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Abstract

Let G(m, k) be the set of graphs with size m and odd girth (the length of a
shortest odd cycle) k. In this paper, we determine the graph maximizing the spectral
radius among G(m, k) when m is odd. As byproducts, we show that, there is a
number n(m, k) > v/m — k + 3 such that every non-bipartite graph G with size m
and spectral radius p > n(m, k) must contain an odd cycle of length less than k
unless m is odd and G = SKj,,, which is the graph obtained by subdividing an
edge k — 2 times of the complete bipartite graph KQ’ mokta This result implies the
main results of Zhai and Shu [Discrete Math. 345 (2022)] and settles a conjecture
of Li and Peng [The Electronic J. Combin. 29 (4) (2022)] as well.

Mathematics Subject Classifications: 05C50

1 Introduction

Let H be a set of some fixed graphs. A graph is said to be H-free if it does not contain
subgraphs isomorphic to any members of H. In 1907, Mantel [13] presented the following
famous result, which aroused the study of the so-called Turan-Type extremal problem in
graph theory.

Theorem 1 (Mantel [13]). Let G be an n-vertex graph. If G is triangle-free, then m(G) <
m(K| =) n1), equality holds if and only if G = K\ n) n7.

Problems involving triangles play an important role in the development of both ex-

tremal and spectral extremal graph theory. A classic Mantel’s theorem, implies that every
. 2 . . . .

n-vertex graph of size m > | %= | must contain a triangle. Since then, much attentions have
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been paid to Turan-Type Extremal Problem and Mantel’s Theorem has many interesting
applications. Further related results may be found dotted throughout the literature in the
nice survey [4] for example. For a graph G, let p(G) be the spectral radius of G. In 1970,
Nosal [21] proved that if a graph G is triangle-free with m edges, then p(G) < y/m. This a
classic result in spectral graph theory for triangle-free graphs, and it can be viewed as the
spectral version of Mantel’s Theorem, also usually called the spectral Mantel theorem.
More precisely, Nikiforov [18] characterized the extremal triangle-free graphs attaining
the upper bound. In what follows, we state this spectral result in a complete form.

Theorem 2 ([21, 18]). Let G be a graph with m edges. If G is triangle-free, then p(G) <
vm, equality holds if and only if G is a complete bipartite graph.

During the years this striking and elegant result has attracted greatly significant at-
tention (see, e.g., [15], [16], [11], [24], [20], [9] and the survey [19] for some highlights). In
2021, Lin, Ning and Wu [11] obtained a new spectral condition for triangles by majoriza-
tion theory. Consequently, they enhanced Theorem 2 for non-bipartite graphs.

Theorem 3 (Lin, Ning and Wu [11]). Let G' be a non-bipartite graph with size m. If
p(G) = v/m — 1, then G contains a triangle unless G is a Cs.

Theorem 3 can be viewed as a stability result on Theorem 2, since it excluded the
complete bipartite graphs in our consideration. This type of result is also regarded as the
second extremal graph problem in the literature. Moreover, by a well-known inequality
p(G) = 2mT(G) originated from Collatz and Sinogowitz [1], one have p(G) > /m — 1,
which provided by m(G) > L%QJ Therefore, Theorem 3 is slightly stronger than Mantel’s
theorem. Note that the extremal graph in Theorem 3 is attained only for m = 5 and
G =Cs. Fork > 1, let Sgk_1<K2,m7§k+1) be the graph obtained from K27m722k+1 by putting
2k — 1 new vertices on an edge. Clearly, Sgk,l(KZ,m_gkﬂ) is non-bipartite and it also is

{C3,C5, ..., Coryq }-free. In 2022, Zhai and Shu [25] proved a further improvement on
Theorem 3. Let p*(m) be the largest root of x° — ma3 + (2m — 5)z — (m — 3) = 0.

Theorem 4 (Zhai and Shu [25]). Let G be a non-bipartite graph of size m. If p(G) >
p*(m), then G contains a triangle unless m is odd and G = Sl(KZ’”T*l)'

Notice that for m > 6, we have v/m — 2 < p*(m) < v/m — 1. Theorem 4 implies both
Mantel’s theorem and Lin, Ning and Wu'’s result as well. In 2022, Wang [22, Theorem 5]
improved slightly Theorem 4 by determining the m-edge graphs G for every m, if G is a
triangle-free and non-bipartite graph with p(G) > v/m — 2.

Very recently, by applying Cauchy’s interlacing theorem of all eigenvalues, Li and
Peng [10] found some forbidden induced subgraphs and presented an alternative proof of
Theorem 4. Note that the unique extremal graph in Theorem 4 contains many copies of
C5. Moreover, Li and Peng [10] considered the further stability result on Theorem 4 by
forbidding both C3 and Cj5 as below. Let y(m) denote the largest root of z” — mz® +
(4m — 14)2® — (3m — 14)x — m + 5.
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Theorem 5 (Li and Peng [10]). Let G be a graph with m edges. If G is {Cs, Cs}-free
and G is non-bipartite, then p(G) < vy(m), equality holds if and only if m is odd and
G = Sg(KZmT—Zi).

Moreover, Li and Peng [10, Conjecture 4.1] proposed the following conjecture.

Conjecture 6 (Li and Peng [10]). p(G) < p(SQk_l(Kmeszqu )), equality holds if and only
if m is odd and G = SQk_l(K27m7%k+1).

It is worth mentioning that the analogous result of Conjecture 6 for
{C5,Cs, . .., Cogpiq }-free non-bipartite graphs with given order n was previously proposed
in [11]. The problem was proved by Lin and Guo [12] and also independently proved by
Li, Sun and Yu [7, Theorem 1.6] using a different method.

