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Abstract

In 2015, Archdeacon proposed the notion of Heffter arrays in view of its con-
nection to several other combinatorial objects. In the same paper he also presented
the following variant. A weak Heffter array WH(m,n;h, k) is an m x n matrix A
such that: each row contains h filled cells and each column contains k filled cells;
for every x € Zonr+1 \ {0}, there is exactly one cell of A whose element is one of
the following: x, —x,+x, Fx, where the upper sign on + or F is the row sign and
the lower sign is the column sign; the elements in every row and column (with the
corresponding sign) sum to 0 in Zg,k4+1. Also the “weak concept”, as the classical
one, is related to several other topics, such as difference families, cycle systems and
biembeddings.

Many papers on Heffter arrays have been published, while none on weak Heffter
arrays have been written. This is the first one, and here we explore necessary
conditions, existence and non-existence results, and connections to biembeddings
into non-orientable surfaces.

Mathematics Subject Classifications: 05C88, 05C89

1 Introduction

In 2015, Archdeacon [1] introduced a class of partially filled arrays as an interesting link
between combinatorial designs and topological graph theory. Since then, there has been
a good deal of interest in Heffter arrays as well as in related topics such as the sequencing
of subsets of a group, biembeddings of cycle systems on a surface, and orthogonal cycle
systems.

Definition 1.1. [1] A Heffter array H(m,n; h, k) is an m x n matrix with entries from
Zioni+1 such that:
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(a) each row contains h filled cells and each column contains £ filled cells;
(b) for every x € Zgnx11 \ {0}, either  or —x appears in the array;

(c) the elements in every row and column sum to 0 in Zo,j1.

To date several variants and generalizations of this concept have been introduced (see
[17]), so we will refer to these arrays as classical.
In [1], Archdeacon also proposed the following variant of the previous concept.

Definition 1.2. A weak Heffter array WH(m,n; h, k) is an m X n matrix A such that:

(a) each row contains h filled cells and each column contains k filled cells;

(by) for every & € Zopnr41 \ {0}, there is exactly one cell of A whose element is one of the
following: x, —x, 42, Fx, where the upper sign on 4+ or F is the row sign and the
lower sign is the column sign;

(c1) the elements in every row and column (with the corresponding sign) sum to 0 in
Lonk+1-

If m = n, then h = k and we use the notation H(n; k) instead of H(n,n;k, k). Fur-
thermore, a rectangular array with no empty cells H(m,n;n,m) is denoted by H(m,n).
Analogous notation holds for a weak Heffter array.

A (weak) Heffter array is said to be integer if condition (c) of Definition 1.1 (condition
(c1) of Definition 1.2) is strengthened so that the elements in every row and every column,
seen as integers in +{1,...,nk}, sum to zero in Z.

Example 1.3. The following is a weak Heffter array WH(3,4) over Zss (see Figure 6 of
[1]):

1] —7] =612
—4 [+10 | F8
—3[F11| 29 | 5

The existence of classical Heffter arrays has been largely investigated. The most
important results are the following.

Theorem 1.4. [3, 4, 11] There exists an H(n; k) if and only if n > k > 3.
Theorem 1.5. [2] There exists an H(m,n) if and only if m,n > 3.

Recent partial results for integer rectangular Heffter arrays with empty cells can be
found in [16].

On the other hand, no result has been obtained about weak Heftter arrays; actually,
this is the first paper studying this class of arrays. As shown in detail in Section 2, one
can get a weak Heffter array starting from a classical one simply by placing different row
and column signs in a suitable set of cells; see, for instance, Example 2.2. Clearly, not
all weak Heffter arrays can be constructed starting from a classical one. Indeed the one
shown in Example 1.3, that as far as we know is the only weak Heffter array considered,
cannot be obtained from a classical H(3,4) by placing different row and column signs in
a suitable set of cells. This induces us to introduce the following definition.
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Definition 1.6. A weak WH(m, n; h, k) is said to be strictly weak if it cannot be obtained
from a classical H(m, n; h, k) by placing different row and column signs in a suitable set
of cells.

In other words, a weak Heffter array A = (a;;) is strictly weak if there is no Heffter
array B = (b;;) with the same parameters such that |a;;| = |b;;|, for every pair 7, j. Hence
it is easy to see that the WH(3,4) of Example 1.3 is strictly weak. The terminology
strictly weak may induce the reader to believe it is easier to construct these arrays than
the classical ones. However, as shown in Section 3, this is not the case. Notably, for some
values of n and k, an H(n; k) exists while a strictly weak WH(n; k) does not exist. The
motivation for which Archdeacon introduced this variant and for which we believe it is
worth studying is that, as shown in Section 6.1 of [17], these arrays give rise to orthogonal
cyclic cycle systems and, as hinted in [1] and explained in detail in Section 5, starting
from these arrays the existence of embeddings follows.

In Section 2 we investigate the connection between classical and (not strictly) weak
Heffter arrays, showing how some existence results on the classical case apply to this
context. In Sections 3 and 4 we consider and adjust to the weak context a more general
concept, introduced in [7], which admits classical Heffter arrays as a particular case: the
relative Heffter arrays.

Definition 1.7. Let v = 2nk + t be a positive integer, where ¢ divides 2nk, and let J
be the subgroup of Z, of order t. A Heffter array A over 7Z, relative to J, denoted by
H;(m,n; h, k), is an m x n array with elements in Z, \ J such that:

(ag) each row contains h filled cells and each column contains k filled cells;
(bg) for every x € Z, \ J, either x or —z appears in the array;

(co) the elements in every row and column sum to 0 in Z,.

Analogously, one can define a weak relative Heffter array WH;(m, n; h, k), it is suffi-
cient to replace condition (by) of Definition 1.7 with the following one:

(bs) for every x € Z, \ J, there is exactly one cell of A whose element is one of the
following: x, —x, 42, Fx, where the upper sign on 4+ or F is the row sign and the
lower sign is the column sign.

Clearly, if t = 1 we find again the original concepts introduced in [1]. For the square case
we use the notation Hy(n; k) and WHy(n; k).

In more detail, in Section 3 we determine some necessary conditions for the existence
of a weak (relative) Heffter array and then we present some non-existence results. Fur-
thermore, in Propositions 3.9 and 3.10 we show that for some values of t,n and k there
exists an Hy(n; k) while no strictly weak WH;(n; k) exists. In Section 4 we construct an
infinite class of strictly weak relative Heffter arrays for some values of the parameters for
which the existence of the corresponding relative Heffter array was left open in [7]. In
Sections 5 and 6, we investigate the relation between weak Heffter arrays and embed-
dings. Indeed while the connection between classical Heffter arrays and embeddings into
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orientable surfaces has been considered by several papers (see, for instance, [5, 8, 9, 10]),
the one between weak Heffter arrays and embeddings has been only marginally investi-
gated in [1]. Here, in Section 5 we provide a formal definition of Archdeacon embedding
into non-necessarily orientable surfaces. Then, in Section 6, we present an infinite family
of non-orientable embeddings of Archdeacon type. In the last section we conclude with
some remarks and present an open problem.

2 Connection between weak and classical Heffter arrays

As suggested by the terminology, a weak Heffter array is a Heffter array in which a
property is relaxed. So we believe it is quite natural to ask if it is possible to construct
a weak Heffter array starting from a classical one. Clearly, given a Heffter array A if we
replace all the elements a of A with +a we trivially get a weak Heffter array. It is also
easy to see that given a set R of rows of A if we replace each element a of R with Fa we
get a weak Heffter array. Obviously a similar reasoning can be done on the columns.

In what follows, given an array A, we respectively denote by R; and Cj the i-th row
and the j-th column of A. Then, by support of A we mean the set of the absolute values
of the elements contained in A, that is supp(A) = {|a| : @ € A}. We point out that
in this section, with a little abuse of notation, we identify a row (column) of a (weak)
H(m,n; h, k) with the h-subset (k-subset) of Zs,+1 whose elements are those of the given
row (column).

