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Abstract
Using the slow triangle map (a type of multi-dimensional continued fraction
algorithm), we exhibit a method for generating any number of new identities for
subsets of integer partitions.

Mathematics Subject Classifications: 11P81, 11J70, 37TE05

1 Introduction

Andrew and Eriksson’s introduction to integer partitions [2] starts with discussing Euler’s
identity, “FEvery number has as many integer partitions into odd parts as into distinct
parts.” As they state, this is quite surprising if you have never seen it before. There
are, though, many other equally if not more surprising partition identities. For all there
are two basic questions. First, how to even guess the existence of any potential partition
identities. Then, once a possible potential identity is conjectured, how to prove it.

In [5], Bonanno, Del Vigna, Isola and the two authors developed a link between tra-
ditional continued fractions and the slow triangle map (a type of multi-dimensional con-
tinued fraction algorithm) with integer partitions of numbers into two or three distinct
parts, with multiplicity. The triangle map was initially introduced for number theoretic
reasons and has over the years exhibited interesting dynamical properties. We will see
that the slow triangle map, when extended to higher dimensions, will provide a natural
map T' from the set of integer partitions to itself. Further, we will split the set of integer
partitions into three disjoint subsets, which we will denote by Ay, Ap and A;. We will
see that the triangle map T will be one-to-one on Ay and A;. Thus if we have any subset
S of Ay U Ay, then its image T'(S) will have to have the same size. This will be used to
generate many new partition identities, which appear in section four. In section six, the
corresponding generating functions are listed.
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2 Partitions

For a general background on partition numbers, see Andrews [1]. Given a positive integer
n, the partition number p(n) is the number of ways of writing n as the sum of less than
or equal t positive integers (ordering not mattering). Thus p(4) = 5 since we can write 4
as

4=3+1=24+2=2+1+1=1+1+1+1,

while p(7) = 15, since we can write 7 as

7 6+1 5+2 S5+1+1
4+3 4+2+1 4+1+1+1 3+3+1
3+2+2 3+2+1+1 3+1+1+1+1 2+24+2+1

2+2+1+1+1 2414+14+14+1+1 1+1+1+1+1+1+1.

We can write a given partition of n as a descending sequence of positive integers
(A1, Am) where Ay > Ao > -+~ 2 X\, > 0withn=>"" \.

It is common to concatenate those \; that are equal, and write the number of times a
given \; appears as an exponent. Thus the above partitions of 7 would be written as

(7)

6,1)  (5,2) (5,12)
(4,3)  (4,2,1

,2,1) (4,1%) (3%,1)
(3.2) (3,219 (.19 (1)
(22,19 (219 (1)
Then a partition of n would be some (AF, \52, ... Afm) where A\; > Ay > -+ > A, > 0,

each k; > 0 and n = Z:’il ki\;. We call the \; the parts of the partition and the k; the
multiplicities of the partition. We will always use \; to denote parts and k; to denote
multiplicities.

For our purposes, we will write partitions as follows: a partition A of a positive integer
n is of the form

A= (N x[&]
= (A,.oyAm) X [k, .o k)
where \y > Xy > --- >\, >0,each k;, >0 and n = Z:il k;\; is the dot product of the

vector of parts A with the vector of multiplicities k.
In this notation, the partitions of 7 are

(7) % [1] 6,1) x [1,1]  (5,2) x [1,1] (5,1) x [1,2]
(4,3) x [1,1] (4,2,1) x [1,1,1] (41) % [1,3] (3,1) x [2.1]
(3,2) x [1,2] (3,2,1) x [1,1,2] (3,1) % [1,4] (2,1) x [3,1]
2,1) % [2,3] (1) x[1,5] (1) %[

Let P denote the set of all possible partitions A = (\) x [k]. If A is a partition of the
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natural number n, meaning that n = >"." | k;\;, we say that A has size n, and write it as
m
Abnand A =) k) =n.
i=1

If A= (A, Am) X [k, kn), we say that the dimension of A is m. We denote
the dimension as dim(A) or as dim((\) x [k]) The dimension of a partition will be quite
important for this paper, unlike in most other work on partition numbers. It is important

enough that we denote

P ={(N) x [F] € P : dim((}) x [k]) = m}

and
Pom = {(X) X [E] eP: dim((X) X [E]) > m}.

Given a subset S of P, we define
ps(n) =#{A € S: AFn}.
As an example of this rhetoric, Euler’s identity is

Theorem 1. Let
O={(\,...;\n) X [k1, ..., kn] € P : for alli, \; odd}

and
D:{()‘la"wAm)X [kl,...,km] GPVZ,]{?Z:1}

Then for all n,
po(n) = pp(n).

2.1 The slow triangle map

This section is an exposition on the slow triangle map, a type of multidimensional con-
tinued fraction. The fast version originally appeared in [10, 4], where the concern was
the number-theoretic Hermite problem. Messaoudi, Nogueira, and Schweiger [13] showed
that the fast map is ergodic. Further dynamical properties were discovered by Berthé,
Steiner and Thuswaldner [6] and by Fougeron and Skripchenko [9]. Bonanno, Del Vigna
and Munday [7] and Bonanno and Del Vigna [8] recently used the R? slow triangle map to
develop a tree structure of rational pairs in the plane. In a recent preprint, Ito [11] showed
that the fast map is self-dual (in section three of that paper). These papers are all primar-
ily motivated by questions from dynamics. For general background in multidimensional
continued fraction algorithms, see Karpenkov [12] and Schweiger [14].

Here we will simply give the basic definitions for the m dimensional triangle map. Let
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m > 2. Start with the cone
A ={(z1,x9,...,2p) ER™ 2y > 29 > -+ >, > 0}
with the two subcones

A0 = {($1,$2,--.,$m)6A1x1<x2+xm}
Al = {(‘Tlax%-'wxm)€A2$1>$2+$m}

and the lower dimensional cone
AD = {(Qll,xg,...,.%m) ISWANS: T = 372+£L’m}

The subscript D is for “diagonal.”
When m = 2, the x5 + x,, term is 2x.
The slow triangle map T is a map

T:A()UAl—)A

defined as
T ) To(x1, .. &) iz <z9+ 20
Lyeeoim Ti(x1,. .., Tp) ifx) > 29+ 2,
_ (T2, T3, ..., Ty, x1 — X2) 2y < 2o+ x4
(X1 — Ty T2y ooy ) i > 20 + 24y

Reflecting its roots in dynamical systems, the map is often written as a map T : A — A,
with the convention that any (z1,...,z,) € Ap is ignored, as Ap is a set of measure

Zero.

