Robinson-Schensted-Knuth Superinsertion
and Super Frobenius Formulae

Deke Zhao

Submitted: Jun 26, 2022; Accepted: Apr 3, 2024; Published: Apr 19, 2024
(©) The author. Released under the CC BY-ND license (International 4.0).

Abstract

In this paper we extend the Robinson-Schensted-Knuth (RSK) superinsertion
algorithm to hook-multipartitions and derive the super Frobenius formula for the
characters of cyclotomic Hecke algebras via the RSK superinsertion algorithm. As
a corollary, we obtain a new proof of Mitsuhashi’s super Frobenius formula for the
characters of Iwahori-Hecke algebras.

Mathematics Subject Classifications: 05E10, 05E05, 20C99, 20C15

1 Introduction

In [8], Frobenius gave a formula for computing the characters of symmetric groups, which
is often referred as the Frobenius formula. In his study of representations of the general
linear groups, Schur [21,22] showed the Frobenius formula can be obtained by the classical
Schur-Weyl reciprocity. Inspired by Schur’s classical work, Ram [16] got the Frobenius
formula for the characters of Iwahori-Hecke algebras of type A by applying the Schur-
Weyl reciprocity established by Jimbo [10]; Shoji [24] obtained the Frobenius formula for
the characters of cyclotomic-Hecke algebras by making use of the Schur-Weyl reciprocity
given by Sakamoto-Shoji [20]; Mitsuhashi [14] showed the super Frobenius formula for
the characters of Iwahori-Hecke algebras of type A by using the Schur-Weyl reciprocity
between the Iwahori-Hecke algebras of type A and the quantum superalgebra [13, 15];
Recently the author [26] obtained the super Frobenius formulas for the characters of
cyclotomic Hecke algebras by employing the super Schur-Weyl reciprocity between the
cyclotomic Hecke algebra and the quantum superalgebra proved in [25].

In [17], Ram observed that the Roichman formula [18] and his Frobenius formula
can be acquired by applying the Robinson-Schensted-Knuth (RSK) insertion algorithm.
Following Ram’s loc. cit. work, Cantrell et. al. [5] provided a new proof of Shoji’s
Frobenius formula via the modified RSK insertion algorithm for multipartitions. Note
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that there are super-analogues of RSK insertion algorithm for hook partitions (see e.g. [3,
§2.5], [7, §4]). It is natural to ask whether the super Frobenius formulae in [14,26] can be
showed by adapting the arguments of [5,17].

The purpose of the paper is to derive the super Frobenius formulae in terms of weights
on standard tableaux by applying the modified RSK superinsertion algorithm for hook
(multi)partitions. A point should be note that our strategy is very similar to the one
in [5,17], that is, let &, ,, be the set of multipartitions of n, for p € &, ,,, we first define
the p-weight of parity-integer sequences. Therefore we can rewrite the super Frobenius
formula as a sum over p-weighted parity-integer sequences (see Corollary 13). Secondly,
we introduce the RSK superinsertion algorithm for hook multipartitions, which gives a
bijection between pairs of specific tableaux and parity-integer sequences (see §77). We
then define the p-weight wt,, of standard tableaux, which is exactly the p-weight of
parity-integer sequences up to the RSK superinsertion algorithm (see Lemma 23). Thus
we arrive at the super Frobenius formula for the characters of cyclotomic Hecke algebras
(see Theorem 24)

@y @ = Y ( 3 m(T))sA(m/y),

AEPmn Testd(N)

where std(A) is the set of standard A-tableaux and Sx(z/y) is the supersymmetric Schur
function associated to A. As a direct application, we derive a formula to compute the
irreducible characters of cyclotomic Hecke algebras as a sum of p-weights over standard
tableaux (see Corollary 26).

Let us remark that if m = 1 then the super Frobenius formula for the characters of
cyclotomic Hecke algebras is Mitsuhashi’s super Frobenius formula for the characters of
Iwahori-Hecke algebras of type A, therefore we obtain a new proof of Mitsuhashi’s super
Frobenius formula (see Remark 25), which is a super-extension of Ram’s work [17]. On
the other hand, if we let ¢ =1 and Q = (¢,¢%,...,¢™), where ¢ is a fixed primitive m-th
root of unity, then the super Frobenius formula gives the super Frobenius formula for the
complex reflection group W, ,(see [26, Remark 4.12]). So we derive a formula to compute
the irreducible characters of complex reflection group W,,, in term of p-weights over
standard tableaux (see Remark 27).

The layout of the paper is as follows. In Section 2 we review briefly the cyclotomic
Hecke algebras and fix our notations on (multi)partitions. Section 3 devotes to introduce
the supersymmetric Schur functions and power sum supersymmetric functions associated
to multipartitions. In particular, we present the super Frobenius formula for the characters
of cyclotomic Hecke algebras. We define the (u-)weighted parity-integer sequences and
give a combinatorial version of the Frobenius formula in Section 4. The last section deals
with the RSK superinsertion for hook-(multi)partitions and presents the new proof of the
super Frobenius formula via the RSK superinsertion algorithm for multipartitions.

Throughout the paper, K = C(q, Q) is the field of rational function in indeterminates
gand Q = (Q1,...,Qn); k1,..., km, l1,..., L, are non-negative integers with y " | k; =
k> 0,>>" 4 =4 >0 Wedenote by k = (ki,....kp), £ = ({1,...,4y) and let
dl:dzfl—Flﬁ—i—EZ (d():O) for i = 1,...,m.
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Fori=1,...,k+ {, we define the parity function i — i by setting

i 0, ifd, 1 <i<d,_1+k,forsomel<a<m
11, ifd, -4, <i<d,for somel<a<m;

we define the color of i is a when d,—y < i < d, (1 < a < m) and write ¢(i) = a.

