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Abstract

The recent interest in type B ¢-Stirling numbers of the second kind prompted us
to give a type B analogue of a classical identity connecting the ¢-Stirling numbers
of the second kind and Carlitz’s major g-Eulerian numbers, which turns out to
be a g-analogue of an identity due to Bagno, Biagioli and Garber. We provide
a combinatorial proof of this identity and an algebraic proof of a more general
identity for colored permutations. In addition, we prove some g-identities about the
g-Stirling numbers of the second kind in types A, B and D.

Mathematics Subject Classifications: 05A05, 05A18, 05A19

1 Introduction

The Stirling number of the second kind, denoted S(n, k), is the number of ways to par-
tition n distinct objects into k£ nonempty subsets. It satisfies the well-known triangular
recurrence

Sn,k)=Sn—-1,k—1)+kS(n—1,k)

with the initial conditions S(0,%k) = dox, where 0;; is the Kronecker delta. Carlitz [7]
introduced the type A ¢-Stirling numbers of the second kind S[n, k] by

S[n, k] .= Sn—1,k— 1] + [k], S[n — 1, k], (1.1)
where [k],:==14+q+¢*+---+¢" for k> 1 and [0], := 0, and S[0, k] = .
Let &,, be the symmetric group on the set [n] = {1,2,...,n}. An element 7 € &,, is

written as m = mymy - - - m,. The descent set of m € &, is defined by

Des(m) :=={i € [n—1] | m > mit1}
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and the cardinality of Des(7) is called the number of descents of 7, denoted des(w). The
Eulerian number A, is the number of 7 € &,, with k descents. There exists a well-
known identity connecting the Stirling numbers of the second kind and Eulerian numbers

as follows:
k!S(n, k) ZAM 1( ) (1.2)

for all nonnegative integers 0 < k < n. A combinatorial proof of identity (1.2) in terms of
the ordered set partitions and permutations is quite easy and well known, see [5, Theorem
1.17], for example.

The g-binomial coefficients are defined for n, k € N by

n [n]4!
=——-——— for 0<k<n,
M o [Flalln —Klg!
where [n],! := [1],[2],- - - [n], is the g-factorial of n. To give a g-analogue of identity (1.2)

we need to find a suitable Mahonian statistic over permutations, that is, a statistic whose
generating function over &,, is [n],!. It turns out that MacMahon’s major indez [17] is a
good fit for our g-analogue. Recall that the major index (maj) of m € &,, is defined by

maj(m) := Z i

i€Des(m)

We define the corresponding g-analogue of Eulerian polynomial (of type A) by

An(t,q) =Y tdesmgmailr ZAM . (1.3)

eSS,

The reader is referred to [11, 18] and references therein for further g-Eulerian polynomials.
Using analytic method, Zeng and Zhang [27, Proposition 4.5] proved the following
g-analogue of identity (1.2) !

k
n—/
q(3) [k] [K]g1S[n, k] = " q" DA, ){k—f} (1.4)
/=1 q

for nonnegative integers 0 < k& < n. In 1997, in order to give a combinatorial proof of (1.4),
Steingrimsson [23]| proposed several statistics on ordered set partitions and conjectured
that their generating functions were given by either side of (1.4). In the following years,
Zeng et al. [16, 13, 14] confirmed all his conjectures, and finally Remmel and Wilson [20,
Section 5.1] found a combinatorial proof of (1.4) using the major index on the starred
permutations.

!Proposition 4.5 in [27] is actually a fractional version of (1.4) and valid for n € C.
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This paper arose from the desire to give a type B analogue of (1.4). In analogy with
the usual (type A) Stirling numbers of the second kind (see [26, 10, 3, 21]), the type B
Stirling numbers of the second kind Sg(n, k) can be defined by

SB(H, k) = SB('I?, - 1, k— 1) + (2/€ + 1)53(71 - 1,/€>

with the initial conditions Sg(0, k) = dgx.
For integer i € Z we denote its opposite integer —i by 7. Let B,, be the group of signed

permutations of [n], i.e., the set of all permutations on the set [+n] := {n,...,1,1,...,n}
such that m(z) = (7). In what follows, we write (i) as m; for i € [£n] and use the natural
order on (n) :={m,...,1,0,1,...,n}, namely,

n<--<I<0<l<---<n.
The type B descent set of m € B,, [18, Section 11.5.2] is defined by
Desp(m) ={i € {0} U[n—1] | m > miz1},

with mp = 0, and the cardinality of Desp(7) is called the number of type B descents of ,
denoted desg(m).

Let B, ) be the number of permutations in B,, with k descents. By a bijection between
the set of ordered type B set partitions and the set of signed permutations with separators,
Bagno, Biagioli and Garber [3] combinatorially proved the following type B analogue
of (1.2):

% Sp(n, k) = Zk: B (Z - E) (1.5)

=0

for all nonnegative integers 0 < k < n.
Recently Sagan and Swanson [21] studied the type B q-Stirling numbers of the second
kind Sg[n, k], which are defined by the recurrence relation

SB[n,k] = SB[TL—1,]{—1]—{—[2]{—{—1],]53[71—1,]{3] (16)
with the initial conditions Sg|0, k| = dox, see [25, Section 1.10] and [4] for related works.

Remark 1.1. Chow-Gessel [8, Eq. (18) and Proposition 4.2] defined a kind of type B
¢-Stirling numbers of the second kind S, x(¢) by the following recurrence relation

Sni(@) = ¢ "1+ q)Sn_14-1(q) + 2k + 1)Su-11(q)

with the initial conditions S,,0(¢) = 1 for n > 0. It is routine to verify that the above two
types B ¢-Stirling numbers of the second kind are related as follows

Snil(q) = (14 q)" " Sp[n, k. (1.7)
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Adin and Roichman [1] defined the flag-major indezx of = € B,, as follows

fmaj(m Z 2i + neg(m (1.8)

i€Desp ()

where neg(r) is the number of negative elements in 7, i.e., |[{i € [n] : m; < 0}|. Then, as a
g-analogue of Eulerian polynomial of type B, Chow and Gessel [8] studied the enumerative
polynomials of statistic (desg, fmaj) over B,

By(t,q) = Y tiesnmghmailr ZBnk : (1.9)

ﬂ'EBn

In this paper, using Sagan and Swanson’s g¢-Stirling numbers of the second kind in
type B [21] and Chow and Gessel’s g-Eulerian numbers of type B, we prove a g-analogue
of Bagno et al.’s identity (1.5). The following is our first main result.

