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Abstract

We show that very simple continued fractions can be obtained for the ordinary
generating functions enumerating permutations or D-permutations with a large num-
ber of independent statistics, when each cycle is given a weight —1. The proof is
based on a simple lemma relating the number of cycles modulo 2 to the numbers of
fixed points, cycle peaks (or cycle valleys), and crossings.

Mathematics Subject Classifications: 05A19 (Primary); 05A05, 05A15, 05A30,
30B70

1 Introduction

If (an)n>o is a sequence of combinatorial numbers or polynomials with ay = 1, it is often
fruitful to seek to express its ordinary generating function as a continued fraction of either
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or Jacobi type (J-fraction),

0 1
> aptt = X . (3)
n=0 I — ot — 5,0
2
L=mt- 1_ ...

(Both sides of these expressions are to be interpreted as formal power series in the inde-
terminate ¢.) This line of investigation goes back at least to Euler [9,10], but it gained
impetus following Flajolet’s [11] seminal discovery that any S-fraction (resp. J-fraction)
can be interpreted combinatorially as a generating function for Dyck (resp. Motzkin) paths
with suitable weights for each rise and fall (resp. each rise, fall and level step). More re-
cently, several authors [8,12,13,18,20] have found a similar combinatorial interpretation of
the general T-fraction: namely, as a generating function for Schroder paths with suitable
weights for each rise, fall and long level step. There are now literally dozens of sequences
(@pn)n=0 of combinatorial numbers or polynomials for which a continued-fraction expansion
of the type (1), (2) or (3) is explicitly known.

In a recent paper, Zeng and one of us [21] ran this program in reverse: starting from
a continued fraction in which the coefficients a (or 3 and «) contain indeterminates in
a nice pattern, we sought a combinatorial interpretation for the resulting polynomials a,,
— namely, as enumerating permutations, set partitions or perfect matchings according
to some natural multivariate statistics. As a consequence, our results contained many
previously obtained identities as special cases, providing a common refinement of all of
them. In particular, we proved J-fractions enumerating permutations with 10, 18 or
infinitely many statistics that implement the cycle classification of indices (cycle peak,
cycle valley, cycle double rise, cycle double fall, fixed point) together with an index-refined
count of crossings and nestings (these statistics will be defined in Section 2).

Subsequently, the two present authors [3| proved analogous results for D-permuta-
tions [14-16], which are a subclass of permutations of [2n] (defined in Section 5) that
are counted by the Genocchi and median Genocchi numbers: our T-fractions enumerated
D-permutations with 12, 22 or infinitely many statistics that implement the parity-refined
cycle classification of indices (cycle peak, cycle valley, cycle double rise, cycle double fall,
even fixed point, odd fixed point) together with an index-refined count of crossings and
nestings. In both papers, we called these results our “first” continued fractions.

In both cases, it was natural to try to extend these results by taking account also
of the number of cycles: that is, by including an additional weight A%¥(®). However, it
turned out that it was possible to do so only by renouncing some of the other statistics:
for instance, by counting cycle valleys only with respect to crossings + nestings, rather
than to crossings and nestings separately. We called these results our “second” continued
fractions [21, Theorems 2.1(b), 2.4, 2.12, 2.14, 2.15| [3, Theorems 4.2, 4.7, 4.10|.

Our purpose here is to make a simple but previously overlooked remark: that in
addition to the trivial case A = 1, there is one other case where one need not renounce
counting any other statistics, namely, A = —1. The reason for this is the following simple
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lemma, which relates the number of cycles modulo 2 to the number of fixed points, cycle
peaks (or cycle valleys), and crossings:

Lemma 1. Let 0 € G,, be a permutation. Then the following identity holds:

cyc = fix + cpeak + ucross + leross  (mod 2) (4a)
= fix + cval + ucross + lcross  (mod 2) . (4b)

We will give a precise definition of ucross (number of upper crossings) and lcross (number
of lower crossings) in Section 2.2, and then a proof of this lemma in Section 3.

Using Lemma 1, it is easy to obtain continued fractions for the case A = —1 as simple
corollaries of those for A = 1. That is what we shall do in this paper.

The plan of this paper is as follows: In Section 2 we give some preliminary definitions
concerning permutation statistics. In Section 3 we give two proofs of Lemma 1: one
topological, and one combinatorial. Then, in Sections 4 and 5, we give our results for
permutations and D-permutations, respectively.

Throughout this paper, we shall use two running examples. The first is the permuta-
tion

c=9374611281015 = (1,9,10)(2,3,7) (4) (5,6,11) (8) € Sy1; (5)

the second is the permutation

o = 7192548610311121413
= (1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13, 14) € &y, (6)

We will see later that our second example is a D-permutation.

We remark that since Lemma 1 is a general fact concerning permutations, it can be
applied to any result concerning any subclass of permutations in which the statistics fix,
cpeak and ucross + lcross are handled.

As the reader will have noticed, the present paper builds directly on the ideas, tech-
niques and intuitions of references [21| and [3]. Some readers may therefore find it useful
to consult those papers first.

2 Preliminaries
We use the standard notation [n] o {1,...,n}.
2.1 Permutation statistics: The record-and-cycle classification
Given a permutation o € Sy, an index i € [N] is called an
e czcedance (exc) if i < o(i);
e anti-excedance (aexc) if i > o(i);
o fized point (fix) if i = o(i).
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Clearly every index ¢ belongs to exactly one of these three types; we call this the ex-
cedance classification. We also say that i is a weak excedance if i < o(i), and a weak
anti-excedance if i > o(i).

A more refined classification is as follows: an index i € [N] is called a

e cycle peak (cpeak) if o71(i) <1 > o(i);

cycle valley (cval) if o71(i) > 1 < o(i);

cycle double rise (cdrise) if o71(i) < i < o(i);

cycle double fall (cdfall) if o71(i) > i > o(i);
o fized point (fix) if o71(i) =i = o ().

Clearly every index ¢ belongs to exactly one of these five types; we refer to this classification
as the cycle classification. Obviously, excedance = cycle valley or cycle double rise,
and anti-excedance = cycle peak or cycle double fall. We write

Cpeak(c) = {i: o (i) <i>o(i)} (7)
for the set of cycle peaks and
cpeak(c) = |Cpeak(o)| (8)

for its cardinality, and likewise for the others.
On the other hand, an index i € [N] is called a

record (rec) (or left-to-right mazimum) if o(j) < o(7) for all j < ¢ [note in particular
that the indices 1 and o' (N) are always records|;

e antirecord (arec) (or right-to-left minimum) if o(j) > o(i) for all j > ¢ [note in
particular that the indices N and o~1(1) are always antirecords];

e cxclusive record (erec) if it is a record and not also an antirecord;

e cxclusive antirecord (earec) if it is an antirecord and not also a record;

e record-antirecord (rar) (or pivot) if it is both a record and an antirecord;
e neither-record-antirecord (nrar) if it is neither a record nor an antirecord.

Every index ¢ thus belongs to exactly one of the latter four types; we refer to this clas-
sification as the record classification. We stress that our records and antirecords are
positions, not values.

The record and cycle classifications of indices are related as follows:

(a) Every record is a weak excedance, and every exclusive record is an ex-
cedance.
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(b) Every antirecord is a weak anti-excedance, and every exclusive antirecord
is an anti-excedance.

