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Abstract

We investigate analogues of alternating sign matrices, called partial alternating
sign matrices. We prove bijections between these matrices and several other combi-
natorial objects. We use an analogue of Wieland’s gyration on fully-packed loops,
which we relate to the study of toggles and order ideals. Finally, we show that
rowmotion on order ideals of a certain poset and gyration on partial fully-packed
loop configurations are in equivariant bijection.

Mathematics Subject Classifications: 05A05

1 Introduction

Alternating sign matrices have a very interesting history, enumeration, and connection
to other areas of mathematics and science [3]. There exist beautiful bijections between
alternating sign matrices and many other combinatorial objects, including monotone tri-
angles, height-function matrices, fully-packed loop configurations, square ice configurations
and order ideals of a particular poset. The bijection with square ice configurations is es-
pecially useful, as it has revealed connections to physics which played a key role in one of
the proofs of the enumeration of alternating sign matrices [13].

In this paper, we study an analogue of alternating sign matrices, which we call partial
alternating sign matrices. We allow these matrices to be rectangular, and in doing so
relax the condition that each row and column must sum to 1. These matrices appear
as the individual components of chained alternating sign matrices (see [12]), which was
the original motivation for studying them. We hope this study of partial alternating
sign matrices will prove useful for future research in the chained setting. In Section 2
we provide a summary of known definitions and results. These may be useful to help
understand the main results, found in Sections 3 and 4, where we study rectangular
analogues of alternating sign matrices. In Section 3, we explore several bijections, which
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in most cases are analogues of those studied in the usual alternating sign matrix setting
(see [16, 22]). These bijections culminate in our main result of the section, which is the
following theorem. See Figure 1 for an example of each of the objects in the statement of
the theorem.

Theorem 12. There are explicit bijections between m x n partial alternating sign matrices,
(m, n)-partial monotone triangles, (m, n)-partial height-function matrices, (m,n)-partial
fully-packed loop configurations, (m,n)-rectangular ice configurations, the set of order
ideals of P, ,,, and (m,n)-nests of osculating paths.

10 00 1 012 3 4
1 2 3 4 3
00 10 1 3
23 2 3 2
-11 00 0 2 3
10 -1 1 0 1 2 4 34323
4 3 4 3 2
A A A 2
A A 4 Y
A Y 4 Y
A Y Y A
Y 4 Y Y

Figure 1: From left to right, top to bottom: a 4 x 4 partial alternating sign matrix, along
with its corresponding partial monotone triangle, partial height-function matrix, partial
fully-packed loop configuration, rectangular ice configuration, order ideal, and nest of
osculating paths.

Such bijections among combinatorial objects provide new angles from which to study

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(2) (2024), #P2.1 2



them. For example, after these bijections, in Section 4, we apply an analogue of Wieland’s
gyration action [25] on fully-packed loop configurations, and following [22], we relate this
to the study of toggles and order ideals. We obtain the following theorem, showing that
rowmotion on order ideals of a certain poset and gyration on partial fully-packed loop
configurations have the same orbit structure.

Theorem 38. J (P,.,) under Row and (m,n)-partial fully-packed loop configurations un-
der gyration are in equivariant bijection.

2 Preliminaries

In this section we give known definitions and results which may help the reader to under-
stand the main results in Sections 3 and 4. As mentioned in the introduction, there exists
many bijections between alternating sign matrices and other combinatorial objects. We
will include a description of the bijection with monotone triangles in this section. See [16]
and [22] for details on the other bijections. Generalizations of these bijections are given
in Section 3. We begin with the definition of an alternating sign matrix.

Definition 1. An alternating sign matriz of order n is an n X n matrix with entries in
{-=1,0,1} whose rows and columns sum to 1 and whose entries alternate in sign across

each row and column. We will denote the set of all alternating sign matrices of order n
by A,.

Alternating sign matrices have a beautiful counting formula:

n—1

‘An‘znw

o ()t
This formula was conjectured in 1983 [15], and proved many years later [26, 13].

We now give the definition of a monotone triangle and describe the bijection between
monotone triangles and alternating sign matrices.

Definition 2. A monotone triangle of order n is a triangular array of positive integers
(aivj)1<i<j<n taken from the set 1,2,...,n with the following properties:
e rows are strictly increasing: a;; < a; 41, and

e diagonals are weakly increasing: a; ; < a,—1,; and a; ; < @141

Given an alternating sign matrix, first construct its matrix of partial column sums.
Then create the corresponding monotone triangle whose ith row consists of the values j
for which entry (7, j) of this partial sum matrix is 1. An example is given in Figure 2.

Another of the objects alternating sign matrices are in bijection with are fully-packed
loop configurations (or just fully-packed loops), which we define below. In order to do so,
we must first define a certain graph.
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Figure 2: A 4 x 4 alternating sign matrix along with its matrix of partial column sums
and its corresponding monotone triangle.

Definition 3. Define the graph G,,,, as follows. The vertex set is:
Vi ={vi; - 0<i<m+1, 0< 5 <n+1} — {vo0, V00415 Um+1,0, Um+1,n41] -

We say the internal vertices are {v;; : 1 <i<m, 1 < j < n}, and the remaining vertices
are boundary vertices. We also say a vertex v; ; is even (resp. odd) if i + j is even (resp.
odd). The edge set is:
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See Figure 3 for a visual example of G, ..
Definition 4. A fully-packed loop configuration of order n is a subgraph of G,, ,, such that
each interior vertex has exactly two incident edges and the following boundary conditions
are met. When n is odd, edges include vy jv; ; and v, jv,41,; for 7 odd, as well as v; gv;1

and v; ,v; 41 for @ even. When n is even, edges include vy jv,; for j odd, vy, jvn41; for j
even, v; ov;1 for ¢ even, and v; ,v; 41 for ¢ odd.