2 Cyclotomic Hecke algebras

In this section we briefly review some facts about cyclotomic Hecke algebras for latter
using and fix our notations on (multi)partitions.
Let W, be the complex reflection group of type G(m, 1,n). According to [23], W,
is generated by sg, s1, ..., s,_1 with relations
50 =1, sf:---:si_lzl,
50515081 = S1505150,
$iSj = 5554, if ‘Z — j’ > 1,

SiSi+18; = Si+15iSi+1, for 1 <i<n-—1.

It is well-known that W,,,, = (Z/mz)" x &, where si,...,s,_1 are generators of the
symmetric group S,, of degree n corresponding to transpositions (12), ..., (n—1n). For
a=1,...,n,let t, = Sq_1---518081 " Sa_1. Then ty,---  t, are generators of (Z/mz)"
and any element w € W,,,, can be written in a unique way as w = 7' -- -0, where
o € 6, and ¢; are integers such that 0 < ¢; < m.

The cyclotomic Hecke algebras or Ariki-Koike algebras were introduced independently
by Cherednik [6], Broué-Malle [4], and Ariki-Koike [1], it is the unitary associative K-
algebra H = H,, ,(q, Q) generated by Tp, T}, ..., T, and subject to relations

(To — Q1) ... (Th — Qm) =0,
ToThIoTy = ThIoThTo,

T? = (¢ — ¢ HT; + 1, for 1 <i < n,
TZTJ:TJTM for|i—j|>2,
LT T =T TiTi 4, for1<e<n—2.

Note that if s;,s;, - - - s;, is a reduced expression for ¢ € &,,, then T, := T}, T}, ---T;, is
independent of the choice of reduced expressions and {T,|c € &,} is a linear basis of
the subalgebra H,,(q) of H generated by T1,...,T,_1, which is isomorphic to the Iwahori-
Hecke algebra of type A.

Let ¢ : K — C be the specialization homomorphism defined by ¢(¢q) = 1 and
#(Q;) = ¢ for each i, where ¢ is a fixed primitive m-th root of unity. By the spe-
cialization homomorphism ¢, one obtains C @x H = CW,, ,, that is, H can be thought
as a deformation of the group algebra CW,, ,,.

We will need the following presentation of H due to Shoji [24, Theorem 3.7]. Let

A be the determinant of the Vandermonde matrix V(Q) of degree m with (a,b)-entry
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Q¢ for 1 < b < m, 0 < a< m. Clearly, we can write V(Q)™! = A™'V*(Q), where
V*Q) = (va(Q)) and v,,(Q) is a polynomial in Z[Q]. For 1 < ¢ < m, we define a
polynomial F,.(X) with a variable X with coefficients in Z[Q] by

F.(X)= ) va(Q)X",
oi<m

Then H is (isomorphic to) the associative K-algebra generated by
Ti,...,T,1 and &,...,&, subject to

(T; —q)(Ti+q ') =0, 1<i<n,
<£Z_Q1>(£1_Qm):()a 1<Z<na
LT, =T T, I<i<n-—1,
T.T; = Ty, [i— 3l >2,
&€ = &&i, 1<u,j<n
T;& = &5, i#j—1,7,
Tig = &T + A (Qa — @u)(q — ¢ Fa(§-1) Fo(&)),

a<b

—1

Ti&o = §T — A (Qa — Q) (g — ¢ ) Fu(§-1) F(&)-

a<b

Recall that a composition (resp. partition) A = (Ay, Ag,...) of n, denoted A\ = n (resp.
A n) is a sequence (resp. weakly decreasing sequence) of nonnegative integers such that
Al = > ;51 Ai = n. For a composition or a partition A, its length £()) is the number of
nonzero parts of \. A multicomposition (resp. multipartition) of n is an ordered tuple
A= (AW; .5 MM of compositions (resp. partitions) A®) such that |A| = Y7 [AD] = n.
We refer to A(© as the c-component of A and denote by £, ,, the set of all multipartitions
of n consisting of m components.

Recall that the Young diagram Y (A) of multipartition X is the set

Y(A) ={(4,4,¢) € zs0 X 250 x m|1 < j < Aj},

where m = {1,...,m}. The elements of Y () are the nodes of A. We will identify a
(multi)partition ~ with its  Young diagram. For  example,  consider
A=1((2,1,1);(3,2,2,1); (4,3,1)), then its Young diagram is

S ( ; )

Recall that a partition A = (A1, Ag, -+ ) F n is said to be a (k, £)-hook partition of n if
Mer1 < 0. We let H(k|¢;n) denote the set of all (k, £)-hook partitions of n, that is

H(E[t;n) = {X = (A, g, -+ ) | Apr <L
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Further, we say a multipartition A = (AM;...; A(™) of n is a (k, £)-hook multipartition
of n if A9 is a (k., £.)-hook partition for ¢ = 1,...,m. We write k[€ = (ki|l1, ..., km|lm)
and denote by H(k|€;m,n) the set of all (k,£)-hook multipartition of n. For example,
A=1((2,1,1);(3,2,2,1);(4,3,1)) is a (1|1, 12, 1|3))-hook 3-multipartition of 20.

Given a composition ¢ = (cq,...,¢) of n, we denote by S the subgroup of &,
generated by s; such that a;—; +1 < j < a;, where ap = 0 and a; = a;—; +¢; for 1 <7 < b.
Then &) = S,,. Now we define a parabolic subgroup &, of G,, by

G.=60 x6® x ... x &0,

In other words, &, is the Young subgroup of &,, associated to c.
Let W, be the subgroup of W,,, obtained as the semidirect product of &, with
(Z/mz)". Then W, can be written as

We=WO x W x...x WO,
where W@ 1 < < b, is the subgroup of W,,,, generated by & and tj, i1 < J < a;.
Then W = Win.e;» which enables us to yield a natural embedding up to isomorphism
Oc: Winey X oo X Wi oo = Wi,

for each composition ¢ of n.
For positive integer i, we define

w(l,i) =t,, w(a,i)=t's. 15, 2<a<n.
Let p = (u1, p2, - -+ ) be a partition of n. We define

U)(/L,Z) = w(/ﬂ,l) X w(umz) X e

with respect to the embedding 6,. More generally, for pu = (pW, . oumy e 2, ., we
define

wip) = w(ﬂ(n,1)w(u(2>72)...w(ﬂ<m>7m>‘

Then {w(p)|p € P} is aset of conjugacy class representatives for W, ,, (see [9, 4.2.8]).
Now we define the standard element T'(pn) € H of type p € P, ,, as follows. First for
a>1, weput T(a,i) =& T, 1+ -T,. Then for a partition u = (1, pto, - ..) = n, we define

T(MJ) = T(vai) X T(M27i> Xoere
Finally, for p = (u; u®; .. 0™y € 2, ., we define T(u) € H by
T(p) =T, 1) x T(u®,2) x - x T(u"™, m). (1)

More generally, we define T'(w) = &t -+ - £ Ty for w =t - - - t5r0 € Wiy .

