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Abstract

A wreath product is a method to construct an association scheme from two as-
sociation schemes. We determine the automorphism group of a wreath product.
We show a known result that a wreath product is Schurian if and only if both
components are Schurian, which yields large families of non-Schurian association
schemes and non-Schurian S-rings. We also study iterated wreath products. Ker-
nel schemes by Martin and Stinson are shown to be iterated wreath products of
class-one association schemes. The iterated wreath products give examples of pro-
jective systems of non-Schurian association schemes, with an explicit description of
primitive idempotents.

Mathematics Subject Classifications: 05E30, 20D60, 20E18

1 Introduction

Association schemes are central objects in algebraic combinatorics, with many interac-
tions with other areas of mathematics. The wreath product is a method to construct an
association scheme from two association schemes. This notion appears in the monograph
[17, P.45-47] by Weisfeiler, in a more general context of coherent configurations (in the
terminology of cellular algebras). Song[16] gives a description in terms of association
schemes and their adjacency matrices. Muzychuk[13] defines the wreath product of asso-
ciation schemes and its generalizations (he used the term “wedge product”). There is a
construction of non-Schurian S-rings by using a generalized wreath product for S-rings,
studied by Evdokimov and Ponomarenko|5].

In this paper, we construct projective systems of non-Schurian association schemes in
Section 4. As preliminaries, we recall some basic facts on wreath products in Section 2
with a self-contained proof. In Section 3, we shall study the automorphism group of
wreath products and their Schurian property. A large part of the results in Section 3.2
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is covered by more detailed discussions in the monograph by Chen and Ponomarenko
[3, Sections 3.2 and 3.4], but we give proofs for self-containedness, e.g., on the known
fact that the wreath product is Schurian if and only if both components are Schurian
([3, Corollary 3.4.7]). This yields a large class of non-Schurian association schemes and
non-Schurian S-rings, from the known examples.

In Section 4, we consider iterated wreath products. The kernel scheme by Martin-
Stinson[11] is an example. An infinite iterated wreath product gives a projective system
of association schemes, namely, profinite association schemes in the sense of [12], with an
explicit description of their primitive idempotents. In [12], only Schurian examples are
given. One of our motivations is to give examples of projective systems of non-Schurian
association schemes.

2 Wreath products

2.1 Category of association schemes

Let us recall the notion of association schemes briefly. See Bannai-Ito[1] and Delsarte[4]
for details. We summarize basic terminologies.

Definition 2.1. Let X be a finite set. By #X we denote the cardinality of X. Let C'(X)
denote the vector space of mappings from X to C. By the multiplication of functions,
C(X) is a unital commutative ring. The set C'(X x X) is naturally identified with the set
of complex square matrices of size #(X), and the matrix product is given by AB(x, z) =
Zye  A(z,y)B(y, z). The Hadamard product o is given by the component-wise product,
namely, (A o B)(z,z) = A(z,z)B(z,z). (Note that o may denote the composition of
mappings, but no confusion would occur.)

Definition 2.2. Let X, I be finite sets, and R : X x X — [ a surjection. We call
(X, R, I) an association scheme, if the following properties (1), (2), and (3) are satisfied.
For each i € I, R7'(i) may be regarded as a relation on X, denoted by R;. Let A; be
the corresponding adjacency matrix in C'(X x X). The surjection R induces an injection

C(I) = C(X x X). Let Ax C C(X x X) be the image.
(

1)
(2) Ax C C(X x X) is closed under the matrix product.
3)

(

The algebra Ay with the two multiplications (i.e. the Hadamard product and the matrix
product) is called the Bose-Mesner algebra of (X, R,I). The set of A; (i € I) is the
set of primitive idempotents with respect to Hadamard products, and each is called an
Hadamard primitive idempotent (or an adjacency matrix). We call X the underlying set
of the association scheme, and I the set of the relations. The number #1 — 1 is called the
number of classes. We may use the same notation ¢y for distinct association schemes. The
number of 1 in a row of A; is independent of the choice of the row, called the i-th valency

There is an ¢y € I such that A;; is an identity matrix.

Ax is closed under the transpose of C(X x X).
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and denoted by k;. It is also the number of 1 in each column of A;. If Ax is commutative
with respect to the matrix product, then (X, R, I) is said to be commutative.

In the following, we write simply an “association scheme X” for an association scheme
(X, R,I) by an abuse of language.

Definition 2.3. For a commutative association scheme X, it is known that Ay with
matrix product is isomorphic to the direct product of #1 copies of C as a ring. Elements
corresponding to (0,...,0,1,0,...,0) are called the primitive idempotents. We fix an
index set J = J(X) of the set of primitive idempotents. Let E; denote the primitive
idempotent corresponding to j € J. The notation jy is kept for Ej, = #LXJ , where J
denotes the matrix whose components are all 1. We use the symbol j, for any commutative
association schemes.

We follow MacLane [10] for the terminologies of the category theory, in particular,
isomorphisms, functors, projective systems, and limits. The association schemes form a
category, by the following (e.g. Hanaki[6] and Zieschang[19)]).

Definition 2.4. Let (X, R,[) and (X', R',I") be association schemes. A morphism of
association schemes from X to X’ is a pair of functions f: X — X’ and o : [ — I’ such
that the following diagram commutes:

XXX ——71]

[ O o (2.1)
X' xX —— 7

By the commutativity, o preserves 7y. It is clear that o is surjective if f is so. The
morphism (f, o) is said to be surjective if f is surjective.

2.2 Wreath products

Although originally the wreath product is introduced by Weisfeiler [17, P.45], this section
follows Song[16, §4], since his description is due to association schemes and convenient
for our purpose. The definition, a proof, and the eigenmatrix of wreath products are all
given there. We recall these, partly because we use some different symbols and notations
which make the definition and proof simpler, and partly because we use some part of the
proof in the following arguments.

