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Abstract

In this short paper, we improve an almost 30-year-old result of Erdds, Sarkozy
and Sés on lower bounds for the size of multiplicative square-free sequences. Our
construction uses Berge-cycle free hypergraphs that is interesting in its own right.

Mathematics Subject Classifications: 05D99, 05C65, 11B75

1 Introduction

Erdés, Sérkozy and Sés [7] defined and started to investigate the following property (in
connection with the multiplicative Sidon problem).

Definition 1. For £ > 2 we say that a set of positive integers A has property Py if the
equation

a1as...ap = 2%, a1, a9, ...,05 €A, a1 < as < ...< ay
can not be solved for any z € N. Let I';, denote the set of subsets of N that satisfy F.

For k,n > 2 let
Fip(n) :=max{|]A| : A C{1,2,...,n}, Ae T}

Let us denote by m(n) the number of prime numbers that are at most n. Erdés, Sarkozy
and Sés [7] proved the following.

Theorem A ([7] Theorem 5, Theorem 6). There exists ¢ > 0 and for every k € N there
exist ¢, > 0 and no(k) such that for n > ny(k) we have
e ci(nz(log n)_l)Hﬁ < Fye(n) — 7(n) < eni(logn)~2, and

e cu(n¥(logn) )R < Fyeya(n) — (n(n) + (%)) < ent logn.
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Let us note that there is a typo in the exponent of the lower bound of Fy,(n) in [7].
They also proved sharper results for small values of k. The following two results were
achieved in [7]: there exist positive constants ¢; and co such that
cln%(log n)’% < Fy(n) —m(n) < c2n%(10g n)’%,
so the order of magnitude of Fy(n) — 7(n) was determined; and there exist positive con-
stants c3 and ¢4 such that

c;;ng(log n)_% < Fg(n) — (m(n) + 7(n/2)) < cans log n.

Later, in [8] Gy6ri improved the upper bound on Fg(n) and proved that there exists a
positive constant ¢5 with Fg(n) — (7(n) + 7(n/2)) < ¢sn3 logn. The first author could
improve further this upper bound in [14, 15| and finally could prove that there exists a
constant cg with Fyg(n) — (r(n) + 7(n/2)) < cgni (logn)?/*~1/3+(1),

In this paper, we study Fj(n) when k is even. Note that for odd k the function Fj(n)
has a different growth rate, in fact, Fi(n) = ©(n) holds. [7] For instance, the set of those
positive integers that are the product of an odd number of (not necessarily different)
primes satisfy property P for every odd k.

Notation. We use standard notation for the order of a function. For two functions
f,9 : N — N we write f < ¢ if there is a (positive) constant ¢ and a natural number
no such that we have f(n) < cg(n) for all n > ng. If the constant ¢ depends on certain
parameters, we indicate this by using a lower index.

Structure of the paper. The structure of the paper is the following: in Sub-
section 1.1 we provide an improvement of Theorem A just by using a better (known)
graph theoretic result; then in Subsection 1.2 we state one of our results that connects
the hypergraph girth problem to lower bound constructions of multiplicative square-free
sequences; in Subsection 1.3 we provide constructions concerning the hypergraph girth
problem; while in Subsection 1.4 we give the concrete improvements. In Section 2 we give
the proofs of our results and finally, in Section 3 we provide some analysis.

1.1 Some improvement of Theorem A

In this subsection we provide an improvement of Theorem A by following the proof of
Erdés, Sarkozy and Sés from [7] and using a better extremal graph-theoretic result.

For k > 2 we denote the cycle of length k& by Cj and the set of cycles {Cs,...,Ck}
by Cx. For two graphs F' and G, we say that G is F'-free, if G does not contain F' as a
subgraph and for a set of graphs F we say that G is F-free if it is F-free for all F' € F.
For an integer n and a set of graphs F we denote by ex(n,F) the maximum number
of edges that a simple graph G on n vertices can have if GG is F-free. We say that this
function is the extremal or Turdn function of F.