The following result shows a way to get a weak Heffter array, starting from a classical
one, having few cells with different row and column signs.

Proposition 2.1. 1If there exists an H(m,n;h, k) with a row or a column containing a
proper subset whose sum is zero (modulo 2nk + 1), then there exists a WH(m, n; h, k)
whose number of cells containing an element with different row and column signs is at

most equal to max{ L%J , ng }

Proof. Let A be an array as in the statement. It is not restrictive to reason on a row. So
let S be a proper subset of a row R of A summing up to zero. Since every row sums to
zero also the elements of R\ S sum to zero, hence we can suppose that [S| < |%4]. Now
we replace each element in S by Fs, and we leave unchanged all the other elements in A.
Call B the new array. Clearly, supp(A) = supp(B) and all the rows of B different from
R are nothing but the rows of A, hence their sums are zero. About R, the sum is still
zero since we have changed the signs of the elements of a subset of R whose sum is zero.

Finally, note that the column signs are not changed. So the columns of B sum to 0. [J
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Example 2.2. Consider the following H(8;6), taken from Example 1.4 of [3]:

—1 ) 2 =71 =9| 10
-4 —6 8| 11| —-12
—13| 17| 14| -19|-21| 22
15]-16| =18 | 20| 23| —-24

—-33| 34 —=25| 29| 26|31
35 | —36 27| =28 | =30 | 32
38| —43 | —45| 46 =37 41

—42 | 44| 47| —48 39 | —40

Note that, for instance, the proper subset {—1, —9,10} of the first row sums to 0. Then,
by applying the proof of the previous proposition we have the following WH(8;6):

+1 ) 2| =71 £9|F10
3| —4] —6 8| 11| —12
—-13| 17| 14| —-19| —-21| 22
15| —16 | —18 20 23| —-24

33| 34 —25 29| 26|31
35| —36 27| =28 | =30 | 32
38 | —43 | 45| 46 =37 | 41
—42 | 44| 47| —48 39 | —40

We believe that it is natural to ask if some of the classical Heffter arrays have the
property of Proposition 2.1. First of all note that since a row (column) of an H(m, n; h, k)
does not contain 0 nor 2-subsets of the form {x, —x}, if the property is satisfied by a row
(column) then h > 6 (kK > 6). We recall that in all the constructions of square integer
Heffter arrays, see [3, 11], the authors obtain an H(n; k + 4) starting from an H(n; k) by
adding to each row and each column four elements having sum zero. So the condition
required by Proposition 2.1 is trivially satisfied. Hence we get the following.

Corollary 2.3. For every n > k > 3, there exists an integer WH(n; k) with exactly ¢ cells
containing an element with different row and column signs, where

(1) =3if k=3 (mod 4) and n =0,1 (mod 4);

Y

2) {=4if k=0 (mod 4

(2) )
(3) t=4ifk=1 (mod 4), k#5 and n =0,3 (mod 4);
(4) )

4) ¢ =4if k=2 (mod 4), k # 6 and n is even.

Proof. In each case there exists an integer Heffter array having a row or a column contain-
ing a (not necessarily proper) subset of size ¢ whose sum is zero. Hence the result follows
by Proposition 2.1. In the following table we summarize where the results on classical
Heffter arrays having the above property have been obtained. Note n and k represent
congruence classes modulo 4.
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Ln\k ]

0

1

2

| 3

0 || Theorem 2.1 [3] | Theorem 4.3 [11] | Theorem 2.1 [3] | Theorem 3.11 [3]
1 || Corollary 2.4 [3] Theorem 3.5 [3]
2 || Theorem 2.1 [3] Theorem 2.1[3]

3 || Corollary 2.4 [3] | Theorem 3.3 [11]

0

Remark 2.4. In the cases not considered by the constructions in the previous table, it
is not immediate to understand if there exists a row or a column of the array containing
a proper subset summing up to zero. Hence one should check all the constructions into
details, but this is not aim of this paper.

Remark 2.5. Given a Heffter array A, let S be a set of rows and columns of A. For
every row R; € S, we replace each element r € R; with Fr and for every column C; € S,
we replace each element ¢ € C; with £c. Note that, if an element z belongs to both a
row R; and a column C; of S, we replace it with +(Fz) = —x. Then the result is a weak
Heffter array. Clearly, the set S may contain no rows or no columns.

Example 2.6. Let A be the H(8;6) of Example 2.2 and set S = {R3, Ry, Cs}. Following
previous remark, starting from A we get the following WH(8;6).

“1[ 5 2] =71 —9]+10
3 -4 —6 8 11|F12
+13 | 717 | ¥14 | 19| +£21 | ¥22
F15 | £16 | £18 | —20 | 723 | £24
—33] 34 —25 [ 4+29| 26| —31
35 | —36 27 | ¥28 [ =30 | 32
38| —43 | —45| 46 =37 41
—42 44| 47| —48 39 | —40

It is really easy to see that one can apply on the same array Proposition 2.1 and
Remark 2.5; for this reason we believe it is not necessary to write all the details, hence
we only present this idea in the following example.

Example 2.7. Let again A be the H(8;6) of Example 2.2. Note that {11,14, —25} is a
subset of Cs whose sum is zero. Set S = {R;,Cs}. Starting from A we get the following

WH(8;6).
-1 ) 2| =71 =9|+£10
3] —4| —6| 8|11 |7F12
—13 17| £14 | 719 | 21 22
15| =16 | =18 | £20 23| —24
—-33 34 F25 | £29 26| =31
35| —36 27| ¥28 | —30 32
T38| £43 | +45 | 746 137 | 741
—42 44 47 | —48 39 | —40
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Clearly all the arrays constructed with one of the techniques illustrated in this section
are, by definition, not strictly weak.

3 Necessary conditions for weak Heffter arrays and
non-existence results

In this section we present some non-existence results on (strictly) weak Heffter arrays. It
is important to underline that the existence of a strictly weak Heffter array is not always
granted. In fact, it seems that, despite having a higher degree of freedom in the choice of
the signs of the elements in the array, strictly weak Heffter arrays are as difficult to find
as classical ones.

Furthermore, it may happen that there exists a Heffter array but not a strictly weak
Heffter array with the same parameters, as shown in the following remark.

Remark 3.1. By Theorem 1.4 an H(n; k) exists for any n > k > 3. On the other hand we
have checked, with the aid of a computer, that no strictly WH(n; 3) exists when n = 3, 4.

Remark 3.2. We point out that if there is no weak Heffter array this means there is also
no classical or strictly weak Heffter array with the same parameters. While if there is no
strictly weak Heffter array, this gives no information about the existence of a classical or
weak Heffter array with the same parameters.

We start with a preliminary consideration.

Proposition 3.3. A weak Heffter array WH(m,n;h, k) has either 0 or at least 3 cells
containing distinct row and column signs.

Proof. In this proof given an array A by aﬁ (respectively, ag) we denote the element of A
in the position (4, j) with its row (respectively, column) sign. Also, by >~ A (respectively,
3" AY) we mean the sum of all the elements in A with their row (respectively, column)
sign. Set I = {(¢,7) | af} # al}. If Ais a WH(m, n; h, k), then the sum of all its elements
is zero in Zouky1. Hence

ZAR:ZACEO (mod 2nk + 1),

which implies
2 Z af} =0 (mod 2nk +1).
(i,9)el
From this, it follows that || # 1 since 0 ¢ A and Zs,4+1 does not contain the involution.

