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Abstract

The color refinement algorithm is mainly known as a heuristic method for graph
isomorphism testing. It has surprising but natural characterizations in terms of,
for example, homomorphism counts from trees and solutions to a system of linear
equations. Grebik and Rocha (2022) have recently shown how color refinement and
notions that characterize it generalize to graphons, which emerged as limit objects
in the theory of dense graph limits. In particular, they show that these characteriza-
tions are still equivalent in the graphon case. The k-dimensional Weisfeiler-Leman
algorithm (k-WL) is a more powerful variant of color refinement that colors k-tuples
instead of single vertices, where the terms 1-WL and color refinement are often used
interchangeably since they compute equivalent colorings. We show how to adapt
the result of Grebik and Rocha to k-WL or, in other words, how k-WL and its
characterizations generalize to graphons. In particular, we obtain characterizations
in terms of homomorphism densities from multigraphs of bounded treewidth and
linear equations. We give a simple example that parallel edges make a difference
in the more general case of graphons, which means that, there, the equivalence
between 1-WL and color refinement does not hold anymore. We also show how this
equivalence can be recovered by defining a variant of k-WL that corresponds to
homomorphism densities from simple graphs of bounded treewidth.

Mathematics Subject Classifications: 05C80, 05C50, 05C60

1 Introduction

Color refinement is a polynomial-time algorithm best known as an efficient heuristic for
graph isomorphism testing even though it has more applications, e.g., as graph kernels in
machine learning [13]. It iteratively computes a coloring of the vertices of a simple graph,
and two graphs are called indistinguishable by color refinement if the resulting multisets
of colors match. For isomorphic graphs, the resulting multisets of colors are necessarily
the same, but there are non-isomorphic graphs that still produce the same multisets of
colors. The k-dimensional Weisfeiler-Leman algorithm (k-WL) is a generalization of color
refinement that colors k-dimensional tuples of vertices instead of single vertices. This
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again yields a heuristic for graph isomorphism testing by comparing the resulting multisets
of colors, where two graphs are called indistinguishable by k-WL if the resulting multisets
of colors match. Starting from 1-WL, which is equivalent to color refinement, it yields
a hierarchy of ever-more-powerful polynomial-time algorithms, none of which actually
decides graph isomorphism [6].

There are various seemingly unrelated characterizations of indistinguishability by color
refinement, for example, by homomorphism counts from trees [9, 7] or by rational solutions
to a certain system of linear equations encoding graph isomorphism called fractional
isomorphisms [25, 24]. Similar characterizations exist for the k-dimensional Weisfeiler-
Leman algorithm in terms of homomorphism counts from graphs of bounded treewidth
[9, 7] and Sherali-Adams relaxations of the system of linear equations encoding graph
isomorphism [7, 16, 1, 14]. Grebik and Rocha recently investigated the graphon counterpart
of fractional isomorphism by first providing graphon counterparts of the most important
notions used as characterizations for fractional isomorphism of graphs and then proving
that they are all equivalent [11]. Graphons emerged as limit objects for sequences of graphs
in the theory of dense graph limits developed by Borgs, Chayes, Lovasz, Sés, Szegedy,
and Vesztergombi [21, 4, 5]. In this theory, homomorphism densities play a crucial role as
a starting point for a notion of convergence of a sequence of graphs and lead to the cut
distance, a (pseudo-)metric on graphons. The book of Lovasz [20] provides a comprehensive
overview.

In this paper, we provide graphon counterparts of the most important notions used as
characterizations for k-WL indistinguishability and also prove their equivalence. As Grebik
and Rocha stress, for fractional isomorphism of graphons, both defining the corresponding
notions and proving their equivalence turned out to be surprisingly difficult. This is
no different in the case of k-WL indistinguishability, where somewhat unsurprisingly,
even more difficulties and technical hurdles arise. In particular, it turns out that there
is no clear single generalization of k-WL indistinguishability to graphons but multiple
non-equivalent variants. The arguably most interesting characterization we obtain is in
terms of homomorphism densities: The starting point of Grebik and Rocha was to call two
graphons U and W fractionally isomorphic if the homomorphism density ¢(7,U) of T in
U equals the homomorphism density of 7" in W for every (finite simple) tree 7". Based on
this and the characterizations of k-WL for graphs, it is only natural to ask what kind of
similarity U and W have to satisfy for ¢(F,U) = t(F, W) to hold for every (finite simple)
graph F' of treewidth at most k. While we give an answer to this, we also show that
a much more elegant characterization and direct correspondence to the usual definition
of k-WL is obtained if we require ¢(F,U) = t(F, W) to hold for every multigraph F of
treewidth at most k instead.

1.1 Finite Graphs

In this section, we give a brief description of color refinement and k-WL for finite graphs.
Moreover, we briefly present the notions characterizing them that are relevant to us. A
(finite simple) graph is a pair G = (V, E), where V' is a set of vertices and E C (‘2/) a
set of edges. We usually write V(G) =V and E(G) = E. The initial coloring of color
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refinement for the vertices of a graph G is defined by simply letting crg o(v) == 1 for every
vertex v € V(G). Then, for every n > 0, let

crant1(v) = (cran(v), {eran(w) [ wo € E(G)})

for every v € V(G), where {-} is used to denote a multiset. Hence, the new color of a
vertex v is determined by aggregating the colors of all neighbors of v, and in particular,
two vertices u and v get different colors if they have a different number of neighbors of
some color c¢. Every coloring crg,, induces a partition of V(G), and after a finite number
of steps, the coloring we obtain is stable, i.e., the next and all further colorings induce the
same partition. For graphs G and H, we say that G and H are indistinguishable by color
refinement if {crg,(v) |v € V(G)} = {crun(v) | v € V(H)} holds for every n > 0.

The notions characterizing indistinguishability by color refinement that are impor-
tant for us are tree homomorphisms, fractional isomorphisms, and stable partitions. A
homomorphism from a graph F to a graph G is a mapping h: V(F) — V(G) such that
wv € E(F) implies h(u)h(v) € E(G). The number of homomorphisms from F' to G is de-
noted by hom(F,G), and t(F,G) := hom(F,G)/|V(G)|VE) is the homomorphism density
of F' in GG. Then, a result of Dvotrak states two graphs G and H are not distinguished
by color refinement if and only if the number of homomorphisms hom(7, G) from T to G
equals the corresponding number hom(7', H) from T to H for every tree T' [9], see also
[7]. An older result due to Tinhofer [25, 24] states that G and H are not distinguished
by color refinement if and only if they are fractionally isomorphic, i.e., there is a doubly
stochastic matrix X such that AX = X B, where A and B are the adjacency matrices
of G and H, respectively. A characterization that is more closely related to the color
refinement algorithm itself is given by stable partitions of the vertex set V(G) of a graph
G, which are partitions where all vertices in the same class have the same number of
neighbors in every other class. One can show that the partition induced by the colors of
color refinement is the coarsest stable partition and that graphs G and H are fractionally
isomorphic if and only if their coarsest stable partitions have the same parameters, i.e.,
there is a bijection between the partitions that preserves the size of every class C' and
the numbers of neighbors a vertex in C' has in some other class D [25]. This, in turn, is
equivalent to there being some stable partitions of G and H with the same parameters
23].

The k-dimensional Weisfeiler-Leman algorithm (k-WL) is a variant of color refinement
that colors k-tuples of vertices instead of single vertices; here and also throughout the
paper, k is an integer with k£ > 1. See [6] for an overview of the history of k-WL. Usually,
no distinction is made between 1-WL and color refinement as they, in some sense, compute
equivalent colorings. However, when stating the formal definition of k-WL, it is important
to note that already for graphs there actually are two non-equivalent definitions to be
found in the literature. Following Grohe [12], we refer to these distinct definitions as
(non-oblivious) k-WL and oblivious k-WL. Both k-WL and oblivious k-WL operate on
k-tuples of vertices, but in terms of expressive power, k-WL is equivalent to oblivious
k + 1-WL in the sense that they distinguish the same graphs. In this paper, we nearly
always consider oblivious k-WL and only briefly define non-oblivious k-WL at the end
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of the paper in Section 5.2. However, to avoid any confusion, we nevertheless continue
to explicitly use the term oblivious k-WL from here on and use the term k-WL only for
non-oblivious k-WL.

Let G be a graph. To define oblivious k-WL, we first have to define the atomic type
atpg(v) of a tuple ¥ = (vy,...,v) € V(G)* of vertices of G, which is the k x k-matrix
A with entries A;; =2 if v; = v;, A;; = 1if vju; € E(G), and A;; = 0 otherwise. We let
OWIZ’O(T)) = atp(v) for every v € V(G)*, and then for every n > 0, we define

oWl 1(0) = (0wl (0), ({owlt, (Bluw/5] | w € VG)) ,oy) (1)

for every v € V(G)*. Here, v[w/j] denotes the k-tuple obtained from @ by replacing the
gth component by w; this k-tuple is usually called a j-neighbor of v. Hence, the new color
of a tuple v is determined by aggregating the colors of all j-neighbors of @ for every j € [k],
and in particular, two tuples u and v get different colors if, for some j € [k], they have
a different number of j-neighbors of some color ¢. We say that oblivious k- WL does not
distinguish graphs G and H if fowlf,,(v) | v € V(G)F} = fowl},, (v) | v € V(H)*} for
every n = 0.

The previously described notions that characterize indistinguishability by color refine-
ment generalize to oblivious k-WL: First of all, oblivious (k + 1)-WL does not distinguish
graphs G and H if and only if the number of homomorphisms hom(F, G) from F to G is
equal to the corresponding number hom(F, H) from F' to H for every graph F of treewidth
at most & [9, 7]. A system of linear equations L¥ (G, H), which is closely related to the
Sherali-Adams relaxations of the system of linear equations encoding graph isomorphism,
generalizes the concept of fractional isomorphisms: oblivious k-WL does not distinguish
G and H if and only if LE (G, H) has a non-negative real solution, cf. [7] and also [16,
1, 14]. The precise formulation of LE (G, H) is given in Section 4.8. Stable partitions of
the vertex set V(G) of a graph G can be generalized to stable partitions of V(G)*, where
tuples with different atomic types are in different classes and, for every j € [k], all tuples
in the same class have the same number of j-neighbors in every other class. One can again
show that the coloring computed by k-WL on G induces the coarsest stable partition of
V(G)* and two graphs G and H are not distinguished by k-WL if and only if the coarsest
stable partitions of V(G)* and V(H)* have the same parameters, which again is equivalent
to there being some stable partitions with the same parameters. See for example [14],
where this is implicitly treated.

Remark 1. Immerman and Lander [16] first showed that fractional isomorphism of graphs
can also be seen from the perspective of logic; it corresponds to equivalence in the logic
C2, the 2-variable fragment of first-order logic with counting quantifiers. More generally,
indistinguishability by oblivious k-WL corresponds to equivalence in C¥, the k-variable
fragment of first-order logic with counting quantifiers [6]. However, this perspective does
not play a further role in this paper.
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1.2 Graphons and Homomorphism Densities

Graphons emerged in the theory of graph limits as limit objects of sequences of dense
graphs; we refer to the book of Lovész [20] for a comprehensive treatment of this topic.
Formally, a graphon is a symmetric Borel- or Lebesgue-measurable (this usually does not
make a difference) function W: [0, 1] x [0,1] — [0, 1], although it can be useful to consider
more general underlying spaces than the unit interval with the Lebesgue measure. A graph
G can be viewed as a graphon W¢ by partitioning [0, 1] into intervals Iy,..., I, of the
same size—one for each vertex—and setting W¢(z,y) either to 1 or 0 for all z € [;, y € I;
depending on whether ij is an edge in G or not. Similarly, a vertex- and edge-weighted
graph H with edge weights in [0, 1] can be viewed as graphon Wy, cf. [20, Section 7.1]. This
allows one to restore statements about graphs and weighted graphs from statements about
graphons, e.g., the equivalence between the notions characterizing fractional isomorphism
of graphs from the results of Grebik and Rocha.

We follow Grebik and Rocha, and throughout the whole paper, let (X, B) denote a
standard Borel space and p a Borel probability measure on X; using this as the underlying
space for graphons has the advantage that we later can consider quotient spaces. We think
of (X, B, ) as atom free, i.e., that there is no singleton set of positive measure, but do
not formally require it. A kernel is a (B ® B)-measurable map W: X x X — [0, 1], and a
symmetric kernel is called a graphon. An important way to view a kernel W: X x X — [0, 1]
as an (bounded linear) operator is by defining the kernel operator Ty : L*(X, u) — L*(X, )
by setting

(Tw f)(x) = /X W (e, 9)f(y) du(y) 2)

for every f € L*(X,u) and every x € X. Tt is a well-defined Hilbert-Schmidt operator|20,
Section 7.5], and if W is a graphon, then Ty is self-adjoint, i.e., its Hilbert adjoint Ty,
satisfies T};, = Ty; in general, the Hilbert adjoint of an operator S: L*(X, u) — L*(Y,v),
where (X, B) and (Y, D) are standard Borel spaces with Borel probability measures p and
v on X and Y, respectively, is the unique operator S*: L*(Y,v) — L*(X, u) satisfying
(Sf,g) = (f,S*g) for all f € L*(X,u), g€ L*(Y,v).

The homomorphism density of a graph F in a graphon W: X x X — [0, 1] is

W)= [T W) i) ®)

ijEE(F)

where Z denotes the vector of all variables x; for i € V/(F'). This coincides with the previous
definition for graphs, i.e., for the graphon Wy obtained from a graph G as described
above, we have t(F,G) = t(F,W¢) [20, (7.2)]. Two graphons U,IW: X x X — [0, 1] are
called weakly isomorphic if t(F,U) = t(F,W) for every simple graph F. This is the usual
notion of isomorphism used for graphons and has various characterizations. For example,
two graphons U and W are weakly isomorphic if and only if their cut distance do(U, W)
is zero, cf. [20, Section 10.7] for this result and the definition of the cut distance. The
definition of weak isomorphism via homomorphism densities is robust in the following
sense: A multigraph is a tuple G = (V, E)) where V is set of vertices and E is a multiset of
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Figure 1: Two fractionally isomorphic weighted graphs that are 1-WL distinguishable.

edges from (‘2/) The definition of the homomorphism density ¢(F, W) of F' in a graphon
W: X x X —[0,1] in Equation (3) extends to the case in which F' is a multigraph, where
we slightly abuse notation and assume that each factor W (z;, z;) occurs as often in the
product HijeE(F) W (x;,x;) as ij is contained in E(F). Then, two graphons U and W are
weakly isomorphic if and only if ¢(F,U) = ¢(F, W) for every multigraph F' [20, Corollary
10.36], i.e., the definition of weak isomorphism remains unchanged if we use multigraphs
instead of simple graphs.

Coming from the definition of weak isomorphism, the first definition in the paper of
Grebik and Rocha is to call two graphons U and W fractionally isomorphic if t(T,U) =
t(T, W) holds for every tree T. We follow suit with the following definition, where the
treewidth of a multigraph is defined analogously to the case of simple graphs, i.e., the
edge multiplicities are not taken into account and parallel edges count as a single edge.

Definition 2. Two graphons U, W: X x X — [0, 1] are called k- WL indistinguishable if
t(T,U) = t(T, W) holds for every multigraph of treewidth at most k, and U and W are
called simply k- WL indistinguishable if t(T,U) = t(T, W) holds for every simple graph of
treewidth at most k.

In these terms, two graphons U and W are weakly isomorphic if and only if they are
k-WL indistinguishable for every k, which again is equivalent to them being simply k-WL
indistinguishable for every k& > 1. However, while k-WL indistinguishability clearly implies
simple k-WL indistinguishability, the converse does not hold in general. To illustrate this,
let E, denote the multigraph that consists of two vertices connected by ¢ parallel edges.
Then, the homomorphism densities of E, in a graphon W: X x X — [0,1] for £ > 0 are
precisely the moments of W, i.e., we have

(B, W) = W (2, y) d(n x p)(,y).

XxX
Hence, for graphons U and W to be 1-WL indistinguishable, it is already necessary that
they have the same moments, while this is not required for U and W to be fractionally
isomorphic. For example, the constant graphon W,.: X x X — [0,1], (x,y) — cfor ¢ € [0, 1]
is fractionally isomorphic to any c-regular graphon, i.e., a graphon W: X x X — [0, 1]
satisfying [ W(z,y)du(y) = c for every x € X, but these may not have the same moments.
A concrete example is given by the weighted graphs in Figure 1.
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Since 1-WL indistinguishability is a more restrictive notion than fractional isomorphism,
Definition 2 also introduces simple k-WL indistinguishability. Simple 1-WL indistinguisha-
bility is just fractional isomorphism since, for any class of graphs closed under connected
components, the homomorphism densities of the connected components determine the ho-
momorphism densities of all graphs in that class, cf. [20, (7.6)]. However counter-intuitive
it may seem at this point, the characterizations we obtain for k-WL indistinguishability
are much more natural than these for simple k-WL indistinguishability. In particular, the
adaption of oblivious (k + 1)-WL to graphons corresponds to k-WL indistinguishability
and not simple k-WL indistinguishability.

As a last remark, we note that for {0, 1}-graphons, i.e., graphons that only take
the values 0 and 1, parallel edges do not make a difference for homomorphism densities
since powers of 1 are just 1. Hence, for {0,1}-graphons—of which graphs, or more
precisely graphons obtained from graphs, are a special case—, the two notions of k-WL
indistinguishability and simple A-WL indistinguishability coincide. In particular, {0, 1}-
graphons are 1-WL indistinguishable if and only if they are fractionally isomorphic. Hence,
while the terms color refinement and 1-WL are usually used synonymously in the literature,
it is important to not confuse these concepts as they differ in the more general case of
graphons.

1.3 Fractional Isomorphism of Graphons

In this section, we try to give a more formal but still high-level overview over the notions
introduced by Grebik and Rocha that all characterize fractional isomorphism of graphons.
We deem this essential for understanding our results.

Stating the color-refinement algorithm for graphons requires more formalism than in
the case of graphs. Grebik and Rocha first define the standard Borel space M of iterated
degree measures, which can be seen as the space of colors used by color refinement; its
elements are sequences o = (o, a1, g, . .. ) of colors after 0, 1,2, ... refinement rounds.
For a graphon W: X x X — [0, 1], they define a measurable function cry: X — M
(denoted iy in their work) mapping every x € X to such a sequence (ayg, g, g, . .. ). Then,
the distribution on iterated degree measures (DIDM) vy, is a probability measure on M
defined as the push-forward of pu via cry, i.e., by vy (A) = p(cryy (A)) for every A € B(M).
Intuitively, this is the distribution of all colors assigned to the points of the graphon W
and corresponds to the multiset of all colors used in the definition of color-refinement
indistinguishability of graphs.

Grebik and Rocha show that the graphon analogue to stable partitions of the vertex
set of a graph are sub-o-algebras that satisfy certain properties. To gain some intuition,
consider the sub-o-algebra {@, X} of B: in some way, it corresponds to the partition of the
vertex set of a graph that consists of a single class containing all vertices. Formally, Grebik
and Rocha consider u-relatively complete sub-o-algebras, where a sub-o-algebra C C B
of B is called p-relatively complete if Z € C for all Z € B, Zy € C with p(ZAZ,) = 0.
The set of all p-relatively complete sub-o-algebras of B is denoted by ©(B, u). Then,
for our example, the smallest p-relatively complete sub-o-algebra that includes {@, X}
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corresponds to the partition of the vertex set of a graph that consists of a single class
containing all vertices.

Let C € ©(B, 11) be a p-relatively complete sub-o-algebra C of B. If we let L*(X, u) ==
L*(X, B, 1) denote the Hilbert space of all measurable real-valued functions on X with
| fll2 < oo modulo equality p-almost everywhere, we can then consider the subspace
L*(X,C,u) of L?>(X,u) consisting of all C-measurable functions since C is p-relatively
complete. Moreover, there is a quotient space corresponding to C, i.e., a standard
Borel space (X/C,C’) with a Borel probability measure 1/C on X/C. Alternatively, the
conditional expectation E(— | C), i.e., the orthogonal projection onto L?(X,C, u), yields a
different but equivalent perspective on quotient spaces.

Now, to connect sub-o-algebras to stable partitions, for an operator T: L*(X, u) —
L*(X, p), a p-relatively complete sub-o-algebra C € O(B, ) is called T-invariant if
L*(X,C, p) is T-invariant, i.e., T(L*(X,C,n)) € L*(X,C, ). Then, for a graphon W: X x
X — [0, 1], the u-relatively complete sub-o-algebra C € O(B, u) is called W -invariant if it
is Ty -invariant, where we recall that Ty, is the operator defined by Equation (2). Grebik
and Rocha show that there is a minimum W-invariant p-relatively complete sub-o-algebra
Cw of B (denoted C(W) in their work), which corresponds to the coarsest stable partition
of the vertex set of a graph.

