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Abstract

For large n we determine the maximum number of induced 6-cycles which can be
contained in a planar graph on n vertices, and we classify the graphs which achieve
this maximum. In particular we show that the maximum is achieved by the graph
obtained by blowing up three pairwise non-adjacent vertices in a 6-cycle to sets of as
even size as possible, and that every extremal example closely resembles this graph.
This extends previous work by the author which solves the problem for 4-cycles
and 5-cycles. The 5-cycle problem was also solved independently by Ghosh, Gy®ri,
Janzer, Paulos, Salia, and Zamora.

Mathematics Subject Classifications: 05C10, 05C35, 05C38

1 Introduction

The problem of determining for a fixed small graph H the maximum number of induced
copies of H which can be contained in a graph on n vertices was first considered in
1975 by Pippenger and Golumbic [22], and has since received considerable attention. As
summarised in [8], this maximum is now known asymptotically for all graphs H on at
most four vertices except the path of length 3. In the case where H is a k-cycle for k& > 5,
Pigpenger and Golumbic conjectured in their paper that the maximum is asymptotically
w7 Which they showed is an asymptotic lower bound for all k-vertex graphs H. In 2016
this conjecture was verified in the case k = 5 by Balogh, Hu, Lidicky, and Pfender in [3].
The current best known upper bound for general k-cycles is 2n* /k*, which is due to Kral’,
Norin, and Volec [18]. Results for other graphs H can be found in [15] and [26].

A related problem on which significant progress has been made recently is to consider
what happens when we restrict to planar graphs. There are two interesting problems in
this setting, firstly to determine the maximum number of not necessarily induced copies
of a small graph H that can be contained in a planar graph on n vertices, which we write
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as f(n, H), and secondly to determine the same quantity when we insist that the copies
of H are induced. We write f;(n, H) for this second quantity.

In a moment we shall focus on the case where H is a cycle, but we first note that
f(n, H) has also been studied for other graphs H, for example see [2], [4], [7], [10], [11], [24],
and [25]. In the general case, Huynh, Joret, and Wood determined in [17]| the order of
magnitude of f(n, H) for all H in terms of a graph parameter called the ‘flap-number’
of H. Liu then showed in [20] (Corollary 6.1 in that paper) that for all graphs H,
fiin,H) = ©(f(n, H)), which in turn determines the order of magnitude of f;(n, H) for
all H.

Focussing now on the case where H is a cycle, in 1979 Hakimi and Schmeichel [14]
showed that f(n,C3) = 3n — 8 for n > 3 and f(n,Cy) = 3(n® 4+ 3n — 22) for n > 4.
Much more recently, in 2019, f(n,Cs) was determined for all n > 5 by Gydri, Paulos,
Salia, Tompkins, and Zamora in [12]. Since every copy of C5 in a graph is an induced
copy, Hakimi and Schmeichel’s result also determines f;(n,Cs) for all n > 3. The values
of fr(n,Cy) and fr(n,C5) were determined for large enough n in [23]. In each case the
extremal graphs were classified in the respective paper, with a small correction to the
extremal graphs for f(7,C,) and f(8,C,) given by Alameddine in [1]. The value of
fr(n,C5) for large n was also found independently by Ghosh, Gyéri, Janzer, Paulos,
Salia, and Zamora in [9].

No exact results are known for longer cycles, but a recent string of papers have yielded
impressive asymptotic results. This progress was initiated by Cox and Martin [4]|, who
developed a method for upper bounding f(n, H) for even cycles H via a reduction to a
maximum likelihood estimator problem on graphs. They went on to solve this problem
for small cycles [4, 5], before Lv, Gyori, He, Salia, Tompkins, and Zhu [21] solved it in
general to show that f(n,Cy) = (%)k + o(n*) for all k > 3. Planar graphs achieving
these asymptotics were first exhibited in [13]: for m > 3, let F,, ,, be the n-vertex graph
obtained by blowing up L%J pairwise non-adjacent vertices in an m-cycle to sets of as
even size as possible (see Figures 1(a) and 1(b)), then F, o is a planar n-vertex graph
containing (%)k + o(nF) cycles of length 2k. In fact, all of these 2k-cycles are induced, so
since fr(n, H) < f(n, H) for all n and H, we have also that f;(n,Cy) = (%)k + o(n*) for
all k£ > 3.

In the case where H is an odd cycle of length greater than 5, we can obtain a lower
bound on fr(n, Co1) in the same spirit as above by observing that F,, ox11 is an n-vertex
planar graph containing (%)k + o(n*) induced (2k + 1)-cycles. To obtain a better lower
bound on f(n,Co1) we can consider the following graphs, first defined in [10]: for each
m > 3, let F) . be the graph obtained from F,,, by adding a path through each of the
blown-up vertex classes (see Figures 1(c) and 1(d)). Then F} ,, is an n-vertex planar graph

containing 2k (%)k + o(n*) (non-induced) (2k + 1)-cycles. Very recently, Heath, Martin,
and Wells [16] extended Cox and Martin’s reduction lemmas to the case of odd cycles, and
showed that for k € {3,4} the graphs F) ,, are asymptotically optimal for the non-induced

problem, that is, f(n,Cot1) = 2k (%)k +o(nk) for k € {3,4}. They conjectured that this
extends to all £ > 5, and showed a general upper bound of f(n, Cory1) < 3k (%)k + o(nk).
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(c) Graph F}, ,, when m is even (d) Graph F},,, when m is odd

Figure 1: The graphs F, ,, and F), , in different cases

No better upper bounds on f;(n,Ca,y1) are known for k& > 3.
In [23] the following conjecture was made regarding the exact solution of the problem
for induced even cycles of length at least 6.

Conjecture 1 ([23|). For & > 6 and n sufficiently large relative to k, the graph F,
contains f(n, Cy) induced k-cycles.

In this paper we will show that for large enough n, the n-vertex planar graphs contain-
ing f1(n,Cs) induced 6-cycles are exactly those which are subgraphs of F} s and which
contain F,, s as a subgraph, thus establishing the conjecture when k = 6. By counting the
number of induced 6-cycles in F), ¢ we can obtain from this a closed-form expression for
fr(n, Cg) for large n. Our approach is different from that introduced by Cox and Martin,
which in its current form is only of use for obtaining asymptotic results.

Before stating our result, for each n > 6 we will define F,, to be the family consisting
of the subgraphs of F} s which contain F, s as a subgraph. Formally, we define 7, as
follows.

Definition 2. For n > 6 the family F,, consists of the graphs G such that all of the
following hold:

(i) G has exactly n vertices, with vertex set {uy, ug,u3} UAUBUC, where |A| + |B| +
|C| = n — 3 and the sizes of A, B, and C' are as equal as possible,

(ii) for all a € A, b € B, and ¢ € C, G contains the edges auy, aus, bus, bus, cus, and
cuy, and
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(iii) there exist labellings of A, B, and C' as, respectively, {ai,... a4}, {b1,..., 05}
and {cy, ..., cc} such that any remaining edges of G’ form a subset of {a;a;41 : 1 <

The structure of a graph in F,, is illustrated in Figure 2. In this illustration, red lines
indicate edges each of whose addition or omission does not affect whether the graph is
in F,,. We are now ready to state the main result of the paper.

Figure 2: A graph in F,

Theorem 3. For large n, G is an n-vertex planar graph containing fr(n,Cs) induced
6-cycles if, and only if, G € F,,. Hence for large n,

—1)3:2in3—9n2-|—27n—27), ifn=0 (mod 3)
fr(n,Co) = (252)% (252) = (0 — 9n® +24n — 16), ifn=1 (mod 3)
= ) = =(n® —9n® +24n — 20), ifn=2 (mod 3).

