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Abstract

The class of k-nearly finitary matroids for some natural number k is a subclass
of the class of nearly finitary matroids. A natural question is whether this inclusion
is proper. We answer this question affirmatively by constructing a nearly finitary
matroid that is not k-nearly finitary for any k € N.

Mathematics Subject Classifications: 05C88, 05C89

1 Introduction

We settle a question raised in [3]. Let us first review some background material starting
with an axiom system for infinite matroids from [1].
Now, we introduce a set of matroid axioms developed in [1] in 2010 that captures
essential aspects of finite matroid theory while allowing for infinite matroids to be defined.
Now we let E to be any set and possibly infinite. Note that for shorthand, we define
A+b:=AU{b}and A—b:= A\ {b}.

Definition 1. A matroid M is a pair (E, L) with £ C 2F satisfying the following prop-
erties:

e Il: e L.
e [2. [f Be Land AC B, then A € L.

e [3: If B is a maximal element of £ and A is a non-maximal element of £, then there
exists b € B\ A such that A+ b€ L.

el4&: IfAe Land AC X C FE, then the set {S € L: AC S C X} has a maximal

element.
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Here, we use set inclusion as our partial ordering when we talk about maximality and
minimality. We will use this partial order throughout the rest of the paper. Elements
of L are called independent sets. Maximal elements of £ are also called bases. These
first two axioms are familiar from finite matroids. The third axiom is different from our
third axiom for finite matroids because of the possibility of infinite independent sets. It
may be possible to extend a countable independent set by another countable independent
set under these axioms. A countable set can be a proper subset of another countable
set. Thus, cardinality does not give us enough information to determine whether we can
extend an independent set by another one. We thus need axiom I3 which is not reliant
on comparing cardinalities. The fourth axiom ensures that every matroid M has a base
and any restriction of M to any subset of the ground set of M has a base. Elements of
2\ L are called dependent sets. A minimal dependent set is called a circuit. A circuit
with only one element is called a loop. It is possible to define a matroid M = (E, L) by
specifying a suitable set of circuits and taking the independent sets to be subsets of F
that contain no circuit. Any pair M = (E, L) that satisfies the first two axioms I1 and
12 is called an independence system.

The rank of a matroid is given by the cardinality of a base if this cardinality is finite.
If bases of a matroid are infinitely large, we simply say that the rank of that matroid is
infinite. In other words, there is only one infinite rank for matroids.

Under the above axioms, every matroid has a base and a dual. Let M = (E, L) be a
matroid. We define

L={SCE:3Be L™ st. SCE\ B}

where £ is the set of bases of M. Then M* = (E, L") is the dual of M. The authors
of [1] who developed this axiom system showed that this dual is indeed a matroid. In
fact, this duality is an involution and M** = M.

A circuit of M* is called a cocircuit of M. A loop of M* is also known as a coloop of
M. Equivalently, a coloop is an element of M that is not contained in any circuit of M
and thus contained in every base of M.

A special class of matroids which are known as the finitary matroids are better un-
derstood than general infinite matroids.

Definition 2. A matroid M is finitary if a set S is independent in M if and only if all
finite subsets of S are independent.

For every matroid M = (E, L), there exists an associated finitary matroid M =
(E, L) whose independent sets are subsets S of E such that every finite subset of S is
independent in M. The proof of this relies on Zorn’s lemma and can be found in [1]. Mf®
is also known as the finitarization of M.

To understand finitarization, consider the matroid M = (N, £) where

£:={SCN:[N\S|>2}

Since all finite subsets of N are independent in M, M = (N, 2N). Here, M has
more independent sets than M. We can make this precise in the following way.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.32 2



Every base B of M extends to a base F of M. To see why, note that any base B
is independent in M. Because of our fourth independence axiom for matroids, the set
{S € L(M®™): B C S C E} has a maximal element F. This maximal element is a base
of Mfn,

Conversely, every base F of M contains a base B of M. To see why, consider
F*:= E\ F. Then F* is a base of M, Independent sets of M""* are also independent
in M*. So F* extends to some base B* in M* by 14. B := E \ B* is then a base in
M and F' contains B. Unfortunately, the class of finitary matroids is not closed under
duality. The authors of [2] define the class of nearly finitary matroids which is still not
closed under duality but extends the class of finitary matroids.

Definition 3. A matroid M is called nearly finitary if whenever a base F in M contains
a base B in M, their set difference is a finite set.