In [7] to prove the lower bound of Theorem A the authors use the result of Erdds
stating that for £ > 3 we have ex(n,Cy) > n'""#1. We note that exactly the same way
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they derived the lower bounds of Theorem A, if one has ex(n,Cy) > n'™*® for some
function « : N — R, then it implies the existence of a positive constant ¢, with

cp(nz (logn)~H)HeUR) < By (n) — 7(n)

and
ck(n (logn) ™) T2 By o (n) — (n(n) + 7(n/2)).

To the best of our knowledge, the next theorem provides the currently known best
lower bound on the order of magnitude of ex(n,Ca), due to Benson [2]; and Lazebnik,
Ustimenko, and Woldar [12]:

Theorem B. For k > 2 we have the following:

e ([12] Corollary 3.3) ex(n,Cox) > n't3=5re | where e =0, if k is odd and e = 1, if k
18 even, and

e ([2] Theorem 2) ex(n, Cyo) > ns.

Theorem B implies the way described above the following.

Corollary 2. For k > 2 we have

1

. F4k(n) - 7T(n) >k (n% (log 71)_1)1‘*'316—17

o Fipea(n) — ((n) +(3)) 3 (n (logn) )+,
o Fio(n) — (m(n) +m(%)) > (nz(logn)™)s.

Note that the so-called Graph Girth' Problem, i.e. to give better lower (or upper)
bounds on ex(n,Cy) is a notoriously difficult problem. To improve the results in Corol-
lary 2 just by improving the lower bound on ex(n,Cs) seems hard.

1.2 General lower bound construction: one of our results

So — because of the obstacle mentioned in the previous paragraph — instead of using graphs
our new idea is to use hypergraphs in the lower bound constructions to give better lower
bounds for Fy(n) and Fyzi2(n) for certain values of k using extremal results for Berge
hypergraphs.

First, we state a general theorem that connects lower bounds for Fy,(n) and Fyio(n)
with extremal numbers of 3-uniform Berge hypergraphs of appropriate girth (similarly as
in the graph case). Then we state concrete lower bounds and finally compare them with
the previously known lower bounds.

To be able to state our general theorem, we need some definitions. Similarly to the
graph case one can introduce the Turan function of (a set of) hypergraphs. For two

LGirth is the length of the shortest cycle in a graph.
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hypergraphs H and G we say that a hypergraph H is G-free, if H does not contain G as
a subhypergraph. For an integer n and a family of r-uniform? hypergraphs G the Turdn
function — denoted by ex,.(n,G) — is the maximum number of hyperedges in an r-uniform
hypergraph H on n vertices such that H is G-free for every G € G.

There are many different ways one can generalize the notion of graph cycles to the
case of hypergraphs. The one that will be useful for us is due to Berge [3].

Definition 3. For an integer ¢ > 2 a Berge-cycle of length ¢ is an alternating sequence of
t distinct vertices and ¢ distinct hyperedges (of a hypergraph), vy, eq,vq, €2, 03, ..., 4, €,
such that v;,v;1 € e;, for i € {1,2,...,t}, where the indices are taken modulo t. The
vertices vy, U, . .., v are called defining vertices and the hyperedges eq, e, .. ., ¢; are called
defining hyperedges of the Berge-cycle. We denote the set of all Berge-cycles of length ¢
by BC;. Let us denote the set {BCs, ..., BCy} by BCk.

Note that a cycle in BC is just 2 distinct hyperedges whose intersection has cardinality
at least 2. Note also that the notion of being a Berge-cycle of length k& means rather a
family of hypergraphs than just a single one. Now we state our general result.

Theorem 4. Let : N — R be a function. If we have exs(n, BCory1) >r n°P*+Y for an
integer k, then

2-8(2k+1)

Figio(n) — (m(n) + 71(n/2)) > (n%(log n)_1)1+[3(2k+1)‘

1.3 Berge Hypergraph Girth Problem

According to Theorem 4 the Berge Hypergraph Girth Problem plays a crucial role in the
lower bound constructions for Fy,o(n). Now we list the results that we will use.

