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Abstract

The wunraveled ball of radius r centered at a vertex v in a weighted graph G
is the ball of radius r centered at v in the universal cover of G. We present a
general bound on the maximum spectral radius of unraveled balls of fixed radius in
a weighted graph.

The weighted degree of a vertex in a weighted graph is the sum of weights of
edges incident to the vertex. A weighted graph is called regular if the weighted
degrees of its vertices are the same. Using the result on unraveled balls, we prove a
variation of the Alon—Boppana theorem for regular weighted graphs.

Mathematics Subject Classifications: 05C22

1 Introduction

In 1993, Freidmen [1] refined the celebrated Alon-Boppana theorem [5]. He proved that
for every d-regular graph G with diameter 2r, the second largest eigenvalue of adjacency
matrix of G, denoted by A\o(G), satisfies

Ao (G) =2 (1 — :—j - O(ﬂ*)) d—1.

In 2005, Hoory [2, Theorem 1] studied the spectral radius of the universal cover of a
non-regular graph. As a corollary he proved a variation of the Alon-Boppana theorem
for graphs with r-robust average degree at least d, which was later improved by Jiang [3].
For a graph G, the ball of radius r > 0 centered at v € V(G), denoted by G(v,r), is
the induced subgraph of GG on the vertices within distance r apart from v. We say that
a graph has r-robust average degree at least d if for the induced subgraph obtained by
deleting any ball or radius r, its average degree is at least d.
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Theorem 1. [3, Theorem 8] Let d > 1 be a real number and let r be a positive integer.
If a graph G has an r-robust average degree at least d, then

M(G)

>+vVd-—1.
Al(Pr)

Here \i(P,) = 2cos Ti—l stands for the spectral radius of the path P, with r vertices.

To prove Theorem 1, Jiang studied the maximum spectral radius of unraveled balls of
a graph G, which are balls in the universal cover of GG; see Definition 2. In 2022, Wang
and Zhang applied the machinery developed in [3] and proved an analog of Theorem 1
for the normalized Laplacian of a graph [7, Theorem 1.6], improving the bounds from [8];
see also [6]. To show this result, they studied the maximum spectral radius of unraveled
balls of a weighted graph.

Motivated by the works of Jiang and Wang—Zhang, we develop further their ideas and
prove a generalization of Wang and Zhang’s result on the spectral radius of unraveled balls
for a weighted graph; see Theorem 6. This implies an analog of Theorem 1 for regular
weighted graphs, as shown in Theorem 4.

A weighted graph is a graph without parallel edges and loops, in which every edge is
assigned to a positive number. Formally, a weighted graph G is a triple (V(G), E(G), wg),
where V(G) and E(G) are the vertex and edge sets of the graph G, respectively, and
wg : E(G) — Ry is the weight function, with R, being the set of positive real numbers.
For sake of brevity, we write wy, and wy, for the weight we(ab) of an edge ab € E(G). The
weighted degree of a vertex v, denoted by w,, is the sum of the weights of the edges incident
to v, that is, w, = >, B(G) Wou- A weighted graph is called w-regular if the weighted
degree of every vertex equals w. Throughout the paper, we regularly write “a weighted
graph with minimal degree at least 27, which means that each vertex is incident to at least
2 edges (rather than the weighted degree of each vertex is at least 2).

A non-backtracking walk of length n in a weighted graph is a sequence of vertices
(vo, - . ., vy,) such that any two consecutive are adjacent and v; # v;,o for alli € {0,... , n—
2}. Denote by W;(G) the set of non-backtracking walks on a graph G of length i.

Definition 2. Given a weighted graph G, we define the weighted tree G (v,7) as follows.
Its vertex set is the set of all non-backtracking walks of length at most r that start at
v, where two vertices are adjacent if one is a simple extension of the other. Specifically,
vertices (vg,...,v,) and (ug,. .., uy,) with n < m are adjacent if and only if m =n + 1
and v; = wu; for all i € {0,...,n}. We say this edge of G(v,r) is extended by the edge
Um—1Un, in the graph G. Two vertices of the same length are never adjacent. We assign
a weight to each edge in é(v, r) equal to the weight of its extending edge in G.

In other words, the graph G (v,7), which we call an unraveled ball, is isomorphic to a
ball of radius 7 in the universal cover G of G. Slightly abusing notation, in the current
paper, we say @(U, r) is an induced subgraph of G

It is worth mentioning that we may look at the set W1 (G) as the set of directed edges of
a graph G, that is, for any edge zy € E(G), there are two corresponding non-backtracking
edges (z,y) and (y, ) in W1(G). So, we write w,,) for w,, if zy € E(G).
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The weighted adjacency matriz Ag of a weighted graph G is a matrix whose rows and
columns correspond to vertices of the graph G. The elements of the matrix Ag are defined
in the following way

P if xy € E(G),
Goy = 0 otherwise.