It is known that the irreducible representations of CW,, ,, and H are indexed by &, ,,
(see [1]). We denote by S (resp. S) the irreducible representations of CW,,, ,, (resp. H)
corresponding to A € Z,,,, and by x7 (resp. x) its irreducible character. Furthermore,
it is known that the characters x7 (resp. XqA) are completely determined by their values
on w(p) (resp. T'(p)) for all p € P, (see [24, Proposition 7.5]). For simplicity, we

write X2 (@) = x(w(p)) and x3 () = x5 (T(p)) respectively.

ot
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3 The super Frobenius formula

In this section we first recall the definitions of the supersymmetric Schur functions and
power sum supersymmetric functions indexed by multipartitions introduced in [26, §3],
then we present the super Frobenius formula for the characters of cyclotomic Hecke al-
gebras. Here we will follow [12] with respect to our notation about symmetric functions
unless otherwise stated.

Let & and y be sets of £ and ¢ indeterminates, respectively, expressed as follow:

2 = {:pgi),--- ,x,(:i)}, 1<i<m;

Y@ = {yY),--' y§>} 1<i<m:
m)

We say that the variables in &® U y® are of color i and identify the variables :vgl), ey

yé:) with the variables x1, ..., xg,y1,- -+, ye, and the variables 2y, - - -, zx1¢ as follows:
1 1 1 1 m m m m
xg) xl(ﬂ) yg )L yél) J;g )L x](cm) ?A )L yém)
O : ! I S
T Tk Y1 Yo ThekeH o Tk Yottt 0 Y (2)
A : ! I g

We define z; =i fori = 1,...,k+/, that is, Z = 0 for x €  and j = 1 for y € y. Finally,

we linearly order the variables xgl), e ,xgz), yil), - ,yéj) by the rules:
29 < ) < 2D,
2 < :E,()J) if and only if i < j or 2 = j and a < b, (3)

yc(f) <y£j) if and only if ¢+ < j or ¢ = j and a < b,

or equivalently z; < 2o < -+ < Zp4y.
Let A, = Z[xy,..., 2] be the ring of symmetric polynomials of k variables and
(Ak)o = Ay ®z Q. It is well-known that the power sum symmetric polynomials [12, §1.2]

k
po(x) =1 and p,(x) = fo fora=1,2,---
i=1

generate Ay under the power series multiplication and Ay is a graded ring:
A = Dnzoly,

where A} consists of the homogeneous symmetric polynomials of degree n together with
zero polynomials. It is known that A} has a basis

p#(w) =P (w)p,ug(w) --- with n= (:ula o, ) = n.
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An alternative basis of A} is given by the Schur functions Sy(x), A - n, which can be

defined as
= Z,"3 (wpu(),

ukn

here Z,, is the order of the centralizer in G,, of an element of cycle type p. Let us remark
that Sy(x) = 0 whenever £(\) > k (see e.g. [11, Equ. (3.8)]).

Now we denote by Ay, the ring of polynomials in xy,...,2,v1,...,ye, which are
separately symmetric in ’s and y’s, namely

Ao = Qlay, ..., 2] @0 Qys, - - -, o]

Following [11, §4], we define the power sum supersymmetric function p;(x/y) to be

po(w/y) = 17
pi(x/y) = pi(x) — pi(y) for i > 1.

Recall that ¢ is a fixed primitive m-th root of unity. For each integer t > 1 and ¢ such
that 1 < i < m, set

p(Z :v/y Zg ij t j)/y(j)).

For p = (M, ..., u™) € ,,,, we define the power sum supersymmetric function

P.(x/y) associated to g as follows. For a partition pu® = (ugi),ugi), -++), we define a

function P, (z/y) by
(D)

#()w/y HP(Z .’E/y

and define -
Pu(z/y) =[] P (z/y).
i=1

Following [3, §6] or [11, §4], the supersymmetric Schur function Syi)(x/y) € Age
corresponding to a partition A = ()\gi), )\g), . ) is defined as

Sy (@ /y) == (=), (@) Sy (YD),
nCA

where Sy, (y®) is the skew Schur function associated to the conjugate X' /u’ of the skew
partition A/u. Note that the skew Schur function S,?/g(y(i)) can be calculated by

77/9 Z CZVS

where the coefficients c; , are determined by the Littlewood-Richardson rule in the product
of Schur functions (see [12, §1.9]).
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For A = (AM; .., A(M) ¢ P nn, We define the supersymmetric Schur function associ-

ated with A\ by

m

Sx(z/y) = H Sy (2 Jy®),

=1

which is a super analogue of the Schur function associated to multipartitions defined
in [24, (6.1.2)]. It should be noted that Syu (™ /y®) = 0 unless A is a (k, £)-hook
partition (see e.g. [11, Equ. (4.10)]), which implies that Sx(z/y) = 0 unless A is a (k, £)-
hook multipartition.

Now we are ready to give a combinatorial interpretation of the supersymmetric Schur
functions in terms of (k, £)-semistandard tableau, which also shows Sy(x/y) = 0 unless
A is (k, £)-hook multipartition of n.