See Figure 4 for examples of fully-packed loops.

Vo,1 Vo,2 Vo,3 Vo,n
V1,0 V1,1 V1,2 V1,3 ‘ Vin Vl,n+1
[
V2,0 V2,1 V2,2 V2,3 V2n V2,m+1
o———=0
Urn,0 VU1 Vmn,2 Um,3 Um,n Um,n+1

) )
[
Upnt1,1 Umt1,2 | Ymt1,3 Um+1,n

Figure 3: The graph G, .

We now introduce an action on fully-packed loops which has some very nice properties
[25]. First, define a local action on a square of a fully-packed loop as follows. If its
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Figure 4: The gyration action on a fully-packed loop configuration in G 4, first performing
the local action on even squares (shaded on the left) and then odd squares (shaded in
the middle). The initial and final fully-packed loops have labeled boundary edges for
constructing their link patterns.

only edges are a pair of parallel lines, swap them to a pair of parallel lines in the other
orientation. Otherwise, do nothing.

Also assign a parity to each square, starting with even in the top left corner, and
alternating between even and odd for adjacent squares. Then define an action on a fully-
packed loop as applying this local move first to all of the even squares, and then all of
the odd squares. This produces another fully-packed loop since the local action does not
change the degree of any interior vertex and does not affect the boundary conditions. Call
this action gyration. An example of this action can be seen in Figure 4.

One can label the vertices along the boundary of a fully-packed loop where the edges
“exit” the graph with the numbers {1,...,2n}. Then each number is connected to one
other by a path, and each fully-packed loop can be reduced to a non-crossing matching,
meaning that if the numbers are arranged in a circle and connected with arcs, none of
the arcs cross. This is called the link pattern of a fully-packed loop. Wieland showed the
following theorem [25].

Theorem 5 ([25]). Gyration on a fully-packed loop rotates the corresponding link pattern.
Specifically, if i and j are connected in a link pattern, then in the corresponding link pattern
after gyration is applied, i — 1 and j — 1 (mod 2n) will be connected.

See Figure 5 for an example of this rotation.

Some combinatorial objects behave particularly nicely with respect to various actions
— notably those which break up the set of objects into orbits, such as when the action is
bijective and the set is finite. Given a set of objects and such an action, it is especially
noteworthy when the order of the action is predictable and when the action exhibits
special properties, such as the cyclic sieving phenomenon [18] or homomesy phenomenon
[17]. For more information on the background and an overview of some results in this
area called dynamical algebraic combinatorics, see [23]. For more detailed information on
results related to homomesy, see, for example [19].

o
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Figure 5: The link patterns for the fully-packed loops from Figure 4.

While much could be said about this topic, we now provide a few relevant definitions
which will help the reader understand the results of Section 4.

Definition 6. A partially ordered set, or poset, is a set P with a binary relation < which
is reflexive, antisymmetric, and transitive. We say y covers = in P (or z is covered by y)
if x < y and no element z exists in P such that x < z < y. A poset is often represented
by its Hasse diagram, a graph whose vertices are the elements of P and whose edges are
the covering relations; if x < y, then y is drawn above x in the Hasse diagram.

For more information about partially ordered sets, and for additional relevant termi-
nology, see Chapter 3 of [20].

Definition 7. Let P be a poset. An order ideal of P is a subset X C P such that if
y € X and z < y, then z € X. The set of order ideals of P is denoted J(P).

J(P), ordered by inclusion, is itself a poset. In fact it is a distributive lattice (see Section
3.4 of [20]).

We now define an action on order ideals of poset. This action was first introduced
for hypergraphs in 1974 by Duchet [9] and generalized to general posets by Brouwer and
Schrijver in 1975 by Brouwer and Schrijver [4]. It was studied in detail by Cameron and
Fon-Der-Flaass for two chains and three chains [10, 6], and studied later by many others,
including Striker and Williams [24]. This action continues to be of intense current interest.

Definition 8. Let P be a poset, and let X € J(P). For any g € P, the toggle t, : J(P) —
J(P) is defined as follows:

XU{q} ifqg¢ X and X U{q} € J(P)
t(X) =< X —{¢} ifge X and X — {q} € J(P)
X otherwise.

The toggle group of P, denoted T'(P), is the group generated by the ¢, for all ¢ € P, with
operation composition.
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In other words, if an element is not in the order ideal, and adding it in would result in
another order ideal, then toggling the element adds it in. If an element is in the order ideal,
and removing it would result in another order ideal, then toggling the element removes
it. Otherwise, toggling the element does nothing. Notice that toggles are involutions, and
that toggles commute whenever there are no covering relations between the elements |6,
p.546].

Definition 9. Let P be a poset, and let X € J(P). Then rowmotion, Row(X), is the
order ideal generated by the minimal elements of P — X.

In [6], it was shown that rowmotion on X is the order ideal obtained from X by toggling
the elements of P from top to bottom (e.g., toggling by rows). The order of rowmotion
on order ideals of particular posets, such as root posets and minuscule posets exhibits
very nice properties, such as having predictable order, cyclic sieving, and homomesy. In
some cases, rowmotion corresponds to another action, called promotion, on tableauxr or
tableaux-like objects [7, 8, 24]. Interpreting actions as toggle group actions on order ideals
of certain posets can be advantageous. There may be results or properties of the original
action that reveal something new about the posets, or conversely, known results of posets
may be used to prove something about the original action.