1.1 Notation and outline of the paper

We use standard notation from graph theory in this paper. In particular, C} is the k-cycle
graph, K, is the complete bipartite graph with parts of size a and b, and for a graph G
and a subset S of its vertex set, G — S is the subgraph of G obtained by deleting the
vertices in S. For a vertex v of a graph G we write N(v) for the (open) neighbourhood
of v in G, that is, the set of vertices of G' which are adjacent to v.

In the next section we first introduce some of the framework we will use to prove
Theorem 3, and then we find some structure in large planar graphs in which no vertex is
in ‘few’ induced 6-cycles. In Section 3 we use this to show that every large planar graph
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contains a vertex in ‘not too many’ induced 6-cycles, and that if every vertex is in ‘many’
induced 6-cycles and the number of vertices in the graph is a multiple of 3, then the graph
is in F,, for the appropriate n. In Section 4 we use these results to show that for large n
every vertex in a planar n-vertex graph containing f;(n, Cg) induced 6-cycles is in ‘many’
induced 6-cycles, from which we can deduce that all such graphs are in F,,, which is the
substance of Theorem 3. Finally in Section 5 we consider to what extent the arguments
used are applicable to the problem of determining f;(n,Cy) for k > 6.

2 Preliminaries

We will use the following notation throughout this paper. Let v be a vertex of a planar
graph G with distinct neighbours v and w. Define X" to be the set of vertices of
G — {u,v,w} which are in an induced 6-cycle in G containing the path wvw. Then let
X = X N N(u), X = X" N N(w), and X3 = X"\ (X% U X)), so that
every induced 6-cycle in GG containing the path wvw is of the form uvwrsxox; for some
r1 € X1, 2 € Xo, and z3 € X3.

Clearly the sets X{*, X3"", and X3 are pairwise disjoint. If there exists an induced
6-cycle in G containing the path uvw, then they are all non-empty and every vertex in
X" has a neighbour in X§", every vertex in XJ"" has a neighbour in X" and a
neighbour in X3, and every vertex in X3"" has a neighbour in X§**. The following
fundamental lemma gives further properties of these sets and introduces a framework that
we will use often. It is adapted from Lemma 1 in [9], which is a similar result for 5-cycles.

Lemma 4. Let G, v, u, and w be as described above, and let X1 = X", Xo = X3, and
X3 = X3, Assume that there exists an induced 6-cycle in G containing the path uvw.
Then G, the bipartite subgraph of G induced between X, and X, is acyclic and hence the
number of induced 6-cycles in G containing the path uvow is at most | Xs|(|X1| + | X2 —1).
Similarly Go, the bipartite subgraph of G induced between Xo and X3, is acyclic and the
number of induced 6-cycles in G containing the path uvvw is at most | X1 |(| Xa| + | X3 —1).

Proof. Suppose for a contradiction that GG; contains the cycle x1y; . .. xxyy for some k > 2,
where x; € X; and y; € X5 for all 7. Let z; € X3 be a common neighbour of w and y;,
and let zp € X3 be a common neighbour of w and ys. If 27 # 25, then {xy, 2o, w}
and {y1,y2,u} form the partite sets of a subdivision of K33 in G, which contradicts
Kuratowski’s theorem [19] (see also [6]). Otherwise {x1,x9, 21} and {y1, y2, u} form such
partite sets, again giving a contradiction. Hence G is acyclic, as is Go, similarly.

Every induced 6-cycle in G' containing the path wvw contains an edge of G; and a
vertex in X3, and this edge and vertex pair determines the 6-cycle. Since G is acyclic
and X; and X, are non-empty, there are at most |X;| + |Xs| — 1 edges in G;. Hence
there are at most |X3|(|X| + |X2| — 1) induced 6-cycles in G which contain the path
uvw. Similarly, considering G5 in place of G; and X; in place of X3, G contains at most
| X1 |(] X2| + | X3] — 1) such 6-cycles. This completes the proof of Lemma 4. O

When we apply this result in Section 3, we will use the following basic facts.
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Fact 5. (a) If a,b,c > 0 and ab > ¢, then a + b > 2c with equality if and only if
a=b=c.

(b) Ifa,b,e,d >0, ab>cd+ 1, and |c —d| < 1, thena+b > c+d.

Let G be a plane graph with a (not necessarily induced) K57 subgraph. The drawing
of this Ky 7 subgraph induced by the drawing of G splits the plane into seven regions, six
bounded and one unbounded. Following the authors of [9], we say that this K 7 subgraph
of G'is an empty K57 in G if the interiors of all six of the bounded regions formed by the
K, 7 subgraph contain no vertices of G. If G contains such a copy of K,; then we say
that G' contains an empty Ks 7.

Inspired by a definition in [23], we say that two vertices in a planar graph G are
principal neighbours if they are adjacent and there is an induced 6-cycle in G' containing
both of them. Adapting an observation by the authors of [9], we note that given an empty
K57 in a plane graph G, one of the vertices in the part of size 7 (the ‘central’ one, in the
natural sense) has only two principal neighbours in GG, namely the vertices in the part of
the K7 of size 2.

Indeed, if v and w are the vertices in the part of size 2, and vy, ..., v; are the vertices
in the part of size 7 (labeled in a natural order so that v, is the central one), then v, takes
its neighbours from among u, w, vs, and vs. Clearly no induced 6-cycle contains the path
uvavz since v and vz are neighbours, and the same applies for the paths uv,vs, wvsvz, and
wwvyavs. If there is an induced 6-cycle containing the path vzvsvs then there is a path of
length 4 from v to vs in G which avoids vy, u, and w. This is impossible due to the other
common neighbours of u and w and thus the only principal neighbours of v, are v and w.

The next lemma allows us to find empty Ks7’s in plane graphs under certain condi-
tions. The argument is based on an argument in [9)].

Lemma 6. Let 0 < ¢ < 1 be a real constant and let n be large relative to c. Let G be
an n-vertex plane graph and suppose that every vertex of G is in at least n?/10 induced
6-cycles. Suppose that u and w are distinct vertices of G with a common neighbourhood
of size at least ecn. Then G contains an empty Ko7 whose part of size 2 is {u,w} and
hence there is a vertex in G whose only principal neighbours are u and w.

Proof. Let t = |[N(u) N N(w)|, so t > cn. Label the vertices in N(u) N N(w) as vy,...,v;
in a natural order, that is, such that the drawing of the complete bipartite graph with
parts {u,w} and {vy,...,v;} induced by the drawing of G splits the plane into ¢ regions
Ry, ..., R, where the boundary of R; is formed of the cycle v;uv; 1w for all ¢ (with addition
in the subscript taken modulo t), and where R; is unbounded.

Let 3 <7 <t — 3 and consider the region R;. Suppose for a contradiction that there
is at least one vertex of G in the interior of R;, but not more than n'/3. Note that none
of these vertices are in the common neighbourhood of u and w. Let z be a vertex in the
interior of R;. Then z is in at least n?/10 induced 6-cycles in G by assumption.

We will obtain a contradiction by deriving an upper bound of less than n?/10 on the
number of induced 6-cycles containing z. First, the number of induced 6-cycles contain-
ing z which only use vertices in the interior of R; or on the boundary of R; is at most
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(n*/3 + 3)> < n"/* since there are at most n'/? 4+ 3 options for each of the vertices in the

6-cycle besides z. It remains to bound the number of induced 6-cycles containing z that
also contain a vertex in the exterior of R;.