Definition 2.5. Let (X, Ry, Ix) and (Y, Ry, Iy) be association schemes. Then,
RXnyf(XXY)X(XXY)—)IXxIY

is an association scheme, called the direct product of X and Y [16, §3] (called the tensor
product in [17]). In fact, this is the direct product in the category of association schemes.
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It is easy to see the following.

Proposition 2.6. The adjacency matrices of the direct product are
{Ai, ® Ay ix € Ix,iy € Iy}.

If both X and Y are commutative, then so is X x Y, and the primitive idempotents are
{E; @ Ej, | jx € Jx,jy € Jv}.

The wreath product is defined as follows. The non-standard symbol X comes from
the “L” of lexicographic.

Definition 2.7. Define

lex : Iy x Iy — (Ix \ {io}) [ [ Iv

. vy .
lex(ix, iy) = {ZX if ix # do,

1y if iX = io.
We denote

Ix)Iy = (Ix \ {io}) [ [ Iv-

Definition 2.8. For a mapping o : [x — [x preserving iy € Ix and a mapping 7 : Iy —
Iy preserving iy € Iy, we define

ONT ]X>\]y — Ix>\ly

by o on Ix \ {ig} and by 7 on Iy. (See Definition 2.4 for the preservation of iy.) We also
define
W[XIIXny—)])(, ix — iy andiy'—>'é0.

Remark 2.9. This remark is for category-oriented readers, and may be skipped since it is
not essential in this paper. Let Sets' be the category of sets with a base point, namely, an
object is a set with a base point and a morphism is a mapping preserving the base points.
In other words, for a fixed singleton {!}, Sets' is the category of morphisms {!} — S with
S being a set (a special case of comma categories). We remark that IxxIy gives the
coproduct functor Sets' x Sets' — Sets' (i.e. the pushout of {!} — Iy and {!} — Iy in the
category Sets of sets). The first definition in Definition 2.8 comes from this functoriality.
Remark that lex is NOT a natural transformation

lex : x = X

where x : Sets' x Sets' — Sets' is the direct product functor. On the other hand, there is
a canonical natural transformation
N = X
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given by
IxX Iy — Ix x Iy, i, €lIx+— (?:x,io), and iy ely— (’io,iy).

Consequently, if
pr; : Sets' x Sets' — Sets'

is the projection functor to the i-th component (i = 1,2), then there is a natural trans-
formation X\ = pr; for each i = 1,2, and 7y, is the evaluation of X = pry at (Ix, Iy).

Definition 2.10. (Wreath products)
Let (X, Rx,Ix) and (Y, Ry, Iy) be association schemes. Then the composition

lex

RXI(XXY)X(XXY)%IXxIY—)]XXIY
is an association scheme, which is called the wreath product of X and Y, and denoted by
XNY.

Remark 2.11. The underlying set of XX\Y is X x Y, whereas the set of relations is Ix X[y
with the cardinality #1x + #1Iy — 1. The wreath product is a fusion of the direct product.

We first thought that the name “wreath product” seems misleading, since this seems
to have no relation with the wreath product of groups (as Song [16] remarked in his intro-
duction). However, there is a strong relation [17, P.47, §4.8] via transitive permutation
groups. Still, we point out the similarity to the “lexicographic ordering,” since the above
definition means that the relation of two elements in X x Y is determined by first looking
at the X-components, and decided according to their relation when they are different,
and otherwise by the relation at the Y-components. This procedure is similar to the
lexicographic ordering. The next is a translation of [16, Theorem 4.1].

Theorem 2.12.

(1) For association schemes X and Y, their wreath product X\Y is an association
scheme.

(2) Let A, (ix € Ix) (and A;, (iy € Iy), respectively) be the adjacency matrices of X
(those of Y, respectively). Then, the adjacency matrices of XX\Y are as follows.

Type front: A;, @J ifix € Ix,ix # i
Type rear: I® A, ifiy €Iy,

where 1 denotes the identity matriz (of size #X ) and J denotes the matriz whose
components are all 1 (square of size #Y ).

Proof. Take an element ix € Ix \ {ip} C IxxIy. Its preimage by lex is {(ix,iy) | iy €
Iy }. By definition,
Z Aiy - J

iy Ely

ot
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By Proposition 2.6, the inverse image of ix € Ix \ {ig} C Ix~Iy by Rs corresponds to
A, ®J.

Take an element iy € Iy C IxXIy. Its inverse image by R, corresponds to
I®A;,.

To check that these constitute an association scheme, we only need to show that this set
of matrices is closed under the transpose and contains the unit, which are obvious, and
that matrix products of these matrices are linear combinations of these. A product of the
front-type matrices is a linear combination of those, since X is an association scheme. A
product of the rear-type matrices is a linear combination of those, since Y is an association
scheme. For the mixed case, by JA;, = k;, J, the product is a scalar multiple of a matrix
of the front-type. O

Here we start our own observations.

Corollary 2.13. The wreath product X X\Y is not P-polynomial if #X > 1 and #Y > 1.

Proof. The wreath product is P-polynomial, if there is an adjacency matrix that generates
the Bose-Mesner algebra as a ring over C. By #X > 1, we have an ix # ig. By #Y > 1,
we have an iy # ig. The linear span of the front-type matrices is identical with the set
Ax ® J and is closed under the matrix multiplication. The linear span of the rear-type
matrices is identical with the set I ® Ay and is closed under the matrix multiplication.
Thus, a front-type adjacency matrix does not generate a rear-type adjacency matrix
I ® A, since iy # iy and hence A;, # J. A rear-type adjacency matrix does not
generate a front-type adjacency matrix A4;, ® J since A;, # A;, =L m

Corollary 2.14. The wreath product of association schemes is a commutative association
scheme if and only if both components are commutative.

Proof. This follows from the above description of the Hadamard primitive idempotents.