(c) Every record-antirecord is a fixed point.

Therefore, by applying the record and cycle classifications simultaneously, we obtain 10
(not 20) disjoint categories [21]:

cpeak cval cdrise cdfall fix
erec ereccval | ereccdrise
earec | eareccpeak eareccdfall
rar rar
nrar nrcpeak nrcval nrcdrise nrcdfall | nrfix

Clearly every index i belongs to exactly one of these 10 types; we call this the record-
and-cycle classification.

When studying D-permutations, we will use the parity-refined record-and-cycle
classification, in which we distinguish even and odd fixed points.

2.1.1 Running example 1

We consider our first running example in its cycle notation,
o= (1,9,10)(2,3,7) (4) (5,6,11) (8) € Sy;. The excedance classification of o partitions

the index set [11] o {1,...,11} as follows:
Exc = {1,2,3,5,6,9},  Aexc = {7,10,11},  Fix = {4,8}. 9)

Thus, exc(o) = 6, aexc(o) = 3 and fix(o) = 2.
Next, we write out the cycle classification of o:

Cpeak(o) = {7,10,11} Cval(o) = {1,2,5} (10a)
Cdrise(o) = {3,6,9} Cdfall(o) = @ (10Db)
Fix(o) = {4,8} (10c¢)

The statistics cpeak, cval, cdrise, cdfall and fix are simply the cardinalities of these sets,
respectively.

For the record classification, we write o as a word, i.e., 0 = 9374611281015. The record
and antirecord positions are therefore Rec(o) = {1,6} and Arec(o) = {10,11}. The full

record classification is

Erec(o) = {1,6}  Earec(o) = {10,11} (11a)
Rar(c) = @  Nrar(o) = {2,3,4,5,7,8,9} (11b)

ot
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Finally, the record-and-cycle classification gives us

Eareccpeak(o) = {10,11}  Nrcpeak(c) = {7} (12a)
Ereccval(oc) = {1}  Nreval(o) = {2,5} (12b)
Erecdrise(c) = {6}  Nrcdrise(o) = {3 9} (12¢)

(12d)
(12e)

Earecdfall(oc) = @  Nredfall(o) =
Rar(c) = @ Nrfix(o) = {4, }

2.1.2 Running example 2

We now consider our second running example in its cycle notation,

= (1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € Sy4. The excedance classification of o

partitions the index set [14] o {1,...,14} as follows:

Exc = {1,3,7,9,13},  Aexc = {2,4,6,8,10,14},  Fix = {5,11,12} .  (13)

Thus, exc(o) = 5, aexc(o) = 6 and fix(o) = 3.
Next, we write out the cycle classification of o:

Cpeak(c) = {8,10,14} Cval(o) = {1,3,13} (14a)
Cdrise(o) = {7,9} Cdfall(oc) = {2,4,6} (14b)
Fix(oc) = {5,11,12} (14c)

Once again, the statistics cpeak, cval, cdrise, cdfall and fix are simply the cardinalities of
these sets.

For the record classification, we write o as a word, 0 = 7192548610311121413. The
record and antirecord positions are therefore Rec(o) = {1,3,9,11,12,13} and Arec(o) =
{2,4,10,11,12,14}. The full record classification is

Erec(o) = {1,3,9,13}  Earec(o) = {2,4,10,14} (15a)
Rar(o) = {11,12}  Nrar(o) = {5,6,7,8} (15b)

Finally, the record-and-cycle classification gives us

Eareccpeak(o) = {10,14}  Nrcpeak(o) = {8} (16a)
Ereccval(o) = {1,3,13}  Nreval(o) = (16b)
{9}  Nrcdrise(o) = {7} (16¢)
(16d)

(16e)

Erecdrise(o) =
Earecdfall(c) = {2,4}  Nrcdfall(o) = {6} 16d
Rar(o) = {11,12}  Nrfix(e) = {5} 16e

2.2 Permutation statistics: Crossings and nestings

We now define (following [21]) some permutation statistics that count crossings and
nestings.
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Figure 1: Pictorial representation of the permutation ¢ = 9374611281015 =
(1,9,10) (2,3,7) (4) (5,6,11) (8) € G-

11 12 1314

Figure 2: Pictorial representation of the permutation c =7192548610311121413 =
(1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € Sy4. This o is a D-permutation.

First we associate to each permutation 0 € Gy a pictorial representation by placing
vertices 1,2, ..., N along a horizontal axis and then drawing an arc from i to o (i) above
(resp. below) the horizontal axis in case o(i) > i [resp. o(i) < i|; if o(i) = ¢ we do not
draw any arc. Each vertex thus has either out-degree = in-degree = 1 (if it is not a fixed
point) or out-degree = in-degree = 0 (if it is a fixed point). Of course, the arrows on
the arcs are redundant, because the arrow on an arc above (resp. below) the axis always
points to the right (resp. left); we therefore omit the arrows for simplicity. See Figures 1
and 2 for our two running examples.

We then say that a quadruplet ¢ < j < k < [ forms an

e upper crossing (ucross) if k = o(i) and [ = o(j);
e lower crossing (lcross) if i = o(k) and j = o(1);
e upper nesting (unest) if | = o(i) and k = o(j);
e lower nesting (lnest) if i = o(l) and j = o (k).
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We also consider some “degenerate” cases with j = k, by saying that a triplet i < 7 <
forms an

e upper joining (ujoin) if j = o(i) and [ = o(j) [i.e. the index j is a cycle double

rise];
e lower joining (ljoin) if i = o(j) and j = o(l) [i.e. the index j is a cycle double

fall;
e upper pseudo-nesting (upsnest) if | = o(i) and j = o(j);
e lower pseudo-nesting (Ipsnest) if i = o(l) and j = o().

These are clearly degenerate cases of crossings and nestings, respectively. See Figure 3.
Note that upsnest(c) = lpsnest(o) for all o, since for each fixed point j, the number of
pairs (i,0) with ¢ < j < [ such that | = o(i) has to equal the number of such pairs with
i = o(l); we therefore write these two statistics simply as

= lpsnest(o) . (17)

psnest (o) o upsnest (o)

And of course ujoin = cdrise and ljoin = cdfall.

We can further refine the four crossing/nesting categories by examining more closely
the status of the inner index (j or k) whose outgoing arc belongs to the crossing or nesting:
that is, j for an upper crossing or nesting, and k for a lower crossing or nesting:

ucross unest lcross Inest
7 € Cval ucrosscval unestcval
j € Cdrise | ucrosscdrise | unestcdrise
k € Cpeak Icrosscpeak | Inestcpeak
k € Cdfall lcrosscdfall | Inestcdfall

See Figure 4. Please note that for the “upper quantities the distinguished index (i.e. the
one for which we examine both o and ¢~1) is in second position (j), while for the “lower”
quantities the distinguished index is in third position (k).