For 3-uniform hypergraphs, we have the following theorem (and we are not aware of
any better lower bound). The proof is coming from the (bipartite) graph girth problem.

Theorem 5. For k > 2 we have
o ex3(n, BCoi1) >k n1+3k—23+6, where e =0, if k is odd and € = 1, if k is even, and

e exy(n, BCiy) > ns.

1.4 The main result
Theorem 4 and Theorem 5 imply our main result, that is

Theorem 6. For k > 2 we have

o Fypa(n) — (m(n) + m(5)) > (n2(logn)~")"* 5575 where e = 0, if k is odd and
e =1, if k is even, and

12

o Fy(n) — (n(n) + (%)) > (n2(logn) '),

2For an integer » > 1 we call a hypergraph r-uniform if the cardinality of each hyperedge is r.
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Comparing our main result with previous results

We put the first few values of the exponent of ns (logn)~! in Theorem A, Corollary 2 and
Theorem 6 into the following table.

k 21314156

10 14 18 22 26
Theorem A 9 13 17 51 25

7 10 13 16 19
Corollary 2 | § | § | %5 | 15 | 1
6 8 12 12 18
Theorem 6 5 7 11 11 17

One can easily check that Corollary 2 improves the result of Theorem A for all & > 2. It
1
can also be computed that Theorem 6 improves the exponent of n2(logn)~! in Corollary

2 by
1 1

3k—2+e 3k
where € = 0, if k£ is odd and € = 1, if k£ is even; for all k£ > 2, with the exception of & = 5.
For k = 5 check the table for the precise result.

2 Proofs

2.1 The proof of Theorem 4, a construction

In this section, we describe a general construction that can be considered as the hyper-
graph analog of the construction used in [7] to prove the lower bounds of Theorem A and
it will serve as a core of the proof of Theorem 6.

Construction. For a set of integers X let us denote by P(X) the set of primes in
X. For two real numbers a and b we denote by (a, b] the set of integers z in the interval
a < x < b. To describe the construction we give three different sets of integers as follows.
Let the first two sets be the following (where we specify 1 < o < 1 and S = n**M) later):

o P :={p: pe P((Sn])}

o Pp:={2p: pe P((S.3])}
To define the third set of integers (and the parameters «, S) we need some preparation.
Let us divide the set P((0,S]) into two disjoint sets A and B in such a way that there
exists a 3-uniform hypergraph H(B) on B for which the number of hyperedges in H(B)
is |E(H(B))| = |A| and let us assign different prime numbers from A to the hyperedges
of H(B). So let the hyperedge set of H(B) be {e, = {rp, sp,t,} : p € A, rp,5,,t, € B}.
Finally, let us set

e Py:={p-q: peAq€e,}
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Note that if the product of the largest element of A and the largest element of B is at
most n, then P, UP, U Py C {1,2,...,n}.

Now we prove the following lemma (we also state it in case of Fyx(n) that we refer to
in the last Section) that connects those subsets of P, U P, U P; whose product is a square
with Berge-cycles in H(DB).

Lemma 7. Suppose that we have distinct elements ay,as,...,a; € P U Py U Py and an

integer x such that aiasy . ..a, = x2. Then we have

1. ay,aq,...,ap € PLUP,, or
2. if k = 4L, then there is a BC; in H(B) for some j € {2,3,...,2(}, or
3. if k =40+ 2, then there is a BC; in H(B) for some j € {3,...,20 + 1}.

Proof. First note that for any aq, as,...,a;, € PLUP,UP; and integer x with ajas...ap =
22, we have that a1, as, . .., a; contains exactly 4s numbers from the set P, U P, (for some
integer s > 0).

Observe also that if for some 1 <i < k and g € ep we have pq = a; € P3, then p must
occur in some other ay = pqg’ with 1 < i <k, i#174,q+# q € e, and similarly ¢ must
occur in some a;» = p'q with 1 <" < k, 1 # 14", p’ # p. This observation means that if we
have at least one element a; in Ps, then we get a Berge-cycle of length j with 2 < j < k/2
and actually the elements in Pj gives the union of some Berge-cycles in H(B).