3 Partial Alternating Sign Matrix Bijections

In this section, we first define partial alternating sign matrices. We then describe several
bijections akin to those in the usual alternating sign matrix setting (see, for example
[16, 22]). These bijections are analogous to those in the usual alternating sign matrix
setting, but we include proofs for each of them for completeness and clarity.

Definition 10. An m X n partial alternating sign matriz is an m x n matrix M = (M;;)
with entries in {—1,0, 1} such that:

e the entries in each row and column sum to either 0 or 1,
e the nonzero entries in each row and column alternate in sign, and

e the first nonzero entry (if any) in each column and last nonzero entry (if any) in
each row are 1.

We denote the set of all m x n partial alternating sign matrices as PASM,,, .
PASM, 5 consists of the following eight matrices:

(a0)Lon) (o) (V)
(00) Lo t) (¥ a) e (L7)
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PASM, 3 consists of the following seventeen matricies:

000 1 00 010 0 01 000 000
0o0o0/)’\oo0OO0O/)’\OOO,/)’\'O0OOO/)”\'1T0O0)/)"\010)’
000 1 00 1 00 010 010 001
oo1)’\o10o/)’\oo01/)’\100/’\0O0T1)’\100)"

00 1 100 100 0 10 g (0 1o
010/)'\ =110 101/)'\o =11 )" 1 -1 1)

The cardinality of PASM,, ,, is given by sequence A202751 in the Online Encyclopedia
of Integer Sequences [1]. It is unlikely that there exists a product formula for |PASM,,, ,,|,
since, for example, |[PASMg | = 1442764 = 22 - 373 - 967. See Figure 6 for the number of
m X n partial alternating sign matrices for m,n < 6, calculated with SageMath [21]. Note
that the number of m x n partial alternating sign matrices is the same as the number of
those of size n x m. To transform M € PASM,, ,, into M" € PASM,, ,,,, take the 7th row of
M, reverse the order of the entries, and use that as column m —i+1 in M’. For example,

f c
under this mapping the matrix ( Z : ; ) would correspond to the matrix [ e b
d a
n
1] 2 3 4 5 6
3 4 5 6 7
8 17 31 51 78

17| 62 184 462 1022
31| 184 | 924 3809 13197
o1 | 462 | 3809 | 26394 | 150777
78 | 1022 | 13197 | 150777 | 1442764

O OY = W N —
| O O | W[ DN

Figure 6: A table of the number of m x n partial alternating sign matrices (bottom).

Remark 11. Partial alternating sign matrices can be viewed as a generalization of partial
permutation matrices, which are matrices whose entries are in {0, 1} and which have at
most one 1 in any given row and column. n X n partial permutation and alternating sign
matrices were studied in a different context by Fortin [11]. He showed that, with a poset
structure analogous to the strong Bruhat order, the lattice of partial alternating sign
matrices is the MacNeille completion of the poset of partial permutations. That is, the
lattice of partial alternating sign matrices is the smallest lattice containing the poset of
partial permutations. This is analogous to the result of Lascoux and Schiitzenberger [14,
Lemma 5.4] that the lattice of n X n alternating sign matrices is the MacNeille completion
of the strong Bruhat order on .S,,.

We now state our main result of this section, which is the goal of the remainder of
this section.
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Theorem 12. There are explicit bijections between each of the following:
e m X n partial alternating sign matrices,
[ J

m, n)-partial monotone triangles,
)

m,n)-partial height-function matrices,

(
(

e (m,n)-partial fully-packed loop configurations,
(

m, n)-rectangular ice configurations,

the set of order ideals of P, ,, and
e (m,n)-nests of osculating paths.

We prove this theorem via a series of lemmas and define the needed objects along the
way. We begin with partial monotone triangles.

Definition 13. An (m, n)-partial monotone triangle is a triangular array of nonnegative

integers (a;;), <j<icm With entries in {0,1,...,n} and with the following properties:

e rows are weakly increasing: a; ; < a; 1,
e nonzero entries in rows are strictly increasing, and

e diagonals are weakly increasing: a;; < a,—1,; and a; j < Qi1 j41-

An example of a triangular array with indexing as described above is given in Figure 7,
and an example of a partial monotone triangle can be found in Figure 8

Remark 14. Objects similar to this definition have appeared in the literature before.
In particular, a certain transformation of an (n,n)-partial monotone triangle is what is
referred to as a “generalized key” in Section 5.2 of [11].

a1
Q12 22

Q1m A2m e Amm

Figure 7: A triangular array of numbers with the indexing as described in Definition 13.

Lemma 15. There is an explicit bijection between m X n partial alternating sign matrices
and (m,n)-partial monotone triangles.
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000O0O 012 3 4
(1)8(1)8 113 1 0000 123 4 3
21100 2 3 2 3 2
-11 00 0 2 3
10 -1 1 0 1 9 A 22100 343 2 3
32110 4 3 4 3 2

Figure 8: A 4 x 4 partial alternating sign matrix along with its corresponding partial
monotone triangle, corner-sum matrix, and partial height-function matrix.