]

Corollary 2.15. Suppose that both X and Y are commutative. Let E;, (jx € Jx) (and
E;, (jy € Jy), respectively) be the primitive idempotents of X (of Y, respectively). Then,

Jy

the primaitive idempotents of X\Y are as follows.

Type front: E;, ® #—IYJ if jx € Jx
Type rear: I® E;, if Jy € Jy, Jy # Jo-

Thus,
JXNY) = Jx [ (A \ {Go})-
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Proof. One sees that these elements are linear combinations of the adjacency matrices in
Theorem 2.12 because X and Y are commutative association schemes, and hence in the
Bose-Mesner algebra of X\Y. It is easy to check that these are idempotents and the
product of any two distinct elements is zero, and hence are linearly independent. Since
the number of these matrices is #X + #Y — 1, which is the cardinality of IxXIy, these
idempotents span the Bose-Mesner algebra. Il

Corollary 2.16. Let X and Y be commutative association schemes. Then, X\Y is not
Q-polynomaal, if #X > 1 and #Y > 1.

Proof. A similar proof to that of Corollary 2.13 applies to. m
Corollary 2.17. We use E;, = #LYJ. The first eigenmatriz of X\Y is given by
(Aix @ J)(Ej ® Ejo) Pix (x)#Y (Ejx © Ej,),
(I ® A )( 0) = kiY<EjX ® Ej0)>
(Azx ®J)<I® ) = 0(I®Ejy)a
IT® A, )I® Ejy) = b, (Uy)A® Ey),

where P, (jx) is the eigenvalue of A;, for eigenvector E;,., and P, (jy) is the eigenvalue

JIx
of Ai, for eigenvector Ej,

Proposition 2.18. Let X and Y be association schemes. The projection
p: X xY =X
of the underlying sets and the mapping
Ty - IxXIy = Ix
in Definition 2.8 give a surjective morphism of association schemes
m: XANY = X.

Proof. This follows by a diagram chasing. m

3 Automorphisms and Schurian property

3.1 Automorphism group of a wreath product

Definition 3.1. For an association scheme X, we denote by Aut(X) the group of auto-
morphisms in the category of association schemes (Definition 2.4). On the other hand,
for any set X equipped with any structure (such as an association scheme or a group),

Autsets (X)
denote the group of bijections from X to X, neglecting the structure of X.
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As stated before, the wreath product of association schemes is studied and general-
ized by Muzychuk[13], where in Proposition 3.2 the automorphism group of generalized
wreath products of thin-association schemes is determined. Chen and Ponomarenko [3,
Theorem 3.4.6] determined the automorphism group of the wreath product, but their defi-
nition of automorphism groups is the normal subgroup Aut(X|/) < Aut(X) in Lemma 3.5
below, and thus different from ours. ' We give a description of the automorphism group
of wreath products of association schemes.

Theorem 3.2. Let X andY be association schemes, andp : X XY — X be the projection.
Then, for any (f,0) € Aut(XX\Y), f maps each fiber Y, := p~1(x) to another fiber. Thus,
f induces an element 7(f) € Autges(X). This gives a surjective morphism of groups

Aut(XXY) 5 Aut(X)
with a natural splitting morphism. Thus, we have a group isomorphism
Aut(XNY) 2 K x Aut(X),

where K := ker P, whose structure is described in Proposition 3.3 below. We have a
natural embedding of Aut(Y) into K that acts trivially on X and diagonally on each
fiber Y,. The image of the embedding commutes with the image of the splitting. Thus,
Aut(XNY) has a subgroup isomorphic to Aut(Y) x Aut(X).

Proof. We construct P. An automorphism in Aut(XX\Y) is a pair of bijections
FiXXY 3 XXY,

T: ]X>\]y — Ix>\Iy

which makes the diagram

X x¥)x (X x¥) L (v ¢ (X %)
R O R (3.1)
Tx )y T Ix )y

commute. We claim that 7 permutes Ix \ {io} and Iy separately. Take an element
ix € Ix \ {ip}. Then the corresponding valency is k;, #Y > #Y, by Theorem 2.12. For
iy € Iy, the valency is k;, < #Y, with equality holds only if Iy = {ip}. Thus, there

'Our definition of Aut coincides with Iso in [3, Definition 2.2.1], which Chen and Ponomarenko say
“definitely more natural than Aut, but here we follow a long tradition.”
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is no automorphism that maps ix to iy. Thus we have 7(7) which makes the following
commute:

[X>\[y ;’ [X>\IY
T O T (3.2)
T™\T
Ix ) Ix

For (z,y) and (x,y’), since
Rx((l’,y), (C(Z,y/)) €ly C IX>\IY7

we have

Rx(f(l’,y), f(xvy/)) € IY C ]X>\]Y~

This means that the X-component of f(x,y) is the same with that of f(x,vy), i.e., f
maps a fiber of p to another fiber, which shows the unique existence of m(f) that makes
a commutative diagram

XXY —X XY

p O p (3.3)
m(f
X ( ) X
Now we have
Ixf
(X XY)x (X xY)——= (X xY)x (X xY)
O
X x X O IxNIy T Ixxly O Xxx (34
O
TN\T
IX ( ) IX;

where the commutativity of the two triangles follows from Proposition 2.18. This com-
mutativity, (3.3), and the surjectivity of the projection X x Y — X conclude the com-
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mutativity of

Y xx m(f) x 7 (f) Y w X
o (3.5)
i 7(T) i

and hence gives an automorphism of the association scheme X, which gives the group
homomorphism P. Conversely, an automorphism (g, 7) of X, namely, a pair of bijections
g: X — X, 7:Ix = Ix with an additional commutativity condition gives a pair of
bijections g x idy : X x Y — X x Y and 7Xxidy, : Ix’Iy — IxXIy (see Definition 2.8),
which is an automorphism of the association scheme XX\Y, splitting the homomorphism
P. On the other hand, it is easy to show that any automorphism (g,0) of Y induces an
automorphism (f, 7) of XX\Y', by putting f = idx x g and 7 = id;, Zo (see Definition 2.8),
which lies in the kernel of P and commutes with the image of the splitting of P. O]

On the kernel of P, we show the following.