Finally, for a graphon W: X x X — [0,1] and a W-invariant p-relatively complete
sub-o-algebra C € ©(B, i), Grebik and Rocha define the quotient graphon W/C on the
space X/C x X/C. Then, for graphons U, W: X x X — [0, 1], saying that the two quotient
graphons U/Cy and W/Cy, are isomorphic corresponds to saying that two coarsest stable
partitions have the same parameters. Alternatively to the quotient graphon W/C, one can
also consider W¢ = E(W | C xC), the conditional expectation of W given C x C. Intuitively,
the difference is that W is obtained by simply averaging over the color classes of C, while
W/C is obtained by first averaging over the color classes of C and then identifying all
elements of a color class.

Remark 3. Grebik and Rocha show that every DIDM v defines a kernel M x M — [0, 1]
and that, for a graphon W: X x X — [0, 1] and its DIDM w4y, this kernel on M x M is
actually isomorphic to W/Cy,. Intuitively, this can be viewed as a canonical representation
of W on the space of all colors.

For standard Borel spaces (X, B) and (Y, D) with Borel probability measures p and v
on X and Y, respectively, an operator S: L?(X, u) — L?(Y,v) is called a Markov operator
if Sf >0 for every f € L*(X,pu) with f >0, S1x = 1y, and S*1y = 1x. Here, 1x and
1y denote the all-one functions on X and Y, respectively. The Markov operator S is called
a Markov embedding if it is an isometry, i.e., ||Sf|s = || f||2 for every f € L*(X,u), and a
Markov isomorphism if it is a surjective Markov embedding. Markov operators are simply
the infinite-dimensional analogue to doubly stochastic matrices and yield the graphon
analogue to fractional isomorphisms. The main result of Grebik and Rocha then is the
following Theorem 4.

Theorem 4 ([11]). Let U, W: X x X — [0,1] be graphons. The following are equivalent:
1. t(T,U) = t(T, W) for every tree T
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Vg = Vw.
W/Cw and U/Cy are isomorphic.
There is a Markov operator S: L*(X, u) — L*(X, n) such that Ty oS = S o Ty .

There are U- and W -invariant p-relatively complete sub-o-algebras C and D, respec-
tively, such that Ue and Wp are weakly isomorphic.

v Lo ke

Recall the various notions characterizing fractional isomorphism of graphs presented in
Section 1.1. Characterization (1) corresponds to homomorphism numbers of trees and is
the definition of fractional isomorphism of graphons, Characterization (2) corresponds to
color refinement not distinguishing two graphs, Characterization (3) corresponds to the
coarsest stable partitions of two graphs having the same parameters, Characterization (4)
generalizes fractional isomorphisms, and Characterization (5) corresponds to some stable
partitions of two graphs having the same parameters. We remark that there is a subtle
difference in the way Grebik and Rocha phrase Characterization (3) and (5): the former uses
quotient spaces and the stronger notion of isomorphism while the latter uses conditional
expectation and weak isomorphism.

1.4 Weisfeiler-Leman Indistinguishability of Graphons

We continue in the vein of Section 1.3 and give an overview of the notions characterizing
k-WL indistinguishability of graphons before stating our main result, Theorem 5. To
generalize the oblivious k-WL to graphons, we first define the standard Borel space MF,
which may not be confused with the product of k copies of M. M* is the k-dimensional
analogue to M and can again be seen as the space of colors used by oblivious k-WL. Its
elements o = (v, a1, ag, . .. ) are sequences, which can be viewed as the colors assigned to
points of a graphon after 0,1, 2, ... refinement rounds. Based on the definition of oblivious
k-WL for graphs, we define the measurable function owl;, : X* — M* mapping a k-tuple
T € X* to a sequence (ap, ay,ay,...). In particular, ag corresponds to the atomic type of
a tuple of vertices and contains the values W (z;, z;) for ij € (U;]). This further explains
the difference between 1-WL indistinguishability and fractional isomorphism: Already the
first step of oblivious 2-WL, which corresponds to 1-WL indistinguishability, completely
determines the distribution of values attained by a graphon. In contrast, these distributions
do not have to be equal for graphons to be fractionally isomorphic, cf. Section 1.2 and
Figure 1.

To get an intuition of how the refinement step of oblivious k-WL adapts to graphons,
recall how oblivious k-WL computes the new color owlgm +1(0) of a tuple v € V(G)F for a
graph G in Equation (1): owlléynﬂ(@) is a tuple consisting of the old color owl'é’n(@) of v
and, for every j € [k], the multiset

fowlg, a (v[w/] | w € V(G)}

of colors of all j-neighbors of v. For a graphon W, this multiset becomes the probability
measure

A= u({y € X | owly,,, (z[y/1]) € A}),
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where A is a set of “colors” used in the nth refinement step, i.e., we determine the mass of
the j-neighbors of z having a color in A. Compiling these probability measures for every
J € [k] into a single tuple then yields the new color owllévﬂ +1(Z) of Z. The sequence of all

these colors owllﬁv,n(j) for n =10,1,2,... then yields the mapping owlf;, : X* — MF¥, and
we define the k-WL distribution (k-WLD) vf, as the push-forward of the product measure
®k k

1o via owI’;V. Then, v, is a probability measure on M* corresponding to the multiset of
colors computed by oblivious k-WL on a graph.

The central idea for getting from fractional isomorphism to k-WL indistinguishability is
to replace the single operator Ty : L*(X, u) — L*(X, u) of a graphon W: X x X — [0, 1]
by a family T#%, of operators on the product space L?(X*, u®%) = L2(X* B®* 1®*). This
family T¥, is indexed by a set F* of bi-labeled graphs: a bi-labeled graph G is a triple
(G, a,b), where G is a multigraph and a € V(G)*, b € V(G)* for k,¢ > 0 are tuples of
vertices such that both the entries of a and the entries of b are pairwise distinct; a and
b may however overlap. The set F* is carefully chosen such that its bi-labeled graphs,
together with specific operations, serve as building blocks to construct precisely the graphs
of treewidth at most k£ — 1. It contains two types of bi-labeled graphs: adjacency graphs
and j-neighbor graphs, where intuitively, adjacency graphs insert an edge into a bag of a
tree decomposition and j-neighbor graphs move from one bag of a tree decomposition to
another by replacing a vertex by a fresh one. For a simple example, consider Figure 2,
where £ = 3 and a tree decomposition of the cycle Cy is dissected into a sequence of
bi-labeled graphs. Here, A%, and A3, are specific instances of adjacency graphs, while N;
is a j-neighbor graph. By “gluing” the output vertices of one bi-labeled graph to the input
vertices of the next bi-labeled graph in the depicted order, we obtain C,, a bi-labeled
variant of Cy with input labels on the vertices from the upper bag and output labels on the
vertices from the lower bag: going bottom up, A3, and A3, first insert the edges vyv4 and
v4v3, then N3 replaces vy by vy, and finally, A%, and Agg insert the edges viv, and wvovs.

Every bi-labeled graph F € F* together with a graphon W: X x X — [0, 1] defines a
graphon operator Tp_,y on L*(X* u®%). Then, TF, == (Tr_w)per+ denotes the family
of all these operators for bi-labeled graphs in F*. The graphon operators of adjacency
graphs just multiply a given function f(z) by the value W (xz;,z;) for fixed i,5. The
graphon operator of a j-neighbor graph, on the other hand, averages in the direction
j, i.e., integrates the given function f(Zz) over the jth component. As an example, the
graphon operators of the bi-labeled graphs from Figure 2 for a graphon W: X x X — [0, 1]
are given by (Tas _,w f) (21, 2, 23) = W(x1,22) - f(21,22,73), (Tag,w f) (21,22, 23) =
W(xe,x3) - f(x1,x2,23), and

(TngoD)oranas) = [ farp.0) duy)

for all x1, 29,23 € X. At this point, the reader might already note the connection of
these graphon operators to the description of oblivious k-WL for graphons given above as,
intuitively, the graphon operators of adjacency graphs are used in the initial coloring and
the graphon operators of j-neighbors are used in the refinement steps.

We will see that the composition of the graphon operators corresponding to the sequence
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bbby b

U1 U3 , aq a9 as

} b b by

aq ° as

N3: e °

{v1, o, v3} by ; bs
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Ad,: e—e °

b by bs
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Ad: e —o

b by bs

Figure 2: The cycle Cy on four vertices with a tree decomposition. On the right, this
tree-decomposed graph is written as a sequence of bi-labeled graphs.

of bi-labeled graphs in Figure 2,

TA§’2—>W o TA§3—>W © TN5’—>W © TA§’2—>W © TA§3—>W’

is precisely the graphon operator T, of Cy, i.e., the bi-labeled variant of Cy obtained
by gluing together this sequence of bi-labeled graphs. Furthermore, one can verify that

/ Te,»wlxs dp® = t(Cy, W),
X3

where 1ys is the all-one function on X3, i.e., the homomorphism density of Cy in W is
determined by the operator T, .. In greater generality, the homomorphism density of a
bi-labeled graph in a graphon can always be expressed via the graphon operator.

Since we are now working with operators on L%(X* B®F %) we consider u®*-
relatively complete sub-o-algebra of B®* for an analogue to partitions of V(G)* for
some graph G. For a graphon W: X x X — [0, 1], a u®*-relatively complete sub-o-algebra
C € O(B* u®%) of B®* is called W -invariant if it is T, -invariant, i.e., T-invariant for
every operator T in the family T¥,. In the case k = 1, this conflicts with the earlier
definition of Grebik and Rocha, but it will always be clear from the context what we mean.
We show that there is a minimum W-invariant p®*-relatively complete sub-o-algebra CE,
of B®*. The partitions of V(G)* induced by the colors of oblivious k-WL are invariant
under permutations, i.e., reordering the vertices of a tuple yields a tuple in the same
class. Similarly, we show that CE, is permutation invariant and also define the notion of
permutation-invariant operators, i.e., operators where a reordering of the & components
of X* yields the same operator. This reflects the fact that, in the system LF_ of linear

1SO
equations characterizing oblivious k-WL, variables are indexed by sets and not by tuples.
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We cannot give a meaningful definition of the quotient of a graphon W: X x X —
0,1] w.r.t. a u®*-relatively complete sub-c-algebra C € O(B®*, u®*%) if k > 2. Instead,
we consider quotients of operators. Intuitively, for an operator T' on L?(X* u®*), its
quotient operator w.r.t. C on L*(X*/C, u®*/C), denoted by T/C, is defined by going from
LA(X*/C, u®*)C) to L3(X*, u®*), applying T, and then going back to L?(X*/C, u®*/C).
Again, a different but equivalent definition can also be given via conditional expectations
by letting Te == E(— | C) o T o E(— | C). Then, we can consider the families T, /C and
(T% )¢ of quotient operators w.r.t. C.

We now state our main theorem, Theorem 5. As mentioned before, it is based on
oblivious k-WL, so there is a mismatch between the £ in the treewidth, i.e., the k in k-WL
indistinguishability, and the other characterizations. We note that, since there are no
quotient graphons involved in Theorem 5, we also do not obtain a canonical representation
of a graphon W: X x X — [0,1] as a graphon M* x M*¥ — [0,1] (or as multiple such
graphons). Instead, we define canonical representations of the operators in T, on the
space L*(MF, vf,) by hand.

Theorem 5. Let k > 1 and UW: X x X — [0,1] be graphons. The following are
equivalent:

1. t(F,U) = t(F,W) for every multigraph of treewidth at most k — 1.

2. v =k,
3. There is a (permutation-invariant) Markov isomorphism R: L*(X*/CE, u®*/CE,) —
L3( Xk /CE u®* JCE) such that TF /CE o R = Ro Tk, /Ck,.

4. There is a (permutation-invariant) Markov operator S: L*(X*, u®*) — L2(X*, u®*)
such that Tf 0 S = S o T,

5. There are p®*-relatively complete sub-o-algebras C and D of B®* that are U-invariant
and W -invariant, respectively, and a Markov isomorphism R: L*(X*/D, u®* /D) —
L*(X*/C, u®*/C) such that T /Co R = Ro Ty, /D.

The characterizations of Theorem 5 are listed in the same order as these in Theorem 4.
Recall the various notions characterizing k-WL indistinguishability of graphs presented
in Section 1.1. Characterization (1) corresponds to homomorphism numbers of graphs of
treewidth at most k — 1 and is the definition of (k —1)-WL indistinguishability of graphons.
We note that, as in the case of simple graphs, one could always assume the multigraphs in
Characterization (1) to be connected, cf. [20, (7.6)]. For example, in the case k = 2, it
could equivalently be phrased in terms of homomorphism densities of trees with parallel
edges. Characterization (2) states that the k~-WLDs of the graphons are the same and
corresponds to oblivious k-WL not distinguishing two graphs. Characterization (3) —(5)
look very similar, but have a different focus: Characterization (4) generalizes (non-negative
real) solutions to the system L (G, H) of linear equations by stating that there is a
Markov operator on the product space L*(X*, u®*) that intertwines all operators in the
families T¥, and T¥, simultaneously. Permutation invariance can be left out without
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changing the equivalence to the other characterizations, i.e., if there is a (not necessarily
permutation-invariant) Markov operator S satisfying Characterization (4), then there
also is a permutation-invariant one. Characterization (3) and (5) on the other hand,
correspond to the (coarsest) stable partitions of vertex-tuples of two graphs having the
same parameters. We note that there is a one-to-one correspondence between Markov
isomorphisms and measure-preserving almost bijections, cf. [11, Theorem E.3], but for the
ease of presentation, we stick to Markov isomorphisms.

1.5 Overview and Further Remarks

In Section 2, the preliminaries, we collect some basics we need: we briefly visit product
spaces, Markov operators, and quotient spaces before defining quotient operators. Section 3
formally introduces bi-labeled graphs and graphon operators, which are the key to both
stating and proving Theorem 5. In particular, we define the set F* of bi-labeled graphs
from which we are able to construct precisely the multigraphs of treewidth £ — 1, and then,
for a graphon W, the family of graphon operators Tf;,. Section 4 is the main section of this
paper containing the formal definitions of all notions in Theorem 5 and, of course, its proof,
for which we follow the structure of Grebik and Rocha [11]. Let us give a brief overview of
the proof and how the set F* and the corresponding family of graphon operators T¥, are
used in it:

e (1) = (2): We use the set F* of bi-labeled graphs to construct expressions
that correspond to precisely the tree-decomposed graphs of treewidth at most k£ — 1
(Section 3.1). This allows us to define a set 7% C C(M*,R) of functions on MF
that corresponds to homomorphism densities of these graphs (Section 4.5). The
Stone-Weierstrass Theorem yields that 7 is dense in C'(MP*, R), which implies that
k-WLDs are determined by homomorphism densities.

e (2) = (3): We show that a k-WLD v defines a family T, of operators on L*(MF, v/)
(Section 4.4). Then, we proceed to show that, for every graphon W, the family ']I‘VJVCV

is in some sense isomorphic to the family T%,/Ck, of quotient operators of Tf.

e (3) = (4): We combine facts we establish on quotient operators (Section 2.4)
together with the fact that Cf: and Ck, are Tf- and T}, -invariant, respectively.

e (4) = (5): This is a refined variant of the argument by Grebik and Rocha in [11],
which uses the Mean Ergodic Theorem for Hilbert spaces to Markov operators [10,
Theorem 8.6, Example 13.24]. We have condensed this argument into a standalone
lemma, Lemma 10.

e (5) = (1): We again use the fact that the set F* of bi-labeled graphs allows to
construct expressions that correspond to precisely the tree-decomposed graphs of
treewidth at most k — 1 (Section 3.1). We use this to show that homomorphism
densities of graphs of treewidth at most £ —1 in a graphon W can be expressed purely
by expressions built from the operators in Tf, (Section 3.2). Then, we use that
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Markov embeddings are compatible with point-wise products of functions, which for
us means that intertwining Markov embeddings preserve homomorphism densities
(Lemma 22).

In Section 5, we show how Theorem 5 can be modified to obtain a characterization of
simple k-WL indistinguishability, i.e., indistinguishability w.r.t. homomorphism densities
of simple graphs of treewidth at most k instead of multigraphs. However, the corresponding
analogue to Theorem 5 obtained this way is less elegant and has an artificial touch to it.
The reason for this is that the set of bi-labeled graphs one uses instead of F* is not closed
under transposition, which implies that the corresponding family of operators is not closed
under taking Hilbert adjoints. Most of the proofs in Section 5 are left out as they are
mostly analogous to the ones in Section 4.

The original goal of this work was to define a k- WL distance of graphons and to prove
that it yields the same topology as treewidth-k£ homomorphism densities, cf. [3], where the
result of Grebik and Rocha is used to prove such a result for the tree distance, which is
based on the characterization of fractional isomorphism via Markov operators. However,
the approach in [3] does not go well together with Theorem 5 as multigraph homomorphism
densities define a non-compact topology that is different from the one obtained by the
cut distance, cf. [20, Exercise 10.26] or [17, Lemma C.2]. Moreover, the characterization
of simple k-WL indistinguishability via Markov operators is also not well-suited for this
as the corresponding family of operators is not closed under Hilbert adjoints. Hence, it
remains an open problem to define such a distance.

A different open problem is given by the contemporaneous work of Grohe, Rattan, and
Seppelt [15]: They do not focus on a specific set of bi-labeled graphs, but use bi-labeled
graphs to give a unified framework to characterize graphs in terms of homomorphism
numbers. In particular, they obtain a characterization of homomorphism numbers from
graphs of bounded pathwidth. It would be interesting to see if their framework, or at least
their work on graphs of bounded pathwidth, generalizes to graphons.

2 Preliminaries

In this section, we briefly collect some facts that we use throughout the paper. Section 2.1
concerns product spaces; for a more complete reference, we refer to [8, 2]. The definitions
and results regarding Markov operators in Section 2.2 are taken from [10]. The treatment
of quotient spaces in Section 2.3 is based on that of Grebik and Rocha [11]. We then use
these quotient spaces to define quotient operators in Section 2.4.

2.1 Product Spaces

Recall that, throughout the whole paper, (X, B) denotes a standard Borel space, i.e., B is
the Borel o-algebra of a Polish space, and p a Borel probability measure on X. We often
consider the space (X%, B u®*) with the product o-algebra B®* of B and the product
measure u®* of p for k > 1. The product of a countable family of standard Borel spaces
is again a standard Borel space [18, Section 12.B]. Moreover, for a countable family of
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standard Borel spaces, its product o-algebra is actually equal to the Borel o-algebra of the
product topology of the underlying Polish spaces as Polish spaces are second countable [18,
Section 11.A]. Hence, the product space (X*, B®*) is again a standard Borel space and
B®* is equal to the Borel o-algebra of the product topology of the Polish space underlying
(X, B). For simplicity, we identify the products X x X x X and (X x X) x X in the usual
way. Then, also BRBB=(BB)@Band p@u® pu=(ut®p)  un 2, Section 18].
We treat higher-order products in the same way.

We often use the Tonelli-Fubini theorem, cf. [8, Theorem 4.4.5] and also [2, Theorem
18.3], which states that, for o-finite measure spaces (X, S, ) and (Y, 7T,v) and a non-
negative function f on X x Y that is measurable for S ® T, we have

| fdexy) = //fxydu ) dp(x //fxydu ) dv(y).

In particular, the functions « — [, f(z,y) dv(y) and y — [ f(x,y) du(x) are measurable
for S and T, respectively. If f is not necessarily non-negative but integrable with respect

to p X v, then the same equations hold and the aforementioned functions are measurable
on sets X’ and Y’ with p(X \ X’) =0 and v(Y \ Y’) = 0, respectively.

2.2 Markov Operators

In general, for a measure space (X, S, ) and 1 < p < oo, the space LP(X, u) = LP(X, S, 1)
consists of all measurable real-valued functions on X with ||f||, < oo, and LP(X, u) =
LP(X,S, ) is obtained from L£P(X, p) by identifying functions that are equal p-almost
everywhere. The space L*(X, i) plays a special role among these spaces as it is a Hilbert
space with the inner product given by (f,g) = [y fgdu. Besides L?(X, 1), the space
L>*(X,u) also plays an important role in thls paper. Note that, if p is a probability
measure, then we have || f||2 < |||l and, in particular, the inclusion L>(X, ) C L*(X, u1)
holds.

Given two normed linear spaces (X, ||-]|) and (Y, |-]), a function T: X — Y is called a
(bounded linear) operator if it is Lipschitz and linear. If (X, ||-||) = (Y, |-|), then we just say
that T is an operator on X. The operator norm of T is given by ||T'|| == sup{|T(x)]| | ||z||<
1} < o0, and if ||T']| < 1, then T is called a contraction. For probability spaces (X, S, )
and (Y, T,v) and an operator T: L*(X, u) — L*(Y,v), we call T an L*-contraction if its
restriction to L™ (X, u) yields a well-defined contraction L (X, u) — L>*°(Y,v). To clearly
distinguish this from T being a contraction L?(X, u) — L*(Y,v), we sometimes use the
term L?-contraction for this. Observe that the composition of two contractions yields a
contraction, and in particular, the composition of L2- and L*°- contractions yields a L>-
and a L°°-contraction, respectively.

