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Abstract

We say a subset C of an abelian group G arises as a minimal additive complement
if there is some other subset W of G such that C+W = {c+w:c€ C, we W} =G
and such that there is no proper subset C’ C C such that C' + W = G. In their
recent paper, Burcroff and Luntzlara studied, among many other things, the con-
ditions under which eventually periodic sets, which are finite unions of infinite (in
the positive direction) arithmetic progressions and singletons, arise as minimal ad-
ditive complements in Z. In the present paper we study this further and give, in
the form of bounds on the period m, some sufficient conditions for an eventually
periodic set to arise as a minimal additive complement; in particular we show that
“all eventually periodic sets are eventually minimal additive complements”. More-
over, we generalize this to a framework in which “patterns” of points (subsets of
72) are projected down to Z, and we show that all sets which arise this way are
eventually minimal additive complements. We also introduce a formalism of formal
power series, which serves purely as a bookkeeper in writing down proofs, and we
prove some basic properties of these series (e.g. sufficient conditions for inverses to
be unique). Through our work we are able to answer a question of Burcroff and
Luntzlara (when does C; U (—C3) arise as a minimal additive complement, where
(4, Cy are eventually periodic sets?) in a large class of cases.

Mathematics Subject Classifications: 05B10, 11B13, 05B99

1 Introduction

The setting of the question is as follows. For C' and W subsets of an abelian group G, we
say that C'is an additive complement to W if the Minkowski sum C' + W is equal to G,
ie. if

G=C+W={c+w:ceC, weW}.
C' is a minimal additive complement (or MAC) to W if there is no proper subset of C
which is an additive complement to W. We say C' arises as a MAC (or is a MAC) if
there exists a W to which C is a MAC.
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In particular, we will be interested in sets which are called “eventually periodic sets”,
which are defined as follows: For S C Z, let S/, denote the image in Z/mZ under the
standard projection. An eventually periodic set of period m is a set of integers of form?!

(mN+A)UBUF

where A, B, and F are finite, A is nonempty, B/, € A, and Fy,, N A/, = 0.

In this paper, we shall study the conditions under which eventually periodic sets arise
as MACs. We will show two main theorems, namely Theorems 4 and 7, the latter of
which is stated in a new general framework of “patterns” which we introduce, and use
them to deduce several other results, for example that

Result (Proposition 1). Any eventually periodic set C' = mN U B U {f} (where B is a
finite subset of Z such that b = 0 mod m for all b € B and f # 0 mod m) arises as a
MAC in Z.

and that

Result (Proposition 2). Any C' = mN U F (for F' in a single congruence class mod m)
arises as a MAC in Z.

The two main theorems are of roughly the following form: if there exists some set
cover of mN U B (or more generally a congruence class mod m in which C' has infinitely
many points) satisfying certain conditions, and if m is greater than a certain bound,
then C' arises as a MAC. In particular, roughly speaking, all eventually periodic sets are
eventually MACs. We also introduce a formalism of “formal power series” to help reduce
the process of checking the proofs of such statements to routine calculations. We should
however issue a disclaimer that there is no new content in these formal power series,
and that no tools or clever tricks from the broader theory of generating functions/formal
power series will be utilized; these formal power series here serve purely as bookkeepers.

1.1 Background and Motivation

Minimal additive complements were introduced in 2011 as an arithmetic analogue to the
metric concept of h-nets in groups by Nathanson [9], who showed that every nonempty
finite subset of Z has a MAC, and moreover that every additive complement of such a set
contains a MAC. The question of which subsets of Z have MACs has since been studied
by many; for example, Chen and Yang [5] showed in 2012 that all subsets of Z which
are unbounded both above and below have MACs. Kiss, Sdndor, and Yang [8] in 2019
introduced the concept of “eventually periodic sets” and studied the question of when
these sets have MACs.

The natural “inverse problem” is then to study which subsets of Z arise as MACs.
This study was initiated by Kwon [7] in 2019, who showed that every nonempty finite set
in Z arises as a MAC. Alon, Kravitz, and Larson [1] extended this further in 2020 and
showed that, in any finite abelian group G, any nonempty subset C' with size bounded

'"Here we adopt the standard where N includes 0, i.e. N = Zx.

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(4) (2023), #P4.34 2



above by some constant depending on |G| will arise as a MAC. Moreover, they showed
that any nonempty finite subset of an infinite abelian group arises as a MAC. Later in
2020, Biswas and Saha [4] generalized this even further and showed that, for any group G
(abelian or not), any nonempty finite subset C' with |G| > |C|® — |C|* will arise as a MAC;
in particular, any nonempty finite subset of any infinite group will arise as a MAC. Also
in 2020, Biswas and Saha [3] derived some conditions for subsets to not arise as MACs in
an arbitrary group; for example, their results show that ({3,5,7,9, 11} +12Z)U{p prime :
p=1 mod 12} is not a MAC in Z.

Our motivation is as follows. In 2020, Burcroff and Luntzlara [2] studied (among many
other things) the eventually periodic sets of Kiss, Sandor, and Yang and the question
of when do they arise as MACs. They showed that there are three certain necessary
conditions for an eventually periodic set to arise as a MAC, whose statements are rather
technical and which we therefore skip here. In the case that m is prime, they gave a
fourth necessary condition. They also showed that, in certain circumstances, namely for
m a prime congruent to 2 modulo 3 and for A,,, and F},, of certain prescribed sizes (mT“
and 1, respectively), these necessary conditions are also sufficient. Using these facts in
conjunction, they showed that any set of form 2N U B U F arises as a MAC if and only
if 27\ (2NU B) = F + W for some W C Z. In conclusion, BL have given necessary and
sufficient conditions for eventually periodic sets of prime period congruent to 2 mod 3 and
with |Fy,,| =1 and |A),| = ’%1 to arise as MACs. They also simplified these conditions
to something very concise and concrete in the case of m = 2. A natural question to ask
then is if there are other circumstances in which an eventually periodic set C' arises as a
MAC. We will attempt to treat this direction in this paper.

By venturing in this direction, we are able to answer an open question of Burcroff
and Luntzlara for a large number of cases. At the end of their paper [2], they raised the
following question:

Question. Which sets of the form C; U (—C3), where C; and Cy are eventually periodic
sets of integers, arise as minimal additive complements?

Our results (in particular, Theorem 12) will show that a large class of such sets do indeed
rise as minimal additive complements.

Let us briefly explain why we study the objects we do in this paper. The existence of
a nonempty F'is crucial, as it allows us to set up so-called “dependent elements” in our
constructions later (to be explained later; roughly this is just to ensure that all elements
of the eventually periodic set are necessary). Without this F', it is for example easy to
see that N is not a MAC in Z. Similarly, our results here are true roughly because if m is
sufficiently large, then there is “enough space to maneuver” in setting up the “dependent
elements”.
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2 Prelude

2.1 Preliminary Definitions

First some brief notes on convention: we will take the “natural numbers” N = Zy, =
{n € Z : n > 0} to include zero. Negative integers are denoted Z_. We will write mod,, k
to denote the remainder of k£ when divided by n. Some further notes on hats: throughout
this paper we will decorate many of our symbols with hats, namely the widehat (3, the
widetilde [J, and the overline [J; our philosophy is that the widehat denotes lifts, the
widetilde is any generic marker (preferably to do with some “natural” modification), and
the overline denotes quotients. For f € Z, we will frequently identify f € Z/mZ with
a representative in {0,1,---,m — 1}; for instance, for m = 3 and f = 4 we will write
m > 2f, and for m =5 and f = 9 we have mod 8 = 0.
Recall from the introduction that the general setting of the question is as follows:

Definition 1. For C' and W subsets of an abelian group G, we say C' is an additive
complement to W if

G=C+W={c+w:ceC,weW}

C'is a minimal additive complement (shortened to MAC') to W if there is no proper
subset of C' which is an additive complement to W.
We say C arises as a MAC (or is a MAC) if there exists a W to which C' is a MAC.

For W = {w} a singleton, we will denote
C+w:=C+{w}.
If AC S C G are subsets such that there exists B C G with
S=A+B,
then we say S is coverable by A.

For this paper we will be concerned mostly with the case of G = Z. There, many
results are known already; for example in this paper we will utilize the theorem of Kwon
[7] mentioned in the introduction:

Theorem (K, Theorem 9). All finite subsets of Z arise as MACs.

Closely related to this is a lemma by Burcroff-Luntzlara [2] which we shall also employ
later, whereupon we shall call it the “BL lemma”.

Lemma (BL, Lemma 7). For a fixed finite set F' C Z and W C Z such that F'+ W D N,
there exists a set W’ C Z such that F + W' = F+ W and F' + W' # F 4+ W’ for any
proper subset F' C F.

Recall that the results of this paper are concerned with “eventually periodic sets”,
defined by
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Definition 2. For S C Z, let S/, denote the image in Z/mZ under projection.
An eventually periodic set of period m is a set of integers of form

(mN+ A UBUF

where A is nonempty, B and F' are finite, B/, C A/, and F),,, N A, = 0.
As noted by B-L, WLOG we may take A to have at most one element in each congru-
ence class mod m.

In the future, A, B, F' will be assumed to be sets such that (mN 4+ A) U BU F' is an
eventually periodic set.

In other words, these are sets which have infinite (in the positive direction) arithmetic
progressions of period m starting from all elements of A, and various finite “exceptions”
B and F, where elements of B lie in the same congruence classes as elements of A and
elements of F' lie in different congruence classes than those of A.

Our motivating point is BL’s following result:

Proposition (2). For C = 2NU B U F, where B C 2Z_ and F C 2Z + 1, C arises as a
MAC if and only if
2Z\ 2NUB) =W + F

for some W C Z.

2.2 The Setting

In this section we will describe the “setup” we will be operating under, in the hopes of
providing a clearer and more visual picture of the problem at hand.

In dealing with eventually periodic sets of period m, we shall think of them as follows:
take the infinite strip in the lattice Z? given by

Zm={(z,y) €Z?:0<x<m—1}
and consider it as a copy of Z by taking
n=2x+my.