Let A be a partition of n. A (k,{)-tableau t of shape A is obtained from the diagram
of A by replacing each node by one of the variables z, allowing repetitions. For a (k,¢)-
tableau t, we denote by t, (resp. t,) the nodes filled with variables x (resp. y). We say
a (k,)-tableau t is (k, £)-semistandard if

(a) tz (resp. t,) is a tableau (resp. skew tableau); and

(b) The entries of t, are nondecreasing in rows, strictly increasing in columns, that is,
t, is a row-semistandard tableau; and

(c) The entries of t, are nondecreasing in columns, strictly increasing in rows, that is,
t, is a column-semistandard skew tableau.

For A € P, the (k,£)-semistandard tableau t of shape A is a filling of boxes of A with
variables z such that its i-component t®) is a (k;, £;)-semistandard tableau filled variables
@ and y@ fori=1,...,m.

Example 1. For A = (3,3,2,2,1) € H(2|2,11), we let

t =|L1]T1]|T1 and § = |[L1|L1]|T1
To|Y1|Y2 T2|Y1|T2
Y11Y2 Y1|Y2
Yi1Y2 Y11Y2
[Y1] [Y1]

Then t is a (2, 2)-semistandard A-tableau and s is not a (2, 2)-semistandard A-tableau.
For A = ((4,2), (3,1)) € H((2[2,1]1); 2, 10),

( T 2o U W T i )

)

1
ey )]

~y
)

is a (2|2, 1]1)-semistandard A-tableau.
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We denote by sstdge(A) the set of (k,£)-semistandard tableaux of shape A and by
Skje(A) its cardinality. Thanks to [3, §2] and [2, Lemma 4.2], sgje(A) # 0 if and only if
A€ H(k|e;m,n).

For a (k, £)-semistandard tableau t of shape A, we define

o) =] T (D% (4)

i=1 (a,b)er®

where 2,5, € 2 = {21,..., 2k4¢} is the variable filled in the box (a,b) of t®. It follows
from [3] and [11, Equ. (4.9)] that for A € H(k|€; m,n), we have

Sx@/y)= > tax/y)

fESStdkM()\)

The following fact clarifies the relationship between supersymmetric Schur functions
and power sum supersymmetric functions indexed by multipartitions, which is a cyclo-
tomic version of [11, (4.4)] and may serve as a definition of supersymmetric Schur functions
associated to (hook)mutlipartitions.

Proposition 2 ( [26, Proposition 3.8]). Let Z,, be the order of the centralizer in W, ., of
an element of cycle type . Then

Sx@/y)= Y Z'\}(p)Puz/y).

He(ﬂmn

Now we are going to define a deformation of power sum supersymmetric functions
indexed by multipartitions. We need the following notations.
For positive integer ¢, we let

T (tk[0) = {i = (ir,...,i1)

|

1<i, <k+0a= ,...,t},
1<iy <idp <+ <y <k 403,
and let €' (t; k + £) be the set of compositions of ¢ with (k 4 ¢) parts, that is,
Gtk +0) = {(a:8) = (@, ...,a"™); (BW, -, 8") ||l + 18] = t},  (5)

where o) = (agi), . (i)) and B0 = ( ,...,BZ ) for 1 <i<m.
For integers a > 1 and b > 0, we denote by (a®) the composition (a, ...,a) consisting
of b parts. Note that ¢ = (i1, ... ,zt) € I (t; k|f) may be written uniquely as follows:

M all) 8y
i, 8) = (1% PR (k1+1)5 v d e

O(("L) a B("L) 5£m)
(dm 1+1) Loy (d —/ ) km (dm—1+1) ,dmm
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for some (a; 3) € €(t; k + ¢), where a = (aM;...;a™), B = (BW:...; (™). Thus we
may and will identify Z(¢; k|¢) with € (t; k + ¢) and write ¢ = («; 5) when @ = («; 3).
Finally, for ¢ = (i1,...,4;) € Z(t;k|(), we define its length ¢(2) = t, its color ¢(2)
to be the color of the maximal integer in {i,...,i,}, and write z; = [['_,(=1)%sz;,.
Clearly, if i = («; 8) € I<(t; k|0), then £(2) = £(a) +£(B), ¢(%) is the maximal b such that

(a®, B®)) £ @ (For simplicity, we write Q) = Qap)), and z; = z®(—y)”.
For integer t > 1 and a = 1, ..., m, we define

" (x/y;q,Q) = > Qs e (/Y q), (6)

(a;B)EC (t;k+0)

where
o) (T /Y5 q) = (g~ 1) PO glol=He) (g g YA L ger ()P, (7)

For p= (pY, ... u™) € &, ,, we define a deformation of P,(x/y) as follows

m (p)

aw(@/y:0.Q) =[] ] ¢ (@/v:0.Q). (8)

11]1]

Note that g, (z/y;1,s) = Pu(z/y) with ¢ = (¢,¢?%,...,¢™).
In [26, Theorem 4.11], we obtain the following super Frobenius formula for characters

of H,
Gw(®@/y;0,Q) = D x)(1)Sx(z/y), (9)

AEPm,n

for each p € &, .

4 The combinatorial formula of g, (x/y;q, Q)

In this section, we define the p-weight of parity-integer sequences and interpret the func-
tion g, (x/y; ¢, Q) as a sum over p-weighted parity-integer sequences.

Definition 3. For ¢ = (iy,...,4;) € S (t; k|l), we say that ¢ is up-down if there exists a
nonnegative integer p with 0 < p < ¢ such that

1 < <y < lpyr = 2y

and we say that 7,1 is the peak of the up-down sequence 3.

