, - -, U2k} (because Cy is regular). Thus, the corresponding permutations,
which are only the automorphisms of C, generate the cyclic group on k elements. Finally,
the other possible feasible edge-replacements are those that arise by taking one edge from
the cycle and moving it to the path such that we join both end-vertices. These permuta-
tions operate by interchanging completely the sets {1,2,...,k} and {k+1,k+2,...,2k}.
Thus, we cannot hope for obtaining a copy of P, U C) where both the path and the cycle
have vertices from both sets {vy, v, ..., vx} and {vgi1, Vgyo,. .., vor}. Hence, it is not a
local amoeba. [

Note that item (i) of Example 23 generalizes the fact that, for n even, § K is a global
amoeba (see Example 13), but its proof is much more direct in the group theoretical
setting than in the graph theoretical setting.

Observe that Proposition 19 and Proposition 22 offer a wide range of possibilities for
building amoebas with a diversity of components. For example, given a global amoeba
G, the union of G together with any union of graphs that arise from G by adding an
edge or by deleting an edge is a global amoeba. One can also include components that
are built from smaller components by joining them with edges (needing possibly to apply
Proposition 22(i) several times). In fact, by iteratively applying Proposition 22, one can
manage to have any connected graph G as a connected component of a global amoeba,
as we will show in the following corollary (see also Figure 7 for an illustrative drawing of
the method).

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(3) (2023), #P3.9 21



Theorem 24. Let G be any connected graph. Then there is a global amoeba H having G
as one of its components.

Proof. We will construct a global amoeba H by means of the following recursion. Let
Hy = K;. For i > 1, we do the following. If H; ; 2 G, then either there is one edge
e e E(T_l) such that the graph H; | + e is contained in G as a subgraph, or there is
one edge e € E(H;_1 UK;) \ E(H;_1) such that (H;_; U K7) + e is contained in G as a
subgraph. In the first case we set H; to be a copy of H; 1 + e, in the second case to be a
copy of (H;_1 U Kj)+ e. Since we add in each step a new edge and the obtained graph is
always contained in G as a subgraph, after m = |E(G)| steps, we will obtain a component
H,, = G. By means of m consecutive applications of Proposition 22 (i) (where sometimes
H;_y and sometimes H,; ; U Hy plays the role of H') and, since Hy = K; is a global
amoeba, it follows that H = |J-, H; is a global amoeba having one of its components

isomorphic to G. O

H, H, H, H, H, H; Hg
LN NN K
Figure 7: Example illustrating the proof of Theorem 24 with G = Kj.

As a consequence of Proposition 22, we obtain that there are global amoebas having
arbitrarily large chromatic and clique number, but in proportion to their order these
numbers may be small. In Section 6, we will present an example of a connected global
and local amoeba whose clique and chromatic numbers equal to half its order plus one
and we show that this is best possible.

5.2 Fibonacci amoeba-trees

As we know, paths, the simplest trees one can imagine having only 1 and 2-degree vertices,
are global amoebas. In this section, we will construct an infinite family of trees via
a Fibonacci-recursion which are global amoebas and which will have arbitrarily large
maximum degree (and, by Proposition 3, vertices of all other possible degrees).

Lemma 25. Let G be a graph provided with a labeling A : V(G) — X. Let G = G'UG”
for two subgraphs G’ and G" that are not mecessarily disjoint. Let N = )\|V(G/), and

No= /\‘V(G”) be the corresponding labelings on G and G', and let T' = Fer(G') and
[ = Fer(G"). Set I = NV(G')) N AV(G")). Then, for every o € Eqr N[, Stabr(j),
the permutation o Uidrr is in Eg.
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Proof. Let o € Eg N (), Stabr(j) and & = ¢ Uidpr, and set v; = A7'(4) for i € X.
Then there is a feasible-edge replacement rs — kl € Rg with r, s, k, 1 € A(V(G")). This
edge-replacement gives a copy G, of G’ that leaves the vertices v; with ¢ € I untouched,
ie. o(i) =i foralli € l. Then G =G UG" =G, UG" = G5. Hence, rs — kl is also a
feasible edge-replacement in G and ¢ € Ferg(rs — ki) C &g. O

