Spectral Extremal Problem
on Disjoint Color-Critical Graphs

Xingyu Lei® Shuchao Li®

Submitted: Jul 23, 2023; Accepted: Jan 7, 2024; Published: Jan 26, 2024
(©) The authors. Released under the CC BY-ND license (International 4.0).

Abstract

For a given graph F', we say that a graph G is F-free if it does not contain
F as a subgraph. A graph is color-critical if it contains an edge whose deletion
reduces its chromatic number. Let K (ay,as,...,a,) be the graph obtained from
complete r-partite graph with parts of sizes a1 > 2,a9,...,a,, by adding an edge
to the first part. In this paper, we focus on the spectral extrema of disjoint color-
critical graphs. For fixed ¢,a1,...,a, (r > 2) and large enough n, we characterize
the unique n-vertex tK, (ay,...,a,)-free graph having the largest spectral radius.
Moreover, let Fi, ..., F; be t disjoint color-critical graphs with the same chromatic
number. We identify the unique n-vertex U§:1 F-free graph having the largest
spectral radius for sufficiently large n. Consequently, we generalize the main results
obtained by Ni, Wang and Kang [Electron. J. Combin. 30 (1) (2023), No. 1.20]
and by Fang, Zhai and Lin [arXiv:2302.03229v2].

Mathematics Subject Classifications: 05C50

1 Introduction

In this paper, all the graphs that we consider are simple and undirected. Let G =
(V(G), E(G)) be a graph with vertex set V(G) and edge set E(G). The number n(G) :=
|[V(G)| and e(G) := |E(G)| are called the order and size of G, respectively. Unless
otherwise stated, we follow the traditional notation and terminology (see for example
2,5)).

For two vertex disjoint graphs G and H, the union of G and H is the graph G U H
with vertex set V(G) U V(H) and edge set E(G) U E(H). In particular, we write tG the
vertex-disjoint union of ¢ copies of G. The join of G and H, denoted by GV H, is the graph
obtained from G U H by adding edges joining every vertex of G to every vertex of H. Let
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K, (a1, as,...,a,) be the complete r-partite graph with parts of size a1, as,...,a,. An r-

partite Turdn graph T, , is a complete r-partite graph K, (ny,ng,...,n,) where Y n;, =n
i=1
and [*] <n; <[] forall 1 <i<r.

For a given graph F', we say that a graph G is F-free if it does not contain F' as a
subgraph. The maximum size of an F-free graph of order n is known as the Turdan number
of F', and it is usually denoted by ex(n, F'). An F-free graph is said to be extremal with
respect to ex(n, F), if it has n vertices and ex(n, F') edges. Let Ex(n, F') denote the set
of all extremal graphs with respect to ex(n, F'). The problem of determining ex(n, F') is
usually called the Turdn-type extremal problem. The well-known Turan Theorem shows
that T,,, is the extremal graph corresponding to ex(n, K,;1). Later, Moon [22] and
Simonovits [31] showed that K; 1 V T,,_¢11, is the unique extremal graph corresponding
to ex(n, tK, 1) for sufficiently large n. Recently, Fang et al. [15] determined the unique
extremal graph with respect to ex(n,tCy,41). For more advances on this topic, we refer
the readers to [4, 13, 16, 18, 33].

A graph is said to be properly coloured if each vertex is coloured so that adjacent
vertices have different colours. If G can be properly coloured by k colours, then we say
G is k-colourable. The chromatic number x(G) is k if G is k-colourable and not (k — 1)-
colourable. We say that e € E(G) is a color-critical edge of G if x(G —e) < x(G). A
graph G is color-critical if G contains a color-critical edge. It is easy to see that both the
complete graph K, ,; and odd cycle Cs,,; are color-critical graphs. The following result
was obtained by Simonovits [32].

Theorem 1 ([32]). Let Fi, ..., F; bet disjoint color-critical graphs with x(F;) = r+1 (r >
t

2). Then Ki 1V Th_ty1, is the unique extremal graph with respect to ex(n, |J F;) for
i=1
sufficiently large n.

Analog to the Turdn type problem, Nikiforov [28] proposed the spectral Turdn type
problem: Given a graph H, what’s the maximal spectral radius of an F-free graph with
order n? We denote the maximal spectral radius of an n-vertex F-free graph by exg,(n, F).
An F-free graph on n vertices with maximum spectral radius is called an extremal graph
with respect to exg(n, F). Let Exgy(n, F') denote the set of all extremal graphs with
respect to exg,(n, F'). This problem was also studied extensively: see complete graph
[3, 34], odd cycle [24], 4-cycle [15, 23, 36], book graph [35], odd wheel graph [10], theta
graph [35], complete bipartite graph [1, 27|, path [28], friendship graph [11] and some nice
surveys [8, 17, 19, 20, 21, 29]. Clearly, book graph, theta graph, complete graph and odd
cycle are all color-critical graphs. The following spectral version of Turan type problem
involving color-critical graphs was obtained by Nikiforov (see [25, Theorem 2]).