For two measure spaces (X, S, ) and (Y, T,v), the Hilbert adjoint of an operator
T: L*(X,u) — L*Y,v) is the unique operator T*: L?(Y,v) — L*(X,pu) satisfying
(Tf,g) = (f,T*g) for all f € L*(X,u),g € L*(Y,v). For two standard Borel spaces
(X, B) and (Y, D) with Borel probability measures p and v on X and Y, respectively,
an operator S: L*(X,u) — L*(Y,v) is called a Markov operator if Sf > 0 for every
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fe L*(X,p) with f >0, S1x = 1y, and S*1y = 1x. Markov operators are both L*- and
L*>-contractions [10, Theorem 13.2 b)]. A Markov operator is called a Markov embedding
if it is an isometry. For example, the Koopman operator T,: L*(X,u) — L*(X,u) of
a measure-preserving measurable map ¢: X — X, defined by T,,f = f o ¢ for every
f € L*(X,u), is a Markov embedding [10, Example 13.1]. A Markov isomorphism is a
surjective Markov embedding. Note that every Markov isomorphism S satisfies S~ = S*
[10, Corollary 13.14]. Moreover, there is a one-to-one correspondence between Markov
isomorphisms and measure-preserving almost bijections, cf. [11, Theorem E.3]. See [10]
for a thorough treatment of Markov operators. There, the results are stated for complex
LP-spaces, but this usually does not make a difference by the positivity of Markov operators,
cf. [10, Lemma 7.5].

2.3 Quotient Spaces

Recall that a sub-c-algebra C C B of B is called p-relatively complete if Z € C for all
Z € B,Zy € Cwith n(ZAZy) = 0. Requiring Z € C for every Z € B with p(Z) = 0 instead
would yield an equivalent definition. The set of all p-relatively complete sub-o-algebras of
B is denoted by O(B, i) and clearly includes B itself. For a non-empty ® C ©(B, i), we
have (V@ = (Ve C € O(B, ) [11, Claim 5.4]. Hence, for a set X C B, there is a smallest
p-relatively complete sub-o-algebra including X', which we denote by (X). If C C B is
a sub-c-algebra, then one can show that (C) = {AAZ | A€ C,Z € B with u(Z) = 0}.
Given C € O(B, 1), we let L*(X,C, ) C L*(X, i) denote the subset of all functions that
are C-measurable. It is a standard fact that, for C € ©(B, i), the linear hull of {14}, is
dense in L?(X,C, p). The conditional expectation E(— | C) is the orthogonal projection
onto the closed linear subspace L?(X,C, u) of L*(X, ).

Proposition 6 (Conditional Expectation, [2, Section 34]). Let C € O(B,u). Then,
L3(X,C, ) is a closed linear subspace of L*(X, ) and there is a self-adjoint operator
E(—|C): L*(X,u) — L*(X, p) such that

1. E(— | C) is the orthogonal projection onto L*(X,C, p),

2. [, fdu= [,E(f|C)du for every A€ C and every [ € L*(X,p), and

8. [xf-ElglC)du= [(E(f|C)-gdu forall f,g € L*(X,p).

Given a measure space (X, S, 1), a measurable space (Y, T ), and a measurable function
g: X — Y, the push-forward g.u is the measure on Y defined by g.u(A) == u(g~*(A)) for
every A € T. For a measurable function f:Y — [—00,00], we then have [, fd(g.p) =
Jx fogdu [8, Theorem 4.1.11]. The following proposition then guarantees the existence
of a quotient space of (X, B, u) w.r.t. a p-relatively complete sub-o-algebra C € ©(B, u).

Proposition 7 ([11, Theorem E.1]). Let C € O(B, ). There is a standard Borel space
(X/C,C"), a Borel probability measure 11/C on X/C, a measurable surjection qc: X — X/C,
and Markov operators Se: L*(X,u) — L*(X/C,1u/C) and I¢: L*(X/C,u/C) — L*(X, 1)
such that
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1. Ic is the Koopman operator of qc, 5. Ic is an isometry onto L*(X,C, i),

2. 1/C is the push-forward of u via qc,

3. Sg = I,

4. ScoE(—|C) =S, 7. Scole is the identity on L*(X/C, 1/C).

0. ICOSC = E(— | C), and

Proposition 8 is a technical result that intuitively states that the quotient space
(X/C,C’) is unique and the same as L?(X,C, i) up to sets of measure zero.

Proposition 8 ([11, Corollary E.2|). Let (X, B) and (Y, D) be standard Borel spaces. Let
1 be a Borel probability measure on X and f: X — Y be a measurable function. Let
C € ©(B, i) be the minimum p-relatively complete sub-c-algebra that makes f measurable.
Then, for every go € L*(X,C,u), there is a measurable map g,: Y — R such that
go(x) = (g1 0 f)(x) for p-almost every z € X .

2.4 Quotient Operators

For C € ©(B, 1) and an operator T: L*(X,pu) — L*(X, ), we use the conditional ex-
pectation to define the operators T¢: L?(X, u) — L*(X,pu) and T/C: L*(X/C,n/C) —
L*(X/C,p/C) by

Te =E(—|C)oToE(—|C) and T/C:=ScoTol,

respectively. These definitions reflect the same concept of a quotient operator via different
languages. The following lemma states some basic properties and shows how both
definitions are related.

Lemma 9. Let C € ©(B,u) and T: L*(X, u) — L*(X, ) be an operator. Then,
(Te)* = (I")¢ and (T/C)* =T7/C,

if T is self-adjoint, then so are Te and T/C,

IeoT/C=T¢o0 I,

T/CoSe = ScoTg,

if C is T-invariant, then Te =T oE(— | C) and IcoT/C =T o I¢, and
if T is self-adjoint and C is T-invariant, then T/C oS¢ = ScoT.

S G e v~

Proof. For (1), we have (T¢)* = E(— | C)*oT*oE(— | C)* = E(— | C)oT*oE(— | C) = (T%)c
by Proposition 6 and (T'/C)* = I} oT* 0 S} = ScoT* o Ic =T*/C by (3) of Proposition 7.
This also immediately yields (2). For (3), we have
IeoT/C=1coScoTolp=E(—|C)oTolo=E(—|C)oToE(—|C)olo=Tz0 1
by (6) and (4) of Proposition 7 and Proposition 6. For (4), we have
T/CoSec=ScoTolcoSe=Sc0oE(—|C)oToE(—|C)=ScoTg
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by (4) and (6) of Proposition 7. For (5), assume that C is T-invariant. By Proposition 6,
the expectation E(— | C) is the orthogonal projection onto L*(X,C,u). Hence, (T o
E(— | C))(L*(X,p)) = T(L*(X,C,p)) C L*(X,C,u) and, as E(— | C) is the identity on
L*(X,C, ), the first claim Ty = T o E(— | C) follows. Then, continuing with (3), we get
IeoT/C=Teole=ToE(—|C)olc=Tol by (4) of Proposition 7 and Proposition 6.
Now, (6) follows from (2), (5), and (3) of Proposition 7. O

The following lemma is an application of the Mean Ergodic Theorem for Hilbert spaces
to Markov operators [10, Theorem 8.6, Example 13.24] and is the essence of the proof of
the direction “(4) = (5)” of Theorem 4 by Grebik and Rocha [11].

Lemma 10. Let S: L*(X, ) — L*(X, i) be a Markov operator. There are C,D € ©(B, )
with

1 L*(X,Cop) ={f € L*(X,p) | (S0 S)f = f},
2 I2(X, D) = {f € L*(X, ) | (5" 0 S)f = f},
3. E(=|C)oS=SoE(-|D),
4. R=Sc0Solp: L*(X/D,u/D) — L*(X/C,1/C) is a Markov isomorphism, and
5. for all operators Ty, Ty: L*(X, p) — L*(X, p) with T1oS = SoT, and S*oTy = TyoS*,
(a) C is Ty -invariant,
(b) D is Ty-invariant, and
(¢) Ty/CoR= RoTy/D.

Proof. The proof of the existence of C,D € O(B, i) satisfying (1) to (4) uses the Mean
Ergodic Theorem and is identical to the the proof of Theorem 1.2, (4) = (5), in [11];
we leave it out here.

To prove (5), let Ty, Ty: L*(X, n) — L*(X, ) be bounded linear operators satisfying
TioS=SoT,and S*oT) =Ty 05* Weget Tio(SoS*)=S0Ty0S5*=(S0S5%) oT;.
Then, for f € L*(X,C,u), we have (SoS*)f = f by (1) and get T\ f = (T1 0 S o S*)f =
(SoS*oTy)f =(So0S*)(Tif), which, again by (1), implies T} f € L*(X,C, p1). Therefore,
C is T-invariant, which proves (5a). Analogously, we get that 75 0 (S*0.S) = (S*0S) o T;
and that D is Ty invariant, which proves (5b). Now, we use (3) and the Th-invariance of D
to obtain to obtain

Ti/CoR=ScoTiolcoScoSolp=ScoTioR(—|C)oSolp (Proposition 7 (6))
=ScoTioSoE(—[D)olp ((3))
=ScoTo0Solp (Proposition 7 (3) and (4))
=ScoSoTyolp
=ScoSolpoTy,/D (Lemma 9 (5))
= RoTy/D.
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2.5 Permutation Invariance

Let k > 1 and consider L?(X* u®*). Every permutation 7: [k] — [k] induces a measure-
preserving measurable map m: X* — X* by setting 7 (21, ..., 2%) = (Tr(1), -+ Trr)) for
all 71,..., 7, € X, which allows us to consider its Koopman operator T, on L?(X*, u®*).
Clearly, the adjoint of T} is given by T,-1. We call a pu®*-relatively complete sub-o-
algebra C € ©(B%* u®%) permutation invariant if C is Ty-invariant for every permutation
m: [k] — [k]. It is easy to see that this is the case if and only if 7(C) C C for every
permutation 7: [k] — [k], which again is equivalent to m(C) = C for every permutation
7: [k] — [k]. A trivial example of such a permutation-invariant sub-o-algebra is B itself.

For C,D € O(B%, u®%), an operator T: L*(X*/C,u®*/C) — L*(X*/D, u®*/D) is
called permutation invariant if T,/DoT =T o T, /C for every permutation 7: [k] — [k].
For the special case C = D = B®" this means that an operator 7' on L*(X*, u®*) is
permutation invariant if 7, o T'= T o T}, for every permutation 7: [k] — [k]. Of course,
this notion depends on the underlying space (X, B, i), i.e., if we consider (X*, B®* %) as
the underlying space, then all these operators mentioned before are trivially permutation
invariant. However, since the intended underlying space is always clear from the context, we
just use the term permutation invariant. It is not hard to prove that, if C € ©(B®*, u®*) is
permutation invariant, then so are S¢ and I¢, i.e., Ty /CoSe = ScoT, and Tro0le = Iz0T,/C
for every permutation 7: [k] — [k].

3 Graphon Operators

In this section, we present the main ingredient to Theorem 5. The key insight to go from
color refinement to k-WL is, for a graphon W, to replace the operator Ty on L?(X, )
by a family T#, of operators on the product space L*(X*, u®*%). This idea is somewhat
already present in the work of Grohe and Otto [14, Section 5.1], where they define a family
of graphs and consider a matrix that is a fractional isomorphism between all these graphs
simultaneously. The graphon setting will show that the step of defining these graphs for
the sake of them having the right adjacency matrix is rather artificial and only works
in the setting of (finite-dimensional) matrices: the operators we define are not integral
operators defined by a graphon.

The family T4, we define is closely related to oblivious k-WL and tree decompositions,
or more precisely, tree-decomposed graphs. In Section 3.1, we follow the approach of [22]
of using a set of bi-labeled graphs as building blocks that are then glued together to form
larger graphs. From our set F* of bi-labeled graphs, we obtain precisely the multigraphs of
treewidth at most k — 1. In Section 3.2, we adapt the concept of homomorphism matrices
of bi-labeled graphs from [22] by defining the graphon operator of a bi-labeled graph and
a graphon. The graphon operators of the bi-labeled graphs in F* and a graphon W then
yield the family T%,. We show how this family is related to homomorphisms: on the level
of bi-labeled graphs, we obtain all multigraphs of treewidth at most £ — 1, while we obtain
all homomorphism functions of multigraphs of treewidth at most £ — 1 on the operator
level.
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Figure 3: Composition of bi-labeled graphs.

3.1 Bi-Labeled Graphs

A bi-labeled graph G is a triple (G, a,b), where G is a multigraph and a € V(G)¥,
b € V(GQ)* for k,¢ > 0 are tuples of vertices such that both the entries of @ and the
entries of b are pairwise distinct; a and b may however overlap. When there is no fear
of ambiguity, we sometimes just use the term graph to refer to a bi-labeled graph. The
multigraph G is called the underlying graph of G, and the tuples a and b are called the
tuples of input and output vertices, respectively. That is, a bi-labeled graph is a multigraph
where additionally input and output labels are assigned to the vertices with every vertex
having at most one label of each type. Note that one usually does not require that every
vertex has at most one label of each type, cf. [22], but this is needed to ensure that graphon
operators are well defined; the precise reason for this will be seen later when graphon
operators are defined.

Two bi-labeled graphs G = (G, a,b) and G’ = (G, a’,b’) are isomorphic if there is
an isomorphism ¢: V(G) — V(G’) from G to G’ such that p(a) = a’ and ¢(b) = b’. For
k,0 >0, let M*®* denote the set of all (isomorphism types of) bi-labeled graphs with k
input and ¢ output vertices, and let G¥* C M** be the subset whose underlying graphs
are simple. Let M = Uy, yoM" and G := Uy, 150G"".

The transpose of a bi-labeled graph G = (G, a,b) € M** is the bi-labeled graph
G* = (G,b,a) € M" and G is called symmetric if G* = G. The composition of
two bi-labeled graphs Fy = (Fy,a1,b;) € M*™ and Fy = (F,, a3, by) € M™¢ is the
bi-labeled graph Fj o Fy == (F,ay,by) € M"t where F is obtained from the disjoint
union of F; and F, by identifying vertices by; and as; for every i € [m]. An example
is given in Figure 3. The Schur product of two bi-labeled graphs without output labels
F, = (F,a4,(), Fy = (F3,a9,()) € M* is the bi-labeled graph Fy - Fy == (F,a4,()) €
MFEO where F is obtained from the disjoint union of Fy and Fy by identifying vertices ay
and ag,; for every ¢ € [m]. One usually defines the Schur product for general bi-labeled
graphs in M"®¢ by also identifying output vertices, cf. [22]. This, however, can result in
vertices with multiple input or output labels, which we do not allow by our definition of
a bi-labeled graph as remarked earlier. Both the composition and the Schur product of
bi-labeled graph may introduce parallel edges, cf. Figure 4, which means that the set G is
neither closed under composition nor under Schur products.

Treewidth is a graph parameter that measures how “tree-like” a graph is. Too see how
the concept is related to bi-labeled graphs, let us first recall the standard definition of
treewidth via tree decompositions. Formally, a tree decomposition of a multigraph G is a
pair (T, 3), where T is a tree and 3: V(T) — 2"(%) such that,
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Figure 4: Both composition and the Schur product may introduce parallel edges.

1. for every v € V(G), the set {t | v € 5(t)} is non-empty and connected and,
2. for every uv € E(G), there is a t € V(T') such that u,v € B(t).

For every t € V(T'), the set 5(t) is called the bag at t. The width of the tree decomposition
(T, 5) ismax{|5(t)| | t € V(T')}—1. The treewidth tw(G) of a multigraph G is the minimum
of the widths of all tree decompositions of G. Note that treewidth is usually defined for
simple graphs and not for multigraphs, but for us, ignoring the edge multiplicities like
in the previous definition yields just the right notion for multigraphs. For the sake of
completeness, note that path decompositions and pathwidth of a multigraph G can be
defined analogously by only considering tree decomposition (7', 3) where T is a path.

General tree decompositions are impractical to work with, and we rather use the
following restricted form of a tree decomposition: First, a rooted tree decomposition is
a triple (T, r, 8) where (T, ) is a tree decomposition of G and r € V(T') a vertex of T,
which we view as the root of T. Then, a nice tree decomposition of a multigraph G is a
rooted tree decomposition (T, r, 5) such that

1. B(r) = @ and B(t) = @ for every leaf t of (T, r) and

2. every internal node s € V(T') of T is of one of the following three types:
Introduce node: s has exactly one child ¢ with £(s) = () U v for some v €

V(G)\ B(®).
Forget node: s has exactly one child ¢ with 3(s)Uv = §(t) for some v € V(G)\5(s).
Join node: s has exactly two children t1, ¢y with 8(s) = (t1) = B(t2).

The width of (T, r, 3) is the width of (7, 8). Nice tree decompositions are attractive from
an algorithmic point of view because of their simplified structure, which allows one to
specify dynamic-programming algorithms by a simple case distinction based on the node
type. We do not design such an algorithm here but use nice tree decompositions to obtain
a simple set of bi-labeled graphs that serve as building blocks for all graphs of treewidth
at most k; nice tree decompositions do not pose a restriction since every graph G with
treewidth k has a nice tree decomposition of width k.

Lemma 11 ([19, Lemma 13.1.2]). Every graph G with treewidth k has a nice tree
decomposition of width k.

We now want to view a bi-labeled graph G that is decomposed by a nice tree decom-
position as a term built from atomic terms, where these atomic terms act as building
blocks for the decomposition by providing elementary operations like adding an edge to a

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(4) (2023), #P4.35 21



a1 a2 as

L ° ° °
bl b2 aq (05} as
A, e—e °
a a 1 by bs
F}: o ° °
b1 by b3 a a a
13 ° ° °
a2
ai ° as
N. 23 : ° °
by o b3
by

Figure 5: The bi-labeled graphs I3, Fy N3, A2, and 13.

bag or moving between bags of the decomposition. Such a term can then be evaluated to
obtain G, and in the next section, we show that by defining graphon operators for each
atomic term, we can alternatively evaluate this expression to a function describing the
homomorphism density of G in a graphon. The following definition gives us this set F* of
building blocks.

Definition 12. Let k£ > 1. Define

the ij-adjacency graph Af; = (([k], {ij}), (1,... k), (1,... k) € GFFfor i # j € [k],
the j-introduce graph Ij’-g = (([k],2),(1,...,k),(1,...,5—1,7+1,...,k)) € Ghk-1
the j-forget graph FF .= I*" € GF=1* and

the j-neighbor graph Nf = I]’? o ij € Ghk for j € [k], and finally,

the all-one graph 1% = (([k], @), (1,...,k),()) € G~°.

Let A¥ .= {A¥ |i#je[k]} C GFF and N* = {NF | j € [k]} € G"* be the sets of all
adjacency graphs and all neighbor graphs, respectively. Finally, let F* := A* U N

AR S A

The set F* of adjacency and neighbor graphs together with 1% suffices to construct
essentially every graph of treewidth at most k. Let us first illustrate this with an example:
Consider the tree-decomposed graph in Figure 6, which can be translated to the language
of bi-labeled graphs as the expression

(Ng’ o A‘;’Q o A:{‘S o Nf o A“;’Q o A‘z’g o 13) . (Nf’ o Azfg o Ag?) o Ng’ o A“;’3 o Agg o 13). (4)

Consider the left subtree and the subexpression left of the Schur product. The all-one
graph 1% corresponds to the leaf containing vg, vo, and v, in the left subtree, the adjacency
graphs A%, and A3, insert the edges vgvy and vgvy, respectively, and the neighbor graph
N3 moves to the new bag containing vy, vy, and vy as it replaces the first vertex vg by
v1. Then, the adjacency graphs A3, and A3, insert the edges vjvy and vjvy, respectively,
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Figure 7: The bi-labeled graph obtained by evaluation of (4).

before the neighbor graph IN3 moves to the new bag containing vy, vy, and v3 as it replaces
the third vertex vy by v;. The right subexpression is constructed analogously from the
right subtree, and finally, the Schur product corresponds to the join node of the tree
decomposition and glues the two bi-labeled graphs obtained from the two subexpressions
together. Then, evaluating the expression in Equation (4) yields the bi-labeled graph in
Figure 7, i.e., its underlying graph is the graph in Figure 6, its input labels are vy, vy, and
vz, and it has no output labels. The expression in (4) is an example of a term, and we can
formalize this view of tree-decomposed graphs as expressions built from bi-labeled graphs
by composition and the Schur product.

Definition 13. Let k£ > 1 and F C M** be a set of bi-labeled graphs with k input and
k output labels. The set (F),. of F-terms (terms) is the smallest set of expressions such
that

1. 1 € (F).,
2. FoF e (F),. forall Fe F,Fe(F),., and
3. F, - Fy € (F).. for all F1,Fy € (F)o..