For example, the set AN U {—8, —12} U {3,6} would look like:
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In order to preserve structure, perhaps it is better to think of this as

2y =L "
" /((x,y)w(x',y’) if =2" modm, vy + — :y)u

or more concisely

MOdZ
where the congruence is that of abelian groups (hence the symbol = ). In fact we can

take this to be definition:

Notation 3. Let Z,, be
Z = [24(m,-1)) = Z.

We will denote the projection map by
Tm: L2 —> Z,,.
Under the identification (which we call the strip construction)
Zm={(z,y) €Z°:0< 2 <m— 1},

for i € [0,m — 1] we will call each {(z,y) € Z,, : x = i} the i-th column, denoted Col(7)
(or Col,, (i) when there could be confusion with the following definition). We will write
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Col™ (i) to denote the subset of Col(i) with y > 0, i.e. nonnegative y-coordinate. Similarly
Col™ (7) refers to y < 0.

Similarly we may refer to {(z,y) € Z* : x = i} as the i-th column of Z?*, denoted
Col(i). We will write Col™ (i) to denote the subset of Col(i) with y > 0, i.e. nonnegative
y-coordinate. Similarly Col™ (i) refers to y < 0. For s = (i, ) € Z?, we define Col(s) =
Col(i). For a subset S of Z?, we also denote the set of columns in which S has elements
by Col(S), with Col*(S) defined by Col™(S) := [J,.g Col(s) and similarly for Col™ ().

Abuse of notation: for any subset S of Z, we will use the same symbol S to denote its
isomorphic image in Z,, = Z.

A more pictorial/ “topological” way to think of this is to take Z* and wrap it around
horizontally to create a cylinder in a slanted manner, such that each (mk,y) gets glued
to (m(k—1),y+1).

In this setup, the question of whether or not C' is an additive complement can be
rephrased as whether or not there exists a set of “translations” (more precisely this is
translations inside 7, = Z?/Z((m, —1))) by W such that the union of all such translations
of C covers all of Z,,. For example, W = {1} is a simple shift to the right by one unit.
Whether or not C' is a minimal additive complement can be rephrased as whether or not
such a W exists such that every element ¢ € C' has a dependent element in the integers
n € Z, which are defined as follows:

Definition 4. For a fixed additive complement W of C, an element ¢ € C'is said to have
a dependent element if there is some d € Z such that d € C'\ {c} + W, i.e. if ¢ is removed
then d fails to be covered.

Observation. As noted by B-L, it is clear that minimality is equivalent to every element
of C having a dependent element, i.e. in the union of all translations, (J, ¢, (C' + {w}) =
C + W, every element ¢ € C' has a translate which is covered exactly once.

3 Results and Discussions Thereof

B-L described when sets of form 2N U B U F' arise as MACs. In attempting to generalize
this to general m, we can restrict our attention to either F' a singleton or B an empty set.
In the former case,

Proposition 5. For m > 2, any eventually periodic set of the form C = mNU BU{f}
arises as a MAC. This holds even if B is infinite, unless both m = 2 and mNU B = mZ
are true, in which case the proposition is that mZ U {f} does not arise as a MAC.

In the latter case,

Proposition 6. For |F),| =1, any eventually periodic set of form C' = mNU F arises
as a MAC.

Note that the hypothesis |F),,| = 1 in particular implies ' # () is nonempty.
The above two propositions can both be seen as specific instances of the following:
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Proposition 7. For |F),| = 1, the existence of a subset W C 7Z such that mZ_ \ B =
F+ W implies that mNU B U F is a MAC.

Proposition 7 implies Proposition 1. Let B be finite. Indeed, in Proposition 1 F = {f}
is a singleton, which can cover any subset of the integers, and therefore in particular any
B has mZ_\ B = {f}+ W, which by Proposition 7 implies C' = mNUBU{f} is a MAC.

For the case where B is infinite, see the Appendix. [

Proposition 7 implies Proposition 2. Similarly in Proposition 2 we have B = (), so that
mZ_\B = mZ_, which is coverable by any F'; indeed, just take W = {—km—f, : k € Z.},
where f; is the maximal element of F. (Indeed, it is easy to see that, generally, N is
coverable by any finite set I’ C 7Z; then the above is a specific instance, since mZ_ is
isomorphic to N as monoids.) Hence an empty B satisfies the conditions of Proposition
7, which gives Proposition 2. [ |

In fact, Proposition 7 is also a specific case of a more general statement, namely
Theorem 8 below. Recall that for f € Z we identify f € Z/mZ with a representative in
{0, ---,m—1} to make statements such as m > f. Also recall that mod;n € {0,---,k—1}
denotes the remainder of n when divided by k, so that for example for m = 3 and f =5,
we have modz7 = 1.

Theorem 8. Let A = {a}, B, I be subsets of Z such that (mN+a)UBUF is an eventually
periodic set and | By | = |F)m| = |A| = 1 with F),,, = {f}, where without loss of generality
let A ={0}. Suppose there existences a set cover {S;},

S;U---US, =mNUB,
such that each member S; has
for some W; C Z. Then if

m> f+ QT{H/TJ + modyn,
then C = mNU BU F' arises as a MAC.

Some explanation regarding the theorem statement: it is easy to see that instead of
considering a general A = {a} we can assume without loss of generality that A = {0},
because the question of whether C' = (mN + a) U B U F' arises as a MAC is translation
invariant — indeed, C' is a MAC if and only if {¢ —a : ¢ € C'} is a MAC since the W
witnessing C' as a MAC has that {w + a : w € W} witnesses {c —a:c € C} as a MAC.

Theorem 8 implies Proposition 7. First let f > 1. Indeed, Proposition 7 is the case
when mN U B has a cover which consists of a single set, namely mN U B itself; in this
case n = 1, and the relevant bound is m > f + 1, which is of course always true. This
recovers Proposition 7.
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If f =1, the argument in the previous paragraph will give that we are done if m > 3.
The m = 1 case is of course impossible since then F' would collide with the column
containing the arithmetic progression.

Hence it remains to prove the case f = 1 and m = 2. We claim that C'+(WU{0}) = Z
realizes C' as a MAC. Firstly, since mZ_\ B is infinite in the negative direction, it contains
a subset which admits a monoid structure making it an isomorphic copy of N (as monoids),
and so by the BLL Lemma we can assume that F' is minimal with respect to the condition
F+ W = mZ_\ B. Secondly, since F + W = mZ_\ B C 27 lies in the 0-th column,
we have that 0 ¢ W. Thirdly, since F + W = mZ_ \ B where mZ_ \ B is unbounded
in the negative direction, we have that the sum C' + (W U {0}) = (C+ W) U (C + {0})
contains infinitely many translates of the arithmetic progression 2N in the sum C + W.
This is because every member w € W must have w = 1 (2) in order for f + w to be a
multiple of 2, and further there must be infinitely many such w in the negative direction
since I is a finite set, so that the subset 2N C (', when added to these infinitely many
w € W, give infinitely many translates of 2N. These translates are of the form 2N + w,
where w = 1 (2), and since there are infinitely many of them in the negative direction,
they cover all of 2Z + 1. Furthermore, C' + W contains F' + W and therefore mZ_ \ B.
On the other half, C' + {0} contains mN U B. Hence, together, we have C' + (W U {0})
contains mN U B, mZ_ \ B, and 2Z + 1; hence C' + (W U {0}) gives all of Z. Moreover,
C'is a MAC with respect to W U {0} since the removal of any element in 2N U B would
lead to C'+ {0} not containing that element, and the removal of any element in F' would
lead to F'+ W not giving all of mZ_ \ B. [

Let us remark that, in the worst case scenario, one can always take the set cover to be
mNU{b}U---{b} =mNUB

in the above, so that n = |B| + 1. This set cover satisfies the required conditions since,
as noted earlier, mZ \ mN is always coverable by F', and mZ \ {b} is similarly coverable
since it consists of two isomorphic (as monoids) copies of N, which we have established is
coverable by finite sets. In particular, this means that

Proposition 9. Let |B,,| = |F| = |A| = 1 with F),, = {f}, where again without loss
of generality let A ={0}. Then

|B| +1
/

m>7+27L J + mod#(|B| + 1)

implies that
C=mNUBUF

arises as a MAC.
In some sense, this is saying “any C = mNU B U F (where |F,,| = 1) is a MAC for
sufficiently large m”, or “any C = mNU BUF (|F),| =1) is eventually a MAC”.

Theorem 8 implies Proposition 9. See paragraph preceding Proposition 9. [
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This idea of “eventually being a MAC” is one we will explore more and make more
precise presently.

Notation 10. Given any set of points C in the lattice 72, we may consider its image under
the projection and then the isomorphism

gpowm:ZQ—»ZmLZ,

which is a composition we will call 7, by abuse of notation. Let this image be denoted
C = 7m,(C); then we may ask whether or not C' is a MAC inside Z. In fact, we can ask
this question for varying m. R L

In general, we will call such a C' (respectively A, B, F') a pattern for/of C' (respectively

A, B, F), and 6/ is defined as
6/ = {z: (z,y) € C for some y}

the set of z-coordinates of 6 .

This construction allows us to turn subsets of Z2 into subsets of Z. When such a C has
columns which are either consisted of finitely many points (giving F') or consisted of finite
many points union an “infinite ray” of points going to the north (giving B U (mN + A)),
this construction gives C' an eventually periodic set.

Just as a C gives rise to a C' via C = 7,(C), given a set C C Z,, = Z we may
also consider its “natural” preimage, denoted 7, 1(C), which is the unique preimage C
satisfying 6/ Clmj—1={0,---,m—1}

The next theorem will tell us that, in some sense, all patterns for eventually periodic
sets are eventually MACs. That is, we take our eventually periodic set C' of period m,
consider its preimage 7,,'(C') = C under the construction above, and consider, for large
growing M, my (w1 (C')); the statement is that this set is a MAC in Z for all sufficiently
large M. But before stating this theorem let us define a quantity we will use: for C the
pattern for C, consider C) = {z : (x,y) € C for some y} the set of x-coordinates; this C,
will be a set of separated maximal contiguous “blocks”, i.e.

C/ = {01’1’ e 761777/1} J--- Y {Ck717 [ ’Ck,nk}7

where each {¢;1,- -+, ¢Cin,} has ¢;;—c; j—1 = 1 (i.e. is an arithmetic progression of common
difference one) and i < j = ¢4 < ¢jo.