Clearly, the matrix Ag is symmetric and has zeros on its main diagonal.
Let A\;(G) be the i-th largest eigenvalue of G. The central result of the paper is
presented below.

Theorem 3. Let G be a w-reqular weighted graph with minimum degree at least 2. Then
for any positive integer r, there is a vertex v such that

M(G(0,7)  Teewqy e (w = we)'
A(Pry1) - w|V(G)
This theorem generalizes the main result from the paper of Jiang [3, Theorem 1]; see
also the proof of Lemma 19 in [4].

We define the average combinatorial degree of a weighted graph G as YR
corollary of Theorem 3, we obtain a variation of the Alon-Boppana theorem.

Theorem 4. Let G be a w-reqular weighted graph with combinatorial degree d > 39 and
let r be any positive integer. Assume that for every vertex v there is an induced subgraph
of G\ G(v,r + 1) with minimum weighted degree at least 2w~/d — 1/d. Then we have

M(G)  wV/d—1
>\1(Pr+1) g d '

A slightly more involved argument allows to show that Theorem 4 holds for d >
7.1980...; see Remark 13.

The rest of the paper is organized as follows. Section 2 presents the proof of Theorem 6,
a generalization of Theorem 3 for weighted graphs that are not necessary w-regular. In
Section 3, we utilize Theorem 6 to derive Corollary 8, a general form of Theorem 3 for
w-regular graphs. Within the same section, we apply Corollary 8 to show Corollary 9, a
slightly weaker form of Theorem 3. The latter corollary serves as a key ingredient in the
proof of Theorem 4 presented in Section 4.

2 Bounding the maximum spectral radius of an unraveled ball

Definition 5. Given a weighted graph G with minimum degree at least 2, a stationary
Markov chain (E;)2, on W1(G) is assigned to G if its transition matrix

P = (pel,ez)el,eQEWI(G) satisfies
Peer = Pr (Ez =e|Eiq = 61) = 0 if e5 does not prolong e;.

We say that ey € Wi (G) prolongs e; € Wi(G) if there are three distinct vertices x,y, z €
V(G) such that e; = (z,y) and e; = (y, ). For the sake of brevity, we write e; — e if ey
prolongs e;.
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If the minimum degree of a weighted (connected) graph G is at least 2, then a station-
ary Markov chain assigned to GG has no absorbing states and its stationary distribution
T = (Te)eews () is well defined. Since the Markov chain is stationary, we have

Pr (EI = e) = m, for any positive integer 1.

Since the ending vertex of F; and the starting vertex of F;; are the same, we can
concatenate Fy,..., E; to form a random non-backtracking walk of length i, denoted by
the random variables Y; = (Xo, ..., X;).

With these definitions, we can state and prove the following general theorem.

Theorem 6. Let G be a weighted graph with minimum degree at least 2, let (E;) % be a
stationary Markov chain assigned to G with transition matriz P = (pel,@)el@ewl(g) and
stationary distribution ™ = (Te)ecw,(c). For any function g : W1(G) — R and a positive
integer r, there is a vertex v of G such that

w = ( Z wezg(el)g(62)ﬁel\/m)( Z 92(6)7T6>_1'
1( 7‘+1) 6178626—%1(6;) c€M(®)

Proof. Let us begin by defining the weighted forest Fy; as the disjoint union of all graphs

G(v,r), where v € V(G), that is,

Fo = U G(v,r).

veV(G)
Thus, the vertex set of Fy is U:;L& W;(G). Since Fg is a union of disjoint trees, we have
A (Fg) = max {Al(é(v,r)) v eV(G)}.

Therefore, it is sufficient to show that

M (F, |
A 1(<P G)) > < Z wezg(el)g(e2)we1\/pel,eg>< Z 92(6)71'8) .
1\Lr41 e1,e2€W1(G) €W, (G)
€e1—e2

Denote by (z1,...,%,4+1) € R™™! the eigenvector of the spectral radius A;(P,11) of the
path P..; of length r. Then the Rayleigh principle yields

r—+1 r+1

Z 2ZE2‘_1I1' = /\I(P'r—l—l) Z 1322 (1)
1=2 i=1

Define a vector f € RV by setting, for w = (vo,v1,...,v;) € W;(G) and o' =

(vie1,v:) € Wi (G),
0, if 1 =0,
flw) = , .
2:9(w')/Pr(Y; =w), otherwise.
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Therefore, we have

r+1
)=> > fw
=1 weW;(G)
r+1
S WL
=1 weW;(G)
r+1
—Zx Z 2(W) Pr(E; = W)
w'eW1(Q)
r+1
S S tam
eeW1(G)
Denoting w™ = (v, ..., v;—1) and w” = (v;_2,v;_1), we obtain
r+1
<f AFGf Z Z sz 1L;Wy— ( )f(w )
1=2 weW;(G)
r+1