Theorem 2 ([25]). If F is a color-critical graph with x(F) =r+1 (r > 2), then T,,, is
the unique extremal graph with respect to exs,(n, F).

In this article, we focus on studying exg,(n, U;‘i:l F;) for some given graphs Fy,..., F}.
This topic was studied for some special cases: matching [14], complete graph [30], star [7],
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path [6], odd cycle [15], even cycle [15]. Let K f(ay,as,...,a,) be the graph obtained from
complete r-partite graph with parts of sizes a1 > 2, a9, ..., a,, by adding an edge to the
first part. We determine the extremal graph with respect to exs,(n,tKf(ay, az, ..., a.)).

Theorem 3. Given some positive integerst,ay, ..., a, withay, v = 2. Then Ky VT, 441,
is the unique extremal graph with respect to exs,(n,tKt(ay, aq,...,a.)) for sufficiently
large n.

Given two positive integers t > 1,7 > 2. Let Kf (a1, a1, .., a1,), ..., K (a1, aso, - . .,
ay-) be t disjoint graphs. Then for all 1 < ¢ < ¢, there exist some integers ay, ..., a, such

¢

that K" (a;1, @i, . .., a;) is asubgraph of KM (a1, ag, ..., a,). Hence, exg,(n, |J K (an, ao,
i=1

coay)) < exg(n, tK(ar,ag,...,a,)). Note that K (a,as,...,a,) is a color-critical

t

graph with chromatic number r + 1. By Theorem 1, K; 1V T, —41, is U K (a1, aia, - - -
i=1

a;-)-free. Consequently, the next result follows immediately from Theorem 3.

Corollary 4. Let K (a11,a19, ., a15), -, K (a1, ago, - . ., ay) be t disjoint graphs, where
t > 1,r > 2 are two positive integers. For sufficiently large n, K1V 1,111, is the unique

t
extremal graph with respect to exs,(n, | K (an, aia, ..., ai)).
i=1

Clearly, for all color-critical graphs F' with x(F) = r + 1, there exist some integers
al,...,a. such that F' is a subgraph of Kt (a},d}, ..., a.). By a similar discussion as that
of Corollary 4, we obtain the following result, which is the spectral version of Theorem 1.

Theorem 5. Let Fy,..., F; be t disjoint color-critical graphs satisfying x(F;) = r + 1,
where i = 1,...,t, and r > 2 are positive integers. Then K, 1V T, 411, 15 the unique

t
extremal graph with respect to exgy(n, |J F;) for sufficiently large n.
i=1
The remainder of this paper is organized as follows: In the next section, we give some
notations, definitions and some important known results. In Section 3, we give the proofs
of Theorems 3 and 5. In the last section, some concluding remarks are given.

2 Preliminaries

Let G = (V(G), E(G)) be a simple graph with vertex set {vy,...,v,} and edge set
E(G). The adjacency matriz of G is an n X n 0-1 matrix A(G) = [a;;] with a;; = 1 if
and only if v; and v; are adjacent. The spectral radius, p(G), of G has the maximum
absolute value among all eigenvalues of A(G). A subset M of E(G) is called a matching
if any two members of M are not adjacent in G. The matching number u(G) is the
maximal size of a matching in G. In a graph G, for a vertex subset S C V(G), we denote
the set of neighbours (resp. non-neighbors) of a vertex u in S by Ng(u) (resp. Ng(u))
and let dg(u) = |Ng(u)|. If S = V(G), for convenience, we denote Ng(u) = Ny(a)(u)
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and dg(u) = dyg)(u). In particular, A(G) = max{dg(u)|lu € V(G)}. The subgraph
induced by S is denoted by G|[S]. Define Eg(A,B) = {uwv € E(G) : v € A,v € B},
and let eq(A, B) = |Eg(A, B)|. Let G — v, G — uv denote the graph obtained from G by
deleting a vertex v € V(G), or an edge uv € E(G), respectively (this notation is naturally
extended if more than one vertex or edge is deleted). Similarly, G 4+ uv is obtained from
G by adding an edge uv € E(G).

In 2009, Nikiforov [26] obtained the following stability theorem.

Lemma 6 ([26]). Let G be an - ~vertex graph. For r > 2, < ¢ < p~ 8020+ gpg
0<e <2732 if p(G) > (1 =L —¢)n, then one of the followmg holds:

(i) G contains a complete v + 1 partite graph: K,.1(lclnn],..., [clnn], [n1=V]);

(ii) G differs from T, in fewer than (eﬁ + chJrfg)n2 edges.

From Lemma 6, Desai et al. [12] obtained the following stability result.

Lemma 7 ([12]). Let F' be a graph with chromatic number x(F) = r + 1. For every
e > 0, there exist 6 > 0 and ng such that if G is an F-free graph on n > ng vertices with
p(G) > (1 — % — 5) n, then G can be obtained from T, , by adding and deleting at most
en? edges.

Given two integers p and A, let f(u, A) = max{e(G) | u(G) < p, A(G) < A}. In
1976, Chvétal and Hanson [9] obtained the following result.