Let ¢ be the smallest possible length of a consecutive (i.e. an arithmetic progression
of common difference one) set of integers formed by horizontal translates of 5/, i.e. the
minimal possible length of an interval of integers [a, b] such that there exists W such that
6/ + W = [a,b]. Then this number is at most

C< ey, — C11 + Chg — Cipy = out(a/) + inn(a/),

where we have defined “out” for “outer range” and “inn” for “inner range”:

~

out(C)) = g, — €11, n(C)) = 1 — Cin,-
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This is since the set
W = [0,inn(C)) — 1] = {0, 1, - --,inn(C)) — 1}

gives 6/ + W = {ci1,c10+ 1,y + inn(é/) — 1}, which is a consecutive run of
integers.

Theorem 11. For any fized patterns of E, B\, and nonempty 13, and for every m such
that

m = (E+1)([A] +[B| + |F]),

any

C=(mN+A)UBUF

is a MAC. Here { denotes the minimal length possible of a consecutive block formed by
horizontal translates of C;, which is further bounded by

¢ < out((/]\/) + inn(a/).

In other words, “all eventually periodic sets are eventually MACs”. Theorem 11 is
also a corollary of a more general theorem:

Theorem 12. Let C C 72 be horizontally bounded (i.e. 6/ is a bounded set). Let
F F1 - U E denote the (nonempty) columns wzth ﬁmtely many points (where each
F, lies in a distinct column Col(£})), and let K =K, U---UK, denote the columns with
infinitely many points (where again each K; lies in a distinct column Col( i)). For C/
the set of x-coordinates of C’, let £ denote the minimal length possible of a consecutive
block formed by horizontal translates of C;, which satisfies

~

¢ < out(C)) + 1nn(6 ).

Suppose that for each IAQ there exists a set cover ‘SA} consisting of

~

Si’l U o U Slvlé\l‘ -

=)

)

such that, for each i, j, there is some collection of (possibly empty) /I/IZ»JW ﬁm;y C 72 such

that .
Col(K. U (FM + WM;#) vl (f{u + ﬁi,jw).

v=1

Then
m > ({+ 1><|ﬁ/\ +Z|§i|)
=1

implies that C = 7,,(C) is a MAC in Z.

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(4) (2023), #P4.34 11



Theorem 12 implies Theorem 11. To recover Theorem 11 from Theorem 12, take
C = 7 (mN + A) U BU F) lying in the strip 0 < z < m — 1. Then 6/ is bounded.
In this case the finite columns of C' are F = 7, }(F) and the infinite columns are K =

- ((mN+A) U B), which can be written as K= m (mN+A)Ur, (B) = Col+(A) UB,
Where Col+( A) = Usea i Col*(@). It should be noted that each specific column of K is of

form Ki = Col* (a;) U BZ, where @; is an element of A and El are the elements of B lying
in the same column as @;, and ¢ is the same as before.
Now take the set cover of the infinite columns

K = Col* (@) U---UCol™ (@) U{bi} U---U {bg},

le.
K; = Col™ (@) u | {o},
3€§¢
where |S;| = 14 |B;| and ), |S;| = |A| +|B|. This set cover satisfies the hypotheses since
firstly
COI( ) \ COIJF(&Z) Col™ (ZL\Z) = Fj —+ WiJ’

for any Fj; to see this recall from earlier that any half column (which is isomorphic as a
monoid to N if we take addition to only affect the y coordinate) is coverable by any finite

set. Similarly, secondly
Col(K:) \ {b} = Fj + Wi,

for any finite column F}, which is true since Col(K;)\ {b} consists of two infinite rays, one
pointing up and one pointing down, and as established earlier these rays, each isomorphic
as monoids to N, are coverable by finite sets.

Then Theorem 12 states that

m = (C+1)(|F)| + |A] + |B])
implies that C' is a MAC, which is precisely the statement of Theorem 11. [ |

The reader might note that Theorems 4 and 7 say very similar things, namely that for
large enough m the projection under m,, of some pattern will be a MAC in Z. However,
Theorem 8 is not a corollary of Theorem 12 due to the bounds. Indeed, applying Theorem
12 to the setting of Theorem 8 will yield only

m = (2f +1)(n+1)

where n is the size of the set cover &, which is much worse than the bound given in
Theorem 8. As the reader will see in the proofs in the following section, the construction
for Theorem 8 feels “tight” or “efficient” in some sense while in Theorem 12 we are much
sloppier. This is perhaps to be expected; Theorem 8 deals with a very specific type of set
(namely |A,| = |B| = |F/m| = 1), while Theorem 12 deals with a much broader class,
so one might expect that it is easier to derive better bounds in the former case than the
latter.
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We should also note that, by choosing appropriate K, Theorem 12 answers the question
of Burcroff and Luntzlara mentioned at the end of the Introduction in a large class of cases.
Indeed, writing C; = (mN+A;)UB;UF; and A; = U]. A;jand B; = Uj B, j (where A; ;, B; ;
lies in a single column), by taking K to be K = (mN+A4;)UBU(—(mN+A43))U(—B,) C
C1 U (—Cs), Theorem 12 tells us that whenever we can partition B, ; by S; ;, such that
Col™ (min A; ;)\ S; ;x can be set-covered by appropriate translates of the different columns
in (', Cy, if m is larger than some bound depending on the size of our cover, the number
of equivalence classes mod m represented by F; U (—F5), and the horizontal distribution
(when we draw it in Z,, form) of Cy and Cy, then C; U (—C5) is a MAC. As an example,
in the case that B; = B, = () and at least one of F}, F; is nonempty, since translations of
finite sets can cover N, we obtain the bound that

m = (C+ 1) ([(F)/|+ [(F))] + (A1) + [(A2))])

implies Cy U (—Cs) arises as a MAC.

As another example of Theorem 12, we could consider the case K = mN U B where
B is infinite and F' = {f} is a singleton. Then we can take the set cover to have one
set, namely K itself, for mZ \ (mN U B) = mZ_ \ B is coverable by (translates of) the
singleton {f}. Furthermore, in this case £ = 2f. Then the bound from Theorem 12 tells
us that

m > (2f +1)2

implies that C' = mNU BU{f} is a MAC. It turns out this is true for smaller m as well,
as long as not both of m =2 and mN U B = mZ are true.

Having discussed at length the results, it remains to prove Theorems 4 and 7 (as we
have noted in the discussions above, all other results are actually corollaries of these two).

4 A Formalism of Formal Power Series

Before giving the proofs of our main theorems, namely Theorems 4 and 7, we will develop
a language of “formal power series” in which the proofs are much easier to relate. We
should however give a disclaimer beforehand that these formal power series do not possess
the soul of the technique of generating functions, which is namely the idea of collapsing
long expressions into short ones or vice versa (e.g. the identity ) " = ﬁ) in order to
achieve clever manipulations. The formal power series we introduce here will not engage
in such acrobatics and will instead serve solely as bookkeepers.

The point of this is to make it easier to show that C' is a MAC, given a claimed
complement W. Roughly, this formalism will turn a set S C Z into a formal power series.

In our strip construction Z,,, each column Col(i) = {(x,y) € Z,, : x = i} can be
thought of as a copy of Z with the obvious addition structure (add the y-coordinates).

Endow Col(i) = {(z,y) : v =i} C Z,, with an isomorphism
Col(i) = Z

where we take addition in Col(7) to be addition of the y-coordinates. This isomorphism
is such that (i,0) € Col(i) corresponds to 0 € Z.
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Notation 13. For a set S C Col(i) C Z,, which lies entirely in a single column, we will let
S C Z denote its image in Z under the isomorphism Z,, > Col(i) = Z.

In the backwards direction, given a set S C Z, we will let S (1) C Col(i) C Z,, denote
its image under the inverse isomorphism.

The above is nothing more than saying that the set of all integers in a single congruence
class mod m forms a copy of Z.

But before we can describe how our formalism will turn the data of a set S C Z into
an object, we must first describe in what world this object will live. In the following
definition the symbol U refers to the disjoint union, which keeps track of multiplicities,
and the symbol @ refers to the Minkowski sum of sets 4+ except with multiplicities taken
into account?, i.e. a “disjoint” Minkowski sum.

Definition 14. Consider the Z-algebra generated by symbols of form ¢4 for A € NZ
(here NZ refers to subsets of Z with multiplicity allowed, i.e. a “weighted subset” with
weights, which encode multiplicity, in N), modded out by relations @ =0, ¢ =1,
¢?q® — ¢*®B =0, and ¢* + ¢® — ¢*“F = 0; in symbols this is

_Z[{¢g": Ae N
0= ~lls }]/{qw =0, ¢ =1, ¢*¢®

We can then consider the following polynomial ring over this algebra:

=8, " 4¢P = Py

Epn = Qlell/m— g1}y,
When ¢? = ¢ + ¢© for some set C' € N%, we will say ¢ > ¢*.
Abuse of notation: For a singleton S = {n}, instead of writing the cumbersome
¢® = ¢\, we will write ¢". For example we will write ¢' in place of ¢{*}. Similarly we

will write ¢° = 1 instead of ¢{%}. We will also later drop the notation @ and only use
+, relying on context® for whether we consider multiplicity or not. Generally speaking,
whenever we are in the context of these exponential symbols, or later in the context of
formal power series, the symbol + will be taken to mean with multiplicity.

Our choice of notation NZ here is in line with the notation {0,1}% for the power set
P(Z). Hence regular subsets of Z are those members of N” whose weights (i.e. multiplic-
ities) are either 0 or 1, so that every member of P(Z) is a member of NZ.

The reason why we take this ideal to quotient by in the definition of =, will be clear
later. It is in this ring Z,, = Ql[=]] / (z™—q') that our formal power series shall live.

2For example, {0,1} + {1,2} = {1,2,3} whereas {0,1} @ {1,2} = {1,2,2,3}.
3Perhaps we should note that A+ B C A @ B; indeed, once we remove multiplicity, these two sets are
the same.
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These symbols, appropriately, behave like exponentials and correspond to

A® B q'¢" = ¢"*",
AUB — ¢* +¢°,
B\ A+ q¢" —¢",
and the distributive property of multiplication corresponds to
A® (BUC)=(A® B)U (A8 C) «— ¢ (¢" +¢°) = ¢"¢" + ¢"¢" = " + ¢"*C.