As discussed in [5, 10], the R? triangle map acting on some (z1, ) can be interpreted
as a means of finding the continued fraction expansion of the ratio xs/x;. (This connection
is not obvious if you have not seen it before.) Also, for the expert, the fast version is just
the slow version when one concatenates the 7 and then applies Tp. In the R? case, the
fast version is the classical Gauss map for continued fractions while the slow version is

the Farey map.

We will throughout be concentrating on the slow version. Thus for the rest of the

paper, the “slow triangle map” will simply be called the triangle map.
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3 Linking the triangle map to partitions

3.1 The basic link

We now link the triangle map to a map from the set of integer partitions of dimension at
least two to the set of partitions. Thus we will define a map

TZP>2—>7D.

Recall that we are denoting the set of all partition as P and write each partition as

A=A x[k] =1, ., Am) X [k, ..., k] where Ay > Ay > -+ > \,;, > 0 and each k; > 0.
By a slight abuse of notation, we set

Ng = {AN) X[kl €Psa: M < da+Ap}
N, = {(X) X [_] € P;Q AL > A+ )\m}
AD = {(X) X [_] S P;Q A= A +)\m}

(As before, when m = 2, then Ay + A, is 2X2.) Now to define T": P~y — P. This map, this
almost internal symmetry, will allow us in the next section to find many new partition
identities.

Define
o To((%) x [B) i () x [] € A
T x ) = § T8 x [B) i (0 x 5] € 4
Tp((N) x [k]) if (N) x [k] € Ap
( (>‘27'-~7/\m7)\1 )\2) X [k1+k2,k37...,]€m,k1]

it (%) x [£] € A
()\1 —_Am, )\27 R >\m) X [k’l, k’Q, R kﬁm_l, k’l + km]

it () x [k] € A
()\2, . 7)\m) X [k’l -+ k’g,k’g,. . .,kmfl,kl -+ km]

if (\) x [k] € ApNPsy
(A2) x [2k; + ko]

L if (X) X [k’] is (2)\2,)\2) X [k’l,k’g] € Ap

For example,

T((675747 2) X [kb k27 k3)k4] 574)276 - 5) X [kl + kQa k37 k47 kl]
5,4,2,1) X [k1 + ko, k3, ka, kn]
9— 275747 2) X [kly k?) k37 kl + k4]

(
(
(
(7,5,4,2) % [kn, ko, ks, k1 + K]
(
(

T((97 57 47 2) X [kjh k27 k37 k4]

T((6,5,4,1) x [k, ko, ks, ka] =
T(6,3) x [k1,ke] =

57 47 1) X [kl + k27 k37 kl + k4]
3) X [2]@’1 + kz}

ot
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A straightforward calculation gives us the key to this paper:

Theorem 2. For any partition (\) X [k] of dimension at least two we have

(A) x [k] F nif and only if T((N) x [k]) F n.

We can see

Proposition 3. For all A € /g and for all A € A1, we have

dim(\) = dim(T'(\)).

For all A € Ap, the dimension under the map T is reduced by one:

dim(\) = dim(T'(\)) + 1.

The three subsets Ag, A1 and Ap are all defined in terms of the parts \; of the
partition. There are also natural subsets of P-, defined in terms of the multiplicities k;,

such as

My = {(})
My = {(})
These sets correspond to Ag and A\, as seen in:

Theorem 4. The map
TO : AO — MO

and the map
T : Al — M,

are each one-to-one and onto maps.

Proof. This can be shown simply by explicitly finding the explicit inverses to Ty and to

Tll

e TN xR i (8) x (R € Mo
T k)= {Tf%@xm) if (%)  [F] € M,

(>\1 + )\ma>\17 s 7)\m—1) X [kmakl - kmakQ s 7km—1]

it (V) x [&] € My

()\1+)\m7>\27---7)\m) X [kl,kg,...

it (V) x [k € A

’ kmflv km - kl]

We are using throughout that the parts are strictly decreasing and that the multiplicities

are all positive.

]

The map T acts on both the parts A\; and on the multiplicities k;. The way both Tj
and T7 act on the parts comes from the triangle map as described in Section 2.1. The
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action of each on the multiplicities is of course determined by the desire for the size of
the partition to not be changed. But once written down, it is apparent that these actions
correspond to what is called in dynamical systems “the natural extension of a map.” This
is described in [5]. For background on natural extensions, see Arnoux and Nogueira [3].

3.2 The curious case of the diagonal map Tp

The above map Tp is a new map. It is not natural if we are concerned only with the
dynamics of the original triangle map. In fact, in the study of the triangle map as
a multidimensional continued fraction algorithm, points on the diagonal (where x; =
To+x,,) are usually ignored, as these points form sets of measure zero. (These “boundary”
types points are also similarly ignored in most other multidimensional continued fraction

algorithms.) Here though we defined T» on the partitions A = () x [k] where Ay = Ao+ A,
for m > 3 and also for the quite special case of when A = (\) x [k] = (2Xa, A2) x [k1, ko).
We want to see why our definition of T is the “right one.”

Start with some (\) x [k] where A\, = Ay 4+ A, where m > 3. In some sense, we can
think of this point as on both the boundary of Ay (where A\; < Ay + A,,) and on the

boundary of A; (where A; > Ay + \,,,). Let us start with thinking of (\) x [k] as actually
being on Ay and act on it by Tp:

To((A) x [K]) = (Agyevvs Ay At = Ag) X [kn + ko, Kz, ooy Ko, K
= ()\2,...,)\m,>\m) X [k’l —Fk’g,k’g,...,k‘m,kl].