Lemma 8 ([9]). For every two integers > 1 and A > 1, we have

N’|I>‘1:
—

P = s+ |5 { J <A+ 1)

The next lemma was given in [11].
Lemma 9 ([11]). Let V4,...,V, ben finite sets. Then |ViN---NV,| = >0 |Vi| — (n—
HU vl

The following lemma gives us upper and lower bounds on e(7, ).

Lemma 10. % —g<e(ln,) < (T_217~)R2'

Proof. Let n =b (mod r), where 0 < b < r — 1. Then we have

n—>b\?>/r n—=b b b?> —rb+ n’r — n?
(2 (o) ()22

Let g(z) = W By a direct calculation, we have ¢'(z) = 2. Thus, g(z) is
a monotonically decreasing function for z € [0, 5] and it is a monotonically increasing
function in z for z € [5,r — 1]. Note that g(0) = 5+n? > =2+(n®> — 1) = g(r — 1). Then
we have g (5) < g(z) < g(0) for z € [0,r — 1]. Thus T—Tln2 — L <e(T,,) < 5t as

desired. ]

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.25 4



3 The proofs of Theorems 3 and 5

In this section, we give the proof of Theorems 3 and 5. From Theorem 2, we know
that Theorem 3 holds for t = 1. In the following, we assume that ¢ > 2.

Let G be in Exg,(n,tK (a1,...,a,)) with >"7_, a; = h. The next lemma establishes a
lower bound on p(G).
Lemma 11. p(G) > (1 — 1) n+ 222 — (tir=2)*

dnr

Proof. Recall K (ay,as,...,a,)is a color-critical graph with chromatic number r+1. By
Theorem 1, Ky VT, _ty1,istK, (a1, ..., a,)-free. Note that G € Ex,,(n, tK (a1, ..., a,)).
Let 1 be the all-one vector. Then

p(G) = p (K1 VT ii1y)

1A (Ko V Togy,) 1
171

2e (K1 V Thoii1y)

=

n

2 t—1 r—1 T

= —1(n— N+ —(n— 12— -

n(( 5 >+(t Y n—t+1)+ 5 (n—t+1) 8)

r—1 20—2 (2t +r—2)?
n—+ -

T r Adnr

as desired. O

V

Y

Lemma 12. For a given positive constant & < ﬁ and sufficiently large n, we have

e(@) = e(T,,) — &n*. Moreover. G has a partition V(G) = Vy U --- UV, such that
> e(Vi,V;) attains the mazimum, Y., e(V;) < &n? and ||Vi| — 2| < 2¢n for 1 <

1<i<g<sr

1<,

Proof. Recall that x(K,f(ay,...,a,)) =r+1land GistK, (ay,...,a,)-free. By Lemma 11,

we have p(G) > (1 — %) n + Qt;Q — (ztzzz)?‘ Then by Lemma 7, there exists a positive

constant ¢ such that e(G) > e (T,,,) — £n®. Furthermore, there exists a vertex partition

V(G) = Uy U---UU, with |2] < |U;| < [2] such that >, ;e (U;) < €n?. Choose a

partition V(G) = V3 U --- UV, such that > e(V;,V;) attains the maximum. Then

1<i<g<r
Z?:l e (Vi) < 2;21 e(U;) < £2n2.
Let max [|[Vi| = 2| = a. Without loss of generality assume that ||V;| — 2| = a. Then
KIKT

we have

e(G)= > e(vi,vjwze(w)

1<i<j<r

< DY ViV + ¢

1<i<j<r
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=Wil(n— Vi) + > [VillVj + &

2<i<j<r

2
1 - - 2 2,2
= [Val(n — Vi) + 5 (2%) —glw + &,

T 2 T
By Hoélder’s inequality, we have <Z |V;|) < (r—1) X |Vi]?. Together with ||Vi|—2| = a,
=2 1=2

we get

e(G) < |Vil(n— Vi) + = (n — |Vi])? (n— [Vi])? + €

2 S 2(r—1)

.
< _ 2 4 2,2 1
SV Tt (3.1)

Recall that
r=15 T 5

> — &2 > — .
e(G) =z e(T,,) —&n” > 2rn 2 &n

Together with (3.1), we have

Air—1 -1
a < \/Mf%ﬂ + TT < A /452712 — 2{71,
r
as desired. ]
Lemma 13. Let L = {v € V(G)|dg(v) < (1 =1 —6&)n}. Then |L| < én.

Proof. Suppose to the contrary that |L| > &n. Then there exists a subset S of L such
that |S| = [{n]. We have

e(G—8)=e(G) =) da(v)

veS

ze (Tn,r) - 52712 - fn (1 - % - 66”)

r—1 2\ o 1 r

- (r—l r—1£2_7“;1£)n2+(1—5)(1;—1—7“—2)“_(t—2)(t—|—7“—2)

2r + 2r 2r

_T_1(n—§n—|—l—t+l)2—|—(t—1)(n—§n+1—t+1)+<t;1)

2r
> e(Kio1 V T jen)—t41,r)-
Recall KF(ay,as,...,a,) is a color-critical graph with chromatic number r + 1. By The-
orem 1, we have ex(n — [&{n],tK (a1,...,a,)) = e(Ki—1 V Th_|enj—t+1,). Note that

V(G — S)| =n—|¢&n]. Then G — S contains a copy of tK, (ai,...,a,). So, G contains
a copy of tK(ay,...,a,), a contradiction. ]
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Lemma 14. Let W = .L,JIWZ" where W; = {v € Vi | dy,(v) > 25&n}. Then |W| < =2én.