Defining B © A to be the set C such that A& C = B (if it exists), we also have

qB

B A— A

Note that by extending the notion of setminus B \ A to include cases when A is not
necessarily a subset of B, we can make sense of expressions such as —¢*. Indeed, treating
N” as a semi-ring with addition corresponding to LI and multiplication corresponding to
the disjoint Minkowski sum &, we can complete this to a ring by introducing symbols of
form BHA «— ¢® —¢#, appropriately quotienting so that BHA = DHC <= BUC =
DUA, ie. ¢° =g =¢” —¢¢ = ¢ +¢° =q¢° + ¢

The idea of this formalism is to do the following: Given a set S C Z,, = Z, write
S =5 U---US, where each S; lies in a single column labeled by distinct s; € Z/mZ.
Then the information in S is the same as the data

0 G Gus)

where the first entry in each pair indicates the “shape” of the elements of S in the column
labeled by the second entry of each pair. We call this the shape list form. We also overload
the symbol LI and write this as

n

C=(S1,5) U U (S 5a) =] |(Si,5)-

=1

Our formalism will now take this data and put it into a power series in the following
way. Given aset S =S U---US, C Z,, where each S; lies in a single column, let us

write
n _ b n
. —=. abuse R . —_
S@) =Y g% Y € =,
i=1 i=1

where in an abuse of notation we have written 2* instead of 2% and ¢% instead of qgi for
the sake of simplicity. We write [z']S(z) for the coefficient in front of the z' term (after
reducing mod 2™ — ¢* until all powers are less than or equal to m — 1).
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Then it is obvious that, for A, B C Z,,, we have

A(z) + B(z) = (AU B)(z),
A(x)B(z) = (A+ B)(x).

Note well that such formal power series are in bijection with weighted (i.e. we allow
multiplicities for each element) subsets of Z,,.

For a power series S(z) € =, presented in a form such that the exponents appearing
in S(x) are in the range [0,m — 1], let us denote

Range(S(x)) := {exponents appearing in S(z)} = S)pn,.

Now we should also explain why in defining =,, we are quotienting out by the ideal
(x™ — ¢'). This is simply because our sets live in Z,,. For example, for A = {1}, we
have A(x) = ¢'2° which is the same as A(x) = ¢°2™ since in the latter description
q° = ¢° = ¢° corresponds to S = {m} = {(m,0)} C Z,,, which is the same as {(m,0)} =
{(0,1)} C Z,, due to the definition of Z,,.

In claiming that (A + B)(x) = A(z)B(x) and (AU B)(z) = A(x) + B(x), we have
omitted some minor checks; these are covered in the Appendix at the end of the paper.

The key in this definition is that now, when claiming that C' is a MAC to W, rather
than compute C'+ W and show it is Z, meanwhile proving that all elements of C' have de-
pendents, we can instead take their formal power series, multiply, and check the coefficient
in front of each 2!, which is equivalent to checking column-by-column that C' + W = Z
minimally. As expected, there is no new content in this formalism (it’s just notation),
but this will make writing down certain proofs much more concise.

More precisely, the condition of C'+ W = Z is the same as every i-th coefficient
[21)(C+W)(x) of (C+W)(x) having [2'](C+W)(x) = ¢° where S D Z (here i € [0, m—1]),
and the condition of C' being minimal will be checked within each term ¢°z*®; there, we
will check whether or not S O Z contains elements dependent on elements of C', and
whether or not the union over all such S covers all elements of C' (so that every element
of C has a dependent element). That is, checking that C' is minimal will be equivalent to

giving a partition of C
UJci=c

such that
Vi, 3w e W, n€ Z/mZ: [z"](C+ W)(z) = ¢ +¢% SN (C; +w) = 0.

In words, this is saying that for any C; in this partition, there is some element w € W
and column number n € Z/mZ such that the coefficient [2"](C' + W)(z), which counts
the results of C'+ W in the n-th column with multiplicity, contains the elements of C; +w
exactly once.
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5 Proofs of Main Results

In this section we shall prove the main results, namely Theorems 4 and 7.

The language of the formal power series will make this process easier to communicate,
but for sake of transparency we should say that this is not how we came up with these
theorems. Generally, perhaps a reasonable strategy to come up with these statements
might be to stare at and play with pictures like the strip construction Z,, (this is what
we did), and to write down a proof one would use these formal power series. In writing
down the proofs in these sections, we have tried our best to be very explicit and write
down all the computational details, even if they are completely straightforward; as a
result the proofs are rather long, but we hope that the trade-off is that the readers will be
able to read along and confirm that the proofs are correct without having to separately
compute/check things on paper themselves.

Perhaps it should be noted that these theorems are much easier to see pictorially than
symbolically; as unfortunately is the case at times with mathematics at large, symbols,
whilst affording more precision, obscure intuition and the flow of logic.

5.1 Proving Theorem 8

We first prove Theorem 8. The idea is to give a construction for C' + W = Z in which
all elements of C' have a dependent element; namely, each S; C mN U B will have its
dependent elements concentrated in a single column. We shall spread these columns
containing dependents out amongst sections of length 2f. We will fit all these sections
into Z,,, and the idea is that if m is big enough then all these sections will fit.

In the proof below, the rough outline will be as follows: we will give a construction
of a set V' and claim that C is a MAC to V; we will calculate the formal power series
of these sets; we will multiply the formal power series together; and lastly we will check
term-by-term in the power series that C'+ V = Z and that C' is minimal with respect to
this condition. Since the power series determines the set, we could have just given V' (z),
but we go the extra step of writing down what V' is for this first proof for the sake of
transparency.

Proof of Theorem 8. For ease of reading we will separate the proof into sections which
are italicized.

(1) Observations. Let {S;} be the set cover in the theorem assumptions, i.e. Sy U
-+-US, = mNU B such that each member S; has mZ \ S; = F + W, for some W; C Z.
Note that the finiteness of B implies mN U B is bounded below which implies .S; must
also be bounded below. As such, mZ\ S; will contain a shifted copy of Col™ (0); that is,
an infinite ray of integers (more precisely this ray consists of multiples of m) starting at
min(S;) — m and pointing in the negative direction; in particular this infinite ray is

—mN + min(S;) —m CmZ\ S;;

we can think of this as an isomorphic (as monoids) copy of N sitting below min(S;).
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By assumption there is some W; such that F'+W,; = mZ\ S; = Col(0) \ S;. Consider a
minimal W/ C W; such that F+W/ = (Col™(0)+y;)\S; for some* y; € Col™ (0)+min B+1.
(This W/ exists because F' is finite, so that if the sum F + W; = Col(0) \ S; is some set
continuing infinitely in the negative direction, then necessarily eventually (in the negative
direction) this sum is just consecutive translations of F', i.e. there is some W/ C W; such
that F' + W/ = Col™ (0) + z; for some negative number z;.) Then, noting that

F + (Col™ (0) + y; — max F') = Col (0) +y; = N,

where the latter isomorphism is that of monoids, we may apply the BL. Lemma to obtain
a modification /replacement® U; of (Col™(0) + y; — max F') such that

F+U;, =Col(0) + y;

with F' minimal, i.e. wherein no proper subset F’ C F satisfies the same equation. Then,
with respect to F' + U; = Col™ (0) 4 y;, we have that every element of F' has a dependent
element in Col™(0) + y;. Then consider® W/ U U;; the sum of F with this set is

F+(W/UlU;) = (F+W)U(F+U;) = ((Col™(0) +y;) \ S;) L (Col™(0) +y;) = Col(0)\ S;.
Hence for the rest of this proof, by redefining the symbol W; to be
VVi = VVZ‘/ U Ui7

we can assume that

F+W;=mZ\ S,

and F is minimal with respect to this equation; moreover, by construction we can find
dependent elements of F' which are of form Z 3 6 < y; < min B. Note that, passing to
Col(i) = Z, this equation reads

F+W,=2\ S,

with dependent elements of F' which are of form 5 < ¥; < min B.

Let us also note that, since S; € mNU B and therefore mZ \ S; are concentrated in a
single column (i.e. a single congruence class mod m) and since F' is also concentrated in a
single column, F' + W; = mZ\ S; implies that W; is also concentrated in a single column,
i.e. all elements of W; are equivalent mod m. In fact we know what this congruence class
is; '+ W; = mZ\ S; under projection implies f +@; = 0, i.e.”

w=—f.

4Note that such an y; is necessarily nonpositive, where we take min B = 0 if B = (). Also recall that
Col™ is defined to be inclusive (including 0) whereas Col™ is defined to be exclusive (not including 0).
Note also that this y; may depend on .

5This notation implies a dependence on i, and this dependence comes from ;.

SNote that the disjoint union here is redundant, as W/ and U; are necessarily disjoint because their
sums with F' are disjoint.

"Here we have written w instead of w; since they are all the same anyway.
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Similarly, as F' is finite and mZ \ S; (as noted earlier) is unbounded below, in order
for
F+W; =mZ\ S; to be true it must be the case that W; contains infinitely many negative
elements. Therefore, W must also contain infinitely many negative elements.
For sake of brevity, let
k= \_n/ﬂ, r = modz n.

(2) Construction. To be upfront, we will immediately give the construction® of V' to
which C' shall be a MAC. As you can see it is quite a mess, and for that reason we will
not be working with all of V' all at once, and will instead cut it up into little pieces and
consider one at a time. Let V' be (here whenever the upper limit is smaller than the lower
limit, e.g. U?:p this is taken to be the empty set by convention; this convention will make
our claims true when r = 0):

k 7
V= U [(22 - 1)?= 227 - 1} U U (W(z'—l)?+j + (Qi - 1)7+j - 1)
=1 j=1
U+ 1f, k+1)f+r—1Jul Wy, + @+ 1D)F+5-1)

Jj=1

Jj=r+1

7
U |J (mZ+2kf+j-1)
+

-1

u | (mz+j).

j=(2k+2)f

Note that the translation factors (2i—1) f+j—1 in the expression W(i_l)?+j+(2i—1)7+j—1
are precisely the members of the intervals of integers in V.
Let us denote the shorthand (here 1 < j < f)

Wi = W(ifl)ﬁj? Sij = S(H)?ﬂ"

Furthermore define “car blocs” V; of V for 1 < ¢ < k as follows:
— — ? —
Vii=[(2i = 1)f, 2if = 1] U (Wy_pygay + 2i— D) F +5 - 1).

j=1

Extending this notation, let us also define for + = k 4+ 1 the “remainder bloc”

Vier = [k+1)f,k+1)f+r—1] U U (Wigps + k+1)f+5—1)

j=1

8Here we use the notation [a,b] = {a,a + 1,a+2,--+,b— 1,b}.
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as well as the “filler blocs”

f m—1
Vo= mz+2kf+j-1)u | (mZ+)).
Jj=r+1 j=(2k+2)f

In shape list form these sets are

ro f
Vi= Wiy, 2i=2)f +5 - 1)U [J{m 2i —1)f +j—1),

J]=
s T

Vier = | |(Wisrg,2kf +5— 1) 0| |({0}, k+1)+5 — 1),
j=1 J=1
f m—1
j=r+l j=(2k+2)f

Note well that the unions in our definition of V' can actually be taken to be disjoint
unions (since none of the sets intersect)

V:%U"‘kauvk+1|_|VZ.
The claim then is that C is a MAC of V.