Similarly, let (F), C (F)o,. be the smallest set of terms satisfying Conditions (1) and (2).
For a term F € (F), ., let [F] denote the bi-labeled graph obtained from evaluating it.

Note that, for a set F C M"** and a term F € (F), ., the bi-labeled graph [F] is well-
defined as we always have [F] € M*? since every term starts with 1¥. As demonstrated
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before, for the specific set F* of adjacency and neighbor graphs, a term F € (F*), . is
essentially a tree-decomposed graph, where the tree decomposition is rooted, the multigraph
being decomposed is the bi-labeled graph underlying [F], and the bag at the root is given
by the input vertices of [F].

Theorem 14. The underlying graphs of the bi-labeled graphs obtained by evaluating the
terms in (F*)o and (F*).. are, up to isolated vertices, precisely the multigraphs of pathwidth
and treewidth at most k — 1, respectively.

Proof. The proof is quite simple and we only sketch it here. The main idea is the following:
For a bi-labeled graph G' € M**, the composition Afj o G of the ij-adjacency graph Afj
with G adds an edge between the vertices in G with the ¢th and the jth input label.
When viewing the k input vertices of G as the “current” bag of a tree decomposition,
we can compose adjacency graphs with G to add any edge between the vertices of this
bag. Similarly, the composition IV f o G of the j-neighbor graph N f with G moves to a
new bag obtained by replacing the vertex with the jth input label by a fresh vertex. In
terms of nice tree decompositions, this corresponds to an introduce node that immediately
follows on a forget node.

Following the interpretation sketched above, a term F € (F*),. can inductively be
translated into a rooted tree decomposition for the underlying graph of [F] of width &k — 1:
For 1%, we take a single leaf containing k fresh vertices. For Afj o[F, we just take the tree
decomposition for F. For N ]k o IF, we take the tree decomposition for ' and connect a
new node to its root and replace the vertex specified by the jth input label in [F] by the
fresh vertex introduced by IN f . Finally, for the Schur product F, - Fy we take the tree
decompositions of F; and Fy and turn them into a single tree decomposition by connecting
their roots using a join node.

For the converse direction, we inductively turn a nice tree decomposition (7,7, 3) of a
graph G of width at most k — 1 into a term F € (F*), . such that the underlying graph
of [F] is G with some additional isolated vertices. This direction requires a bit more
thought since we have to make sure that the set F* is not too restrictive. We do this by
modifying the nice tree decomposition (7, r, 3) as follows, where we have to keep in mind
that a term fixes an ordering of the vertices of the graph: First, pad the bag of every leaf
to size k by adding k fresh isolated vertices. At an introduce node, add a forget node
below that removes one of the isolated vertices. At a forget node, add an introduce node
directly above adding a fresh isolated vertex. At a join node, re-order the vertices in one
of the terms such that the original vertices of G are at the same positions in both terms
and, then, identify every additional isolated vertex with the one at the same position
in the other term. Then, on this modified tree decomposition, we can apply the inverse
construction to the one described in the previous paragraph. O

The height h(F) of a term F € (F*), . is inductively defined by letting h(1*) := 0,
h(N oF) := h(F) + 1 for all N € N* F € (F¥),., h(AoTF) := h(F) for all A € A",
F € (F*),., and h(F; - Fy) = max {h(F,), h(Fy)} for all Fy,Fy € (F*),.. Then, the height
of IF corresponds to the height of the tree of the tree decomposition when viewing I as a
tree-decomposed graph.
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Figure 8: Two representations of the graph P;. In the first representation, the vertices
are sorted by their output labels, and in the second, by their their input labels.

Remark 15. In terms of nice tree decompositions, a j-neighbor graph corresponds to an
introduce node that immediately follows on a forget node. This is also nicely reflected
in the definition of Nf: it is a j-introduce graph composed with a j-forget graph, which
correspond to an introduce node and a forget node, respectively. Theorem 14 and its
proof would have been simplified if we included individual j-introduce and j-forget graphs,
in F*: we would not have to deal with isolated vertices. However, just considering
j-neighbor graphs instead has the advantage that all bi-labeled graphs in F* have both
k input and k£ output labels, which means that we can restrict ourselves to the single
product space L?(X*, u®*) later on instead of having to deal with all product spaces
LA(XY p®Y), ... L2(X*, u®*). For this very same reason, we use the all-one graph 1*
instead of defining a leaf graph as an empty graph and then using k individual introduce
graphs, each introducing a single vertex, to obtain a bag of size k. The downside of these
restrictions is that we may have to add isolated vertices to a graph, cf. the statement and
proof of Theorem 14. Since additional isolated vertices do not affect the homomorphism
density of a graph in a graphon, this is perfectly fine for us. Moreover, it is also not a
restriction that, in a j-neighbor graph, both the forgotten and introduced vertex use the
7th label since we may just inductively re-order the vertices of the whole term afterwards
to make sure that the newly introduced vertex has the desired label; this is also done in
the proof of Theorem 14.

In the proof of Theorem 14, we use that we can re-label input vertices by inductively
re-labeling a whole term. This could have been simplified by including permutation graphs
in F*: for k > 1 and a permutation 7: [k] — [k], we define the permutation graph

P, = (([k],2),(1,...,k),(7(1),...,7(k)) € GF*F.

Moreover, for a tuple a € V(F)* of vertices of a graph F, let 7(a) = (ax(1)s-- -, Q).
Then, for a bi-labeled graph (F,a,b) € M** we have P, o (F,a,b) = (F,7~(a),b) for
every permutation m: [k] — [k] and (F,a,b) o P, = (F,a,w(b)) for every permutation
72 [¢] = [¢]. In order to keep the set F* simple, we do not include permutations graphs in it.
Nevertheless, they come in handy later when proving that the operators and sub-o-algebras
we define are permutation invariant.

3.2 Graphon Operators

Graphon operators generalize the homomorphism density ¢(£, W) of a multigraph F in a
graphon W: X x X — [0, 1] to bi-labeled graphs. To this end, let F' = (F, a,b) € M"* be
a bi-labeled graph. To simplify notation, let t(F', W) = t(F, W) denote the homomorphism
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density of the underlying graph of F' in W, i.e., we ignore both the input and output
labels. Now, let us first take the input labels of F' into account, that is, we view F' as a
multi-rooted multigraph and the homomorphism density becomes a function by not fixing
the vertices that have an input label. Formally, the homomorphism function of F in W is
the function frp_,w: X* — [0, 1] defined by

Jraw (Tay,y .oy Za,) = / H W (5, ;) du®Y N\ () (5)
XVENa e p(r)
for all zq,,..., 2, € X. We note that we again slightly abuse notation and assume that

each factor W(z;, ;) occurs as often in the product [[;;c ppy W(zi, ;) as ij is contained
in E(F). The Tonelli-Fubini theorem immediately yields that

(Axr, frow) = t(F,W).

Taking both input and output labels of F' into account, we obtain an operator Tr_,y
instead of a function fg_ by, intuitively, “gluing” a given function f to the output
vertices of F' to obtain the function Tr_,y f. Formally, the F'-operator of W is the mapping
Te_w: L2(X4 p®Y) — L2(X*, u®*) defined by

(Tr—wf)(Tays ..., Tay,) = H W (xs,x;) - fxn, ..., x,) du® EN(z)  (6)

xV(F)\a UEE(F)

for every f € L*(X* pu®) and all x,,,...,2,, € X, where we again slightly abuse notation
w.r.t. the product over all ij € E(F). The goal of this definition is that an application
of Tr_,w to a homomorphism function fg_,i should yield the homomorphism function
froc—w; as we will see in Lemma 19, this is the case. We note that fr,w = Tr_w1lxe
as an element of L>°(X*, u®*) and, in particular,

The definition of Tr_, only depends on the isomorphism type of F', i.e., isomorphic
bi-labeled graphs define the same operator.

Lemma 16. Let F = (F,a,b), F' = (F',a’,b') € M"** be isomorphic bi-labeled graphs
and W: X x X — [0,1] be a graphon. Then, Tr_sw = Tpr_w .

Proof. Let ¢: V(F) — V(F') be an isomorphism from F' to F’ such that ¢(a) = a’ and
©(b) = b’. Note that HUGE(F,) Wiz, x;) = HijeE(F)W(x¢(i),x¢(j)) for p®Y ) _almost
every 7 € XV, Hence, by substituting variable z,; by z; for every i € V/(F) in (6),

we immediately get Tr_w = Trrw. ]

Moreover, if F' does not have any edges, then the definition of Tr_. is independent of
W and we just write Tr. We just have to be a bit careful since T is still dependent on
the standard Borel space (X, B) and the Borel probability measure p.
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Example 17. 1. Define A := (([2],{12}), (1), (2)) € G"! to be the edge with one input
and one output vertex. Let W: X x X — [0,1] be a graphon and f € L*(X, u).
Then,

(Taoow f) (1) = /X W (ar,a) - f(aa) dulae) = (T ) (1)
for every xy € X, i.e., Ta,w = Tw.

2. Define D == (([2], {12}), (1), (1)) € G"! to be the edge where one vertex has both an
input and an output label. Let W: X x X — [0,1] be a graphon and f € L*(X, p).
Then,

(Tow f)(a1) = /X W, 2a) - () dia(z2) = f(z) - degyy (1)

for every z; € X, where degy () == [, W(z,y) du(y) for every z € X.

3. Let k > 1 and 7: [k] — [k] be a permutation. Since P, does not have any edges,
Tp, _w is independent of a specific graphon W: X x X — [0,1] and we simply
denote it by Tp_ as agreed on before. The operator Tp_is equal to the Koopman
operator T of the measure-preserving measurable map X* — X* induced by 7: Let
f € L*(X* u®*). Then,

(T, (@1, x6) = f(Tr@), - Try) = (fom) (1, .. an) = (Tof) (@1, - . ., k)
for all zq,..., 2, € X.

The Tonelli-Fubini theorem and the Cauchy-Schwarz inequality allow us to verify that
Equation (6) is indeed is a well-defined operator and, furthermore, a contraction, where
it is crucial that we made the somewhat unusual assumption that, in a bi-labeled graph,
every vertex has at most one label of each type. The intuitive reason for this is that the
diagonal (X%, B®* 1®%) has measure zero (as long as our standard Borel space is atom
free), a problem which one does not face in the case of (finite-dimensional) matrices.

Lemma 18. Let F € M"** be a bi-labeled graph and W: X x X — [0,1] be a graphon.
Then, Tr_w: L*(X* u®Y) — L2(X*, u®*) is well-defined and an L*- and L>®-contraction.

Proof. Let F = (F,a,b). For f € L2(X* u®"), define S by

(Sf>(j) = H W<xivxj>'f<xb17"‘7xb4>

ijEE(F)
for every # € XV(F). Then, S is clearly linear, and we claim that
IS £l < W [1£]l2 < oo,

which not only implies that Sf € £2(XV) u®VU)) but also that S is a well-defined
mapping L?(X?, u®%) — L2(XVE) y@VE)) that additionally is an L?-contraction.
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To prove the claim, we first note that it is easy to see that z — HijeE(F) W(x;,x;) is

a function in £°(XVE) 2V with ||-||.-norm at most ||W ||« since F does not have
loops, i.e., i # j. Second, T > f(zy,,...,2,) is a function in L2(XVE) ;@VIE)) and, by
the Tonelli-Fubini theorem, its ||-||o-norm is || f||2, where it is important that the entries of
b are pairwise distinct. Then, the claim easily follows. Similarly, for f € £>(X* u®"), we
have ||Sf|loo < HWH@E;F) || flloos 1-€., S is also an L*°-contraction.

Now, Tr_w f is the function obtained from S f by integrating out the variables z; for
i € V(F)\ a. The Cauchy-Schwarz inequality together with the Tonelli-Fubini Theorem
yields that this is an L?-contraction, i.e., | Tr_w f|l2 < ||Sf]|2. Moreover, this is trivially
an L>®-contraction, i.e., || Trow fllee < ||Sf]leo for f € £°(X¥, u®%). Since this operation
is also linear, this finishes the proof. m

The operator Tr_,y was defined such that the application to a homomorphism function
fa_w yields the homomorphism function fr.g_w. The following lemma formalizes this
by stating that the composition of bi-labeled graphs corresponds to the composition of
graphon operators. Moreover, the analogous correspondence holds between the transpose
and the Hilbert adjoint and between the Schur product and the point-wise product.

Lemma 19. Let W: X x X — [0,1] be a graphon. Then,
1. Tpeyw = T4y for every F € M,
2. if F € M 1is symmetric, then Tr_w 15 self-adjoint,
3. Triomsw = Tk w0 T _w for all Fy € MF¥™ Fy € M™* k. 0,m >0, and

4. TFl.Fz_)W(C]_ . 62) = (TFI_,Wcl) . (TF2—>W02) fOT’ all C1,Co € R, FI,FQ € Mk’o, k > 0.

Proof. (1): We have

(Trowf,g)

N / H W(xivxj) 'f(xbl""7xbz)dM®V(F)\a(i‘) 'g(xau"wxak)d:u@a(j)

xa \ xvirna GEEF)
- / H W(wh Q;J') ’ f($b17 <. axbz) ' g<xa17 s 7xak> d/i@V(F)(f)

xV(F) WEE(F)

= / f(xbu B 7xbz) ’ H W(.TZ, xj) ’ g(xalv s 7xak) dﬂ®V(F)\b(:f) d/~L®b(:f)
xb

xvir\e WEE(F)

= <f; TF*—>W9>
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for all f € L2(X*, u®%), g € L*(X*, u®*) by the Tonelli-Fubini theorem, which is applicable
since the product being integrated is a function in L'(XV), ;®V () by the Cauchy-
Schwarz inequality.

(2) By (1), we have T;‘—>W = TF*%W = TF~>W

(3): Let Fy = (F1,a1,by), Fy = (Fy,a2,by), and FyoFy = (F,aq, by). In the following,
we identify vertices by 1,..., b1, With ag1,...,as,,. Note that the sets V(F7) \ a1 and
V(Fy) \ by = V(F3) \ aq form a partition of V(F} o F3) \ a1. Then, we have

(TF1—>W(TF2—>Wf))(xa1,17 ce ’xm,k)

- H W<$Z7 xj) ’ (TF2—>Wf>(xbl,17 s 7xbl,m) dM®V(F1)\a1 (j)

XV (Fy)\aq TEE(FL)

= / [T Wi z)- / 1T Wi z)) - f@n,, . a,,) du®" 2N ()

XV (F)\ay GEE(FT) XV (F)\ag UEE(F2)

du®V(F1)\a1 (j)

- / H W(‘r%? xj) : f(*er,m s 717172,@) dM®V(F2)\a2 (j) dp“®V(F1)\al (f)

XV(F\ar  \ xV(Fp)\ag YEE(F)

- H W(xh xj) ’ f(xb2,17 SR 7xb2,z) d/L®V(F)\a1 <j>

xV(F)\ay GEE(F)

for every f € L*(X*, p®) and p®**-almost all z,, ,, ..., 2, , € X by the Tonelli-Fubini
theorem.
(4): Let Fy = (Fy1,a4,()), F2 = (Fy,a2,()), and Fy - F5 = (F,aq,()). In the following,
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we identify vertices a1 1,..., a1 with ag1,...,as2,. Then, we have

((TFlﬁVVCl) ’ (TF2%WCZ)) ($a1,17 < 7xa1,k>

= [T Waiay) - e dp® 0\ ()

xV(F)\ay GEE(F)

[I Wiaia)) - codu® e (z)

YV (Fy)\ag WEE(F2)

— / / H W x,,xj H W x“x] - Co d,u®v (F) \az( )

XV(F)\ay xV(Fp)\ag GEE(FL) ij€E(F2) ®V(F1 \a1 (z)

= [T Wi m) -1 codp e (z)

YV (F)\ay WEE(F)
- TF1~F2—>W(CI : 02)(xa1,17 s 7xa17k)
for all ¢;, ¢; € R and p®*-almost all x, ,, ..., 4, , € X by the Tonelli-Fubini theorem. [J

For a set F C M"®F every graphon W: X x X — [0,1] induces a family of L>-
contractions Tr_ sy = (Tr_w)rer on L*(X* u®*), cf. Lemma 18. When handling such
families of operators, we often use notation like Tx_,y o T for an L*>-contraction 7" or
Tr_w/C for C € O(B®*, u®) to denote the family obtained by applying the operation to
every operator in the family; for these examples, we obtain the families (TF_,y oT) per and
(Tr—w/C)Fer. Moreover, if the graphs in F do not have any edges, we again abbreviate
Tz := (Tr)rer. Recall that F* is the set of all neighbor and adjacency graphs with k
input and output labels. Let us finally define the family

k.
Ty = Trew

that replaces the single operator Ty, in Theorem 5, our characterization of oblivious k-WL.

Let us explore the connection between the family T, and treewidth k£—1 homomorphism
functions: Recall that the terms in (F*), . correspond to the tree-decomposed multigraphs
of treewidth at most k — 1 by Theorem 14. Given such a term F € (F*), ., we can use the
correspondence of bi-labeled graph operations to their operator counterparts, cf. Lemma 19,
to inductively compute the homomorphism function figj—w of [F] in a graphon W using
the operators T%,. Hence, the operators in Tf, yield all homomorphism functions of
multigraphs of treewidth at most £ — 1 in W. An important part of the proof of Theorem 5
consists of defining different families of L>-contractions indexed by F* that we may use
instead of Tf;, and still yield the same homomorphism functions. For example we may
replace T¥, by the quotient operators T%,/C for an appropriate C € ©(B%* u®*). This
leads to the following general definition, where we consider families of operators on a space
L?(X, u) where (X, B, 1) may not necessarily be a product space. For example, it could
be a quotient space.
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Definition 20. Let (Y, D) be a standard Borel space and v be a Borel probability measure
onY. Let k> 1and T = (Tr)per be a family of L>®-contractions on L*(Y,v) indexed by
a set F C MPE. For every term F € (F),., the homomorphism function of F in T is the
function fr_r € L>®(Y,v) with || fro1||c < 1 defined inductively by

1. fror =1y for F = 1%,
2. frot = Tpfr_r for F = F oF’, where F € F, and

3. frot = frio1 - froot for F =1 - Fy.
Moreover, the homomorphism density of F in T is defined as ¢(F,T) := (1y, fr1)-

As remarked above, given a term F € (F*),., we can use the correspondence of
bi-labeled graph operations to their operator counterparts to inductively compute the
homomorphism function ffgj—w and, in particular, the homomorphism density ¢([F], W)
of [F] in a graphon W using the operators in T, .

Lemma 21. Let k > 1. Let W: X x X — [0,1] be a graphon. Then,
fIF—VIF’;V = fIF-w and t(F, Tltiv) = t([F], W)
for every F € (FF), ..
Proof. ¥, is a family of L>-contractions on L?(X*, u®*). We show that fIF—HT’;V = flr—w
by induction on F € (F*),.. Then,
t(F, Ty) = (Lxr, feomy,) = (Lye, fizpow) = ¢([F], W)

by definition of ¢(F, T},) and fpej_w-

For the induction basis F = 1, we have fg Sk, = Ly by Definition 20 and fipj—w =
Tie_swlxo = 1xr by the definition of Tix_,. For the first case of the inductive step
F = F oF', where F' € F* and [F'] € M*°, we have

Jeore, = Trow fem, = Trow firg-w = Trow (Tpj-wlxo)
= Tror)-wlxo
= Tr)—wlxo
= f[]F]]HW
by Definition 20, the induction hypothesis, the definition of Tjgj_w, and Lemma 19 (3).

For the second case of the inductive step F = Fy - Fy, where [F], [F1], [F2] € M*°. Then,
we have

fIMT’;V = fIFleﬂl“’i[, : ngHT"iV = fir-w - fimalow = (T g-wlxo) - (Trag-wlxo)
= T [Fa)-w Lxo
= T[[Fﬂ%w].xo
= f[[IF]]—>W

by Definition 20, the induction hypothesis, the definition of Tjr_,w, and Lemma 19 (4). O
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The following lemma gives a sufficient condition under which two families of L*-
contractions yield the same homomorphism densities. Recall that a Markov embedding
is a Markov operator that is an isometry. Unlike Markov operators in general, Markov
embeddings are compatible with point-wise products of functions, cf. [10, Theorem 13.9,
Remark 13.10]. This is crucial since we need the point-wise product of functions to get
from bounded pathwidth to bounded treewidth homomorphism functions.