Proposition 3.3. The kernel K of P : Aut(XX\Y) — Aut(X) is a subgroup of
[Lex Aut(Yz). More precisely, we have

K = [J(]] Aut(va)-). (36)

where T is the image in Autgses(ly) of Aut(Y), and Aut(Y,), denotes the set of elements
in Aut(Y,) whose Autses(ly)-component is 7. (Note that for (f,7) € Aut(Y'), f uniquely
determines T, hence the above union is disjoint.)

Thus, there is an injective group homomorphism

Aut(XNY) — Aut(Y,) ix Aut(X),

where the right-hand side is the wreath product of groups with respect to the action of
Aut(X) on X.

Proof. We compute the kernel K of P. It is clear that
K C ]| Autses(Y2).

reX
Take any (k,0) € K and z € X, and look at the action on Y,. Clearly o = (id;, N (o|r,)).
There exists k, € Autges(Y') such that k(x,y) = (x,k.(y)). For any y1,y2 € Y,
Ry (ka(y1) ka(y2)) = Ro((@,ka(1)), (2, ka(y2)))
= Ru(k(z, 1), k(z,12)))
= oo R\((z, 1), (7, 12)))
= 0l o Ry (y1,92)

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.37 10



implies that (k,, ol ) € Aut(Y). This holds for any € X, and thus

(k7idfx>\(g|fy)) < H AUt(KL’)U|IY'

zeX

K c ] I Ant(v2)

TeT xeX

It follows that

Conversely, take an element from the right-hand side of (3.6):
k - H k S H AutSets C AutSetS(X X Y)
zeX zeX
Thus, k, shares 7 € Autges(ly) for any z such that (k,,7) € Aut(Y). We claim that
(k,id 1) € K. In fact, for (z1,y1) and (z9,y2), if 1 # x9, then

Rx(k’(:)ﬁl, yl)v k(:EZa y2)) = R>\(($1, km (yl))v (va sz (y2)))
= Rx(z1,72)
(idrn7) o R (21, 11), (22, 42)),

and if x1 = x5, then

Ry (k(z1,51), k(z2,82)) = Ro(@1, by (1)), (22, oy (92)
= Ry (ke (1), kea(y2))
= Ry (ks (1) Ky (v2))
= TORY<y17y2)
= (idpen7) o Ry (1, 11), (T2, 92)),

which imply (k,id; x7) € K. Thus
K =] ] Aut(v.
TeT x€X

follows. The rest of the claims, i.e., the relation to the wreath product, holds at the
level of permutation groups. That is, the set of permutations of X x Y that permute Y,
block-wise is isomorphic to

AUtSets(Yr) Ix AUtSets(X>-

The detail is omitted. O

3.2 Construction of non-Schurian schemes

The results of this subsection are known to the researchers in this area, and proofs are given
in Chen and Ponomarenko [3, Sections 3.2 and 3.4] with more systematic and detailed
studies. However, we felt that it might not easy to follow the details, and decided to
include our proofs, for the reader’s convenience.
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Definition 3.4. (Schurian association schemes)
Let G be a group and X a set with left transitive action of G. Then the quotient by
the diagonal action
R: XXX —->G\(XxX)=1

is known to be a (possibly non-commutative) association scheme. An association scheme
isomorphic to this type is called a Schurian association scheme.

We may replace G with its image in Autges(X). Then, a pair (g,id;) for g € G is an
automorphism of the Schurian scheme, and G transitively acts on R'(i) for each i € I.
The following is immediate from this observation.

Lemma 3.5. Let (X, R,I) be an association scheme. Let Aut(X|I) C Aut(X) be the
subgroup consisting of elements that act on I trivially. Then, X is Schurian if and only
if Aut(X|I) acts transitively on R~*(i) for eachi € I.

The next is [3, Corollary 3.2.22].
Proposition 3.6. Let X and Y be association schemes. The following are equivalent.
(1) Both X andY are Schurian.
(2) The direct product X x Y is Schurian.

Proof. Assume (1). Then, it is easy to check that we have a natural group homomorphism
Aut(X|Ix) x Aut(Y|Iy) — Aut(X x Y|Ix x Iy).
For any (iy,iy) € Ix X Iy, the subset
Ry (ix,iy) C(X xY) x (X xY)

is identified with
Ry (ix) x Ry'(iy)

under the identification (X xY) X (X xY) = (X x X) x (Y xY'), on which Aut(X|/x) X
Aut(Y|Iy) acts transitively by the assumption, and by Lemma 3.5, we conclude (2).

Conversely, assume (2). By symmetry, it suffices to show that X is Schurian. We
claim that there is a natural group morphism

Aut(X X Y|IX X [y) — Aut(X|Ix)

Let p : X x Y — X be the projection. Take (f,id) € Aut(X x Y|Ix x Iy). Take any
x € X and y,y € Y. Then

RX><Y<f(1’7y), f(ac,y')) - RXXY((xay)ﬂ (I7y/)) = (i07RY(yvy/))
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holds. Thus p(f(z,y)) = p(f(x,y')), hence we have the existence of 7(f) that makes the
diagram (3.3) commute. Take any y € Y. If we denote Ix X Iy — Ix by the same symbol
p, we have

Rx(m(f)(x),7(f)(z")) = Rx(po f(z,y),po f(z',y))
= po Rxxy(f(z,y), f(2,y))
= po Rxxy((z,y),(7",y))

— RXXY( ( 7y)’ ( 7y>>
= Ryx(z,2'),

which implies (7(f),id) € Aut(X|Ix). Suppose that
Rx(z1,7)) = Rx(wq, 7)) = ix.
Take any y € Y. Then
Rxwy ((x1,9), (21,)) = Bxxy (22, 9), (25,y)) = (ix, o).
Thus by the assumption (2), we have (f,id) € Aut(X x Y|Ix x Iy) such that
flany) = (22,), f(@hy) = (25,y).
Then, by taking the image of p,
m(f) (1) = w2, w(f)(21) = 25
Thus, Aut(X|Ix) transitively acts on Ry (ix), which shows (1). O
The next is [3, Corollary 3.4.7].
Theorem 3.7. Let X and Y be association schemes. The following are equivalent.
(1) Both X andY are Schurian.
(2) The wreath product X \Y is Schurian.