In this paper, we aim to generalize all the above results and confirm Conjecture 6.
Unlike the techniques in [10] where the authors developed the key ideas from [11], in
present paper, we will expand the ideas mainly from [25]. The odd girth of a graph is
defined as the length of a shortest odd cycle. Recall that G(m, k) is the set of graphs with
size m and odd girth k. Let Cx(a,b) be the graph obtained from a cycle Cy, = vyvy - - - v0;
by replacing the edge vjv, with a complete bipartite graph K, (see Fig.1). On the
other hand, Ck(a,b) is just a local blow up of the cycle C%, and it also can be seen as a
subdivision of K, 341 by subdividing an edge with a path of length k& — 3. In particular,
we denote SKj,,, = Cip(1, %=5%2) where m > k > 5 is an odd integer; see Fig.1. Clearly,

2
S1(Ky mo1) in Theorem 4 is just SKsp,, and S3(Ky m_s) in Theorem 5 is just SK7,.

V2 V1

Ut

V-2 Vk—1

Cre(a,b) SKjym = Ci(1, (m — k +2)/2)

Figure 1: The graph Cy(a,b) and SKj .
Now we present the main result in this paper.

Theorem 7. For two odd integers m >k > 5, if G € G(m, k), then
p(G) < p(SKim),
with equality if and only if G = SKj, .

We actually get the following stronger result.
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Theorem 8. Let G be a non-bipartite graph with size m, and k > 5 an odd integer. If
p(G) > M2 > \/m — k + 3, then G contains an odd cycle of length less than k unless

Vm—k+1

k=5 and G =C5(2,2), orm is odd and G = SKy, .

Remark 9. On the one hand, from the proofs in Section 3, we actually obtain all non-
bipartite graphs of size m satisfying p > v/m — k + 3 for any odd integer £ > 5. On the
other hand, though Theorem 8 removes the assumption of m being odd, it does not mean
that the extremal graph maximizing p is obtained among G(m, k) when m is even. If
m =k +5 and k = 5, Theorem 8 indicates that the extremal graph is exactly C5(2,2).
For other cases, Theorem 8 only implies p(G) < \’/"ﬂ for any G € G(m, k) when m is

even. The extremal graph is still unknown in general.

By the knowledge of equitable partition [6, Page 198], p(SKj ) is the largest root of
p(z), where p(z) = det(zI — B) and B is the k X k matrix given as

0 10 0 01

mkt2 0 1 000

B = : N
0 00 -~ 101

m=k+t2 g o ... 01 0

Denote by n(m, k) the largest root of p(x), where m is not necessary odd. Similar to
Lemma 12, it is easy to see n(m, k) > A= k+2 > v/m — k + 3. Note that p(C5(2,2)) =
2.9032 < 2.9191 = n(10,5), Theorem 8 1mphes the following result immediately.

Corollary 10. Let G be a non-bipartite graph with size m, and k > 5 an odd integer. If
p(G) = n(m, k), then G contains an odd cycle of length less than k unless G = SKjy .

Clearly, Theorem 4 is the special case for k£ = 5 of Corollary 10, and Theorem 5 is the
special case for k = 7. Furthermore, Corollary 10 completely solves Conjecture 6.

2 Preliminaries

At the beginning of this section, we shall give some terminologies and notations. For
two disjoint subsets S, T C V(G), e(S) is the number of edges with both endpoints in S
and e(S,T") is the number of edges with one endpoint in S and the other in 7. Given a
vertex u € V(G), N(u) is the neighborhood of u in G, and for k > 2, N*(u) is the set of
vertices of distance k to u. Denote by dg(u) the degree of u and dg(u) the number of its
neighbors in S C V(G). Let G[S] be the subgraph of G induced by S. Let ¢(G) be the
characteristic polynomial of A(G). The spectral radius p(G) is the largest root of ¢(G).
Its corresponding unit eigenvector is called the Perron wvector of G. From the famous
Perron-Frobenius theorem, Perron vector is a positive vector for a connected graph G.

An internal path of G is a sequence of vertices vy, v, ..., v, with s > 2 such that:
(i) the vertices in the sequence are distinct (except possibly vy = vy),
(ii) v; is adjacent to vy (1 =1,2,...,58 — 1),
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Figure 2: The graph W,, and the subdivision operation.

(iii) the vertex degrees satisfy d(v1) = 3, d(vy) = -+ = d(vs_1) = 2 (unless s = 2) and
d(vs) = 3.

Lemma 11 ([5]). Suppose that G # W, (see Fig.2) and uv is an edge on an internal
path of G. Let G, be the graph obtained from G by the subdivision of the edge uv. Then

P(Guw) < p(G).
Now we give upper and lower bounds for the spectral radius of SKj .

Lemma 12. For every odd integers m > k > 5, we have

—k+2
Vm—k+3< 2 < p(SKpm) < Vm — k14
Vi rg s e

Proof. For convenience, denote by p = p(SKj,,) and t = m"““ > 2. It suffices to show
\/Q—t— p < /2t + 2. By Lemma 11, we have p < p(Kg t+1) V2t + 2.

For any positive number z, denote by a, = ”“”” 4 and B, = x’vf"l. Therefore,
one can easily verify that p > \/22% if and only 1f 2tﬁ > 1. In what follows, we show
> 1.
For any odd integer r > 5, let G, = SK, 91,2 and p, = p(G,). We have proved that
pr < V2t + 2. For each G,, label G, like SK}, ,, in Fig.1, that is, v; and v,_; are the only
vertices of degree greater than 2, vjvs - - - v,_1 is the path, and N(vy) \ {v2} = N(v,—1) \
{v,—o} = {us,...,u}. Let f be the positive eigenvector of G, such that A(G,)f = p.f.
By the symmetry of G, = SK, 911,92, we may assume f(uy) = f(uz) = -+ = f(u) = 2.
By A(G,)f = p.f, we have