As the last two parts are equal, in the context of integer partitions it is natural to con-
catenate the last two parts, getting

(AQ,...,)\m)X [kl—l-kg,kg,...,km—i-kl],

which is precisely how we defined the map Tp.

But what if we initially think of (A) x [k] as on A; and now act on it by T}:

Tl(()\) X [k]) = ()\1 — )\m,)\g,...,)\m) X [kl,kg,...,k'mfl,kl +km]
= ()\27)\27"'7)\771) X [klak27"'7km—1ak1+km]-

Now the first two parts are equal. When we concatenate these first two terms, we get

(AQ,...,/\m)X [k‘l—l-kfg,k'g,...,km—i-kl],

which is once again Tp((\) x [k].

And again, while this concatenation is extremely natural for integer partitions, it is
unnatural if one is concerned with the underlying dynamics of the map, which is why the
map Tp has never been written down before appearing in this paper and in [5].

As an example, consider

16(11,8,6,3) x [ky, ko, ks, ks] = (8,6,3,3) X [k1 + ko, k3, ku, k1]
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— (8,6, 3) X [lﬁ + k’g, k’3, k’l + ]{?4]
and

T1(11a87673) X [k17k27k3ak4] - (878a673) X [klakQak37kl +k4]
= (8,6,3) X [k + ko, k3, k1 + k]

where in both cases — means to concatenate.
Unlike Ty and T}, this map T is not one-to-one, as seen with

Tp((11,8,6,3) x [2,3,4,5] = (8,6,3) x [5,3,9]
= Tp((11,8,6,3) x [1,4,4, 6]

But as seen with this example, we do have the following:

Proposition 5. Let (A1,...,A\n) X [k1,. .., kn] and (g1, .. fm) X [l1, ..., L] both be on
the diagonal Np. If

To((My e ) X (B Fon]) = To((ters s o) X [s -y In]),

then for all 1,
i =
and
AL+ A2 = i1+ o, Ar+ A = i+ -

Thus Tp is one-to-one when thought of as a map on the parts and not as a map
including the multiplicities.

Finally consider the case when our partition is of the form A = (A) x [k] = (2A2, A2) X
[k1, k2]. Thinking of (22, A2) X [k1, ko] as being in Ay and acting on it by Ty gives us

To((2XA2, A2) X [k1, ko]) = (A2, A2) X [ky + ko, k1]
—  (A2) X [2k1 + ko,

where the — means to to concatenate. Note this is how we defined Tp on partitions with
two parts.

And as we would suspect, now thinking of (2A9, Ay) X [k1, ko] as being in A; and acting
on it by T} gives us

Ti((2A2, A2) X [k1, ka]) = (Mg, A2) X [k, by + ko]
— (/\2) X [2]{31 + k2]7
where the — still means to to concatenate, which gives us the same value of Tp.
Again, Tp is natural if we want to use the triangle map to understand partitions of

integers, though it is not natural if we are only interested in the underlying dynamics of
the map.
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4 New Partition Identities

We are now ready to start producing many new partition identities.

4.1 Applying Theorem 4

First, we have

Theorem 6. Fvery number has as many integer partitions into partitions with A\, <
Ao + A\, as into partitions with ki > k,,. Similarly, every number has as many integer
partitions into partitions with Ay > Ao + A\, as into partitions with ki < k,,.

This is just a rewriting of Theorem 4.
We can refine this theorem to be:

Theorem 7. Let d be a positive integer. Every number has as many integer partitions
into partitions with A\1 +d = Aoy + A, as into partitions with k1 > k,, and \,,_1 = \,, +d.
Similarly, every number has as many integer partitions into partitions with \y = Ao+, +d
as into partitions with ki < k,, and \; = Ay + d.

Proof. Set
No(d) ={( A1y s Am) X [k1y o k] € Do M+ d =X+ A}
Note that in this case, A\, = (A1 — Ag) + d. We need to show that
To(Do(d) = {( A1y s Am) X [k1y ooy k]t kL > Ky A1 = A + d
We know that
To((Ay e Am) X ks k] = (Ao Agye oy Ay A1 — A2) X [ky + ko, ks, oo ko K]

This means that the first multiplicity of To((A1, ..., Am) X [k1, ..., kn] is strictly greater
than the last multiplicity and that the last part is exactly d less that the next to last part,
which is precisely what we wanted to show.

A similar argument works for the second part of the theorem, but now setting

Al(d) :{<)‘177/\m> X [kla"'akm] € A0 : /\1 :)\2+/\m+d}
and then applying the one-to-one map 77. O

4.2 Images of Cylinders

We want to find interesting subsets with respect to the triangle map 7. It is standard
in dynamics to look at the cylinder sets. Thus the motivation for this section is coming
from dynamical systems.
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Here is the idea. The map T} is one-to-one on Ay and 7T} is one-to-one on A;. Given
any subset S of either /Ay or Ay, we know that every number n will have as many partitions
coming from S as from the appropriate 7'(.S). Thus if Sy C A and if S} C Ay, then for
all positive integers n we have

Psq (n) = pTo(So)<n)7 Ps, (n) = pTl(Sl)(n)'

We would like to be able to find some easily describable and natural subsets of A
and A;. From dynamical systems, the obvious choices would be cylinder sets.
The cylinder sets of length two are defined as

Aoy = {(N) x[k] € &g To((N) x [k]) € A}
Not = {N) x[k] € Ao To((N) x [k]) € A}
N = {N) x[k] € AL Ti((N) x [k]) € Do}
A = {N) x [kl e A TN x [k]) € ALY
By recursion, given a d-tuple (i1, 142, . ..,44) of zeros and ones, we define

A(2'1,2'2 ----- iq) — {<X) X [E] € AZ& : TZl((X> X [ED € A(iQ,i:a ----- id)}'

We are defining these cylinder sets in terms of the map 7', but each can be defined
more intrinsically, as follows:

Proposition 8.