Proof. Assume (2). Put G := Aut(XX\Y|IxX\Iy) as in Lemma 3.5. Take any (z1,x)),
(g, %) and ix € Ix with

Rx($1,$/1) = Rx(QTQ,[L’IQ) = ix.
We take an arbitrary y € Y, then

Bo((21,9), (#1,9)) = Bu((w2,9), (5, v))

holds by the case division for z; = ) or not. We consider the image P(G) C Aut(X)
in Theorem 3.2. Since XA\Y is Schurian, there is an automorphism (f,7) € G such
that 7 = id;nry, f(21,y) = (22,y) and f(2],y) = (24, y). By Theorem 3.2, there is an
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automorphism P((f,7)) = (7(f),n(id)) € P(G) of X, which maps x; to x2 and | to x5,
hence X is Schurian. For Y, take arbitrary (yi, ), (y2,v5) and iy € Iy with

Ry (y1,y1) = Ry (y2,y5) = iy

Fix an arbitrary € X, identify Y = {z} x Y C X x Y, and let G, be the stabilizer of
{z} xY in G (i.e. the set of elements in G that preserve {z} X Y as a set). Hence G, acts
on Y, and by definition of G, G, trivially acts on Iy and consequently G, C Aut(Y'|Iy)
follows by the commutativity of

RX|{;;:} X Ry ]
{x} xY)x {2} xY) ——— {ig} x Iy

Ry
(X xY) x (X xY) ——2 [y

Since
RX((I’ y1)7 (ZE, yi)) = R%((ﬁ,yg), (m,yé)) =iy

and XX\Y is Schurian, there is an automorphism (f,id;»r) € G with both f(x,y,) =
(x,y2) and f(z,y]) = (x,y)) holding. By (3.3), this means 7(f)(z) = x and (f,id) € G,.
Thus, G, C Aut(Y|Iy) acts transitively on (Rx|qy X Ry) '((4,%y)), and hence Y is
Schurian. These imply (1).

Assume (1). Take four points in X x Y such that

RA((‘TD yl)? (xllv yi)) = R)\((I27 yQ)v (5(7/2, yé)) (37)

Assume that x; = 2. Then, by the definition of Ry, 2o = 2%, and Ry (y1,y]) = Ry (Y2, ¥5).
Thus, there is an (f,idx) € Aut(X|Ix) with

fx fo(an,ah) = (22,23)
(since both lie in Ry (49)). There is a (g,idy) € Aut(Y|Iy) with
9% 9 (Y1) = (y2,95).
By the last statement of Theorem 3.2, we have
(f,idx) o (g,idy) € Aut(XXY|IxXIy)
that maps (x1,y1) — (x2,92) and (z,y1) — (x4, y5), which implies (2).
Assume that x; # 2. In this case, Rx(z1,]) = Rx(xa,2%) and x9 # x4, hence there

is an f € Aut(X|Iyx) with
Fxfo(e,2h) = (22, 25).
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Then (f x idy|id) € Aut(XX\Y |IxXIy) maps

(mlayl) = (any1>7 (x/by/l) = (zl2>yi) (38)
Recall that Aut(Ys,|ly,,) = Aut(Ys, )iq,, in Proposition 3.3 lies in K, and since xy # 5,
Aut(sz)idIY X Aut(Yz/Q)idIY € K.

Thus, since Y is Schurian, there are a g € Aut(Yy,|ly,,) mapping y1 — y and a ¢’ €
Aut(Yy|ly; ) mapping y; = 5. Thus, go g’ € Aut(XXN\Y|IxNIy) maps

(3327 yl) = (an y2>7 (x/27 yll) = ($/27 y;) (39)
Together with (3.8), we conclude (1). O

Corollary 3.8. The wreath product of a non-Schurian association scheme and an asso-
ciation scheme (in both order of product) is non-Schurian. The same statement holds for
the direct product.

Thus, there exists a large family of non-Schurian schemes. We remark that there are
substantial ~ studies on  construction = of = non-Schurian  schemes, e.g.,
Evdokimov-Ponomarenko|[5], Hanaki-Hirai-Ponomarenko[7], and Hirasaka-Kim[8]. Non-
Schurian Schur rings are of particular interest since historically Wielandt[18, Theorem 26.4]
found such an example, answering a question by Schur. To avoid confusion, we use the
term S-rings for Schur rings (see Definition 3.10 below).

The results for S-rings stated in the rest of this section are closely related with the
results by Evdokimov-Ponomarenko[5]. They used generalized wreath products to con-
struct non-Schurian S-rings in a cyclic group, using delicate arguments. We deal with
only direct products of groups and the usual wreath products, but still give a construction
of non-Schurian S-rings.

We start with a definition of Cayley association schemes, which is equivalent to the
notion of S-rings. We denote by e the unit of a group. We use the terminologies such
as S-rings and Schurian S-rings according to a survey by Muzychuk and Ponomarenko
[14]. The following definition of Cayley association schemes is given in [1, I1.6] (without
naming), as well as the equivalence to the notion of S-rings. We changed gyg; " in the
definition there to g; 'g, because we consider the left action. A detailed study on Cayley
association schemes and S-rings is found in [3, Section 2.4].

Definition 3.9. (Cayley association schemes)
Let G be a finite group. If there is a surjective mapping r : G — I such that the
composition
GxG—G—=1I, (91,92)— (9 )

is an association scheme, then it is called a Cayley association scheme.