Proof. By Lemma 12 and the definition of W, we have

En® > ) e(V)

=1

S (%Zdw))

i=1 veV;
1 T
> 13 Y
i=1 vEW;
1 2r
> S|
il
r
= Wlén.
L wien
Thus, [W| < =*n. O

For any S C V(G) with |S| < th, we define V! = V,\(LUW U S) and let V' = |J V/.
=1

Choose a vertex v € V/. By the definition of L and W, we have dg(v) > (1 -2 —_65) n
and dy,(v) < -Z-&n. Then for j € [r] and j # i, we get

dyy(v) > dy (v) = || = [W] = |9
> d(v) = dy;(v) = (r = 2)( +26n) = |L| = [W| ~ |9

1 2 2
>(1—-—=6&)n — r fn—(n+2r§n——n—4§n)—§n—§n—th
T r—1 r
1 2rP+4r—4
S A
~ (r r—1 J&n
1
> (2~ 96— 20
Recall V' = J;_, V/, we have
1
dy:(v) 2 dvi(v) > (; — 9¢ — 2ré)n. (3.2)

Lemma 15. For any S C V(G) with |S| < th, if there exists an edge within G [V]] for
some i € [r], then G — (LUW US) contains a K (aq,...,a,).

Proof. Without loss of generality, assume that vyug is an edge within G[V/]. By (3.2) and
V| < 2 4 2¢n, we have

, 1
|NV2/(U()) N NV2/(’U0)| 2 dvé(U()) + dvgl(’Uo) — |‘/2| 2 (; — 205 — 47‘5)% > asg.
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Thus, there exist ay vertices, say usq,...,Uszq,, in V5 such that the subgraph induced
by {vo,uo} and {ugy,...,usq,} contains a copy of K (2,as). For any integer | with
2 <1 < r—1, assume that there are a; vertices in V/, say wu;1,...,u;q, such that
the subgraph induced by {vg,uo}, {ug1,.. ., U245}, {t1,..., w4} contains a copy of
K (2,as,...,a;). We next consider the common neighbors of above 2 + 22:2 a; vertices
in V/\y. By (3.2), £ < gh7, [Viga| < 2+ 2&n and ZL? a; < h — 2, we have

z+1 (vo ﬂN 1 (uo ﬂ ﬂ NV/H(UZ'J))

ZE[l]\{l}JG[ai]

2—|—Za, ——95—27"571— 1+Zaz ‘W-{-l‘

2+Zaz ——95 2ré)n — 1+Za2 +2§

> (% — 13rh§)n
>Qi41-

Then we can obtain a;; vertices uji1,1,..., U146, € l/+1' Moreover, the subgraph in-
duced by {vo, uo}, {u21, .., Usas}s - -, {ts1,1, - - Wit1,0,,, } cONtains a copy of K7 (2, as,
.yai4+1) in G. Then for every 2 < i < r, there exist a; vertices in V such that {vo,uo},
{uga, ... uzan sy {tr, ... Urg } induced a K;7(2,az,...,a,) in G. Similarly, we get
the number of common neighbors of {us1,...,u24y}s -y {Ur1, .. Upg, } in VI\ {vo, uo}

( ﬂ Ny (uig)\ {vo, uo}t| > (Z a¢> (% —9¢ — 2T€) n— (Z a; — 1> Vi =2

i€[r\{1},j€[ai]
()
— (ZZT;CM—1> <%+2§>”_2
> <1 — 137“h§> n—2
r

>a1 — 2.

Let uys, ..., u14, € V/\{vo,uo} be the common neighbors of {ua1,..., U245}, {tr1,
., Urq, }- Then the subgraph induced by {ug, vo, w13, ..., U4} U{thi1, ... 0|2 <i <
r} contains a copy of K (ay,...,a,), i.e., G—(LUWUS) contains a K, (ay,...,a,). O

Lemma 16. Fori € [r], we have A (G [V;\(LUW)]) < th.
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Proof. Suppose that A (G [V;\(L UW)]) > th. Then there exists a vertex vy € V;\(LUW)
such that dy,uw)(ve) = th. Without loss of generality assume that vy € V;. Since
vo ¢ LU W we have dg(vg) > (1 — 2 — 6&)n and dy, (vo) < Z5&n. Recall |Vi] > 2 — 2¢n
and § < g&7. Then

VLU > V= L= |W] > 2 2en—en—""Zen > " —agn > 2 > dys ().

So, Ny uw)(vo) # 0. Let

G =G+ Z V.