Proof. Given an m x n partial alternating sign matrix M, construct (C; ;)i<i<mi<j<n, itS
m X n matrix of partial column sums, by setting C;; = 22:1 My;. By the alternating
condition on partial alternating sign matrices, this will be a {0, 1}-matrix. Construct an
array of numbers from (C;;) as follows: in the ith row, record in increasing order the
values j for which C;; = 1. If there are less than ¢ such values, fill in zeros from the left
until there are ¢ values in row 7. By construction, the nonzero entries in each row are
strictly increasing. The restrictions on partial alternating sign matrices, namely the rows
and columns summing to 0 or 1, the alternating condition, and the fact that the first (last)
nonzero entry in each column (row) must be 1 guarantee that the diagonals are weakly
increasing from southwest to northeast and northwest to southeast. Thus, the result is
an (m,n)-partial monotone triangle. Since any matrix can be uniquely determined by its
partial column sums, this is a one-to-one map.

Furthermore, this map is easily reversible. Given an (m,n)-partial monotone triangle
(a; ), first build an mxn {0, 1}-matrix (C; ;) by setting C; ;, = 1 whenever a; ; = k > 0 and
filling the rest of the matrix with zeros. This matrix (C; ;) records the partial column sums
of a unique partial alternating sign matrix, M, where M;; = Cy; and M;; = C;; — Ci_q;
for 2 <1< m. O

Putting the natural partial order (component-wise comparison) on partial monotone
triangles forms a lattice, which is the MacNeille completion of the poset of partial permu-
tations as mentioned in Remark 11. This is proven for m = n in [11], and can be extended
to m # n. A similar poset construction using all “sign matrices” was studied in [5].

We now move on to corner-sum matrices, which are useful for showing the correspon-
dence with partial height-function matrices.

Definition 16. Given any m x n matrix (M, ;) we can define its (north-east)

1<i<m,1<g<n?
corner-sum matriz (Civj)ogigm,ogjgn by setting ¢; ; = Z My jr.

i’ >i

J'<i
Lemma 17. There is an explicit bijection between m X n partial alternating sign matrices
and (m + 1) x (n + 1) matrices whose first row and last column are all zeros, and whose
entries are increasing by from top to bottom and right to left and whose entries increase
by at most one.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(2) (2024), #P2.1 10



Figure 9: The poset of partial permutations (left) and the poset of partial alternating
sign matrices (right), for m = n = 2.

Proof. We claim the set of matrices described above is exactly the set of corner-sum
matrices of m X n partial alternating sign matrices. The first row and last column of
any such corner-sum matrix are all zeros by definition. The fact that an m x n partial
alternating matrix has entries in {—1,0, 1}, along with the alternating condition guar-
antees that adjacent entries in the corresponding corner-sum matrix differ by at most
one. Note that given any corner-sum matrix ¢, one can recover the original matrix M by
M;; = cij — i1y — Cijy1 + Gty O

See Figure 8 for an example of a partial alternating sign matrix along with its corre-
sponding corner-sum matrix.

Definition 18. An (m,n)-partial height-function matriz is a matrix (hi ;)i 1<jcpn With
the following properties:

e all entries are nonnegative,
o hor=~Fkfor0<k<n,and hyyp = /¢ for 0 < ¢ < m, and
e the difference between any pair of row-adjacent or column-adjacent entries is +1.

Lemma 19. There is an explicit bijection between m X n partial alternating sign matrices
and (m,n)-partial height-function matrices.

Proof. The bijection is given by first mapping a partial alternating sign matrix

(Mi )1 <icm1<j.<n tO its corner-sum matrix (¢; ;). By Lemma 17, thisis an (m+1) x (n+1)
matrices whose first row and last column are all zeros, and whose entries increase by at
most one from top to bottom and right to left. Then define the matrix (Ri;)o<;cpn o<jicn 25
hij =1i4j —2¢n_j. (h;;) satisfies Definition 18 because of the following. The condition
that the first row and last column of the corner-sum matrix are 0 guarantees that the
first row and first column start at 0 and increase by 1. The condition that the entries
of the corner-sum matrix increase by at most one from top to bottom and right to left
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is equivalent to the condition that adjacent entries in (h; ;) differ by exactly one. In
particular, when moving along a row (right-to-left) or column (top-to-bottom), if the
entry stays the same in the corner-sum matrix, then the corresponding entry in (h; )
goes down by one, and if the entry increases by one in the corner-sum matrix, then
the corresponding entry in (h;;) goes up by one (this can be seen using the formula
hij =14 j —2¢i,—;). Thus (h;;) is a partial height-function matrix.

Given a partial height-function matrix (h; ), we can recover (¢;;) by setting ¢; ,—; =
M, from which we can recover the partial alternating sign matrix as mentioned in
the proof of Lemma 17. O

An example of a partial alternating sign matrix and its corresponding partial height-
function matrix is given in Figure 8.

The next several bijections make use of the graph G, ,, of Definition 3. These bijections
will give us more interesting angles from which to study partial alternating sign matrices,
with visualizable objects and connections to physics and dynamics.

Definition 20. An (m,n)-partial fully-packed loop configuration is a subgraph of G, ,
whose edges include vg ;v1 ; for j odd and v;gv; ;1 for ¢ even, and such that each interior
vertex has exactly two incident edges.

See Figure 10, left, for an example.