Any such cycle contains at least two vertices on the boundary of R;. Clearly it cannot
contain all four vertices on the boundary since these form a 4-cycle. Moreover, it cannot
contain three vertices on the boundary. Indeed, any such three vertices form a path in G,
so since the 6-cycle is induced it must contain this path. Of the remaining three vertices
in the 6-cycle, one is z and another, x, is in the exterior of R;. Since z and x are not
adjacent, the final vertex in the 6-cycle is one of their common neighbours. This common
neighbour must be the fourth vertex on the boundary of R;, so the 6-cycle is not induced.

Hence any induced 6-cycle containing z and a vertex in the exterior of R; contains
exactly two vertices on the boundary of R;, and these must be non-adjacent since they
must appear non-consecutively in the 6-cycle. However, they cannot be v; and v;,; since
there is no path of length at most 4 from v; to v;1; contained in the exterior of R;
because of the t — 2 other common neighbours of v and w. Therefore, any induced 6-cycle
containing 2z and a vertex in the exterior of R; contains v and w.

Since z is not a common neighbour of v and w, of the three other vertices in the cycle
exactly one or two must be in the interior of R;. The number of such cycles in which
exactly two of the other vertices are in the interior of R; is at most n°/? since there are at
most n'/? options for each of the two other vertices in the interior of R;, and at most n
for the vertex in the exterior.

The number of such cycles with exactly one other vertex in the interior of R; is at
most 3n*/3, since there are at most n'/? options for the other vertex in the interior of R;,
and there are at most 3n — 6 edges in the (planar) bipartite graph induced between N (u)
and N(w), so the number of options for the edge contained in the exterior of R; is less
than 3n.

Therefore z is contained at most n/4 4+ n®? 4 3n*3 < n?/10 induced 6-cycles, which
contradicts our assumption. So for 3 < i <t — 3, if R; has a vertex in its interior, then
there are least n'/3 such vertices. Let [ = {3 < i< t—3: R; has a vertex in its interior}|.
Then n'/? < n, so | < n?3. Hence since t > cn, there exist six consecutive values of i
in 3,...,t — 3 such that R; has no vertices in its interior for each of these values of i.
Thus, G contains an empty K7 in which the part of size 2 is {u,w}, which proves the
first part of the conclusion of Lemma 6; the second part now follows from the discussion
above. O

In Lemma 7 and its subsequent corollary, we use Lemma 6 to show that if a large
planar graph has no vertices in ‘few’ induced 6-cycles, then it contains an induced 6-cycle
reminiscent of those in the graphs in F,.

Lemma 7. Let n be large and let G be an n-vertex planar graph. Suppose that every
vertex of G is in at least n?/10 induced 6-cycles. Suppose vy is a vertex of G with at most
five principal neighbours. Then G contains an induced 6-cycle u;viusvouzvs such that the
only principal neighbours of ve are us and us, and the only principal neighbours of vs are
u; and us.
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Proof. Let u; and uy be neighbours of v; such that there are at least n? /100 induced
6-cycles in G containing the path wjvjus. Let Xy = X720 Xy = X" and X3 =
X312 Let Gy and G5 be the bipartite subgraphs of G induced between partite classes
X and X5, and X, and X3 respectively. By Lemma 4, G; and G5 are acyclic.

Every induced 6-cycle in G containing u,vius contains an edge of G, and every edge
in GGy is in at most n such cycles, since these cycles are determined by the vertex in X,
that they contain. There are at most n edges in G5 since it is acyclic. Let [ be the number
of edges in G5 which are in at least n/1000 induced 6-cycles in G containing the path
uv1ue. Then

sol>n/111.

If o € X5 and 23 € X3 are neighbours and there are at least n/1000 induced 6-
cycles in G containing the path ujviusx3xs, then xq has at least n/1000 neighbours in Xj;.
Hence each of the I edges above contains a vertex in X, which has degree at least n/1000
in G;. Since G is acyclic it contains at most n edges, so at most 1000 vertices in X,
can have degree at least n/1000 in G;. Thus there exists uz € X, which is an endpoint
of at least n/111000 of the [ edges, and this ug satisfies |N(u;) N N(usz)| = n/1000 and
|N(ug) N N(uz)| = n/111000.

By Lemma 6, there exist vertices v € N(uy) N N(u3) and vy € N(ug) N N(u3) whose
only principal neighbours are w; and wug, and us and w3 respectively. Moreover, the
same lemma implies that we can pick vy so that its only neighbours are wus, w3, and
some vertices in the neighbourhood of u,. Similarly, we can pick vs such that its only
neighbours are u, uz, and some vertices in the neighbourhood of ;. Since u; and uy are
not neighbours, we have v3 # us, us, and vz € N(ug). Hence vy and vz are not neighbours.
The cycle ujviusvousvs is therefore an induced 6-cycle in GG, which completes the proof
of Lemma 7. O

Corollary 8. Let n be large and let G be an n-vertex planar graph. Suppose that every
verter of G is in at least n?/10 induced 6-cycles. Then G contains an induced 6-cycle
UV UVou3V3 such that for each i € {1,2,3} the only principal neighbours of v; are u; and
Uiy1, where addition in the subscript is taken modulo 3.

Proof. Every planar graph contains a vertex of degree at most 5. Applying Lemma 7
to such a vertex of G shows that there exists a vertex v; in G with only two principal
neighbours. Applying Lemma 7 to v; completes the proof of Corollary 8. O

3 Large planar graphs contain a vertex in few induced 6-cycles

In this section we will show that every large planar graph contains a vertex in ‘few’ induced
6-cycles, and that if the number of vertices in the graph is a multiple of 3 and no vertex
is in ‘very few’ induced 6-cycles, then the graph is in the family F,, for the appropriate n.
The next two lemmas deal with the case where n is a multiple of 3.
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Lemma 9. Let n =0 (mod 3) be large, and let G be an n-vertex planar graph. Suppose

that every vertex of G is contained in at least (% — 1)2 induced 6-cycles. If G contains a
(not necessarily induced) copy of Ko pj3—1, then G € F,.

Proof. Suppose that GG contains a copy of Kj,/3_1. Fix such a copy and let u; and uy be
the vertices in the part of size 2. By Lemma 6, GG contains a vertex v; whose only principal
neighbours are u; and us, so by Lemma 7, G contains an induced 6-cycle uyviusvousvs
such that for each ¢ € {1,2,3} the only principal neighbours of v; are u; and w;,, with
subscript addition taken modulo 3.

Let A = N(up) N N(ug), so [A] > § — 1. Now let X = Xu"u2 X, = X",
Xy = X312 and X3 = X372, Note that |X| < 2 — 1 since A, X, and {u;, us} are
pairwise disjoint. By Lemma 4 we have

Xl + 1l - 1) > (5 -1) (1)
and i )
(Xl + X = 1) > (5 -1) 2

Applying Fact 5(a) gives | X| > #—1, so in fact | X | = % —1. This implies that |A] = 2—1.
Applying the equality statement of Fact 5(a) to inequality (1) gives |X3| = ¥ — 1, and
applying it to inequality (2) gives |[X;| = § — 1. In turn, this implies [X5| = 1, so
Xy = {us}. Let B = X3 and C = X;. Then {uy,us,u3}, A, B, and C form a partition of
the vertex set of GG, and for each a € A, b € B, and ¢ € C the edges auy, aus, buy, bus,
cug and cu; are present in G.