Example 26. The graph G depicted below in Figure 8 is built by the union of the graph G’
and the graph G”, where A : V(G) — [9], v; = A71(3), and A(V(G"))NX(V(G")) = {4,5,6}.
Let IV = Fer(G’) and I = Fer(G"”). The edge-replacement 12 — 13 is feasible in G’ and
we have that 0 = (23) € Fere/(12 — 13). Since 0 = (23) € Ex N[ )iy 56 Stabr(7), it
follows by previous lemma that 0 = o Uidpr = (23) € &. -

Figure 8: Sketch for Example 26.

Let G be a graph equipped with a labeling X : V(G) — X, and let v; = A™%(4). Let
I = {iy,ig,...,ix} € X and let H be another graph provided with a special vertex called
the root of H. We define G x; H as the graph obtained by taking G and k different copies
Hy, Hy, ..., Hy of H and identifying the root of H; with vertex v;; of G, for 1 < j <k
(see Figure 9). We will also use the following language. Given two subgraphs G1,Gy < G
that are isomporphic, and given an isomorphism ¢ : V(G1) — V(Gs), then we say that v
induces a bijection ¢ : N(V(G1)) — A(V(G2)) by means of A(v) — A(¢(v)), for v € V(Gy).
That is, ¢ is the bijection between the labels of the vertices of G; and G5 corresponding
to the given isomorphism.

Lemma 27. Let G be a graph equipped with a labeling A : V(G) — X. Let H be another
graph provided with a root. Let I C X, and consider the graph G x; H with labeling
N V(G H) — X*, where Xle(G) = \. Foreachi € I, let H; be the copy of H attached
to vertex v; = N"1(1), which is the root of H; in G x; H. Let X; = \*(V(H;)), i € I, and
let @; ; : Xi — X be the bijection given by an isomorphism between H; and H; that sends
v; tow;, fori,j €. If o € Eg N Stabpe(e) (1), then

o Ul bion) € Ecurn-

el
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Proof. Let 0 € EgNStabpe ) (/). Then there is a feasible-edge replacement rs — kl € R
with r, s, k,l € X. This edge-replacement gives a copy G, of G such that o(i) € I for all
1 € I. Observe that the only intersections among the sets X;, ¢ € I, and X are given by
X;N X = {i}. Hence, ¢ is well defined as o(x) = o(x), for v € X, o(x) = ¢; ,0)(x), for
r € Xy, and 0(i) = 0(i) = @; (), for i € I. Then

(GxH)z =G, % H=G=x H,
implying that rs — kl is also a feasible edge-replacement in G*;H and thus o € Eq.,p. O

Example 28. Let G = v1v9v3v4v5 = Ps and H = K3 + e, i.e. a star on three peaks
together with an edge joining two of the vertices of degree 1, where we designate one of
the vertices of degree 2 as the root of H. Let A : V(G) — [5] with A(v;) = 4, i € [5],
let I = {2,3} and let G *; H be as in Figure 9. Let \* : V(G x; H) — [11] such
that A*(v;) = ¢. Then 45 — 15 € Rg with 0 = (14)(23) € Ferg(45 — 15), and
P23 =32 = (23)(69)(710)(811). Since 0 € E;NStabpa(c)({2,3}), it follows by Lemma
27 that 0 = (14)(23)(69)(710)(811) € Equ, -

Figure 9: Sketch of a graph G *; H, where I = {i; | j € [k]}, and of Example 28.

We will describe a family of trees that are constructed via a Fibonacci recursion. We
define 77 = Ty, = K5. For i > 2, we define T}, as the tree consisting of one copy T of T;_;
and one copy 1" of T;, where a vertex of maximum degree of T is joined to a vertex of
maximum degree of 7" by means of a new edge, see Figure 10. Observe that A(T;) =i—1
for ¢« > 2, while n(T;) = 2F;, being F; the i-th Fibonacci number. Note also that, for
1 > 4, T; has only one vertex of maximum degree, which we will call the root of T;. For
the case that ¢ < 3, we will designate one of the vertices of maximum degree as the root of

T; and this will be the vertex that will be used to attach the new edge in the construction
of Tiyy.
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n Ty T, T Tg
Figure 10: Fibonacci amoeba-trees T;, 1 < i < 6.