2pr = f(v1) + for—1) = 2f(v1),

prf(vr) =2t + f(v),
prf(vi) = f(vic1) + f(vi1), for 2 <i <Y,

.
25,

where ¢ = ==. By immediate calculations, we have
pr—2tB,. 2t0zp Pr
flui) = —=———=aj, ———f,
Qp, — ﬁpr P Bpr Pr

for 1 <7 < {. Since f(vy) > 0, we have %aﬁ + %‘fa"jﬁprﬁf > 0, which gives that
T Pr

Pr 1 - (@»/Oépr)g_l
2t5,, - (BPT/&PT)Z
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1—gf—1

Denote by ¢(x) = . For 0 < x < 1, we have

1—2t

(129 (z) =—((— 12?1 —2a) — (1 -2 )(—la"")
=272 lr(1 — 21 — (0= 1)(1 — 2]
=22 lr —(+1— 2"
=27 l(x — 1) + (1 — 2]
=27z -1l -2t =22 — o — 2 — 1)
<0

Thus, ¢(z) is a decreasing function when 0 < z < 1. Now we denote ¢(z) = g—z = i;\/‘/iz::j.

Notice that

(x4 Va2 = 472¢(z) =(r+Va® —4)(1 - Z=) - 1+ 7m=5) = - Va® —4)

_ 8
= 7= <V

Thus ¢(z) is a decreasing function. Let C; be the graph obtained from the cycle C,
by attaching a new vertex to a vertex of the cycle Cy. Note that p(Cy) > 2.1, and
G, contains C) as a subgraph because t > 2. We have p, > 2.1. Therefore, we get
Bp./p. = &(pr) < $(2.1) < 0.6. This means that

1— =1 1—0.61
(BPT/O[PT) - > S0(06) — )
1_(ﬁpr/apr> 1_06Z
Now suppose to the contrary that ﬁ < 1. There exists € > 0 such that ﬁ <l-e
Since limy_, % = 1, there exists N > 0 such that 1;952;1 > 1—¢forany n > N.
Take r = max{k,2N + 1}, and ¢ = “51. Keep in mind that the function

o(Bp./ap.) = (2)

olz) = 216, t(x — Va2 —4)

increases along with x increasing when z > 2, and p > p, > 2 due to Lemma 11 and the
fact ¢t > 2. Combining (1) and (2) we have

p Pr - 1—0.61
2t8, ~ 2tB, ~ 1—0.6

>1—¢

which is a contradiction. ]

Lemma 13 ([23]). Let u, v be two distinct vertices in a connected graph G, and G' =
G—A{vv; | 1 <i<sh+{uy | 1<i<s), where {v; |i=1,2,...,s} C Ng(v)\ Ng(u).
Assume that x is the Perron vector of G. If x, > x,, then p(G) < p(G").

Lemma 14 ([2]). Let s, t, u, v be the four distinct vertices of a connected graph G and
let st,uv € E(G) , while sv,tu ¢ E(G). If (x5 — xy)(x, — x¢) = 0, where x is the Perron
vector of G, then p(G — st —uv + sv+tu) = p(G) with equality if and only if x5 = x,, and
Tt = Ty.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.58 6



Let H be a subgraph of G. For u,v € V(H), denote by dy(u,v) the distance of u,v
in H, that is, the length of a shortest path from u to v in H. We close this part by the
following result, which is immediate by simple observations and its proof is omitted.

Lemma 15. Let C' be an odd cycle of length | = 5 in graph G. For two vertices x,y €
V(C) and u € V(G) \ V(C) with x ~ w and y ~ u, if do(z,y) = 2, then G contains
an odd cycle containing u with length at most l. Furthermore, if do(x,y) = 3, then such
cycle has length at most [ — 1.

3 Proofs.

In this part, we give the proofs of Theorems 7 and 8. The techniques in our proofs are
motivated by that of Zhai and Shu [25]. Avoiding fussy repetition and tedious calculations,
we always assume that & > 7. Since there is nothing to prove when m = k, we always
assume m > k. Let G* be the extremal graph with the maximum spectral radius among
all graphs in G(m, k). By Lemma 12, the lower bound of G* is given by

- (m —k +2)?

PG > pH(SKin) > o m e > m— k43 (3)

Our goal is to determine the structure of G*. Let Cj be a shortest odd cycle of G*.
Keep in mind that G* has no odd cycle with length less than k. We always assume
that x = (x1, 29, ... ,x|V(G*)|)T is the Perron vector of G*, and u* is a vertex with the
largest component in x, i.e., z,+ = max{xz; | i € V(G*)}. Denoted by A = N(u*), B =
V(G*)\ (AUu*) and p* = p(G*). Note that e(A) = 0 because G* contains no triangle.
This fact yields an upper bound of e(B).

Lemma 16. ¢(B) < k — 4.
Proof. Since e(A) = 0, we have ) . _, da(i)z; = 0. Note that
ai =) = (T - Xn - X X
vEA vEA vEA uEN (v)

According to the assumption (3), we have

(m =k + 3)y < d(u )y + > da(i)z;+ Y da(f)z; = d(u)ze + Y da(f)z;
€A jEB JjEB
< (du) +e(A, B)) 2y = (m — e(B)) Ty
It leads to e(B) < k — 3, and thus e(B) < k — 4. O

Lemma 17. u* must be on a shortest odd cycle of G*.
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Proof. Let C' be a shortest odd cycle of G*. If u* € (', there is nothing to prove. Other-
wise, since e(A) = 0 and e(B) < k — 4, there exists at least two vertices z,y € ANV(C)
with de(x,y) > 2. Hence we will get a cycle containing u* with length at most & by
Lemma 15. O

Lemma 18. B induces a P._3 with some isolates possibly.

Proof. According to Lemma 17, let C' = u*ugvvs . . . vp_su,u* be a shortest odd cycle of
G*, where ug,u, € A. We claim that vy, vs,...,v,_3 € B since otherwise there would be
a shorter odd cycle in G*. Note that e(B) < k — 4. The result follows. O

Figure 3: The structures yielded by Lemmas 18, 19 and 20 where the dashed lines between two parts
means that the adjacency relations between the vertices in one part and those in the other part are still
unknown.