Also |I| # 2 since A does not contain opposite elements and, again, the involution does
not exist. The thesis follows. O

In the remainder of this section we propose some non-existence results for weak Heffter
arrays and we compare the existence of classical and strictly weak Heffter arrays for the
same given class of parameters.
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Remark 3.4. A weak relative Heffter array cannot have exactly one cell with different
row and column signs since it does not contain 0 and the involution (if it exists). On the
other hand, a weak relative Heffter array may have exactly two cells with different row
and column signs, as in the following WH(4; 4) derived from Example 1.4 of [7]:

+1| =7|-16| 22
+23 2| =8| —-17
—-13| 19 41 -10
—11|-14| 20 5

To present our non-existence results we have to recall that the rows and the columns of
a (weak) Heffter array give two Heffter systems. Here we present a generalized definition
in which we consider a non-trivial subgroup of a cyclic group.

Definition 3.5. A Heffter system D;(v; k) is a set of zero-sum k-subsets (called blocks)
of Z, such that for every = € Z, \ J, where J is the subgroup of Z, of order ¢, exactly one
of each pair {x, —x} is contained in exactly one block.

If t = 1 we find the classical concept of a Heffter system, see [13].

It is clear that given a subgroup J of Z,, the existence of a Heffter system on Z, \ J is
a necessary condition for the existence of a (weak) Heffter array on Z, relative to J. This
fact leads us to generalise the statement of Lemma 3.3 of [7] and to obtain a non-existence
result of weak Heffter arrays for an infinite family of parameters.

Lemma 3.6. There is no Heffter system Ds,(9n;3), for every n > 3.

Proof. Assume that there exists such a Heffter system, denoted by D. It is easy to see
that its support is {1,2,3,..., 2]} \ {3,6,9,...,3[%]}.

For every triple {a,as,a3} € D, the sum of its elements must be zero in Zg,, and
since none of them can be equal to zero modulo 3, they must belong to the same residue
class modulo 3.

Moreover, as for every element a in D its opposite —a is not contained in D, we may
assume that every triple of D contains elements all congruent to 1 modulo 3. In fact, if
any given triple {aq,as,a3} € D is such that a; = 2 (mod 3), i = 1,2, 3, then one can
construct another Heffter system D’ by substituting {a, as, a3} with {—ay, —as, —as}.

However, the elements in Zg, \ J equal to 1 modulo 3 are:

-4 9n-—2
2 72
-5 9n—-1

2 2

{1,—2,4, —5,7,—8, ..., } if n is even,

{1,—2,4, —5,7,—8,..., } if n is odd.

It is then evident that, in any case, these elements cannot sum to zero in Zy,, giving a
contradiction. O

Proposition 3.7. There is no WHj,,(n; 3) for every n > 3.
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Proof. The result immediately follows from the previous lemma. O

We point out that there are examples where there exists exactly one Heffter system
with some given parameters. Hence, also in these cases, it is not possible to construct
a Heffter array, neither classical nor weak. Finally, the existence of at least two Heffter
systems is not a sufficient condition for the existence of a Heffter array; see Proposition
3.10.

Now, as a consequence of Remark 3.1, we believe that it is interesting to study the
existence problem of a WH;(n; 3) when n = 3,4 for every admissible ¢. Firstly, we present
the following result whose proof relies on the fact that, if we are working in Z or in Z, with
v even, the array must contain an even number of odd numbers. The proof is omitted
since it is similar to that of Proposition 3.1 of [7].

Proposition 3.8. Suppose there exists an integer WH;(n; k), or a non-integer WH;(n; k)
with ¢ even.

(1) If ¢t divides nk, then

nk=0 (mod4) or nk=-t==+1 (mod4).

(2) If t = 2nk, then k must be even.

(3) If t # 2nk does not divide nk, then

t+2nk=0 (mod 8).

Proposition 3.9. There exists
(1) an Hy(3;3) if and only if t = 1, 3, 6;
(2) a strictly weak WH;(3;3) if and only if ¢t = 6.

Proof. Since t has to divide 2nk = 18, it may assume only values 1,2,3,6,9,18. We
already know that a WH;(3;3) does not exist for ¢t = 2, see Proposition 3.8(3), for t = 9,
see Proposition 3.7, and for ¢ = 18, see Proposition 3.8(2). Hence for these values of the
parameters not a classical or a strictly weak Heffter array can exist (see Remark 3.2).

(1) The existence of an Hy(3;3) is known for ¢ = 1, see Theorem 1.4, and t = 3, see
Theorem 1.5 of [7]. The following is an Hg(3;3):

1 2 | =3
9 |10
—6|—11| =7

(2) For t = 1 a strictly WH;(3;3) does not exist by Remark 3.1. For ¢t = 3 there are
only the following four Heffter systems D3(21; 3):

D, = {{1,2,-3},{4,8,9},{5,6,10}},
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D, = {{1,4,-5},{2,8,-10},{3,6,—9}},
D3 = {{1787_9}7{2737_5}7{4v6a_10}}7
Dy = {{1,9,-10},{2,4,—-6},{3,5,—8}}.

We have checked, with the aid of a computer, that using them it is not possible to construct
a strictly weak Heffter array. Finally, the following is a strictly WHg(3;3):

1 2 | =3
+9 | =10
—6 | F7 | —11

The source code for every computer search that has been performed in this proof is
available at: https://www.combinatorics.org/ojs/index.php/eljc/article/view/
v31i1p8/v31ilp8data. O

Proposition 3.10. There exists
(1) an H¢(4;3) if and only if ¢ = 1,2, 3, 4, 6;
(2) a strictly weak WH;(4;3) if and only if t = 2, 4.

Proof. Since t has to divide 2nk = 24, it may assume only values 1, 2,3,4,6,8,12,24. We
already know that a WH,(4;3) does not exist for t = 12, see Proposition 3.7, and for
t = 24, see Proposition 3.8(2). Furthermore for ¢ = 8 there exists exactly one Heffter
system Dg(32;3), that is

D = {{3,10,—13},{6,5,—11},{2,7, =9}, {1, 14, —15}} .

Hence for all these values of the parameters neither a classical nor a strictly weak Heffter
array can exist.

(1) The existence of an H;(4;3) is known for ¢ = 1, see Theorem 1.4, and t = 3, see
Theorem 1.5 of [7]. The following are an Hy(4;3), an Hy(4;3) and an Hg(4; 3):

-1 9 =8 —1]|-5|6 1 |=7]6

12 | =2 —10 —10| 2 8 -9 11| -2
71 3 4 11 13 4 3 13| 14

—11 5 6 319 |—12 8 | 4 —12

(2) For t =1 a strictly WH;(4; 3) does not exist by Remark 3.1. The following are a
strictly WHy(4;3) and a strictly WH4(4; 3):

1] 2 [ -3 1 [—4] 3
1 F10| 6 10 | ¥2| -8
—5| F9 F12 F12 5| —11

—11| -7 | ¥8 —13-6 —9
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For t = 3,6 there are respectively 9 and 10 Heffter systems D;(24 + ¢;3), and we have
checked using a computer that it is not possible to construct a strictly WH;(4; 3) starting
from them.

The source code for every computer search that has been performed in this proof is
available at: https://www.combinatorics.org/ojs/index.php/eljc/article/view/
v31i1p8/v31ilp8data. O

4 An infinite class of strictly weak Heffter arrays

In this section we construct an infinite family of strictly weak Heffter arrays for a class of
parameters for which, at the moment, the existence of a Heffter array is unknown.

In [7] the authors, after having introduced the concept of relative Heffter arrays, have
obtained the following almost complete result for the integer square case with t = k.

Theorem 4.1. Let 3 < k < n with k£ # 5. There exists an integer Hy(n; k) if and only if
one of the following holds:

(1) kis odd and n = 0,3 (mod 4);
(2) k=2 (mod 4) and n is even;
(3) k=0 (mod 4).

Furthermore, there exists an integer Hs(n;5) if n = 3 (mod 4) and it does not exist if
n=1,2 (mod 4).