Theorem 1.2. For 0 < k < n we have

[2]5[K] 2! S 5[, k] :zk:qk(k 2 )[”_g] (1.10)
£ k- ¢

We shall provide a combinatorial proof for Theorem 1.2 in Section 2. In Section 3,
we define a ¢-Stirling numbers of the second kind in type D and give g-analogues of some
known identities connecting the Stirling numbers of the second kind in types A, B and D.
Next, we prove algebraically a general identity (see Theorem 4.2) between the r-colored
g-Stirling numbers of the second kind and ¢-Eulerian numbers of colored permutations in
Section 4. Note that the proof of Theorem 4.2 yields another proof of Theorem 1.2.

2 Combinatorial proof of Theorem 1.2

In this section, we give a combinatorial proof of (1.10) by generalizing Remmel and
Wilson’s proof of identity (1.4) in [20]. Our strategy is to study the polynomial

- desp () .
quaJW H ( 1) (2.1)

TEBR i=1
in R[q|[z] and interpret the coefficient of 2* combinatorially in two different ways.

2.1 Permutations of type B

For any m = mymy - - - m, € B, we say that an index i € [n — 1] has m-sign type ++ (resp.,
——, +—, —+) if the sign of m; is positive (resp., negative, positive, negative) and that of
mi+1 18 positive (resp., negative, negative, positive).
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In the rest of this section, we denote by II; (resp., Ils, II3) the set of descents of 7
with m-sign type ++ (resp., ——, +—) and by II} (resp., II}, II}) the set of ascents of 7
with 7-sign type ++ (resp., ——, —+).

For any m € B,,, define the mapping ¢ : m — 7 on B,, by

= ) Tntli n—1, if m4- > 0;
v Ty +n+1, if w4 <0.

For example, if 7 = 153462, then 7 = 513426.

Remark 2.1. Let r : m +— 7" be the reversing operator on B, defined by 7] = 7,11
and ¢ : m — 7 the type B completion operator on B, defined by 7f =¢; - (n+ 1 — |m]),
where e; = 1 if m; < 0 and —1 if m; > 0 for @ € [n]. It is easy to verify that 7 = (7")°.

Clearly, if ¢ is a descent (resp., an ascent) position in 7 € B, and the product of 7;
and ;11 is positive, then n —1 is an ascent (resp., a descent) position in 7; if i is a descent
(resp., an ascent) position in 7 € B, and the product of m; and 7;11 is negative, then n —i
is a descent (resp., an ascent) position in 7.

In fact, the mapping v is a bijection between all permutations in B,, with k descents
and all permutations in B, with n — k descents by the following result.

Lemma 2.2. The mapping ¢ is a bijection on B,, such that for any = € B,, we have
desp(m) = n — desp(7).

Proof. Tt is convenient to associate a permutation in B, with a character string in {4, —}"
by replacing each positive (resp., negative) element with + (resp., —). For example, the
string for permutation 153462 is + + — + +—. Let 7 € B, with desg(r) = k. We
consider the following four cases in terms of the signs of m; and 7.

(i) If 7 > 0 and m, > 0, then
L] + || + |II3| = k and |IT}| + |II5] + |II5| = n — k — 1.

In addition, |II3| (resp., |II}]) is the number of +— (resp., —+) occurring in the
character string of m. Obviously, we have |II3| = |II5| since m; > 0 and 7, > 0. For
the permutation ™ = (), it is easy to see that (n —II}) U (n —1I5) U (n —II3) is a
subset of descent positions in 7, where n — II denotes the set {n —i|i € II}. Note
that 0 is also a descent position in 7 since m; = w1, —n — 1 < 0, hence

desp(m) =1+ |n — )|+ |n — 15| + [n — 13| = 1 + |IT}| + |IT5| + |1I5| = n — k.
(ii) If 1 > 0 and 7, < 0, then
[Ty | + [To| + [s] = &, I + [II| + [II5] = n — k — 1 and |II3| = |IT5| + 1.
Hence, we have
desp(7) = |n — | + |n — | + |n — 13| = |[IT}| + [IL,] + |II5| + 1 = n — k.
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(iii) If m < 0 and m, > 0, then
I | + || + [Hs] = & — 1, [II}| + [IIy] + [II5] = n — k and |II5| = [IT5| — 1.
Note that 0 is a descent position since 7 = 7, —n — 1 < 0, hence

desp(m) =1+ |n — | + |n — 15| + |n — 13| = [I1}| + |I15] + |1I5| = n — k.

(iv) If m <0 and 7, < 0, then
| + [of + [Hs| = & — 1, [ITy| + [II5] 4 [IT5] = n — k and [II3] = [II3],
which implies that

desp(m) = [n — | + [n — 1| + |n — 5| = [II}] 4 [II5] + T3] = n — k.

Summarising the above four cases we are done. O

Lemma 2.3. Let 7 € B,, and neg(m) = m.
(a) f m, <0, then >, . i+m= Zieng i+n;
(b) If m, >0, then } ;i +m = Zieng i

Proof. Let m € B, with II3 = {iy,4,...,4,} and I = {ji, jo,...,Jjr} for some integers
C,r > 1. As the proof of (b) is similar, we only prove (a) by considering two cases.

(i) m > 0 and m, < 0, we have £ = r+1. It is easy to see that iy, 1 — ji is the number of
positive elements between the kth ascent position and the (k4 1)th descent position
from left to right. Note that |II3| = |II5| + 1 in this case. Therefore, we have

il + 22:1(ik+1 — jk) =n—m.

(ii)) m < 0 and 7, < 0, we have ¢ = r. Similarly, iy — ji is the number of positive
elements between the kth ascent position and the kth descent position from left to
right. Then we have Y, _ (i — jk) =n —m.

Combining the above two cases completes the proof of (a). O

The following g-symmetry of B, (q) is crucial for our combinatorial proof of iden-
tity (1.10).

Proposition 2.4. For each fixed nonnegative integer n and the polynomial B,, ;(¢) defined
in (1.9), we have

Bu(q) = ¢ Byui(q) (2.2)
for0<k < n.
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Proof. For any m € B,, with k descents and m negative elements, then desg(¢)(7)) = n—k
by Lemma 2.2. Hence, it suffices to show that

fmaj(r) = 2nk — n? + fmaj(y(7)).

Let ™ = (), we consider the proof in terms of the signs of m; and m,. We only give the
proof for this case m; > 0 and 7, > 0 and omit similar discussions for other three cases
for the brevity.