N N N

A

A Y

. ————

Y
Y
A\ 4
Y
A

Y
Y
A
A
A

Y
Y
A\ 4
A
Y

\ 4
A
\ 4
Y
A

Figure 10: An example of a (4,4)-partial fully-packed loop configuration, this same con-
figuration with its edges directed, and the associated (4, 4)-rectangular ice configuration
corresponding to the partial alternating sign matrix from Figure 8.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(2) (2024), #P2.1 12



Lemma 21. There is an explicit bijection between (m,n)-partial fully-packed loop config-
urations and (m,n)-partial height-function matrices.

Proof. See Figure 11 for an example of this bijection. Starting with an (m,n)-partial
height-function matrix (h; ;), overlay G,,, so that each interior number in the partial
height-function matrix has four surrounding vertices. Separate two horizontally adjacent
numbers by an edge if the numbers are 2k and 2k + 1 (in either order) for any integer k.
Separate two vertically adjacent numbers by an edge if the numbers are 2k — 1 and 2k (in
either order) for any integer k. Since hoy =k for 0 < k < n, and hyg = ¢ for 0 < ¢ < m,
we will have the required boundary conditions for an (m,n)-partial fully-packed loop.
Also, each partial height-function matrix entry differs by exactly one, so this yields the
condition that interior vertices have exactly two incident edges. For the reverse map, start
with the partial fully-packed loop configuration and fill in the boundary conditions for
the partial height-function matrix. Then, simply use the rule described above in reverse,
using the condition that each adjacent entry in the partial height-function matrix must
be exactly one apart. O

01
1 2

N
coli~

W DN W |
DN QW DN W~

|

[N}

w
=0 DN W N

Figure 11: The partial height-function matrix from Figure 8 overlaid with its correspond-
ing partial fully-packed loop configuration.

Definition 22. An (m,n)-rectangular ice configuration is a directed graph whose un-
derlying graph is G, , such that the directed edges along the left point inward, the
directed edges on the top point outward, and each interior vertex has both in-degree
and out-degree equal to two.

An example of a rectangular ice configuration is given in Figure 10, right. In general,
when a directed graph whose underlying graph is G, , has all directed edges pointing
inward along the left and right and outward along the top and bottom, that graph is
said to have domain wall boundary conditions. Here, we have a partial analogue of those
conditions. When m = n and domain wall boundary conditions are satisfied, we have
square ice configurations, which are in bijection with usual alternating sign matrices.

Lemma 23. There is an explicit bijection between (m,n)-rectangular ice configurations
and (m,n)-partial fully-packed loop configurations.

Proof. Given an (m,n)-rectangular ice configuration, keep only those edges which start
at an even vertex and end at an odd vertex (as defined in Definition 3). Note that there
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is no loss of information here, as each interior vertex had in-degree and out-degree equal
to two. Then make those edges undirected. Again, we lose no information here because
we know that each of these edges was originally directed towards an odd vertex. Each
vertex will now have degree equal to two, resulting in an (m, n)-partial fully-packed loop
configuration by definition. Note that since we started with edges along the left pointing
inward and edges along the top pointing outward, keeping edges that were originally
directed towards an odd vertex give us the fixed boundary conditions along the top and
left edges for a partial fully-packed loop.

For the reverse direction, we simply start with an (m,n)-partial fully-packed loop
configuration “undo” each of the steps: direct the edges so that they go from even vertices
to odd vertices. Then, fill in the remaining directed edges so that each interior vertex
has in- and out-degree equal to 2. The boundary condition on rectangular ice that the
directed edges along the left point inward and the directed edges on the top point outward
is satisfied because we started with a partial fully-packed loop, which by definition has
edges v jvy ; for j odd and v;gv;; for ¢ even. O

See Figure 10 for an example of this bijection.

Remark 24. Note that this result, along with a horizontal reflection due to our conventions,
coincides with the usual correspondence between alternating sign matrices and square ice
configurations. This correspondence is as follows. At each vertex which comes from a 1
in the matrix, the arrows on the horizontal edges of the digraph both point inwards, and
the arrows on the vertical edges both point outwards. At each vertex which comes from a
-1 in the matrix, the arrows on the horizontal edges both point outwards and the arrows
on the vertical edges point outwards. At each vertex which comes from a 0 in the matrix,
there are one each of inward and outward-pointing vertical and horizontal edges.

We now relate partial alternating sign matrices to order ideals of a certain poset
(recall Definitions 6 and 7). This, along with the connection to partial fully-packed loop
configurations lays the groundwork for the study of related dynamics in Section 4.

Definition 25. Define the poset elements P,, ,, as the coordinates (4, j, k) in Z* such that
0<k<m—-1,k<j<n—1 and k < i < m — 1. Define the partial order via the
following covering relations: (i, j, k) covers (i + 1,7, k), (4,5 + 1,k), (i — 1,5,k — 1), and
(7,7 — 1,k —1) whenever these coordinates are poset elements. We sometimes refer to this
poset as the PASM poset.

See Figure 12 for an example of P,,,. This poset is somewhat related to one in the
usual alternating sign matrix setting, sometimes denoted A,, [22]. In that setting, each
“layer” is a triangular poset instead of a rectangular one. For comparison, an exam-
ple (with some coordinates shifted to fit our conventions) is given in Figure 12. The
construction of P, ,, directly gives us the following proposition and corollary.

Proposition 26. P,,, is a ranked poset in which the rank of (i,j,k) in P, equals
m+n—2—i—j+2k. It has a unique minimal element (m — 1,n — 1,0) which has rank
0. The mazimal elements are of the form (i,i,1) and have rank m +n — 2.
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Figure 12: An example of the PASM poset P44 plotted in R? (left) as well as the poset
A, (right) for comparison. Elements are greater in P44 moving northwest and up from
the minimum element (3, 3,0).