=D 2wz Y wag(@)g(w)y/Pr(Vi = w) Pr(Y;

OJEWZ'(G)
For the Markov chain, we have

Pr(Y; = w)
Pr(Y;_y =w")

= PI'(E,L = w,|EZ‘_1 = w”) = pw”,w"

Substituting this in the equation for (f, Ag,f), we get

(f,Ap.f) = Z 2x; 115 Z M Pr(Y; = w)

! /
=2 weW;(G) Pest

=w).

=522 Y WD) p (g _ o, B —ey),

=2 ey,e0€Wy (G) v pel €2
€]1—e

Since Pr (Ez = 627Ei71 = 61) = Pr (E,L = 62‘EZ‘,1 = 61) Pr (Eifl = 61)
easily conclude that

r+1

fa AFG szz 124 Z we29(€1>9(€2)7T61 V pel,eg-

61,62€W1 (G)
e1—e2

Combining this equality with (1), (2), and the Rayleigh principle
M(Fg) = (f, Ar. )/{f, f), we finish the proof.
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Remark 7. Recall that G(v,7) is a ball of radius r centered at v in the universal cover G

of G. So by the monotonicity of spectral radius, A\;(G) > M\ (G(v,7)). Since Ay (Pi1) — 2
as r — +oo, under the assumptions of Theorem 6, we obtain

MEZ2( Y wagle)gle e viaa) (Y. o)

e1,e2€W1(Q) eeW1(G)
€e1—en

-1

3 Proofs of corollaries on regular weighted graphs

To prove special cases of Theorem 6, the authors of [3, Theorem 1] and [7, Theorem 1.5]
consider the following stationary Markov chain on W;(G) such that its stationary distri-
bution can be easily found. Namely, they assumed that given the stage E; = (v;—1, v;),
the stage E; 1 is chosen among {(v;,u) € W1(G) : u # v;42} uniformly at random. Hence
the transition matrix P = (Pe, e, )e;,encwi () Of this Markov chain is defined by

1
—— ify=zand t # x;
Play) (=) = § degy —1
0 otherwise.
One can easily verify that the distribution 7 = (7 )ecw, (@) With 7. = [WI—I(G)' is stationary.

In the next general corollary of Theorem 6, we use another stationary Markov chain
assigned to a regular weighted graph such that its stationary distribution be explicitly
found.

Corollary 8. Let G be a w-reqular weighted graph with minimum degree at least 2. For
any function g : Wi(G) — R and any positive integer r, there is a vertex v of G such that

M (G(v,7)) -1
ﬁ > < Z 9(61)9(62)we1w§2/2(w - w61)1/2) ( Z g*(e)we(w — we))
T+ 61762€W1(G) eGWl(G)
e1—eg
Particularly, choosing g(e) = (w — w,)~"/?, we have

M(G(,7)  Seemeywe (w —w)'”?
M(Pry1) ~ w|V(G)]
Proof. Consider a stationary Markov chain assigned to G defined by its transition matrix
P = (Deye3)er,ecwi () as follows

We .
z if e; — €9,
W — We,

0 otherwise.

Pejes =

Using m = P for the stationary distribution m = (7 )eew, (@), one can easily verify that

_ We (W — we)

Te 5 , where S = Z We (W — we).

ecWi (G)
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Applying Theorem 6 to this Markov chain, we easily obtain the first desired inequality.
Assuming that g(e) = (w — w.)""/?, we have

MED) L (S - w ) (X ) @

P
1( r+1) e1,e2€W1(G) eeW1(G)
e1—eQ

The multipliers of the right-hand side of (3) can be easily found

Z we =u|V(0).

eEW1
SR TR SN ST
e1,e2€W1(G) e2€W1(G) er:e1—re
€]1—e2
= Z w3 (w — we) 2.
eEWl(G)
Substituting these equalities in (3), we obtain the second desired inequality. O

Corollary 9. Let G be a w-reqular weighted graph with minimum degree at least 2. As-
sume that its average combinatorial degree d satisfies 2v/d — 1/d < p, where p = 2= ‘[
(that is, d > 38.7620... ). Then, for any positive integer r, there exists a vertex v of G
such that

M(G(v, 7)) L d—1

M(Pa) ~ d

Proof. There are two possible cases.
Case 1. Thereis e = (v,u) € Wi (G) such that w, > pw. Define a vector f' € RV (G(®r)
by setting

) — {1 it z € {(v), (v,u)};

0 otherwise.
Using the Rayleigh principle, we have
(', Agnt")
(f'. 1)
which finishes the proof in this case as 2v/d — 1/d < p and A (Pry1) < 2.