Since uqviusvouszvs is an induced 6-cycle in G, there are no edges between any of
u1, ug, and uz. Inspecting the argument of Lemma 4 and noting that inequalities (1)
and (2) are in fact equalities, we deduce that there are no edges between B and C. By
the definition of X there are no edges between u; and B or between us and C'. Repeating
the arguments above with each of v, and vz in place of v; shows that there are no edges
between uz and A, between A and B, or between A and C.

The only other possible edges of G are edges within each of the vertex classes A, B,
and C'. By the planarity of GG, for each of these vertex classes any edges within that vertex
class clearly form a subset of the edge set of some path through the vertex set. Hence
G € F,, and Lemma 9 is proved. O

Lemma 10. Let n =0 (mod 3) be large. Let G be an n-vertex planar graph and suppose
that every vertex of G is in at least (% — 1)2 induced 6-cycles. Then G € F,.

Proof. By Corollary 8, G contains an induced 6-cycle ujviusvsusvs such that for each
i € {1,2,3} the only principal neighbours of v; are u; and u;,;, where addition in the
subscript is taken modulo 3. Let X = X™"v1¥2 X} = X" X, = X312 X3 = X372,
Y = X"v2us and Z = XUsvsu1,

By Lemma 4 and Fact 5(a) we have |X| > 2* — 1, and similarly |Y|[,|Z] > % —
Suppose | X|,|Y|,|Z] > 2*42. Then |X|+|Y|+|Z| = 2n+6. Each of uy, us, and us appears
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us Uus us
U3 (%) U3 U2 U3 V3
(51 U9 Uy U9 (51 U9
(%} V1 V1

(a) Graph Hj

(b) Graph H;

(c) Graph H»

Figure 3: Some graphs used in the proof of Claim 11

in exactly one of X, Y, and Z, so | X \ {u1, ug, us}| + Y \ {u1, uz, us}| + 12\ {u1, ug, ug}| >
2n +3 =2(n —3) 4+ 9. So there are at least nine vertices in G which appear in all three
of X, Y, and Z. The following claim asserts that this is impossible.

Claim 11. There are at most eight vertices in X NY N Z.

Proof. If z € X NY N Z, then since z is in an induced 6-cycle in G containing vy, z
is not in the common neighbourhood of u; and uy. Similarly 2z is not in the common
neighbourhood of u; and ug or uy and ugz. So every vertex in X NY N Z is adjacent to at
most one of uy, us, and ugz.

Let I' be the induced 6-cycle uyviusvousvs. Fix a drawing of G and note that in this
drawing I" splits the plane into two regions. We will show that in the interiors of each of
these regions there can be at most four vertices in X NY N Z. Since none of the vertices
in " are in X NY N Z this will be sufficient to prove the claim.

First suppose that 2,2’ € X NY NZNN(u;) are distinct vertices in one of the regions
formed by I'. Since z is in an induced 6-cycle containing v,, it has neighbours a and b
such that zausvsusb is an induced 6-cycle. Note that a and b are distinct from u; since
they are adjacent to us and wugz respectively, and they are distinct from each of v; and v
because they are in an induced 6-cycle which does not contain ;.

Let Hy be the subgraph of GG consisting of the cycle I' and the edges w2z, za, aus,
zb, and bus, as shown in Figure 3(a). The drawing of Hy induced by the drawing of G
splits the plane into four regions, whose boundaries are formed of the cycles I'; uy zausvy,
uyzbugvs, and zaugvousb. Since a € N(uz) and b € N(ug), 2’ is distinct from both of
these vertices. Hence we may assume that 2’ is in the region with boundary wu;zaugv;.
Since 2’ is in an induced 6-cycle containing vs, it has a common neighbour with uz, and
this common neighbour must be in the cycle u;zausv;. However, none of these vertices
are adjacent to uz, so we have a contradiction. Hence there are at most two vertices in
XNYNZNN(up), with at most one in each of the regions formed by I". Similarly there
are at most four vertices in X N'Y N Z which are adjacent to uy or us.

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(4) (2023), #P4.6 10



Now suppose that z,2’ € X N Y N Z are distinct vertices in one of the regions formed
by I" which have no neighbours among u,, us, and uz. Note that z and 2’ are not adjacent
to any of vy, v9, or vy since these vertices only have two principal neighbours, but they
each share an induced 6-cycle with z and 2’. Since z is in an induced 6-cycle containing vy,
it has neighbours z; and x5 such that v,u;xzx5us is an induced 6-cycle.

Suppose first that z; € N(usz). Then since z is in an induced 6-cycle containing vs it
has neighbours x3 and z4 such that vsusxszzrsu, is an induced 6-cycle. Both x5 and x4
are distinct from x1, and at most one of them can be equal to x5, so there exist distinct
a,b,c € N(z)such that a € N(uy), b € N(uy), and ¢ € N(u3). If instead x; ¢ N(u3), then
since z is in an induced 6-cycle containing vo, there exist x5 and xg such that vousrszrgus
is an induced 6-cycle. Neither 25 nor x4 can be equal to x; since z; & N(u2) U N(us3), so
again there exist distinct a, b, and ¢ as above.

Fix such a, b, and ¢, and let H; be the subgraph of GG consisting of the cycle I' and
the edges za, zb, zc, auy, bug, and cus, as shown in Figure 3(b). The drawing of H;
induced by the drawing of G splits the plane into four regions with boundaries formed of
the cycles I', zauviusb, zbusvouse, and zcuzvsuya.

Since 2’ is not in H;, we may assume that 2’ is in the region with boundary zau,v;usb.
As 7' is in an induced 6-cycle containing vo, 2z’ must have a common neighbour with us.
This common neighbour must be in the cycle zau;v;usb so we may assume that it is a.
There is an induced 6-cycle in G containing 2z’ and wv3, so 2z’ has a neighbour which is
adjacent to ug but not to w;. This neighbour must be b. Let Hy be the subgraph of G
obtained by adding the edges z’a, aus, z’b, and buz to Hi, as shown in Figure 3(c).

Since z is in an induced 6-cycle containing vs, it has a common neighbour o' with u;
which is not a neighbour of uz. The cycle az’bus separates z and u; in G, so @’ must be
a vertex in this cycle. However a and b are both adjacent to uz and neither us nor 2z’ are
adjacent to w1, so no such a’ exists. This gives the desired contradiction, and hence there
are at most two vertices in X N'Y N Z which are adjacent to none of uy, us, and uz. This
completes the proof of Claim 11. O

Hence we may assume that | X| € {%" -1, 27", 27" + 1}. We will consider each of these

cases in turn. Note that if a vertex in X, has § — 1 neighbours in X3, then these are all
common neighbours with wus, so by Lemma 9, G € F,,. Recall also that by the definitions
of X5 and X3, every vertex in X, has a neighbour in X3 and vice versa. Suppose first
that |X| = % —1. Then by Lemma 4 and Fact 5(a), we have | X;| = [X3| = % — 1. Hence
| X2| =1, so the lone vertex in X, has at least § — 1 neighbours in X3 which implies that
G e F,.

For the remaining two possible values of | X| we will make use of the following claim.
As in Lemmas 4 and 7, let GG; be the bipartite subgraph of G induced between X; and

X5, and let G5 be that induced between X5 and Xj.