UENVI\(LUW) (vo)

Then we have p(G’) > p(G). By the maximality of p(G), G’ contains ¢ disjoint K (aq, ...,
a,), say F, as a subgraph. By the construction of G’, there exists a K (ay,...,a,) in F,
say H, such that vy € V(H). Let F' = F — H C G. Note that dy,\uw)(vo) = th >
(t —1)h = |V(F")|. Then there exists a vertex ug € Ny,\(uw)(vo) such that ug ¢ V(F”).
Thus, voug is an edge within G [Vi\(LUW U V(F"))]. By Lemma 15, G—(LUW UV (F"))
contains a K (ay,...,a,), say H', such that V(H")V(F’) = 0. Then H' U F’ is a copy
of tK, (ai,...,a,) in G, a contradiction. O

Lemma 17. Let =Y p;, where p; = (G [V,\(LUW)]). Then p <t—1 and G— (LU
i=1
W) contains at least p disjoint K (ay, ..., a,).

Proof If p =0, then we are done. If u > 1, let v1vs, ..., v2,_1v2, be p independent edges
in U GIVi\(LUW)]. Define Sy = {v; | j=1,...,2l} where [ = min{y,t} and let S; =

SO\ {vl, vo}. Then |S1| =2l —2 < (t—1)h and vyvy is an edge within G[V;\(LUW U S;)]
for some i € [r]. By Lemma 15, G — (LUW US)) contains a K (ay,...,a,) and we
denote it by H;. Let Sy = (S1\{vs,v4}) UV (H;). Then | S| =2(1—2)+h < (t—1)h and
v3v4 is an edge within V;\(L U W U Sy) for some i € [r]. By Lemma 15, G — (LUW U Sy)
contains a K (ay,...,a,) and we denote it by H,. Repeating the above steps, we obtain
a sequence of subsets Sy,...5;. For 1 < j <[, S; = (Sj_1\{vej—1,v2;}) UV (H;_1) and
G—(LUWUS;) contains a K (a1, ...,a,) denoted by H;. Thus, Hy, ..., H; are [ disjoint
K't(ay,...,a.). Recall Gis tK;(ay,...,a,)-free. Then ! < t—1. By I = min{u,t}, we
have | = p. So, G — (LU W) contains at least p disjoint KF(aq, ..., a,). O

Lemma 18. For i € [r], G[V;\(L U W)] contains an independent set I; with |I;| >
[VA\(LUW)| —2(t — 1)th.

Proof. Recall that p; = p (G [V;\(LUW)]). If y; = 0, then V;\(LUW) is an independent
set. If p; > 1, let vyvg, ..., Va1V, be u; independent edges in G[V;\(L U W)]. Define

I; = (VLU W)\ (U NW\(LUW)(UJ')> :

j=1
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We claim that I; is an independent set. Otherwise, we have E(G[L]) # 0. Then
w(GIV\(LUW)]) = pi + 1 > p;, a contradiction. By Lemmas 16 and 17, we have

21
1] = VAL UW)| = [ Mooy (0))]

j=1
= [V\(LUW)| =2 A(V\(LUW))
> VAL UW)| = 2(t = 1)th,
as desired. O

In Lemmas 19-23, we assume that G is connected. By Perron-Frobenius theorem,
there exists a positive eigenvector x corresponding to p(G). For convenience, let x,
denote the coordinate of x such that z, corresponds to the vertex v € V(G). Define
Ty = MaXyey(@) Tp and T,» = maX,ev(G)\w T». Then we have

PGy < Wiz + (n = W)z, p(G)zur < [Wlzpe + do(u”)xy:.
By p(G) > =*n and |[W| < =1&n, we obtain

PG -] G =W =D)L= 8)

w2 v* z vy 3.3
* n— |W| n r * (3:3)
and so
* Ly*
dolw) > p(G)— W2
- 7’—171_70—1g r
r r (r—1)(1-¢)

> (T_1—6§)n.
r

Therefore, u* ¢ L. Recall u* € V(G)\W. Then u* € V(G)\(L U W). Without loss of
generality, assume that u* € V;. We have

PGy = Z Ty + Z Ty + Z Ty

vENLyw (u*) vENy, (u*)\(LUW) velJi_y Ny, (u”)
vg LUW
S R S ST I
VENp\w (u*) vENw (u*) veUij—o Vili veUi—o Ii
vg¢ LUW
< |L|xys 4+ [Wys 4+ thwy + 2(r — 1)the,~ + Z T,
velaU---Ul,
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where [; (2 < i < r) is an independent set of G[V;\(L U W)] such that |;| > |V;\(L U
W)| — 2(t — 1)th. Thus,

> x> (p(G) = L] = 2r = Dth)zys — [z, (3.4)
velU---Ul,

Lemma 19. L = (.

Proof. Suppose to the contrary that L # (). Then there exists a vertex vy € L. Without
loss of generality, assume that vy € V;. Let

G'=G - Z vUy + Z V.