For ¢ = (i1,...,4;) € Z(t;k|¢) and a = 0,1, we denote by £,(2) the number of the
integers in 4 with parity a and by ¢,(i<) (resp. f,(¢=)) the number of the integers i,
in 4 such that i; = @ and i; < 4;4; (vesp. i; = ij41). In particular, for an up-down
sequence ¢ = (i1, ...,%) with peak 4,1, we set {,(2<,) the number of the integers i, in
{i1,...,i,} with parity a. Further, we let ¢(i.) be the number of the integers i, in 2 such
that i; < i;41. Clearly ((i.) = lo(i<) + (1 (i<).
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Definition 4. For a sequence © = (iy,...,4;) € Z(t; k|f), we define its weight

(0, if 2 is not up-down,;
qfo(i)+€1(i<p)—€o(i<p)—1

wt(i) =4 (—q)a@ i) —filicy)’

qfo(i)+f1(i<p)—40(i<p)

(_q)gl(i)+50(i<p)*fl(i<p)*1 ’

if 4 is up-down with peak 4, and i,,; = 0;

if 4 is up-down with peak 4, and i,,; = 1.

\

Remark 5. If ¢(¢) = 1 then wt(2) = 1. If £ = 0 then Definition 4 reduces to the one
defined in Ram’s work [17, Lemma 1.5] (see also [5, Equ. (2.13)]).

Lemma 6. Given ¢ = (i1,...,4t) € I<(t;k|l) and let S; denote the set of all distinct
permutations of t. Then

> wi(o(d)) = (—g ) 6g 0 (g—q ) ),

geS;

Proof. We adapt the argument of the proof of [17, Lemma 1.5]. Let D be the set of
distinct elements in the sequence 4 and let D = D — {i,}. For s = 0,1, let D, be the
subset of D consisting of elements with parity § and let dy = |D4|. For each subset A
of D, there is a disjoint decomposition A = Ay U A; with A, C D, for s = 0,1. We let
as = |As|, a = |A]|, j1 < j1 <+ < ja the elements of A in increasing order, j,+1 = i, and
let joio = Jarsz = - -+ = J; be the remainder of the elements of the sequence ¢ arranged in
decreasing order. In this way, we obtain an up-down sequence

J:(jl < - <.ja<ja+1 >ja+2 >ja+3> >]t)
with peak j,11. According to Definition 4,
. (_q—1)€1 (i)—i—ag—al qfo(i)—‘ral—ao—l’ lf E — O’
Wt(«?) - { (_q—l)él(i)—i—ao—al—lqéo(i)—i-al—ao7 lf E — 1
Note that for o0 € &;, wt(o(2)) # 0 if and only if

O’(Z) = (ig(l), - ,io(a), io(a+1), ig(a_,_z), . ,ig(t))

is an up-down sequence with peak is(q4+1) = 4. It follows from this that every o € &;
such that wt(o(2)) # 0 is given by a unique subset A of D and the parity of its peak is
S;-stable.

Now we assume that ¢; = 0. Then {y(i=) = £o(2) — ly(i) — 1 and

Z Wt(O’(Z)) _ Z (_qfl)51('L’)HAO|*|A1|q€0(i)+|Al‘*|A0|*1
0cB; AoCDy,A1CD;
do dy

= 2D (@) gy

ap=0a1=0
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—l)fl(i)—dlqﬁo(i)—do—l(q _ q—l)d0+d1
,1)Zl(’L)*Zl(Z<)q£0(1)7£0(7,<)71(q_q71>
—1)(1(i:)q£0(i:)(q_q—l)ﬂ(i<)7

= (=¢
= (—¢
where the last equality follows by that ¢1(i=) = ¢1(2) — ¢1(i~) and dy + dy = £(3).

If i; = 1 then ¢1(i=) = ¢1(3) — £1(i<) — 1 and, by applying a similar argument, we
obtain that

do+dy

Y wi(o(i)) = (=g )@ alEITgOhGE (g gyl

geS;
_ (_q—l)fl(i:)qéo(i:) (q_q—l)é(i<)’

where the last equality follows by noting that ¢o(i=) = lo(2) — lo(i<) and dy+dy = £(i.).
Thus we complete the proof. O

Now assume that ¢ = («; 8) with (a;8) € € (t;k + ¢) for some t. Then ¢y(2) = |a,
6(2) = 6], £(i<) = £(e; §) — 1, and

t(is) = {(a) — 1, if the maximal element in % has parity 0;
</ ), otherwise;
L) = 0p), if the maximal element in ¢ has parity 0;
P27 (B) — 1, otherwise.
Thus (1(i=) = |B] = £(B), bo(3) = |af — {(a).

According to Equ. (7), Lemma 6 can be rephrased as follows:

Corollary 7. Given © = (o; 8) € €(t;k + () and let &; denote the set of all distinct
permutations of ©. Then

wt(o; 8) = Z wt(o(7)) = (_q—l)lﬁl—f(ﬁ)qlal—é(a)(q _ q—l)f(a;ﬂ)—I,
ce6;

or equivalently,

> wt(0(8) Zo) = Gass) (@5 ),

ceS;

Now we can rephrase the function qt (a: /y; ¢, Q) in terms of the weight of sequence.

Corollary 8. For integerst > 1 and 1 < a < m, we have
Qt(a) (w/y7 q, Q) - Z Wt('l)Qg(Z)Z,L
€I (tk+0)

Proof. First note that for i = (i1, ...,14), we have ¢(o(2)) = ¢(2),

t

t
=110z = 11072, = =

j=1 Jj=1
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for all o € &;, and wt(iy,...,4;) = 0 unless it is up-down.
As a consequence, we get

Z wt(4) Q2 = Z ZWt(J(i))Qg(a(i))zU(i)

i€ (tk|0) i€I (t:k|0) €S,

- Z Qe (Z Wt(a(’i))) Zo(3)

i€I< (tk0) €S,

= Y Qlupln(®@/y;q).