Note that for £ = 5 the existence problem of integer relative Heffter arrays Hs(n;5)
has been proved only for n = 3 (mod 4), leaving the case n = 0 (mod 4) open. For this
class in [7] there are only two examples for n = 8 and n = 16. Here we focus on this open
case and we prove that there exists a strictly weak integer WHj(n;5) for every n = 0
(mod 4), with n > 12.

The construction we are going to present is based on filling in the cells of a set of
diagonals. We recall that, given a square array of order n, for ¢ = 1,...,n, the i-th
diagonal is so defined D; = {(4,1), (i+1,2),...,(i—1,n)}. All the arithmetic on row and
column indices is performed modulo n, where the set of reduced residues is {1,2,...,n}.
The diagonals D;, D;i1,...,D;. .1 are k consecutive diagonals. Given n > k > 1, a
partially filled array A of order n is k-diagonal if its non-empty cells are exactly those
of k diagonals. Furthermore, if these diagonals are consecutive A is said to be cyclically
k-diagonal.

Many of the known square Heffter arrays have a diagonal structure which has been
shown to be useful for recursive constructions and for applications to biembeddings. In ad-
dition, this diagonal structure has been extremely useful in computer searches for Heffter
arrays. In [11] the authors introduced the following concise notation to describe a diag-
onal array; we point out that this notation has been used in several subsequent papers
including [7, 9]. This procedure for filling a sequence of cells on a diagonal is termed diag
and it has six parameters, as follows.
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Let A be an n x n partially filled array; then, the procedure diag(r,c, s, Ay, Ao, ) fills
the entries
A[T+iA1,C+iA1]:S+iA2 for i € [O,g—l]

The parameters used in the diag procedure have the following meaning:

e 7 denotes the starting row,

¢ denotes the starting column,

e s denotes the entry Alr, ],

e /A, denotes the increasing value of the row and column at each step,
e A, denotes how much the entry is changed at each step,

e / is the length of the chain.

In the following, given two positive integers a,b with a < b, by [a,b] we denote the set
{a,a+1,...,b}. We are now ready to present the main existence result of this section.

We remark that in Example 4.3 we follow step by step the construction illustrated in
the proof of the following theorem. Hopefully it can help the reader to understand the
idea developed in the proof.

Theorem 4.2. There exists a strictly weak integer WH;(n;5) for every n = 0 (mod 4)
with n > 12.

Proof. We begin by considering the integer cyclically 3-diagonal Hz(n;3) with n = 0
(mod 4) constructed in Proposition 5.3 of [7], so let A be the n x n array built using the
following procedures labeled A to J:

A diag (2,2,1,1,1,%5%); B: diag (8,20 —ntd 1 o4y,
C: diag (2,1,~%54,2,-1,3); Do diag (3,2, 22,2, -1,254)

£ diag (1,2,%,2,-1,%): e diag (2,3, 25,2, 1, 15);

G diag (32, 75, % 2,1,%)- He diag (55,150, %21, 554
T: diag (45,150, 50,21, 8) 3+ diag (50, 25, 70,21, )

We also fill the following cells of A in an ad hoc manner:

Al 1] = %, Az, 2] =n, Alp ni2] = T
Al g) = -t A[ReR]ond o algap] oD
Al m}z 9”4*87 A["T*“,%‘*]z—%-

Note that the filled cells of A are exactly those of the diagonals Dy, Dy and D,,. Also,
it is easy to see that:

supp(D1) = [1, 7]
supp(Do U Dy) = [n+1,3n 4+ 1]\ {2n + 1}.
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Consider now the matrix B obtained from A by adding 4n + 2 to the positive elements
of Dy and —(4n + 2) to the negative elements of D;. Since we have only changed the
elements in the main diagonal of A, it follows that the total sum of the i-th row of B
is equal to the total sum of the i-th column of B, for every i € [1,n]. In particular,
their sum is 4n + 2 if i € [2,2 + 1], and —(4n + 2) if i € {1} U [2 + 2,n]. Clearly now
supp(Dy) = [4n + 3,5n + 2], while the support of Dy and D,, is unchanged. Hence

supp(B) = [n+1,2n| U [2n + 2,3n + 1] U [4n + 3,5n + 2].
Consider the following arrays:

[+l 4n+1 NEICES) _
Aﬁ__LAn ;2]’ ”6"{73+1 i(giz)

andforanyz'e{3,5,7,...,%—1}U{%+3,%+5,...,n—1},deﬁneMi to be:

[ i+l dntl—
P 4n 2 i

SetI:{1,2}U{3,5,7,...,%—1}U{%+3,%+5,...,n—1}. It can then be seen that

supp (U Mz> =[1,n] U [3n+ 2,4n + 1].

el

Now starting from B we construct a new array C' by adding to B the arrays M; in the
following positions. The elements of the array M, are inserted in the positions (1,5 + 1),
(1,5 +2), (2,5 +1), and (2,5 + 2). Those of the array M, fill the positions (5 + 1,1),
(5+1,2), (5 +2,1), and (5 +2,2). Then, for all i € {3,5,7,...,5 — 1} we insert the
elements of FM/; in the positions (¢, 5 +14), (4,5 +i+1), (i +1,5+1), i+ 1,5 +i+1).
Finally, for all i € {% + 3,...,n — 1} the elements of the array +M,", where by M we
mean the transpose of M;, are inserted in the positions (i,i—%), (i,i—5+1), (i+1,i—7%),
(i+1,i—5+1).

Note that, in such a way, we added two filled cells in each row and each column. Hence
every row and every column of C' has exactly 5 filled cells. Also note that

supp(C) = supp(B) U supp (UierM;) = [1,5n 4+ 2]\ {2n + 1,4n + 2}.

Now, notice that the ordered list of the sums of the rows of this new array C, that is
the same of the sum of its columns, is:

(0,0,...,0,+1,+1,+1, —1,+1,—1,...,+1,—1). (4.1)
‘,—/ ~ /
n/2 elements n/2 — 2 elements

To conclude the construction, we need to exchange some elements belonging to the
main diagonal of C'. In particular, for every i € {§ + 3,5 +5,...,n — 1} we exchange
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the element Cli,s] with C[i + 1,7 + 1]. Finally, in the position (5 + 1,5 + 1) we put
—C[% +2,% + 2] and in the position (5 + 2,5 +2) we put —C[5 + 1,5 +1].

Clearly, the support of this new array is nothing but the support of C'. The property
that now the total sum of the rows and the columns is zero follows by combining these
last assignments with Equation (4.1). O

Example 4.3. In this example we follow step by step the proof of Theorem 4.2 to con-
struct a strictly WH5(12;5).

Firstly, let A be the H3(12;3) obtained by applying the construction of Proposition
5.3 of [7] (for convenience we have highlighted its subdivision into 2 x 2 blocks):

—5| 18 —13
-32| 1] 31
—19 2] 17
=33 3| 30
—20 4] 16
—34| 12| 22
—28 7] 21
-29| -6 35
-15| -8 23
—27| -9 36

—14 ] -10] 24

37 —26 | —11

We now construct the array B obtained from A by adding 4n + 2 = 50 to the positive
elements of D; and —50 to the negative ones:

—-55| 18 —13
—-32| 51 31
19 52| 17
-33| 953 30
—20| 54| 16
34| 62 22
—28 | 57 21
—-29 | —56 35
—15 || —58 23
—27 | —59 36

—14 || =60 24

37 —26 | —61

Consider the arrays M; for i € {1,2} U {3,5} U {9, 11}:
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Mlz[:lzl 49}’ MQ:{:W —42}’ M3:{4 46]’

—48 F2 43  £8 A7 3
6 44 10 40 12 38
M5:[45 5}’ Mg:Ll 9}’ M”:[?,g 11]'
We then insert the elements of these arrays in B obtaining the new array C"
—55 18 +1| 49 —13
—32 51 31 —48 | F2
—19 52 17 F4 | 746
33| 53 30 FA7T | F3
—20 54 16 F6 | 744
34| 62 22 F45 | F5
FT| —42 —28 57| 21
43 | +8 —29 | —56 35
+10 | £41 —15| =58 | 23
+40 | +9 —27| =59 36
+12 | £39 —14 || —60| 24
37 +38 | +£11 —26 | —61

Notice that the ordered list of the total sum of the rows and that of the columns of C is:
(0,0,0,0,0,0,+1,+1,4+1,—1,4+1, —1).