Lemma 22. Let k > 1. Let (X1,By) and (Xs,By) be standard Borel spaces with Borel
probability measures j1y and poy on X1 and Xy, respectively. Let Ty and Tq be families of L™ -
contractions on L*(X1, 1) and L*(Xo, p2), respectively, indexed by F*. If I L*( Xy, jig) —
L3(X1, 1) is a Markov embedding such that Ty o I = I o Ty, then

I from, = frot, and t(F, Ty) = t(F, Ty)
for every F € (FF), ..
Proof. We show that I fg_,t, = fr_, by induction on F € (F*), .. Then, also
tF, T1) = (Lyx,, from) = (Ixys Lfeom) = (Mlxy, from,) = (1x,, from) = HF, Ta).
For the induction basis F = 1¥, we have
Ifpor, =11x, = 1x, = fromy-
For F = F oF’, where F € F*, we have
Ifrosr, = (1o (T2)r) frrot, = (T1)F o 1) fermt, = (T1)pfest, = from

by the assumption and the induction hypothesis. Finally, for ' = IF; - F5, we use that [ is
a Markov embedding and, hence, satisfies I(f - g) = [ f - Ig for all f, g € L>°(Xy, ) [10,
Theorem 13.9]. We have

[f]F%TQ = [<fIF1~>T2 : fFQ‘)TQ) - If]Fl*)TQ : [fFQHTQ = fF1HT1 : f]FQ*)Tl - fF*)rﬂ‘l
by the induction hypothesis. O

An important application of Lemma 22 is to replace the family Tf, by the quotient
operators T, /C for an appropriate C € ©(B®*, u®*). To this end, we call C € O(B®*, u®F)
W -invariant if C is invariant for every operator in the family T%,, i.e., C is Tr_y-invariant
for every F' € F* which in turn means that Tr_yw (L*(X*,C, u®*)) C L*(X*,C, u®*) for
every F € F*.

Corollary 23. Let k > 1. Let W: X x X — [0,1] be a graphon and C € ©O(B®*, u®*) be
W -invariant. Then,

t(F, (Tyy)c) = t(F, Ty/C) = t(F, Tyy,) = t([F], W)
for every F € (FF), ..

Proof. The last equality is just Lemma 21. By Lemma 9 (3) and (5), we have I o T%,/C =
(T% )¢ o Ic and I o T%,/C = T%, o I¢, respectively, where I¢ is a Markov embedding by
Proposition 7 (5), Therefore, Lemma 22 yields the first two equalities. H
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4 Weisfeiler-Leman and Graphons

In Section 4.1 to Section 4.5, we closely follow Grebik and Rocha [11] to prove Theorem 5
and formally define all notions appearing in it. We start off by defining the minimum
W-invariant p®*-relatively complete sub-c-algebra CF, of B®* for a graphon W via the
family of operators Tf;,. in Section 4.1. Then, in Section 4.2, we define the space M*, i.e.,
the space of all colors used by oblivious k-WL, and k- WL distributions, which generalize
multisets of colors. In Section 4.3, we define the function owl},: X* — MF* and the
k-WL distribution vf, for a graphon W. In Section 4.4, we deviate from Grebik and
Rocha [11] by a larger margin: They show that every distribution on iterative degree
measures v defines a graphon on the space M; this graphon for vy is then isomorphic to
the quotient graphon W/Cy . Since the operators in TF, are not integral operators defined
by a graphon (intuitively, these graphons would have to be non-zero only on the diagonal,
which has measure zero), we take the different route of showing that a k-WL distribution
v defines a family of operators T, on L?*(MF,v); the family T,: then corresponds to

T%,. In Section 4.5, we define the set T* of homomorphism functions on M* and use
the Stone-Weierstrass Theorem to show that it is dense in C(MF) before we finally prove
Theorem 5 in Section 4.6. The remaining sections discuss some implications of Theorem 5:
Section 4.7 shows that one can combine all k-WL distributions vy, 13, . .. of a graphon W
into a single distribution to obtain a new characterization of weak isomorphism. Section 4.8
explains how the characterization of Theorem 5 using Markov operators corresponds to
the system L¥_ of linear equations.

4.1 The Minimum W-Invariant Sub-o-Algebra

For a family T = (T});e; of operators T;: L*(X,u) — L*(X,p), where i € I, and a
sub-g-algebra C € ©(B, i), define

= ﬂ {DeOB,u)|D2Cand T;(L*(X,C,n) € L*(X,D, ) for every i € I}.

Then, T(C) € ©(B, p), cf. Section 2.3, and C is called T-invariant if T(C) C C, which is
equivalent to requiring that C is T;-invariant for every ¢ € I. Note that this operation is
monotonous, i.e., for all C, D € O(B, u) with C C D, we have T(C) C T(D). By definition,
the family T¥, consists of the operators from the two families T 4« and Tyx. The
following definition uses these two individual families to define the sub-o-algebra C, of B®*.
Already at this point, one should notice the connection to oblivious k-WL, cf. Section 1.4:
the operators in T 4x_,;;r capture the concept of atomic types while the operators in T s«
correspond to the refinement rounds via j-neighbors used in oblivious k-WL.

Definition 24. Let k > 1and W: X xX — [0,1] be agraphon. Define Cfy;,, € O(B®, uF)
for every n € N by setting CF, wo = Tarw( <{® Xk}> Wn+1 = T (C{fvn) for every n €
N, and Cf, = Cjj, ., = <Un€N Clin)-

Verifying that C{}/ is in fact the minimum W-invariant p®*-relatively complete sub-
o-algebra of B®* is mostly analogous to [11, Proposition 5.13]. A difference is given
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by the operators in T 4r_,y-, which are multiplication operators, i.e., they multiply their
arguments with a fixed function. This implies that a single initial application guarantees
T 4+_,y-invariance for all subsequent sub-o-algebras in the sequence. Moreover, we also

verify that CE, is permutation invariant, i.e., Ck, is Ty-invariant for every permutation
m: [k] — [k].

Lemma 25. Let k> 1 and W: X x X — [0,1] be a graphon. Then,
- Clro = (Unear {(Tacwlxe) ™ (A) | A e B(0,1])}),

Cllfv,o is the minimum T 4w -invariant p®*-relatively complete sub-o-algebra of B*,

NN

) CI’fVmH = <C’§V7nUUN€Nk {(TNlA)_I(B) | A e Cﬁ,,n, B € B(|0, 1])} > for everyn € N,

3

4. C{fun is T g _w-invariant for every n € NU {oo},

5. CE, is the minimum W -invariant pu®*-relatively complete sub-o-algebra of B®*, and
6

. Cfyy,, is permutation invariant for every n € NU {oo}.

Proof. (1) and (2): Let C denote the minimum T 4_,y-invariant p®*-relatively complete
sub-o-algebra of B¥*, and let D denote the u®*-relatively complete sub-o-algebra of B®*
on the right-hand side of the equality in (1). We prove that C = D = Cf;,;,. We start by
proving C C D. Let A € A*. The function Ty 1+ is D-measurable by definition of D.
Hence, for a D-measurable function g € L*(X*, u®*), the product (Ta_swlxs) g = Tawg
is again D-measurable, where the equality holds since T4 _,y is a multiplication operator.
That is, D is T 4x_,y-invariant, which yields C € D. For the inclusion D C C on the
other hand, 1y« is trivially C-measurable and, since C is T 4x_,y-invariant, the function
Ta_wlyr is C-measurable for every A € A*¥. Hence, D C C. We have established C = D
and it remains to prove that these are also equal to C{fm. We have <{®,X’“}> cc
and, hence, Cltjv,o = ’]I‘Akﬁw(<{@, X’“}>) C Tge_w(C) € C. On the other hand, for every
A € AF, the function Ta_,w1xr is Cjyp-measurable. Hence, D C Cy,.

(3): Let D denote the p®*-relatively complete sub-c-algebra of B®* from (3), i.e.,
D is the minimum p®*-relatively complete sub-o-algebra of B®* that contains Cévm and
makes the maps Tn1a for N € N* and A € Cjj,,, measurable. It is easy to see that
D C Cfypyq: We have Cjy,,, C Cy,, iy by definition of Cjj,,.,,. Moreover, for N € N*
and A € B(C}y,,,), the function 1, is Cfj, -measurable and, hence by definition of Cf;,, ;.
the function Tn1y is then Cfj,, ,, measurable. It remains to prove that Cy,,,, C D,
i.e., that Cj,, € D and Tn(L*(X*,Cyy,,,, n®%)) € L*(X*, D, u®*) for every N € N*. We
have Cyj;,, C D by definition of D. Let N € N*. We have Tn14 € L*(X*, D, u®¥) for
A € Cf;,, by definition of D. Since the linear hull of {14} acck, is dense in subspace
L*(X*,CF, . n®%) and since L*(X*, D, u®*) is closed, linearity and continuity of Ty then
yield that T (L*(X*,Cf,,, u®%)) C L*(X*, D, u®").

(4): Let n € NU {oo} and A € A*. We have Cj,, C Cjj,,,, which means that the
function T4 w1 is Cﬁ,’n—measurable. Then, the claim follows as T'4_,y is a multiplication
operator, cf. the proof of (1) and (2).
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(5): We first show that Ck, C C for every T%,-invariant sub-o-algebra C € O(B%* ®%).
We have ({@, X*}) C C and, hence, Cfj,y = T 4w (({2, X*})) C Tarsw(C) € C. From
there on, induction yields Cjj,,,,; = Ty (Cy,,) € Tar(C) € C for every n € N. Hence,
Ch, CC.

It remains to prove that Cfi, is T -invariant. By (4), it suffices to show that that
Ck, is Tn-invariant for N € N'*. This is essentially Proposition 5.13 of [11]: We first
show that Tn14 € L*(X*,Cfy,, u®¥) for A € Cjj,. To this end, note that J, .y Cfy;,, is an
algebra and the o-algebra generated by it is Cf,. Hence, from [8, Theorem 3.1.10], it
easily follows that we can approximate every set in Cfj, by a set in (J,y Ciy,, W.r-t. the
measure of their symmetric difference. This implies that, for every A € Ck,, there is a
sequence (Ay)nen with A, € Cjy,, such that 14, — 14 in L*(X*, u®¥). Let N € N*. By
continuity of T, we have Tn14, — Tn14. Note that, for n € N, we have Tn1,, €
LA(X*,Clyyr, n®%) © L2(XF*,Cf,, p®%), which is a closed subspace by Proposition 6.
Hence, Tn14 € L3(X*,CE,, u®%). Since the linear hull of {1A}AGC§V is dense in the closed
subspace L?( X", Ck,, u®*), linearity and continuity of T then yields that L?(X* Ck,, u®*)
is T-invariant.

(6): First, recall that B®* is permutation invariant. Moreover, if C € O(B®*, u®*), then
7(C) € O(B%*, u®*) for every permutation 7: [k] — [k]. This implies that, if X C B
is a set with 7(X) C X for every permutation m: [k] — [k], then (X) is permutation
invariant. Hence, ({@ X k}> is permutation invariant, and it suffices to show that, for a
permutation-invariant sub-c-algebra C € ©(B®*, u®*), both T 4« (C) and Tu+(C) are
permutation-invariant. Then, induction yields that Cjy,, is permutation invariant for every
n € N and, hence, also Cfy, since T (Upen Clivn) = Unen (Chn) € Unen Gl for every
permutation 7: [k] — [k].

It remains to show that, for a permutation-invariant sub-o-algebra C € ©(B%*, %),
both T 4t (C) and T, (C) are permutation-invariant. We prove the statement for
T 4x_w (C); the proof for Ty (C) is analogous. To this end, we show that, for an arbitrary
sub-c-algebra C € ©(B®*, 1®%), we have

T(T 4w (C)) = Tarw (7(C)) (7)

for every permutation 7: [k] — [k]. Then, if C is permutation invariant, we get that
T(T 46w (C)) = T g (7(C)) = T 46, (C) for every permutation 7: [k] — [k].

To prove Equation (7), let 7: [k] — [k] be a permutation and observe that TroTpk wo
T = TAIfr(i>ﬂ(j)—>W for all i # j € [k]. As a side note, the analogous observation for
Tax(C) is Ty 0 Ty © Trmr = Tle(jﬁW for every j € [k]. We get that

TAZ—)W(LQ(Xka W(C)v :u®k)) = TAk.—>W(T7r*1 (Lg(Xka C7 ﬂ’®k)))

= Lx-1 (TAfr(i>W(j>—>W(L2<Xk7 C, M®k>>>'
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Let D € O(B%* u®*). Then, we have

Tarw (L*(X*,7(C), u")) C L*(X*, D, ™)
o Ta, (LG € T (LAY, D, ™)
= Tae, L (LHXH.C®) © LXK 77 (D), ).

As the mapping A > A x(j) 18 & permutation of A* and we also have D D 7(C) +—=
YD) 2 C, this 1mphes Equatlon (7). O

4.2 Weisfeiler-Leman Measures and Distributions

Before defining the mapping OWII§V: X* — MP*, we have to define the space MF, which can
be seen as the space of all colors used by oblivious k-WL. We state some facts regarding
spaces of measures first: For a separable metrizable space (X, 7T), let &(X) denote the set
of all Borel probability measures on X. Let Cy(X) denote the set of bounded continuous
real-valued functions on X. We endow (X)) with the topology generated by the maps
s [ fdpfor f e Cy(X). This leads to the notion of weak convergence of measures of
which the Portmanteau Theorem gives many equivalent characterizations [18, Theorem
17.20]. We only use that, for (y;)ien with p; € Z(X) and p € Z(X), we have p; — p if

and only if
/ Fp; — / Jdu

for every f € Cy(X), where we may replace Cy(X) by a dense subset, i.e., a subset that is
dense for dg.,(f, g) =sup|f —g|. If (X,T) is compact, which is the case for the spaces
we define, then Cy(X) = C(X), where C(X) denotes the set of continuous real-valued
functions on X. The Borel o-algebra B(Z?(X)) is generated by the maps p +— p(A) for
A € B(X) and also by the maps o — [ fdu for bounded Borel real-valued functions f
[18, Theorem 17.24]. If (X,7T) is Polish, then so is P(X) [18, Theorem 17.23], which
means that, if (X, B) is a standard Borel space, then so is (Z(X), B(Z(X))). We note
that every compact metrizable space K = (X, 7)) is separable [18, Proposition 4.6], which
means that (X, B) is a standard Borel space, where B is the Borel o-algebra generated by
7. Additionally, in the case of such a K, the topological space & (X) is again compact
metrizable [18, Theorem 17.22].

We are ready to define the space M*. One should pay attention to the connection
to oblivious k-WL, cf. Section 1.4: Here, BY = [0, 1]([5]) is the space of possible “edge
weights” of a tuple z € X*, generalizing possible atomic types. Moreover, oblivious k-WL
defines k& multisets of colors in every refinement, which results in k& probability measures
on the previous space M¥ in the following definition, where we recall that f.u denotes the
push-forward of u via f.

Definition 26 (The Spaces M* and P*). Let k > 1. Let PF = [0, 1]( ) and inductively
define M¥ := []._, P¥F and P¥,, = (2 (M’;))k for every n € N. Let MF .= M* =

i<n
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[L.en PF and, for n < m < oo, let py,n: MF, — MF be the natural projection, i.e., the
restriction to the first n components. Finally, define

PF = {Oé e M* | (n11)j = (Prgin)«(anyz); for all j € [k],n € N}‘

As a product of a sequence of metrizable compact spaces, M* is metrizable [8, Proposi-
tion 2.4.4] and also compact by Tychonoff’s Theorem [8, Theorem 2.2.8]. Moreover, as
MF is a product of a sequence of second-countable spaces, the Borel o-algebra of M* and
the product of the Borel g-algebras of its factors are the same, cf. Section 2.1.

Consider the requirement (n11); = (Pnt1n)«(Qnt2); in the definition of P¥, and note
that a4y € PE, = (2 (MF))" and a,y € P, = (22 (ME,,))" for a € MF, ie., PF s
well-defined. This requirement intuitively expresses that a2, which can be thought of as
a coloring after n + 2 refinement rounds, is consistent with «,,,1 for every n € N, but it
does not require that ag is consistent with a;. One could add the additional consistency
condition that, for ij € ( ) and u ¢ ij, the push-forward of (ay), via the projection to
component ij is the Dirac measure of (o);;, but this would introduce an inconsistency in
the case k = 2 where there is no such u. For simplicity, we just leave this out; it does not
cause any problems for us.

In terms of graphs, an element (g, o, ...) of M can be thought of as a sequence of
unfoldings of a graph, cf. [7], of heights 0,1,2,.... These unfoldings, however, do not have
to be related in any way. The subspace P¥ contains these sequences where each unfolding
is a continuation of the previous one. These sequences can also be viewed as a single,
infinite unfolding: By the Kolmogorov Consistency Theorem [18, Exercise 17.16], for all
o € P¥ and j € [k], there is a unique measure p$ € 2 (M*) such that (peon )t = (ni1);
for every n € N. Moreover, one can verify that this mapping o — pf is continuous, cf. (11,
Claim 6.2].

Lemma 27. P* is closed in M* and P* — 2(M*), a ps is continuous for every
j € [K].

Proof. To prove that P* is closed, let o;; — a with a; € P¥ for every i € N and o € M*. Let
J € [k] and n € N. By definition of the product topology, we have ((c;)n+2); — (@nt2)j,
which yields

/fd az n+1 azEP /fd pn+1 n) ((az n+2 / foanrln ((az)n+2)

k
Mn+1

— / fopn+1,nd(an+2)j

k
Mn+1

= /fd(Pn+1,n)*(an+2)j

for every f € C(MF). Therefore, ((i)ns1); — (Pntin)s(ni2);. Since also ((a;)pi1); —
(ny1); and the metrizable space Z2(MF) is Hausdorff, we get (ni1); = (Pnt1n)«(Qnia);-
Hence, o € P*.
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Let j € [k]. Let oy — a with a; € P* for every i € N and o € P*. To prove that
pit — p$, we observe that

[ tovsndn = [ v = [ Fa@i) = [ filan) = [ fatomn)ng
ik ek M M M

_ / £ 0 oo i
Mk

for every n € N and every f € C(MF). This already proves the claim as the set
U,eny C(ME) 0 ps s, is uniformly dense in C'(M*) by the Stone-Weierstrass Theorem [8,
Theorem 2.4.11]; in particular, this set separates points by the definition of the product
topology and the fact that every metrizable space is completely Hausdorff. O]

Lemma 27 implies that P¥ € B(M*) and that P* — R, o +— [ fdpug is measurable
for every bounded measurable real-valued function f on M* and every j € [k], cf. the
definition of £2(M*). This justifies the following definition of a k-WL distribution (k-
WLD), which intuitively generalizes the concept of a multiset of colors with the additional
constraints that, first, the non-consistent sequences o € MF have measure zero and,
second, it satisfies a variant of the Tonelli-Fubini Theorem w.r.t. the measures given by
the mappings P* — 2 (M*), o+ p'. This definition only become fully clear in the next
subsections: we will show that every graphon W has a natural k&-WLD v, associated
with it that satisfies both conditions and that these conditions guarantee the existence of
certain operators associated with the k-WLD.

Definition 28. Let £ > 1. A measure v € P(M*) is called a k-Weisfeiler-Leman
distribution (k-WLD) if

1. v(P*) =1 and

I ( I fd,u?‘) dv() for all bounded measurable f: M* — R, j € [K].

Mk Mk

2. [ fdv=
Mk

. k
4.3 The Mapping owly,

Having defined the compact metrizable space M¥, we can finally define the mapping
owl, - X* — MF and the k-WL distribution 4, for a graphon W. To this end, let us
first recall that oblivious k-WL for a graph G initially colors a k-tuple © € V(G)* by its
atomic type, which includes the information of which vertices in v are equal and which are
connected by an edge. In our case, this becomes somewhat simpler since we do not have to
deal with the case that entries of a k-tuple Z € X* are equal; if our standard Borel space
is atom free, such diagonal sets have measure zero in the product space and do not matter.
Hence, we only include the information W (z;, ;) for every ij € (U;}). Notice the connection
to the operators T 4«_,: by definition, we have (TAﬁj_}Wf)(:E) = W(x;,z;) - f(z) for every

f e L2(X* u®*) and p®*-almost every 7 € X*.
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Let us also take a look at the substitution operation in the refinement rounds of oblivious
k-WL. Fix 7 € X* and j € [k]. Define z[/j] == (z1,...,2j_1,%j311,-..,21) € X" to
be the tuple obtained from Z by removing the jth component, and for y € X, also
zly/j] = (x1,...,Tj-1,Y,Tjs1,...,2) € XF, which is the tuple obtained from Z by
replacing the jth component by y. The preimage of a set A C X* under the map
z[/j]: X = X* y = z[y/j] is

z/]7(A) = {y € X | zly/s) € A} = Agyjy,

which we call the section of A determined by z[/j]. Note that, technically, Az, also
depends on j and not only on the (k — 1)-tuple Z[/j] € X*7!, but we nevertheless
stick to this notation. The mapping Z[-/j] is measurable, i.e., we have Az € B for
every A € B®" [2, Theorem 18.1 (i)]. If we let p;: X* — X denote the projection
to the jth component, which is measurable by definition of B®*, then, the mapping
z[-/j] o pj: X¥ — X* 4 — Z[y;/j] is measurable as the composition of measurable
functions and we have (Z[-/j] o p;).u®* = Z[- /], 1. To see the connection to the operators
Tx, note that the definition of TN]gc yields that

(Tn: DG / faly/ D duw) = [ fosb/idn= [ fal/ile  ©
for every f € L2(X*, u®%) and p®*-almost every z € X*.