In fact, a central role in our work will be played (just as in [3,21]) by a yet further
refinement of these statistics: rather than counting the total numbers of quadruplets
i < j < k <[ that form upper (resp. lower) crossings or nestings of the foregoing types,
we will count the number of upper (resp. lower) crossings or nestings that use a particular
vertex j (resp. k) in second (resp. third) position. More precisely, we define the index-
refined crossing and nesting statistics

ucross(j,o0) = #{i<j<k<l: k=o(i)andl=0(j)} (18a)
unest(j,0) = #{i<j<k<l: k=o(j)andl=0(i)} (18b)
lcross(k,0) = #{i<j<k<l:i=oc(k)and j=0o(l)} (18¢)
Inest(k,0) = #{i<j<k<l:i=o(l)and j =0(k)} (18d)
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i J k l { J k l

Upper crossing Lower crossing

_.//\\_ «<—>

i J k l ? ' k l

Upper nesting Lower nesting

VAVAN

7 J l 1 J l

Upper joining Lower joining

—/.\.— o

i J l i J l

Upper pseudo-nesting Lower pseudo-nesting

Figure 3: Crossing, nesting, joining and pseudo-nesting.
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Upper crossing of type cval

i J k l

Lower crossing of type cpeak

Upper nesting of type cval

Lower nesting of type cpeak

Upper crossing of type cdrise

i J k l

Lower crossing of type cdfall

Upper nesting of type cdrise

N~

Lower nesting of type cdfall

Figure 4: Refined categories of crossing and nesting.
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Note that ucross(j, o) and unest(j, o) can be nonzero only when j is an excedance (that
is, a cycle valley or a cycle double rise), while lcross(k, o) and lnest(k, o) can be nonzero
only when £ is an anti-excedance (that is, a cycle peak or a cycle double fall).

When j is a fixed point, we also define the analogous quantity for pseudo-nestings:

psnest(j,0) € #{i < j: o(i) >} = #{i > j: oi) < j}. (19)

(Here the two expressions are equal because ¢ is a bijection from [1,j) U (4, n] to itself.)
In |21, eq. (2.20)] this quantity was called the level of the fixed point j and was denoted
lev(j, o).

2.2.1 Running example 1

We first consider our first running example 0 =9374611281015
= (1,9,10)(2,3,7) (4) (5,6,11) (8) € &;; and from Figure 1 write out the quadruplets
1 < j < k <l corresponding to crossings and nestings:

Ucross(o) = {1<6<9<11,3<6<7<11} (20a)
Leross(o) = {1<b<10<1l, 2<b<7<11} (20b)
Unest(o) = {1<2<3<9,1<3<7<9,1<5<6<9, (20c)

3<5<6<7,6<9<10<11} (20d)

Lnest(oc) = {1<2<7<10} (20e)

We now write out the degenerate cases when j = k but we skip the upper and lower
joinings. The upper and lower pseudo-nestings are:

Upsnest(o) = {1<4<9,3<4<7, 1<8<9,6<8<11} (21a)
Lpsnest(o) = {1<4<10,2<4<7,1<8<10,5<8<11} (21Db)

Next, we write out the crossings and nestings of ¢ but refined according to the cycle
classification (which we have already noted down in equation (10)) of index j for upper
crossing or nesting, and index k for lower crossing or nesting:

Ucrosscval(o) = @ (22a)
Ucrosscdrise(o) = {1<6<9<11,3<6<7<11} (22b)
Lerosscpeak(o) = {1 <5<10< 11, 2<5 <7< 11} (22¢)
Lerossedfall(oc) = @ (22d)

Unesteval(o) = {1<2<3<9,1<5<6<9,3<5<6<T7} (22e)
Unestedrise(o) = {1<3<7<9,6<9<10<11} (22f)
Lnestcpeak(c) = {1<2<7<10} (22g)

Lnestedfall(o) = o (22h)

Finally, we write out the index-refined crossing and nesting statistics for 0. We make
separate tables for the three excedance classes of o [cf. (9)]: see Table 1.
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Table 1: Index-refined crossing and nesting statistics for the permutation
0=9374611281015=(1,9,10)(2,3,7) (4) (5,6,11) (8) € &1;.

2.2.2 Running example 2

We now consider our second running example c =71925486103111214 13

je€Exe(o) [112]3]5(6|9 k€ Aexc(o) | 7|10 | 11
ucross(j,o) || 0| 0 0120 lcross(k,o) ||[1] 1| 0
unest(j,o) [[0]1]1]2]0]1 Inest(k,o) | 1] 0 | O
j€Fix(o) |48
psnest(j,o) || 2 | 2

= (1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € &34 and from Figure 2 write out the

quadruplets ¢ < j < k < [ corresponding to crossings and nestings:

Ucross(o)

Lcross(o)

Unest(o) =
(o)

Lnest(o

{1<3<7<9}

{2<3<4<10}

{3<7<8<9}

{3<4<6<10,3<6<8<10}

The upper and lower pseudo-nestings are:

Upsnest (o)
Lpsnest(o)

= {1<5<7,3<5<9}

= {3<5<10,4<5<6}

Next, we write out the crossings and nestings of ¢ but refined according to the cycle
classification (which we have already noted down in equation (14)) of index j for upper
crossing or nesting, and index k for lower crossing or nesting:

Ucrosscval(o)
Ucrosscdrise(o)
Lerosscpeak(o)
Lcrosscdfall(o)

Unestcval(o)
Unestedrise(o)
Lnestcpeak(o)
Lnestcdfall(o)

{1<3<7<9}
%)
%)

{2 <3<4<10}

%)
{3<7<8<9}

{3<6<8<10}
{3<4<6<10}

(25a
(25
(25
(25
(25
(

o o T

25

[

[\
Ot
(] @
—_ N D N D

(
(

[\
at
=

Finally, we write out the index-refined crossing and nesting statistics for o. Again we

make separate tables for the three excedance classes of o [cf. (13)): see Table 2.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(2) (2024), #P2.14

12



je€Exc(o) | 13]7]9]13 ke Aexc(o) |2]4]6|8|10]| 14
ucross(j, o) 110]0] 0 leross(k,o) ||[0]1]0 010
unest(7,0) [0 [0 |1]{0] O Inest(k,o) ||O]0|1]|1] 0| O

j€Fix(o) [ 5] 1112
psnest(j,o) | 2| 0 | O

Table 2: Index-refined crossing and nesting statistics for the permutation
c=7192548610311121413 =(1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € G14.

3 Proof of Lemma 1

We will give two proofs of Lemma 1: one topological, and one combinatorial. The topo-
logical proof is extremely satisfying from an intuitive point of view, but it requires some
nontrivial results on the topology of the plane to make it rigorous. The combinatorial
proof is simple and manifestly rigorous, but it relies on an identity for the number of
inversions [5, Lemme 3.1] [19, eq. (40)] [21, Proposition 2.24] whose proof is elementary
but not entirely trivial.

PROOF. [Topological proof| Draw the diagram representing the permutation o (Figures 1
and 2) such that each arc is a C! non-self-intersecting curve that has a vertical tangent
at each cycle peak and cycle valley and a horizontal tangent at each cycle double rise
and cycle double fall, and such that each pair of arcs intersects either zero times (if they
do not represent a crossing) or once transversally (if they do represent a crossing), and
also such that each intersection point involves only two arcs (see Figures 5 and 6 for the
examples of Figures 1 and 2, respectively, redrawn according to these rules). Then each
cycle becomes a C' closed curve with a finite number of self-intersections, all of which
are transversal double points; following Whitney [26, pp. 280-281], we call such a curve
normal. The total number of intersections in the diagram is ucross + lcross.