Hence, we need to apply the final readjustment of some elements of the main diagonal of
C' to gain the zero sum on every row and column (see the elements in bold):

—55| 18 +1 49 —13
—-32 ] 51 31 —48 | F2
—19 52 17 F4 | F46
—33| 53 30 F47 | F3
—20 54 16 F6 | F44
—34| 62 22 F45| F5
FT7| —42 —28 56 21
43| £8 —29 | =57 35
+10 | +41 —15 || —59 23
+40 | £9 —27 | —58 36
+12 | 39 —14 || —61 24
37 +38 | £11 —26 | —60

It can now be seen that the obtained array is a strictly WH5(12;5).
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5 The Archdeacon Embedding

This section focuses mainly on the connection between partially filled arrays and embed-
dings. To explain this link, we first recall some basic definitions, see [14, 15].

Definition 5.1. Given a graph I' and a surface X, an embedding of I in ¥ is a continuous
injective mapping ¢ : I' — X, where I' is viewed with the usual topology as a 1-dimensional
simplicial complex.

The connected components of ¥\ ¥(I") are said -faces. Also, with abuse of notation,
we say that a circuit F' of I is a face (induced by the embedding 1) if ¢)(F') is the boundary
of a ¢-face. Then, if each 1-face is homeomorphic to an open disc, the embedding 1 is
called cellular.

Following [12] (see also page 106 of [15] which uses the same notations of this paper),
we provide an equivalent, but purely combinatorial, definition of graph embedding into a
surface. Here, we denote by D(I") the set of the oriented edges of the graph I' and, given
a vertex x of I', by N(I', z) the neighborhood of x in I

Definition 5.2. Let I" be a connected multigraph. A combinatorial embedding (sometimes
called rotation scheme) of I' is a triple Il = (I',¢,p) where € : E(I') — {—1,1} and
p: D(I") — D(I") satisfies the following properties:

(a) for any y € N(I', z), there exists ¢y’ € N(I', z) such that p(z,y) = (z,v'),

(b) we define p, as the permutation of N(I',z) such that, given y € N(I', x), p(x,y) =
(2, pz(y)). Then the permutation p, is a cycle of order |N (I, x)|.

If properties (a) and (b) hold, the map p is said to be a rotation of T,

Then, as reported in Theorem 3.2.2 of [12] (see also Theorem 3.3.1 of [15]), a combina-
torial embedding IT = (T, ¢, p) is equivalent to a cellular embedding ¢ of I' into a surface
Y. Now we revisit the definition of the Archdeacon embedding from [1] in the case of
weak Heffter arrays. We first introduce some notation. Given a partially filled array A,
we denote by £(A), E(R;), £(C;) the list of the elements of the filled cells of A, of the
i-th row and of the j-th column, respectively. By wp, and wc, we mean an ordering of,
respectively, £(R;) and £(C;). We then define by w, = wg, o owp,, the ordering for
the rows and by w. = we, o -+ owg, the ordering for the columns.

Example 5.3. Let A be the weak Heffter array WH(3,4) of Example 1.3:
1| =7 —6 |12

—4 [ +10 | F8
—3[F11| 29 | 5

We have that
E(A)={1,-7,-6,12,2,—4,4+10, F8, -3, F11,+9,5}.

Recalling that the rows (resp. columns) are obtained by considering the upper (resp.
lower) signs, we have that
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E(Ry) ={1,-7,-6,12}; E(Cy) ={1,2,-3}
E(Ry) ={2,-4,410,-8};  £(Cy) ={-7,—4,+11};
E(R3) ={-3,-11,49,5};  &£(C5) = {—6,—-10,—-9};

E(Cy) = {12,+8,5}.

Here if we consider the natural orderings, from left to right for the rows and from top
to bottom for the columns, we have that

WR, = (17 _77 —0, 12)7 we, = ( ;
WRy, = (2? —4,+10, _8); Weo, = (—7, —4, +11),
wry = (=3, —11,49,5);  we, = (6

(

It follows that

w, = (1,-7,-6,12)(2, —4,+10, —8)(—3, —11, 49, 5)
and

we = (1,2, -3)(=7,—4,+11)(—6,—10, —9) (12, +8, 5).

Let A be a WH(m,n; h, k), we denote by ©(A) the m x n array obtained by deleting
from A the elements of type £ or F2. Then we denote by 2(A) the complement of ©(A)
in A. We note that

Zonk+1 \ {0} = £E(O(A)) UE(Q(A)).

Therefore, we can define the map A : Zopii1 \ {0} — {1, —1} such that

 [1ifa e +E(O(A));
Aa) = {—1 if a € £(Q(A)).

Example 5.4. We consider again the array A of Example 1.3. Here we have that:

1 [=7][—6]12
O(A) =2 |4 Q(A) = £10 | ¥8
—3 5 11| £9

Note that, since A is a WH(3,4),
Zos \ {0} = £E(O(A)) U E(Q(A)).
Here we have that A(z) = 1 whenever x € +{1, -7, —6,12,2, —4, —3,5} and —1 otherwise.

Definition 5.5. Let A be a WH(m,n; h, k) and let us consider the ordering w, for the
rows and w, for the columns. Note that we can assume, without loss of generality, that
the cell (1,1) is filled. We denote by a; the element contained in the cell (1,1), considered
with its row sign so that w,(a;) and w;*(a;) are well-defined. Then, we define recursively

{—wé‘i(/\(ai)ai) if 7 is odd;
Ait+1 =

0.1
whi(—=N(a;)a;) if i is even (5:1)
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where p; = A(ap) and

— Wi if )\(az+1) = —1.

From now on we will use the notation (b;) to indicate the sequence of elements (by, bo, ... ).
In this discussion we prefer to avoid introducing the concept of a current graph, but, follow-
ing [1], the sequence (a;) obtained from Equation (5.1) defines the face in the embedding
of the current graph constructed (with the face-tracing algorithm, see page 115 of [12] or
page 93 of [15]) starting from the edge associated with a,. Here, using the notations of [1],
the sequence (u;) defined in Equation (5.2) keeps track of the local sense of orientation
(that is either anticlockwise or clockwise).

Proposition 5.6. Given a WH(m, n; h, k), the following facts are equivalent:
(1) The sequence ((a;, i1;)) has period 2nk;
(2) The first 2nk elements of (a;u;) are all distinct;
(3) The sequence (a;u;) has period 2nk;
(4) The sequence ((ag;+1, fto;+1)) has period nk.

Proof. Let A be a WH(m, n; h, k). Firstly, note that from Equation (5.1), it follows that:

P {—)\(wr_““(ai))wr_““(ai) if 4 is odd; (5.3)

Mwe "7 (=ay))we "7 (—ay) if 4 is even.

(1) = (2). Let us suppose, by contradiction, that (1) holds but (2) does not. This means
that there exist ¢ and j, with 2nk > j > i > 1 (which implies j — ¢ < 2nk), such that
a;it; = a;jt;. Also, let ¢ and j be indexes with this property with minimum difference.
Due to the definition of the sequences (a;) and (y;), if a; = a;, pt; = p; and i = j (mod 2),
then T'| (j — i) where T' = 2nk is the period of the sequence ((a;, 1;)). Moreover, because
of the definition of (a;), if @; = —a; we must have that ¢ # j (mod 2). In both cases, if
a;p; = ajpy and j — i < 2nk, we must have that ¢ # j (mod 2). Furthermore, since in
each row and each column we have more than one element, j —7 > 1.
Here we have four possible cases:

) (@i, pi) = (aj, pj), @ is odd and j is even;
) ( ) = (aj, itj), 7 is even and j is odd;

c¢) (ai,pi) = (—aj,—p ), i is odd and j is even;
) (@i, ) = (

—a;, —f4;), @ is even and j is odd.
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Note that the first two cases can occur when a; = a; € £(€2(A)) while the latter two cases

when a; = —a; € £E(O(A)).