Let By = V(Py_3) = {v1,v2,...04_3}. Then By = B\ Bj is an independent set
in G. Note that N4(v1) N Na(vg—3) = 0 since otherwise G* would contain a shorter
odd cycle. So, we may denote A; = Ny(vy) = {ug,u1,...,us_1} for some a > 1 and
Ay = Nag(vg—3) = {Ua, Ugi1, .-, Ugrp} for some b > 0. Set A3 = A\ (A; U As). Clearly,
Ay, Ay and Aj are independent sets. Now the structure of G* is as shown in Fig.3 (1).

Lemma 19. d(v;) =2 for eachi=2,3,...,k —4.

Proof. Suppose to the contrary that v; ~ u for some v € A and 2 < i < k — 4. Consider
the cycle C' = u*ugvy - - - vp_guu*. If u € {ug, u,}, clearly, then there would an odd cycle
of length shorter than k. Indeed, if v; ~ wug, then either the cycle ugvivs - - - v;uq or the
cycle u*ugv;v;q - - - vk_suu* is an odd cycle with shorter length. This is a contradiction.
If w e A\ {ug, u,}, noticing de(u*,v;) > 3, u* ~ u and v; ~ u, Lemma 15 indicates there
would be a shorter odd cycle as well, a contradiction. O]

According to Lemma 19, the structure of G* is as shown in Fig.3 (2). Without loss of
generality, we may assume that z,, > z,, , in what follows.

Lemma 20. |4y =1, i.e., Ay = {u,}.

Proof. Suppose to the contrary that |As| > 2, that is, Ay = {ua,. .., Usrp}; with b > 1.
Let G' = G* —{ugrivp—3 | 1 =1,2,..., b} +{ugriv1 | 1 = 1,2,...,b}. Clearly, G’ € G(m, k)
and Lemma 13 implies p(G’) > p(G*), a contradiction. O
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Lemma 21. If B, =0, then G* = SKj ..

Proof. If ¢ = |As] = 0, we have G* = SK},,, it follows the result. In the following, we
suppose that ¢ = |A3| > 1. At this time, G* is isomorphic to SKj,,—. by attaching c
pendent edges at its maximal degree vertex. Notice that m = 2a +c+ k — 2. Let G’
obtained from G* by contracting the internal path P,_3 as an edge vyvo, that is, G’ is
obtained from SKj,,_. by attaching ¢ pendent edges to its maximal degree vertex. By
Lemma 11, we have p(G*) < p(G'). Next we will show p(G') < 7= k]:fl = \/225:;_1, which
yields a contradiction. By the knowledge of equitable partition [6, Page 198], p(G’) is the
largest root of f(z) = 2% — (2a+ c+3)z* + (4a+2c+ ac+ 1)x? — 2azx — ac. The derivative
function of f(z) is f'(x) = 6x° — 4(2a + ¢ + 3)a® + 2(4a + 2¢ + ac + 1)z — 2a. One can
verify that f'(z) > 0 for > v/2a + ¢+ 1. Thus f(z) is increase when = > v/2a + ¢ + 1.

By computation,

f(W2a+c+1)=(ac—1)(2a+c+1) —2avV2a+c+1—ac.

Ifa=1,¢>3, then f(v2a+c+1)= f(v/c+3)=(c+3)*—=5(c+3)—2/c+3+3
and We can verify it is an increase function about ¢, and thus f(v/c+3) > f(v/3+3) =
> 0. Thus, p(G') <V2a+c+1< \/%
If/;L>2andc>2 we have

f(V2a+c+1) =(ac—1)(2a + c+1) — 2av/2a+ c + 1 — ac
—ac[(1 — ai)(2a+ ey — QM— 1
ac[(1 — }L)(Qa—kc—k 1) —V2a+c+1—1]
:iac[3(2a+6+ 1) —4v2a +c+1—4

>0,

due to vVm —k +3 =+2a +c+1>+7>2 Hence, p(G') < 2a+c+1<\/%.
If a =1 and ¢ = 2, we have f(—22) = f(7§) = 4.6405 > 0. Tt follows that

A ) v2a+c—1

! _ atc

p(G") < V3~ V2ate1° , ,
Ifazlandc:l,thenp*ép(G’):2.115<752\/%. O

According to Lemma 20, if By # (), the structure of G* is as shown in Fig.3 (3). Now
we turn our eyes on the components of the Perron vector x. Without loss of generality,
we may assume that z,, = x,, > - - > z,,_, and By # () in the rest proof.

Lemma 22. If By # (), then for any w € Bs, let s = ds(w), we have s > 2 and the value
M(w) = a(xy, — Ty) + 8(Ty — Tyr) + Ty, > 0. (4)

Proof. If s =1 and u; ~ w, then dg(w) = da(w) = 1 since By is an independent set. The
graph G' = G* — u;w + v*w € G(m, k) and p(G') > p(G*) due to Lemma 13, which is
impossible. Hence ds(w) = s > 2.
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Let N?(u*) be the set of vertices v € V(G) such that there exists u € V(G) satisfying
u* ~ u ~ v. Trivially, we have u* € N?(u*). According to A(G*)x = p*x, we get

(0°)mue =(A%2)0e = Y dav)z,

VEN?2(u*)
=dA(v1) T, + da(Vk—3) Ty, 5 + da(w)xy, + Z da(v)x,
VEN2 (w)\{v1,v5_3,w}
LTy, + Tyy_y + 5T+ (M —(k—4) —a—1— §)x,
=(m —k+ 3)zy + a(Ty, — Tyr) + (T — Tyr) + Ty,
=(m —k+3)z, + M(w).

Since (p*)? > (m — k + 3), we get M (w) > 0. O
For components of x corresponding to A, we get the following result.
Lemma 23. x,, , > z,, and if A3 # 0, then x,, > x,, for any w € Aj.