Each fixed point is of course a cycle. So we focus henceforth on cycles of length > 2.
We will prove the following two facts:

(a) The number of self-intersections in a cycle is equal modulo 2 to the number of cycle
peaks (or alternatively, cycle valleys) in that cycle, plus 1.

(b) The number of intersections between two distinct cycles is equal modulo 2 to zero.

Together these facts will prove Lemma 1.

PROOF OF (A). The rotation angle (or tangent winding angle) of a C' closed curve is the
total angle through which the tangent vector turns while traversing the curve.! With the

'In [25, Section 3] and [1, Chapter 3|, the rotation angle divided by 27 is called the rotation index.
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Figure 5: Diagram of the permutation
o =9374611281015 = (1,9,10)(2,3,7) (4) (5,6,11) (8) € &y; shown in Figure 1,
drawn according to the rules stated in the text.

Figure 6: Diagram of the permutation
o = 7192548610311121413 = (1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € Sy
shown in Figure 2, drawn according to the rules stated in the text.
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above conventions for the arc diagram (with arcs traversed in the direction of the arrows,
i.e. clockwise) it is easy to see that the tangent turns by an angle —m from each cycle
valley to the next cycle peak, and again by an angle —x from each cycle peak to the next
cycle valley. Therefore, a cycle containing M cycle peaks (and hence M cycle valleys) has
a rotation angle —27 M. On the other hand, Whitney [26, Theorem 2| proved that the
rotation angle for a C'' normal closed curve f is

y(f) = 2m(p+ NT=N7) (26)

where NT (resp. N7) is the number of positive (resp. negative) crossings, and p is either
+1 or —1.2 Tt follows that the number of self-intersections in this cycle, namely N* 4 N,
equals M + 1 modulo 2.

PROOF OF (B). This is a general property of C'' normal closed curves in the plane that
have finitely many mutual intersections, all of which are transversal double points: in this
situation the number of mutual intersections is even. This intuitively obvious fact goes
back at least to Tait [23, statement III]. For completeness we give a proof:

Let C; and C; be C*! normal closed curves in the plane; and suppose that C; and C,
have finitely many intersections, all of which are all transversal double points. Consider
first the case in which C; is a simple closed curve, i.e. has no self-intersections. Then the
Jordan Curve Theorem tells us that R? \ C; has two connected components, an interior
and an exterior.> We put an orientation on Cy and traverse C, from some starting point.
Each time Cy intersects Cy, it must either go from the interior to the exterior of C; or vice
versa (because the intersections are transversal). Since Cy returns to its starting point,
the number of intersections between Cy and C; must be even.

When C; is not a simple closed curve but has finitely many self-intersections, we
can write it as a union of finitely many simple closed curves Ci that are disjoint except
for intersections at the self-intersection points of C;. (The graph whose vertices are the
self-intersection points and whose edges are the arcs of C; between two successive self-
intersections is an Eulerian graph; and an Eulerian graph can be written as the edge-
disjoint union of cycles.) Then C, has an even number of intersections with each Ci, hence
also with C; (since by hypothesis none of those intersections occur at the self-intersection
points of C;).* This completes the proof.

This completes the proof of Lemma 1. O

2 The definition of positive and negative crossings [26, p. 281] depends on the choice of a starting point
on the curve; if the crossing point is visited first with tangent vector v; and then with tangent vector v,
the crossing point is called positive if vi X vo < 0 using the right-hand rule, and negative if vi x vo >0
using the right-hand rule. The hypotheses of [26, Theorem 2| require that the starting point be an
outside starting point, i.e. the whole curve must lie on one side of the tangent line to the curve at
the starting point. That requirement is easily fulfilled here, e.g. by taking the starting point to be
the smallest or largest element of the cycle. In this situation, [26, Theorem 2] also specifies explicitly
whether p is +1 or —1; in the present case it is p = —1.
See also Umehara and Yamada [25, pp. 34-38| for an exposition of Whitney’s proof. They use the term
“generic” for what Whitney calls “normal”.

3See e.g. [24] or |22, Section 0.3] for proofs of the Jordan Curve Theorem.

4Equivalently, the graph G whose vertices are the self-intersection points and whose edges are the arcs
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PROOF. |Combinatorial proof| Let cyc(o) = k, and let py,...,pr be the sizes of the k
cycles of . Then

:
n+k = Z(pz +1) = #(cycles of o of even length) (mod 2) . (27)

i=1

Therefore
(_1)n+k _ (_1)#(cycles of o of even length) ) (28)

Here the right-hand side is simply the parity of o, usually denoted sgn(c). As is well
known (e.g. [17, section 7.4]), the parity of o is also given by

sgn(o) = (=1)"™, (29)

where
inv(o) o #{(i,j): i <jand o(i) > o(j)} (30)

is the number of inversions in o. We therefore have
n+k = inv(o) (mod 2) . (31)

On the other hand, we recall a formula [21, Proposition 2.24] for the number of inver-
sions in terms of cycle, crossing and nesting statistics:

inv = cval + cdrise + cdfall 4 ucross + lcross + 2(unest + Inest 4 psnest) . (32)
Combining (31) and (32) yields
n+k = (cval 4 cdrise + cdfall) 4+ (ucross + lcross)  (mod 2) , (33)
which can be rewritten as
k = (cpeak + fix) 4+ (ucross + lcross) (mod 2) (34)

since n = cpeak + cval + cdrise 4 cdfall 4 fix. This proves (4a). Then (4b) follows because
cpeak = cval. O
3.1 [Illustration with examples

We will verify the various components used in the combinatorial proof of Lemma 1 for
both of our running examples.

of C; between two successive self-intersections is Eulerian; so its dual G* is bipartite. Then the closed
curve Co must intersect the edges of G an even number of times.
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3.1.1 Running example 1

First we consider 0 =9374611281015 = (1,9,10) (2,3,7) (4) (5,6, 11) (8) € &1, which
was depicted in Figure 1. Here n = 11 and there are kK = 5 cycles, none of which are of
even length. This confirms (27) and (28).
Next we count the number of inversions of o. We record the numbers
=#{j <i: 0(j) > o(i)}, which are sometimes called the tnversion table of o:

i [[1]2[3[4[5]6 [7]8]910]11
o) |93 [7|4l6]11[2[8]10] 1] 5
& Jo[1][1(2(2]06[2]1]9]6

Thus we have inv(c) = i & = 30. So (31) is also clearly true.
Finally, we will Verif;:equation (32). From (10) we obtain the values
cval(o) = 3, cdrise(o) = 3, cdfall(c) = 0; (35)
and from (20)/(21) we obtain the values
ucross(o) = 2, lcross(o) = 2, unest(o) = 5, lnest(c) = 1, psnest(o) = 4. (36)

Using these values we verify (32).

3.1.2 Running example 2

Next we consider our second running example o0 = 71925486 10311121413 =
(1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € Sy4, which was depicted in Figure 2. Here
n = 14 and there are k = 6 cycles, of which two are of even length. This confirms (27)
and (28).