CASE a). Let us assume (a;, pt;) = (a;, ;) where ¢ is odd and j is even. Then

i1 = —wi (Mag)a;).

Since piy1 = A(—w# (A(a;)a;)), it follows that

ip1pivr = —wh (A(aq)a) A (—wl' (Mas)a;))-
Moreover, since a; € £(2(A)), A(a;) = —1, and hence we have that

Qi1 fiv1 = —wh' (—ag) A (—wi (—as)).
On the other hand, we have that
aj—1 = Mw "7 (—aj) w9 (—ay).

Also, since a; € E(QUA)), uj = —pj—1 and hence

aj 1ptj—1 = — iAW’ (—ay) )wi’ (—ay).

Finally from (a;, it;) = (a;, pt;) and A(—w”i(—a;)) = AMwt(—a;)), it follows that:

aj-ipij-1 = —pANwe? (—a;))wi (—a;) = = A (—wl (= a;) )l (—a;) = Qip1ftiv1-

Note that this is a contradiction since we are assuming that ¢ and j are at a minimal

distance and j —1 > 1.

CASE b). Let us assume (a;, ;) = (a;, ptj) where ¢ is even and j is odd. Then,

i1 = wy' (= Aai)a;).
Since i1 = A (whi (—A(a;)a;)) and A(a;) = —1, we have that
Qi1 i1 = M wy (@) )wp (a;).
On the other hand we have that
aj1 = —Mw, "7 (az))w, 7 (ay).
Also, since a; € £(2(A)), pj = —pj—1 and hence
aj_1pj—1 = pA(wp (a;))wi (ag).

Finally from (a;, pt;) = (a;, p1;), it follows that:

aj-1tj-1 = piAwy? (a;))wr? (a;) = pdwp (a;))wy (ai) = aip1pisr-
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Note that this is a contradiction since we are assuming that ¢ and j are at a minimal
distance and j —1 > 1.
CASE c¢). Let us assume (a;, it;) = (—a;, —t;) where i is odd and j is even. Then

a1 = —wg' (Mag)ai).

Since i1 = A (—whi(A(a;)a;)) and A(a;) = 1, we have that

i frir = —wi (@) A (—wi (as)).

On the other hand, we have that

aj—1 = Mw 7 (—a;) w9 (—ay).

Also, since a; € £E(O(A)), pn; = pj—1 and hence
aj-1pj-1 = piA(w, " (—a;))w, " (—ay).
Finally from (—a;, —p;) = (a;, ;) and A(—wh(—a;)) = AMw* (—a;)), it follows that:
aj-1pj—1 = piA w9 (=ay))we " (—as) = —pA(—wi (a;))wh (i) = Qi1 phivr-

Note that this is a contradiction since we are assuming that ¢ and j are at a minimal
distance and j — i > 1.
CASE d). Let us assume (a;, y1;) = (—a;, —p1;) where ¢ is even and j is odd. Then,

a4 = W (=XNa;)a;).

Since g1 = A (whi(—A(a;)a;)) and A(a;) = 1, we have that

Qg1 i1 = A (Wp (—ag) Jwp (—a;).

On the other hand we have that

051 =~ () (o).

Also, since a; € £E(O(A)), pu; = p;—1 and hence
aj_1ptj—1 = —piA(w, " (a5))w, " (aj).
Finally from (—a;, —p;) = (a;, i1s), it follows that:
aj-1pj—1 = —piAw, 1 (a5) w9 (a5) = A (wp (—ai) )wp (—ai) = aipapivr.

Note that this is a contradiction since we are assuming that ¢ and j are at a minimal
distance and j — i > 1.

Therefore a;p; = a;p; can hold only assuming j = ¢ (mod 2) and hence, as noted
above, (a;, ;) = (aj, ;). It follows that (a;is, ptive) = (ajte, f1j+¢) for any positive integer
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¢, which means that 7" | (j — i) where T' = 2nk is the period of ((a;, x;)), but this is
in contradiction with the assumption that 2nk > j > ¢ > 1. Thus, assuming (1), i.e.
T = 2nk, the first 2nk elements of (a;u;) are distinct.

(2) = (3). Assuming that (2) holds, the first 2nk elements of (a;u;) are different.
Hence the period T” of (a;u;) is larger than or equal to 2nk. Let us consider the element
A2nk+1Monk+1- Oince it is a nonzero element of Zgpi11, it must be equal to a;u; for some
J € [1,2nk]. Moreover, due to the previous discussion, ag,k+1/2nk+1 = @;jft; can occur only
if j =2nk+1 (mod 2) and (a;, y1;) = (a;, pt;) which implies that 7" | (2nk + 1 — j) where
T is the period of ((a;, i1;)). Note that T' is a multiple of the period T" of the sequence
(a;p;). Tt follows that

2nk <T'<T <2nk+1—j < 2nk.

This can occur only if j = 1 and if the period of (a;u;) is exactly 2nk. Therefore also
property (3) holds.

(3) = (1). By hypothesis, aju1 = agngr1piank+1- Since also 2nk +1 =1 (mod 2), we
have that (CLl, /14) = (agnk_H, ,u2nk:+1) which implies that (a1+€7 ,u1+4) = (agnk+1+g, Nan+1+€)
for any positive integer ¢ and hence the period T of ((a;, ;) is at most 2nk. On the other
hand, since T is a multiple of the period T" of (a;u;), we have that

2nk >T > T = 2nk.

It follows that T is exactly 2nk and hence (1) holds.

(1) = (4). Since the period T of ((a;, p;)) is 2nk, we have that (ag;i1, p2i+1) has
period 7" that is a divisor of nk. On the other hand, given (agit1, ploit1) = (agj+1, H2j41)
since 20 +1 =25+ 1 (mod 2), we have that (agit+1+¢, f2it1+¢) = (A2j4+140, f2j+1+¢) for any
positive integer ¢. It follows that 2(j — ¢) is a multiple of the period T' = 2nk of ((a;, 1))
and hence (j — i) > nk. Therefore the period of (agii1, fioit1) is exactly nk.

(4) = (1). Since the period 7" of (ag;41, ptoit+1) is nk, then the period T of (a;, p;) must
be a multiple of 2nk. Moreover, since (agnkt1, k1) = (a1, 1), and 1 = 2nk+1 (mod 2),
we have that (agnkr14e, fonkt11e) = (@110, 14¢) for any positive integer £. Therefore, the
period of (a;, p;) must be exactly 2nk. O

Now we can use the sequence ((a;, f4;)) in order to generalize the definition of compat-
ible orderings given in [1].

Definition 5.7. Let A be a WH(m, n; h, k) and consider the ordering w, for the rows and
w, for the columns. Let ((a;, 11;)) be the sequence of Definition 5.5. Then we say that w,
and w, are compatible whenever (1), (2),(3), (4) of Proposition 5.6 are satisfied.

Definition 5.8 (Archdeacon embedding). Let A be a WH(m,n; h, k) that admits com-
patible orderings w, and w.. According to Proposition 5.6, the following list can be seen
as a cyclic permutation of Zg,x41 \ {0}

Po = (Mlaly Ha@2, . . . ,NznkGan)-
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Then we define the map p on the set of the oriented edges of the complete graph
Koppiq as follows

Clearly, given compatible orderings w, and w,., the map p is a rotation of Ko, p11.
Note that, considering the list L = (aq, aq, . .., ao,1), we may have repetitions. So we

define the map € : E(Kyp11) — {—1, 1} as follows:

1 if a appears once in L:
ppe ; (5.5)
—1 otherwise.

e(r,x+a)= {

Archdeacon [1] proved that the following theorem holds.