Claim 12. Let s < 3 be a positive integer. Suppose that there exists a set T' of at most
four vertices in Xy such that after excluding any one of them, those that remain have
total degree at least s in Gy. Then s < |X|— 241, and if s = |X| — 2 + 1, then G, is
connected.
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Proof. Both G; and G5 are acyclic by Lemma 4, and by the proof of that lemma an
induced 6-cycle in G containing v; is determined by the vertex in X; and the edge of G,
that it contains. If v € X; has at most one neighbour in 7', then there are at least s edges
in GG which are not in an induced 6-cycle in G containing v and v;. Since G is acyclic,
any pair of distinct vertices in X, has at most one common neighbour in X7, so all but
at most six vertices in X, have at most one neighbour in 7.

Thus the number of induced 6-cycles in G containing v; is at most | X;|(| Xa| + | X5] —
1) = s(|Xa| = 6) = [Xa[(|Xa| + [Xs] = (s + 1)) + 6s. So [Xi[(|Xa| + |X5] — (s + 1)) =
(g — 1)2 — 6s > ("—_4)2 since n is large. Noting that G5 has at least s + 1 edges so

| Xo| 4+ | X3 — (s + 1)32 1, we can apply Fact 5(a) to obtain [X| — (s + 1) > 228, Since
the left-hand side is an integer, this implies that [X| — (s +1) > % — 2, or equivalently
s < |X| - %” + 1. If moreover (G5 is not connected, then the number of induced 6-cycles
containing vy is at most [ X:[(|Xs| + [ X3 — 2) — s(|X1| — 6) which gives s < [X| — & by

a similar argument. This completes the proof of Claim 12. O

Suppose that [X| = 2. Then |X|— £ +1 =1 so by Claim 12, | X5| < 2. If |X5| = 1,
then we may assume that |X3| > %, so the lone vertex in X, has at least § neighbours
in X3 which implies G € F,,. If [X;| = 2, then we may assume that [X3| > 2 — 1. By
Claim 12 one vertex in X5 has only one neighbour in X3 and G5 is connected, so the other
vertex in X3 has at least § — 1 neighbours in X3 and G € F,.

Now suppose that [X| =2 + 1. Then |X|— 2 + 1 = 2, so by Claim 12, |X,| < 3. If
| Xs| = 1, then we may assume that [X3| > %, and so the lone vertex in X, has at least %
neighbours in X3 and G € F,. If | X5| = 2, then we may assume that |X3| > §. By the
claim, one vertex in X, has degree at most 2 in G5. Moreover, if one vertex in X, has
degree exactly 2 in Gy, then G is connected so the other has at least § — 1 neighbours
in X3 and G € F,. If instead one vertex in X5 has exactly one neighbour in X3, then
again the other has at least ¥ — 1, and G' € F,,. Finally if | X5| = 3, then we may assume
that [ X3| > § —1. By the claim, some pair of vertices in X, each have only one neighbour
in X3 and G is connected, so the remaining vertex has at least 5 — 1 neighbours in Xj.
Thus G € F,,. This completes the proof of Lemma 10. O

The next two lemmas concern the cases where n =1 (mod 3) orn =2 (mod 3). Their
proofs make heavy use of some of the ideas in the previous two proofs in this section.

Lemma 13. Let n be large and assumen =1 (mod 3). Then every n-vertex planar graph

contains a vertexr in at most ("7_4)2 induced 6-cycles.

Proof. Let G be an n-vertex planar graph and suppose for a contradiction that every
vertex in G is in at least ("7_4)2 + 1 induced 6-cycles. Then by Corollary 8, G' contains a
vertex with only two principal neighbours. Let v; be such a vertex and apply Lemma 7 to
obtain an induced 6-cycle ujvusvouzvs such that for each i € {1,2,3} the only principal
neighbours of v; are u; and u;,,, where addition in the subscript is taken modulo 3.

Let X, X1, X, X3,Y, Z, G1, and G5 be as in the proof of Lemma 10. By Lemma 4

and Fact 5(b) we have |X| > 2222, and similarly |Y|[,|Z| > 242, Claim 11 still holds
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in this setting by the same proof, and applying this in the same way as in the proof of
Lemma 10, we deduce that at least one of X, Y, and Z has size less than 2"3—+7 Hence we
may assume that |X| € {242, 225 20841 We will shortly consider each of these possible
values of | X| in turn and show that each leads to a contradiction.

First, we state a version of Claim 12 for this setting.

Claim 14. Let s < 4 be a positive integer. Suppose that there exists a set of at most five
vertices in Xo such that after excluding any one of them, those that remain have total

degree at least s in Go. Then s < |X|— 222, and if s = | X|— 252, then Gy is connected.

It is straightforward to modify the proof of Claim 12 to show Claim 14. We will also
need the following.

Claim 15. Suppose that for every triple of distinct vertices u, v, and w in G such that u
and w are the only principal neighbours of v we have | X"*| > 22 where t € {—2,1,4}.
Then G contains no copy of K (n—¢)/3—1.

Proof. Suppose for a contradiction that G contains a copy of Ky ,—4)/3-1. Let u and w
be the vertices in the part of this bipartite graph of size 2. By Lemma 6, G' contains a
vertex v whose only principal neighbours are u and w, and by assumption |X"**| > @
However, X" is disjoint from the vertex set of the copy of Ky (,—¢)/3—1, which contradicts
the fact that G contains only n vertices. This completes the proof of Claim 15. O

Thus G contains no copy of Ky (,—1)/3. We now consider each of the three possible
values of | X|. Suppose first that | X| = 222 then | X|—2%=2 = 1 so by Claim 14, |X,| < 2.
If | X5| = 1, then we may assume that [X3| > 2z* so the single vertex in X, has at least
”T_l common neighbours with wuy, which is a contradiction.

If | X5| = 2, then G2 is connected and one vertex in X, has degree 1 in Go. By
symmetry, the same holds if we replace G5 by G;. If one vertex in X5 has degree 1 in G
and the other has degree 1 in Gy, then the number of induced 6-cycles containing v; is
clearly at most linear in n, so in fact one vertex in X, has degree 1 in G; and in Gb.

Thus one vertex in X5 is in at most one induced 6-cycle containing vy, and the other

is in at most | X || X3|. Hence

n—4\°
x4z (M50 1, )

and | X| 4 |X3] = 242 so by Fact 5(a) |Xi| = |X3| = “5%. Moreover, since we have
equality in (3), there are no edges between X; and Xj3. Note that vz € X; and uz € Xo.
If ug is the vertex in X5 of degree 1 in GGy, then vs is its sole neighbour in X;. But then v
is in an induced 6-cycle in G containing the other vertex in X5, which contradicts the fact
that u; and ug are its only principal neighbours. Hence u3 is the vertex in Xy of degree
"T_‘l in G; and 5. Let the other vertex in X, be z, and let B = X3 and C' = X;. This is
shown in Figure 4(a).

Note that B and Y are disjoint, so |Y'| < 2222, Hence in fact |Y/| = 222, Applying the
arguments above with Y in place of X we deduce that u; and us have at least ”7_4 common
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(a) The induced 6-cycles containing vy
(b) Graph G’

Figure 4: Two graphs used in the proof of Lemma 13

neighbours. Since G has only n vertices and X N N(u;) N N(ug) = 0, u; and us must in
fact have exactly "7_4 common neighbours. Let A be this set of common neighbours.

Let G’ be the subgraph of G consisting of the edges auy, aus, busy, bus, cus, and cu, for
eacha € A, b € B, and ¢ € C, as shown in Figure 4(b). Fix a drawing of GG, and consider
the induced drawing of G’. No face in the drawing of G’ has more than six vertices on its
boundary, so z has degree at most 6 in G. By Lemma 4, in order for z to be in at least
("7_4)2 + 1 induced 6-cycles, it must have two distinct neighbours both of whose degrees
in G are linear in n. By considering the faces in the drawing of G’ again, we see that the
only vertices in G — {z} of degree greater than 6 are uy, us, and ug, but z is adjacent to
neither u; nor us, so we have a contradiction.