As a BC, is assigned to 4 elements, in case k = 4¢ + 2 (using the remark above) we
get that there is a Berge-cycle of length j with 3 < j < 20+ 1(= k/2) also.

O

To finish the proof of Theorem 4 we define A and B the following way. Let ¢ > 0 and

B(2k+1)—1 B(2k+1)—1

B := P((0,cen*~*(logn) 7@+ 071]) and A := P((en'~*(log n)#CHD71 S]),
where S is chosen in such a way that the number of hyperedges of our 3-uniform BCo.1-
free hypergraph on B is exactly |A|. If ¢ > 0 and « are chosen in such a way that

B(2k+1)—1

S < (1/c)n(logn) AERDFT

holds, then we can carry out the construction described above. To get this the following
inequality should hold:

) B2k+1)—1\ 7B(2k+1)
[71’ <cn ~*(log n)5<2k+1>+1>]

B(2k+1)—1

_ B(2k+1)—1
L ™ ((1/c)n°‘(log n) 5(2k+1>+1> -7 (cn “(log n)5(2k+1>+1> (1)

Note that we want to choose P; as large as possible, and that means we would like to

choose a > % as small as possible. One can easily check that inequality (1) is satisfied
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with a = % and a sufficiently small constant ¢ > 0. So we are able to carry out

the construction with this exponent.

The improvement compared to the bound 7(n) + w(n/2) is (1 — o(1))|E(H(B))|, so
we are done with the proof of Theorem 4, since for the above choice of the parameters we
have

2-8(2k+1)

|E(H(B))‘ >k (n% (log n)_1)1+,8(2k+1)_

2.2 Proof of Theorem 5, the Turan function of large girth Berge hypergraphs

Now we introduce a construction that helps us in the proof. 3 First we prove that if we
have a lower bound ex(n,C;) 3>, n"® for some v : N — R, then from that construction
we can get another implying ex(n, BCy) > n k),

Construction 8. Let us suppose that G = ((A, B), F) is a bipartite graph with vertez set
AUB (AN B = 0) and edge set E. Let us define the 3-uniform hypergraph H(G, A) in
the following way:

o let the vertex set of H(G, A) be AyUAUB with AyNAy = 0 and |A| = |Ay| = |As] (for
any a € A we denote the corresponding vertices in Ay and Az by ay and as, respectively),
and

e let the set of hyperedges be {(ay,as,b) : (a,b) € E}.
Lemma 9. If G = ((A, B), E) is Cy-free for some k > 3, then H(G, A) is BCy-free.

Proof. Suppose by contradiction that there exists a Berge-cycle of length at most k& in
H(G,A) and G is Cy-free. Then consider its defining vertices: vy, vs,...,v; for some
7 < k. Note that for two consecutive vertices, there are two possibilities: either v, and
vey1 (where £ < j and indices are meant modulo j) are both coming from A; U Ay or one
of them is coming from A; U As and the other one is coming from B. However, also note
that

Case 1: if vy, vp41 € Ay U Ay, then {v, vp11} = {a1,as} for some a € A (observe that
this also implies that we can not have for 3 consecutive vertices vy, V11, Vero € A1 U Aj),
and

Case 2: if vy € Ay U Ay and vpyq € B, then (a,vpy1) is an edge in G with a for which
ve € {ay1,as}. (Or symmetrically: if vy € Ay U Ay and vy € B and then (vg, a) is an edge
in G with a for which veyq € {aq,az}.)

So if we replace in the defining vertex set vy, vs, . .., v; each pair of vertices vy, vy for
which {vg, ve41} = {a1, a2} (i.e., we are in Case 1) with the corresponding vertex a, then
we get a cycle in G whose length is at most k.

O

3We note that this kind of construction is known in the literature (see e.g. [9]).
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Note that if we have a series of graphs showing ex(n, Cy) > n?®, then we also have

a series of bipartite graphs as we can make any graph bipartite by deleting at most half
of its edges. Then by Lemma 9 and Theorem B we get Theorem 5.