Next we count the number of inversions of 0. We record again the numbers & =

#y <i:o(j)>a(i)}:

1[2[3]4[5[6[7[8[9[10][11[12]13]14
o(i) | 71 3 (11|12 1413
& Joltlol2]2]3]t[3]o7][0]0]0]1

Nej
[\
ot
e
(0.¢]
D
—
(@]

Thus we have inv(c) = Z & = 20. So (31) is also clearly true.
Finally, we will Verlfy equatlon (32). From (14) we obtain the values
cval(o) = 3, cdrise(o) = 2, cdfall(o) = 3; (37)
and from (23)/(24) we obtain the values
ucross(o) = 1, lcross(o) = 1, unest(o) = 1, lnest(c) = 2, psnest(o) = 2. (38)
Using these values we verify (32).
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4 Results for permutations

We find it convenient to start from the first “master” J-fraction for permutations |21,
Theorem 2.9] and then to specialize.

4.1 Master J-fraction

Following [21, Section 2.7], we introduce five infinite families of indeterminates a =
(age)eer=0, b= (bee )0, € = (Coe)ee=0, d = (deer)ee>0, € = (€r)r=0 and then define the
polynomials

P,(a,b,c,d,e,\) =

Z )\CW(U) H Aucross(i,0), unest (i,o) H blcross(i,g),lnest(i,o) X

ocGy 1€Cval(o) 1€Cpeak(o)
H Cleross(i,0), Inest (i,0) H ducross(z o), unest(i,0) H €psnest(i,0) -
1€Cdfall(o) 1€Cdrise(o) 1€Fix(o)

(39)

(This is [21, eq. (2.77)] with a factor A¥*(?) included.) Then the first master J-fraction
for permutations [21, Theorem 2.9] handles the case A = 1: it states that the ordinary
generating function of the polynomials P,(a, b, c,d, e, 1) has the J-type continued fraction

(o]
Y Pi(a,b,cd.e1)t" =
n=0
1

aooboot?

(a01 + a10) (bo1 + byo)t?
(ap2 + a11 + azo)(bo2 + b1y + b20)t2
1—...

1—e0t—

1-— (COO =+ d()o =+ el)t —
1-— (C01 + Cio + d()l + dw + eg)t —

(40)

with coeflicients

n—1 n—1

Tn = (Z CE,nl@) + <Z dZ,nl@) + e, (413)
{=0 /=0
n—1 n—1

Bn = (Z az,n—l—z> (Z bz,n—l—e) (41b)
/=0 (=0

By Lemma 1, we obtain the case A = —1 by inserting a factor —1 for each fixed point,
for each cycle peak (or alternatively, cycle valley), and for each lower or upper crossing.
We therefore have:
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Proposition 2 (Master J-fraction for permutations, A = —1). The ordinary generating
function of the polynomials P,(a, b, c,d, e, —1) has the J-type continued fraction

oo
Z P.(a,b,c,d e —1)t" =
n=0
1

agoboot?

(a01 — a10)(bor — big)?
(202 — a11 + a20)(boz — b1 + bag)t?
1— ...

1+e0t+

1-— (C()() + doo — el)t +

1 —(cor — cro +dor —dig —e2)t +
(42)

with coefficients

Vo = (nz_l(—l)f ce,n_1_4> + (nz_l(—l)’fdg,n_l_g) — e, (43a)

Bn = —(2(—1)8 ag,nu) (g(—l)f be’nlg) (43b)

We now write out the monomials contributed by our running examples to the polyno-
mial P,(a,b,c,d, e, \) in equation (39) for n = 11 and n = 14, respectively.

4.1.1 Running example 1

First let us take 0 =9374611281015 = (1,9,10)(2,3,7) (4) (5,6, 11) (8) € &1, which
was depicted in Figure 1. Here n = 11 and cyc(o) = 5.

To obtain the monomial contributed by o in (39), we require the following data for
each index i € [11]:

e The cycle type of ¢ as per the cycle classification. This determines the letter a, b,
¢, d or e. We have already recorded this information in (10).

e The index-refined crossing and nesting statistics for <. This determines the sub-
scripts £ and ¢'. We have already recorded this information in Table 1.

We copy these data into the following table:

11213 5678|910 11

Letter ala|d|e|a|d|bje|d| b | Db
First subscript |[0[0|0|2(0|2]1/2]0| 1|0
Second subscript || 0| 1|1 21011 11010

We therefore see that the monomial contributed to P,(a,b,c,d,e, \) by this particular

permutation o is
5 2 2
A”ap,0 0,1 @0,2 bo,o b1o b1 d071 daoe; . (44)
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4.1.2 Running example 2

We now consider our second running example c =71925486103 11121413
= (1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € Sy4, which was depicted in Figure 2.
Here n = 14 and cyc(o) = 6.

To obtain the monomial contributed by o in (39), we again copy the required data
from equation (14) and Table 2:

11213456 |7|8]9|10]|11]12]13]| 14

Letter alclalc|e|c|d|b|d|b|e|e]al|b
First subscript |00 [1|1]2{0[0[0[0] 0] 0| 0] O0]O0
Second subscript |0 [0 ][0 [0 111]11]0]0 010

We therefore see that the monomial contributed to P,(a,b,c,d,e, A) by this particular
permutation o is

6 .2 2 2
A 30’0 31’0 b070 bO,l CO,O C0’1 Cl,O d070 d()’l eO €9 . (45)

4.2 p,q J-fraction
Consider now the polynomial [21, eq. (2.92)]

Pn(a:h T2, Y1, Y2, U1, U2, V1, V2, W, D11, P42, P—-1, P-2,4+1,4+2,G9-1,9-2, S, )\) =

eareccpeak(o) eareccdfall(o) ereccval(o) ereccdrise(o)
Ty Lo Y Ya X
O'EGn
nrcpeak (o) unrcdfall(a) Uilrcval(a) U;lrcdrise(a) Wﬁx(o’) %

ucrosscval(o) _ucrosscdrise(o) lcrosscpeak(o) lcrosscdfall(o)
Py Pio P P_o

unestcval(o) unestedrise(o) Inestcpeak(o) Inestedfall(o) psnest(o) ycyc(o)
+1 +2 41 42 § A , (46)

where the various statistics have been defined in |21, Sections 2.3 and 2.5]. In order to

distinguish records and antirecords, we use the following general fact about permutations
[21, Lemma 2.10]:

(a) Ifiis a cycle valley or cycle double rise, then i is a record if and only if unest (i, o) = 0;
and in this case it is an exclusive record.

(b) If 7 is a cycle peak or cycle double fall, then i is an antirecord if and only if
Inest(i, o) = 0; and in this case it is an exclusive antirecord.
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It follows that the polynomial (46) is obtained from (39) by making the specializations [21,
eq. (2.81)]

ane = pladh X {zi Ii i: ;(1] (47a)
b = plig’y X {zi i j; X (47b)
coo = pladts X {zz i i: ;(1) (47¢)
deo = piodly X {iz i i;? (47d)
e = s (47¢)

Making these specializations in Proposition 2 — or equivalently, attaching a minus sign
to the variables 1, uy, pi1, Pyo, P—1, P2, w; in [21, Theorem 2.7] — we obtain:

Proposition 3 (p, g J-fraction for permutations, X\ = —1). The ordinary generating
function of the polynomials (46) at A = —1 has the J-type continued fraction

00
Z Pn(xla T2, Y1,Y2, U, U2, V1, V2, W, D11, P42, P-1,P-2,4+1,4+2,49-1,9-2, S, _]-> " =
n=0
1
T1yit?
(=po121+g-1w) (=pay+gv) P

(P21 21401 (2] —p_y gy 1) (PR +041[2) p oy gy v1)E2
1—...