This notion is equivalent to the following notion of S-rings. The conditionson r : G —
I are equivalent, and the Bose-Mesner algebra of a Cayley association scheme is naturally
isomorphic to the corresponding S-ring.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.37 15



Definition 3.10. (S-rings)
Let G be a finite group, and r : G — I a surjective mapping. Let C[G] be the group
ring. For a subset S C G, define

5:=Y seC[d].

seS

Let
A, = the C-linear span of r~!(i) C C[G] fori € I .

Then A, is called an S-ring, if the following conditions are satisfied.
(1) {e} =r~1(ig) for some ig € I.
(2) A, is closed under the product in C[G].
(3) For any i € I, there is i’ € [ with {g7' | g € r71(i)} = r~1(¢').
We want to discuss on the Schurian S-rings which are defined below.

Definition 3.11. (Schurian S-rings)
Let X be a finite set. Let I'" be a group transitively acting on X, with a subgroup G
acting transitively and faithfully on X. Fix x € X. Then we have a bijection

G—X, g gz,

and through this bijection I' acts on G. Let I'. be the stabilizer of e € G. Consider
r:G—T\G =1

Then r : G — I gives an S-ring, which is called a Schurian S-ring.

The next proposition is well-known, and the proof is omitted.

Proposition 3.12. Let G be a finite group, and assume that r : G — I gives a Cayley
association scheme, and equivalently, an S-ring. Then, the following are equivalent.

(1) The Cayley association scheme is Schurian in the sense of Definition 3.4.
(2) The S-ring is Schurian in the sense of Definition 3.11.

The following proposition is a direct consequence of the definitions and the equivalence
between Cayley association schemes and S-rings.

Proposition 3.13. The wreath product of two S-rings is an S-ring. The direct product
of two S-rings is an S-ring.

Proof. Let G and Gy be finite groups. Let r; : G; — I; and ry : Gy — I be the
corresponding mappings. Then, their wreath product is given by
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(Gl X Gg) X (Gl X GQ) 4)G1 X Gg

(Gl X Gl) X (GQ X Gg) E—— Il X 12 E—— Il>\IQ

Y

where the top arrow is ((91,92), (93, 94)) = (91,92) " (93, 9a) = (97 93,95 '94). The defi-
nition of the wreath product is via the left bottom corner. By the commutativity of the

diagram, it is an S-ring. The claim for the direct product follows in a similar manner, by
merely removing I1xI5 from the above diagram. O

Proposition 3.12, Proposition 3.13 and Theorem 3.7 imply the following proposition.

Proposition 3.14. The wreath product of a non-Schurian S-ring and an S-ring (in both
order) is non-Schurian. The same statement holds for the direct product.

The existence of a large number of non-Schurian S-rings follows. Using generalized
wreath products, Evdokimov-Ponomarenko|[5] proved the following theorem.

Theorem 3.15. Let n = p1papspan’ be an integer where p1, ps, p3, pa are prime numbers
with the condition {p1,pa} N {p3,ps} =0 and n’ is a positive integer. Put d := lem(p; —
1,po—L,ps—1,ps — 1). If d > 2, then the cyclic group of order n has a non-Schurian
S-ring.

As another example, Hanaki-Hirai-Ponomarenko[7] proved a generalization of
Wielandt’s construction:

Theorem 3.16. Let p be a prime. Let G be an elementary abelian p-group of even rank
except for the orders 22, 32, and 2*. Then G has a non-Schurian S-ring.

Starting from these examples, by taking the wreath product with any S-rings or as-
sociation schemes, we have a large family of non-Schurian S-rings and non-Schurian as-
sociation schemes.

4 Iterated product and profinite association schemes

A special case of an iterated wreath product is implicitly used in the construction of the
kernel scheme by Martin-Stinson[11] (the notation here follows [12]).

Definition 4.1. Let n be a positive integer, and V' a finite set of alphabet with cardinality
v > 2. Let X,, be V" and [, := {1,2,...,n} U{oo}. (We use oo instead of a natural
notation n+1, since this is 7 and to be distinguished when considering a projective system
in the next section.) Define R, : X,, x X,, — I, as follows. Let z = (z1,2,...,2,) and
v = (y1,Y2,.-.,Yn) be elements of X,,. Let R(x,y) be the smallest index i for which
x; # y;. If © =y, then R(z,y) = oo. This is a symmetric (and hence commutative)
association scheme, with R7!(co) being the identity relation. This is called a kernel

scheme, and denoted by k(n,v).
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Definition 4.2. Let X be an association scheme. We define inductively its wreath power
for n € N by:

o XM =X,
o XM= (X" HNX forn > 2.

Definition 4.3. Let v > 2 be an integer. Let H(1,v) be the class-one association scheme
of size v, namely, the unique association scheme with I = {ip,i;} with #X = v (the
notation follows Delsarte[4, §4.1.1]).

k(n,v; = H(1,0)™".

Proof. This can be proved in a straightforward manner by induction on n. The definition
of XX\Y is “to determine the relation of (x,y) and (z',y’), first look at the X-component;
if x # a’ then the relation is decided by them in X. If not, then the relation is decided
by those of y and 3'.” This is compatible with the definition of the kernel schemes.  [J

Proposition 4.4.

Remark that in Martin-Stinson [11], the kernel schemes are shown to be association
schemes by computing the intersection numbers. The above proposition gives another
proof.

4.1 Profinite association schemes

One of the motivations of this study is to construct a projective system of non-Schurian
association schemes. This section follows Matsumoto-Ogawa-Okuda[12]. Proofs of the
statements are given there.

Proposition 4.5. Let X be an association scheme. Let Ax be its Bose-Mesner algebra.
We define a convolution product e on Ax as a normalization of the matrixz product

1

(1) Let p : X — X' be a surjective morphism of association schemes. Through the
identification of Ax = C(Ix), we have a canonical injection ¥ : Axr — Ax by

C(Ix/) < C(Ix). Then, ¥ preserves Hadamard product, Hadamard unit, and the
convolution product e (does not preserve the convolution unit if #X > #X').