(3) Generatingfunctionology. Reading from the shape list forms, we may readily see
that the formal power series for these blocs are

Vi(z) = qu,lx(Qi—Q)? 4+t qujx(m'—l)f—l + qox(m—l)? NETp 2if—1

”x(Qz VF+i— 1+J;(2'L ) f+i— 1)

Y

T Mx

Vit (2) = qW;H_leQk:f NI qwk_,_l,erk?—&-r—l + qox(2k+1)? et qo$(2k+1)7+r—1

— Z(qﬁm,j p2kTHi=1 $(2k+1)?+j71);
j=1
Vz(gj) =q x2kf+r + -+ qu»(Zk"‘l)f_l + qZ$(2k+2)f R qum—l
— Z qZ 2k f4j— 1 Z
j=r+l =(2k+2)f

Similarly, the shape list form of C' is

C=(NUB,0)U(F,T),

so that its power series is
C(x) = ¢"Ba20 + ¢/
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For short let us write K == mN U B, so that
C(x) = qf(:co + qﬁxf.

We can then directly compute each of the C' +V;, C + Vj1, and C + V7 by computing
the power series via multiplication. Indeed,

(C+Vi)(z) = C(z)Vi(x)
_ <qf(x0 X qﬁx?) (qu,lx(%—m? g qujI(m‘—U?—l
4P L qomzz?—1>
_ qﬁqu,lx(QifQ)? L qf(qujm(zifl)?fl
+ (qf( + qﬁqu,l)x(zifl)? 4. (ql? + quWij)xQZfA
+ qFx%T +ooeet qﬁx(%ﬂﬁ_l.
Note that, by shifting the index up by one, we have

(C+ Vi) (z) = qf(quH,leif bt ql?qrwv/i+1j$(2i+1)?—1
+ (qf( + qﬁqwm,l)x(ziﬂ)? bt (qf{ + qﬁq’vvmj)fﬁ(zwz)?q
+ qﬁx(2i+2)? bt qﬁx(zzurs)?—l7
wherein the first f terms of (C'+Vj;1)(z) will combine with the last f terms of (C'+V;)(x).

This is the “cars fitting together” we were talking about.
Similarly, we may compute

(C + Vir1)(z) = C(2)Viga (2)
_ (qf(xo 4 qﬁx7> (Q’Wkﬂ,lxzk? TR qu+1,Tx2k?+r—1
%_qox(%jq)?jL o +qox(2k+1)?+r_1>
— qquk+1’lx2k? _|_ . + qquk+1’Tx2k?+r_l
+ (qf{ + qﬁquH,l)m(ZkJrl)? 4t (ql? + qﬁquH,r)x(anLl)errfl

+ qﬁx(2k+2)? 4ot qﬁx(2k+2)?+r—1

and

(C+Vg)(z) = Cx)Vz(x)
<qf<xo+qﬁxf> (QZka?+T+_”+qzm(2k+1)?_1

+ P qzxm_1>
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_ qKqu%?Jrr 4t qKqu(zkH)?—l

4 quZI(2k+1)?+r 4t quZ$(2k+2)f—1
+ qf(qzz(mwz)? 4t qﬁqzwm—l
+ qﬁqzx(2k+3)? +ooet qﬁqzxm—p&

_ qKqu%?Jrr RS qKqu(QkJrl)ffl

+ quzx(2k+1)?+r 4ot quZ$(2k+2)f—1

+qf<qzx(2k+2)7+ . qqux(2k+3)?_1
+ (qf(qz + qﬁqz)x(2k+3)? bt (qf{qZ + qﬁqZ)xmfl
—|—qﬁqzxm +...+qﬁqzzm+f—1
_ qqux%ﬁr bt qqux(zkﬂ)?q

+ quZx(2k+1)?+r 4ot quZx(szrQ)?—l

+qf<qzx(2k+2)?+ . qqux(2k+3)?_1
+ (qKqZ + quZ)l,(2k+3)f T (qKqZ + quZ)xmfl

—I—qﬁqquxo—l—---+qﬁqzq1m?_1.

Having calculated the sums of C' with each of the blocs, we may now calculate C'+ V.
Since V=V, U--- UV, U Vi UVz, we have

(C+V)(x) = (C+WV)(@)+-+ (C+ Vi)(@) + (C + Vi) (2) + (C + Vz) (),

so that adding up the above results we get

(C + V)(J?) _ ql?qw1,1l,0 4t ql?qujlj—l

N

—1
” ((QK 4 gF Wi )2 @ 0T o (gF 4 P )T

=1

+ (qﬁ + qf(qw”l*l)fﬁ bt (qﬁ + qf(quH,f)x(%Jrl)fl)

+ (qf( 4 qﬁqw’“vl)x(%_lﬁ et (QI? i qﬁqwki)x%?_l
4 (qﬁ + qEqW’““’l)x%y et (qﬁ + qf(q/vaJrl,T)ka?Jrrfl
+ (qﬁ + qf(qz)x%ﬂr 4ot (qﬁ + qz?qz)x(2k+1)7—1

4 (qf( 4 qﬁ W,Cﬂ,l)x(zkﬂ)? bt (qf( 4 qﬁ Wkﬂ,r)x(zkﬂ)%rq
4 gF P @RAOTr Ly F By R
4K CRDT g K g )1
+ (qf(qz + qﬁqz)x@ms)? bt (qf(qZ + qﬁqz)xm’l
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_I_ququl,O_l_ ‘I‘ququx -1

(K+Wi 1)U (F+Z+1)$ 4 +q(K+W1,?)“(ﬁ+ZH) =

Z’fl

=49
i Z ( KU(F+Wi) p(2i-DF 4L 4 qIN(u(ﬁJrWij)in?—l

+qﬁu(f<+wi+1,1)x2ﬁ+___+un(K+W+1f) (2i+1)f— 1>

+ ql?u(ﬁJer,l)x(%—l)? fdyg KU(F+W, 5) .2kf—1
4 PUEA W) g 26F un(KJerJrl,r)kaerrfl
g FURRZ) 20T 4 FURAD) 2k 1)F -1

4 RUE W ) p C0F L RO+ Wig) (241 F -1
g P2 OO L P (2k2)] -1
R @RDT L KT (2R8) -1
+ q(K+Z)u(F+Z)x(2k+3)f I q(K+Z)u(F+Z)$m—1'

It should be well noted that the purpose of the bound
m>(2k+1)f+r

is to ensure that this expression has all like terms combined; in particular, it ensures that
all terms of form

qku(ﬁ+Wi,j)x(2i—1)?+j—1

have exponents lying in the range [0, m — 1].

(4) Deciphering. Having computed (C'+V')(z), to check that C' is an additive comple-
ment to V, i.e. C'+V = Z, it suffices to check that every coefficient [z'](C' + V)(z) is of
form ¢* where A D Z, i.e. ¢* < [2%](C'+V)(x) for all i. We can verify this by considering
casework depending on the range of the exponent:

(i) 2°to 27!, Coefficients in this range are of form ¢ E+HWILF+Z+D. gince 7 C F+Z+1,
it is clear that

i < q(1?+’Vl7¢)u(ﬁ+Z+1).

(ii) 2 D7F to 2@HDI-1 for 1 < i < k — 1. Coefficients in this s range are either of form
gKUERW) o gFOEEWE) - T the latter case, since N_C K and since W, contains
infinitely many negative elements, we have Z C K+ m and therefore

qZ < qFLI(K-‘rWi)‘

In the former case, recall F+ W =7\ gi, and since §, C l?, we have Z C
KU (F+W,), ie o

qZ < qKIJ(F-‘rWi)
as well.
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(iii) z®=1f to x%kf+7=1 Coefficients in this range are of the same form as (ii), so we are
done here for the same reasons as in (ii).

FU(K+Z)

(iv) a2+ to £@R+DF~1 Coefficients in this range are of form ¢ Since clearly

ng?—i—Z, we have

qZ < qﬁu(f(JrZ).

(v) z@+D7F to zFDI47-1 " Coefficients in this range are covered by (ii) also.

(vi) 2@+ to g1 Coefficients in this range are either of form g Ve, K+
g +E + B+ Tt is clear that Z C F + Z, K + 7, so that
< qf—i-Z’ qf(—i-Z’ qﬁ+Z 4 qf(+z.

This concludes the check that C' +V = Z.

Next let us see that all elements of C' have dependent elements in Z with respect to
V. In fact, we claim that every column labeled by (2i —1)f +j —1 (where 1 < j < f and
(i —1)f 4+ j < n) contains dependent elements of every element of S; ; and every element

of F. Indeed, the coefficients [z(2=D/+7-1](C 4 V)(z) are of form
[x(%_l)?”_l](C%—V)(x) _ Ku(ﬁ‘f'wi,j)-

by construction we have F+ VVZ j = 4 \ S, 4 in such a - way that there are dependent

, or

elements of every element of F of form & < Vij < mlnB so that in particular 5 ¢ K.
Then, in K LI (F + Ww), cach such 4 is counted/covered exactly once, so that they are
still dependent elements of F' in the equation

KU(F+W,.;) 27,
which gives dependents of all of F'. Similarly, S, j 1s avoided by F+ VVZ  (which is equal
to Z \ Sz-,j actually, namely everyone but S, ;), and is covered exactly once in K, so that
we have the dependent elements of \S; ; also. Taking the union over all appropriate 7, j,
this gives the dependent elements of all Ul ;5i,j = mNU B, so that all elements of C' have
dependents in the equation
C+V=21.