If 7y > 0 and 7, > 0, by the definition of the mapping ¢, then the set of descents in
7 is the disjoint union

{0} U (n—11}) U (n = II5) U (n — 1)
and 7 has n — m negative elements. Then,
fmaj(@) =2 > i+ Y i+ Y i|+n—m (2.3)
ien—II} ien—II} ien—Il3

By Case (i) in the proof of Proposition 2.2, we have |II}| 4 |II}| + |II3| = n — k — 1. Hence
identity (2.3) is equivalent to

fmaj(7) =2n(n —k —1) — 2 Zi—I—ZH— Zz +n—m

iell} S SIE
—n(n—k—1) -2 (2) MRS BT B B
i€lly i€lly zel'[g
:n2—2nk+22i+22i+22i—m,
i€lly i€llqy iGI'I’3

where the second equality uses the fact that the sum of all descent and ascent indexes is
(g) By statement (b) of Proposition 2.3, the above identity equals

fmaj(7) =n® — 2k +2) i+2» i+2) it+m
i€lly i€lls i€lls
=n? — 2nk + fmaj().

This is the desired result. O

2.2 Ordered set partitions of type B

Recall that (n) = {m,...,1,0,1,...,n}. There are at least two equivalent definitions of
type B set partition. We say that a set partition of (n) is a type B partition if it satisfies
the following properties
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(1) there exactly is one zero block T" such that 0 € T" and —T = T
(2) if T" appears as a block then —7 is also a block.

It is known [3, 21] that Sg(n, k) is the number of type B partitions of (n) with 2k + 1
blocks. An ordered signed partition of (n) is a sequence (T, 11,75, ..., o) of disjoint
subsets (blocks) T; of (n) satisfying

(1) 0e TO and TO = To, and
(2) Tgi = T2z’—1 for i € [k'],

where T = {t:t € T}. The blocks Ty; and Ty;_; are called paired. Clearly the number of
all ordered signed partitions of (n) with 2k + 1 blocks is 2*k!Sg(n, k).

For our purpose, it is convenient to use the following equivalent definition of ordered
signed partition. An ordered set partition with sign of S = {0,1,...,n} is a sequence

(S0, S1, - - -, Sk) such that
(1) So={teTy:t<0}, and
(2) Sz = Tgi_l for i € [l{i]

For example, the sequence({0,3,1,4},{2,7},{6},{8,5}) is an ordered set partition with
sign of {0,1,...,8}.

On the other hand, as in [20], we can consider an ordered set partition with sign as
a descent-starred signed permutation, i.e, for any m € B,, the space following element
m;, satisfying m; > m;q for some 0 < ¢ < n — 1, is starred or unstarred. That is to
say, instead of using brackets to signify separations between blocks, the spaces between
elements sharing a block can be marked with stars and all blocks are written in decreasing
order. Note that we require that the block including element 0 always stands first on the
list.

For example, the ordered set partition with sign ({0, 3,1,4},{2,7},{6},{8,5}) can be
written as 0,1,3,4 7,2 6 8,5. The above discussion shows that there is a bijection between
all ordered set partitions with sign of the set {0,1,...,n} and all descent-starred signed
permutations in B,. For 0 < k < n define the set

ok =1(m,S) 7€ B, S CDesp(n),|S| =k}, (2.4)

where S' is the set of the starred descent positions.
For (m,S) € B;, define the statistic

fmaj((r, S)) == fmaj(r) — Y (2| Desp(m) N {j,...,n — 1}| - 1)
jes

and the polynomial

Bf:;gaj(Q) — Z gmad((mS) (2.5)
(ﬂ,S)EBik
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By the definition of the statistic fmaj((m, S)), we attach the ith descent position of 7
(from right to left) with the weight 1 if this descent position is unstarred and the weight
2/q*~1 if this descent position is starred. Therefore, the following identity holds

desp ()
ZBfmaJ Sk Z quaj(ﬂ) f[ < Zl) . (26)

TEBR i=1
For convenience, we recall two known g-identities (see [2, Theorem 3.3])

ilj_[l 1—z¢™ ") = iv: { } FPu-br2, (2.7)

Jj=0

TR i N 1] . 28)

=1 7=0 q

We first establish the following result for polynomials B, ,,—¢(q) and BSI;?J (q) defined
by (1.9) and (2.5).

Proposition 2.5. For 0 < £ < n we have

k
ma n— —n— n—1~
) = a8 )
q2

=0

Proof. Let (m,S) € B, _,, then there are n — k starred descents in (7, S), this means
that the number of ascents is in {0} U [k]. Suppose that the signed permutation 7 has ¢
ascents, where ¢ € {0} U [k], then the signed permutation 7 can be any permutation in
B,, with n — ¢ descents. Therefore, the sum of g-counting about the flag-major statistic
for all possible signed permutations with n — ¢ descents is the polynomial B, ,—(q).

In addition, for a signed permutation 7 with n — ¢ descents, we can choose n — k
descents from n — ¢ descents in 7 and mark them with stars. By the definition of the
statistic fmaj((m,S)) and identities (2.6) and (2.7), we have

n—~4
n—k Zq _(n—k)(2t—n—k) [n - q

| g ( q* n—klga
where [2*]f(z) denotes the coefficient of 2* in the polynomial f(z). Using the symmetry

of g-binomial coefficients
{n — E] {n — 6]
n—kj, k—1] .

we complete the proof. O
fmayj

To derive a recurrence relation for the polynomials B, ~ (@), we introduce some nota-
tions. For other unstarred positions, we label the rlghtmost position in our descent-starred
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signed permutation with 0, and then label its unlabelled descent positions from right to
left with 1,2,.... Next, all other unlabelled positions from left to right are labelled with
increasing labels starting from the next number. We call the above labelling as fmaj-
labelling. For example, if (7, S) = 4,3,1 7,2 6 8,5, then the fmaj-labelling for (7, S) is

24,3, 157,21648,5.
For a« = n or m, we define the mapping
G {01, n—k—1}y x By, — By (2.9)
by sending (7, (7,.5)) to the descent-starred signed permutation obtained from (7, S) by
(1) inserting « at the fmaj-labelling i, and then
(2) moving each star on the right of « one descent to its left.

Clearly, the rightmost descent will be unstarred when the letter n is not inserted after
Tn—1. Thus, we have the following relation between these labels and insertion mappings.

Lemma 2.6. For 0 < k <n —1 we have
(a) if (r,S) € B, , then fmaj(gzﬁll’k(i, (m,5))) = fmaj((m, S))+2i fori € {0}U[n—k—1];
(b) if (r,5) € B, _, ;, then fmaj(qb'mk(z’, (m,S))) = fmaj((w,S))+2i—1fori € [n—k—1];

(c) if (7, S) € B, then fmaj(¢. (0, (r, S))) = fmaj((r, S)) + 2n — 2k — 1.