Nog = {A) X [k] € Pss: Al < Ao+ Ay 200 < Ay + A3}

U {(A1, A2) X [E1, o]+ AL < 2X9,3X0 < 201}
Aot = {N) x [k 1 A < Ao+ Ay 200 > A+ A3}

U {(A1, Ao) X [E1, ko] : AL < 2X9,3X0 > 201}
N = ) XK d+ e <A1 < A+ 20}

U {(A1, A2) X [E1, ko] - Ap > 2X9, A < 3X9}
A= {N) x k] 1A > A+ 20}

U {( A1, A2) X [k1, ko] + A > 3o}

Proof. We describe each cylinder set in turn, starting with looking at Agg. Let A € Agg
with dim(A) > 3. This means that

)\ € AO and To()\> € Ao.
To be in /Ay means that \; < Ay + A\,,,. As

To(A) = (A2 Agy ooy Ay AL — Aa) X [y + ko, ks, ooy ko, K,
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to have T'(\) € Ay means that we need
A2 < A3+ (A1 — o)

which is the same as 2X\y < A\ + A3
Now let A € Ay with dim(A) = 2. We know that for A € A, in the dimension two
case that A\ < 2)5. We have

To(A) = (A2, A1 — Ag) X [k + ko, Kul,
in which case to have to have T'(\) € Ay means that
)\2 < 2()\1 — )\2)

which is the same as 3y < 2.
Now turn to Ag;. Let A € Agy NP=3. This means that A € Ay and To(A) € A;. Being
in A\g still means that A\ < Ay + \,,,. And we still have

To()\) = ()\2, )\37 ceey )\m, )\1 — )\2) X [1{51 + k?g, ]{53, R km, 1{31]
But now we want Tj(\) € Ay, which means that
)\2 > )\3 + ()\1 — )\2)

which is the same as 2y > A\ + As.

The case for A € gy NPy is similar.

We now look at the third cylinder set Aqg. Let A € AjgNPs3. This means that A € A4
and T1(\) € Ap. Being in Ay means that A\; > Ay + A,,. Then

T1<)\) = <)\1 - )\m7)\277' : a)\m) X [k17k2>' : '7km717k1 + km]
To have T1(\) € Ay means that
A=A < A+ Ay,

which is the same as A\; < Ay + 2)\,,, as claimed.

The case for A € A9 NPy is similar.

Turn to the fourth and last cylinder set Ay of the proposition. Let A € Ay N Pss.
This means that A € A and T}(\) € A;. Being in /A means that Ay > Ay + \,,,, which
is certainly true if A\ > Ay + 2\,,. As we still have T3 (A) = (A1 — A, Ao,y ooy Am) X
k1, Koy .o k1, k1 + k), to get T1(N\) € A; will mean that

M= A > A+ Ay,

which is the same as A\; > Ay + 2)\,,, and we are done.
And as before, the case for A € A1 NPy is similar. O
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The above proof was done in detail just to show how straightforward it is to define
explicit cylinder sets.
Then we have

Proposition 9.

To(Doo) = DN My
{NEP AN < Ao+ A\, by >k}
To(Ao1) = AN M,

= {ANeEP: A > o+ A, k1 >k}
Ti(Dyg) = DoN M,

= {AeEP: AN <X+ Ay, k1 < kp}
Ti(Ay) = AN M

= {AeP: A >N+ Ay, ki < kp}

Putting all of this together, gives us
Theorem 10.

1. Every number has as many integer partitions into partitions with A\ < Ao + A\, and
2Xo < A1 + A3 as into partitions with Ay < Ao + N\, and ki > k,,, t.e.

Py (n) = PTo(Loo) (77,)

2. FEvery number has as many integer partitions into partitions with Ay < Ay + A, and
2X9 > A1 + A3 as into partitions with A\; > \o + A\, and ki > k,,, i.e.

Pros (n) = PTo(Lo1) (TL)

3. Every number has as many integer partitions into partitions with Ao + Ay < Ay <
Ao + 2X,, as into partitions with A\ < Ay + A\, and k1 < k,,. i.e.

YNT (n) = PTi(L10) (n)

4. Bvery number has as many integer partitions into partitions with \y > Ao + 2\, as
into partitions with \y > Ao + X,y and ky < ky,. i.e.

Prq (n) = P1i(A11) (n)

We can continue applying 7" to our sets, getting more and more new partition identities.
We have

Proposition 11.
TO(TO(AOO)) = {)\ € P;g : km,1 < km < /{1}
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U{\ € Py : 2ky > kg > ko}
Ti(To(Lo1)) = {ANEP ki <ky <2k}

U{X € Py i ky < ko < 2k}
To(Th(D10) = {NEP ki < ko1, b < k1}

U{A € Pyt ky > 2k}
Ty (T (A1) = {NeP:2k <k}

Note that the sets A;; are defined solely in terms of the parts while the images
T;(T;(A;;)) can be defined solely in terms of the multiplicities. This pattern contin-
ues, meaning that each cylinder set A, ;, ., is defined solely in terms of the parts n;
while the description of its image under d iterations of 7' is solely in terms of the multi-
plicities. (It strikes us that it would be enjoyable to find formulas for each of these sets
in a straightforward manner.)

These are calculations.

We start with setting = (1, ..« fm) X [l1, -« ln] € Do N Ps3. Set

To(To(p) = A= My ooy A) X [k, - o o],

Then we have

TO(TO(:U» = TO(:U“27N3> ceey MUmy M1 — N2) X [ll + l?a l37 s 7l7717 ll])
= (U3 -y fns 1 — oy fo — p3) X [l 1y + 13, Ly oo Ly 1, 1y - D]
= ()\17'--7)\m>x[k17---7km]-
We have
Fr =0 <li+1la=kp

and
k=041l <li+1ly+13=Fk,

and we have our description for Ty (75(Lgo N Ps3)).
Now let p = (1, p2) X [l1,1ls] € Do N Ps. Following along the lines of the above, set

To(To(u)) = A = (A1, A2) x [k, ko.
Then

To(To(p)) = Tolpa, p1 — p2) X [l1 + la, lh])
(1 — po, 200 — 1) X 20 + 1o, 1y + 1]
= ()\1, )\2) X [kl, ]{32]

Then we have
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k’2:l1+12<211—|—12:/{?1<2l1+212:2/{32

as desired.
Now let p = (g1, -y pm) X [l1, -+, L] € Do1 N P=3. We have

Tl(TO(:u)) = TO(MQ?/'I’?)? <oy Bmy 1 — MZ) X [ll + l27 l37 s 7lm7 ll])

= ()\1,...,/\m)>< [k‘l,...,km].
We have
k?l:ll—l—lg<k3m:2l1+l2<2l1+2l2:2]€17

as we want.
The case when p = (g, pio) X [l1,ls] € Doy N Py is similar.