Theorem 5.9. Let A be a WH(m, n; h, k) that admits two compatible orderings w, and
we. Then there exists a cellular biembedding v of Ks,.1, such that every edge is on a
face whose boundary length is A and on a face whose boundary length is k. Moreover, 1
is Zopk+1-regular.

We are also interested in describing the faces (and their lengths) induced by the
Archdeacon embedding under the condition of Theorem 5.9.

For this purpose, we take a WH(m, n; h, k) that admits two compatible orderings w,
and w.. Now, one could determine the faces of the associated Archdeacon embedding with
the face-tracing algorithm. On the other hand, since this embedding can be seen as a
special case of derived embedding from current graphs (see Section 5.2 of [1]), Archdeacon
described their expressions applying Theorem 4.4.1 of [12]. More precisely, given a € E(R)
for a suitable row R, the oriented edge (x,z + a) belongs to the face F; whose boundary
is

k—2
(x,x+a,x+a+wr(a),...,x+2wi(a)> . (5.6)
=0

Let us now consider the oriented edge (z,x + a) with —a € £(C) for a suitable column
C. Then (x,z + a) belongs to the face F;, whose boundary is

(x, T+ Z_:wc_i(—a), T+ z_:wc_i(—a), ce, T wc_l(—a)) . (5.7)

Example 5.10. Let A be the weak Heffter array WH(3,4) of Example 1.3:

1] —7] =612
—4 [ +10 | 8
—3[F11| 29 | 5

On the rows of A, we consider the natural orderings (from left to right). Similarly we
consider the natural orderings (from top to bottom) on the columns C3 and Cy, and its
opposite on C; and Cy. Here we have that the sequence (aq, ..., as) is

(1,3,-11,7,1,—2,-8,—5,-3,—-2,—4,7,—6,10, -4, —-11,9, 10, —8,—12,—6,9,5, —12)
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while (g1, ..., jo4) 18
(1,1,-1,-1,-1,-1,1,1,1,1,1,1,1,-1,-1,1,—-1,1,-1,—-1,—-1,1, 1, 1).
It follows that the rotation pg is given by the cycle:
(1,3,11,—-7,-1,2,-8,-5,—-3,—-2,—4,7,—6,—10,4, —11, -9, 10, 8,12,6,9,5, —12).

Finally, in order to define the embedding, we need also to define the map € : E(Kopgi1) —
{—1,1}. According to Equation (5.5), this map acts as follows:

1ifa € £{3,5};

—1 otherwise.

e(r,xr+a)= {

6 An infinite class of non-orientable embeddings

Embeddings of Archdeacon type into orientable surfaces have been considered by several
papers (see, for instance, [5, 8, 9, 10]) but, apart from a single example exhibited in
[1], no one has investigated such embeddings in the non-orientable case yet. For this
reason, in this section, we aim to present an infinite family of non-orientable embeddings
of Archdeacon type which arise from weak Heffter arrays.

6.1 Crazy Knight’s Tour Problem

Proposition 5.6 leads us to consider the following problem which can be seen as general-
izing the original Crazy Knight’s Tour Problem proposed in [6]. Given a WH(m, n; h, k),
say A, by r; we denote the orientation of the i-th row; we write r; = 1 if it is from

left to right and r; = —1 if it is from right to left. Analogously, for the orientation of
the j-th column, we write ¢; = 1 if it is from top to bottom and ¢; = —1 if it is from
bottom to top. Assume that the orientations R = (rq,...,7,) and C = (cq,...,¢,) are

fixed. Now we consider the following tour on two identical copies of the array A that we
denote by A; and by A_;. More precisely, we first denote by Skel(A) the set of non-
empty cells of A. Then we index the nonempty cells of A; with the triples (i, 7, 1) where
(1,7) € Skel(A). Similarly, we index the nonempty cells of A_; using the triples (7, j, —1)
where (i,j) € Skel(A). Finally, given a cell (i, 7,t) in the array A; (here t is either 1 or
—1) we consider the moves:

1) Lg(i,j,t) is the cell (7, 7’,t") where 5’ is the column index of the filled cell of the row
R; following (4, j) in the orientation 7! and ¢’ =t if (i,j") € Skel(©(A)) and t’ = —¢
if (7,j") € Skel($2(A)).

2) Le(i,7,t) is the cell (¢, j,t') where ¢’ is the row index of the filled cell of the column
C; following (7, j) in the orientation ¢ and t' = t if (i', j) € Skel(©(A)) and t' = —t
if (i, j') € Skel(Q(A)).

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(1) (2024), #P1.8 23



Then, assuming (1,1) € Skel(A) and setting

. {1 if (1,1) € Skel(O(A))

—1 otherwise

we consider the list
Ler = ((1,1,1), Lr o Le(1,1,1), ..., (Lg o Le)*(1,1,1))

where / is the minimum value such that (Lz o L¢)**1(1,1,¢) = (1,1,¢). The problem we
propose here is the following.

Crazy Knight’s Tour Problem. Given a weak Heffter array A, do there exist C and
R such that the list L¢ g has length [Skel(A)|?

Clearly the Crazy Knight’s Tour Problem can be stated more generally for a partially
filled array A and it is denoted by P(A). Here, if L¢z has length |Skel(A)| we say that
(C,R) is a solution of P(A).

Example 6.1. Let A be again the WH(3,4) of Example 1.3. Since the arrays A; and
A_q are copies of A, we have that

1| =71 -6 12
Al = A_1 =| 2 —4 | £10 F8
=3 |F11| £9 | 5

Now we consider the orientations C = (—1,—1,1,1) and R = (1,1, 1). Then the list L¢ »
is given by:

((1,1,1),(3,2,-1),(1,1,-1),(2,4,1),(3,1,1),(2,2,1),(1,3,1), (2,2, —1),

(3,3,-1),(2,4,-1),(1,3,-1),(3,4,1)).

Since this list has length 12 = |Skel(A)|, it follows that (C,R) is a solution of P(A).

We can represent the orientations and the tour directly on the arrays A; and A_; as
follows: here the arrows represent the orientations (C, R on A; and their opposites on
A_4), we have highlighted in grey the cells of Skel(€2(A)), and the numbers represent the
positions of the cells in the tour.

T[] 4 AR
11

8

_>
_>
_>

1]

The relationship between the Crazy Knight’s Tour Problem and Archdeacon embed-
dings is explained by the following remark.
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Remark 6.2. If A is a WH(m,n;h, k) such that P(A) admits a solution (C,R), then
A also admits two compatible orderings w. and w, that can be determined as follows.
For each row R (resp. column C'), we consider wg to be the natural ordering if r; = 1
(resp. ¢; = 1) and its opposite otherwise. As usual we set w, = wg, 0 -+ o wg, and
We = We, © -+ 0we,. We consider now the sequence (a;) defined as in Equation (5.1)
starting from the orderings w.,w, associated with the orientations C and R. Because of
the definition of L¢ g, the element (7,7,t) in the ¢-th position of this list is such that
the cell (i,7) of A, considered with its row sign (i.e. its upper sign), contains age,; and
poer1 = t. It follows that, if the list Le g has length |Skel(A)| = nk, then the sequence
((@gi+1, ftoi+1)) has period nk. But, due to Proposition 5.6, this means that w, and w, are
compatible.

A consequence of this remark is that solutions of P(A) provide embeddings of complete
graphs; more precisely:

Theorem 6.3. Let A be a WH(m, n; h, k) such that P(A) admits a solution (C,R). Then
there exists a cellular biembedding 1 of Ks,;.1, such that every edge is on a face whose
boundary length is h and on a face whose boundary length is k. Moreover, 1 is Zanpi1-
regular.