(2) Suppose that X and X' are commutative. Then, the set of primitive idempotents
of Ax with respect to the convolution product is naturally identified with that to the
matriz product (and hence with J(X)). The former set is obtained by multiplying
each element of J(X) by #X. From now on, J(X) means the set of primitive
1dempotents with respect to e.
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(3) An element of J(X') is mapped by ¥ to a non-zero idempotent in Ax, and thus
a non-empty sum of elements of J(X). For distinct elements of J(X'), the corre-
sponding non-empty subsets of J(X) have no intersection. This gives a one-to-many
(and non-empty) correspondence J(X') — J(X), in other words, a partial surjection
from J(X) to J(X'), denoted by J(X) — J(X').

Definition 4.6. Let A be a directed ordered set, namely, a partial ordered set where any
two elements have an upper bound. A profinite association scheme (X)aea is a projective
system of association schemes with surjective morphisms, namely:

(1) A family of association schemes (Ry, X, I)) for A € A.

2) For any A > i € A, a surjective morphism p, , : Xy — X, is specified.

3) For any A, py, =idx,.

)
)
)
4)

(
(
(4) For any A > pu > v,

Pxy = Pu,y © Pxu-

We define its underlying set by
X/\ = 1&1 X Ay
and the set of relations by
I"= @ I,
in the category of sets. Then, X" and I" have natural (profinite) topologies, where X

and I, are finite sets with the discrete topology. If every X, is commutative, we have a
projective system of partial surjections of Jy := J(X,). We define

J = @JA,

which is proved to have a discrete topology. We define the Bose-Mesner algebra of (X )xea
as the inductive limit

Ax/\ e @AX/\’

which has Hadamard product with unit, and the convolution product (without unit if J*
is infinite). It has a linear basis J" consisting of all the primitive idempotents, and is
isomorphic, as a ring with Hadamard product, to the space of locally constant functions
on I". For subsets Jp C J", I C I", and a finite multi-subset Y C X", a property
“Io-free code and Jp-design” of Y is defined.

As described in [12], the concept of profinite association schemes has an application to
Quasi Monte Carlo methods. More precisely, as a projective system of ordered Hamming
schemes, one can obtain a profinite associaion scheme which is called the pro-ordered
Hamming scheme. Then (¢, s)-sequences which have been studied deeply as Quasi Monte
Carlo methods (see [15]) can be explained by design theory on the pro-ordered Hamming
scheme.
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4.2 Iterated wreath products

Iterated wreath products give examples of profinite association schemes. We begin with
preparation.

Lemma 4.7. The wreath product is associative, i.e., there is a canonical isomorphism
(XAY)NZ — XA (YRZ)
for association schemes X,Y and Z. Hence we may write
XXNYNZ.

Proof. This follows from the identification

(IxXIy)NIz = ([(Ix \ {i0}) HIY] \ {io}) HIZ

= (I \ fio)) [T \ i) [T 22
= IxN(IyXZIy)

and the commutativity of

id x 1
[X X[y X IZ$’IX X (Iy>\fz)

lex x idl llex
lex

(]X>\Iy) X [Z E— (Ix>\fy)>\fz = Ix>\(Iy>\Iz)

]

Lemma 4.8. Let X and Y be association schemes. The projection m: X\Y — X given
in Proposition 2.18 induces an injection

Ax = Axy, A= ARIJy.
Proof. Because of the definition of
Ty IxXNIy — Ix
in Definition 2.8, the preimage of ix € Ix in Iy X Iy is
{(ix,iv) | iv € Iy},
and hence the image of A;, € Ax in Ax,y is
Z Aiy @ Ajy = Ajy @ Jy
iy €ly

by Proposition 2.6. Since Ay is the linear span of A;,, the statement follows. O

X9
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Proposition 4.9. Let X, X,,..., X, be any sequence of association schemes. Let
I, 5, ..., I, be the set of their relations. Then, their wreath product X i XoxX3x -+ - XX,
has underlying set

Xy x---x X,

and the set of relations

ENININ -y = (I \ {io}) [T (2 \ Gio) [T+ TT(Fna \ i) [T 2

Proof. The structure of the underlying set follows by definition. The structure of the set
of relations follows by induction from Definition 2.7. [

Proposition 4.10. Let X1, Xs,..., be an infinite series of association schemes. Then,
the series of the wreath products

(X1>\ cte >\Xn>n€N>0

form a projective system of association schemes. The mappings of the underlying sets are
given by projections
Xy X oo x X, = Xy x oo x X .

The mappings of the sets of relations

(WA LoD [T TTEa\ G [T 2o = (N GoD) [T+ [T 2\ Gio}) [ [ £

are given by mapping the elements in I, to the ig in I,,_1.
The projective limit of the underlying set is the direct product (with direct product
topology, hence compact and Hausdorff)

X/\ == ﬁ X,L
i=1

The projective limit I of Iy~ .-+ X1, is the one-point compactification of the discrete

topological set
[e.e]

[Tz {io}).

=1

Proof. The mapping between the underlying set is the projection by Proposition 2.18. It
is a general fact that the projective limit of finite direct products is the infinite direct
product.