On to the third type of cylinder set. Now we let p = (p1, ..., fm) X [l ...

Al() N 7)23. We have

TO(Tl(:u)) = TO(/“Ll = Hmy K2, - - - 7/’Lm) X [l17l27 s Jlm—hll + lm])
= (Has s fms i1 — f2 — i) X [l + Doy b3y b+ Ly 1]
= ()\1,...7/\m)><[k51,...,k?m].

which gives us
k=14 <l1—|—l2:/{71, kn, =1 <l1+lm:l€m_1.

The case when p = (g, po) X [l1,ls] € Aqg N Py is similar.
Now for the last condition. Let u = (g1, .., ftm) X [l1, ..., lm] € AN11. Then

Tl(T1<lu’)) = Tl((:ul = Hm,y H2, - - - 7:u'm> X [l17 127 s 7lm717l1 + lm])
= (,ul - 2,“m7,“27 s a,um) X [llal27 s >lm—172l1 + lm]
= (Al,...,)\m)X[kil,...,k?m].

which gives us

2k =20 <2l + 1, = ki,

using critically that [,, > 1, giving us our last equality.
Thus we have

Theorem 12.
1. prg () = Pry(mo(200)) (1)
2. Pro (n) = pT1(T0(A01))(n)'

3. Paro (n) = pTo(Tl(Aw)(n)'
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4- pAn(n) = pT(Tl(Au)(n)‘
Let us work out the example of Ag;(11). In the appendix we list all partitions of the
number 11. We see that

Nop = {(6,5) x [1,1],(5,4,2) x [1,1,1],(4,3) x [2,1]}
As each partition is in A, to apply the map T" we must apply Tg:

(6,5) x [1,1] 2 (5,1) x [2,1]

(5,4,2) x [1,1,1] 2 (4,2,1) x [2,1,1]
(4,3) x [2,1] 2 (3,1) x [3,2]

Then we get
T(No1) ={(5,1) x [2,1],(4,2,1) x [2,1,1],(3,1) x [3,2]},

as desired. Each of these partitions is in Ay, and hence we must apply T;:

(5,1) x [2,1] 2 (4,1) x [2,3]

(4,2,1) x 2,1,1] 25 (3,2,1) x [2,1,3]
3,1)x [3,2] 2 (2,1) x [3,5]

Thus by calculation we have
T(T(ANo1)) ={(4,1) x [2,3],(3,2,1) x [2,1,3],(2,1) x [3,5]}.
There are as many partition identities as there are cylinder sets.
We will just look at one example.

Set

AG =L, dm) X [kt k] €EP A = Ag—dAy > 0> A — Ay — (d+ 1A}

The G stands for Gauss. When m = 2, these sets are the natural domains for the
traditional Gauss map for continued fractions. The set A§ is the cylinder set for d ones

followed by a zero and for m = 3 are the cylinder sets in [10].

Lemma 13. For all 0 < n < d, the map TP is a one-to-one onto function from A§ to

AG LA A) X [k, k] sk < K )b

Proof. Similar to before, set pt = (fi1, ..., ) X [l1, -, lm] € AG. Set

TMu) = (M- Am) % Ky Ko,

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.20



We have

Tln(/l) = Tln«ula"'?:um) X [lh’lm])
(1 = Ny 2y - - oy o) X 1y ooy mly + )
= (A, Am) X k1, oo )

We have

AM— X —(d=n) A = p1— o — diim

> 0
> 1 — pl2 — dpty — fin
= )\1—>\2—(d—n+1))\m
For the multiplicities, we have
’I’Lkl = nll
< nli 4+,

= k.

The one-to-oneness comes from that 77 is one-to-one. It can be checked that each of
the maps has a well-defined inverse, giving us that the iterative map 77" must also be
onto. ]

This give us in particular that the image of A under T{ is in A§ = A,.
Lemma 14. The map Ty o T is a one-to-one onto function from AG to
{()\1, cee )\m) X [k’l, Cey km} : dkﬁm < k’m_l, k’m < kfl}

Proof. This will be similar to the previous lemma. Set p = (i1, .., tm) X [l1, ..., 1] €
AG. Set
TooTHp) = (AL, Am) X [k1, .oy k).

Then

TOOTld(N) = TOOT1d<<N17-~aNm)X[lla'--alm])
= To((p1 — N, 12y« oy o) X [l ooy dly + 1))
= (f2, -y oy 11 — 2 — dpty) X [l1 + 1oy I3 ..o dly + Ly, 1]
= (Ayee s Am) X [k, Bl

which gives us our result.

And as before, the one-to-oneness comes from that 77 and T are one-to-one. And it
can again be checked that each of the maps has a well-defined inverse, giving us that the
iterative map Ty o T'¢ must also be onto. [l
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These two lemmas give us the following partition identity.

Theorem 15. Fvery number has as many integer partitions into partitions with Ay — Ay —
AN > 0> A1 — Ao — (d+ 1)\, as into partitions, for any 0 < p < d, \y —Ag— (d—p) A\, >
0> AM—Xo—(d—p+1)\,, and pky < ky,, and as many partitions with dk,, < ky_1,kn < ki1,
1.€.

Pag(n) = pr(AdG)(n) = pToon(AdG)(”)-

4.3 Extending distinctness of parts via T

The map T from partitions to partitions allows us to start with any already known
partition identity, apply the map 7" and see what happens.

We will do this for the set D of partitions with distinct parts (where all the k; = 1)
in this subsection and then for the set O of partitions with all the parts are odd (where
each )\; is an odd number) in the next subsection.