Theorem 29. T; is a global amoeba for all i > 1

Proof. Let T be a tree isomorphic to T; equipped with a labeling A : V(T') — X, and
let v; = A71(4), and T' = Fer(T'). Let ¢ € J such that v. has maximum degree in T. We
will show by induction on ¢ that there is a subset R C Er N Stabr(c) such that (R) acts
transitively on X \ {c}.

If i« = 1,2, there is nothing to prove. If i = 3, then T" = Py, say T = v v3v vy with
¢ = 1. Then the feasible edge-replacements 34 — 24 and 13 — 14 give respectively the
permutations (23) and (34), which act transitively on {2,3,4} = X \ {c¢}. If i = 4,
then let T be the tree built from the path vyvzvivy = T3 and a Ty = Ky, given by vsvg,
and the edge v1v5 joining both trees. Clearly, the only maximum degree vertex is v; and
thus ¢ = 1. Then the feasible edge-replacements 34 — 24 and 13 — 14 give respectively
the permutations (23) and (34), which together with the automorphism (35)(46), act
transitively on [6] \ {1} leaving ¢ = 1 fixed.

Now suppose that ¢ > 4 and that we have proved the above statement for integer values
at most i. Let T = T;4y. For a subset J C X, we define V; = {v; | j € J}, T; = T[V,],
and I'; = Fer(T) using the inherited labeling /\‘ . Let X = U UW be a partition of
X such that Ty =2 T;_1 and Ty = T;. Further, let U=AUBand W = CUD be
partitions such that Ty = T; 3, Tg = T; o, Tc = T;_1, and Tp = T;_5. By construction,
v, is the root of T. Let a,b,d € X be such that v,, vy, v4 are the roots of T4, T, and T,
respectively. Notice that v,vpv.vy is a path of length 4 in T'. See Figure 11 for a sketch.

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(3) (2023), #P3.9 25



Figure 11: Sketch of the tree T = T;,1 with its subtrees Ty = T;-1 and Ty = T;, and
subsubtrees Ty =2 T; 3, Tg = T; o, Tc = T;_1,and Tp = T;_».

By the induction hypothesis, there are subsets Ry C Er, N Stabr, (b) and Ry C
Er,, N Stabr,, (¢) such that (Ry) acts transitively on U \ {b} and (Ry/) acts transitively
on W\ {c}. Let Ry = {oUidr,, | 0 € Ry} and Ry = {0 Uidr, | 0 € Ry}. Then,
by Lemma 25, ﬁU, ﬁw C &r. Moreover, the transitive action is inherited, i.e., <7€U> acts
transitively on U \ {b} and (ﬁw> acts transitively on W\ {c}.

Consider now the tree T'(B, D) that is obtained by identifying all vertices from Vg
with vertex v, and all vertices from Vp with vertex vy, i. e. we contract the sets Vg and
Vp each into a single vertex (see Figure 12). Observe that ab — ad is a feasible edge-
replacement in T'(B, D) with (bd) € Ferpp py(ab — ad), and that T' = T'(B, D) xg, ay Ti—o.
Since T = Tp = T;_o, there is a bijection ¢ : B — D such that ¢(b) = d given by an
isomorphism between Tz and Tp that maps v, to v4. Then, by Lemma 27, we have that
ab — ad is a feasible edge-replacement in T with 7 € Ferp(ab — ad) defined by

7= (bd)UpUp ' Uidp, Uidr,,
and such that 7 € Er. Moreover, 7 leaves ¢ fixed and so 7 € ErNStabr(c). Now we define
RIﬁUUﬁWu{T}.

Since (Ry) acts transitively on U\ {b}, and (Ry) acts transitively on W\ {c}, these two
sets together with 7 generate a group (R) that acts transitively on X \ {c}.

Hence, we have shown that if T" = T}, for any ¢ > 1, then there is a subset R C
Er N Stabr(c) such that (R) acts transitively on X \ {c}, where ¢ € X such that v. has
maximum degree in 7.