Definition 4. For an integer k, a matroid is called k-nearly finitary if whenever a base
F in M contains a base B in M, their set difference has cardinality bounded by k.

2 Counterexample

A natural question raised in [3] is whether every nearly finitary matroid is k-nearly finitary
for some k£ € N. We now present an example of a nearly finitary matroid that is not k-
nearly finitary for any k& that is originally due to Attila Por (personal communication,
November 20, 2018).

Before we construct our example, let us first introduce a finitary matroid that will
allow us to construct our counterexample.

Note, our set of natural numbers N excludes zero and consists of positive integers. Let
E be the Cartesian product N x N. We imagine E to be the integral points of the first
quadrant. We define A C FE to be in L, if for every n € N, the first n rows of E have
at most n elements in A. Then M; = (E, L) is a finitary matroid. It is straightforward
to see that M, satisfies 11 and I2. For I3, suppose there is a base B; of M; and a
non-maximal independent set A;. Since A; is non maximal, there is some base Ag that
properly contains A;. Let i € N be a row which contains an element of Ag \ A;. Since
By is maximal, there is some j > ¢ such that B; has exactly j elements in the first j
rows. By construction, A; has strictly less than j elements in the first j rows. There
must be some d < j such that A; has strictly less than n elements in the first n rows for
all n > d. We pick the smallest such d. B; \ A; has at least one element b in rows d to
j. This element can be used to augment A; and I3 is satisfied. For 14, suppose A; C X
with Ay € £4. Let A;[0] = A;. We inductively let A;[i] be A;[i — 1] U S[i] where S|i] is a
maximal subset of row i of X that keeps A;[i] independent. Taking the union of all these
A, 1] sets will give us our desired maximal independent set that shows that 14 is satisfied.
Finally, to show that M, is finitary, suppose A is any subset of E whose finite subsets are
all independent. If A were dependent, then there would be some j where A has more than
7 elements in the first j rows. Picking these elements would give us a finite dependent set

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.32 3



which contradicts our assumption that all of A’s finite subsets are independent. Thus, we
conclude that A is independent and that M is finitary.

We now define £ C £, C 2¥. Suppose A; is independent in £;. If A; is finite, then A;
is in L. If A; is infinite, then we define column [ to be dominant in Ay if all but finitely
many elements of A; are in column [. If the [-th column of A; is dominant, subsets of the
form A; \ X where X C A; and |X| > [ are elements of L. If there is no such dominant
column [, then we declare A; to be an element of L.

Theorem 5. M = (E, L) as constructed above is a nearly finitary matroid, but not n-
nearly finitary for any n € N.

Proof. M naturally inherits 11 and 12 from M;. It also clearly satisfies 14 because it is
nearly finitary. For I3, let S be a non-maximal independent set and let B be a base. S
is properly contained in some base A. If A and B both have no dominant column, we
can extend S with an element of B because M; is a matroid. If A and B have the same
dominant column £y, it is straightforward to see that we can extend S with an element in
B\ S. We define the matroid minor Mg to be M restricted to AU B. We follow [2] and
define the truncation matroid Mg[k] as follows. Mg[k] has the same finite independent
sets as Mg. An infinite set is independent in Mg[k] if it can be obtained by deleting k
elements of an independent set in Mg. This construction was proven to be a matroid in
[2]. Now, Mgl|k;] is a matroid with independent sets that are independent in M and thus
I3 is satisfied. Let us now assume that at least one of A and B have a dominant column
but do not share the same dominant column. This is the last remaining case. B\ S has
elements above the row m for all m € N. Since S is properly contained in A, there is some
a € A\ S. Let r be the the index of the row where this a is. Any element in B\ S above
row r can be used to augment S to satisfy I3 and finally prove that M is a matroid. It is
clear that M is nearly finitary but not n-nearly finitary for any n € N. O

From this example infinite families can be obtained by standard matroid operations
defined in [2]. Some of these are compiled in the following statements. We omit the (easy)
proofs:

Theorem 6. Let M be a matroid that is nearly finitary but not n-nearly finitary for any
n € N. Then, the following matroids have the same property:

1. The truncation MIk] for any k € N, as defined in [2].

2. The direct sum M & N for any nearly finitary matroid N. In other words, this is
the matroid union M NV N where M and N are defined on disjoint ground sets.

3. The deletion M — S for any finite subset S of the ground set.

4. The contraction M /T for any set T of coloops in M.
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