Proof. Suppose to the contrary that z,, , < x,,. Recall that z,, > z,, ,. Let
G'=G" — Ug1U1 — UgUp_3 + Uq—1V—3 + UgV1.

Clearly, G' € G(m, k) and Lemma 14 implies p(G’) > p(G), a contradiction. Suppose to
the contrary that z, < x,, for some w € As. Let G” = G* — uqUp_3 + UyUg_3. Similarly,
G" € G(m, k) and p(G") > p(G), a contradiction. O

According to Lemma 23, we know that z,, , > x,, and x,, > x,, for any w € As. We
denote Az = {ugi1, Ugr2, - - -, Uqrc} for some ¢ > 0. By sorting the vertices of A; and As,
we may assume further that

2 Ly > LTygi1 > e 2 LTugye- (5)

a—1 a

Lemma 24. If By # (), then for w € By, let d(w) = s, we have N(w) = {ug, u1, ..., us1}.

Proof. Suppose to the contrary that u; ~ w with ¢ > s. Therefore, there exists 1 < 7 <
s — 1 such that u; 4 w. Thus, G' = G* — uy;w + vjw € G(m, k) with p(G") > p* due to
(5) and Lemma 13, this is a contradiction. O

The following two lemmas (Lemmas 25 and 26) are key ingredients in the proof of our
main result. To some extent, it characterized clearly the structure of the desired extremal
graph. More precisely, we will show that if By # ), then A3 = () and every vertex of By
is adjacent to every vertex of A; U A;. We now begin the details in earnest.

Lemma 25. If By # (), then A3 = 0.
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Proof. In what follows, we will prove that A3 = @ whenever By # (). Otherwise, we
assume to the contrary that As = {uqi1, Ugs2, .-, Ugre}, Where ¢ = |Az| > 1. We will
show that p(G*) < p(SK}m), which leads to a contradiction. Since By # 0, choosing
a vertex w € By, we compute the values p*M (w) and (p*)?M (w) by using the equation
A(G*)x = p*x. Note that Lemma 24 gives

a-+c

s—1

_ %

= Loy, = P Ty — $uj.
=0 j=s

Moreover, we have

% _ a—1
{p Ly = Zi:o Loy + Ty,

*
P Top_g = Loy_y T Loy

By immediate calculations, we have

pM(w) = ap™zy, + 5p T — (a+ 8)p Ty + py,_,

a-+c a-+c (6)
= ATy, + Ty, — (a_lxua azx“ _Szx“ﬁ
i=a+1
and
a-+c a-+c
(p*)QM(w) = a(z, +xv3)+($vk75 +$Uk—3> (a=1)p*zy, —a Z P Ty — SZP Loy
i=a+1

Note that p*zy, > 2y + 2y,_, and p*z,, = 2, for 0 < j < a+c. We get from (7) that

(p*)2M<w) < ATy, + ATy + Loy + Ty — (a - 1)(1:“* + kafg)
—acxy — Ss(a+c— s+ 1)z, (8)

= ATy, + ATyy + Ty, — (@ — 2)xy,_, — f(5)Tyr,
where f(s) is defined as
f(s)=—s*+(a+c+1)s+ac+a—1.
Note that Lemma 22 gives M (w) > 0, and thus p*M(w) > 0 and (p*)*M (w) > 0.
Case 1. a > 2. In this case, from (8), we have
0 < (")’ M(w) < azy, + ATy + Ty, — (a—2)7y,_, — ()70 < ((2a+1) — f(8))Tur. (9)

It leads to f(s) < 2a+1. Since 2 < s < a+c+1, we have either 3a+ac+2c—3 = f(2
f(s)<2a+1lorac+a—1= fla+c+1)< f(s) <2a+1. Thus we get c <1+2/a
and so ¢ = 1.

Since ¢ = 1, we have f(s) = —s? + (a + 2)s + 2a — 1. Recall that 2 < s <a+c+ 1.
By f(s) < 2a+1, that is, s|—s+ (a+2)] < 2, it can be deduced that s = a + 2. It yields

) <
<2
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that w ~ u for any w € By and u € A. Obviously, z,, = -+ = z,,_, and z,, = x,~ for
any w € By because A; and By U {z,~} are orbits of G* acting by Aut(G*). Equation (7)
turns to be

(P )P M(w) = a(Zy, + Tuy) + (Toy_s + Toy_s) — (@ — 1)p* w0, — ap*zy, .,
Since p*x,, = (by + 1)@y + 2y, and p*z,,,, = (bo + 1)z where by = |By|, we have
(P’ M(w) = a(y, + Tys) + Ty, — (@ —2)1y,_, — (20 — 1)(by + 1),
<((2a+1) = (2a — 1)(bg + 1))z

Therefore, (2a + 1) — (2a — 1)(b + 1) > 0, and thus by < 327 < 2. It leads to by = 0,
which contradicts the assumption of By # .

Case 2. a = 1. In this case, from (8), we have
0 < (")’ M(w) < Tyy + Toy + Ty + Ty — F(8)Tur < (4 — f(8)) Ty (10)

It leads to f(s) = —s*>+ (c+2)s+c < 4. Since 2 < s < ¢+ 2, we have either
3e=f(2) < f(s)<4dorc= f(c+2) < f(s) <4. Hence c=1, 2 or 3.

Subcase 2.1. ¢ = 1.