This concludes the check that C' is minimal with respect to C +V = Z.
Lastly we should remark on the use of the bound

m > (2k+1)f+r.
Indeed, if this were to fail, i.e. if m < (2k + 1)f + r, then the term in (C + V)(x)

qu(ﬁWHM)x(2k+1)?+r—1

would be reduced in the quotient which defines Z,, to q(KH(FJFW’““”))+1x(2k+1)?+’“_1_m,
which would then “collide” (i.e. combine like terms) with a term from earlier; in this
case, we can no longer guarantee that S;; C Z is covered only once in the coefficient

[l,(2k+1)f+r—1—m](c + V) (x) ]
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5.2 Proving Theorem 12

We next prove Theorem 12. The idea is similar to Theorem 8. In Theorem 8, because
the problem conditions are specific (e.g. only one column of F' and B), each section
can fit many dependent-containing columns inside. However, because the distribution of
points in C' is not known in the setting of Theorem 12, we will only be able to put one
dependent-containing column in each section this time.

Proof of Theorem 12. This theorem is stated in the setting of Z? projecting to Z,,. How-
ever, in proving the theorem we will work directly in Z,,, taking the assumptions that
there is some set cover S; of the infinite columns K; C C C Z,,

SiaU---USi,, =K;

such that, for each i, j, there are (possibly empty) W; .., Ui j., € Z,, such that

T

t r

Col(K:) \ Sij = | (Fu+ Wi o) U (K, + Ui,
pn=1 v=1
and that
m > ({+1) (\F/| + Z ]&’),
i=1
i.e.

m = (€+1)<t—l—ini) = ((+1)N.

Each F; or K; will reside in the column labeled by f.or Ej respectively, and we may
sometimes write ¢; for the label of the column containing C;, the i-th column of C' counting
from the left for 1 <7<t 4.

As before, the proof will be separated into italicized sections for ease of reading.

(1) Observations. As per the definition of £, let? @, be a set such that
C/+Q =00~ 1]

The discussion immediately following the statement of Theorem 12 shows that such a set
exists with the given upper bound ¢ < out(C)) + inn(C)). Then, define

Qz) = Z q%ad.

q€Q

Note well that the set () corresponding to this power series satisfies

(C+Q)($) — qPOJZ'O 4+ .. _|_qP£—1xf*1 2 quO 4. +qzx471’

9This notation is provocatively chosen.
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where each P, > Z.
Since the columns Fi,---, F; are finite sets, by the theorem of Kwon we know that
there exists'® W, C Z such that
F+W, =7

and F; is minimal with respect to this equation.
Consider the ordered list of symbols (which each stand for one of our sets)

{F17"'7FtaS1,1a"'731,7117"'7‘97",1;"'737‘,%7«};

for a symbol S in this list, let a(S) be the index in this list where S appears. For example,
a(Fy) =1, a(F,) =t, and «(S,,,) =t + >, n;. We will use the shorthand

a;j = «a(i,j) = a(S; ) = the index where S, ; appears.
In line with this notation, we will define'* S; for 1 <@ <t + Zj n; = N to be
{Sla"'asN} = {Fla'"7Ftasl,la"'751,7117'"?Sr,1>"'>Sr,nr}a

so that Sy = Sij-
(2) Construction. First we give the construction of the set V' to which C' shall be a
MAC. Rather than give the explicit set construction, we will give the power series V(x),
which as remarked earlier determines the set V. Since V shall be quite unwieldy, we will
again break it up into “blocs”.
The “car blocs” V; (1 <i <t+ ) ;n; = N) are defined by formal power series which
we give here. For 1 <4 < t, define

Vi(w) =2l (V0T 4 Q() ),

and for t + 1 < a(i,j) < N let us define
Vi) () == $(a(i,j)—1)(€+1)< 0,.L—Fki +Zq Wi s gt =F +Zq Ui jiw pb—Fo +Q(x )>

Note well that some of these terms in Zu 1 q Wigingt=Fu 457 qUisw =% could be zero,

for example if W, ., = 0 then ¢"Wesn = 0.
Similarly to last time, the “filler blocs” will be defined by the power series

Va(z) = @V + 4 2™ HQ(x).

10We apologize in advance for the overload of notation for the letter W here, but remember that W;
with a single subscript is the additive complement of a Fj, while W; ;.,, with three subscripts is the set
involved in the theorem assumptions.

'We apologize in advance for overloading notation, but the way to distinguish these S; and the members
of the set cover S; ; € S; is that the former has only one subscript while the latter has two.
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In the case that m = N (¢ + 1), this power series is defined to be zero.
Then we shall define V' to be

Vi=ViU-- UVyUVg,

whose power series shall thus be the sum of those written above.
The claim then is that C'+V = Z, and that C' is minimal with respect to this condition.

(3) Generatingfunctionology. We will compute the power series (C' 4+ V)(z) by com-
puting
(C' + V;)(z) and (C + Vz)(z) and then adding them together.

Note that in this setup, the power series of C' = Fy U --- U F, U Ky U --- U K, is given
by - - N -

C(l’) = qlefl + -+ qthft + (]Kll’kl R quI'kr,

Let us then compute the sums C + V; and C + Vz by computing the formal power

series thereof. For 1 <7 < t, compute

(C+Vi)(x)

Flali 4 (O F)(@)at D (a4 Qo))

(g
ququxiZ—&—i—l + (C \ Fvi)(x)qwixié—i—i—l—fi + l‘(i_l)(£+1)(c + Q)($)
gPpE—DEH=1 |y (P gitis2

Cla)Vi(x)

+(C'\ Fi)(x)qwixiﬁriflfﬁ
=: Fil;(z)
+ Dep;(x)
+ Err; (),

where we have defined (Fil standing for Filler, Dep standing for Dependents, and Err
standing for Error)

Fil,(z) = qPog-DEH=1 Ly P githi=2
Dep, (x) = g"q"a" ",
Err;(z) = (C'\ Fi)(x)qVNViq:i”i’l’?i.
Note well that the exponents of z appearing in Fil;(z) are precisely
RangeFil;(z) = [(i — 1)0+i—1,il + i — 2],
while the exponent appearing in Dep;(z) is

Range Dep,(z) = {il + 1 — 1}.
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Recall that P, O Z, and note well that all terms in the last summand Err;(x) are

constant multiples of

i 1=FitF;

xzﬁ—‘rz—l—fi—&-fj or

for j # 4, so that in particular
[T Err; () = 0.

Also note well that the largest power of  appearing in Err; () is 2 1=fitmaxC) “which
satisfies B
il+i—1—f+maxC) < (i+1)0+i—-1

since £ > max C; — min C/, and the smallest power of x appearing in Err;(z) is
1= fitminGy S which satisfies

il+i—1—f,+minC, > (i—1)(+i—1

since f; < maxC) and ¢ > maxC, — minC,. These two inequalities ensure that when
we add (C' + V;)(x) + (C + Viy1)(2), the summand Err;(z) from C + V; will combine
with the terms Fil;(z) and Fil;;1(z) and will not collide!® with the term Dep,,,(z) =

qﬁi+1qwi+1x(i+1)€+i from C + Vit
Similarly, for ¢t + 1 < a(i,j) < N,

(C 4 Vagi)(®) = C(2)Vag i)

:C( (Otzj (E“Fl <q0xé kl—f_ZqWZ]H:L‘E f"L+ZqU1]V l— kU+Q( ))
)z

Otzj—l Z-‘rl) l— k:i

(q:U+C’\K x

b 3P+ (C\ Byl DD o,
pn=1

+ Z(qf{ylﬁy + (C \ KV)(l,))x(am71)(£+1)ql~]¢,j;l,x€7ky
v=1

+ I(ai,]’—l)(“‘l)(c + Q) (l’)
— qPox(am—l)K—l—ai,]-—l —I'_ - + qPZ—lxai,je—"ai,]'_Q

! T
+ (qf(i + Z qﬁﬂqu,j;# + Z qf(l,qﬁz‘,j;u> a1
p=1 o
+ (O \ Ki)(aj)l‘ai’je—"_ai,j—l—gi

t
+ Z(C \ FM)(I)qu’j;“fL‘ai*je"'ai,j—1—fM

12T e., will not “collide with the passenger from C + V; .
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<

C \ K Ui jw azjé‘i‘ai,j_l_gl/
v=1
=: Fila,j)(2)
+ Depy 5 (x)
+ Errq ) (),

where we have defined

Fil@é(@f)( ) = qpox(ai’j_l)é—i_ai’j_l 4+ .. 4 qPng;Oéi,jé—l—ai,j—Qy
Depa(”)( (q +Zunq N HY +Zunq L]V) aLjé"_ai’j_l’

Bty (o) = (C\ K)(@)aotre 18+ 3 (O By a)gTomastrons 1T,

pn=1

+ E C \ K Ul 3 vy o jE—l—ai,j—l—Ey.

Again note well that the exponents appearing in Fil,(; j)(z) are
Range Filo( ;) () = [(ui; — D0+ iy — 1, 050 4+ az 5 — 2],
while the exponent appearing in Dep,; ;) () is
Range Depa(i,j)(x) = {a;;{+ a;; — 1}.

As before we remark that the coefficients in Fil, ;) («) have P, 2 Z, and we must
note well that all the terms in the last summand Err, j)(«) are multiples of

Iai’jZ‘i‘ai,j—l—EH‘&‘Eu ,

where for example ¢, = k; for the first summand in Errag; ;) (x) and €, # ¢,. In particular
this means
[J:Ozi,j€+ai73 ]EI‘I‘CX(” ( ) = 0.