Definition 29 (The Mapping owlf,,). Let k > 1 and W: X x X — [0,1] be a graphon.
Define owI{“MO: Xk — ME by

owliyo(Z) = (W(l‘z‘axj))”e([ )

for every z € X*. Inductively define owI{fVm b1 XF— MEL by

owljy 4 1(Z) = (owl’;un(x), < (owliy,, ozl-/j]), M)je[k])

for every # € X*. Then, let owI{“,V = Owllév’oot X* — MF be the mapping defined by
(owl¥, (2)), = (owl%m(i))n = (owl%n(i))n for alln € N, 7 € X*. Finally, let vf, =
owlyy, u®* € P (MF) be the push-forward of u®* via owly,.

An immediate consequence of Definition 29 is the following lemma. In particular, we
use it to prove that the mapping owI’éVm is measurable for every n € N U {oo}, which
actually is needed for everything in Definition 29 to be well defined.

Lemma 30. Let k > 1 and W: X x X — [0,1] be a graphon. Then, owllévvn_ll(p;z}n(A)) =
owI%?(A) for all1 <n <m < oo and every A € B(MF).
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Proof. Let A € B(MF). We have

owlly ' (7 (4)) = {7 € X* | ((owlly, (), .., (0wl (2),) € A}
= {ae x| ((owlhy (@), .. (owlhy, (2)), ) € A}
= owlf, (4)
by definition of owl}y,,,, and owlf,,. O

Lemma 31 states not only that owll‘ivyn is measurable but also that the minimum
p®%-relatively complete sub-o-algebra that makes it measurable is given by C{fv’n, cf. [11,
Proposition 6.6].

Lemma 31. Let k > 1 and W: X x X — [0,1] be a graphon. For n € NU {o0},
Chy = ({owlh' () | A € BOME )

Proof. Let D,, := <{0W|€V;1(A) | A e B(M})}). First, we prove Cfy,,, = D, for every n € N
by induction on n. For the induction basis n = 0, we have

Dy = ({owllyy'(4) | A€ B }) = ({owth ' (4) | 4 € B(0,11))})

The Borel o-algebra B(][0, 1]([15])) is generated by the sets of the form Hije([k]) A;; where
2

A;; € B(]0,1]) and A;; = [0,1] for all but at most one ij [18, Section 10.B]. Since it
suffices to check measurability of a function for a generating set [8, Theorem 4.1.6], we

may replace B([0, 1]([§])) by a generating set in the definition of Dy, which yields that

Dy = <{ow|’;V51(A) | A e B([o, 1]([?))}>
- <{{:c € X* | (W(ai, ;) o) € A} | A e B(, 1]<“§1>)}>
- <{{;z € X* | Wi, z;) € AV | A€ B([0,1]), ij € ([’;1)}>
- <Uije([§]) {{z € X" | W(xi,z;) e Ab | A eB(, 1])}>

= (Unear {(Taswlxs) 1 (A) | Ae B([0,1])})
= Ct]fv,o- (Lemma 25 (1))

For the inductive step, let n € N. We have to prove that C{j[,m +1 = Dy41. Recall that

we have MF | = MF x (2 (Mfi))k by definition and that the Borel o-algebra B(2? (M£))
is generated by the maps u — p(A) for A € B(MF) [18, Theorem 17.24]. Hence, by
definition of the product o-algebra and since it suffices to check measurability of a function
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for a generating set [8, Theorem 4.1.6], B(MZ_,) is the smallest o-algebra containing
{Ppi1n(A) | A € B(MF)} and making the maps

My 2 a = (@)ns1);(4)

for A € B(MF) and j € [k] measurable. Again by [8, Theorem 4.1.6], this means that
D,,+1 is the smallest u®*-relatively complete sub-o-algebra of B®* containing

{outlo (b1 () | A € BOAD | = {owlhy, ' (4) | A € BOME) |

and making the maps
X552 o (0wl (2))nsen)i(A) = ( (0wl 02l:/5]), 1) (A)

_ / 1ad (owlly,, o[- /j]),

k
M n

— [ Laoouy, dal-/5).
Xk-

= (TneLa o oully, )(7)

for A € B(MF) and j € [k] measurable, where the equalities hold u®*-almost everywhere,
cf. also Equation (8).

To see that Dyy1 C Cjy,, 4y, we verify that Cjj;,, ., contains the aforementioned sets and
that the aforementioned maps are measurable for it. We have

{owlty 1 (4) | A € B(Mk)} cp,Cch ‘C ek
Wn n Wn Wn+1-

By the induction hypothesis, owI

k : k -
wan 18 Cpy,,-measurable, and since A € B(My), so is

1y0 owIWm. Hence, by definition of Cfj,, ., TN];_Cl A0 owll{,”Vm is Cfy;,, 41-measurable, which is
just what we wanted to prove.

It remains to verify that CWn +1 € Dyy1. By Lemma 25 (3), it suffices to prove that
D41 contains C W, and makes the functions Tw1l4 for N € N* and A € C{fun measurable.
We have

ct. CD, = ({outh, ' (4) | A e BME)}) € D

Let A € Cllfv,n- By the induction hypothesis, we have A € D,,. Since the preimage of a

o-algebra is a o-algebra, we have A = owIIij:(B)AZ for some B € B(MF) and Z € B®*
with 1®¢(Z) = 0. Then, z € A <= owly},,,(Z) € B for every z ¢ Z, i.e., 1Lgoowlyy,,, = 14,
where the equality holds p®*-almost everywhere. Let j € [k]. We know that D, ; makes
the map TN];_cl B O owll{j[,m = TN];_c 1,4 measurable, but this is already what we wanted to
show.
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It remains to prove that
C%::<{ow@;%A)|AAEB@wﬂ}>,

where, by definition, we have Cfi; = (U,,cn Ciiv)- It is easy to see that the Borel o-algebra
B(M*) is generated by the projections pa.,. Hence, by [8, Theorem 4.1.6],

:<UC§VW> < U {owth. )|A€B(M’“)}>
<{ow|§vn )| neN, AEB(M’“)}>
<
<

{owlk (Pen(A) [nEN, A€ B(Mﬁ)}>
%mk |AemM%D

]

By Lemma 31, CF, is the minimum p®*-relatively complete sub-o-algebra that makes
owl, measurable. Hence owl¥,: X* — MF* is a measurable and measure-preserving
mapping from the measure space (X*, B u®*) to (M*, B(MF), &) and we can consider
the Koopman operator T, : L*(M*, vg,) — L*(X*, u®*) of owl?, .

Corollary 32. Let k> 1 and W: X x X — [0,1] be a graphon. Then,

1. the Koopman operator Ty = L*(M*,v,) — L*(X*, u®%) of owlt:, is a Markov
embedding onto L*(X*, Ck,, ®k),

2. the operator S : LA(XFE pu®F) — L2(X*/CE, n®% /CE.) becomes a Markov isomor-
phism when restricted to L>(X*,Ck,. u®*), and

8. Riy = Sep o Ty + L*(MF, vgy) — L*(XF*/Cy, u®* /CYy) is @ Markov isomorphism.

Proof. (1): Consider the measure spaces (X*, B®* 1®*) and (M*, B(M*), v£,). The map-
ping owlk X* — MF is measurable by Lemma 31 and measure-preserving by definition
of vj;. Hence, its Koopman operator T, : L*(M*,v5,) — L*(X*, u®F) is a Markov
embedding [10, Theorem 7.20]. By Proposition 8, it is an isometry onto L?(X*, Ck,, u®*).
(2): By Proposition 7 (5), the operator Sex : L*(X*, u®*) — L*(X*/Cyy,, n®* /Cfy)
becomes a Markov isomorphism when restricted to L?(X*, Cf,, u®*).
(3): Follows immediately from (1) and (2). O

It remains to verify that v, is in fact a k-WLD. The following lemma can also be seen as
a justification of the definition of a k&~-WLD. In particular, it shows that Tonelli-Fubini-like
requirement in Definition 28 actually stems from the Tonelli-Fubini Theorem. In other
words, the definition of a &~-WLD is chosen such that it captures the essential properties
of vf, that make it possible to define the analogue of T%, on the space L?(MF, vf,). In the
next section, we define these operators on L*(MF¥, v) for an arbitrary k&-WLD v.
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Lemma 33. Let k> 1 and W: X x X — [0,1] be a graphon. Then,
1. owly, (X*) C P,
2. 1" — (owlh, oz [-/))ups for all j € [K], & € X*, and

3. vk is a k-WLD.

Proof. (1): Let € X*. For j € [k] and n € N, we have

(Pat10) (W (2))n12)j = (Prst,n) o ((0WHy (7)) nta); (Definition owly,)
(ananh((owl’;‘ijJrl o[- /j])spt) (Definition owlﬁ,,nw)
= (owlyy,, oz[-/j]).
= ((olenH( Z))nt1); (Definition owl%7n+1)
= ((owlt (z V)nt1);- (Definition owlf,)

Hence, owlf, (zZ) € P*.
(2): For n € N and A € B(MF), we have

D 0220 (A)) = (o)t (A) = (Wl ()n12),(4) (Definition 5™ )
(OWII;‘C,VHJr (Z))nt1);(A) (Definition owlf;,)
owllévn oz[-/j])«p(A)  (Definition owIIIfV’nH)

o[-

J3])ilpzen(A))-

(
(
=
= (ow

That is, ;LOMW(QC and (owl, oZ[-/4]),u both are probability measures that agree on the set
Unen {poom A) | A € B(M)}, which generates B(M*). By the A Theorem [18, Theorem
10.1 iii)], they agree on all of B(MF).

(3): By (1), we have vk, (P*) = /L®k(owlﬁ,_l(Pk)) = u®(X*) = 1. Let j € [k]. Let
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f: M* — R be bounded and measurable. We have

el. Vk
/fduﬁ, e /fdowl’fy*/@k = /f o owlfy, du®*

Mk Mk Xk

T;F./ /fOoW"év(x[y/j])du(y) A= (z(/4])
o (z; € X arb.)

= / / f oowlyy (2[y/;]) duly) | du®*(z)

Xk X

:/ /fd(owl’;vox[-/j])*u dp®*(z)

Xk
(—_)/ /fdlu;""l]‘jv(i) d,u®k(1_})
Xk Mk
push-f. o k ok
2 [ s | dowty (o)
Mk Mk
def. V]‘jv a E
= fdps | dvyy (o).
Mk Mk

4.4 Operators and Weisfeiler-Leman Measures

For a graphon W, the operator R, : L2(M* vk)) — L2(X*/CE, u®*/CE,) is a Markov
isomorphism by Corollary 32. Hence, if U is another graphon with v = vk, then
RY o (RE,)* is a Markov isomorphism from L*(X*/CE, u®*/Ck) to L?(X*/CE, u®*/CE).
However, we still lack that this Markov isomorphism “maps” the family T%,/CF, to TF /CF.
To close this gap, we show that we can define a family T, of operators on L2(MF, k)
such that RY, “maps” T, to T%,/CE.. This replaces the graphon M x M — [0, 1] defined
by Grebik and Rocha [11]. Let us begin with operators for neighbor graphs as this is the

interesting case; in particular, it shows why we have the Tonelli-Fubini-like requirement in
the definition of a k-WLD.
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Lemma 34. Let k > 1, and let v € P(M*) be a k-WLD. Let j € [k]. Setting

(T f)) = [ pdis

for all f € L°(M*,v), a € M* defines an L*°-contraction that uniquely extends to an
L?-contraction L*(M*,v) — L2(M* v).
Proof. We show that the definition yields a well-defined contraction TNJI_c _,, on L=®(MF v)
such that ||TN]z_c_WfH2 < ||Ifl2 for every f € L>°(MF,v). Then, Tk, uniquely extends to
a contraction on L?(MF,v) since L>(MF, v) is dense in L?(M*, v).

The definition of a k-WLD immediately yields that, if A € B(M*) with v(A) = 0, then
15 (A) = 0 for v-almost every a € MF. Hence, if a property holds v-almost everywhere,
it holds yf-almost everywhere for v-almost every a € M. Let f € £L°(M* v). Then,
|f| < || flleo v-almost everywhere, and hence, |f| < || f]|oo holds j§-almost everywhere for
v-almost every o € MF. Thus, for v-almost every a € M*, we have

[ sans|< [is1ans < [1slais = 151
Mk MF Mk

which yields that [T, fllee < [|fllee- In particular, if f,g € £°(MF* v) are equal
J
v-almost everywhere, then

that is, Tnr_,, [ and Thr_,,g are equal v-almost everywhere. Here we used that the
J J

mapping 7'n«_,, is linear, which follows directly from the linearity of the integral. Recall
J

that P* > R,a — [ f w5 is measurable for every bounded measurable R-valued function
f on M* by Lemma 27 and the definition of £(P¥). Since P* € B(M*) by Lemma 27
and v(P*) = 1, this combined with the previous considerations yields that Tpa»_,, is a
J
well-defined mapping L>®(M*, v) — L>®(MF¥, v).
It remains to show that ||Tak_, fllo < ||f]|2 for every f € L°(M*, v). We have
J

gt = [ ( / fdu§-">2dV(a) < ( /r du?) dv(a)  (Canchy-Schwarz)

ko N\ K \ppk
= / frdv (def. k-WLD)
Mk
= II£12
Note that we again used that |f| < [[f||o holds u§-almost everywhere for v-almost every
a € MF in order to apply the Cauchy-Schwarz inequality. O

The following lemma states that Lemma 34 is indeed the right definition.
Lemma 35. Let k> 1 and W: X x X — [0,1] be a graphon. For every N € N'*,
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1. Tno Towlf,v = Towl"jv © TN—w"jV;

2. (Tn)ex, © Towts, = Towts, © T, » and 3. Tn/CE o RE, = RE, o TNk, -

owlyy

Proof. (1): Let j € [k]. We have

(T © Loy, £)(E) = (T f o owily ) (&) = / f o owlt, (ly/4]) duy) (det.)
- / £ d(owlly oz[-/7])up

Mk
= /fd,u?WIIéV(x) (Lemma 33 (2))
Mk

= (Tivr g, £) (oWl (2)) (def. Tikuk,)
= (Towts, © Tk, £)(7) (def.)

for u®*-almost every & € X* and every f € L>°(MP* v4,). This already proves the claim
as L®°(MF vf,) is dense in L2(MF, vf,).

(2): We have
(Tn)ex © Towp, =T o E(— | Ch) o vl (Lemma 9 (5) and Lemma 25 (5))
=Tno T, (cf. Corollary 32)
= owl¥, © TN—W‘]}/ ((1))

(3): We have
Tn/CE o RYyy = Ser, 0T o Ier o Ser 0 Ty (def.)
= Ser, o E(— | Ch)oTnoRE(—|Ch)o owtt, (Proposition 7 (4) and (6))
= Ser 0 (Tn)ex, © Tow, (def.)
= SC’;V © Towl"jv © TN—W"fV ((2>>
= RN, o T, (def.)

Defining the operators for adjacency graphs is much simpler. Intuitively, every a € M*

contains the values W (x;, z;) for every ij € ([S]) at position 0.

Lemma 36. Let k > 1, and let v € P(MF) be a k-WLD. Let ij € (¥1). Setting
(Ta (@) = (o) - f(e)
for all f € L*(M*,v), a € M* defines an L>®- and L*-contraction L*>(MF,v) — L*(MF, v).
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Proof. The mapping o — (ay);; is measurable by definition of the product o-algebra.
Hence, Tqx _,, f for f € L>(MF, v) is measurable as the product of measurable functions.
ij

Moreover, by definition of M*, the function o — (cv);; is bounded by 1, which immediately
yields that [[Tyr , fll2 < [|fll2 for f € L*M",v) and [Tae o, flle < [Ifllw for f €

L>(MF, v). Moreover, T 4% _,, is linear as a multiplication operator. O
ij
Analogously to Lemma 35, one can verify that Lemma 36 is in fact the right definition.
Lemma 37. Let k> 1 and W: X x X — [0,1] be a graphon. For every A € A¥,
1. TA—>W © Towl"iv = Towlﬁ, o TA—)I/"fV? and

2. (TA—WV)C';V © Towlﬁ/ =T IIéV © TAHV{},? 3. TA—WV/CIIjV o RI’%/ = RI’%/ © TAHV‘I%/'

Proof. (1): Let ij € ([g]). We have

(Tt © Toutt, 1)(®) = (Tas e 0 owlly)(2)

= W (x5, 25) - (f o owlly,) (%) (def.)
= ((owl5y ())o)is - (f o owliy)(z) (def. owly,)
= (Tar oo, f)(owlyy (7)) (def. Tax ux.)
= (Towt, © Tax,—ut, f)(T) (def.)

for pu®*-almost every z € X* and every f € L*(M*, k).
(2) and (3): Analogous to the proof of (2) and (3) of Lemma 35, respectively. O

For a k-WLD v € Z(MF), we define the family of L>-contractions T, := (Tr_.,) pert-
Lemma 35 (3) and Lemma 37 (3) can then be rephrased as the following corollary.

Corollary 38. Let k> 1 and W: X x X — [0,1] be a graphon. Then, T%,/Ck, o RY, =
R]va o TV}‘SV.

Recall Definition 20, i.e., the homomorphism density of a term in a family of L*>-
contractions. In particular, this definition applies to the family TV'JV of the k-WLD v, of

a graphon W. Lemma 22 with the previous corollary yields that ']I'st and T¥, /CE, give

us the same homomorphism densities (and also functions), which are just the original
homomorphism densities in W.

Corollary 39. Let k > 1. Let W: X x X — [0,1] be a graphon and C € ©O(B®*, u®*) be
W-invariant. Then, t(F, T, ) = t([F], W) for every F € (F)s...

Proof. By Corollary 23, we have t(F, Tt /Ck,) = t([F], W) since Ck, is W-invariant by
Lemma 25. By Corollary 38, we have Tf; /Cjj, o Ry, = Ry o T, , where Ry, is a Markov
isomorphism by Corollary 32. Then, Lemma 22 yields ¢(F, T¥,/Ck,) = ¢(F, T, )- O
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The mapping owllij: X% — MPF assigns an element of M* to a k-tuple of elements from
X. The order of these elements from X in the tuple has no deeper meaning and should,
intuitively, not matter. While we already have defined what it means for an operator
and a sub-c-algebra to be permutation invariant, we now also formalize this for k-WLDs,
and in particular, show that the k-WLD 14, of a graphon W, which is defined via owl”,
is permutation invariant. This allows us to show that, in Theorem 5, Markov operators
and Markov isomorphisms can always be assumed to be permutation invariant and, hence,
confirms the intuition that the order of the elements in a k-tuple from X does not matter.
This becomes important for the connection to linear equations in Section 4.8, where this
assumption of permutation invariance is always implicitly present.

A permutation 7: [k] — [k] extends to a measurable bijection m: MF — M* as follows:
We obtain a measurable bijection 7: P} — Py by setting 7((ij)ij) = (Yr(i)n(j))i; for

(vi)i; € [0,1] (%) From there on, 7 inductively extends to a measurable bijection : MF —
M* by component-wise application and, then, to a measurable bijection 7: P* 1 Pk 1
by setting m((11;)jer)) = (Tubtn(s))jei for every (u;)jep € Pryy. Finally, we obtain the
measurable bijection 7: M¥ — M by component-wise application.

Let v € 22(M*) be a k-WLD and 7: [k] — [k] be a permutation. By definition of
T, the extension 7: M¥ — MF is a measure-preserving map from (MF, B(M*)v) to
(MF*, B(M*), 7r,v) by definition. The k-WLD v is called m-invariant if m,v = v, in which
case we can view the Koopman operator of 7 as an operator Ty, : L?(M*, v) — L*(M*, v).
The notation T)_,, avoids confusion with the Koopman operator of 7 when viewing it as a
map X* — X* which we denote just by T,,. We call a k-WLD v € Z(M*) permutation-
invariant if it is m-invariant for every permutation 7: [k] — [k]. Then Lemma 40 yields
that the &-WLD 24, of a graphon W is permutation invariant.