Set
gg = {()\1,,)\m)X[kl,,km]€P>2k1:2,kzzllf7/>2}
& = {(/\1, ..,/\m>><[kl,...,]{?m]€P>21km:2,k’izlifi<m}
ED = {(Al,...,)\m>><[k’1,...,km]€P>22k1:km:2,]€i:11f1<’i<m},
Then
Theorem 16.

pp(n) =1+ pg,(n) + pe, (n) + pey (n) + [(3/n)[n/3]] .

The last term | (3/n)|n/3] | term is giving us an additional 1 for whenever n is divisible
by 3

Proof. We know that
D={(n)x[1]:n=1,2,3,...3 U(DNA)U(DNA)U(DNAD).

The first 1 in the desired equation is to account for the {(n) x [1]} term.
We will first show that T} is a one-to-one onto map from D N Ay to &. Let

A= Am) X (1, 1),

Then Ty() is
()\27---7>\m7>\1_>\2] X [2,1,,1]

as desired. To show ontoness, we simply have to start with an element of the form

My A X [2,1,.0,1]
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and apply T, ', getting
(/\1+>\m7/\17-"7>\m—1) X [1,71]

which is indeed in D N A
The argument that 77 is an onto map from D N A; to &; is similar.
Both of these use that T and 17 are always one-to-one maps.
Now to show that T is a one-to-one onto map from DN ApNPs3 to Ep. In general,

Tp is not one-to-one, but it will be in this case.
Let us start with A = (A,..., An) X [1,...,1] € DN Ap. Then Tp(A) is

Aoy Am) X [2,1...,1,2).

One-to-oneness follows from Proposition 5, as as does ontoness.

Finally, turn to Tp acting on D N Ap N Py. An element in this set has the form
(2X\,A) x [1,1], and hence only deals with partitions of numbers that are divisible by 3.
By definition Th((2A, ) x [1,1]) = (A\) x [3]. This is what gives us the needed additional
1 is n if divisible by 3, and hence the final term of |(3/n)|3/n]]. O

For an example, we will see how T is a one-to-one onto map from D(11)NA, to Ey(11).
From the appendix, we have

D(11) N Do = {(7,4) x [1,1],(6,5) x [1,1], ((5,4,2) x [1,1,1]}

and
Eo(11) = {(4,3) x [2,1],(4,3) x [2,1],(4,2,1) x [2,1,1]}.
Applying T"
(7,4) x [1,1] 2 (4,3) x [2,1]

(6,5) x [1,1] & (5,1) x [2,1]
((5,4,2) x [1,1,1] 2 (4,2,1) x [2,1,1]

giving us our result.

4.4 Extending oddness of parts via T
Using that O is the set of all partitions all of whose parts are odd and setting

]:0 = {()\17" 7Am)
A

. [k‘l,
Fio= {1y m)

k] € Pso Ay even, \; odd if @ < m, kg > kp, }
[k1, k

X
X , m] € P>2 T even, A; odd if 7 > 1,/€1 < km}

then we have
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Theorem 17.
po(n) = (number of odd factors of n) + px,(n) + pr (n).

Proof. By now the path is clear. First, if 2k + 1 divides n, then one of the odd partitions
would be (2k+1) x [n/(2k+1)]. Each of these has dimension one, and hence the triangle
map would not help us with this particular odd partition. This is why we need to explicitly
add in the “number of odd factors” of n.

Next, we split the partitions of odd parts O of dimension at least two into the three
disjoint sets

ONPas = (ON L) UONA)UONAD)

and find a clean description of the image of each of these sets under the map 7. In this
case, the last set O N Ap is empty, since we cannot have Ay = \y + \,,, with all three of
A1, A2, Ay, being odd numbers.

Let A € ON Ag. Then

TN = oo ) % b Kin)
= (A2yov oy Ay AL — Xa] X [y + Ko, ks, ooy o, Ko

a partition all of whose parts are odd, save the smallest, which is indeed even. Further,
the multiplicity of the largest part ky + ko, is clearly strictly greater than the multiplicity
of the smallest part, k1. We know that Tj is one-to-one. We need to show that if we start
with a partition A all of whose parts are odd, save the smallest, that T, ' is in O.

Since the multiplicity of the largest part is strictly greater than the multiplicity of the
smallest part, we know that we must act on the partition by 7" :

Ty ) = Ty (e dm) X [k k)
= ()\1 + )\ma >\1a )\Qa SRR )\m—l) X [kma kl - km; k27 k + 37 SR 7km—1]
all of whose parts are odd.
The argument that 7} is a one-to-one and onto map from O N A; to the set of all
partitions all of whose parts are odd, save the largest part which must be even and with

the multiplicity of the largest part strictly smaller than the multiplicity of the smallest
part, is similar. O

Putting the two theorems from the last two subsections together, along with Euler’s
original identity, we have

Theorem 18. The number of ways of partitioning any positive integer n from each of the
following three sets are all equal.

1. All parts are distinct

2. All parts are odd
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3. {(n)x[1]} union the set where all parts are odd, save the smallest part which must be
even and with the multiplicity of the largest part strictly greater than the multiplicity
of the smallest part, union the set where all parts are all odd, save the largest part
which must be even and with the multiplicity of the largest part strictly smaller than
the multiplicity of the smallest part.

Thus
po(n) = po(n)

= 1+ pey(n) + pe,(n) + pey(n) + [(3/n) [n/3]]
= (number of odd factors of n) + pr,(n) + pr (n).