To finish the proof, we will show that there is a permutation p € I' such that (RU{p})
acts transitively on X, meaning that [' acts transitively on X, too, which implies that T’
is a global amoeba by Theorem 15(iii). Since we know already that (R) acts transitively
on X \ {c}, we just need to find a p € I with p(c) # c. Indeed, there is such a permutation
p, namely one produced by the feasible edge-replacement cd — bd in T', which, by Lemma
27, can be obtained by means of the permutation (bc) € Ferpy,¢)(cd — bd) through

p=(be)Uy Uy~ Uidp,,,
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where ¢ : C' — U is the bijection with ¢(c) = b given by an isomorphism between T and

and Ty that sends v, to v,. Hence, T; is a global amoeba for all i > 1. O
T(B, D) T(U, C)
‘o ° ° ° o
Va. v, v, v, Vg

Figure 12: Trees T'(B, D) and T'(U, C).

That 77, T and T3 are local amoebas follows directly from Example 13. To see that T5
is also a local amoeba, let T5 have vertices v;, 1 <7 < 10, distributed as in Figure 13, and
consider the feasible edge-replacements 910 — 810, 56 — 26, 17 — 19, and 15 — 75
that produce the permutations (8 9), (2 5), (7 9)(8 10), and (1 7)(2 8)(3 9)(4 10). It is not
difficult to check that, these permutations act transitively on [10]\{6} (see Figure 13 for a
visual representation of this partial orbit). Finally, consider the feasible edge-replacement
15 — 16 that gives the permutation (5 6), which together with the above 4 permutations,
generate S1p by Observation 12. A very similar argument can be applied for T to show
that it is a local amoeba. Hence, T; is a local amoeba for all 1 < i < 5. However, for
1 > 6, the above argument cannot be generalized that simply. We leave this as an open
question (see Problem 35).

Ty G ———®
G, oy 2

@ 2

Figure 13: Graph T5 with the transitive action on [10] \ {6}.
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6 Extremal global amoebas with respect to size, chromatic num-
ber and clique number

We denote by e(G), x(G) and w(G) the size (number of edges), the chromatic number
(smallest number of colors in a proper vertex coloring) and the cligue number (order of a
maximum clique) of G respectively.

We shall note that the degrees constraint established in Proposition 3 compromises
the number of edges that a global amoeba or a local amoeba with small minimum degree
can have. In this section, we will show that a graph of order n that is a global amoeba

cannot have more than L"—2J edges. Interestingly, it turns out that this bound is sharp.

We will also prove that tﬁe chromatic number, and thus the clique number, of a global
amoeba of order n can not be greater than | %] +1. Again, this upper bound is sharp and
we will prove that it is reached when having the maximum possible number of edges.

The family of graphs that proves the sharpness in the upper bounds mentioned in
the previous paragraph is H,, which was given in Example 14 as the graph of or-
der n with V(H,) = AU B such that, taking ¢ = [5], A = {v1,v2,...,9,} and
B = {vg41,V412, -, Vgrr21}, where B is a clique, A is an independent set and adjacencies
between A and B are given by v;v,.; € E(H,) if and only if j < 4, where 1 < ¢ < ¢ and
1 <j < [5]. It was shown in the mentioned example that H, is both a global and a local
amoeba. It is also very simple to note that e(H,) = |2 | and w(H,) = [2] + 1.

The next theorem gives upper bounds for the edge number e(G), the chromatic number
X(G), and the clique number w(G), of a global amoeba with minimum degree 1. We will
use the Powell-Welsh bound on the chromatic number of a graph G [42] (see [8] for an
alternative proof):

x(G) < max min{d; + 1,4} (2)
where d; > dy > - -+ > d,, is the degree sequence of G.
Theorem 30. If G is a global amoeba of order n with minimum degree §(G) =1, then
(i) e(G) < %), and
(i) w(G) < x(G) < [5]+ L,

where all bounds are sharp. Moreover, we have the following relations concerning the
equalities in the above bounds.

2

(iii) If e(G) = | 5| then w(G) = x(G) = | 5] + 1, but the converse is not true.
(iv) We have w(G) = | 5] + 1 if and only if x(G) = |5] + 1.