UENG(U()) velsU---Ul,

By Lemma 14 and (3.3), (3.4), we have
p(G) — p(G) > XT(A(G) - AG))x

= 2Ty, Ty — E Ty
UEUZ:z I; vENG(vo)

= 2Ty, E Ty — E Ty — E Ty
UEU;:2 I; UENw(Uo) UGNV(G)\W('UO)

X
r r
4
= —(7“ - 1)5(1 - zf)nxvoxv*
,
> 0.
To get a contradiction, we just need to show that G" is t K (ay, . . ., a,)-free. Otherwise,
G’ contains a copy of tK(ay,...,a,) and we denote it by F. By the construction of

G, there exists a K(ay,...,a,), say H, in F such that vy € V(H). Let Ny(vy) =
{v1,...,Vayw)}. Note that Ny(vo) C Uiy Iy € Ui_, V:\(L UW). Then for any vertex
v € Ny(vo) N 1L; (2 <i<r), we have dg(v) > (1 — 1 —6¢) n and dy,(v) < 25én < 2rén.
Moreover, for j € [r] and j # i, we get

dy,(v) = da(v) — dy,(v) — (r = 2) <% + 25) n

> (1—1—6§>n—2r§n—(r—2) (1—1—25)71
r r
:%-2(2r+1)5n.
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By £ < g3 and dg(v) < h, we have

dH (Uo dH (UO

ﬂ Ny, (vg,) Z dy, (i) — (dg(ve) — 1)|V4|

> dyr(vo) (? 202 + 1)£n> ~ (du(ve) — 1) (; + 2§n)
- (% + zg) 0 — ddg(v0)(r + 1)¢
> 8rhen

= [V(H)].

Thus, there exists one vertex ug € ﬂdH ) Ny, (ve)\V(H). Assume that F' = F — V(H).
By replacing {vov1, . .., VoUdy (ve)} With {ugv, ..., wVay e}, We obtain a K (aq,...,a,),
say H', in G — V(F’). So, F"U H' is a copy of tK(as,...,a,) in G, a contradiction. [J

Lemma 20. For any vertex set S C V(G) with |S| < th, if there exists a vertex vy € W,
then G — (W U S\{wo}) contains a K (ay,...,a,).

Proof. By Lemma 19 and the definition of L, we have dg(v) > (1 —1-6&)n for all
vertex v € V(G). Assume that vy € V. Recall V(G) = VjU---UV, is the vertex partition
such that > e(V;,V;) attains the maximum. So, dy, (UO) Lde(vo). Then we have

1<i<g<r
dva () > das(vo) = dyg (v0) = (r = 2) (= +26n)
> ( —%) (1—%—6§)n—(r—2) <§+2§n>
% 2 (1 +r— —) én
> % —(r + 1)¢n.

Recall vg € W. Then dy, (vo) > -25&n and

2r r—1
—1

dvi\(wus) (Vo) = dy, (vo) — [W| =S| > (r ) &n—th > 0.

Therefore, there exists a vertex ug € Ny,\wus)(vo)-
Note that |[Vi\\(W U S)| = |Vi| = [W| —|S| > & —26n — &n — th > a;. Choose

T

Vidye oy V1a—1 € VIN(W U S U{ug}) and let ug = vy,,. Then for i € [ay], we have
dy; (v1,) < ;23én and

dy, (v1,3) = dg(v1) — dv; (v1;) — (1 = 2) <§ + 2§n>

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.25 12



> (1—1—6§>n— 2r 5n—r_2n—(r—2)2§n
n
-
n
-

>dv, (v0) + D dvy (ur ;) — arVa| — W] — ||

i=1

> 2(r+ 1)én + ar(= — 2(1+ 2r)én
T T

U oen) —en—th
T

>% —2(2a1 + 1)(r + 2)én

>as.
Let vg1,...,024, be the common neighbor of vy, vy 1,...,v1,, in Va\(W US). For
any integer 2 < | < r — 1, assume that v;;,...,v, are the common neighbors of

{vo} U{vin, - 0igl <i<1—1}in V\(W US). By a similar discussion as those of
dy, (vo) and dy, (vi) (1 < k < a1), we have dy;,, (vo) > 5 — 2(r +1)&n and dy,,, (u;;) >

l r
2 —2(2r +1)¢n for i € [I] and j € [a;]. Note that ) a; < > a; = h. Then
£ e

i=1 =

NVlH(UO)m ( ﬂ NW+1(Ui,j))\(WUS>
i€ll], j€lai]

l a;
>y, (v0) + Y dvi, (vi) =D ailVia| = [W] = 9]

i=1 j=1 =1

l
> <%—2(r+1)§n> +3 (§—2(2r+1)§n—§—zgn> —tn—th

=1

>% — 8rhén
r

>4
Let vi111 ..., Vt1,4,, be the common neighbors of {uo} U {vi1,...,viq[1 <7 <[} in
Vizi\(W U S). Then the subgraph induced by {vo} U {vi1,..., 04|l <4 <7} contains a
copy of K(ay,...,a,), e, G— (W US\{v}) contains a K (ay,...,a,). O