5 A Summary of Relevant Sets

We list in a table most of the various sets that we have cared about in this paper. For
all, we use that the A\; make up the parts and the k; the multiplicities. For all m, we have
M>-->N,>0and k; >0fori=1,...,m.

sets dim =2 dim > 3
AO 2)\2 > /\1 )\2 + )\m > /\1
Al 2)\2 < /\1 )\2 + )‘m < /\1
Ap 2 0 = N A+ A=\
AOO 20y > )\1,2)\1 > 3 Ay + Ay > /\1,2)\2 <M+ )\3
A(]l 20y > )\1,2)\1 < 3X Ay + Ay > )\1,2)\2 > A+ A3
JANT 20y < A1, 33X > N Ao+ A < AL A+ 20, >\
AH 3)\2 < /\1 )\2 + 2)\m < )\1
My = T()(Ao) ki1 > ko ki > km
M, = Tl(A1> ki < ko ki < kn,
T()(AOO) 2Xy > )\1, ki > ko Ao+ Ay > )\1, ki > kn,
TO(AOI) 2X9 < )\1, ki > ko Ao+ Ay < )\1, ki >k,
Tl(AIO) 20y > )\1, ki1 < ko Ao+ Ay > ALk < ky
Tl(All) 2)\2 < )\1,/{71 < ko /\2 + )\m < )\1,]{31 < k’m
TQ(T()(AOQ)) 2]{32 > k’l > ]{?2 ]{31 > km > km—l
Tl(To(A()l)) 2]{31 > ]{72 > ]{31 2]{31 > km > ]{31
To(T1<A10)) 2ky < ky ki > l{?m, km—1 > km
Tl(Tl(AH)) 2k < ko ko > 2k
D ki =ky =1 ki=-=k,=1
% =2y — 1 DN —
81 ]{51:1,]{52:2 kla---:km—lakm:2
e by =2, ke = 2 N P N N
0 Mg odd Noddi=1, ...m
Fo A1 odd, Ay even Aoddi=1,....,m—1,)\ even
Fi A1 even, Ay odd A even, \;oddi=2,....,m
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All of these sets only make sense for partitions whose dimensions are greater than or
equal to two, save for the sets D and O, as we have

DAP, = {()x[1]:n=1,23,...},
onP, = {(Bn) x[k]:nk=1,2,3,...}.

6 On Their Generating Functions

It is straightforward to find the generating functions for the sets defined in Section 5, as
we will see. This will allow us to translate each of our partition identities into identities
of the corresponding generating functions.

We will use the standard notation

(a;q)0 = 1
(G;Q)n = (1—CL)(1 —aq)(l _aqn—l)
(a;q)0 = (1_a)(1_GQ)(1—aq2)---
We started with the set P of all partitions (A1, ..., \y) X [k1, ..., kn] where Ay > Ay >

s> Ny >0, k; > 0 and for all ¢, A\;, k; € Z. Then it is well known that the generating
function for pp(n) is

S 1 Tl
pp(n)q" = = TR
TN Yeern
Here we are using the convention that pp(0) = 1.

We set
Py ={( A1, s ) X [k1,.. ., k] € P:m =N},

all the partitions of dimension N and let P>y be the set of all partitions with dimension
at least V. Then we have the generating function for partitions of dimension one being

> pp(n)g =D d(n)g" =

where d(n) is the divisor function of n, meaning that it is the number of divisors of n,
including 1 and the number n itself.
More generally, we have

x qm
1—qgm’

m=1

A1 A

= n q g
nz_%ppz\f(n)q - Z (1_q)\1) (1_(]/\1\7)'

A1>->AN>0

We know that

P(n) = {(m) x [k] : mk =n} U Do(n) UAi(n)UAp(n)
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where all of these sets are disjoint from each other.
We can calculate that

A1

NE

00 . q
2_poolnd” = 2 1-¢v) (1—¢™m)
n=0 A > o>\ >0

AL < XA+ A,

3
[
[\

A1

hE

0.) . q
2 pe " = 2 =g )
=0 A > o> N, >0

/\1 > )\2+/\m

3
[
[\

A1

hE

ZPAD(”)(J" = Z (1 3 ™) (1—g¢'m)
n=0 A > o> A\ >0
Al =X+ Ay

3
I,

00 m—1 i
> ()" = mZz . > > d <H I q_—Az) g

n=0 1> >Am >0) k1>km >0 1=2
[e%¢) o) m—1 q)‘i
S = ¥ g (T )
n=0 m=2 (A1>->Ap>0) km>k1>0 i=2 v
Shewi = Y% e
n=0 MELN > > A, >0 M
A< A+ Ay,
20y < A+ A3

" 7
* 2. (1—)\1.1—)\2)
)\1>)\2>0
()\1 <2)\2,3)\2 <2)\1>
S S S
n=0 m=3 AN > > A, >0 ' '

>\1</\2+)\m
200 > A + A3

A1 A2
q g
i 2 (1—/\1 1—>\2)

A > A >0
/\1 < 2)\2, 3)\2 > 2/\1
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D D S
n=0 m=3 AN > > A, >0 / '
AL > A+ A\
AL < A+ 2\,
A1

A2
q q
* 2. (1—M 1—&)
)\1 > /\2 >0
3)\2 > )\1 > 2)\2

S DD SR 1

:3(>\1>~->)\m>0) =t

/\1>/\2+2)\m
A1 A2
q q
* 2. (1—>\1 1—)\2)
AL > A >0
A1 > 3
ZPTOAOO(N)q =
n=0
(e} o] m—1 s
1M1 ql mAm
Z Z Z g ( 1_)\i>qu
m=2 N > >N >0\ T2 k> 0i=1,...m =2
A< A+ A\, Ky < ky

Z Proroy (n>qn =
n=0

o9 e m—1 i
> ooy e (I ) e

m=2 N> > A, >0\ 2 (k> 0i=1,...m =2
/\1>/\2+>\m km<k1
ZpTlﬁlo(n)qn =
n=0
00 00 m—1 q)\i
k11 km Am
x5 ox el
M= NS> A, >0\ T2 (k> 0i=1,...m =2
A< X+ A\, ki <k,
ZPT1A11 (n)qn =
n=0
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M= S>> A, >0\ T2 (ki >0i=1,...m =2
A >N+ A\, ki <k,
ZPTO(TO(AOO))(H)QH -
n=0
e m—2 q’\i
ki) km—1Am—1 kmAm
DS ) |
MmN A0 [ > 0,0 =1,m —1,m =
k'm,1 < km < kl

S % e
A1>A2>0 kl) k2 > O7
( ko < k1 < 2ks )