Proof. Let di > dy > --- > d,, = 1 be the degree sequence of a global amoeba G, and let
D ={d; | i € [n]}. By Proposition 3, we know that D = [d;] where d; € [n — 1] and that,
for every i € [n],

di<n+1—1. (3)
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Now we will prove the four items separately.

(i) By inequality (3), the sum of the |% | smallest degrees satisfies

DI AIDY n+1—z’=Zz=%§J([gJ+1>. (4)

Let L be the set of the [§] vertices having the largest degrees (corresponding to the
degrees di,ds,...,drn7), and let S = V(G) \ L. Denote by e(L) the number of edges
induced by the vertices in L and by e(L, S) the number of edges between L and S. Then

we have
B

S+ < [2] (2] -1)+ X )

i=1 i=[2]+1
Hence, inequalities (4) and (5) yield

0= S0 < 3] ([3]-1) 2 3

E 21 (] {Z%JQ(SJ “1)= 3]

and the bound follows because %L”;J = ["IQJ Observe that the bound is attained for the
graph H, shown in Example 14 to be global amoeba.

3

(i) For every [%J + 2 < i < n, we have, using (3) with i = ng + 2, that

. . n n
min{d; +1,i} <d; +1 < d|_%J+2+ 1< {5—‘ < LEJ + 1.

For the remaining cases 1 < i < L%J + 1, we obtain as well

n

min{d; + 1,4} <i < b

|+1

Altogether it follows with (2), that x(G) < [5] + 1. The trivial inequality w(G) < x(G)
yields the result. To show that the bound is sharp, consider again the graph H,, that is
a global amoeba by Example 14, and that satisfies w(H,) = x(H,) = [ 5] + 1.

(iii) Observe now that a global amoeba G with degree sequence dy > dy > --- > d, = 1
satisfies e(G) = L”IQJ if and only if equalities in (4) and (5) hold. This happens if and only
if, on the one hand, the smallest degrees 1,2, ..., |5] — 1 appear each one once (while the
degree | 5 | appears at least once) and, on the other hand, the sum of the degrees of the [ ]

vertices having the largest degrees is exactly (%W ([ﬂ — 1) + Z?:[%1 .1 d;; meaning that
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they form a clique and that the complementary set (i.e. the |5 ] vertices of the smallest
degrees) is edge-less. From here, it is easy to see that w(G) = [ 5] +1. Thus, by item (i),
also x(G) = [ 5] +1. To see that the converse is not true, take the graph G, defined before
Example 17 that is a global amoeba with minimum degree 1, and w(G) = x(G) = | 5] +1,

but has e(G,) < L”{J for n > 4.

(iv) The necessity part is clear because of item (ii). For the converse, suppose that
x(G) = 5] + 1. Let L be the set of all vertices of degree at least [%]. Since V(G) \ L
contains all vertices of degree at most |5 | — 1, it follows by Proposition 3 that

3] -1< V@ L =n- Ll
Hence, we obtain that |L] < [%] + 1.

We assume first that n is even and we suppose for a contradiction that L is not a
clique. Then we can color the vertices of L with |L| —1 = % different colors such that
there are no adjacent vertices with the same color. Since the vertices in V(G) \ L have
degree not larger than § —1, we can proceed coloring the vertices of V' (G)\ L one after the
other by taking always one of the colors that is not already taken by one of its neighbors.
In this way, we use at most 3 colors and there are no two adjacent vertices with the same
color, implying the contradiction x(G) < §. Hence, L has to be a clique and it follows
that w(G) = =L

Let now n be odd. Let v € V(G) \ L be the vertex of degree 25+, If [N(v) N L| =
2L and N(v) N L is a clique, we have finished because then N[v] is a clique and so
w(G) = 2% = [2] + 1. Hence, we may assume that N(v) N L is not a clique or that
IN(v) N L| < %52, In both cases we can color the vertices of L with “5! different colors
in such a way that there is no adjacent pair with the same color but taking also care that

n—3

there are no more than “Z= colors in N(v) N L. Now we can color v using a color that

has been used in L\ N(v). The remaining vertices have degree at most 2, so that we

can proceed in a greedy way as in previous case using no more than "T_l colors in total.