Proof. We will discuss the change of the statistic fmaj((m, S)) in terms of the insertion
position of n or . Suppose that the space labelled i under the fmaj-labelling of (7, S)
is the space immediately following m,. Moreover, we suppose that there are a starred
descents and b unstarred descents to the left of m, and c unstarred descents and d starred
descents to the right of m,,; in (7, 5).

For (a), inserting n into the space labelled i. Let (7,7") = ¢|n’k(i, (m,S)). If i = 0, that
is to say we insert n at the end, then the insertion of n does not affect fmaj((7, S)), thus
fmaj((7, 7)) = fmaj((m, S)). For i # 0, there will exist two cases in terms of the values of
mp and 4.

Case (i): If m, > mp4q, then ¢ = ¢ + 1. By inserting n after m,, which preserves each
descent position before 7, and increases each descent position after m, by one. Thus, the
statistic fmaj(7) = fmaj(m) 4+ 2¢ 4+ 2d + 2. In addition, the insertion of n does not affect
the starred descents before m, to the corresponding sum > ¢(2|Desp(m) N {j,...,n —
2}| — 1). Moving each star after m,,; one descent to its left that increases the sum
> ies(2[Desp(m) N {j,...,n — 2} — 1) by two. Therefore, we have

> @ Desp(r) N {j,....,n =1} = 1) = (2| Desp(r) N {j,...,n -2} — 1) +2d

JeET jes
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since there are d stars after m,,;. Hence,

fmaj((7, 7)) = fmaj(r) — Z(2| Desg(t)N{j,...,n—1}| = 1)
= fmaj(r) + 2c+ 2d + 2 — Y (2| Desp(m) N {j,...,n -2} — 1) — 2d

forie[n—Fk—1].

Case (ii): If m, < mpi1, then ¢ = p+ 1 — a + ¢. By inserting n after m,, which
preserves each descent position before 7, and increases each descent position after m,
by one. Besides, note that there is a new descent, p + 1 € Desg(7) while inserting
n after m,. Thus, the statistic fmaj(7) = fmaj(r) + 2p + 2 + 2¢ + 2d. In addition,
the insertion of n increases each starred descent before m, to the corresponding sum
> ies(2[Desp(m) N{j,...,n—2}| —1) by two. Moving each star after m,.1 one descent to
its left that increases the sum ) (2| Desp(m) N {j,...,n —2}| — 1) by two. Therefore,

> (@2 Desp(r) N {j,....n =1} = 1) =Y (2| Desp(m) N{j,...,n— 2} — 1) +2a+2d

jeT jes

since there are a stars before 7, and d stars after m,,,. Hence,

fmaj((r,T)) = fmaj(r) = > (2| Desp(r) N {j,...,n — 1} — 1)
JeET
= fmaj(m) +2p+ 2+ 2c+2d
— ) (2|Desp(m) N {j,...,n =2} = 1) = 2a — 2d
jeS
= fmaj((m,5)) +2p+2 —2a + 2¢
= fmaj((r, S)) + 2i

forie[n—Fk—1].

For (b), inserting 7 into the space labelled i. Let (u, R) = qblﬁk(z, (m,S)). For i # 0,
all changes for fmaj((u, R)) are the same to (a) except that for the statistic fmaj(7) when
the new descent position generated by n. In this case, there always exists one descent
between 7, and . The descent generated by 7 increases the statistic fmaj(7) by 1 when
Tp > Tpy1 and 2p+1 when 7, < m,44, respectively. For the insertion of n at same position,
the changes separately are 2 and 2p + 2 for those two cases. Following the discussion of
(a), it is easy to know that

fmaj((p, R)) = fmaj((m,S)) +2i — 1
forie[n—Fk—1].
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For (c), if i = 0, inserting 7 after m,_;, then the only change is the new descent
Tn—1 > M. That is to say, the insertion of 7 increases fmaj(r) and }_; ¢(2| Desg(m) N
{j,...,n =2} —1) by 2n — 1 and 2k, respectively. Thus,

fmaj((p, R)) = fmaj((w, S)) + 2n — 2k — 1.
Summarising the above cases we have completed the proof. O

As mentioned before, the mapping ¢L,k preserves the number of stars in the mapping
process. Similarly, we need to define some mappings that increase the number of stars by
one as follows:

Grg A2, on—k} x By, — B, (2.10)

and
k10,1, n =k} x By — By, (2.11)

which send (i, (7, S)) to the descent-starred signed permutation obtained from (7, S) by
(1) inserting n (resp., @) at the fmaj-labelling i, then
(2) moving each star on the right of n (resp., ) one descent to its left, and then

(3) placing a star at the rightmost descent of the resulting descent-starred signed per-
mutation.

In analogy with the discussion in the proof of Lemma 2.6, let « = n or m and (7,7T) =
s (i (m,S)). The first step and second one from the mapping ¢}, , have same effect with

¢|a,k; to the statistics fmaj(m) and >, ¢(2| Desp(m) N {j,...,n —2}[ —1). The last step

from the mapping ¢y, ;, placing a star at the rightmost of resulting descent-starred signed

permutation, which increases the sum > (2| Desp(m) N {j,...,n — 2}[ — 1) by one.
Therefore, we have the following results, of which the proof is omitted for the brevity.

Lemma 2.7. For 1 < k < n we have
(a) if (7, 5) € B,_,;_;, then fmaj(¢; (4, (7, S))) = fmaj((x, S)) +2i — 1 for i € [n — kJ;
(b) if (m,S) € B,y ;_y, then fmaj(¢s (4, (7, S))) = fmaj((7, S)) +2i — 2 for i € [n —k];
(c) if (m,5) € B;_,_;, then fmaj(¢y (0, (7, 5))) = fmaj((r, S)) + 2n — 2k.

By definitions (2.9) and (2.10), the mappings ¢|a,k and ¢, (o = n or m) have their
images Zy U Z; and Z,, respectively, where

Iy ={(m,S) € Bik DT = N}

T, = {(m, S) € B, : rightmost descent is unstarred in (7, S) and 7, # n};

T, = {(m,S) € B, : rightmost descent is starred in (7, S) and 7, # n}.
Obviously, the disjoint union of those three sets is B;k. Now, we are ready to prove the

following recurrence relation for the polynomial Bir;aj(q) defined in (2.5).
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Proposition 2.8. For n > 1 we have the recurrence relation
BST}?J((]) = [2n — 2k], qu;ﬁj,k(q) + [2n — 2k + 1], Brf;ialj,kq(Q),
where Bgf}caj(q) is 1 when k =n and is 0 when £ < 0 or k& > n.