Case 2. For any vertex e € Wi(G), we have w, < pw. By a straightforward compu-

tation, we obtain that the function z — 2%2(w — 2)'/? is convex on the interval [0, zw]
3—V3 By
V3,

Al(é(v,r)) >

= W, = W,

and concave on [pw, w], where p = Jensen’s inequality, we obtain

/ / 2Vd —
> wtw-w) = W@l(5) " (v-5)" = Ve

ecWy (G)

Substituting this inequality in the second inequality of Corollary 8, we finish the proof. [J
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Figure 1: Graphs of g and ¢; (dashed).

Remark 10. Slightly modifying the argument, we can prove Corollary 9 for d > 1/t, =
7.1980..., where ty is defined below.

Let g : [0,w] — R be a function given by g(y) = y*?(w — y)'/2. For any t € (0, 1), let
l; : R — R be an affine function defining the tangent line of g at the point tw € (0, w);
see Figure 1. Consider the following system of equations and inequalities

li(zw) = g(aw);

24/1/t-1
it

O<t<p=3 <y

Tr =

which has only one solution: z = xy = 0.6917...,t =1y = 0.1389...; see Figure 1.
First, we may assume that

2w+\/1/ty — 1

We S WTo = 1/t
0

for all e € W1(G); otherwise, we use the proof of the first case in Corollary 9.
Next, consider the function A : [0, zow] — R defined by

h(z) = g(x) ?f 0 <z < tyw;
Ui (z) if tow <z < zow.

Recall that the function g is convex of [0, pw]. Since 0 < tg < p = % and /(;, defines
the tangent line for the graph of g at the point tyw, we conclude that the function h
is convex on [0, zow] and g(y) = h(y) for any 0 < y < xow. Therefore, we can apply
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Jensen’s inequality for h and obtain the desired inequality

Yo wPlw—w) =y glw)

eeW1(G) e€W1(G)

>|Wi(G)Ih(%)

w?/d — 1
—

(Here we use that d > 1/to, and thus h(%) = g(%) by the definition of h.) Substituting
this inequality in the second inequality of Corollary 8, we finish the proof.

=W (@)lg(5) = V(G|

Remark 11. Using Corollaries 8 and 9, we can prove lower bounds for the spectral radius
for the universal cover GG of a w-regular weighted graph G as it is shown in Remark 7.

4 Proof of Theorem 4

The following lemma connects the spectral radii of balls G(v,r) and G(v, 7).

Lemma 12. [7, Lemma 4.2] For any vertex v of a graph H and any positive integer r,
we have .
M(H(v,r)) = M\ (H(v,r)).

Suppose that G has a vertex of degree 1, that is, incident to one edge. Then there is
a connected component of G that is a path of length 1 with weight of its only edge equal
to w. Clearly, this component has eigenvalue w, which is large enough to finish the proof
in this case. Therefore, we can assume that there are no vertices of degree 1 in G.
Lemma 12 and Corollary 9 yield that there exists a vertex v € G such that

wyvd — 1

/\1(G<U’ T)) 2 Al(é(u T)) 2 /\I(PT-H) d

Denote by f; € RV(®) the vector that coincides on V(G(v,7)) with the eigenvector of the
spectral radius of G(v,7) and is zero on V(G) \ V(G(v,7)). By the Rayleigh principle, we

have
M(Glor) = TR

Let G’ be an induced subgraph of G \ G(v,r 4+ 1) with minimum weighted degree at
least 2w+/d — 1/d. Define a vector f, € RV(®) by setting

fue) = {1 if 2 € V(G):

0 otherwise.
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Hence by the Rayleigh principle, we obtain

M (G > (f2, Acf2) > 2w d_l_

(f2, I2) d

One can choose scalars ¢; and ¢y such that the vector f = ¢;f; + cofs # 0 is perpen-
dicular to the eigenvector (1,...,1) of the spectral radius A\;(G) = w. Therefore, by the
Rayleigh principle, we obtain

([, Acf)  A(fi,Ach) + &(f2, Acfa) wyvd —1
S O 1 Y R A A R e
which finishes the proof. U

Remark 13. As shown in Remark 10, Corollary 9 holds for d > 7.1980.... So using the
same argument we can prove Theorem 4 for d > 7.1980.. ..
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