14+ wet +

1= (zy+y,—swy)t +

L — (—p_2@a+q 2ty —piays+qyave —s*wy)t +

(48)
with coefficients
Yo = —Wo (49a)
Yo = ((=p2)" w2 tgaln—1p 0 ,u) + ((=pr2)" 2+ qr2 [0 — 1piygave) — s"wy
forn >1 (49Db)
BTL = - ((7p71)n71x1 +t4-1 [n - 1]*?—17‘]—1“’1) ((7p+1)n71y1 + a4+ [n - 1]*p+1,q+1v1) (49C)

We now write out the monomials contributed by our running examples to the poly-

nomial Pn(l'l, T2,Y1, Y2, U1, U2, V1, V2, W, D11, P42, P-1, P-2,4+1,4+2,9-1,4-2, S, >\) in equa-
tion (46) for n = 11 and n = 14, respectively.
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4.2.1 Running example 1

First let us take 0 = 9374611281015 = (1,9,10)(2,3,7) (4) (5,6,11) (8) € &1, which
was depicted in Figure 1. Here n = 11 and cyc(o) = 5.

To obtain the monomial contributed to (46) by o, we require the following data for
each index i € [11]:

e The cycle-and-record type of ¢ as per the cycle-and-record classification. This de-
termines the letter z, y, v or v along with the subscript 1 or 2. We have already
recorded this information in (12).

We also require the total numbers of crossings and nestings refined according to cycle
type. We have already recorded this information in (21)/(22). Copying all these data
together, we find that the monomial contributed to (46) by the permutation o is

N 2F g1 yp ug 07 V3 wE PLa PR @y e g1 St (50)

4.2.2 Running example 2

We now consider our second running example c =71925486103111214 13
= (1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € Sy4, which was depicted in Figure 2.
Here n = 14 and cyc(o) = 6.

Copying the required data from (16)/(24)/(25), we find that the monomial contributed
to (46) by the permutation o is

N2 23y} Yo ug s V9 WG W Py P o g1 G2 8> (51)

4.3 Simple J-fraction

And finally, we can obtain the polynomials without crossing and nesting statistics,
Pn($lax2ayl7927ul’U27U17U27W7 >‘) -
Z eareccpeak(c) eareccdfall(o) ereccval(o) ereccdrise(o)

Ty T Y1 Y X

0’6671
urllrcpeak(cr) urzlrcdfall(a) Uilrcval(o') U;lrcdrise(o’) Wﬁx(g‘) )\Cyc(g) : (52)

by setting py1 =py2 =p-1 =p-2=q41 = @42 = ¢-1 = ¢-2 = s = 1 in (46). Making this
same specialization in Proposition 3 and observing that

[n =111 = (53)

)

1 if nis even
0 ifnisodd

we obtain:
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Proposition 4 (Simple J-fraction for permutations, A = —1). The ordinary generating
function of the polynomials (52) at A = —1 has the J-type continued fraction

(0]

n
g Pn(xlax%ylay%ulvu2avl7v2awv _1) =
n=0

1

Ty t?

(21 —u1) (g —v1)t?

1+U)0t+

1 — (zot+y2—wi)t +

T1ypt?
1-— (—$2+u2—y2+vg—w2)t + : 1_3/1
(54)
with coefficients
v = T+ Yo — Wy zfn zis odd (55b)
—To+ Uy — Yo+ V9 —w, ifn iseven and = 2
5, — —T1Y1 zfn 2:3 odd (55¢)
—(x1 —u1)(yh —v1)  if nis even

4.4 Corollary for cycle-alternating permutations

We recall [4,6,21] that a cycle-alternating permutation is a permutation of [2n] that
has no cycle double rises, cycle double falls, or fixed points; Deutsch and Elizalde [6,
Proposition 2.2| showed that the number of cycle-alternating permutations of [2n] is the
secant number Fy, (see also Dumont [7, pp. 37, 40| and Biane |2, section 6]). In this
subsection, we will obtain continued fractions for cycle-alternating permutations at A\ =
—1 by specializing our master J-fraction (Proposition 2) to suppress cycle double rises,
cycle double falls and fixed points, and then using [4, Lemma 4.2] to interpret the parity
of cycle peaks and cycle valleys in terms of crossings and nestings.

Let P,(a, b, \) denote the polynomial (39) specialized to ¢ = d = e = 0; it enumerates
cycle-alternating permutations according to the index-refined crossing and nesting statis-
tics associated to its cycle peaks and cycle valleys. Note that P, is nonvanishing only for
even n. The J-fraction of Proposition 2 then becomes an S-fraction in the variable #2;
after changing ¢ to ¢, we have:

Proposition 5 (Master S-fraction for cycle-alternating permutations, A = —1). The
ordinary generating function of the polynomials Py,(a, b,—1) has the S-type continued
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fraction

o0 1
E Pzn(a, b,—l) t" = A bt
o H (oo = an0) by b
dp] — A —
1 + 01 10 01 10

(a2 — a11 + a20)(bo2 — b1y + bag)t
1— ...

1+

with coefficients

Oy = — (::(—N ae,nw) (ni(—l)f bg,nle) : (57)

=0

We can use this master S-fraction to obtain a continued fraction that distinguishes
cycle peaks and cycle valleys according to their parity. To do this, we use [4, Lemma 4.2]:

Lemma 6 (Key lemma from [4]). If o is a cycle-alternating permutation of [2n|, then

cycle valleys:  ucross(i,o) + unest(i,0) = i—1 (mod 2) (58a)
cycle peaks:  lcross(i, o) + lnest(i,0) = i (mod 2) (58b)

for all i € 2n].

Consider now the polynomials

Q’n(IGJ Ye, Ue, Vey Loy Yo oy Vos P—15 P—2, P+1, P+2,4-1,4-2, 4+1, 442, >\) =

eareccpeakeven (o), ereccvaleven(o), nrcpeakeven(co), nrcvaleven(o)
Le Ye Ue Ve

X
oeSs

l,eareccpeakodd(a) ereccvalodd(a)unrcpeakodd(a),Unrcvalodd(

o)
o Yo o o X

Icrosscpeakeven(o) Icrosscpeakodd(o) ucrosscvalodd(o) ucrosscvaleven(o)
-1 2 Dy Py

Inestcpeakeven(o) Inestcpeakodd (o) unestcvalodd(o) unestcvaleven(o) ycyc(o)
-1 ) 411 442 A ) (59)

where the various statistics are defined as

eareccpeakeven(o) = |Eareccpeakeven(o)| = |Arec(o) N Cpeak(c) N Even| (60)

lcrosscpeakeven (o) = Z lcross(k, o) (61)

keCpeak(o) NEven

and likewise for the others. These polynomials are the same as the polynomials [4,
eq. (4.29)] except for the extra factor A°(?). As before, we use [21, Lemma 2.10] to
distinguish records and antirecords; we also use Lemma 6 to distinguish cycle peaks and
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cycle valleys according to their parity. It follows that the polynomials (59) can be obtained
from the master polynomials P,(a, b, \) by making the specializations [4, eq. (4.33)]