Hence, it follows that x(G) < %5+ = |2], a contradiction. O

The search for the extremal family in the bound of item (i) of Theorem 30 requires a
much more detailed analysis that takes into account, not only the degree sequence, but
the inner structure of a global amoeba. We already know that, if the graph has maximum
degree n — 1, the only extremal graph is H,, (see proof of Example 14). However, if the
maximum degree is smaller, there may be different possibilities for the repetitions among
the higher degrees. Still, we believe that the only possible graph attaining equality here
is H, (see Conjecture 36).

We finish this section with a simple upper bound on the maximum degree of a global
amoeba with minimum degree 1.

Proposition 31. Let G be a global amoeba on n vertices and m edges such that §(G) = 1.
Then

A(G) < - (14+V1—8n+16m) <1+ 2y/m,

N | —
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and the left inequality is sharp.

Proof. Let A = A(G). By Proposition 3, we deduce that 2m > (n — A) + 3.2 i, which
gives 4m > A% — A + 2n. Solving the quadratic inequality, the bound

A(G) < % (14 V1 —8n+16m)

follows. The bound is sharp for the star forest K;o U K;3U --- U K; o, which can be
shown to be a global amoeba by means of Proposition 22. Finally, the inequality

(1+V1—8n+16m) <1+42ym

| —

is easy to verify. m

It is easy to construct graphs, in particular acyclic graphs, satisfying equality in Propo-
sition 31, namely having n — A 4 1 vertices of degree 1 and the remaining vertices having
degree 2,3, ..., A. However, to find constructions of such graphs which are also amoebas
is much harder. We leave as an open problem to characterize the family of global amoebas
that attains this bound (see Problem 38 in Section 7).

7 Basic problems about amoebas

In this section, we discuss some problems that arise naturally from the concepts of global
and local amoebas and the theory developed in this paper.

One of our main interests is to find more families of local and global amoebas as well
as to develop more methods to construct them. Observe that, besides the Fibonacci-
amoeba trees given in Section 5.2, all constructions of global amoebas provided in Section
5 yield disconnected graphs. In [10], a way of recursively constructing global amoebas is
developed, and it is also shown how it can be used to construct the Fibonacci-amoeba
trees. This method is interesting but it yields graphs that have many cut vertices. So
it would be nice to find other constructions that give rise to global amoebas with higher
connectivity. It would be also interesting to know if there are local or global amoebas
with all possible edge numbers.

Problem 32.

(i) Find other families of global and/or local amoebas. In particular, find other infinite
families of connected global amoebas.

(ii) Is there a global amoeba on n vertices and m edges for every m with 0 < m < |27

(iii) Is there a local amoeba on n vertices and m edges for every m with 0 < m < (3)7
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Of course, the recognition problem and its complexity should be studied. To determine
if a graph is a local or a global amoeba, one first has to determine which are its feasible
edge-replacements, a problem that involves checking if two graphs are isomorphic. The
isomorphism problem in graphs has been intensively studied. The best currently accepted
theoretical algorithm is due to Babai and Luks [4], which has a running time of 20(Vnlegn)
for a graph on n vertices. A quasi-polynomial time algorithm was announced by Babai
in 2015 [2], but its proof is not yet fully peer-reviewed, see [3]. However, there are many
graphs classes in which the isomorphism problem is polynomial [33, 34]. The difference
in checking if a graph G of order n is a local or a global amoeba lies on checking if the
group Sg is isomorphic to the symmetric group S, or if Sg+ acts transitively on [n + 1],
where G* = G U K (see Theorem 15). Both things can be computed in O(|S|n)-time,
given that S is a set of generators (see [29, 41]). In [20], among other results, a public
repository containing several programs to detect both types of amoebas is presented, see
[21], where a collection of results for sets of non-isomorphic graphs of order up to 10, as
well as non-isomorphic trees of order up to 22 are shown.

Problem 33. What is the computational complexity of determining if a graph G is a
global and/or local amoeba?