Since 2 < s<a+c+1=3, wehave s =2 or 3. Set By = {w € By | d(w) = 2},
Bys = {w € By | d(w) = 3}, by = |B2a1| and by = |Bay|. Similarly, z,, = z, for any
w € Bys. If by > 1, for w € Byy, (7) turns to be

(PP M (W) = Ty + Ty + Tuy_s + Ty — 30 Ty
Since p*y, = (1 + bg)xy», we have
(P )P M (W) = Ty + Ty + Ty + Ty — 3(ba + 1)7,
< (4=3(ba+ 1))z,

Therefore, 3(by + 1) < 4, and thus by < 1/3. It leads to by = 0. In this case, as similar to
the proof of Lemma 21, we construct a new graph G’ by contracting the path vivy -+ - vg_3
as an edge vivy from G*. The value p(G’) is just the root of the function

flx) =2 — 2" — (2by + 4)2® + (2by + 3)2® + (2b1 + 1)z — 2by.

By calculations, we have f(z) > 0 whenever x > 1/2b; + 4. It means that p* < p(G’) <
V2by +4 = V/m — k + 3, a contradiction. Thus, by = 0 and by > 1. For w € By, (7)
turns to be

(P M(w) = Ty + Ty + Ty + Ty — P Ty

Since p*xy, = (1 + by)xy~, we have
(p") M(w) = 2o, + Tuy + Ty + Tu_y — (b2 + D)
<(4—(ba+1))wys.
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Therefore, (by + 1) < 4, and thus by < 3. Let G; and G5 be the graphs shown in Fig.4.
According to Lemma 11, if b, = 1, then p* < p(Gy) = 2.632 < Vm —k+3 = V7; if
by = 2, then p* < p(Gy) = 3.133 < vVm — k+ 3 = +/10. They are both impossible since

pF>vm—k+ 3.

Figure 4: The graphs G; and G5 in the proof of Lemma 25.

Subcase 2.2. ¢ € {2,3}.
In this case, it is easy to verify that f(s) = —s* + (c+ 2)s + ¢ < 4 implies s = ¢ + 2.
Also, ., = ,» for any w € By. Now (7) turns to be

c+1
(p*)2M<w) = J’.’Ul + I’U3 + x?)k_5 + ka_g - p* Z xui'
=2

Since 2 < i < ¢+ 1 and p*x,, = (b+ 1)z, where b = |By|, we have
(p*)ZM(w) = Ty + Loy + Loy 5 + Ty y — C(b + 1)£L’u*

Therefore, 4 — ¢(b+ 1) > 0, and thus b = 0, which contradicts the assumption By # ().
The proof is completed. O

Lemma 26. If By # (), then Ng(w) = Ay U Ay for every w € Bs.

Proof. Denote s = d(w), we have 2 < s < a + 1 by Lemma 22 and Lemma 25. If a = 1,
then s = 2, the result Ng(w) = A; U A, follows immediately. Now, we consider a > 2, it
only needs to show that s = a + 1. According to A(G*)x = p*x, we have

a—1 a—1
Ly = Ty + 2, and p'x, = Ty, +
P Ty = wg Uq P Ty, = u; v
1=0 i=0

Thus z,, — Ty, = p(Tys — Ty, ) = 0 and then x,, > x,,. Moreover,
Ty, = Ty + X and p'z =x +x
P Tug = Ty Vk—3 P Loy = Luy_g Vg—3*

It follows that p*(xy, — Ty, _,) = Tur — x5 = 0, Le. Ty, = xy,_,. Therefore, from (6), we
have

P M(w) = axy, + Ty,_, — (@ — 1)y, — stuj
j=s

< axy, + Ty, , — (@ — D)z, —s(a — s+ 1)z,

<la+1l—-(a—1)—s(a—s+1))x,,.
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Note that a+1—(a—1) —s(a—s+1) = s> — (a+1)s + 2 < 0 whenever 2 < s < a, and
p*M(w) > 0. We have s = a + 1.
[l

Recall the definition of Cy(a,b) (see Fig.1). Lemma 25 and Lemma 26 indicate that
in Fig.3, if By # 0, then A3 = () and every vertex of By is adjacent to every vertex of
A1 U As. In other words, A; and By U {u*} form a complete bipartite, and vivg - - - U3,
is a path of length k — 3. Thus G* € Ci(a,b) for some a > 1 and b = |By] +1 > 1. In
what follows, we consider the spectral radius of Cy(a,b).

Lemma 27. Ifa,b > 2, then p(Ci(a,b)) < Vab+ a+b unless a =2 and b = 2.

Proof. Without loss of generality, assume a > b > 2. According to Lemma 11, we have
p(Cr(a, b)) < p(C7(a,b)) < p(Cs(a,b)). By the knowledge of equitable partition [6, Page
198], p(C7(a,b)) and p(Cs(a, b)) are respectively the largest roots of f(z) and g(x), where

flz) = 7—(ab—|—a—|—b+4)x + (5ab + 3a + 3b+ 3)z* — (5ab + a + b)x — 2ab,
g(x) =2° — (ab+a+ b+ 2)2® + (3ab + a + b)x — 2ab.

Note that the derivative function of g(z) is ¢'(z) = 52*—3(ab+a+b+2)z?+3ab+a+0b. Tt
is clear that ¢'(z) > 0 whenever > vab+ a 4+ b. We have g(z) is increase whenever x >

Vab+ a+ b, and thus g(z) > g(vab+ a + b) whenever z > v/ab+ a + b. By immediate

calculation, we have

g(Vab+a+b)=+vab+a+0b-(ab—a—b) — 2ab.

If b > 4, then g(vab+a+b) > b(4a — 2a) — 2ab = 0. It means g(z) > 0 whenever
x = +vab+ a+0b, and thus p(Cs(a,b)) < vab+ a+b. Hence p(Ci(a,b)) < Vab+ a+b.