Proof. Since B 1 is the disjoint union of the images of mappings gbI + and @7, ., we have

a,k?

fmaj Z quaJ ((m,9)) + Z quaj(wS + Z quaj(ﬂS) (212)

(m,S)EZy (m, S EIl (m, S EIQ

By the definition of mapping ¢L¢,k and Lemma 2.6, the first two summations of iden-
tity (2.12) is

Z quaJ ((m,9)) + Z quaj ((m,9))

(m,8)eZy (m,8)eTr
n—k—1 n—k—1

Z Z quajw‘n,k(i,(ms») I Z quaj<¢‘ﬁ,k<z;<ms>>>
=0

1=0 WSEBn 1k

n—k—1 n—k—1
= Z fmaJ (Z q2z+ q21—1+q2n—2k—1>
(”’5)68571,k i=0 i=1
= [2n — 2k, Bfﬁ?k(é’) (2.13)

Similarly, by the definition of mapping ¢}, ; and Lemma 2.7, the last summation of
identity (2.12) is

Z quaJ ((m,9)) — Z quaj((i)fl7k(z',(7r,5)))_i_ic Z quaj(qb%’k(i,(ﬂ',S)))

(m,9)€Ls =1 (m,8)eB;_y 4 =0 (m,9)eB;_, _,

. fmaj( (m,9)) 24— 1 - —2 2n—2k
oy e (S S )

i
b

(m,S)eBy_; 1q =1
= [2n -2k + 1], Bf?ialj,k—l(Q)- (2.14)
Combining (2.12)-(2.14) completes the proof. O

Proof of Theorem 1.2. By Proposition 2.4 we can rewrite identity (1.10) as

21 k]2 sl K] = zq"““k i)}y 215)

Let S%[n, k] be the left-hand side of (2.15). It follows from Eq. (1.6) that the sequence
(S%[n, k])o<k<n is determined by the recurrence relation

Sn, k] == [2k], S[n — 1,k — 1] + [2k + 1], S%[n — 1, k] (2.16)
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with S%[0,k] = dox. Invoking Proposition 2.8 we see that the polynomials Bff;fi 4+ (0)
satisfy recurrence relation (2.16), namely

B™ (¢) = S%[n, k.

nn—=k

Combining with Proposition 2.5, we have a combinatorial proof of (2.15). O

3 @-Stirling numbers of the second kind in type D

Recently, Bagno et al. [3] studied some identities about the type D Stirling numbers of
the second kind Sp(n, k). As far as we know, there is no ¢-Stirling numbers of the second
kind in type D in the literature. In this section, we first define a ¢-Stirling numbers of
the second kind in type D and prove g-analogues of two known results about the Stirling
numbers of the second kind in types A, B and D, see Proposition 3.6. Then, we establish
a g-identity connecting the ¢-falling factorials of type D and the ¢-Stirling numbers of the
second kind in type D, see Proposition 3.8.

3.1 Two g-identities about the g-Stirling numbers of the second kind

Using the definitions and notations of ordered signed partition in Subsection 2.2, we say
that the set {1y, 11,15, ..., Tor} is a signed partition of (n) if (Ty,T1,Ts,...,To) is an
ordered signed partition. A signed partition 7 = {1y, T1, T, ..., Tor} of (n) is called type
D if #T, # 3, where #7T denotes the cardinality of a finite set 7', in other words, the block
Th contains at least two positive elements or only contains 0. Let Sp(n, k) be the number
of all type D signed partitions of (n) with 2k + 1 blocks, see an equivalent definition of
Sp(n, k) in [3]. The numbers Sp(n, k) are called the Stirling numbers of the second kind
i type D.

For 0 < k < n, the following two identities about the Stirling numbers of the second
kind in types A, B and D were implicitly given in [26, Corollary 12], [8, Eq. (19)] and [24,
Proposition 3:

N j—k (T AN
Sp(n, k) = ;2 (j)sg,m, (3.1)
Sp(n, k) = Sp(n, k) +n-2"""18(n - 1,k). (3.2)

In this subsection, we define a kind of type D ¢-Stirling numbers of the second kind
Spln, k], and give g-analogues of identities (3.1) and (3.2).

Definition 3.1. For any S C Z\{0} let S = {i : i € S}. A standard signed partition
(SSP for short) of S is a sequence m = (S, 52, ...,Sk) of disjoint nonempty subsets of
S U S such that

(1) {S1,..., 8k S1,...,S} is a partition of SU S;
(2) min|S;| < min |So| < -+ < min|Sk|, where |S;| = {|j| : j € S} for i € [K].
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The sets Sy, S, ..., Sk are the blocks of w (so m has k blocks). A partial standard signed
partition (PSSP for short) of S is a standard signed partition of a subset of S.

Let B(S,k) (resp., Bc(S,k)) be the set of all SSP (resp., PSSP) of S with k& blocks.
Let Dc([n], k) denote the set of all PSSP of [n] that excludes all SSP of [n]\{i} with k
blocks for ¢ € [n], namely,

n

De([n], k) = Be([n], )\ | B([n]\{i}, k).

i=1

Lemma 3.2. For 0 < £ < n we have

28Sp(n, k) = #Dc([n], k).

Proof. For any PSSP 7 = (T1,T5,...,Tx) € Dc([n], k), it is clear that the sequence
(m\\{TUT} T1,T1,...,Ty, T}) is an ordered signed partition of the set (n), where T' =
UleTi. Thus, the set

1= {(n}\{T UT},Tl,Tl, o ,Tk,Tk}

is a type D signed partition of (n). Due to the choice of T; and T;, both PSSP 7 =
(Ty,....,T; ..., Tx) and 7" = (Ty,...,T;, ..., Ty) correspond to the type D signed partition
II, which implies the desired result. O

Definition 3.3. For 7 = (S, S,...,Sk) € Bc(S, k), define the statistics

and

m(m) =2 Zz - #S; — pos(m). (3.3)

The following result was incorrectly stated in [8, Proposition 4.2] with
m(r) = 2325 (i — 1)#8S; +n + 1 — pos(). For completeness, we reproduce their proof
with correction.

Proposition 3.4. Let m(7) be defined by (3.3). Then we have

12k Spn k= DY ¢ (3.4)

w€Bc([n],k)

for0 <k <n.
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Proof. Let
SB(na ka Q) = Z qm(ﬂ-)

w€Bc([n],k)

By recurrence (1.6) of Sg[n, k|, it suffices to show that Sg(n, k, q) satisfies
Sp(n,k,q) = ¢* (1 +q)Sp(n — 1,k —1,q) + [2k + 1],Sp(n — 1, k, q)

with the initial conditions Sg(0, k,q) = dor for ¢ # 0. The case n = 0 is trivial. Suppose
that n > 0 and m = (T3,...,Tx) € Bc([n], k). If {n} (resp., {—n}) is a block of 7, then
{n} =Ty (resp., {—n} = T}) and removing it from 7 yields a PSSP 7 of [n — 1] into k—1
blocks, such that pos(7) = pos(m) — 1 (resp., pos(7) = pos(w)) and m(w) = m(7) + 2k — 1
(resp., m(w) = m(7) + 2k) 2.