Lemma 40. Let k > 1 and W: X x X — [0,1] be a graphon. For every permutation

m: [k] — [K],
k k
1. 7o owly, = owly, o, 4 (Tr)ex, © Town, = Towrs, © Trsr, , and
2. vk is m-invariant
W ’ k _
5. Tﬂ—/CW o SCI‘;V o TOWlléV — Sc{lfv (@) TOW|€V (0]
3. T7T OTowI"jv = Towlf,v OTﬂ'—)V"jV’ TW—Wév'

Proof. (1): We prove that 7 o owll‘fvm = owllév’n orm by induction on n € N. This yields
(1 0 owl¥, (Z)), = (owl¥, om(z)),, for every Z € X* by induction on n € N, which then
implies the claim. For the base case, we have

m(owliy (7)) = ((0W|€V,O(j))ﬂ(i)ﬂ(j))ije([gl) = (W(xﬂ(i)yxﬂ'(j))>ij€([g]) = owlyyo(m(Z))

for every z € X*. Then, for the inductive step, the induction hypothesis yields that
(w(owl%n+1(a_c)))i = (OW|];V7n+1(7T(.T)))i for every 7 € X* and every i < n. Moreover, we
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have

(W(0W|W,n+1 (Z)))n41 = (W* ((OWII;V,n-s-l (j))n—irl)W(j))je[k]

JEK]

JEk]

(7T ° 0W|I]jv7n or o W(j)[/]]))* M)je[k]

(

= ((r o owly,,oal-/x(1)]), )
(
((owlhy on@)/3D) 1) (1)

for every z € X*.

(2): We have

Tk, = m(owlly,, u®F) = (7 o owlfy, ), u®* v (owly, o) ui®* = owlty, (m, u®F) = owlfy, ="
k.
(3): We have
T.oT. .« f=foowl owgfowoowlk: k o i f
™ owlfy w w owlf TV,

for every f € L*(MF, ).

(4) and (5): Analogous to the proof of (2) and (3) of Lemma 35, respectively. O

4.5 Homomorphism Functions and Weisfeiler-Leman Measures

For the proof of Theorem 5, Corollary 39 allows us to get from k-WLDs to homomorphism
densities, but getting to the other characterizations from there is arguably the most
involved part of the proof. As Grebik and Rocha have shown [11], the key tool needed for
this is the Stone-Weierstrass Theorem: It yields that the set of homomorphism functions
on M*, which is yet to be defined, is dense in the set C(MF) of continuous functions on
MPF. This then means that equal homomorphism densities already imply equal k-WLDs.

To apply the Stone-Weierstrass Theorem, we have to define the homomorphism function
of a term on the set M*. Recall that an o € MF is a sequence o = (g, a1, as, . .. ) that,
intuitively, corresponds to a sequence of unfoldings of heights 0,1,2,... of a graphon.
However, as the components o, o1, as do not have to be consistent, cf. the definition of P*,
using different components may lead to different functions. Hence, we define a whole set
of functions for a single term by considering all ways in which we may use the components
to define a homomorphism function. We could avoid this by defining homomorphism
functions just on P* instead of MF¥; this, however, would complicate things further down
the road, which is why we just accept this small inconvenience. Note the similarity between
the following definition and the operators defined in the previous section.
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Definition 41. Let k£ > 1. For every term F € (F¥),. and every n € N with n > h(F),
we inductively define the set F¥ of functions M¥ — [0, 1] as the smallest set such that

1. L € FY,
AFoF F
2. a— ()ij - fla) € Fy 7 forevery f € F,,
NkoF F .
3. a [y fd(ans); € F, 0y for every f e F) and every j € [k],
4. f1 . f2 € FETFQ for all f1 c F,ﬂ;l,fz S F};Q, and

5. fopum € FY for every f € FE and every m € N with n > m > h(F).

Moreover, for every term F € (F*), ., define the set F¥ of functions M* — [0, 1] by

FF = FEO = U FE O Poon-

h(F)<n<oo

With a simple induction, one can verify that for every term F € (F*),. and every
n € NU {oo} with n > h(F), the set F¥ is non-empty and all functions in it are well-
defined and continuous. Recall that, for a term F € (F¥), and a k-WLD v € 2(MF),
the operators T, already define the homomorphism function fg,r, € L®(MF*, v) by
Definition 20. Note that the k-WLD v satisfying v(P*) = 1 is the reason why we only have
this single function fr_1,. Then, it should come at no surprise that this single function is
equal to all of the previously defined functions r-almost everywhere.

Lemma 42. Letk > 1 and v € Z(M*) be a k-WLD. Let F € (F*),. be a term andn € N
with n > h(F). Then, every function in FY o py,., is equal to fr_y1, v-almost everywhere.

Proof. We prove the statement by induction on F and n. For the base case, we have
1yk © Poon = Ly = frx_y1, v-almost everywhere. For the inductive step, first consider

k [e]
a— ()i - fla) € Fio™ for an f € F¥ where we have
IH
(@0)ij - f(Poon(@)) = (Tar . f © Poon) (@) = (Tar -, frm, ) (@) = farorsu(@)

ko
for v-almost every o € MF. Next, consider o = [, fd(u11); € Fﬁrjl “foran f € FF
and a j € [k]. Since v is a k-WLD, we have v(P¥) = 1, which yields that

i fd(anyi1); = i fd(poom)*,u? = o J 0 Pson d:u? = (TNJ’F—wf opoo,n)(a/)
! ! IH
= (TNJ’?HufFﬁ\u)(CO

= fNJ’?oIF—W(Oé)
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for v-almost every o € M*. For the product f; - fo € FEvE2 of fi € FF1. o € FF2 we have

(f1 - f2) © Poon = (f1 0 Poon) = (f2© Pooin) Z friot, © fronT, = fFiFsT,

v-almost everywhere. Finally, consider f o p,,, € FF for f € FY and m € N with
n>m = h(F). Then, f o ppm 0 Poon = f © Poo,m = fro1, holds v-almost everywhere by
the inductive hypothesis. ]

Corollary 39 yields the following corollary to the previous lemma.

Corollary 43. Letk > 1 and W: X x X — [0,1] be a graphon. For every term F € (FF),.
and every function f € F*, we have

t(HF]]’W) = fVIIjV
MPF
For every n € NU{oo}, define 7,* := Ure 0y, mm<n F¥ and abbreviate T% := T*. By
induction, we can use the Stone-Weierstrass Theorem and the Portmanteau Theorem to
show that the Stone-Weierstrass Theorem is actually applicable to all of these sets and, in
particular, to 7%, cf. [11, Proposition 7.5].

Lemma 44. Let k > 1. For every n € NU{oc}, the set T* is closed under multiplication,
contains 1y, and separates points of Mk,

Proof. First, consider the case that n € N. We ftrivially have 1y € Fr}k C Tk by
definition. Moreover, for fi, fo € TF, there are terms Fy,Fy € (F*),. with h(F;) < n
and h(Fy) < n. such that fi € F'' and f, € F2. Then, f, - fo € FIF2 C TF as
h(F; - Fy) = max {h(F,),h(F2)} < n. We prove that T,* separates points of MF by
induction on n. For the base case n = 0, let 3 # v € M. Then, there is an ij € ([g]) such

that (;; # 7i;, and the function a — (ag);; € F(;‘?jﬂk separates (5 and 7.

For the inductive step, assume that 7,* separates points of M¥. Let 38 # v € MF 1
If there is an 0 < m < n such that £, # Vm, then p,1,(8) # prr1a(y) € MF. Hence,
by the inductive hypothesis, there is an f € T,* such that f(p,y1..(8)) # f(Prs1.a(7))-
By definition, f € F¥ for some term F € (F*),. with h(F) < n. Therefore, f o ppi1, €
FY. , CTF, is afunction that separates 8 and ~.

For the remaining case, assume that 5,1 # 7,41. Then, there is a j € [k] such that
(Bn41); # (Yn+1)j. By the inductive hypothesis and the Stone-Weierstrass Theorem [8,
Theorem 2.4.11], the linear hull of 7,* is uniformly dense in C'(MF). Since M is Hausdorff,
it then follows from the Portmanteau Theorem [18, Theorem 17.20] that there is an
f € T* such that fMﬁ fd(Bni1)j # fMﬁ fd(Vni1)j. By definition, f € F¥ for some term

kO
F € (F*),. with h(F) < n. Then, a+— [ fd(oui1); € Fﬁjl e TX. | is a function that

separates  and 7.
Having proven the statement for every n € N, one can also easily see that it holds in
the case n = oo from the definitions, cf. also the first case of the induction. n
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A final application of the Stone-Weierstrass Theorem and the Portmanteau Theorem
yields that, for a sequence of graphons, convergence of their k-WLDs is equivalent to
convergence of treewidth k£ — 1 multigraph homomorphism densities.

Lemma 45. Let k > 1. Let (W,,),, and W: X x X — [0,1] be a sequence of graphons
and a graphon, respectively. Then, vly, — vy, if and only if t(F,W,,) — t(F, W) for every

multigraph F of trecwidth at most k — 1.

Proof. Note that the linear hull of 7* is uniformly dense in C(MF) by Lemma 44 and the
Stone-Weierstrass Theorem [8, Theorem 2.4.11]. Hence, we have

S R » fdvy, — /Mk f dvi, for every f € C(MF)
(Portmanteau Theorem)
— f dV{an — f dvk, for every f in the linear hull of 7"
Mk Mk
— fdviy, — fdvi, for every f € T* (Linearity of the integral)
Mk MF
<« t([F],W,) — t([F], W) for every F € (F*),. (Corollary 43)

<~ t(F,W,) — t(F,W) for every multigraph F' of tw. < k — 1.
(Theorem 14)

]

Since M is Hausdorff, this in particular means that the k-WLDs of two graphons are
equal if and only if their homomorphism densities are.

Corollary 46. Let k > 1 and U,W: X x X — [0,1] be graphons, Then, vk = vk, if and
only if t(F,U) = t(F,W) for every multigraph F of treewidth at most k — 1.
4.6 Proof of Theorem 5

We are finally ready to prove Theorem 5. The majority of the work is already done and, at
this point, it is just about putting all the previous results together. For easier readability,
we restate the theorem here.

Theorem 5. Let k > 1 and UW: X x X — [0,1] be graphons. The following are
equivalent:

1. t(F,U) = t(F, W) for every multigraph of treewidth at most k — 1.
2. v =y,

3. There is a (permutation-invariant) Markov isomorphism R: L*(X*/CE, u®*/Ck,) —
LA(X*/CE, u®* /Ck) such that T /CF o R = Ro Ty, /Ck,.
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4. There is a (permutation-invariant) Markov operator S: L*( X%, u®*) — L2(X*, u®F)
such that Tf o S = S o Ty,

5. There are p®*-relatively complete sub-o-algebras C and D of B®* that are U-invariant
and W -invariant, respectively, and a Markov isomorphism R: L*(X*/D, u®* /D) —
LX(X*/C, u®*/C) such that T /Co R = Ro Ty, /D.

Proof. (1) = (2): This is just Corollary 46.

(2) = (3): Let R := RF o (RE,)*. By the assumption, R is well defined, and by
Corollary 32, it is a Markov isomorphism as the composition of two Markov isomorphisms.
By Corollary 38, we have

TS Ch 0 R = Th/Ch o Rl o (Rhy)* = R o, o (Rly)* = R o T4y o (Rl
= Ryy o (Ry)" o Ty /Cyy
= Ro Ty}, /CL,.

Similarly, Lemma 40 yields that R is permutation invariant.

(3) = (4): Set § = Igr 0 Ro Ser , which is a Markov operator as the composition of
Markov operators. By Lemma 25 (5), Cfr and Cf, are T§- and T% -invariant, respectively.
Hence,

TIEOS:T@O]CZ’}OROS&;V:[c{joT’fJ/Cf/OROSc’;V:IcgoROTIfA//C{}/OSc’;V
= I 0 Ro S o Ty

= SoTy.

by Lemma 9 (5) and (6). In a similar fashion, Lemma 25 (6) implies that, if R is
permutation invariant, then so is S.

(4) = (5): Follows immediately from Lemma 10.

(5) = (1): We have t([F],U) = t(F,T§/C) = t(F, T¥,/D) = t([F], W), for every
F € (F*),. by Corollary 23 and Lemma 22. Then, Theorem 14 yields the claim. O

4.7 Measure Hierarchies

Theorem 5 implies that the sequence vy, v/, ... of k-WLDs of a graphon W characterizes
W up to weak isomorphism since every graph has some finite treewidth. Let us explore
this a bit more in depth by combining all these £-WLDs into a single measure.

For 1 < ¢ < k < oo, we define the projection p** from M* to M’ as follows:
First, inductively define the function p*‘: P* — P! by defining p**: P¥ — P{ by
pu((wij>z’je([’g])) = (wij)ije([gl) and, for the inductive step, by defining p**: P¥ , — P! |
by pP (V) jem) = (P™*.v;)jeg- This is well-defined as every p** is continuous. Second,
the function p™*: P,’f — Pf directly extends to a function p**: M’fl — Mfl by applying it
component wise. Finally, by then applying this function component-wise, p*¢ extends to a
continuous function p**: MF — M.
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Consider the inverse limit of the spaces M* and the projections p**1* for k > 1 defined

by
M = {(ak);@l € I_IM[’C ‘pkﬂ’k(ak“) = o” for every k > 1}
k=1

with the o-algebra B(M*) generated by the projections p*: M*> — M* o + oF for
every k > 1. Note that this notation is justified as M* is again a standard Borel space
[18, Exercise 17.16]. As a product of a sequence of metrizable compact spaces, [, MPF is
metrizable [8, Proposition 2.4.4] and also compact by Tychonoff’s Theorem [8, Theorem
2.2.8]. Since p**1* is continuous, this implies that M is closed and, hence, a metrizable
compact space. Let

WL = {(yk>k>1 c I_IW'IL,’C ’ vk = p’““”“*yl“r1 for every k > 1},

k>1

where WLF denotes the set of all k~-WLDs. Then, by the Kolmogorov Consistency
Theorem [18, Exercise 17.16], for every v € WL, there is a unique v € & (M) such
that p>* 1> = V¥ for every k > 1.

Lemma 47. Let (v,), be a sequence with v, € WL and v € WL. Then, vy° — v> if and
only if v¥ — vk for every k > 1.

Proof. The set | ;... C(MF)op>* is uniformly dense in C'(M™) by the Stone-Weierstrass
Theorem [8, Theorem 2.4.11], cf. also the proof of Lemma 27. Hence, we have

v° = VF = / fdv — f dv® for every f € C(M*>)
oo MOO
(Portmanteau Theorem)

— fop®Fdvye — [ foptdv™ forallk>1, f e C(M")
Me® Mee

— fdp"o'“ = | fdp™Fv>forallk > 1, feCM)

MOO

<:>/ fdvf — fdu for all k > 1, f € C(M")

— V" = V¥ for every k > 1. (Portmanteau Theorem)

]

One can show that, for every graphon W: X x X — [0, 1], the sequence (v, )= of its
k-WLDs is in WL and, hence, yields a measure vjy € & (M*). Together, Lemma 45 and
Lemma 47 imply that these measures induce the same topology on the space of graphons
as multigraph homomorphism densities; note that this topology is different from the one
induced by simple graph homomorphism densities, cf. [20, Exercise 10.26] or [17, Lemma
C.2].
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Corollary 48. Let (W,), and W: X x X — [0,1] be a sequence of graphons and a
graphon, respectively. Then, the following are equivalent:

L vy — vy
2. t(F,W,) — t(F,W) for every multigraph F.

While simple graph and multigraph homomorphism densities yield different topologies,
they do not make a difference for weak isomorphism: two graphons are weakly isomorphic
if and only if they have the same multigraph homomorphism densities [20, Corollary 10.36].
Since <1 (M) is Hausdorff, this yields the following corollary.

Corollary 49. Let U W: X x X — [0,1] be graphons. Then, vg® = vy if and only if U
and W are weakly isomorphic.

4.8 Linear Equations

In this section, we elaborate the connection between Characterization (4) of Theorem 5
and the system L¥ (G, H) of linear equations mentioned in the introduction. To this end,

we first describe LY (G, H): G and H are graphs and L (G, H) has a variable X, for

180
every set 1 C V(G) x V(H) of size |w| < k. Such a set 7 is called a partial isomorphism
if the mapping it induces is injective and preserves adjacency and non-adjacency. Then,
Lk (G, H) is given by the following equations:

( Xeu{ww)y = Xn  for every 7 C V(G) x V(H) of size
@) 7| < k—1 and every w € V(H)

Z Xﬂu{(v,w)} - XTI' for every m - V(G) X V(H) of size

veV

Lit (G, H): { wev(H) 7| < k—1 and every v € V(G)
X@ - ]_
X,=0 for every 1 C V(G) x V(H) of size 7| < k

that is not a partial isomorphism

\

The graphs G and H are not distinguished by oblivious k-WL if and only if L¥ (G, H) has
a non-negative real solution. The equivalence to precisely this system of linear equations
is from [7], although it is already implicit in earlier work [16, 1, 14].

LE (G, H) is much closer related to Characterization (4) of Theorem 5 than it might
seem at first glance: The variables of LY (G, H) can be interpreted as permutation-invariant
matrices on V(G)! x V(H),...,V(G)* x V(H)*. In Theorem 5, instead of permutation-
invariant operators on all spaces L*(X?1, u®1), ..., L2(X* u®*), we only have a single
permutation-invariant Markov operator S on L*(X* u®*). In general, for an operator S
on L*( Xk, u®*), defining

Sl = TF;? oSo TI;?

yields an operator on L2(X*~1 u®*=1) It is easy to see that (S} )* = S*| since the adjoint
of a forget graph is the corresponding introduce graph and vice versa. Moreover, if S
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is permutation-invariant, this definition is independent of the specific pair of forget and
introduce graphs, i.e., we have S| = Tgr oS o Ty for every j € [k] since TF;? 0 Tk...;) = Tpr
J J J
and T(j...k) o TI;; = TIk.
J

Lemma 50. Let k > 1 and S be a permutation-invariant Markov operator on L*(X*, u®*).
Then, S| is a permutation-invariant Markov operator. Moreover, if TN];: oS=So TN;’J’
then
1. SOTI}CC:TI;;OS\L, 3. TN;::%OS\L:S\L OTN]?:IL
2. TproS =5 oTgs, and
Proof. First note that
Sllxr = (TFlic oSo TI]?)]_kal = (szf o S) 1y = TF:IXIC = 11,

where the last equality holds since p is a probability measure. Since S* is also a Markov
operator, we also obtain (S| )*1xk1 = S*| 1xk1 = Lys1. Let f € LEH(XFL p®k1)
with f > 0. Then, TI}gf = f®1x > 0, and hence, (S o TIg)f > 0. Therefore, also
Sl f = (TF;? oSo T,—;;)f > 0. Hence, S| is a Markov operator. For a permutation
m: [k —1] — [k — 1], we define the permutation «’": [k] — [k] by 7’(i) == m(¢) for i € [k —1]
and 7'(k) := k. Then,
TroSl =TroTpoSoTp =TgroTwoSoTy =TgroSoTwolp
= Tpr OSOTI}; ol
=S| oT.

Hence, S| is permutation invariant. Now, assume that TN;? oS=S5o TNLC. Then,

=S50 T oTproTp
= S © TI{??
where the last equality holds since p is a probability measure. Then, we also obtain 2

by considering S* and S*| and then taking adjoints. Finally, note that the permutation
invariance of S yields that we also have Ty, © S=S8oT Np_,- Moreover, observe that

k—1 k _ @k k
N o F}y = F;’ o N;/_,. Hence,
InppoSb =Ty o T oS odyy =T oIy o Soly =Tg o Soln oIy

=Tk o 0Tk 0T\ k-
F} S I Nk—ll

=S5 o TN::%.
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Given a permutation-invariant Markov operator S on L?(X* u®*), repeated applica-
tions of Lemma 50 yield a sequence Sy, ..., S, of permutation-invariant Markov operators
S; on L?( X", u®") by letting Sy == S and S;_; := S;|. for i € [k], which we call the operator
hierarchy defined by S. The following lemma shows that the equation Ty o S=5o TN
of Theorem 5 is just a way of formulating graphon analogues for the first three equations
in the definition of L¥

1S0°

Lemma 51. If S is a permutation-invariant Markov operator on L*(X*, u®*) such that
Tro S=So T then its operator hierarchy satisfies

1. Si(f®1x)=8_1(f) @ 1x for every f € L*( X1, u®~1) and every i € [k,
2. SHf@1x) =5 (f)®@1x for every f € L*(X7, u®~1) and every i € [k],
3. Sy is the identity operator, and

4. S; =0 for every i € [k].

Conversely, if Sy, . . ., Sk is a sequence of permutation-invariant operators S; on L*(X*, u®?)
satisfying the four conditions above, then Sy,...,Sy are Markov operators satisfying
TynioS;=S8;0Ty:.

Proof. The forward direction follows inductively from Lemma 50. For backward direction,
note that, by definition of I}, the first condition just states that S; o Ty = Tyi o S;_1; the
second condition is the analogous statement for forget graphs. This irhmedizately yields
the backward direction. O

As a final remark, we note that in addition to Lemma 50, one can also easily prove that,
if Tpr _,y 05 =80Tk, holds for graphons U, W: X x X — [0,1] and k > 3, then we
also have T’ Al © Sl =5]o Ak This inductively extends to operator hierarchies,
and it is easy to see that this requirement corresponds to the fourth equation in the
definition of L¥_ (concerning partial isomorphisms); we are just missing the injectivity that
a partial isomorphism requires, which is not important as long as our standard Borel space
is atom-free. Together with Lemma 51, this shows how to restore the characterization of

oblivious k-WL indistinguishability by LE_ for graphs G and H from Theorem 5.