Therefore | X,| # 2 and hence |X| # 2222, Applying Claim 15 shows that G therefore
contains no copy of Ky ,—4y/3. Next suppose that | X| = 22 so | X|— 2222 = 2. Claim 14
implies that [X5| < 3. If | X;| = 1, then we may assume that |X3| > 3= which gives rise
to a copy of Ky ,—1)/3 in G, and hence a contradiction. If | X,| = 2, then we may again
assume that | X3| > ”T_l By Claim 14, one vertex in X, has degree at most 2 in GG, and
if one has degree exactly 2, then G5 is connected. In this case the other vertex has degree

at least %4 in G which is a contradiction. If instead one vertex in X5 has degree 1 in Go,

then agai:; the other has degree at least 22, so again we arrive at a contradiction. If
| X2| = 3, then we may assume that |X;| > 5. By Claim 14, some two vertices in X,
each have degree 1 in G5 and G5 is connected, so the remaining vertex in X, has at least
"7_4 neighbours in X3 which is a contradiction.
Therefore | X| # 2"; L, so G contains no copy of Kj (,—7)/3 by Claim 15. Suppose finally
that | X| = 22, in which case |X| — 222 = 3 and Claim 14 implies that |X,| < 4. If
n+2

| X5| = 1, then we may assume that [X3| > "3* and hence G has a copy of Kj (ni2)3
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which is a contradiction. If |X5| = 2, then we may assume that |X;| > 251, By Claim 14,
one vertex in X5, has degree at most 3 in G5, and if one has degree exactly 3, then G5 is
connected. In this case, the other vertex in X, has at least ”7_7 neighbours in X3, which
is a contradiction. So one vertex in X, has at most two neighbours in X3, and hence the
other has at least "7_7, which is another contradiction.

If | X5| = 3, then we may again assume that |X3| > “==. By Claim 14, one vertex in X,
has degree 1 in (G5, and another has degree at most 2. Moreover if this second vertex has
degree exactly 2 in G9, then G5 is connected, so the remaining vertex in X, has at least

”7_4 neighbours in X3, a contradiction. Otherwise some two vertices in X5 each have only
one neighbour in X3, so the final vertex has at least ”7_7 such neighbours, a contradiction.

If | X5| = 4, then we may assume that |X;| > 25%. By Claim 14, some three vertices in X,
each have only one neighbour in X3 and G is connected, so the remaining vertex in Xy
has at least ”T_4 neighbours in X3, which is a contradiction.

Thus | X| # 252, so | X| ¢ {252, 265 22} which gives the required contradiction
and completes the proof of Lemma 13. O

n—1
3

The proof of the next lemma is very similar to that of Lemma 13, but is more straight-
forward. We include it nonetheless, for completeness.

Lemma 16. Let n be large and assume n = 2 (mod 3). Then every n-vertex planar graph

contains a vertexr in at most ("7_5) ("7_2) induced 6-cycles.

Proof. Let G be an n-vertex planar graph and suppose for a contradiction that every
vertex in G is in at at least (252) (%52) + 1 induced 6-cycles. Then by Corollary 8, G
contains a vertex with only two principal neighbours. Let v; be such a vertex and apply
Lemma 7 to obtain an induced 6-cycle ujvjusvousvs such that for each i € {1,2,3} the
only principal neighbours of v; are u; and u;,; where addition in the subscript is taken
modulo 3.

Let X, X1, Xo, X3,Y, Z, (G1, and G5 be as in the proofs of Lemmas 10 and 13. By
Lemma 4 and Fact 5(b) we have |X| > 2271, and similarly for Y and Z. Again, Claim 11
holds in this setting by the same argument, so applying this in the same way as before
shows that at least one of X, Y, and Z has size at most 222, Hence we may assume that
| X| e {#1, 22 251 Ag before, we will consider each of these cases in turn and will
obtain a contradiction in each case.

The version of Claim 12 relevant to this setting (proved using Fact 5(b) in the proof

in place of Fact 5(a)) is as follows.

Claim 17. Let s < 4 be a positive integer. Suppose that there exists a set of at most five
vertices in Xo such that after excluding any one of them, those that remain have total

degree at least s in Gy. Then s < |X|— 222, and if s = | X | — 2222, then Gy is connected

The following version of Claim 15 holds in this setting by exactly the same proof.

Claim 18. Suppose that for every triple of distinct vertices u, v, and w in G such that u
and w are the only principal neighbours of v we have | X"| > @ where t € {—1,2,5}.
Then G contains no copy of Ka (n—t)/3—1-
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By Claim 18, G contains no copy of Kj,—2)/3. Suppose that |X| = 2221 Then

| X| — 2222 =1 so by the Claim 17, |X5| < 2. If [X;| = 1, then we may assume that
| X3] > "T_‘? which gives a copy of Ky (,—92)/3 and hence a contradiction. If | X5| = 2, then
we may again assume that [X;| > 252, By Claim 17, one vertex in X5 has degree 1 in G
and (G5 is connected, so the other vertex in X, has at least ”T_2 neighbours in X3, which
is a contradiction.

Hence | X| # 2"3_1, so by Claim 18, G' contains no copy of K ,—5)/3. Suppose that
| X| = 252 s0 |X]| — 222 = 2 and hence by Claim 17, |X5| < 3. If [ X5| = 1, then we
may assume that |X3| > "TH which gives a copy of K3 (,,41)/3 and hence a contradiction.
If | X5| = 2, then we may assume that [X3| > “5%. One vertex in X, has degree at most
2 in (G5, and if one has degree exactly 2 then G, is connected, so the other has degree at
least "T_5 which is a contradiction. Similarly if one vertex in X, has degree 1 in G, then
the other has degree at least “5°. If | X,| = 3, then again we may assume that | X;| > 252
By Claim 17 some two vertices in X, have degree 1 in GGy and G5 is connected, so the
other vertex has degree at least "T_Q in G9, which is a contradiction.

Hence | X| # 2”3”, so there is no copy of Kj (,—g)/3 in G by Claim 18. Suppose finally
that |X| = 222, s0 [X| — 222 = 3 and hence |X,| < 4. If [X;| = 1, then we may assume
that |X3| > ”TH which gives a copy of K (n41)/3 in G, and hence a contradiction. If
| X5| = 2, then we may again assume that |X3| > 2. One vertex in X, has degree at
most 3 in G, so the other has degree at least ”T_S in (G5, which is a contradiction.

If | X5| = 3, then we may assume that |X3| > %22 By Claim 17, one vertex in X,
has degree 1 in G5 and another has degree at most 2. If this second vertex has degree
exactly 2 in Gg, then (G5 is connected so the remaining vertex has degree at least "T_‘r’ in G,
a contradiction. If instead two vertices in X, have degree 1 in Gy, then the remaining
vertex has degree at least ”T_S, which is another contradiction. Finally, if |Xs| = 4, then
we may assume that |X3| > ”52. Some three vertices in X5 have degree 1 in Gy and Go
is connected, so the remaining vertex has degree at least "T_Q, which is a contradiction.
Thus | X| # 2288 so | X| & {#4, 252, 2251 which gives the required contradiction and
completes the proof of Lemma 16. O

4 Proof of Theorem 3

We are now ready to prove Theorem 3.