If b =3, then g(vVab+a+0b) = v4a+ 3 - (2a — 3) — 6a. If a > 5, then
g(WVab+a+0b) =+4a+ 3(2a — 3) — 6a
> V23 - (2a — 3) — 6a = (2v/23 — 6)a — 3v/23
> (2v/23 —6) -5 — 3v/23 > 0.
It means p(Cy(a,b)) < p(C5(a,b)) < Vab+a+b. If a = 4, then f(z) = 2" — 232° +
84z° — 67x — 24, whose largest root is 4.327 < v/ab + a + b = v/19. Hence p(Cj(a,b)) <
p(Cr(a,b)) < Vab+a+b. If a =3, then f(x) = 2" —192° 4+ 662> — 51z — 18, whose largest
root is 3.846 < v/ab + a + b = v/15. Hence p(Cy(a,b)) < p(C+(a,b)) < Vab+a +b.
If b =2, then g(vVab+a+0b) =+3a+2-(a—2) —4a. If a > 9, then
gVab+a+b)=vV3a+2-(a—2)—4a
>v29 - (a—2) —4a = (V29 — 4)a — 2v/29
> (V29 — 4) -9 — 2v/29 > 0.
It means p(Cy(a,b)) < p(Cs(a,b)) < Vab+a+0b. If 3 < a < 8, as similar to the
case of b = 3, the largest root of f(z) is less than vab+ a+ b (see Tab.1), and thus

p(Ci(a,b)) < p(Cr(a,b)) < Vab+ a+b.
The proof is completed. O
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(b,a) f(x) largest oot vab+a+b
(3,4) x" —232° + 8423 — 67z — 24 4.3266 4.3589
(3,3) 2" —192° + 662° — 51z — 18 3.8461 3.8730
(2,8) 27 —302° + 1132 — 90w — 32 5.0753 5.0990
(2,7) 27 —272% + 10023 — 79z — 28 4.7720 4.7958
(2,6) a7 — 242° + 872 — 687 — 24 4.4488 4.4721
(2,5) af — 212 + T4a® — 57z —20 41001 4.1231
(2,4) 2" —182° + 612® — 46z — 16 3.7230 3.7417
(2,3) 2" —152° + 482% — 35z — 12 3.3065 3.3166

Table 1: The function f(x) and its largest root used in the proof of Lemma 27.

By immediate calculations, we have p(C5(2,2)) = 2.9032 > 7/v/6 = j(fg(i’;);)fﬁl.
m 504, -

For k > 7, we get the following result.

_ m(Cg(2,2))—k+2
Lemma 28. p(Cy(2,2)) < \/6 /m(Cr(2:2)—k+1 fork >

Proof. By immediate calculations, we have p(Ck(2,2)) < p(C7(2,2)) = 2.84 < \/ié.

Proof of Theorem 7. According to Lemma 20, G* is of the form (3) shown in Fig.3. If
By = (), then Lemma 21 implies that G* & SK} ,,. If By # (), then Lemmas 25 and 26
mean that G* = Ci(a,b) for some a,b. Without loss of generality, assume that a > b. Tt
only need to show b = 1. Suppose to the contrary that b > 2. Lemma 27 indicates that
a = b= 2. However, in this case m = 8 + k — 3 is even, a contradiction. O

]

Proof of Theorem 8. Tt suffices to show that any {C3,Cs, ..., Cyx_s}-free non-bipartite
graph G with m edges different from C5(2,2) or SK},, has spectral radius p < %
Since G is non-bipartite, we may assume that G has odd girth r with » > k, and G

has maximum spectral radius among G(m, ). Suppose to the contrary that p > %

Therefore, we have p > \;’;j; 2> \%_’jﬁl > v/m — r + 3. Noticing all the lemmas do not
using the assumption of m being odd, from Lemmas 16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26 and 27 by replacing k with r in them, we get G = C,.(a,b) with a > b, and either a = 2
and b =2, or b= 1. If r = k, then Lemma 28 implies G = C5(2,2) or SK},, = Ci(a, 1), a
contradiction. If » > k > 5, then Lemma 28 implies that G = SK,,,, = C,(a,1). However,
Lemma 12 indicates p < vm —r+4 < /m — (k+2)+4 < vVm — k+3<\’/”k7]:f[z]1

contradiction.

4 Open problems for cycles

Theorem 7 determines the extremal graphs for non-bipartite graphs without any short odd
cycle of {C3,C5, ..., Cori1}. In this section, we will conclude some recent development
on this topic and propose some open problems for readers. Let K V I; be the graph
consisting of a clique on k vertices and an independent set on t vertices in which each
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vertex of the clique is adjacent to each vertex of the independent set. A well-known
conjecture in extremal spectral graph theory involving consecutive cycles states that

Conjecture 29 (Zhai-Lin—Shu [24]). Let k be fixed and m be large enough. If G is a
graph with m edges and

k—14++vVdm—k*+1

2 Y

then G contains a cycle of length ¢ for every t < 2k 4 2, unless G = K} V ]1( (5):
k

m={2

AG) >

One may consider naturally the problem of finding the maximum spectral radius
among all {Cs,Cy, ..., Copio}-free graphs with m edges. We remark here that this prob-
lem is an easy consequence of Nikiforov in [17], which implies that the star graph on
m edges attains the maximum spectral radius. Indeed, Nikiforov [17] proved that for
m > 10, every Cy-free graph G satisfies p(G) < /m, equality holds if and only if G is
uniquely a star with m edges. The above problem is a direct corollary by noting that the
star graph contains no copies of C} for every 3 <t < 2k + 2.

The following Conjecture 30 seems weaker than Conjecture 29 at first glance. While
they are equivalent since the bound in right hand side is monotonically increasing on
k € [2,400). So it is reasonable to attribute this conjecture to Zhai, Lin and Shu.

Conjecture 30 (Zhai-Lin—Shu). Let k be fixed and G be a graph of sufficiently large
size m without isolated vertices. If G is Cyy1-free or Cyy o-free, then

kE—1++vdm—k>+1
2 Y
equality holds if and only if G = K VvV I%( (5))-

m={s

AG) <

In 2021, Zhai, Lin and Shu [24] proved this conjecture in the case of k = 2 and odd
m, and later Gao, Lou and Huang [14] proved the case of k = 2 and even m. These cases
were also provided by Li, Sun and Wei [8]. Conjecture 30 remains open for k > 3.