The projective system (I3 -« - NI )nen., 1S given by mapping the last I, to the iy of
1,1, by Proposition 2.18. We consider its projective limit. Except for ig, every element in
the coproduct is a clopen point in the projective limit, and the set of open neighborhoods
of the limit of iy is the set of the union of {ip} and the complement of a finite set of

[T, (4 \ {io})- O

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.37 21



Proposition 4.11. Suppose that every X, is commutative in Proposition 4.10. Then,
the primitive idempotents of Xy Xox X3+ XX, is

T [T\ G0 ) [T \ o) [T+ [T \ € })- (4.1)
Its inductive limit is

= Jx [ H(in \ {Jo})- (4.2)

Proof. By induction using Corollary 2.15, (4.1) is equal to J(XixXoxX3---XX,,). By
Lemma 4.8 the one-to-many correspondence (3) in Proposition 4.5

JXINXNXN - 2 Xp_1) = J(XIAXA XN - 2 X,) (4.3)

is given by
E—E ®JXn7

where the right-hand side is a primitive idempotent (w.r.t. o) in Ax »x,»xs-5x, Dy
Theorem 2.12. This is a natural inclusion of (4.1) for n — 1 to that for n. Thus, the
partial surjection (3) in Proposition 4.5, namely,

JXINXNX N - 7 X) = J(XINXox X - - XX, 1)

is induced by the natural inclusion (4.3). The projective limit of the partial surjections is
in this case equal to the inductive limit of injections, hence is a union (4.2). O

By Proposition 4.4, the kernel schemes in Definition 4.1 is a special case of Propo-
sition 4.10, where each I; (and consequently J;) has the cardinality two. They form a
projective system, where I, — I, 1 is mapping ¢ + ¢ for 1 < n, n — 0o, and oo — o0,
as proved in Proposition 4.10. J,_; — J, is a canonical inclusion, as proved in Propo-
sition 4.11. The above iterated wreath products give examples of profinite association
schemes whose X", I, and J" are explicitly described. There is a closely related earlier
research by Barg and Skriganov [2, Section 8|, where they treat similar objects com-
ing from a profinite abelian group, and obtain the duality theorems and the structural
constants.

Our final remark is about a relation with Kurihara-Okuda[9]. There, for any compact
Hausdorff group G and its closed subgroup H, the notion of Bose-Mesner algebra for
the homogeneous space G/H is given (which may be seen as an analogue to a Schurian
scheme).

Any profinite group G is compact and Hausdorff, and for any closed subgroup H, G/H
can be viewed as both a homogeneous space (as in [9]) and a profinite association scheme
as in [12]. Both methods yield the same Bose-Mesner algebra. In this case, G/H yields a
projective system of Schurian association schemes. Theorem 3.7 and the iterated wreath
products imply that there is a large class of projective systems of finite non-Schurian
association schemes.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.37 22



Acknowledgements

We would like to show our best gratitude to Professor Ilia Ponomarenko, who kindly
informed us of appropriate references related to the origin of the wreath products, and
the adequate existing researches on the wreath products of coherent configurations (hence
of association schemes), in particular [3] that covers Section 3.2 with more systematic and
detailed discussions, after he found an earlier version of this article in the arXiv. The first
author is partially supported by JSPS Grants-in-Aid for Scientific Research JP26310211
and JP18K03213. The second author is partially supported by JST SPRING, Grant
Number JPMJSP2132.

References

[1] E. Bannai and T. Ito. Algebraic Combinatorics I: Association Schemes. Benjamin /
Cummings, Calfornia, 1984.

[2] A. Barg and M. Skriganov. Association schemes on general measure spaces and
zero-dimensional abelian groups. Adv. Math., 281:142-247, 2015.

[3] G. Chen and I. Ponomarenko. Coherent configurations. Wuhan:Central
China Normal University Press, Wuhan, 2019. a draft is available at
https://www.pdmi.ras.ru/~Cinp/ccNOTES. pdf.

[4] P. Delsarte. An algebraic approach to the association schemes of coding theory.
Philips Res. Rep. Suppl., 10:i—vi and 1-97, 1973.

[5] S. Evdokimov and I. Ponomarenko. On a family of schur rings over a finite cyclic
groups. Algebra i analiz, 13:139-154, 2001. translation in St. Petersburg Math. J. 13
(2002), no. 3, 441-451.

[6] A. Hanaki. A category of association schemes. J. Combin. Theory Ser. A, 117:1207
— 1217, 2010.

[7] A. Hanaki, T. Hirai, and I. Ponomarenko. On a huge family of non-schurian schur
rings. The Electronic Journal of Combinatorics, 29:#P2.14, 2022.

[8] M. Hirasaka and K. Kim. Association schemes in which the thin residue is an ele-
mentary abelian p-group of rank 2. J. Algebra, 450:298-315, 2016.

[9] H. Kurihara and T. Okuda. A MacWilliams type theorem and Delsarte’s theory for
codes and designs on compact homogeneous spaces. in preparation.

[10] S. MacLane. Categories for the Working Mathematician, volume 5 of Graduate Texts
in Mathematics. Springer-Verlag, New York, Heidelberg, Berlin, 2nd edition, 1998.

[11] W.J. Martin and D.R. Stinson. Association schemes for ordered orthogonal arrays
and (t, m, s)-nets. Canadian Journal of Mathematics, 51:326-346, 1999.

[12] M. Matsumoto, K. Ogawa, and T. Okuda. Functoriality of Bose-Mesner algebras
and profinite association schemes, 2022. arXiv:2207.07851.

[13] M. Muzychuk. A wedge product of association schemes. FEuropean J. Combin.,
30:705-715, 2009.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.37 23



[14] M. Muzychuk and I. Ponomarenko. Schur rings. European J. Combin., 30:1526-1539,
2009.

[15] H. Niederreiter. Random Number Generation and Quasi-Monte Carlo Methods.
CBMS-NSF, Philadelphia, Pennsylvania, 1992.

[16] S. Y. Song. Fusion relation in products of association schemes. Graphs and Combi-
natorics, 18:655-665, 2002.

[17] B. Weisfeiler. On construction and identification of graphs, volume 558 of Lecture
Notes in Mathematics. Springer-Verlag, Berlin-New York, 1976.

[18] H. Wielandt. Finite permutation groups. Academic Press, New York, London, 1964.
Translated from the German by R. Bercov.

[19] P. H. Zieschang. An Algebraic Approach to Association Schemes, volume 1628 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin Heidelberg, 1996.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.37 24