Also note well that the largest power of x appearing in Err,; ;)() is at most (in the sense
of comparing the exponents) x@ii¢teiy—1l-minC/imaxC; “which satisfies

a; il +a;;—1—minC, + maxC) < (i + )l +a;;—1

since £ > max C; — min C;. Moreover the smallest power of & appearing in Erry; ; () is
at least
il +o;—1—maxC/+minC) = (o; — 1)l +a;; — 1

for the same reason. These two inequalities ensure that when we consider the sum
(C + Vo) (@) + (C + Vo jy+1) (@), the summand Errgg ;) (x) from (C' 4 V) (z) will
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combine with the terms Fil,(; j)(z) and Fil,(; j)+1(z) and will not collide (i.e., after using
the relation 2™ = ¢! so that all exponents are in the range [0, m — 1], the set of exponents
appearing in the former is disjoint from the set of exponents appearing in the latter) with
the term Dep,,; jy41(7).

Lastly let us compute

(C+ Vz)(x) = Cla)Va(x)
_ C@)QU)E D + 4 g
= (qPOxO b gt (VD g g

_ q [+1)xN£+N 4+t qu+e_2$m+é—2’

where we the sets Pyy1), -+, Pir—2 are defined such that the last equality holds; i.e.,
these new'® Py(¢41), -+, Pmir—2 are obtained by distributing'®. Also note well that, since
P, D Zfori e [0, — 1], we also know P, D Z for i € [N({ +1),m + £ — 2.

Then, adding everything together, we have

(C+V)(@) = (C+WV)(@) + -+ (C+ Vy)(@) + (C + Vz)(x)
= Fill( ) + Dep, (2)

+ Z ((Err;_y(z) + Fil;(x)) 4 Dep;(z))

+ ErrN(JI> + e g NN g g Precagmtt=2
— (qu+1g;0 + o g2 LRl (2)) + Dep ()

+ Z Err,_i(z) + Fil;(z)) + Dep,(z))

+ ErrN(x) + gtV pNEN 4y g Pl

Let us decipher what this means now.

(4) Deciphering. Note that, for 1 < a < N,

Range Fil, () = [oz Dl+a—1, aé—i—a—?}
Flla(l') > q ZE De+a—1 N qZ al+o— 2
Range Err, () C Range Fil, (2) U Range Fil,41(x ),
Range Dep,,(z) = al + o — 1.
If
m > Nl{+ N,
13Note that the subscripts here do not overlap with Py, -- -, Ps—_1, so there’s no overlap of notation here.

14 Also called “FOILing”.
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then Depy(z) (and therefore all Dep,(z) for @« < N) will not collide, in the quotient
defining =,,, with the earlier terms in the sum

(€4 V() = (P12 4+ 4 g0 § Fily (1)) + Dep, (2)

N
+ 3 ((Erri_y(x) + Fili(x)) + Dep; ()
1=2
+ Erry(z) + ¢"vemngNEN Loy gPreagm=t

That is, the inequality m > N¢ 4+ N guarantees that

Range Dep,, () N Range <(C + V)(x) — Z Depﬁ(x)) =10,
B

i.e. that the only place z%T®~1 appears with nonzero coefficient is in Dep,,(z).

Let us first check that C'+ V = Z. Because of the presence of the Fil,(z), we have
F)(C+V)(z)=¢* Vie[la-1)l+a—1al+a-2]

Note that the intervals [(o — 1)/ + o —1,al + o — 2] and [l + o, (0 + 1)0 + o — 1]
are separated by af + a — 1, and this coefficient we can readily see is

¢FigWi = gFt Wi > g7 if o =1i<t

t r
[xa£+a71](c + V)(x) _ in + Z unqu,j;u + Z quqUi,j;v
P Syt else

= qf(il_ll_lu(E+Wi,]-w)u|_|u(f(u+(7,-,jw) > qZ

where in the second case'® we have o = «a(i,j) > t. Hence the coefficient in front of x

raised to any power in the range [0, N/ + N — 1] will be greater than or equal to ¢Z.
Lastly, note that for N/ + N < u < m — 1 we have

[#](C+ V)(x) = ¢" = ¢".
This concludes the check that
(C+V)(z) = ¢’ + o P

ie. that C+V = Z.

Next let us check that C' is minimal with respect to C'+V = Z. To do this we will see
that all elements of C' have dependents in Z. In fact, we claim that there are dependents
of all of F; in the (i¢ 4+ i — 1)-th column, and that there are dependents of all of S, ; in
the (o ;¢ + «;; — 1)-th column.

15The coefficient in the second case is at least ¢Z since U#(ﬁu +’W7i,j;u) LI|_|V(I~(,, —l—ﬁi’j;,,) covers everything

except S; ;, and K; covers S; ;.
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But this is evident from the calculations we did earlier. Indeed, for 1 <1 < ¢,
2O+ V) () = ¢

and by construction E is minimal with respect to E + W = Z, which implies that every
element of F; has a dependent in the (i +i—1)-th column. Similarly, for t4+1 < a(i, j) <
N,

[xai,je-l-ai,j—l](o +V)(z) = qf(z'l—lLlu(ﬁw-wi,jm)‘—'uy(f(u-i-ﬁi,j;u)7

where .
U (ﬁu + Wi,j;u) U U([?” + ﬁi,jw) =7 \ §”

p=1 v=1

and 5” - }?i, so that S; ; is covered exactly once in the expression
K; U Uu(ﬁu + /W/i,j;u) L Uu(f(v + ﬁi7j;y), so that there are dependent elements of 5” in
column «; ;¢ + o j — 1.

Unioned over all 7, 7, this gives dependent elements for all of Ul ; Sij=Kand |, F, =
F, so that there are dependent elements for all of C', which concludes our check that C' is
minimal. ]

6 Comments, Questions, and Further Directions

6.1 Variations of Main Results

In our proof for Theorem 8, note that the place where we crucially used that B is finite
is in saying that mN U B is bounded below, and therefore S; is bounded below, so if
F +W; = mZ\ S;, then necessarily F' + W; contains a infinite set extending into the
negative direction, so that the BL lemma applies. If we drop the assumption that B is
finite, this is no longer guaranteed, and we can no longer ensure that F'+W; = mZ\ S; in
a way that gives the dependents of F'. However we can sidestep this issue by dedicating
a separate column to the dependents of F": since F' is finite, by the theorem of Kwon it
arises as a MAC in Z, and we can instead use F'+ W = Z to give the dependent elements
of F'. Modifying the proof appropriately so that there is now n+ 1 columns of dependents
rather than n, we can obtain that

Theorem 15. Let |By| = |F)m| = |A| = 1 with F),, = {f}, without loss of generality
let A= {0}, and let B be infinite. Then the ezistence of a set cover {S;},

SyU---US, =mNU B,

such that each member S; has
for some W; C 7Z, implies that if

m 27—1—2?{”}—1 + mody(n + 1),
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then
C=mNUBUF

arises as a MAC.

Note that this bound is the same as the one in Theorem 8 except n is replaced with
n + 1, where the +1 is for the extra column dedicated to F'.

One might then ask what happens if the | B| < oo condition is weakened in the general
case. We do not see an immediate solution, as Theorem 11 was derived from Theorem
12 by taking the worst-case scenario in which we dedicate a column for every member of
B, but if B is infinite then this approach no longer works. We hence pose the following
question:

Question. Is some variant of Theorem 11 true for infinite B? That is, even if B is infinite,
is it still true that every eventually periodic set is eventually a MAC?

6.2 Regarding the Formal Power Series

We remark that, in the ring Q, the only units are +¢°.

Since no two nonempty sets satisfy A @ B = (), we have that no two nonzero ¢, ¢®
satisfy ¢4¢® = ¢” = 0, so that Q is an integral domain. Then we can consider the fraction
field Frac Q, as well as generating series (Frac Q)[[z]] with coefficients in this fraction field.
The classical result from elementary formal power series tells us that

Observation. A power series S(z) € (Frac Q)[[z]] has a uniquely determined multiplicative
inverse in this ring if and only if [2°]S(z) # 0.

For the same reason, [z°]S(z) # 0 implies S(x) € (Frac Q)[[z]]/(z™ — ¢') has a multi-
plicative inverse. In fact, this is true even if [z°]S(z) = 0, as long as S(z) is not identically
zero. Indeed, in the ring S(z) € (Frac Q)[[z]]/(z™ — ¢*), note that z* has the multiplica-
tive inverse ¢~ '™ % then, given a S(z) with zero constant term, we can write it as

S(x) = 2% (3" ¢%at), where g0 # 0; then S(z)~' = ¢ o™ * (X0 inxi)_l. Hence
Observation. Any nonzero power series 0 # S(z) € (Frac Q)[[z]]/(z™ — ¢*) has a multi-

plicative inverse in this ring.

One might wonder if this multiplicative inverse is unique like it is for the classical
setting of formal series over fields. By expanding the equation

(quxO 4+t qu*lz):m_l)(qBoxo 4+t quﬂxm—l) =1,

one can see that the relevant system of equations is

A Ap_1+1 Am_o+1 Am_3+1 Ai1+1 B 0
N e e e q-° q
A A Am_1+1 Am_o+1 As+1 B
g™ q-e qimrT gtm? e g2 qt 0
A A A Am_1+1 As+1 B
q°? q™ q q-m? g™ q7? 0
A'VVL* ATIL* ATIL* A A"L* +1 B"L*
g m=2 gqtmeE gt q™ gt qom2 0
A Ay Ay A A By
qtm-t gqtmer gtmes q™ q- q-mt 0
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(The presence of the extra ¢'’s on the upper triangle comes from the fact that 2™ = ¢'.)
Then a multiplicative inverse in (Frac Q)[[z]]/{(z™—¢") is unique if and only if this Toeplitz
matrix on the left (which has entries in this strange field Frac Q)

qAO qu,1+1 qu72+1 qu73+1 qA1+1
A A Apm—1+1 Ap—2+1 Ax+1
q q g ! g e q
A A A Am—1+1 As+1
- q q q° gt q
Ap— Ap— Ap— A Am—_1+1
q m—2 q 3 q m—4 q 0 q m—1
qu—l qu—2 qu—s qu qu

is invertible. The author wonders if some type of complexification is possible, so that the
Gershgorin circle theorem (or some appropriate variant) becomes applicable.

We suppose it is possible that somehow this matrix is always invertible. For example,
in the case m = 2, the determinant of this matrix is

detT = quGBAo _ qA169A1®1
which we see cannot be zero since Ay ® Ag = A1 @ A1 & 1 is impossible, as the smallest

number in Ay @ Ay (which must be the sum of the smallest number in Ay with itself)
must be even, while the smallest number in A; & A; & 1 must be odd. Hence

Observation. In the case m = 2, all multiplicative inverses in (Frac Q)|[[z]]/{(z™ — ¢') are
unique.