Proof of Theorem 3. First, clearly any graph in F,, is planar. For n > 6, let
—1)3, ifn=0 (mod 3)

(
ho(n) = 1 ( _4)2 (%5%), ifn=1 (mod 3)

("7_2)2 ("7_5) , ifn=2 (mod 3).

3 w3

Let G € F,, and label its vertices as in Definition 2. For eacha € A, b € B, and ¢ € C, the
cycle ujausbuge is an induced 6-cycle in G, so G contains at least ho(n) induced 6-cycles.

Suppose there exists another induced 6-cycle, I', in G. We may assume that I' contains
some a € A. There is clearly no 6-cycle in GG consisting entirely of vertices in A, so we
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may also assume that us is one of the neighbours of @ in I'. If the other neighbour of u,
in I' is some b € B, then I' contains no further vertices in B since they are all neighbours
of us. Hence the other neighbour of b in I' is u3, and the other neighbour of w3 in I' is
some ¢ € C'. The remaining vertex in I' is a common neighbour of a and ¢, so it must
be u;. Hence I is one of the induced 6-cycles described above, which is a contradiction. In
the other case I' contains the path ausa’ for some o’ € A. It contains no further vertices
in A, so the other neighbour of @’ in I is u;, but this is also a neighbour of a, which
contradicts I" being an induced 6-cycle. Therefore any graph in F,, contains exactly ho(n)
induced 6-cycles.

For n > 6, define G,, to be the family of n-vertex planar graphs containing f;(n, Cs)
induced 6-cycles. To prove the theorem it is sufficient to show that G, C F, for large
enough n. For n > 6 let

(3—1)2, ifn=0 (mod 3)
hi(n) = ¢ (254)%, ifn=1 (mod 3)
(%52) (%52), ifn=2 (mod3)

so that ho(n) — ho(n — 1) = hy(n) for all n > 7. By Lemmas 13 and 16, when n is large
and not divisible by 3, every graph in G,, has a vertex in at most hi(n) induced 6-cycles.
By taking such a graph and deleting a vertex in hi(n) induced 6-cycles, we obtain an
(n — 1)-vertex planar graph containing at least f;(n,Cs) — hi(n) induced 6-cycles. Thus
if n is large and not divisible by 3, then f;(n,Cg) — fr(n — 1,Cs) < hi(n).

By Lemma 10, when n is large and divisible by 3, every graph in G, is either in F,
or has a vertex in fewer than h;(n) induced 6-cycles. By the count above, every graph
in F, contains a vertex in exactly hj(n) induced 6-cycles, so by the same argument
as in the case where n is not a multiple of 3, if n is large and divisible by 3, then
fr(n, Cs) — f1(n —1,C6) < ha(n).

If fr(n,Cs) — fr(n — 1,Cs) < hy(n) for infinitely many values of n, then for large
enough n we have ho(n) > fr(n,Cs), which is a contradiction, since every graph in F,, is
planar and contains hg(n) induced 6-cycles. Therefore for large enough n, we have

fr(n, Cs) — fr(n —1,Cs) = ha(n). (4)

If n is large enough that this equality holds and G € G, then every vertex in G is in
at least hq(n) induced 6-cycles, otherwise we could delete the vertex in the fewest such
cycles to obtain an (n—1)-vertex planar graph containing more than f;(n—1,Cg) induced
6-cycles. Hence if n is large and divisible by 3, and G € G,,, then G € F,, by Lemma 10.

Now let n be large withn =1 (mod 3), and let G € G,,. By Lemma 13 and equation (4)
there exists a vertex in G in exactly h;(n) induced 6-cycles. Deleting such a vertex, z,
yields G' € G,,_1. Since n — 1 =0 (mod 3), we have G’ € F,_;. Label the vertices of G’
according to Definition 2. If z has more than two neighbours in any of A, B, or C' in G,
then this clearly gives rise to a subdivision of K33, which contradicts the fact that G is
planar. Hence z has degree at most 9 in G.
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It follows that z has two neighbours with which it is in at least n?/360 induced 6-
cycles. By Lemma 4, these two neighbours must each have degree at least n/360 in G, so
without loss of generality z is adjacent to u; and us in G. Since z is adjacent to at most
two vertices in A, there exists a € A which has no path of length at most 4 to z which
avoids u; and us. Any induced 6-cycle in G' containing a and z must contain u; and uo,
but auizus is a 4-cycle in G, so in fact @ and z do not share an induced 6-cycle in G.
Thus a is in exactly hy(n — 1) = hy(n) induced 6-cycles in G.

Let G” be the graph obtained by deleting a from G, then as before we have G € F,,_;.
Since z is adjacent to u; and us, it follows that z is not adjacent to w3, nor to any vertices
in B or C'. So we obtain G from G’ by adding a vertex whose neighbours are uy, us, and
some vertices in A. Since G is planar, it is now clear that G € F,.

Finally suppose n = 2 (mod 3) and let G € G,. By Lemma 16 and equation (4),
there exists a vertex, z, in G in exactly hi(n) induced 6-cycles. Deleting this vertex yields
G' € F,,_1. Label the vertices of G’ according to Definition 2, with A the larger of the
three vertex classes. As before, z is adjacent to at least two of uy, uy and us.

If z is adjacent to u; and us, then as in the case n = 1 (mod 3) there exists some a € A
which is not in an induced 6-cycle containing z, and hence is in exactly hy(n — 1) induced
6-cycles in G. But hy(n — 1) < hy(n), and every vertex of G is in at least hi(n) induced
6-cycles by equation (4), so we have a contradiction. Hence without loss of generality z
is adjacent to us and uz in G.

Again, there is some b € B which is not in an induced 6-cycle in G containing z, so b
is in exactly hj(n) induced 6-cycles in G. Deleting b from G yields another graph in F,,_,
so it follows that z has no neighbours in AU C U {u; }, and thus we obtain G from G’ by
adding a vertex whose neighbours are us, uz, and some vertices in B. By the planarity
of GG, it is clear that G € F,,. This completes the proof of Theorem 3. O

5 Longer even cycles

In this section we discuss to what extent the ideas used above to prove Theorem 3 might
be of use in tackling Conjecture 1 for cycles of length greater than 6. In the case of odd
cycles it seems that very little of the argument can be straightforwardly adapted, so we
focus on the case of even cycles. Recall that we determined the value of f;(n,Cs) for
large n in roughly the following steps:

1. For large n, we found some structure in those n-vertex planar graphs in which every
vertex is in at least n?/10 induced 6-cycles.

2. For large n, we showed that if G is an n-vertex planar graph, then it contains a
vertex in at most hy(n) induced 6-cycles, where hi(n) is the minimum number of
induced 6-cycles that a vertex in a graph in F,, is contained in.

3. For n large and divisible by 3 we showed that if G is an n-vertex planar graph in
which every vertex is in at least hy(n) induced 6-cycles, then G € F,,.
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4. We used the fact that in an n-vertex planar graph containing f;(n, Cg) induced 6-
cycles every vertex is in at least f;(n,Cs) — fr(n—1, Cs) induced 6-cycles, combined
with step 2, to deduce that f;(n,Cs) = fi(n — 1,Cs) + hi(n) for large enough n.
We then used step 3 to determine the value of f;(n,Cs) exactly for large n.