(1’196 if ¢ =0and ¢+ ¢ is even
VA e /s
v, ¢ >1and/l+ /¢ iseven
ay = ¢ pz-lQ+1 o n = o (62&)
PloVe if ¢/ =0and ¢+ ¢ is odd
(Phaqiove if > 1 and £+ ¢ is odd
(p* 7. if ¢/ =0 and ¢+ (' is even
by — pi_lq‘ﬁlue ?f E: >1and ¢+ E: :1s even (62D)
P oT0 if ¢/ =0 and ¢+ ¢ is odd
(P’ 5q"yuo if £/ > 1 and £ + (' is odd
Inserting these specializations into Proposition 5, we obtain:
Proposition 7 (p, g S-fraction for cycle-alternating permutations, A = —1). The or-

dinary generating function of the polynomials (59) at A\ = —1 has the S-type continued
fraction

Z Qn(xey Yo, Uey Vey Loy Yo, Uoy Voy P—15 P—2, P+15P+2,9-1,4—2, +1, 9+2, _1> t"

n=0
1
= (63a)
TelYol
1+
(—P-2To+q-2Uo)(—P12Ye+s2ve )t
1+ 2 2
14 (pflxe—i_q*l[2]*17717(1—1ue>(p+1y0+q+1[2]*p+1,(1+lvo>t
1— ...
with coefficients
Q2k—1 = _<p27k172me + q71[2k - 2] —P—1,9—1 ue) (pikayo + Q+1[2k - 2]*p+1,q+1vo>
(64a)
_ 2%k—1 2k—1
Qo = _<_p—2 To + q—2[2k - 1]—p72,q72u0) (_p+2 Ye + q+2 [Qk - 1]—p+27Q+2Ue)
(64b)

Finally, denote by Q,(Ze, Ye, Ue, Ve, To; Yo, Uo, Vo, A) the polynomial (59) specialized to
Pr1=pi2=p-1=pP-2=G41=qy2=q1=q 2= 1. Setting A = —1, we obtain:
Proposition 8 (Simple S-fraction for cycle-alternating permutations, A = —1). The
ordinary generating function of the polynomials Q. (Te, Yo, Ue, Ve, Tos Yo, Uo, Vo, —1) has the
S-type continued fraction

s 1
ZQn(Ieaye7ue7ve7x07y07u07vo7_1) tn = (65)
= TeYol
- T et
To—Uo e Ve
1+ Y r
TelYo
1+ Y

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(2) (2024), #P2.14 25



with coefficients

Q-1 = —TeYo (66&)
Qo = _(xo - uo) (ye - ve) (66b)

This proves the continued fraction that was conjectured in [4, eq. (A.6)].

5 Results for D-permutations

We recall [3,14-16] that a D-permutation is a permutation of [2n] satisfying

2k — 1 < 0(2k — 1) and 2k > o(2k) for all k; D-permutations provide a combinatorial
model for the Genocchi and median Genocchi numbers. We write ©,,, for the set of
D-permutations of [2n]. Our running example 2

c = 7192548610311121413
- (17 7a876747 2) (3797 10) (5) (11) (12) (13, ]-4) € 614 ) (67>

is an example of a D-permutation.
We proceed in the same way as in the preceding section, beginning with the “master”
T-fraction and then obtaining the others by specialization.

5.1 Master T-fraction

Following [3, Section 3.4|, we introduce six infinite families of indeterminates

a=(are)ee=0, b= (bee)re=0, €= (Ccop)eeso, d = (dee)re=0, € = (er)e=0, F = (fi)e=0 and
then define the polynomials

Qn(a7b7c7d7e7f7 )\) =

2 cyc(o)
A H Aucross(i,0), unest(4,0) H blcross(i,o'),lnest(i,o’) X

0c€D2p 1€Cval(o) 1€Cpeak(o)

H Cleross(4,0), Inest (i,0) H ducross(i,a), unest(i,0) X
i€Cdfall(o) 1€Cdrise(o)

H epSHeSt(i,G) H psnest(i,0) - (68)

i€Evenfix(o) 1€0ddfix(o)

(This is [3, eq. (3.30)] with a factor A%°(?) included.) Then the first master T-fraction
for D-permutations [3, Theorem 3.11] handles the case A = 1: it states that the ordinary
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generating function of the polynomials @),,(a, b, c, d, e, 1) has the T-type continued fraction

> 1
> Qu(a,b,c.def1)t" = (69)
n=0

agoboot
= 1—60f0t— 00700

(coo + €1)(doo + f1)t
(ao1 + a10)(bo1 + byo)t
(co1 + c10 +€2)(dor +dyp + fa)t
11— ...

1—

1—

1—

with coefficients

k-1 k-1
Qo1 = (Zae,k—l—e) <Z bé,k—l—é) (70a)
=0 =0
k-1 k-1
Qo = (ek + ZCg,k_l_g> (fk; + Z@,k—l—ﬁ) (70b)
=0 =0

(51 = eofo (70C)
0, = 0 forn>2 (70d)
By Lemma 1, we obtain the case A = —1 by inserting a factor —1 for each even or odd

fixed point, for each cycle peak (or alternatively, cycle valley), and for each lower or upper
crossing. We therefore have:

Proposition 9 (Master T-fraction for D-permutations, A = —1). The ordinary gener-
ating function of the polynomials Q,(a, b, c, d, e, f,—1) has the T-type continued fraction

1

Z Qn(a7 b7 C7 d; e, f; _1> tn =
n=0

aooboot
(coo —e1)(doo — f1)t
(ap1 — a10)(bor — bio)t
(co1 — €10 — €2)(dor — dio — f2)t
1 ...

1-— eof()t +
1—

1+

(71)
with coefficients

Qg1 = — (ki(—nf a,g,kl,g) (ki(—nf be,ku> (72a)
o = (—ek + S(—l)ec“_l_g) <—fk + 2(—1)€dz,k_1_z) (72b)

51 = eof() (72C>
d0, = 0 forn =2 (72d)
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5.1.1 Running example 2

We now write out the monomial contributed by our running example 2 to the polynomial
Qn(a,b,c,d,e,f, \) in (68). We have 0 =71925486103 11121413
= (1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € D14, which was depicted in Figure 2.
Here n = 7 and cyc(o) = 6.