If n is an element of 7; for some ¢ € [k], then removing it from T; yields a PSSP 7/ of
[n — 1] into k blocks such that pos(7') = pos(m) — 1 and m(mw) = m(7’) 4+ 2i — 1. Similarly,
if —n is an element of 7} for some i € [k], then removing it from 7; yields a PSSP 7’ of
[n — 1] into k blocks such that pos(7’) = pos(r) and m(mw) = m(7’) + 2i. If neither n nor
—n is in any block of 7, then 7 € Bc([n — 1], k).

Thus
k
S k)= 1+q) > "D+ > T > "
m€Bc ([n—1],k-1) i=1 ' €Bc ([n—1],k)
SRR
mE€Bc([n—1],k)
= [2k + 1),Sp(n — 1,k,q) + ¢ (1 + ¢)Sp(n — 1,k — 1,¢).
This finishes the proof. O
Definition 3.5. We define the g¢-Stirling numbers of the second kind in type D by
1
Spln. k] = > " (3.5)
a0 C [n]vk)

The following results are g-analogues of identities (3.1) and (3.2), which also show that
Spn, k] is a polynomial in ¢. Let S[n, k],2 denote S[n, k] with ¢ replaced by ¢, i.e.,

S[n, k] == Sn, k] |

a+q*
Proposition 3.6. Let Sp[n, k] be defined by (3.5). Then the identities

n

Saln bl =3 () 2l 4. ke (3.6)

j=k
Spln, k] = Spln, k] +n - [2]27F 1" *1S[n — 1, k]2 (3.7)

q
hold for 0 < k < n.

2In the proof of [8, Proposition 4.2] with m(w) = 225;1(1‘ — 1)#S; + n+ 1 — pos(w) the equation
m(m) = m(7) + 2k — 1 (resp., m(w) = m(7) + 2k) does not hold.
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Proof. We first prove identity (3.6). Define the polynomial B, x(q) by
En,k(Q) = Z qm(w)
m€B([n],k)

Let 7 and 7" be SSPs with & blocks in two different nonempty subsets {iy, iz, ..., 4} and
{j1,J2, -, Je} of [n], respectively. Obviously, the set of all SSPs 7 of {iy,is,...,%} and
that of SSPs 7’ of {j1,72,...,7¢} are equivalent regardless of the letters. Then we can
rewrite identity (3.4) as

¢ 120 Spn, k] = Zn: (?) B;x(q).

j=k
Thus, to prove identity (3.6), it is sufficient to show that
212" D*" S, k]2 = Boy(q).

Next, we will prove that both sides of the above identity have the same recurrence
relation and initial condition. By the definition of SSP, there exist two ways to get a
SSP of [n] by inserting n or 7 in one of [n — 1].

(i) The letter n or @ inserts a SSP in B([n — 1],k — 1) and forms a new block listing
the last position, which increases the statistic m(w) by 2k — 1 and 2k, respectively.
(ii) The letter n or 7 inserts the ith block of a SSP in B([n — 1], k), which increases the
statistic m(7) by 2¢ — 1 and 2i, respectively.
From those, we have the recurrence relation

Enk(Q) = [2], q2k_1§n—1,k—1<Q> +q-[2], [k]qQEn—l,k<q>7

with the initial condition B/O’O(q) = 1. Due to the recurrence relation (1.1) of ¢-Stirling
numbers of the second kind in type A, the desired result is obtained.
For identity (3.7), by identity (3.4) and the definition of Sp[n, k|, it suffices to show that

n - [2];1—1qk(k—1)+n—15«[n —1, k]qz _ Z Z qm(w)’

i=1 weB([n]\{i} k)
which is immediate by the above discussion. O

Remark 3.7. For nonnegative integers n > k with n # 1, Bagno et al. [3] proved the
following identity:

SD(n,k):ﬁ [ZD(n,E)(Z:ﬁ) +n- 2" Y E—1D)IS(n—1,k—1)|, (3.8)

where D(n,¢) is the number of permutations in D,,, which is the set of all signed permu-
tations with even signs in B,,, with ¢ descents, see [18, Section 11.5.4] for more details. As
for the type D ¢-Stirling numbers of the second kind Sp[n, k] defined by (3.5), we leave
it as an open problem to find a g-analogue of identity (3.8) in the spirit of identities (1.4)
and (1.10) for types A and B.
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3.2 Falling factorials and g-Stirling numbers of the second kind in type D

For the Stirling numbers of the second kind S(n, k), a well-known identity involving the
connection between the standard basis of the polynomial ring R,,[t] and the basis consisting
of falling factorials is that, for n € N and ¢t € C, we have

t" =" S(n, k)b, (3.9)

where (t), =t(t—1)---(t — (k—1)) and (t)p := 1.

A classical combinatorial interpretation for (3.9) pointed out that ¢" is the number
of all mappings from the set [n] to the set [¢t] (¢t € NT) and S(n,k)(t); is the number of
surjections that map the set [n] to all k-subsets of [t], see [22, Eq. (1.96)] for more details.
Similarly, for the Stirling numbers of the second kind in types B and D, Bagno et al. [3,
Theorems 5.1 and 5.4] used a geometric method to obtain the following identities:

t" =" Spn,k)(t)F, (3.10)
where ()2 = (t —1)(t —3)---(t — (2k — 1)) and (¢)§ := 1, and
t" =" Spn, k)(t)F +n((t—1)"" = ()5 ,), (3.11)
k=0
where ()P is defined as
1, k=0;
)= t—-1)t—=3)---(t—(2k — 1)), 1<k<m

(t—1)(t—3)-(t—(2n—-3)(t—(n—1)), k=n.

Naturally, those g-analogues for identities (3.9) and (3.10) were also given as

t" =" S[n, k] (t)rq, (3.12)
k=0
where (t)g, =t(t —[1],) -+ (t — [k — 1],) and (¢)o, := 1 (see Carlitz [7, Eq. (3.1)]), and
" =" Spn. k|(t)g,, (3.13)
k=0
where ()7, = (t — [1]g)(t — [3]) -~ (t = [2k — 1],) and (t)§, := 1 (see Sagan and Swan-
son [21, Corallary 2.4] and Komatsu et al. [15, Theorem 2.2]).
Define a q-falling factorial of type D by
1, k= 0;

(kg = (6= [Ua)(t = [3]q) - (t = [2k = 1],), 1<k <my
(t = [g)(t = 3lg) -~ (t = [2n = 3]p)(t = [n = 1]y), k=n.