Note that the embedding obtained from a solution (C,R) of P(A) via Theorem 6.3 is
exactly the Archdeacon embedding of Ks,x1 introduced in Definition 5.8 starting from
the compatible orderings w.,w, associated to (C,R).

6.2 Conditions of non-orientability

In this subsection we present infinitely many non-orientable embeddings of Archdeacon
type. Given a combinatorial embedding II = (T', €, p), we say that an edge e is of type 0 if
e(e) = 1, and of type 1 if ¢(e) = —1. We recall a general orientability criterion (see page
110 of [12]).

Theorem 6.4. A combinatorial embedding IT = (T, ¢, p) is orientable if and only if any
cycle C' of T" contains an even number of edges of type 1.

As a consequence, we can state here the following orientability criterion for embeddings
of Archdeacon type.

Theorem 6.5. Let 11 = (Kapi1,€, p) be an embedding of Archdeacon type. Then II is
orientable if and only if every edge of Ko7 is of type 0.

Proof. Let us suppose that every edge of Ky, is of type 0. Then, any cycle of Ky,r11
contains zero edges of type 1. Hence, by Theorem 6.4, the embedding II is orientable.

Now, suppose that there is an edge, say (z,Z + a), of type 1. Then, since the type
of (z,z + a) is independent from the value of z, we have that also the edges (Z + a, = +
2a), (T +2a,T+3a),... are of type 1. Denote by ¢ the additive order of a in Zg,1; since
|Zonk+1] is odd, we have that also ¢ is odd. It follows that the cycle

C:=(z,24+a,2+2a,...,24+ ({—1)a)
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contains an odd number (i.e. ¢) of edges of type 1. Hence, because of Theorem 6.4, II is
non-orientable. ]

Now we can state a non-orientability condition that refers to the problem P(A).

Proposition 6.6. Let A be a WH(m,n; h,k), let (C,R) be a solution of P(A) and let
IT = (Kopks1,€, p) be the associated Archdeacon embedding. If there exists (7,j) such
that both (4, 7,1) and (4, , —1) belong to L¢ , then the embedding II is non-orientable.

Proof. Let us suppose that both (i,7,1) and (4, j, —1) appear in the list L¢z. We may
assume that (7, j, 1) is in the ¢-th position of this list and (7, j, —1) is in the ¢-th one. Now
we consider the sequence (a;) defined as in Equation (5.1) with the orderings associated
with the orientations C and R. Because of the definition of L¢ z and since (4, j,1) is the
(-th element of this list, the element in the cell (7,7) of A considered with its row sign
(i.e. its upper sign) is agy1. On the other hand, since (4,7, —1) is the ¢-th element in
the list L¢ , the element in the cell (7, j) of A considered with its row sign is also agp 1.
Therefore, we have at least one repetition in the sequence (ag;41) and hence, because
of Definition 5.8, there exists at least one edge e such that ¢(e) = —1. It follows from
Theorem 6.5 that the embedding II is not orientable. O

Example 6.7. Let us consider again the weak Heffter array A of Example 1.3. We have
seen in Example 6.1 that the orientations C = (—1,—1,1,1) and R = (1,1,1) are a
solution of P(A). We recall that the list L¢ % is given by:

((1,1,1),(3,2,-1),(1,1,-1),(2,4,1),(3,1,1),(2,2,1),(1,3,1), (2,2, —1),

(3,3,-1),(2,4,-1),(1,3,-1),(3,4,1)).

Since both (1,1, —1) and (1,1, 1) appear in L¢ g, it follows from Proposition 6.6 that this
solution of P(A) induces a non-orientable embedding of Ky of Archdeacon type.

Now we recall an existence result of classical Heffter arrays that will be used later to
obtain weak Heffter arrays and an infinite class of non-orientable embeddings of Archdea-
con type.

Remark 6.8. As reported in Theorem 1.5, an H(m,n) exists if and only if m,n > 3. In
the case m = 3 and n = 1 (mod 8), the H(3,n) presented in Theorem 3.2 of [2] contains
the elements —1, —4k — 5,4k + 6 (where n = 8k +9) in the first row. Up to reordering the
columns, we may assume these elements are in the cells (1,1), (1,2) and (1,n). Now, we
can replace these elements with £1, £(4k +5), F(4k + 6). Finally, transposing this array,
we obtain a WH(n, 3), say A, such that Skel(Q2(A)) ={(1,1),(2,1), (n,1)}.

Proposition 6.9. Let A be a WH(n,3) with n > 4 such that Skel(2(A)) = {(1,1),(2,1),
(n,1)}. Then there exists a solution (C,R) of P(A) such that both (1,3,1) and (1,3, —1)
belong to L¢ r.
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Proof. Let us consider the orientations C = (1, —1,—1) and R = (-1, —1,...,—1). Since
(1,1) € Skel(€2(A)), the first element of the list L¢ » is (1,1, —1) and Lg o L¢(1,1,—1) =
(n,3,1). Then

LzroLe(n,3,1)=(n—1,2,1),

LrpoLe(n—1,2,1)=(n—2,1,1),
LroLe(n—2,1,1)=(n—1,3,1),

and, more in general, for any ¢ € [1,n — 5]
LROLc(n—f,&l) = (n— 1—6,2,1),

LroLe(n—1—-¢,2,1)=(n—-2-1¢1,1),
LroLe(n—2—-0,1,1)=(n—1—-1¢,3,1).
It follows that the list L¢ g has (4,3, 1) in position 3n — 10 and, hence, we have that

Ler =((1,1,-1),(n,3,1),(n —1,2,1),(n —2,1,1),(n —1,3,1),...,(4,3,1),

(3,2,1),(2,1,-1),(1,3,1), (n,2,1), (n — 1,1,1), (n, 2, —1), (1,3, —1), (2, 1,1),
(3,3,1),(2,2,1)).

Here (2,2,1) is the last element since Lg o L¢(2,2,1) = (1,1, —1). It is also easy to check
that the list Loz contains 3n distinct elements, and hence (C,R) is a solution of P(A).
Moreover both (1,3,1) and (1,3, —1) belong to L¢ z. O

Now we apply this solution to the problem P(A) to obtain an infinite family of non-
orientable embeddings.

Theorem 6.10. Let n = 1 (mod 8) be larger than 1. Then there exists a non-orientable
embedding of K¢, of Archdeacon type.

Proof. Due to Remark 6.8, for any n = 1 (mod 8) with n > 9, there exists a WH(n, 3),
denoted by A, such that Skel( (A) ={(1,1),(2,1), (n, 1)} and, because of Proposition
6.9, there exists a solution (C,R) of P(A) such that both (1,3,1) and (1,3, —1) belong to

Ler.

It follows from Proposition 6.6 that this solution of P(A) induces a non-orientable
embedding of Ky, of Archdeacon type. O
Conclusions

We have several values of the parameters n, k, ¢t for which there exists an H;(n; k), but not
a strictly weak WH;(n; k); see Remark 3.1 and Propositions 3.9 and 3.10. Clearly, there
is no reason to believe that these are the unique choices of the parameters for which this
happens. On the other hand, we have no example about the existence of a strictly weak
WH;(n; k) when an Hy(n; k) does not exist. By the way, we emphasize that in Theorem
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4.2 we provide the existence of a strictly weak WHj(n;5) for every n = 0 (mod 4) with
n > 12 since this case was left open in [7]. However, up to now, the existence of an
Hs5(n;5) for n =0 (mod 4) is unknown, except for n = 8,16, [7]. From these arguments,
we believe that the following question naturally arises: if there exists a strictly weak
WH;(n; k) does then an H;(n; k) exist too? At the moment we do not see any reasons for
which the existence of a strictly weak Heffter array implies that of a classical one. But, as
already remarked above, we have no example which allows us to give a negative answer
to the previous question. Hence we propose the following.

Open Problem: find some values of ¢,n and k for which a strictly weak WH;(n; k)
exists, while no Hy(n; k) exists.
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