Lemma 21. For any vertez v € V(G), we have x, > "1z,

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.25 13



Proof. Suppose there exists one vertex vy € V(G) such that z,, < ”;Tlng*. Let

G' =G - Z vy + Z VY.

vENG(vo) vellio i

By a similar discussion as the proof of Lemma 19, we have G’ is tK(ay,...,a,)-free.
Recall p(G) > (1 —2)n and [W| < (1 —1)&n. Then we have |[W| < £p(G). Together
with & < 87%3,1, we have

p(G/) - p(G) 2 Z 2$DZ‘U0 - Z 2mvxvo

velUi_o I; vENg(vo)
=2y, Z Ty — Z Ty
velUl_o I vENG(vo)
—1)(1 —
>0, ((p(G) — (2t — 1)th) th
r—1
- Wl = 6) (7 ) o)
r—1)(1— 3r+ 2 r—1
>20(G) Ty Ty (( J(1=¢) — E—§¢— ( ) 5)
r r r
=2p(G) Xy Ty (1 - % - 6§)
>0,
a contradiction. ]

Lemma 22. |W|=t—1 and pp = 0.

Proof. By Lemma 17, we have p = p(|J._, GIVi\W]) < ¢t — 1 and there exist p disjoint
Kl (ay,...,a,),say Hy,...,H,,in G—W.

We claim that [W| < t—1—pu. Otherwise, we have |W| > t—pu. Let S = {v1,..., v}
be a subset of W. Define S; = So\{vi} U (UL, V(H;)). Then |S;| = (t—p—1)4ph < th.
Note that v; € W. By Lemma 20, G— (W US;\{v1}) contains a K,/ (a4, ..., a,), say H,41,
such that V(H“+1) mSO Q {Ul}. Ift— 1% Z 2, let SQ = (Sl\{l)g}) UV(HM+1). Then |S2| =
(t—p—2)+(u+1)h < th. By Lemma 20, G— (W US2\{ve}) contains a K, (ay,...,a,), say
H, 15, such that V(H,42)()So C {v2}. Repeating the above steps, we obtain a sequence
of subsets Sy,...,8_,. For 1 < j <t—p, we have S; = (S;_1\{v;}) UV (H,+;-1) and
G — (WU S;\{v;}) contains a K;F(ay,...,a,), say H,.j, such that V(H,;) () So C {v;}.
Thus, Hy,...,H,, Hyta, ..., Hy are t disjoint K (ayq,. .., a,) in G, a contradiction.

Clearly, if |W| =t — 1, then p = 0. Hence, we just need to show that |W| = ¢ — 1.
Suppose to the contrary that [W| <t — 2. Recall [Vi| > % —2{n. Let S be a subset
of Vi\W such that |S| =t — 1 — |W|. Define F = |J,_, G[V;\W]. By Lemmas 16 and

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.25 14



17, we have p(F) = p < t —1 and A(F) < th. Furthermore, by Lemma 8, e(F) <

G =G - Z uv + Z uv.

uweE(F) ucS
veVi\(WUS)

Then G’ is a spanning subgraph of K\WUS\ \/K|V1\(WUS)\,|V2\W\ ..... IV \W|- Note that |WUS| =
t —1. Then G’ is tK(ay,...,a,)-free. Moreover, by Lemma 21, we have

p(G") —p(G) = Z 20,y — Z 22,

uesS weE(F)
veVi\(WUS)

r—1
r

2
> ISI(Val = W U S)) ( ) a2, — 2e(F)e.

> |9 (; —2%n — (t— 1)) (7” - 1)28:53* — 9t — 1)(th + 1)a%

> 0,
which contradicts the maximality of p(G). Thus, |W| =t — 1 and we get pu = 0. O
Lemma 23. For any vertex w € W, we have dg(u) =n — 1.

Proof. Suppose to the contrary that there exists a vertex vy € W such that dg(vg) < n—1.
Then there exists a vertex ug € V(G) such that vouy ¢ E(G). Let G' = G +wvgug. Clearly,
p(G') > p(G). By the maximality of p(G), G’ contains a copy of tK,(ay,...,a,) and
we denote it by F. Furthermore, there exists a K (ay,...,a,) in F, say H, such that
upvg € E(H). Let F' = F—V(H). We have |F'| = (t—1)h. Recall vy € W. By Lemma 20,
G—((WUV(F")\{vo}) contains a K (as,...,a,), say H', such that V(H') NV (F’) = .
Thus, H' U F' is a copy of tK(ai,...,a,) in G, a contradiction. O]

Now we are ready to prove Theorem 3.

The proof of Theorem 3. We prove Theorem 3 according to the following two cases.