In attempting to adapt this to 2k-cycles for k > 4, we first note that the minimum
number of induced 2k-cycles that a vertex in F,, o, is contained in is (n/k)*~1 + O(n*=2).
In step 1 it would therefore be appropriate to consider n-vertex planar graphs in which
every vertex is in at least cn®~! induced 2k-cycles, where ¢ > 0 is a constant and n is
large. In Lemma 20 below we show that such graphs contain structure analogous to that
in Corollary 8, and similar to that found in the graph F, .

Given the analogues of steps 2 and 3 in the case of 2k-cycles, an argument similar
to that summarised in step 4 would yield Conjecture 1 for even cycles. Unfortunately,
it does not seem to be straightforward to generalise steps 2 and 3. The main obstacle is
that given a path wvw in a graph G, for k£ > 4 it is possible that a vertex may appear in
different ‘positions’ in different induced 2k-cycles containing the path wvw. For example
there might exist one induced 2k-cycle in which vertex x is at distance 2 from w in the
cycle and another in which it is at distance 3.

Nevertheless, below we give two results which roughly correspond to generalisations of
Lemma 6 and Corollary 8 to the case of 2k-cycles for k£ > 4 in the hope that they might
be of some use in a proof of Conjecture 1 in the case of even cycles, and at the very least
to lend some credibility to Conjecture 1 in this case. For the lemmas to be relevant, there
needs to exist for each £ > 4 a constant ¢ > 0 such that if n is sufficiently large relative
to k, then every vertex in an n-vertex planar graph containing f7(n, Cy) induced 2k-cycles
is in at least cn®~! induced 2k-cycles. In light of the fact that f;(n, Cor) = (n/k)* +o(n*)
(as noted in the introduction), this does not seem an unreasonable assumption.

Lemma 19. Let k > 4 be an integer, and let cy,c; > 0 be constants. Let n be large, and
let G be an n-vertex planar graph. Suppose that every vertex of G is in at least con*~1
induced 2k-cycles, and that there exist distinct vertices, u and w, of G with a common
neighbourhood of size at least cyn. Then there exists v € N(u) N N(w) such that every
induced 2k-cycle containing v also contains u and w.

The proof of Lemma 19 is a straightforward adaptation of that of Lemma 6, and we
omit it. The only additional observation required for the proof is that in an n-vertex
planar graph G containing distinct vertices v and w, the number of paths of length i
from u to w is at most n(6n — 12)7271 if i is even, and at most (6n — 12)¢~Y/2 if j is odd.

Lemma 20. Let k > 4 be an integer and let ¢ > 0 be a constant. Then there exists
a constant ¢ > 0 such that if n is large and G is an n-vertex planar graph each of
whose vertices is in at least cn®~! induced 2k-cycles, then G contains distinct vertices
X, To, Xy . .., Tog—o such that for each i € {0,1,..., k — 1} we have |[N(xg;) N N(z2i42)| =
cdn, where addition in the subscript is taken modulo 2k.

Proof. Let n and G be as in the statement of the lemma, and let v be a vertex of G which
has at most five neighbours with which it is in an induced 2k-cycle in GG. Such a vertex

THE ELECTRONIC JOURNAL OF COMBINATORICS 30(4) (2023), #P4.6 19



exists since G is planar and thus contains a vertex of degree at most 5. Let z¢ and xo;_o
be distinct neighbours of v such that there are at least en*~1/10 induced 2k-cycles in G
which contain the path zgvras_s.

Claim 21. For each i € {0,1,2,...,k — 2} and constant \ > 0, there ezists a constant
N = XN(Ni) > 0 such that if x1,z9,x3...,29; are distinct vertices such that the path
Top_oVTOT1 - . . To; 15 contained in at least \n* =1 induced 2k-cycles in G, then there exist
vertices Tojio, Toiva, Toit6 - - -, Tog—q all distinct from each other and from xg, a1, ..., To,
and xog—o such that for all j € {i,i+1,...,k —2} we have |N(x9;) N N(2242)| = N'n.

Proof. We will prove the claim by reverse induction on i. First, if ¢ = k — 2, then let
A > 0 and suppose that x1,xs,...,x9r_4 are distinct vertices of G such that the path
Tok_oVUToX1 - .. Top_4 1S contained in at least An induced 2k-cycles. This path has length
2k — 2, so wor_4 and xo,_o have at least An common neighbours. Thus we can take
NN k—=2)= A\

Now let ¢ € {0,1,2,...,k — 3} and suppose that N(A,i + 1) > 0 exists for all
A > 0. Let A > 0, and let z1,x9,...,x9 be distinct vertices of G such that the path
Tok_oUTOT1 . .. To; is contained in at least An*~*~! induced 2k-cycles. Let L be the set of
ordered pairs (a, b) of vertices of G such that there is an induced 2k-cycle in G of the form
Tok_oVTLY . . . Toj2abYoiiy . . . Yor—3, and let L' be the subset of L consisting of the pairs
which appear in at least \gn*~"=2 cycles of this form, where Ay > 0 is a small constant
to be determined later. Every induced 2k-cycle containing the path xor_svxor; ... 29 is
of this form for some pair (a,b) € L, and each pair appears in at most n(6n)*=3 of
these induced 2k-cycles, because there are at most n options for the vertex z, and at
most 6n — 12 < 6n options for each of the edges yo;14yoits, - -, Yor_ayor—3. We also have
|L| < 6n— 12 < 6n, so if | = |L’|, then the total number of induced 2k-cycles containing
the path xor_svxoxy ... 29; is at most

In(6n)""7 + (6n — D)Agn™ 2.

k—i—1

This expression is therefore at least An , SO rearranging we obtain

A — 6
L2 G g

Let Ay = (A — 6X)/(6*"3 — )\¢) and choose \g > 0 small enough that \; > 0.
For each pair (a,b) € L’ there are at least A\gn*~*~2 induced 2k-cycles in G of the form
Tok_oULOXY - .. T2;2abYoi14 ... Yop—3. There are at most 6n — 12 < 6n options for each of
the pairs (Yoit4,Y2it5), - - - (Yok—a, Y2k—3), and there are k — i — 3 of these pairs, so the
number of common neighbours of zy; and a is at least A\ogn /673,

Let Ay = A\/6°7"73 so that for each pair in L, the vertex in the first position has
degree at least A\on. Since the total number of edges in G is at most 3n — 6 < 3n, there
are at most 6/\y vertices which appear as the first vertex in a pair in L'. Let A\3 = 6/ ).
Since |L'| = Ain, there is a vertex, ;. 2, of G which is the first vertex in at least A\yn/A3
pairs in L’. We have shown that xz5; and x9;, 5 have at least A\yn common neighbours.
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Moreover, there are at least (\Ag/X3)n*~"~! induced 2k-cycles in G of the form
Tok—oULOXY - . . X2 2L25412Y2i+3Y2i+4 - - - Yok—3, SO since GG contains only n vertices, there exists
Tair1 € N(x9;) N N(x9;,9) such that there are at least (A \g/\3)n* =2 induced 2k-cycles
in G containing the path zo,_svxgry ... TojTe; 129 12. Applying the induction hypothesis,
we see that we may take A'(A,7) = min(Aa, N (A1 A\o/As,i+1)), and Claim 21 is proved. O

Applying the claim with i = 0 and A = ¢/10 shows that there exists a constant ¢’ > 0
and two distinct vertices v and w in G which have a common neighbourhood of size at
least ¢’n. By Lemma 19, there exists a vertex in N(u) N N(w) such that every induced
2k-cycle containing that vertex also contains v and w. We may therefore take v to be
such a vertex, then take o = u and x9;_o = w and apply the claim again with ¢ = 0 and
A = ¢ to complete the proof of Lemma 20. O
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