The monomial contributed by ¢ in (68) is almost the same as the monomial in (45);
only the contribution of the fixed points is slightly different because we treat even and
odd fixed points separately. Instead of

6,2 2 2
A 40,0 91,0 bo,o bo,1 €0,0 €01 €1,0 do,0 do,1 €5 €2 (73)
as in (45), here the contribution is

6.2 2
A’ agga1,0bg0bo1 €o0Co1C10doodoreofofs . (74)

5.2 p,q T-fraction

Consider now the polynomial

Pn(xly T2, Y1, Y2, U1, U2, V1, V2, We, Wo, Zey Zoy P—1, P—2, P+1, P+2,4—1, -2, 4+1, 4+2, Se, So, )\) =

z : xeareccpeak(a) xeareccdfall(a) yereccval(a) yereccdrise(a)

1 2 1 2 X

€Dy,
nrcpeak g nrcdfall(o nrcval(o nrcdrise(o

evennrfix(o)

evenrar (o) ,oddrar(c)
e z,

(S} [¢]

w, w X

gddnrﬁx(o) P

Icrosscpeak(o) lcrosscdfall(o) ucrosscval(o) ucrosscdrise(o)
-1 -2 +1 Dio

Inestcpeak(o) Inestedfall(o) unesteval(o) unestcdrise(o)

-1 —2 +1 Q49 X

Szpsnest(a) Sgpsnest(a) )\cyc(o') ) (75)

(This is [3, eq. (3.22)] with a factor A¥°(?) included.) The various statistics have been
defined in [3, Sections 2.7 and 2.8 and eq. (3.22)]. This polynomial is obtained from (68)
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by making the specializations [3, egs. (6.40)-(6.45)]

App = p+1q+1 X {Ul T > 1 (76&)
/ f gl —
by = pligfy x4 76b
0,0 p_19, {U1 i o> 1 (76b)
¢ V4 i) lf gl - 0
;= 76
e Paf2 X {u2 i 0> 1 (76¢)
/ f gl - O
doy = gt Y2 1 76d
X Piaqia X {Uz i1 (76d)
Zo ifk=0 (76¢)
e, = e
* swe itk >1
c Zo if k=0 (761)
b slgwo ifk>1

Making these specializations in Proposition 9 — or equivalently, attaching a minus sign
to the variables 1, w1, pi1, P42, D1, P—2, We, Wo, Ze, Zo 101 |3, Theorem 3.9] — we obtain:

Proposition 10 (p, g T-fraction for D-permutations, A = —1). The ordinary generating
function of the polynomials (75) at A = —1 has the T-type continued fraction

00
Z Pn(‘rla T2, Y1, Y2, U1, U2, V1, V2, We, Wo, Ze, 2oy P—15 P—2, P+1, P42, 41, 4—2, 4+1, 442, Se, So, _1) "=
n=0

1
1— zezot + 1y ¢
- (22— SeWe) (Y2 — Sow,) t
14 (=p-171+q-1u1)(=prayi+qv) t
1_ (—P-2@2+q-2uz—sWe) (—Praya+qy2v2 —SWo )
14 (pQ—le+q—1[2]—p71,q71u1)(p31y1+Q+1[2]—p+1-,q+1/Ul> 13 ‘
1— (p272$2+q72[2]71772,1172“2_Sgwe)(p%rQy?_HH?[Q]*mzquU?_Sng)t

1— ...
(77)
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with coefficients

Qop—1 = —((=p-0) o1+ aqalk =1 g ) ((Fp4) 'y gk = 1 g001) (78a)
o = ((=p-2)" w2+ qoalk — 1o yue — swe) ((—p+2)" vz + gualk — 1 02 — sEW00)

(78D)

01 = ZeZo (78¢)

0y = 0 form>=2 (78d)

5.2.1 Running example 2

We now write out the monomial contributed by our running example 2 to the polynomial
(75) forn =7. We have 0 =71925486103 11121413

= (1,7,8,6,4,2)(3,9,10) (5) (11) (12) (13,14) € Dy4, which was depicted in Figure 2.
Here n = 7 and cyc(o) = 6.

The monomial contributed by o in (75) is almost the same as the monomial in (51);
the contribution of the fixed points is slightly different because we treat even and odd
fixed points separately, and because (46) distinguished fixed points by level (subscripts
on w), which we do not do here except to distinguish level 0 (rar) from level > 0 (nrfix).
Therefore, instead of

Mo 2% 23y Yo uy g Vg WY Wy P11 P9 qra g1 Q2 S (79)
as in (51), here the contribution is
N 2T 3 2 Yo uy Us Vo Wo Ze Zo Pi1 P2 Qo G-1 G2 So . (80)

5.3 Simple T-fraction

Finally, denote by P,(x1, 2,41, Y2, U1, Uz, U1, V2, We, Wo, Ze, Zo, A) the polynomial (75) spe-
cialized to p11 = pio = p1 = p2 = @41 = @42 = ¢-1 = -2 = S¢ = 5, = 1. This
polynomial was introduced in [3, eq. (4.2)]. Making this same specialization in Proposi-
tion 10 and using (53), we obtain:

Proposition 11 (Simple T-fraction for D-permutations, A = —1). The ordinary gen-
erating function of the polynomials P, (x1, xa, Y1, Y2, U1, Uz, V1, Vo, We, Wo, Ze, Zo, —1) has the
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T-type continued fraction

E n o __
Pn(.fl, .TQ, y17 y27 Ul, U/Q, Ul) U27 weu wO) Ze) Z07 _1) t -

n=0
1
Ty t
1— zezot + 1
(xQ_we)(y2_wo)t
1—
1 (z1—ur)(y1—v1)t
- (2 —ug+we) (Yo —vo+w,) t
T1y1 T
14 191
1— (T2 —we) (Y2 —wo) t
1—...
(81)
with coefficients
—x if ks odd
Qo—1 = o f . (82a)
—(z1 —w)(ph —v1) if k is even
— We — W, f k is odd
O P o (s20)
(xg — ug + we) (Y2 — v2 +wo) if k is even
01 = ZeZo (82¢)
op = 0 forn=>2 (82d)
Finally, as a special case of Proposition 11, we can obtain a J-fraction that was
conjectured in [3, Appendix, case A = —1|. It suffices to specialize the polynomi-
als P,(x1, T2, Y1, Y2, U1, Uz, V1, V2, We, Wo, Ze, Zo, A) Dy setting z1 = xo = 2, = 2, = «,
Y1 =Yz =y, and u; = us = V] = Vs = W, = W, = 1; this yields the polynomials
P l’ y’ Z xareca erec(a))\cyc(g) (83)
g€Day

that were introduced in [3, egs. (4.1) and (A.1)]. Inserting this specialization in Proposi-

tion 11 gives, for A = —1, a T-fraction with coefficients
—x if k£ is odd
Qop—1 = Y . . (84a)
(x—1)(y — 1) if kis even
—1)(y—1) if kisodd
Qo = (@ i ) 1 ?S 0 (84b>
if k is even
0 = IL‘2 (84c)
d, = 0 forn>2 (84d)
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Using the even contraction for T-fractions with d; = 6, = d¢ = ... = 0 [3, Proposition 2.1],
we can rewrite this as a J-fraction:

Corollary 12. The ordinary generating function of the polynomials (83) has the J-type
continued fraction

> 1
P.(x,y,—1) = (85)
ZO zy (z —D(y — )¢
n l—az(x—y)t+ 5
zy (z—1)(y — 1)t
1+ 3
wy (x—1)(y — 1)t
_l’_
T4 .-
with coefficients
Yo z(r —y) (86a)
Yo = 0 forn=>1 (86b)
B = —aylz—1)(y—1) (86¢)
This J-fraction was conjectured in [3, Appendix, case A = —1].
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