180

5 Simple Weisfeiler-Leman Indistinguishability

Theorem 5 shows that oblivious k-WL corresponds to bounded treewidth multigraph
homomorphism densities. The reason for this are the atomic types used by k-WL, or more
accurately in our setting, the adjacency graphs since subsequent applications of the same
adjacency graph Afj to a term result in parallel edges. This cannot be prevented by simply
disallowing such subsequent applications: for the application of the Stone-Weierstrass
Theorem in the proof of Theorem 5, it is crucial that the set 7% of homomorphism functions
is closed under multiplications. However, to achieve this closure under multiplications, we
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Sg,{l} : b.\' SS,{1,3} : b.\°/b.
1 by 1 by 3

Figure 9: The graphs S3 ., and S5, 5,

close the set of terms under Schur products, which may introduce parallel edges if we have
edges between input vertices, cf. Figure 4. To prevent this way of introducing parallel
edges, we have to prevent edges from being added between input vertices in the first place.

In Section 5.1, we show how Theorem 5 and its proof have to be adapted for simple
graph homomorphism densities. To this end, we introduce simple (oblivious) k-WL. Not
surprisingly, the definitions become more similar to color refinement and the ones of Grebik
and Rocha [11]. For the sake of brevity, we only include proofs that significantly differ
from their counterpart in Section 4. We also briefly show how simple non-oblivious k- WL
can be defined in Section 5.2.

5.1 Simple Oblivious Weisfeiler-Leman

To prevent edges from being added between input vertices, we only allow certain combina-
tions of adjacency and neighbor graphs; after a sequence of adjacency graphs connecting a
vertex j to other vertices, we immediately follow up with a j-neighbor graph. Formally,
for every (4,V) in the set S* := {(j,V) | j € [k] and V C [k] \ {j}}, define the bi-labeled
graph

Skv = N © OzeVAk e ghh.

We note that this is well defined since the composition of adjacency graphs is associative.
Let F5F == {S%, | (j,V) € S*} C GF* be the set of all these bi-labeled graphs. We have to
be a bit cautlous as, in general, these graphs are not symmetric and, hence, their graphon
operators are not self-adjoint; in general, the set F** is not even closed under transposition.
Note that, by definition, the Skv graphon operator of a graphon W is given by

(T, (T /(HW i,y ) - fozly/jldu(y)

eV

for p®*-almost every & € X*. Analogously to Theorem 14, one can observe that the
underlying graphs of [F] for terms F € (F*¥),. are, up to isolated vertices, precisely the
simple graphs of treewidth at most k£ — 1. Basically, when constructing a term from a
nice tree decomposition, we just add all edges that are missing for a vertex whenever that
vertex is forgotten. We note that we do not miss any edges this way, i.e., every edge of
the original graph is present in the term and added at some point, since the bag at the
root node of a nice tree decomposition is the empty set.

For the sake of brevity, we write T5Y = Ty, for a graphon W. Then, de-
fine Ciff, € O(B¥, u®*) for every n € N by setting Cty = ({@,X*}), Cif .01 =

’fL
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T3 (Cip,) for every n € N, and finally, Ciff = Cif; . = (U,.enCifi)- Then, analogously to
Lemma 25, one can show that C§f¢ is permutation-invariant and the minimum T§-invariant
pu®-relatively complete sub-o-algebra of B®*¥. We now deviate a bit from the definition
of W-invariance and call a u®*-relatively complete sub-c-algebra C € ©(B®*, u®*) simply
W -invariant if C is invariant for every operator in the family (’]I‘?,’{})C;z; e, Cis (Tpow)est -
invariant for every F' € F°*. The reason for this is that, since T is not closed under
taking adjoints, Ci; might not be invariant under these adjoints. In contrast, Ci¥ is trivially
both (T§)cz -invariant and ("]I‘SV’{})Z;5 -invariant. In fact, it is easy to see that Cji is also the

minimum simply W-invariant p®*-relatively complete sub-o-algebra of B®*.

For a separable metrizable space (X, 7)), let .#<1(X) denote the set of all measures of
total mass at most 1. We endow .#<;(X) with a topology analogously to Z(X), i.e., with
the topology generated by the maps p+— [ fdu for f € Cy(X). Then, for measures that
all have the same total mass, the Portmanteau Theorem is still applicable as we can scale
them to have total mass of one. Let P§* := {1} be the one-point space and inductively
define a

Mif = [ P* and Pk, = (er (MEF))
<n
for every n € N. Let M := M =[], . P and, for n < m < oo, let py,,: MEF — M
be the natural projection. Finally, define

PSk = {Oé € MSk | (an+1)(j,V) = (pn+1,n)*(an+2)(j,V) for all (j, V) € Sk,n € N} .

By the Kolmogorov Consistency Theorem [18, Exercise 17.16], for all a € P* and
(4,V) € S¥, there is a unique measure 4y, € Z(M") such that (Pecn)«iSy = (ni1)(v)
for every n € N. Analogously to Lemma 27, the set P is closed in MSZ” and, for every
(7,V) € S*, the mapping P* — 2 (M), a 13y is continuous. To adapt the definition
of a k-WLD, we add a third requirement of absolute continuity and Radon-Nikodym
derivatives, cf. the definition of distributions over iterated degree measures [11].

Definition 52. Let k > 1. A measure v € 2(M**) is called a simple k- Weisfeiler-Leman
distribution (simple k-WLD) if

1. (P =1,

2 [ fdv = [ ( Jrga fdu;fz> dv(a) for all bounded measurable f: M% — R,

J € [k], and
3. uSy < p§y and 0 < ZZ?‘; < 1 for v-almost every a € M and every (j,V) € S*.

Let W: X x X — [0,1] be a graphon. Define owI?,Vk’O: X* — Mk by owI?,[k,p(i') =1 for

every Z € X*. Inductively define owljy,, . : X* — Ms¥ | by

owl'f/ﬁnﬂ(f) = owl?,’évn(i), (A — / B HW(xi,y) dp(y))
OWI%/,n (A)i[ (j,V)ESk

/il i€V
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for every Z € X*. Then, let owl?,‘k/ = owl?,lf}’oo: X* — M°®* be the mapping defined
by (owli(Z)), = (owlif o (Z))n = (owliy,(Z)), for all n € N, € X*. Finally, let

Vil = owlip, u®F € Z2(M**) be the push-forward of u®*F via owly. Analogously to

Lemma 31, one can show that
cit, = ({owtit,' (4) | A € B })

for n € NU {o0}. Defining R = Sest © Touee yields a Markov isomorphism from

L2(MF w3k to L2(X*/C3, n®% /C3F), cf. Corollary 32. Let us explicitly state the adaptation
of Lemma 33 since the proof requires some additional work.

Lemma 53. Let k > 1 and W: X x X — [0,1] be a graphon. Then,
1. owlip(X*) C P, and

9 owlS¥ ()

Wi = (owliy ox[-/j])ops for all j € K], T € X*,
3. v is a simple k-WLD.

Proof. The proof of (1) is analogous to Lemma 33 (1). For (2), observe that u‘?g%’(i’) is
a probability measure. Then, the proof is analogous to Lemma 33 (2). For (3), we get
vip(PF) =1 and [ fdv = [u (stk fd,u}fg> duik(a) for every bounded measurable
f:M* — R and every j € [k] as in the proof of Lemma 33 (3).

Let (4,V) € S*. Let 7 € X* and let

C = <{:1:[ /3] (owlE () | A € B(Msk)}>
be the minimum g-relatively complete sub-o-algebra that makes owl}j; 0Z[-/4] measurable.
Then, E(y — [Licy W(zi,y) | €) € L*(X,C, 1) and hence, by Proposition 8, there is a

measurable function g: X — R such that E(y — [[,cy, W (2, y) | C) = g o owl}y o[-/ 4]
p-almost everywhere. Note that 0 < g < 1 holds p-almost everywhere. For every n € N
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and every A € B(M:), we have

o b5 (4)
Js *g,
0W|sv'f/( T))ny1) ) (A)

oWy i1 (Z))nt1) 1) (A)

:/lsk—l TTW (@i y) du(y)

won (Dal/i) iev

\Ej\/
=
8 L
P
=
[
3
3
3

o~~~
—

[TW @i, v) duy)

zl/3) 7 owll T (0t n (A))) je s

= Ely— W(%Z/)W) d
/m] Lowlth ™ (p3n (A))) ( H

Poo,n eV

(Proposition 6)

. goowlior]/jldu
[/J] (OWISk (poo,n(A)))

— [, gd(out eal/s).

. owli’f/(i)
= /1 W gdp; :

Since U, e {pocn(4) | A € B(MSk)} generates B(M®*), the -\ Theorem [18, Theorem 10.1

iii)] yields that MOWIW @A =[,9 OWIW " for every A € B(M®*). Therefore, 1Sy < 1y
and 0 < d“gv 1 for every a € owI?,’f,(X *). By definition of 5, this holds v{k-almost
everywhere. Hence, 5 is a simple k-WLD. O]

Let v € ;@(I\\/JIS’“) be a simple k&-WLD and (5, V) € S*. By definition of a k-WLD, we
have 0 < d”gv 1 for v-almost every av € M**. Hence, analogously to Lemma 34, one can

show that settlng

dpgy o o
(Tsg, o) = [ Gt s = [ oy

M

for all f € L®(M** v), a € M defines an L>®-contraction that uniquely extends to an
L*-contraction L*(M* v) — L*(Me* v).
Lemma 54. Let k> 1 and W: X x X — [0,1] be a graphon. For every S € F*,

1. TS—WV © Towli,]f, =T I%,’f, © TS—)I/%};’

k k k
2. (TSA)W)C‘I;VOTOWQ@ = TOWI%OTS%Vi{W and 3. TS%W/CW © R?/V = R?/V © TS*}I/%{‘} :
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Proof. Let (j,V) € S* such that § = S¥,. For & € X*, let C; denote the minimum

p-relatively complete sub-o-algebra that makes owlj; 0Z[-/j] measurable. As seen in the
proof of Lemma 53, we have

owlsk (2)

dp;y sk —r .
E(y = [[W(i.9) | C) = —Z o 0 owliy oz /]
i€V T

p-almost everywhere. Then, we have

owlsk (z
_ dl’[/] VW( ) sk — .
(Towlﬁ,’f, © TS’ﬁya{ﬁf) (Q?) = T(x’) : fd(OW|W OQ;[/J])*M
Misk du P

(Definition and Lemma 53 (2))
/ y»—>HWa:Z, y) | Cz) - f o owlSk oz[- /4] du

eV

/ HW zi,y) - E(f o owliy oz /4] | C2)(y) duu(y)
=% (Proposition 6)

— [ TIW (i) £ oot oaly/ i) duty)

1S

= (Tsow © T f)(Z)

for every f € L®(M* v) and pu®*-almost every 7 € X*. As LM 15F) is dense in
L*(Msk, k) this implies (1). From there on, (2) and (3) are analogous to Lemma 35 (2)
and (3), respectively. O

For k > 1 and a simple k-WL distribution v € 2(M*), let T, := (Ts_,)scr+. Then,
for a graphon W: X x X — |0, 1], we have

ES
T /Ciy o Ry = Rip o Ty and T5E™/C3k o RS = RSY o Ty

where the first equation is just Lemma 54 and the second equation follows from the first
since R%* is a Markov isomorphism. As before, a permutation 7: [k] — [k] naturally
extends to a measurable bijection 7: M — M, and the 7-invariance, and more general
the permutation invariance, of a simple k-WLD can be defined analogously to Section 4.4.
The analogous result to Lemma 40 holds as well; in particular, 5} is permutation invariant
for a graphon W. Let C € O(B®*, u®*) be simply W-invariant; recall that this definition is

a bit artificial as it means that C is (T} )Csk -invariant. Corollary 23 can then be adapted
to the also somewhat convoluted statement that

HE, Typ) = t(F, (T3 )egs )e) = HE, (Tiy)eg/C) = +(F, Tyy) = t([F], W)

holds for every F € (F°*), . To prove this, one has to apply Lemma 22 twice this time: first,
to get from T to (T?/]f/)c;’; and, second, to get from there to ((T?/]f/)c;{g)c and (T%’“,)CSV@/C.
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For a term F € (F°%), and every n € N with n > h(F), the set F of functions
Ms* — [0, 1] is defined similarly to Definition 41. More precisely, while we could just use
the old definition, it can actually be simplified as the distinct cases for adjacency and
neighbor graphs can be subsumed by the function

st,VOF

o fd(ani)gv) € F 00
Mk

for every f € F¥ and every j € [k]. From there, we analogously obtain the set F¥ of
continuous functions M** — [0, 1]. Lemma 42 and Corollary 43 adapt in a straight-forward
fashion.

For every n € NU {oo}, define T3 := Upe rer). ny<n Fn and abbreviate 75 := T3,
Lemma 44 also adapts easily, i.e., for every n € NU {oo}, the set T* is closed under
multiplication, contains 1y, and separates points of Ms*. Here, one has to observe that
the all-one function distinguishes two measures if their total mass is different, which means

that the Portmanteau Theorem is still applicable in this case. From there, we obtain the
following analogue to Lemma 45.

Lemma 55. Let k > 1. Let (W,), and W: X x X — [0,1] be a sequence of graphons
and a graphon, respectively. Then, viy. — Vi if and only if t(F,W,,) — t(EF, W) for every
simple graph F' of treewidth at most k — 1.

Since &2(M**) is Hausdorff, this also means that the simple &~-WLDs of two graphons
are equal if and only if their treewidth k£ — 1 simple graph homomorphism densities are.
With the Counting Lemma [20, Lemma 10.23], we also obtain the following additional
corollary.

Corollary 56. Let k > 1. The mapping Wy — P (M%), W s vk is continuous when
Wy is endowed with the cut distance.

We note that the same reasoning does not work for multigraphs as the Counting
Lemma does not hold for multigraphs. Moreover, the above corollary does not hold for
multigraphs since convergence of simple graph homomorphism densities does not imply
convergence of multigraph homomorphism densities, cf. [20, Exercise 10.26] or [17, Lemma
C.2].

Having outlined the necessary changes for simple graphs, we obtain the following
variant of Theorem 5 for simple graph homomorphism densities. Note the inelegant
characterization via Markov operators, which is quite artificial in this case; this again
stems from the fact that the family T§f of operators is not closed under taking adjoints.

Theorem 57. Let k > 1 and U/W: X x X — [0,1] be graphons. The following are
equivalent:

1. t(F,U) = t(F,W) for every simple graph of treewidth at most k — 1.
2. sk =ik,
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3. There is a (permutation-invariant) Markov isomorphism R: L*(X*/C3k u®*/C3k) —
L2(XFk/CsE u®F /CEF) such that TfF /CiF o R = Ro T /C3k.

4. There is a (permutation-invariant) Markov operator S: L*( X%, u®*) — L2(X*, u®F)
such that (T?}“)Cﬁ oS =So (T?,’f,)csvz; and S* o (T?}“)Ci}c = (T?,’f,)c;z; o S*.

5. There are p®*-relatively complete sub-o-algebras C and D of B¥* that are sim-
ply U-invariant and simply W -invariant, respectively, and a Markov isomorphism
R: LX(X*/D, u®* D) — L*(X*/C, u®*/C) such that (TF)ess /Co R = Ro (T3 )css /D-

Proof. (1) = (2): Follows from Lemma 55.

(2) = (3): Analogous to Theorem 5 as we have both T /Cf o Ry = Ry o T, and
(R3p)* o Ti /Ci = T, o (R5)* since Ry is a Markov isomorphism.

(3) = (4): Set S := Ips 0 Ro Ses, which is a Markov operator as the composition
of Markov operators. Then,

sk sk sk sk
(TU )C?Jk oS = (TU )Cgc o IC?Jk oRo SC;’; = IC?Jk 9] TU /CU oRo Sc?/‘k/ (Lemma 9 (3))
k /osk
= Ic;k o Ro Ty /Cy OSC;I;
k
= Igse 0 R o Ses o (T ) st (Lemma 9 (4))
=50 (T?/If/)c;y
Note that we neither used that Ci¥ is T$F-invariant nor that Cif is Tir-invariant. Since R
is a Markov isomorphism, we also have T$¢" /CfF o R = R o T3F"/C3k, which means that
we obtain (T§# )est 0 S = S o (T§)eer in an analogous fashion. This implies the claim.
U w
Moreover, analogously to Theorem 5, if R is permutation invariant, then so is S.

(4) = (5): Follows immediately from Lemma 10.
(5) = (1): Analogous to Theorem 5. O

Also in this case, it is possible to define the space M*>* and, for a graphon W: X x X —
[0, 1], the measure v5° € &2 (M*®). Then, one obtains the following lemma corresponding
to Corollary 48, where we now have a third characterization in terms of the cut distance,
denoted by 0m, cf. [20, Theorem 11.5].

Lemma 58. Let (W,),, and W: X x X — [0,1] be a sequence of graphons and a graphon,
respectively. Then, the following are equivalent:

Ly = .
2. t(E,W,) — t(F,W) for every simple graph F.

9. W, 5w
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Figure 10: The (isomorphism types of) graphs in F"!.

5.2 Non-Oblivious Simple Weisfeiler-Leman

As mentioned in the introduction, there are two non-equivalent variants of k-WL for graphs:
oblivious k-WL and (non-oblivious) k-WL, where k-WL is equivalent to oblivious k+ 1-WL
in the sense that two graphs are distinguished by k-WL if and only if they are distinguished
by oblivious k + 1-WL [12, Corollary V.7]. (Non-oblivious) k-WL is usually considered in
the graph setting since it needs less memory to achieve the same expressive power, but the
connections of oblivious k-WL to other characterizations are much cleaner. Examples of
this are the system L¥ (G, H) of linear equations, where the k directly corresponds to the
k of oblivious k-WL, the logic C¥, the k-variable fragment of first-order logic with counting
quantifiers, and the maximum bag size in a tree decomposition, although the latter is
usually hidden by the fact that one subtracts one from the maximum bag size in a tree
decomposition to get the width of such a decomposition. Tree decompositions also give an
explanation of the difference between oblivious k-WL and non-oblivious k-WL: intuitively,
given a tree decomposition of width k, we may dissect it into parts at bags of size k + 1 or
at bags of size k yielding oblivious k-WL and non-oblivious k-WL, respectively.

Let us formally define non-oblivious k-WL. Let GG be a graph and recall that the atomic
type atpg () of a tuple v = (vy,...,v;) € V(G)F of vertices of G is the k x k-matrix A
with entries A;; =2 if v; = v, A;; = 1 if vu; € E(G), and A;; = 0 otherwise. Then, let
wlléyo(ﬁ) = atp(v) and, for every n > 0, define

Wl (0) 1= (Wi, (0), f(atpg (o), (Wit (0[w/i]) ) W €VIEF) ()

for every v € V(G)*. We say that k- WL does not distinguish graphs G and H if {ngm(@) |
v € V(G)"} = {wl}, () | v € V(H)} for every n > 0. Recall that the j-neighbor v[w/J]
denotes the k-tuple obtained from v by replacing the jth component by w. The colorings
computed by 1-WL and color refinement induce the same partition and, in particular,
1-WL distinguishes two graphs if and only if color refinement does [12, Proposition V.4].

Following the intuition that a tree decomposition of width k& can be dissect into parts
either at bags of size k41 or at bags of size k, one can adapt the definitions of this section
to obtain a variant of simple £-WL akin to non-oblivious k-WL. To this end, recall the
definition of forget, adjacency, and introduce graphs from Definition 12 and let F"* to be
the set of all bi-labeled graphs

Fit o Ouev Al o Ij € GM
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for j1,72 € [k+ 1], V. C [k + 1]\ {j1}. Then, a term in (F**!), can be turned into a
term in (F"*), . by essentially re-grouping the introduce and forget graphs. All definitions
and results from this section transfer to the set F"* and, in particular, one can obtain a
variant of Theorem 57 without the mismatch of the k£ of simple k-WL and the k of the
treewidth. Since it is so similar, however, we do not state it here.

For a last remark, consider the special case of k = 1 of fractional isomorphism. The
isomorphism types in F™! are shown in Figure 10; they all are symmetric in this special
case. We note that the graph on the far left is A, the edge with one input and one output
vertex, cf. Example 17, which satisfies Ta_,w = Ty. Among the bi-labeled graphs in Fs!,
this is actually the only interesting graph since it is necessary and already sufficient for
the construction of all trees. In other words, we can leave out the other bi-labeled graphs
from F"!. Then, the resulting characterizations are essentially Theorem 4, the result of

Grebik and Rocha.
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