Corollary 27. Let a = min(m,n) and b = max(m,n). Then J(P,,) is a distributive

—a3+3a2b+3ab+a

lattice of rank 5

Proof. Since we have an explicit construction of P,, ,, we can use this to determine the
rank of J(P,,,,) (viewed as the lattice of order ideals by inclusion). The maximum element
of J(P,,) has rank equal to the number of elements in P, ,,. At each k value, we have

a—1 3 2
- 3a*b + 3ab
(a —k) x (b—k) elements, and so we have E (a—k)(b—k) = o ¥ sa 5 roavta total
k=0
elements. ]

We now show that the order ideals of this poset are in correspondence with the other
objects we have been studying.

Lemma 28. There is an explicit bijection between J(P,,,) and (m,n)-partial height-
function matrices.

Proof. Let O € J(P,,,,). For fixed i and j with 0 <i<m —1,0 < j <n—1, define the
subset S, ; = {(4,4,t)| (4,4,t) € Py, }. That is, S; ; is the intersection of the elements of
P, from the explicit construction in Definition 25 with the vertical line {(4, j,¢) : t € R}.
Construct an (m + 1) x (n + 1) matrix (h; ;) as follows. First, set hoy =k for 0 < k < n
and hgp = £ for 0 < € < m. Then entry h;; for 1 <@ < m, 1 < j < n is determined
by the cardinality of the intersection between O and S;;. If this cardinality equals £,
then, h; ; =7+ j — 2k. The fact that O is an order ideal, along with covering relations of
P, guarantee that adjacent entries in (h; ;) differ by exactly one, thus the result is an
(m, n)-partial height-function matrix. Notice that if the cardinality of the intersection is
k, then h; ; will be 2k less than the maximum possible value of that partial height-function
entry. O

An example of this bijection is given in Figure 13.
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Figure 13: A (4, 4)-partial height-function matrix and its corresponding order ideal (shown
in green) in Py 4.

Finally, we relate partial alternating sign matrices to certain sets of nested lattice
paths. Here, lattice path means a path in the m x n grid, consisting of south and east
steps. When we say corner, we mean a south step followed by an east step. This allows us
to explicitly count the number of partial alternating sign matrices with total sum 1, which
gives some hope of finding a refined enumeration of partial alternating sign matrices.

Definition 29. An (m,n)-nest of osculating lattice paths is any set of osculating paths
(non-crossing paths which can only touch at corners) in the m x n grid with south and
east steps, whose starting points are on the left side, and whose end points are on the
bottom of the grid.

See Figure 14 for an example. The next lemma follows from known results of osculating
paths (see [2] for more information and further references) and so we present it without
proof. In Figure 14, we give an example which goes through the bijections discussed
earlier in this section, and in Figure 15 we give an example of a more standard and direct
way (akin to that of the usual alternating sign matrix setting) to obtain the nest of paths.

Lemma 30. There is an explicit bijection between m X n partial alternating sign matrices
with total sum t and the set of (m,n)-nests of osculating lattice paths with t paths.

This correspondence gives us the following enumeration for partial alternating sum
matrices with total sum 1.

Corollary 31. The number of m X n partial alternating sign matrices with sum 1 is
(m—i—n) —1.

m

Proof. By Lemma 30, the set of m x n partial alternating sign matrices with sum 1 is
in bijection with the set of (m,n)-nests of osculating paths with 1 path. That is, the
set of paths in an m x n grid with starting point on the left and ending point on the
bottom of the grid. Each of these paths can be uniquely extended to a lattice path in
the (m+ 1) x (n+ 1) grid (where the additional column has been added on the left and
additional row on the bottom) which starts in the upper left corner and ends in the lower
right corner. To do so, the start of the path gets extended one step to the left, and then
up to the upper left corner, and the end of the path gets extended one step down and then
right to the lower right corner. This will account for all such paths in the (m+1) x (n+1)
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Figure 14: An example of mapping a partial alternating sign matrix to a nest of oscullating
paths. Starting with the matrix (top left), we construct a reflection of its rectangular ice
configuration (top right). This can be done directly using the correspondence mentioned
in Remark 24, or by applying the bijections in Lemmas 19, 21, and 23 in succession,
followed by a horizontal reflection. We then create the first path by starting with the
topmost inward-facing directed edge along the left, and follow the directed edges to the
right when possible and down otherwise. Each path is constructed similarly for each other
inward-facing directed edge along the left (bottom left). Note that a new path touching
the edge of a previous path forces the path to go down to satisfy the osculating condition.
Finally, we delete the first and last edge of each path (bottom right).
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Figure 15: An example of a more direct way to obtain a nest of oscullating lattice paths
from a partial alternating sign matrix. Starting outside the matrix on the left and top,
if the first nonzero entry seen to the right is a 1, create the path by moving to the right
until the 1 or a previous path is reached, at which point the path moves down until the
first nonzero entry to the right is a 1 (at which point the path moves right again and
continues this process) or the path exits the matrix on the bottom. Each subsequent path
is created in the same manner. Note that if the first nonzero entry in a row is not 1, no
path will start in that row. Finally, delete the first and last edges in order to match the
definition of nests of oscullating lattice paths.