O

3 Analysis of the results and some remarks

There are natural questions that emerge concerning the construction provided. What
can be the limit of different methods just by improving bounds in the different girth
questions? Could we give a similar construction for Fy(n)? We answer these questions
in this section.

3.1 Improving the lower bound using lower bound results for the graph girth
problem
An old conjecture of Erdds states the following:

Conjecture 10 (Erdds’ Girth Conjecture [5] for k). For any positive integer k, there exist
a constant ¢ > 0 depending only on k, and a family of graphs {G,,} such that |V (G,,)| = n,
|E(Gy)| = en'™'/* and the girth of G,, is more than 2k.

1

If Erdos’ Girth Conjecture holds, then we can increase the exponent of ne (logn)~" in
Corollary 2 to the following:

o Fyp(n) —m(n) >y (n%(logn)*l)pfﬁ 1
o Fpo(n) — (m(n) +m(n/2)) >4 (n%(log n)_l)Hm

However, note that if Erdés” Girth Conjecture holds, then the exponent is tight by a
result of Alon, Hoory, and Linial [1] who proved the following upper bound on ex(n, Ca).

Theorem C ([1] Theorem 1). For any k > 2 we have
(i) ex(n,Cor) < tn!T1/k 4 1n,
(ii) ex(n,Copt1) < graen' % + in.

So Theorem C implies that the above mentioned “possible lower bound” is the best
we can hope for F using the technique of Erdds, Sarkozy and Sés.

3.2 Improving the lower bounds for Fy;.2(n) using hypergraphs
In the proof of Theorem 6 we used lower bound results for the Berge Hypergraph Girth
Problem. However, note that Gy6ri and Lemons [10] proved the following result:

Theorem D ([10] Theorem 1.5). For every ¢ >3, r >3 and k = || we have

ex,(n, BCp) <y, nltE.
This means that the best possible lower bound result we can get is Fyii2(n) — (7(n) +
m(n/2)) >, (n2(logn) =) e
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3.3 Possible improved lower bounds for Fy(n)

It is a natural question to ask whether a similar improvement that worked in Theorem 6
would work in the case of Fy(n) also.

We say that a hypergraph is linear if it does not contain two hyperedges whose inter-
section has cardinality at least 2. So for a hypergraph being linear is equivalent to being
BCs-free. For an integer n and a family of r-uniform linear hypergraphs G the linear
Turdn number — denoted by ex®(n,G) — is the maximum number of hyperedges in an
r-uniform linear hypergraph H on n vertices such that H is G-free for every G € G.

We can prove the following theorem for Fyx(n) (that can be considered as the analog
of Theorem 4; see e.g. Lemma 7 for the main ingredient of the proof).

Theorem 11. Let By, : N — R be a function. If we have exi®(n, BCy) > nfin(8)  then

we have
Blin (2k>

Fup(n) — m(n) ) n™ome0

So the Linear Berge Hypergraph Girth Problem could play a similar role in possible
lower bound constructions for Fy(n) as the Berge Hypergraph Girth Problem plays in
lower bound constructions for Fyz.o(n).

There is a conjecture concerning the Turan number of linear hypergraphs of high girth
(see e.g., [17]).

Conjecture 12. For every £ >3, r > 2 and k = [éj we have
exi™(n, BCy) = @(nH%_O(l)).

This conjecture is known to be true for £ = 3,4 and r > 3, see e.g., [6, 13, 16, 18],
and wide open for £ > 5 and r > 3. Note that by Gy6ri and Lemons [10] we have
ex,(n, BCy) <,x '+ and also note that the o(1) term in Conjecture 12 is necessary for
¢ =3 by [16] and for £ =5 by [4].

By a standard probabilistic argument (see e.g., [11]) for r > 2 and ¢ > 3 one can prove
ex™(n, BC;) = Q(n'Tr1),

We are not aware of any better result and the known results do not give better lower
bounds than those in Corollary 2.
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