We have a g-analogue of identity (3.11) as follows.
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Proposition 3.8. Let Sp[n, k| be defined by (3.5). Then

=3 Spln K(OF, +n(t = 1" — [l " OF

forneNandteC.

Proof. From equation (3.7) we derive the identity

Sgn, k] = Sp[n, k] +n- 227" *1S[n — 1, k. (3.14)

Thus, multiplying both sides of (3.14) by (¢ ) and summing over 0 < k < n, we have

n—1
Z Sgn, k)( Z Spln KJ(t)L, + Y n- (207 ¢ 1S — L k] (t)g,.  (3.15)
k=0

First, for the left-hand side of (3.15), we have
n—1
> Seln KR, = Y Seln k()0 + Ssln,nl(0)7, = (g d" (0814 + [nlea™ (D11,

=Y Spln K0, + [nlgd" (D71,
k=0
=1"+ [n], qn_l(t)fq,qa (3.16)
where the second equality and last one use the facts Sg[n,n] =1 and
(t)f,q - <t>r?,q - [n]q qn_l(t)gfl,qa

and identity (3.13), respectively. In addition, for the second summation in the right-hand
side of (3.15), we have

n—1

> n 2SI — 1L ke ()7,

o e (2) (2 0 (o)

= n(t—1)", (3.17)

where the second equality uses identity (3.12). Combining (3.15), (3.16) and (3.17), we
complete the proof. O
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4 Generalization to colored permutations

In this section, instead of proving Theorem 1.2 by an algebraic proof, we shall prove a
more general identity. Define the r-colored q-Stirling numbers of the second kind S,[n, k]
by the recurrence relation

Seln, k] :== Spn— 1,k — 1]+ [rk + 1], Sy[n — 1, k] (4.1)

with the initial conditions S,.[0, k| = do.
It is not difficult to verify (see [19, Theorem 1] for a more general result) that

t" =" S, k(b (4.2)
k=0

where (t); , = (t — [1)(t = [r +1]g) -+ (t = [r(k — 1) + 1];) and (t);, := 1. Using Rook
theory, Remmel and Wachs gave a combinatorial interpretation of identity (4.2) in [19,
Theorem 7.

Substituting ¢ by [rm + 1], in (4.2) yields

[rm + 1];1 _ Z qr(’“;1>+(1—7‘)k[7‘]§ [k’]qr!ST[n, k'] |:Tg] ,

q?"
which, by (2.8), is equivalent to the generating function identity,

k+1

L G R L L T P 2 L
B [<]f_[ Zﬂ) B S o 4

1=0 m=0

k=0

The colored permutations group of n letters with r colors can be looked as the wreath
product group
716, =7" x G,

which consists of all permutations = € [0, — 1] X [n]. Namely, the element in Z, ! &,, is
thought of as 7 = nj'm3? - - - wZ», where z; € [0,7 — 1] and mymy-- -7, € &,. Define the

following total order relation on the elements of Z, ! G,:

nnl<oi<ntl<ooo <l o<t <0<l <<,
where £° is replaced with k for k € [n].

An integer i € {0} U [n — 1] is called a descent of 7 € Z, 16, if 7] > 7,1}, where
75" = 0. Let Des,(7) denote the descent set of 7 € Z, 1 &,, and des,(7) the number of
descents of m, i.e., |Des,(m)|. The r-colored Eulerian number A7 , is the number of all
colored permutations in Z, ! &,, with k descents. For each 7 € Z, 1 S,,, as in [1], define
the r-flag-major index of ™ by

fmaj, (7)) :==r Z i+ Z 2;. (4.4)

i€Desy ()
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A g-analogue of the r-colored Eulerian polynomial Al (¢, q) is defined by

At = 3 el ZA | (45)

TELr G,

When r takes 1 and 2, (4.5) reduces to (1.3) and (1.9), respectively. The following Carlitz’s
identity for Z, ! &,, was proved in [6, Proposition 8.1] and [9, Theorem 9]

Anltg) e

Combining (4.3) and (4.6) we obtain the following identity.

Proposition 4.1. For the polynomials S,[n,k] in (4.1) and Al (t,q) in (4.5), the g-
Frobenius formula holds

Artg) e U O (R0, [, R
0 i)~ 2 [To(1 — ta™)

=0 k=0 i=0

The following result is a g-analogue of Theorem 6.6 in [3] about an identity between
the r-colored Stirling numbers of the second kind S, (n, k) (the sequence defined by (4.1)
when ¢ = 1, see also[3, Section 6.1]) and r-colored Eulerian numbers A;, ;.

Theorem 4.2. For the r-colored ¢-Stirling numbers of the second kind S,[n, k] in (4.1)
and g-Eulerian numbers A7, () in (4.5), we have the identity

qr(kgl)Jr(lfr)k[T]q[ n k‘ _ qu:(k: ZAT [n—f] (47)

k
=0 k—t],
for0 <k <n.

Proof. Summing for both sides of (4.7) multiplying by ¥/ []*_,(1 — tq"?) over all k, it is
clear that (4.7) is equivalent to

k41
O Al Lo P N b O [n - e]
% : - % :
k=0 [Tiso(1 —tq™) = TLo(1—tg) k=1,
By Proposition 4.1, it is sufficient to show that

A ZZ kéA:;z( )tk n—1~{
1T, 1—tq” k—t],

o = i o — tq")

or equivalently,

Hzol—tq” Z Z )[Z_ﬂ

=0 —
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which will follow from the following identity

n

1 B (tqr-k>k—€ n—/
o) 2 i) i - 5

k=t

for 0 < £ < n. That is to say, the index ¢ does not affect the summation in the right-hand
side of (4.8). Substituting ¢" — ¢ and applying (2.8) to extract the coefficients of ™ on
both sides of (4.8) we obtain

= q
[m . kz:; k—=t],L m—(k=10) |,
n—~{
_Z[n_é] [m‘kq k(k+¢)
- q 9
k m—k
k=0 q q

which is a g-analogue of Chu-Vandermonde summation [2, Eq. (3.3.10)]. O

Following the recurrence (4.1), we have Si[n,k] = Sin + 1,k + 1] and Ss[n, k] =
Spn, k]. When r = 1 and r = 2, identity (4.7) (Theorem 4.2) reduces to (1.4) and (1.10),
respectively. Indeed, the case r = 2 is obvious, i.e., Theorem 1.2 is a special case of
Theorem 4.2. For r = 1, Theorem 4.2 reduces to

k+1

k
gD k] S+ 1,k + 1] Z;f [Z_ﬂ (4.9)

which is equivalent to identity (1.4). By (1.4), the right-hand side of (4.9) equals