grid, except for the one which is all south steps followed by all east steps. (This path is
excluded because no path starting on the left edge of the m x n grid can have its starting
point as the lower left corner of the (m+1) x (n+ 1) grid.) Since those paths are counted

by (m;;"), the total number of m x n partial alternating sign matrices with sum 1 is

()L .

m

Open Problem 32. We leave it as an open question to enumerate m x n partial alternat-
ing sign matrices with sum ¢ > 1. Figure 16 gives the number of n x n partial alternating
sign matrices with total sum ¢, for n,t < 6 calculated using SageMath. Note the value for
n =6, t = 2 is prime, so there will not be a product formula in general, though this does
not preclude the existence of a sum formula. It would be interesting to find a formula for
the cardinality of the set {M € PASM,, ,, | sum(M) = t}, since for ¢ = m = n, this is the

n—1 .
37+ 1)!
set of n X n alternating sign matrices, enumerated by H w

[0 26, 13].

Proof of Theorem 12. Explicit bijections between the listed objects are given in Lemmas
15, 19, 21, 23, 28, and 30. O]

4 Partial Alternating Sign Matrix Dynamics

In this section we explore dynamics related to partial alternating sign matrices, inspired
by work of Striker [22]. We first describe a local move on partial fully-packed loop config-
urations (recall Definition 20), which leads to the definition of an action called gyration on
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Nlol 1| o2 3 4 5 6
1 [1] 1

2 (1] 5 | 2

3 [1[19] 35 7

4 [1[60 [ 425 | 387 | 42

5 | 1] 251 | 4845 | 13861 | 7007 | 429

6 | 1] 92355897 | 458263 | 709242 | 210912 | 7436

Figure 16: The number of n x n partial alternating sign matrices with total sum t.

these configurations. This is analogous to Wieland’s gyration of fully-packed loops [25],
as discussed in Section 2. We then show how gyration acts on the corresponding height-
function matrices and order ideals. Finally, we use Theorem 5 to prove a rotation-like
result on partial link patterns.

Given an (m, n)-partial fully-packed loop configuration, call a square even (resp. odd)
if the vertex in its upper-left corner (or lower-right corner) is even (resp. odd). Call
a square interior if all of its surrounding vertices are interior, and exterior otherwise.
Additionally, we say a square is a boundary square if it is in the first row or column.

Define a local action on a square as follows. For an interior square, if its only edges
are a pair of parallel lines, swap it to a pair of parallel lines in the other orientation. For
an exterior square, we define the local action based on location. If the square is on the far
right (and not a corner), we swap only the left edge with the pair of horizontal parallel
edges (and vice versa). If the square is on the bottom (and not a corner), we swap only
the top edge with the pair of vertical parallel edges (and vice versa). If the square is the
bottom-right corner, we swap only the left edge with only the top edge (and vice versa).
In all other cases, we do nothing. Note that with this definition, the action will never act
on a boundary square. See Figure 17 for an example of each of the local actions described
above.

Definition 33. Define the action gyration on an (m,n)-partial fully-packed loop config-
uration by first performing the local action on all even squares, then on all odd squares.
We denote the gyration action as G.

An example of this action is given in Figure 18. Note that by construction, since this
action never changes the total degree of any interior vertex and does not affect the fixed
boundary, it always produces another (m,n)-partial fully-packed loop configuration.

Given the results of the previous section, we can examine how the local action described
above affects the different objects in bijection with partial fully-packed loop configurations.
In particular, we can describe exactly what happens on the corresponding partial height-
function matrices and order ideals. Recall .S; ; from the proof of Lemma 28.

Lemma 34. Let (h;;) be an (m,n)-partial height-function matriz, O € J(Py,,) the
corresponding order ideal, and F the corresponding (m,n)-partial fully-packed loop, via
the bijections of Lemmas 21 and 28. Then the following are equivalent:
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(interior) (right-exterior) (bottom-exterior) (bottom-right-
exterior)

Figure 17: From left to right: the local moves on interior squares, exterior squares along
the right side, exterior squares along the bottom side, and the exterior square in the
bottom-right corner.

[ ] [ ] [ ] L ] [ ] [ ]
. ° ——o ° o
-] ‘g ' g
LEN o,
. ° ° ——o—— oo ° °

Figure 18: The gyration action on a partial fully-packed loop configuration. g. denotes

performing the local action on the even squares (shaded in the first diagram), and g,
denotes performing the local action on the odd squares (shaded in the second diagram).
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(1) The local action applied to F at the square in row i and column j, where the rows
(columns) are numbered from the top (left) starting at 1.

(2) Incrementing or decrementing the partial height-function matriz entry h;; by 2, if
possible.

(3) Toggling S; ;.

Proof. To see the equivalence between (1) and (2), we follow the bijection in Lemma 21.
We see that when the local action would change edges on F', this corresponds to h; ; being
surrounded by the same number (each entry above, below, to the right, and to the left is
either h; ; — 1 or h; j+1). Making the local action change in edges corresponds exactly to
changing the value h; ; to the only other possible height-function value: if the surrounding
values are all h; ; — 1, then h; ; gets changed to h; ; — 2, and if the surrounding values are
all h; ; + 1, then h; ; gets changed to h; ; + 2. In the case where the local action would do
nothing, this corresponds to h; ; having surrounding values which are not all the same.
To see the equivalence between (2) and (3), we follow the bijection in Lemma 28. We
see that incrementing h; ; by 2 (and having it stay a partial height-function matrix) is
only possible when removing an element from S; ; (in O) results in another order ideal.
Likewise, decrementing h; ; by 2 is only possible when adding an element of S; ; results
in another order ideal. When it is not possible to change h;; and have the result be a
partial height-function matrix, then adding or removing an element from S; ; results in a
subset that is not an order ideal. O

See Figure 19 for an example of this correspondence.
We now define a toggle group action and show that this action corresponds to gyration
on partial fully-packed loops.