(a;B) €€ (t;k+0)
It completes the proof owing to Equ. (6). O

For p € &,,,, we denote by t* the standard p-tableau with the boxes filled in with
the numbers 1,2,...,n so that ") contains the numbers 1,...,|u)| in order from left
to right and top to bottom, x contains the numbers || +1,. .., [pM]+ [x®] in order
from left to right and top to bottom, and so on. For i =1,... n, we will write cw (i) = ¢
if the number 7 is entered in the c-component of t*. More generally, given a standard
A-tableau T = (TW; ... T™) filling the numbers 1,2,...,n, we write cp(i) = ¢ when
the number i is entered in the c-component of 7T

Definition 9. We say that ¢ = (iy,...,4,) is p-up-down if it satisfies the following
property:

if a,a+1,...,a+r is a row of t* then the subsequence (i4, %11, -,%asr) 1S an
up-down sequence, i.e., iq < g1 < --- <y = - = lgq, fOI SOME D > a.

The index i, is the peak of the row.

For a p-up-down sequence ¢, we denote by P! the set of peaks in %, one for each row
of t#.

Definition 10. For a sequence ¢ = (iy,...,1,) € Z(n;k|(), we define its p-weight

0, if ¢ is not p-up-down;
Wtﬂ»(i) = (_q—l)h(i>)+€o(i<)qfo(i>)+€1(i<) H QZEI;)()ZP), if 4 is p-up-down,

ipeP}

where £,(>) (resp. £,(¢<)) is the number of 4; with parity a (a = 0, 1) such that i; > i,44
(resp. i; < ij41) and j, j + 1 in the same row of t*.

Note that we may index the sequence i = (iy,...,4,) by (row reading sequence of)
the nodes of p € &, ,,, namely for t =1,...,n, we write ¢, = 7,5 . when the number ¢ is
entered in the a-th row and the b-column of the c-component of t#.
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Now we assume that ¢ = (iqp.c)(ap,c)cp 15 p-up-down and define the weight of i, as
follows:

Qi(i o)’ if 44, is a peak and b = ,u((f);

(—1)Sq(*1)SQg(ia b))’ if igpc is a peak with parity s and iqp e = tq,b41,c;
Wty (iabe) = —1)5(](_1)5, B if 14, is @ non-peak with parity s and iqp ¢ = gp41,ci
) if i4p ¢ is @ non-peak with parity s and igpc < igpt1,c;
, otherwise.

Further, we set wt(isp.) = 0 for all (a,b,c) € p when % is not p-up-down. It is easy to
see that for any (row-reading p-sequence) 4, we have

wte(@) = [ wtu(iase) (10)

((l,b,C) Ep

Example 11. Let n =20, m = 3,

ke =(1]1,12,1/3)

and
pn=1(02,1,1);(3,2,2,1);(4,3,1)) .
Then
tu:(1 2| |5]6]7]. 13141516>
3] [s]o]  [wrfusfie] /
4| [ofur] |20
12]
the (row-reading) sequence
Z-:<1§;67Q;8351>'
2] 2] 3l6]1
4] [s[a] [5
| 7|

is p-up-down, its peaks are underlined numbers, and its weight wt,(¢) is the product of
the entries of the following diagram

(—q‘l Q || —a'| q QF || g |-q'Qf —¢' | 1 )
Q1 —q Q3 1 —q | 4@} 1
(2 —q_'Q3 1 Q3
Q3

where the entry in the node (a, b, ¢) is the weight wt(i,p..) of 4, that is,
wh(4) = (—¢ ) QIQQ5°.
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The following easily verified fact shows Definitions 4 and 10 are compatible, which
enable us to view the function ¢, (see Equ. (8)) as the product of the function qt(l) (see

Equ. (6)) over the rows of t* where ¢ are the lengths of the rows in the i-component t*.

Lemma 12. Given an up-down sequence © = (iy,...,1;) and denote by £,(is) is the
number i; with parity a (a = 0,1) such that i; > i;11. Then

wt(i) = (—gt)1 ()l gholiz)Hh (s

Proof. Assume that ¢ = (i1,...,4) such that iy < -+ < i, < ippq4 = -+ = 4. Clearly
£0<i<p)_: Eo(_i<), 60(i<p) = go(’l:<), £1<’I:<p) = £1(2<) Further £1<'l) — El(i<p) = 61(1,2)
when i,11 = 0; otherwise ¢5(2) — lo(i<p) = lo(2=) and ¢1(2) — €1(ip) — 1 = {1(25). As a
consequence, we prove the lemma. O

Now we can rewrite the super Frobenius formula Equ. (9) for the characters of H as
a sum over p-weighted parity-integer sequences.

Corollary 13. For p € Py, 0,
wW®/y;0,Q) = Y whtu(dzi= Y wiu(i)z

1€ (n;k|0) 1 18 p-up-down

Proof. Assume that p = (u@;...; ™) and p© = (u\9, ... ,/Lé?) where £, = £(u'?) for
= 1,...,m. Given any (row-reading p-sequence) @ = (iy,...,i,) € & (n;k|{), we rewrite
it as the following form

. (1 .(1 (m «(m
z:(zg),...,zél),...,zg ),...,zé )),

m

where i((f) is the subsequence of ¢ indexed by the nodes lying in the a-th row of the c-

component of g for a = 1,...,4. and ¢ = 1,...,m. Furthermore, we let P{ be set of

peaks in 9 = (igc), o ,ix)) for c =1,...,m. Clearly Definition 10 shows % is pu-up-down

if and only if ) is up-down for alla = 1,..., ¢, and ¢ = 1,...,m; and Pt =PlU-.. P
Now combining Equ. (8) and Corollary 8, we yield

m e

wx/y;e.Q) = [T D Wt(igc))Qi(ig@)zié”

o=l e (ul ko)

m
+(c) -(c) c c
= wt(277) - --wt(e PR () Za(e) "t Z (e
[ > (4" (2,) @ 00, QC(ZEC)) {O T E
=13 e g1l k+0)
a=1,....,0c

.(1 . 1
=2 W) W) Qi F
i es () sk+0) :

a=1,....,0.
c=1,....m
= > wt(i) - wt (BN b Q™ 2 - 2,
1 A G et

GEW,... 3 e 7 (nsk+0)
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= Z wt(igl)) > -Wt(igz))zim et Zg(m) H H Qo)

GEW,... i) e 7 (nsk+0) c=1zePf
.(1 .
_ 3y wt(i57) - wt(if™ )z -z [ ] QO
@D .. M) e s (n;k4-0) zeP}
= > whu(d)z
i€.7 (n;k|0)

= > wh(i)z,

1 is p-up-down

where the last third equality follows by applying Equ. (10) and the last second equality
follows by applying Definition 10 and Lemma 12. O

5 RSK superinsertion

In the section, we first review the RSK superinsertion algorithm for partitions, then extend
it to work for multipartitions and define the p-weight of standard tableaux, which leads
to a new proof of the super Frobenius formula.