Case 1. G is connected. Let n; = [V;\W]| for i € [r]. By Lemmas 22 and 23, we
have G C Ky V K,(n1,...,n,). Note that p(G) attains the maximum. Then G =
Ki 1V K. (ny,...,n;). Without loss of generality, assume that ny > ng > --- > n,. By
symmetry, let x, = x; for each vertex u € V,\W (1 < i < r) and let x, = z( for each
vertex v € W. Then we have

p(G)iIZ'O = (t - 2)33'0 + Z n;x;
=1
and

p(G)x; = (t — 1)z + anxj — n;

j=1
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for 1 < ¢ < r. By some calculations, we get x; = %xo,i =1,...,7r. To get

G = K 1 VT, _ty1,, it suffices to show that n, —n; <1 for every 1 < i < j < r. Suppose
to the contrary that there exist ¢, jo with 1 <49 < jo < r such that n;, —n;, = 2. Choose

v;, € Vi, \W and let
G'=G - Z VU, + Z VV;, -

veVj\W vevio\(WU{viO})

Then G' = Ky, 1V K, (ny,...,niy—1,...,n;0+1,...,n,) and so G' is t K,/ (ay, ..., a,)-free.
Furthermore, by n;, —n;, > 2, we have

/0<G/) - p(G) = 23:0((77’1'0 - 1)332'0 - njoxjo)

=20 G) ) (0(@) + )

(
)
(p(G) + 1) (p(G) — o)
(p(G) + nip ) (p(G) + 1)
If r =2, by ny > ny + 2, we have p(G) > § > ny =nyy. If r > 3, by nj, = [V;,\W]| <
L4 2¢n — (t — 1), we have p(G) > (1 —2)n+ 22 — (QtZ:;W > nj,. S0, p(G) —nj, >0
and we get p(G') — p(G) > 0, a contradiction.

> 2x(2)

Case 2. (G is not connected. Let Gy,Ga,...,G,, be connected components of G.
Then p(G) = maxicicm p(G;). Without loss of generality, assume that p(G) = p(Gy).
Then G is a connected ni-vertex t'KF(ay, as, . . ., a,)-free graph where ny < n and t' < t.

We claim that n; is large enough. Otherwise, p(G1) < p(K,,) = n —1 < @ <
p(Ki—1V Kp_t11,). By Case 1, we have Gy = Ky 1V Ky, —v11,. Byny <nand t' <t, we
have GGy is a proper subgraph of K; 1 V T, 11, So, p(G) = p(G1) < p(Ki—1 V Thti1r).
Note that K; 1 V Th_t41, 18 tK(ay, a9, . .., a,)-free. We get a contradiction.

This completes the proof. O
At last we give the proof of Theorem 5 (based on Theorems 1 and 3).

The proof of Theorem 5. Note that F; is a color-critical graph with y(F;) = r + 1,
1 < i < t. Hence, for 1 < i < r, there exists a graph K (a;1,a;,...,a;) containing a
copy of F; as a subgraph. Let a; = maxi< <, a;; for 1 < j < r. Then one sees that Ule F;
is a subgraph of tK* (a1, as, ..., a,). So, exy,(n, Ui_, Fi) < exgp(n,t K (a1, as,. .., a,)).
By Theorem 3, ex,,(n, tK;" (a1, a9, ...,a,)) = p(Ki—1 V Th_ty1,) and Kpq V T yi1,
is the unique extremal graph with respect to exg,(n,tK, (a1, as, ..., a,)). Together with
Theorem 1, K1 VT,_441, is a U:le F;-free graph with order n. Hence, Ky_1 V T,_¢y1,
is the unique extremal graph with respect to ex,,(n, U;l F;) for sufficiently large n. [

4 Concluding remark

In this paper, we characterize the extremal graph of sufficiently large order n with
respect to exg,(n, tK; (ai,as,...,a,)) (see Theorem 3), where ¢t > 1, r > 2 are two pos-
itive integers. Let Kt (a1, a12,..., ai), ..., K (am,am,...,a4) be t disjoint graphs.
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We also obtain the unique extremal graph of sufficiently large order n with respect to
exgp(n, U, K;F(ain, aig, - . ., air)) (see Corollary 4). Note that for any color-critical graph
F with x(F) = r + 1, there exist some integers ay,...,a, such that I is a subgraph of
K} (a1,as,...,a,). For t disjoint color-critical graphs Fi, ..., Fy with x(F;) =r+1 (1 <
i < t), we determine the unique extremal graph of sufficiently large order n with respect
to exg(n, Ji_, Fi) (see Theorem 5).

Note that complete graph K, ,; and odd cycle Cyyq are both color-critical graphs.
Then the following two results are direct consequences of our main result (Theorem 5).

Corollary 24 ([30]). For positive integers t = 2,r > 2 and sufficiently large n, K; 1V
T—t41, 1S the unique extremal graph with respect to exgy(n, tK,11).

Corollary 25. Given some positive integers t,r1,...,m¢ and let Cop 41, ...,Cor 11 be t
disjoint odd cycles. Then K;_1 V T,,_4112 @s the unique extremal graph with respect to

eXgp(n, Uﬁzl Cor,+1) for sufficiently large n.
Especially, if 1y =ry =--- =1r;, = r, we get the next result.

Corollary 26 ([15]). For positive integers t,r and sufficiently large n, K1 V Tp—yy12 is
the unique extremal graph with respect to exg,(n,tCoriq).
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