; g"* v A @)n_g
n,fl I{Z . f
/=0 q
k
—(-1)
_ Z k(k—((=1)) 4 n—( A
— q n,ffl(q) |:k . (é - 1):| . + n7k<q>

k
—/ n—{
_ k(k+1-0) 4 kti-e| T
> 4 ne-1(q) (q { } +»{ } ) + Ani(q)
p k+1-1¢ k—1t],

k+1
_ (k+1)(k+1—0) n-— k k(k—=0) 4 n—1{
Eq A“*(ﬂk+1—4 +q§ g Ap e ﬁk—Aq

- q< Dl + 10,180, k + 1) + g5 [k] S n, k),

which yields (4.9) by recurrence relation (1.1) of S[n, k]. Inversely, starting from (4.9),
the above last equality shows that (1.4) follows from (4.9) by induction on k for fixed n.
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In addition, by (1.4) and (4.8), we have the following g-Frobenius formula [12, Eq.
(4.1)] related to ¢-Stirling numbers of the second kind and ¢-Eulerian polynomials of
type A:

tA,( ¢ [k],!S[n, k]t*
—HZ . kzo T (1 tg) (4.10)

Following the above discussion, it is clear that identity (4.10) is a special case of Propo-
sition 4.1 for r = 1.

Remark 4.3. Similar to the combinatorial proofs of (1.4) and (1.10), it is natural to
ask for a combinatorial proof of identity (4.7). One difficulty for such a proof is that
a counterpart of the g-symmetry (2.2) is missing for A} ,(¢q). Note that the r-colored
Eulerian polynomials A’ (¢,1) are not symmetric for » > 3. We leave it as an open
problem to give a combinatorial proof of identity (4.7).

Acknowledgements

The first author was supported by the China Scholarship Council. This work was done
during his visit at Université Claude Bernard Lyon 1 in 2022-2023.

References

[1] R.M. Adin, Y. Roichman, The flag major index and group actions on polynomial
rings, European J. Combin. 22 (4) (2001) 431-446.

[2] G.E. Andrews, The theory of partitions, Reprint of the 1976 original, Cambridge
Mathematical Library, Cambridge University Press, Cambridge, 1998.

[3] E. Bagno, R. Biagioli, D. Garber, Some identities involving second kind Stirling
numbers of types B and D, Electron. J. Combin. 26(3):#P3.9, (2019).

[4] E. Bagno, D. Garber, T. Komatsu, A ¢, r-analogue for the Stirling numbers of the
second kind of Coxeter groups of type B, Pure Math. Appl. (PU.M.A.) 30 (1) (2022)
8-16.

M. Béna, Combinatorics of Permutations, Chapman & Hall\CRC, 2004.

R. Biagioli, J. Zeng, Enumerating wreath products via Garsia-Gessel bijections, Eu-
ropean J. Combin. 32 (4) (2011) 538-553.

L. Carlitz, ¢-Bernouli numbers and polynomials, Duke Math. J. 15 (1948) 987-1000.

C.-O. Chow, I. M. Gessel, On the descent numbers and major indices for the hyper-
octahedral group, Adv. in Appl. Math. 38 (2007) 275-301.

[9] C.-O. Chow, T. Mansour, A Carlitz identity for the wreath product Z, 1 &,,, Adv. in
Appl. Math. 47 (2011) 199-215.

[10] I. Dolgachev, V. Lunts, A character formula for the representation of the Weyl group
in the cohomology of the associated toric variety, J. Algebra 168 (3) (1994) 741-772.

ENNET!

CORES

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.36 23



[11]

[12]
[13]
[14]

[15]

D. Foata, Fulerian polynomials: from Euler’s time to the present. The legacy of
Alladi Ramakrishnan in the mathematical sciences, 253-273, Springer, New York,
2010.

A.M. Garsia, On the “maj” and “inv” g-analogue of Eulerian numbers, Linear Mul-
tilinear Algebra 8 (1979) 21-34.

M. Ishikawa, A. Kasraoui, J. Zeng, Euler-Mahonian statistics on ordered set parti-
tions, SIAM J. Discrete Math. 22 (3) (2008) 1105-1137.

A. Kasraoui, J. Zeng, Euler-Mahonian statistics on ordered set partitions. II, J.
Combin. Theory Ser. A 116 (3) (2009) 539-563.

T. Komatsu, E. Bagno, D. Garber, Analytic aspects of ¢, r-analogue of poly-Stirling
numbers of both kinds, arXiv:2209.06674v2.

G. Ksavrelof, J. Zeng, Nouvelles statistiques de partitions pour les g-nombres de
Stirling de seconde espece, Discrete Math. 256 (3) (2002) 743-758.

P. A. MacMahon, Combinatory Analysis, Two volumes (bound as one) Chelsea Pub-
lishing, Co., New York, 1960.

T.K. Petersen, Eulerian Numbers, Birkhauser Adv. Texts Basler Lehrbiicher,
Birkhauser /Springer, New York, 2015.

J.B. Remmel, M. Wachs, Rook Theory, Generalized Stirling numbers and (p, q)-
analogues, Electron. J. Combin. 11(1):#R84 (2004).

J.B. Remmel, A.T. Wilson, An extension of MacMahon’s equidistribution theorem
to ordered set parptitions, J. Combin. Theory Ser. A 134 (2015) 242-277.

B.E. Sagan, J. P. Swanson, ¢-Stirling numbers in type B, European J. Combin. 118
(2024), Paper No. 103899.

R. Stanley, Enumerative Combinatorics, vol. I, Cambridge Studies in Advanced
Mathematics, vol. 49, Cambridge University Press, Cambridge, 1997.

E. Steingrimsson, Statistics on ordered partitions of sets, J. Comb. 11 (3) (2020)
557-574.

R. Suter, Two analogues of a classical sequence, J. Int. Seq. 3 (2000), Article 0.1.8,
13pp.

J.P. Swanson, N. R. Wallach, Harmonic differential forms for pseudo-reflection groups
II. Bi-degree bounds, Comb. Theory 3 (3) (2023), #17.

T. Zaslavsky, The Geometry of Root Systems and Signed Graphs, Amer. Math.
Monthly 88 (2) (1981) 88-105.

J. Zeng, C.G. Zhang, A g-analog of Newton’s series, Stirling functions and Eulerian
functions, Results Math. 25 (3-4) (1994) 370-391.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.36 24


https://arxiv.org/abs/2209.06674v2