Let
1 -+ n
Zron) =142z =

Abusing notation, we write z; = 2;,,...,%;,. Following Berele-Regev [3, §2] (see also
[7, §4]), the RSK superinsertion is a bijection from Zj,(n) to pairs of tableaux (5,7,
where S is a (k,()-semistandard tableau, 7" is a standard tableau (which is called the
recording tableau), and shape(S) = shape(T) = X for some partition A of n. More
precisely, for any z; € Zj4(n), the RSK superinsertion constructs the pairs of tableaux
(S,T) = (S(z),T(2)) iteratively:

(0,0) = (So, To), (S1,T1), .-, (Sn, Tn) = (S, T)

1<i1,...,in<k+€}.

by applying the following rules:

(1) S;is a (k,¢)-semistandard tableau containing j nodes and 7; is a standard tableau
with shape(T;) = shape(S;).

(2) S is obtained from S;_; by inserting z;; into S;_; as follows:

(i) If 2;; € x then S; is obtained from S;_; by column inserting z;; into S;_; as
follows:
(a) Insert zj, into the first column of S;_; by displacing the smallest variables
> z;,;; if every variable is < z;;, add z;; to the bottom of the first column.
(b) If 2, displace z; from the first column, insert 27 into the second column
using the above rule whenever 2z, € x, otherwise insert z; to the first row
using the rule (ii).
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(c) Repeat for each subsequent column, until a variable in @’s is added to the
bottom of some (possibly empty) column.
(ii) If z;, € y then S; is obtained from S;_; by row inserting 2, into .S;_; as follows:
(a) Insert z;; into the first row of S;_; by displacing the smallest variable > z; ;
if every variable is < z;;, add z;; to the right-end of the first row.

(b) If 2;, displacing 2» from the first row, insert 2, into the second row using
the above rules (note that here z; must be in y).

(c¢) Repeat for each subsequent row, until a variable in y’s is added to the
right-end of some (possibly empty) row.

(3) Tj is obtained from Tj_; by inserting number j in the newly added box.

Example 14. The result of inserting of z; = y1, x9, T2, T1, T3, Y1, Y1, Y3, Y2 1S

372|$2|y1|

S : |$2|y1| |x2|5€2|y1| |$1|5€2|$2|y1| T

Z3

o L 2] [1]2]3] [1]2]3]4] [1][2]3]4]

=

5
S [T $2I2|?J1| T x2x2|y1| T x2x2|y1|y3| T1|To|T2 y1|y2|
3| T3\t 3| T3|Y11|Ys3
Y1 Y1 Y1
T- 112 3|4| 112 3|4| 112 3|4|8| 11213 4|8[
516 516 516 51619
| 7] |7 | 7]

Now we generalize the RSK superinsertion algorithm to work for multipartitions, that
is, a map from Zj,(n) to pairs of tableaux (S,7), where S is a (k,£)-semistandard
tableau, the recording tableau T is a standard tableau, and shape(S) = shape(T') = A for
some multipartition A € &, ,. For any z; € Z; ,(n), the RSK superinsertion algorithm
constructs the pairs of tableaux (S,T") = (5(z;), T'(z;)) iteratively:

(wa Q)) - (S()a T0>7 (SlaTl)u R (Sn7Tn) - (57 T)
by applying the following rules:

(1) S;is a (k,£)-semistandard tableau containing j nodes and 7j is a standard tableau
with shape(T;) = shape(S;);

(2) S; is obtained from S;_; by inserting z;, into SJ(C_)I, write as S; = S 1 ¢ z;;, by
applying the RSK superinsertion algorithms when z;; is of color ¢;

(3) T} is obtained from Tj_; by inserting number j in the newly added box.
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Remark 15. If £ = 0 (resp. £ = 0) then the RSK superinsertion reduces to the classical
RSK column insertions for partitions (resp. multipartitions) (see e.g. [19, Chapter 3.1]
and [5, § 3]). The RSK superinsertion here is different from the (k,¢)-RoSch insertion
given in [3, §2.5].

Example 16. The inserting z; = xgl), yg), x§>,x§),x§),x§2),y§),y§), yg), yS’ is

g - ) o, ® of, o] [,® PP} [
: T 0 1|y, 0 Ty Yy xr @
12 |
v () 12@>(12g)(12)
4

=

&
"
Z2rre
8
o

}52

0 L (L EEELE
B

Dl (@ 2 @] @
o9 [0,2 <)>

i) 2 Dl @ 2) 1 1 2

1{2]5]} [3]6]7 1{2]5] [3]6]7 1{2]5]10] |3]6]7
4 8 419 8 419 8

To show that this RSK superinsertion is a bijection, we can construct the inverse
algorithm by using the RSK superinsertion for partitions in the reverse order of the
entries of T', and using the component of S to determine the uninserted variable. We
denote this bijection by

(ST> RSK Zity ey Rip -

n

The following definition devotes to describe the linear order defined in Equ. (3) via
the relative positions of nodes in the recoding tableau.