A structural characterization of the graphs that are global but not local amoebas or
of those that are local but not global, or of those that are both, that could give clues on
how they can be constructed or recognized may be an interesting problem.

Problem 34. Provide a structural characterization of the following graph families.
(i) Global amoebas that are not local amoebas.
(i) Local amoebas that are not global amoebas.

(i) Graphs that are both, global and local amoebas.

However, as the above problem could be challenging in general, it could be more doable
if restricted to a particular class of graphs. In this line, we have studied the Fibonacci-
trees T; in Section 5.2 and we have shown that they are global amoebas. We also have
shown at the end of Section 5.2 that T5 is a local amoeba, too, and, while analogous
arguments work for ¢ < 4, it is not clear how to proceed for i > 6.

Problem 35. Which trees are local/global amoebas? Is the Fibonacci-tree T; a local
amoeba for all ¢ > 17

The graph H,, given in Example 14 is shown in Theorem 30(i) to have the largest
density among the global amoebas of minimum degree 1. We believe this is the family
that characterizes the equality. We state this as a conjecture.

Conjecture 36. If G is a global amoeba of order n and minimum degree 1, then e(G) =
2

| %] if and only if G = H,,.
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For the bound on the chromatic and the clique numbers given in Theorem 30(ii),
where H, is also an example for their sharpness, a characterization of the graphs attaining
equality would be interesting as well.

Problem 37. Characterize the families of global amoebas G of order n and minimum
degree 1 with x(G) = [ 5] +1 (and, hence, w(G) = | 5] + 1 by Theorem 30(iv)).

The graph H,, is also an example of a global amoeba with the largest possible max-
imum degree, namely n — 1. We also have shown in Proposition 31 that the maxi-
mum degree of a global amoeba with minimum degree 1 and with m edges is at most
% (1 ++/1—8n+ 16m), and the bound is attained for the star forest K UK, 3U- - -UK A.
However, we do not know about connected global amoebas attaining the bound. In partic-
ular, it is intriguing to discover what is the maximum possible degree of a global amoeba
tree. We recall at this point that, for the Fibonacci-tree family 7}, ¢ > 1, that we dis-
cussed in Section 5.2, the growing rate of the maximum degree of 7; is logarithmical with
respect to its order, but it could be that there are global amoeba trees where the behavior
between maximum degree and order is not that drastic and comes rather closer to y/n.

Problem 38. Let G, be the family of global amoebas of order n and minimum degree 1.

(i) Characterize the family of all graphs G € G, such that

A(G)=1(1+V1—-8n+16m).

(ii) Determine f(F,) = max{A(F) | F' € F,} for different families F,, C G, like trees,
bipartite graphs, connected graphs, etc.

(iii) In particular for the case of the family 7, of trees on n vertices: is f(7,) = ©(y/n)?

8 Appendix: theoretical setting

The following lemma shows that the application of feasible edge-replacements on any
copy G, of a graph G leads to a copy G, ,, where o is a permutation associated to the
performed edge-replacement.

Lemma 39. Let G be a graph provided with a labeling V(G) — X on its vertices. Then,
for any rs — kl € Rf,, o € Ferg(rs — kl) and p € Sx,

Gop=G,—e+¢,
where € = V1) Vp-1(5) and €' = V1 Vp-1(p).
Proof. Since o € Ferg(rs — kl), we have
E(Go) = (E(G) \ {vrvs}) U{vru} = {viv; | ij € (La \{rs}) U{kl}}.
On the other side, it can be seen easily that
E(Gy) ={vv; | a(i)o(j) € La} = {vo-1(i)vs-1(j) | 15 € La}-
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Thus, we can infer that

{{i,i}1ij € (L \{rsh) U{ki}} = {{o7(0).0 7" ()} | ij € L} -

Having this, the following equality chain is straightforward.

E(G,p) = {vw; | op(i)op(j) € La}
= {1010 Vo101 | 1 € L}
= {qu(i)vpfl(j) |ij € (Lg \ {rs})U {k:l}}
= (v 1 € Lok \ {vm10yvo19}) U U100}
= ({viv; [ p()p(7) € Lot \ {vpm1mVp-1(9)}) U{vp Vo1 }
=FE(G,—e+¢).
Therefore, G,, = G, — e+ €', as claimed. O

In the next lemma, we establish important facts related to the feasible edge-replacements
in non-connected graphs.