But even in the case m = 3 this becomes more unwieldy. Indeed, for m = 3 the
determinant becomes

det T — quququ + qu quqA1+1 + quqA2+1qA2+1 _ 3qA0qA1 qA2q1
so that
detT =0 < (A()@A()@Ao)|_|(Al@Al@Al@l)U(AQ@AQ@AQ@Z) = 3(140@141@142@1)

We can treat this case in the same way as before: letting the minimal element of A; be
a; with multiplicity'® m;, we see that the minimum element of the left-hand side is

min (AF” U (AT* @ 1) U (AF® @ 1)) = min{3ao, 3a1 + 1, 3as + 2}, with multiplicity m;;
on the other hand, the minimal element of the right hand side is
min(3(A0 DA DA D 1)) = ag + a1 + as + 1, with multiplicity momims.

For detT" = 0 to be true, the right-hand-side minimum must agree with the left-hand-
side minimum, which is one of the stated three things. If ag 4+ a; + as + 1 = 3aq is the
common minimum of both sides, then a; + as + 1 = 2ay, i.e. 1 = (ag — a1) + (ap — a2),

16Not conflicting with the m which denotes which Z,, we are in.
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so that ap must be greater than one of a; and as, contradicting the minimality of 3aq. If
agp+ a; +as +1 = 3a; + 1 is the common minimum of both sides, then ag + as = 2a,.
i.e. 0= (a; —ag) + (a; — ay), which also contradicts!” the minimality of 3a; + 1. Lastly,
if ag 4+ a1 +ax +1 = 3ay + 2 is the common minimum, then ag + a; = 2as + 1, ie.
1 = (ap — az) + (a; — ay), also contradicting'® the minimality of 3a; + 2. Hence the two
minima cannot possibly be equal, and so we conclude det T # 0:

Proposition 16. For m < 3, all multiplicative inverses for nonzero elements in

(Frac Q)[[z]] /(=™ — ¢')
exist and are unique.

As a remark, it is not enough to check the sizes (with multiplicity taken into account
of course) of both sides, since the sizes are

|Ag|® + [A1]> +|A2|*  and 3| Ag||A:]] Ay,

which is precisely AM-GM and are equal precisely when |Ag| = |A4;| = |As].

However, one could try to use this idea of comparing sizes to derive sufficient conditions
for unique inverses. Taking the sizes of the entries in the Toeplitz matrix, we obtain that
if the determinant of the symmetric'® Toeplitz matrix

Aol [Ama| - A
| Ay Aol [Ama| - A

| Ao |Am—1]
[Ap—1| [Am—a| o JA] A

is nonzero, then A(z) has a unique multiplicative inverse in (Frac Q)[[x]]/(z™ — ¢'). This
matrix has integer entries, so we may now apply familiar results; for example, applying
the Gershgorin circle theorem?® [6], one obtains that

Proposition 17. If
m—1
Aol > D | A,
i=1

then A(x) has a unique multiplicative inverse in (Frac Q)[[z]]/{z™ — q¢").

1f a1 > ag, then 3ag < 3a;+1, contradiction. Otherwise, we must have a; > as, so that 3a;+1 > 3as+2,
also contradiction.

8ag < ay implies 3ag < 3as + 2, contradicting minimality, so we must have ag > ag. But a; < ay also
implies 3a; + 1 < 3as + 2, also contradiction; hence also a; > as. But the sum of two positive numbers
cannot be 1.

9This is because |A @ 1| = |A|.

20As a reminder, this theorem states that, for a complex matrix A = {ai;}, every eigenvalue of A lies in
at least one of the discs By~ (ai;) C C.

1

j#i @il
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The case m = 3 might have given us hope that there is some pattern to be had, but
detT" for m =4 is

det T = ¢% — 4¢% g™ q™q" — 2¢%¢*2 " + 4q™0q™ g™ ¢
+Hghoghghe? — gMg + 20" g%
2 4 4
_4qA1qA2qA3q2 + qA2q2 _ quq.?)’
which is far messier. We leave open the following question:

Question. Under what general circumstances (perhaps always) are multiplicative inverses
unique in (Frac Q)|[z]]/{z™ — ¢')?

As a fun example, we can consider the equation

9 1
l+zx4+2°4---= .
11—z
When taken to =,,, the left hand side is
l+az+a*+ =2+ 2" +¢' 2% + ¢'2* + P2 + Pl + -

=@ +q +¢+ )"+ (@ )
— N0 4 N
= (N)().

On the other hand,

1— 2 = ¢°° — ¢!
= ({0h)(z) = {1})(=)
= ({0} e {1})(=),

so that the equation (1+z +2?+---)(1 —x) = 1 becomes

so that
(ta+ai+)1-a) =1 (No{0})\ e {1}) = {1}.
Since we’ve seen that multiplication of these formal power series corresponds to the
(disjoint) Minkowski sum and addition corresponds to the disjoint union, one may ask

what the functional composition corresponds to. The answer is not clear to us, and we
leave this open:

Question. What does functional composition of these formal power series correspond to
set-theoretically?
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6.3 Vaguer Questions and Directions

In the construction of these formal power series, our idea was that the information of a
set in Z,,, = Z is the same as P(Z)™, that is the information of m elements in the power
set of Z. The information of P(Z) is then encoded in the coefficients of our formal power
series, and the exponents of x indicate which position this set is at in our m elements
of Z. Omne might ask how to generalize this idea: in general, one might roughly have
different exponential symbols exp;(S;) € Q; which do not combine, and coefficients in a
power series might look like products [, exp;(S;) of these symbols, and each term might
have products of powers of variables attached of form [[, z[". We suspect these formal
power series will only make sense for finitely-generated abelian groups.

Direction. To further investigate and make precise these generalized formal power series
as well as their combinatorial set-theoretic interpretations.

In a similar vein, looking at our setup for the statement of Theorem 12, our idea
was to take a collection of points in Z? satisfying some conditions, quotient out by some
sequence of “increasing” submodules (in our case “increasing” meant Z{(m,—1)) where
m is increasing), and ask at what point does the image become a MAC. But why this
particular sequence of submodules? We suspect that, for some appropriately defined
family of “increasing” submodules, Theorem 12 is still true.

Question. How should one define these families of “increasing” submodules so that some
appropriate variant of Theorem 12 is still true? And how ought we to modify the formal
power series in this framework?

One can take these questions even further. But why should 2 be special?

Question. What if instead we considered a collection of points in some other (finitely-
generated) abelian group, quotiented out by some sequence of “increasing” submodules
(we guess of the same rank), and asked at what point does the image become a MAC?
And how ought we to define the formal power series in this framework?

Lastly, one might consider similar questions for nonabelian groups, but without the
structure afforded by finitely-generated abelian groups this question is rather unclear.
We would also like to remark that, in the case of formal power series for enumerative
purposes, there was a categorification incarnated in the form of the theory of combinatorial
species wherein lied a vast and rich theory. Although much more of a “long shot”, one
might ask whether the formal power series defined in the present paper also admitted
such a categorification. In the species case, this was achieved roughly by considering
the automorphism groups of the exponents (where z™ represented [n]) and gluing them
together into a category; in our case, it is unclear what, if any, automorphism groups
should be considered.

7 Appendix: An Explanation of the Operations of Series and
Proof of Proposition 1 in a Special Case
We explain Definition 9.
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Ezplanation of Definition. We have secretly hidden some content in claiming A(x) +
B(z) = (AU B)(x) and A(x)B(x) = (A + B)(x), but the amount of content is epsilon
and is evident from FOIL (distributive property of multiplication). Indeed, writing A =
AjU---UA, and B=B;U---UBy, itisclear that ALUB =A;---UA. UBU---UDBy,
ie.

(AU B)( Zq a:“l—qu izt = A(x) + B(z).
Now that we've shown the first equality, to show that A(z)B(x) = (A + B)(z), let

us first show the basic case when A = A; and B = B; are each concentrated in a
single column. In that case A(z) = ¢"2* and B(z) = ¢”x", whereupon it is obvious

that A + B «— (A + B,a+b), so that (A + B)(z) = ¢* B2t = ¢A+Bgath  while
A(z)B(z) = ¢*z%qP2°, so that

(A+ B)(z) = A(z)B(z).

Now that the base case is established, to get the general case we can see that

A+ B = (4 ~uA)+B
(A1+B) (A + B)
(A+ B)(z) = (A + B)U--- U (A, + B))(2)

= (4 + B)(x ) (A )(fv)

= (A4 + (BiU-- |_|Bt)) 4 (A, Blu---uBt))()

= (A4 +B)U--U(4 +Bt))(x) 4+t (A + B U U (A + By) ()
= (A 1+Bl)(x)+ (A1+Bt)(a:)+ (A, + By)(x) + -+ (A + By)(z)

= Ay(x)By(x) + - +A1< )Bi(x) + - Ap(2)By(z) + -+ - A () By(x)
= (Au(@) + -+ Au(2)) (Ba(x) + "'+Bt( )

(
A(z)B(z )

We now prove Proposition 1 in the case that B is infinite.

Proof of Proposition 1. If B is infinite and mNU B # mZ, we can still proceed as follows.
Being a singleton, {f} has another set W such that {f} + W = mZ_\ B (this set is not
empty since mN U B # mZ). Then

C+ ({O}UWUWO(ijLi)\(mZ—i—m—?)) =

i=1

realizes C' as a MAC. Indeed, in this expression, C' + {0} ensures that mN U B has
dependent elements, and C' + W ensures that {f} has dependent elements. It is easy to
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see that this covers all of Z, as well as that the 0-th column contains dependent elements
for all of C.
Even if mN U B = mZ, as long as m > 3, we can still consider

m—2
C+ (U(i+im)U(mZ—l—m— 1—7)) =7.
i=0
The dependent elements of mNUDB are given by the translates by i+im, and the dependent
elements of {f} are given by the translates by mZ +m — 1 — f.

However, if both mN U B = mZ and m = 2, it is easy to see by inspection that this
set cannot be a MAC; we cannot cover all of Z while maintaining a dependent element of

{f}, for instance. .
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