Ai
ZpTl To(Lo1)) Z Z Z qk1>\1 H q . qkmAm+

m=3 A\1>- >)\m>0< kl k>0 ) i=1
s vm

k?l < km < 2/{31
S % e
A1>A2>0 k17 k2 > O7
( k‘l < /{32 < 2]{31 )

> pnmien ()" =
n=0
m—2

oo s
q X2
=3 AL > Am >0 kla k‘mfla km >0 =
( ]Cm < kl,km < km,1 >

Z Z g ghe
A1>A2>0 kl; kg > 0’
( 2ks < Ky )
m—1 q/\i
ZpTl T1(A11)) Z Z Z qk1>‘1 H 1 - q)\i qkm)\m
m=3 A1>->\, >0 klu km >0 i=1
< 2k < k,, )
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> o)t = [[(1+d"
n=0 k=1
Y pem)d" = > (1+q) - (1+¢" g™
n=2 m=2
> pe(n)g" Z 'l | CE)
n=2 n>k

00 km—1
> e (n)g" oo I a+aHe
n=2 1<k <km n=ki+1

o (o.] 1

zgpo(n)q” kl_[ [Tt

n= =0

Zp]:o (n)q

> pr(n)g”

n=2

m—1
k:1>\1
1
=2
m—1
k1>\1
1
=2

> kmAm
> kmAm

2. 2. )
m=2 km=1 ‘Al > .. :>‘X7n >0
A €VED
Noddifi <m
ki > kn,
2.2 >
mE2h=l A > o> N, >0
A1 even
Noddifi >1
k’1<k’m
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Then the generating interpretation of Theorem 4 and Theorem 7 is that

D 0" = pae()g”, D pa,(n)q" = pa(n)g

The generating function interpretation for Theorems 10 and 12 is

n n

Zn 2 PTo(To(Loo)) (n)q
" Z —2 PT (T (Do) (n)q
Zn 2 PTo(T1(L10)) (n)q

n

" Z —9o Py (T (L11)) (n>q .

Zn 2 PAg\ T = ZZO:QPTO(AOO n)q

(n)
Z 2pA01En§qn = ZZO:QPTO(AM
(n)

n

I
3

S
S
I

Zn PV ZASTAL q" Z;:QPTI(Alo
Z —2 PAq T qn Zn:QpTl(Au

~ A~~~
\./\./ié/\,/
L)
I

S
<
I

Theorem 16 is now



> oo(m)g" =D "+ ()" + Y pe(n)d" + Y pe,(n)g" + > ™.
n=0 n=0 n=2 n=2 n=2 k=1

The Y7, ¢" term is reflecting all partitions of the form (n) x [1] and the Y~ ¢**
capturing all partitions of the form (k) x [3].
Now for the generating function version of Theorem 17:

2k+1

(e} o0 o
ZPO( Z 1— ! G2k +1 +pr0 q”*pro(”)q
n=1 k=0 n=2

The first term on the right is capturing all the partition with odd parts of dimension one,
and hence the partitions fo the form (2n + 1) x [k].

7 Conclusion

While we find the new partition identities interesting, we find the method by which they
were discovered as more important, namely the recognition that the triangle map provides
a map from partitions of dimension two or greater to partitions.

The space of partitions Pso can be naturally split into three disjoint subsets A, A\
and Ap. The map T is one-to-one on A\ and A;. Hence for any subset S of Ag and Ay,
we have pg(n) = pr(S)(n). This provided a new systematic method for producing many
new partition identities, namely find an “interesting” subset S in the space of partitions.
Then study T'(S),T?(S), T%(S), ... and T71(S),T-%(S),T3(S),.... The proofs of these
new identities will be easy and straightforward, as we saw in the examples given in Section
4.

There are, though, many other multi-dimensional continued fraction algorithms. Most
seem not to be useful for partitions, as briefly discussed in section six of [5] for partitions in
Ps. We do not really understand why the triangle map, and a few other multi-dimensional
continued fraction algorithms, can be used on partitions while most cannot. Is there an
underlying geometric or dynamical reason for the triangle map to be, let us say, partition
friendly, or is it simply a coincidence. This strikes us a hard (if not a mathematical
precise) question.

8 Appendix

From Mathematica, we know that all 56 partitions of 11 are:
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(11) x [1] (10,1) x [1,1] (9,2) x [1,1] (9,1) x [1,2]
(8,3) x [1,1]  (8,2,1) x [1,1,1] (8,1) x [1,3] (7,4) x [1,1]
(7,3,1) x [1,1,1]  (7,2) x [1,2] (7,2,1) x [1,1,2] (7,1) x [1,4]
(6,5) x [1,1]  (6,4,1) x [1,1,1]  (6,3,2) x [1,1,1] (6,3,1) x [1,1,2
(6,2,1) x [1,2,1] (6,2,1) x [1,1,3] (6,1) x [1,5] (5,1) x [2,1]
(5,4,2) x [1,1,1] (5,4,1) x [1,1,2] (5,3) x [1,2] (5,3,2,1) x [1,1,1,1]
(5,3,1) x [1,1,3]  (5,2) x [1,3] (5,2,1) x [1,2,2] (5,2,1) x [1,1,4]
(5,1) x [1,6] (4,3) x [2,1] (4,2,1) x [2,1,1] (4,1) x [2,3]
(4,3,1) x [1,2,1] (4,3,2) x [1,1,2] (4,3,2,1) x [1,1,1,2]  (4,3,1) x [1,1,4]
(4,2,1) x [1,3,1] (4,2,1)x [1,2,3]  (4,2,1) x [1,1,5] (4,1) x [1,7]
(3,2) x [3,1] (3,1) x [3,2] (3,2,1) x [2,2,1] (3,2,1) x [2,1,3]
(3,1) x [2,5] (3,2) x [1,4] (3,2,1) x [1,3,2] (3,2,1) x [1,2,4]
(3,2,1) x [1,1,6]  (3,1) x [1,8§] (2,1) x [5,1] (2,1) x [4,3]
(2,1) x [3,5] (2,1) x [2,7] (2,1) x [1,9] (1) x [11]

We encourage readers to use this list to check all the partition identities that are given

in this paper.
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