Let C’f denote the graph on ¢ + 1 vertices obtained from C; and C3 by identifying
an edge. It was proved in [24] that the complete bipartite graphs attain the maximum
spectral radius among {CgA , Cf }-free graphs with m edges. In [20], Nikiforov enhanced
that the same result still holds for 03A -free graphs. Very recently, Li, Sun and Wei [§]
determined the extremal graph for C2-free or C& -free when the size m is odd, and soon
after, Fang, You and Huang [3] determined the extremal graph for even m. Observe that
Cori1 C C’QA,g and Coqo C Oy, ;. Motivated by Conjecture 30, Yongtao Li tells privately
us that it is also interesting to consider the following conjecture.

Conjecture 31 (Yongtao Li). Let £ > 3 and G be a graph of sufficiently large size m
without isolated vertices. If G is CQA,C—free or C’QA,~C -free, then

E—1++vdm—k>+1
2 Y
equality holds if and only if G = Kj VvV I%( (%))
2

AG) <

m—

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.58 16



Acknowledgements

The authors would like to express their gratitude to the anonymous referees for their
invaluable suggestions that have significantly improved this paper. We are especially
thankful to the referee who identified an error in the proof of Lemma 12 in the origi-
nal version of the manuscript. Additionally, we extend our sincere appreciation to Dr.
Yongtao Li for providing us with many valuable suggestions.

This work is supported by NSFC (Nos. 12371362, 12061074, 12001544, 12171154,
11901540) and Natural Science Foundation of Hunan Province (No. 2021JJ40707).

References

[1] L. Collatz, U. Sinogowitz, Spektren endlicher Grafen, Abh. Math. Sem. Univ. Ham-
burg 21 (1957), 63-77.

[2] D. Cvetkovi¢, P. Rowlinson, S. Simi¢, Eigenspaces of Graphs, Cambridge University
Press, Cambridge, 1997.

[3] X. Fang, L. You, The maximum spectral radius of graphs of given size with forbidden
subgraph, Linear Algebra Appl. 666 (2023), 114-128.

[4] Z. Fiiredi, M. Simonovits, The history of degenerate (bipartite) extremal graph prob-
lems, Bolyai Soc. Studies (The Erdds Centennial) 25 (2013), 167-262.

[5] A.J. Hoffman, J. H. Smith, On the spectral radii of topological equivalent graphs, In
Recent Advances in Graph Theory, Academia Praha, 1975, 273-281.

[6] C.D. Godsil, G. Royle, Algebraic Graph Theory, Springer-Verlag, Berlin, 2001.

[7] S. Li, W. Sun, Y. Yu, Adjacency eigenvalues of graphs without short odd cycles.
Discrete Math. 345 (1) (2022), 112633.

[8] S. Li, W. Sun, W. Wei, Extensions on spectral extrema of C5/Cg-free graphs with
given size, Discrete Math. 346 (12) (2023), 113591.

9] Y. Li, Y. Peng, Refinement on spectral Turdn’s theorem, SIAM J. Discrete Math. 37
(4) (2023), 2462-2485.

[10] Y. Li, Y. Peng, The maximum spectral radius of non-bipartite graphs for bidding
short odd cycles, Electron. J. Combin. 29 (4):#P4.2 (2022).

[11] H. Lin, B. Ning, B. Wu, Eigenvalues and triangles in graphs, Combin. Probab. Com-
put. 30 (2) (2021), 258-270.

[12] H. Lin, H. Guo, A spectral condition for odd cycles in non-bipartite graphs, Linear
Algebra Appl. 631 (2021), 83-93.

[13] W. Mantel, Problem28, Solution by H. Gouwentak, W. Mantel, J. Teixeirade Mattes,
F. Schuh and W.A. Wythoff. Wiskundige Opgaven, 10 (1907), 60-61.

[14] M. Gao, Z. Lou, Q. Huang, A sharp upper bound on the spectral radius of Cs-
free/Cg-free graphs with given size, Linear Algebra Appl. 640 (2022), 162-178.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.58 17



[15] V. Nikiforov, Some inequalities for the largest eigenvalue of a graph, Combin. Probab.
Comput. 11 (2002), 179-189.

[16] V. Nikiforov, Bounds on graph eigenvalues 11, Linear Algebra Appl. 427 (2007), 183~
189.

[17] V. Nikiforov, The maximum spectral radius of C-free graphs of given order and size,
Linear Algebra Appl. 430 (2009), 2898-2905.

[18] V. Nikiforov, More spectral bounds on the clique and independence numbers, J.
Combin. Theory Ser. B 99 (6) (2009), 819-826.

[19] V. Nikiforov, Some new results in extremal graph theory, Surveys in Combinatorics,
London Math. Soc. Lecture Note Ser., 392, Cambridge Univ. Press, Cambridge, 2011,
pp. 141-181.

[20] V. Nikiforov, On a theorem of Nosal, arXiv:2104.12171.
2
2

1] E. Nosal, Eigenvalues of Graphs (Master’s thesis), University of Calgary, 1970.

2] Z. Wang, Generalizing theorems of Nosal and Nikiforov: Triangles and quadrilaterals,
Discrete Math. 345 (2022), 112973.

[23] B. Wu, E. Xiao, Y. Hong, The spectral radius of trees on k pendant vertices, Linear
Algebra Appl. 395 (2005), 343-349.

[24] M. Zhai, H. Lin, J. Shu, Spectral extrema of graphs of fixed size: cyles and complete
bipartite graphs, Furopean J. Combin. 95 (2021), 103322.

[25] M. Zhai, J. Shu, A spectral version of Mantel’s theorem, Discrete Math. 345 (2022),
112630.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.58 18


https://arxiv.org/abs/2104.12171

	Introduction
	Preliminaries
	Proofs.
	Open problems for cycles