Lemma 40. Let G = H U H' be the disjoint union of two graphs H and H'. Let X :
V(H) = X and X : V(H') — X' be labelings, where X N X' = (). Let ' = Fer(H), and
[V =Fer(H'). Then Ry, Ry C Rg and ' x IV = {oU7 |0 €', 7 € I"} < Stabper)(X).

Proof. 1t is easy to see that Ry, Ry C Rg. Let 0 € I' and 7 € I, By definition, o

0404-1 -0y for certain oy,...,0, € €y, while 7 = 7741 --- 7 for certain 7,..., 74 €
q

Enr. Without loss of generality, assume that ¢ > ¢/. Define 7; = idp for ¢ +1 < j <
For 1 <j < g, let p; = 0; UT;. Since Ry, Ry € R and, for 1 < j < g,

Gy, = (HUH"),, = H, UH.,

then py,...,p, € Ec. Moreover, p = pyp,—1---p1 and p € Stabp(X). Since I' x IV =
{ouTt|oel, 7 €l"}, the latter is a subgroup of Stabpe(a)(X). O

The following lemma deals with edge-replacements that involve, or not, isolated ver-
tices. It is necessary for the proof of Theorem 15.

Lemma 41. Let G be a graph without isolated vertices, and let U be a set of t vertices
disjoint from V(G), for somet > 1. Let G* = GUU = GUtK;. Let A : V(G) - X
and X : V(G*) — X UY be labelings such that /\*|V(G) = A, and let I' = Fer(G) and

I'* = Fer(G*). We have the following properties:

(i) If e > ¢ € Rg and 0 € T*(e — ¢€), then o € Stabr:(X) and |, € [(e —¢€). In
particular, Ag- < Stabr-(X) and A ={y¢|, | ¢ € Ag+}.

(i1) If o € Eg+ is such that with o(r) =k for somer € X and k € Y, then
e cither o = po (r k) for some p € Eg« N Stabr:(X),
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e orog=po(rk)(sl) forsomese X \{r}, L€ Y\ {k} and ¢ € Ag~.

Proof. (i) If e =+ ¢ =0 — () and o € Ag+, then o can only permute elements inside X
(via an automorphism of GG) or inside Y. Hence, o € Stabr:(X), and it follows easily
that Ag» < Stabp«(X), and Ag = {gp|X | ¢ € Ag+}. Now suppose that e — ¢ € R}
and let e = rs and ¢ = kl, where r,s,k,l € X. Since G has no isolates, it follows that
o € Stabp«(X). Then, by definition,

o

G: =G —vws + vy = (G —v0s + o) UX = GU’ U U.
X
Hence, 0|, € Fle —¢).

(ii) Since k € Y, we have degq.(vx) = 0. Having that o € Eg«, o(r) = k, and G has no
isolates, we conclude that degq.(v,) = 1 in view of Observation 1. Moreover, there must
be some s € X and some [ € (X UY)\ {k} such that o € T™(rs — kl).

Suppose first that [ € X. Observe that (r k) € I"(rs — ks) C &g+, and thus E(G{, ;) =
E(G* — v,vs + vgvs). Therefore,

E(G;) = E(G" — vvs + vjug)
= E((G" — 0,05 + v505) — Vg0 + VU )
=F ( a k) — VsUp —|—Uﬂjk) .
But in the copy Gz) 5 the vertex vy has label 7, thus G} = G’;O(T k) where ¢ € T*(sr —
Ir) C Eg+. Finally, since r,s,1 € X, item (i) yields that ¢ € Stabr-(X).

Now suppose that [ € Y. In this case we have degq.(vx) = degg.(v;) = 0, and by
Observation 1 it follows that degq.(v,) = degq-(vs) = 1. Hence,

E(G;) = E(G" —vvs+vuvg) =FE ( (r k)(s l)) )

It follows now that there is a ¢ € Ag+ such that o = @ o (r k)(s 1). O
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