Definition 35. For any finite ranked poset P, define Gyr : J(P) — J(P) as the toggle
group action which toggles the elements in even ranks first, then odd ranks. Its inverse,
Gyr™', toggles the elements in odd ranks first, then even ranks.

Note that this this action is well-defined because elements in ranks of the same parity
do not have covering relations between them, so the corresponding toggles commute.

Lemma 36 (Proposition 6.4, [22]). For any finite ranked poset P, there is an equivariant
bijection (denoted by ¢) between J(P) under Row and J(P) under Gyr, that is, Row and
Gyr are conjugate elements in the toggle group T(P).

In the case where P = P,,,, we have the following lemma, which follows from
Lemma 28 and Lemma 34.

Lemma 37. Let F' be an (m,n)-partial fully pack loop configuration. When m + n is
even, ¢(G(F)) = Gyr(¢(F)). When m + n is odd, ¢(G(F)) = Gyr ' (¢(F)). That is,
gyration on (m,n)-partial fully-packed loop configurations is equivalent to Gyr acting on
J (Pp,n) when m +n is even, and Gyr™ acting on J (Py.n) when m +n is odd.
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Figure 19: Performing the local action on a single square of a partial fully-packed loop
(top), the result on corresponding partial height-function matrices (middle), and the result
on the corresponding order ideals (bottom). Note that the difference between the two
order ideals is that the one on the left has the point (1,1,0) and the one on the right does
not.

Proof. Notice that the parity of a square in an (m,n)-partial fully-packed loop config-
uration corresponds to the parity of rank in P,,,,. When m + n is even, even squares
correspond to even ranks, and when m + n is odd, even squares correspond to odd ranks.
Thus, when we perform gyration on an (m, n)-partial fully-packed loop (which applies the
local move on all of the even squares and then all of the odd squares), by Lemma 34, this
corresponds to toggling even ranks followed by odd ranks when m + n is even, which is
exactly Gyr from Definition 35. When m + n is odd, performing gyration on an (m,n)-
partial fully-packed loop corresponds to toggling odd ranks followed by even ranks, which
is Gyr—'. O]

The previous two propositions give the following theorem, which is an analogue of
Theorem 8.13 in [24].

Theorem 38. J (P,,,) under Row and (m,n)-partial fully-packed loops under gyration
are in equivariant bijection.

Recall Theorem 5, which says that in the usual n x n alternating sign matrix setting,
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gyration acting on a fully-packed loops rotates the link pattern. We close this section
with a result on partial fully-packed loops that follows from this.

Definition 39. Given an (m,n)-partial fully-packed loop configuration, F', label the
places where the paths exit the graph along the left and top (the fixed boundary condi-
tions) with the numbers {1, N IRk }, starting with 1 in the lower left. Arrange
these numbers in a circular arc, and connect any numbers that are connected by a path
in ' with an arc. Call this the partial link pattern for F.

See Figure 20 for examples of partial link patterns.

Corollary 40. Gyration on (m,n)-partial fully-packed loop configurations exhibits a par-
tial rotation on the corresponding partial link patterns. Specifically, if i and j are connected
in a partial link pattern, then in the corresponding partial link pattern after gyration is
applied, © — 1 and j — 1 will either be connected to each other or not at all.

Proof. This follows from Theorem 5. Any (m,n)-partial alternating sign matrix can be
interpreted as the upper-left corner of a larger alternating sign matrix; for any rows or
columns that have a sum of 0, we can systematically add zeros and ones to the left and
below until we have a larger matrix with each row and column summing to 1. So the
corresponding (m,n)-partial fully-packed loop is really the upper-left corner of a larger
fully-packed loop. Let Fj be a partial fully-packed loop and F5 be the result of applying
gyration on Fj. Let FY, be a larger fully-packed loop for which F} is the corner, and F}
be the result after gyration is applied to F] so that Fj is the corner of Fj. Let ¢ and j
be connected in the partial link pattern for F;. Then they will also be connected in the
link pattern for F|. When gyration is applied on FJ, the link pattern is rotated, ¢ — 1
and j — 1 will be connected in the link pattern for F}. If the path connecting them stays
entirely within the corner that is F3, then ¢ — 1 and 7 — 1 will be connected in the partial
link pattern for F». However, the path connecting them in Fj may leave that corner, in
which case they will not be connected to anything in the partial link pattern for F5. [

Remark 41. Note that rowmotion orbit sizes for P,,, do not appear to be nice. For
example, when m = 3 and n = 5, there are 27 orbits of size 8, 2 orbits each of sizes 2 and
9, and 1 orbit each of sizes 14, 18, 36, 46, 52, and 58, which gives the order of the map to
be 4,370,184 in this case.
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Figure 20: A (5,7)-partial fully-packed loop configuration along with its partial link
pattern (left), and the result of each after gyration is applied (right). For any numbers
that do not have a connection, we choose to draw a line that terminates so that it does
not cross any other lines or connect to any other numbers, to more closely mimic the
feeling of being a piece of a larger link pattern. Note that these lines also “rotate” since
they will occupy the positions not used by the connected ones.
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