Definition 17. Assume that (S,7) <= z;,,...,%, and put a =7z, fora =1,...,n. For
a,b €T, we define

either a € T®W b € TU) and i< j; or a,b € TV with (a,b) = (0,1);
0

a X pif or b is south (below) or west (left) of a in TV) with a = B_: ;
or b is north (above) or east (right) of a in 7V with a = b = 1.
either a € TW b € TV and j < i; or a,b € TY) with (a,b) = (1,0);

a2 pif { orbis north (above) or east (right) of a in TV) with @ -
or b is south (below) or west (left) of @ in TV with @ = b= 1.
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Example 18. Let z; be the one in Examples 14 and 16 respectively. Then we have

1552 B2 g Bo g SW 5 58 6 RE 7 SW g XR 9 and
1o S 3 Ry BB 5 g S 7 e g X9 S
Recall that the linear order of the variables defined in Equ. (3). Then we have the

following fact, which is a super-version of the ones about RSK insertion (see e.g. [17,
Proposition 2.1] or [5, Proposition 3.1]).

Proposition 19. Let Sji1 = (Sj_1¢2;,)¢2;,,, with S;_1 is (k,£)-semistandard and let
T;i1 be the associated recording tableau. The following assertions hold:

(1) 2, <z, if and only if j X i+ 1in Tjiq.

(2) zi, = 2., if and only if j X i+1n Tjiq.

Proof. Note that the RSK superinsertion algorithm inserts the variables in @ (resp. y) by
applying classical column (resp. row) RSK insertion algorithm and (@ < y(@ < gl@+D
fora=1,...,m — 1. The two follows directly by the linearly ordering on variables and
well-known facts about the classical column and row RSK insertion algorithms. [

Definition 20. For A\, u € &, ,,, we say that T' € std(\) is p-SW-NE if it satisfies the
property: if ¢,4 4+ 1,... 7+ j is in a row of t* then

SW

. . SW SW NE
Z_>/L_|_1ﬁ ﬁp_> ..

-2 i+jin T
The number p here is called the peak of the row.

For a u-SW-NE tableau T, we denote by P§ the set of all peaks in 7" and let Tgw

(resp. Txg) be the set of numbers j such that j Wit (resp. j ~% j+1) in T, one for
each row of #. Further, for a = 0,1, we let ¢,(Tsw) (resp. £,(Ixg)) be the number of
elements in Tsw (resp. Tng) with parity a.

Definition 21. Let T be standard A-tableau. We define its p-weight

0, if T is not u-SW-NE;
th<T) — (_q—1>€0(TSW)+€1(TNE) qZO(TNE)"‘el(TSW) H QZ;‘(E;)7 if T is M-SW—NE

i€Ph
Example 22. Let n =20, m = 3,
k€= (1]1,1]2,1|3)

and

p=((2,1,1);(3,2,2,1);(4,3,1)).
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Then

t,1:(1 2] [5]6]7]. 13141516)
3] [s]o]  [irfusfe
4] [wofu]  [20]
12]

Now we insert the sequence 2 of Example 11 via the RSK superinsertion algorithm. Thanks
to the bijection in Equ. (2), the sequence % is the row reading sequence of the following

diagram
N @ BINEINE 3 O O[.a
o (T2, L, )
yil) o[, O @],.0)1..0

Y1 ] Y1191 117112
Ul SO 4 sl I

©

Y1 |

™

L1 1Y1 Y2 Y3

Il B
AL

W

) "ol @

Y1 Y1 1Yo Yy

Dl O] O @ 2| 2] @
s (TR, [T [
)
[ O )

)|, 01,0 (3)>

——~}=

—
=
=
O

I

I’_@
2
E

11115 12113120
17 18

By Definition 17, we yield

1% o 3 4
s o9 1011, 12
17 3% 18 X 19 20.

e

Y

13 3% 14 NE 15 NE 44

Therefore

Tew = {1,5,6,13,17},
Tae = {8, 10, 14, 15, 18},
P ={2,3,4,7,8,10,12, 14,18, 20}.

Clearly lo(Tsw) = 3, (i(Tsw) = 2, bo(The) = 1, (1(Txe) = 4.
Finally, by Definition 21, we get

wt, (1) = wty () = <_q71)7q3Q?Q% :1),37
which coincides with that of Example 11.
The following fact clarify the relationship between Definitions 10 and 21.
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Lemma 23. If (S, 7) 255 2, = 2., 2., ..., 2., then wt, (1) = wt (7).

Proof. Proposition 19 shows 4 = (iy,...,i,) is (not) p-up-down if and only if 7" is (not)
p-SW-NE, and ¢, is a peak of % if and only if p is a peak of T'. According to Definitions 10
and 21, we prove the lemma by noting that (,(i.) = l,(Tsw) and £,(2>) = {,(Tng) for
a=0,1. O

Theorem 24. For p € &, ,, we have

Gw(®/y;0,Q) = ) ( > Wtu(T))S)\(w/y)-

AEPm.n “Testd(N)

Proof. Recall that for ¢ = (i1, ...,1,) € F(n; k|l), we write z; = H?zl(—l)izij. Thanks
to Corollary 13 and Definition 10, we yield

a(®/y;4,Q) = Z wt,(2)z;

€5 (n;k+L)

= > > wtu(T)S(x/y)

A€ gzm n (S T)ESStdk‘g( )XStd(A)

- Y Y wm Y S

Ae]m n TEstd A) Sesstdk,‘g(}\)

= Z Z wt, (T)SA(x/y),

A€ @m n TEstd A)

where the second and the last qualities follow by using the RSK superinsertion algorithm
and Equ. (4) respectively. O

Remark 25. If m = 1 then the super Frobenius formula Equ. (9) is Mitsuhashi’s super
Frobenius formula for the characters of Iwahaori-Hecke algebra H,(q) (cf. [14, Theo-
rem 5.5]), that is, for p b n,

(/Y q) = )Xy (1)Sx(x/y).

AFn

Now Theorem 24 enables us to obtain a super-version of Ram’s formula in [16,17]: for

pn,
au(x/y;q) = Z(ng: Wi )SA z/y),

AFn
which provides a new proof of Mitsuhashi’s formula.

Note that the super Schur functions Sx(x/y) are linearly independent [3, Lemma 6.4].
Equ. (9) and Theorem 24 implies
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Corollary 26. For \,u € &y, .., we have

o)=Y wi (D).

Testd(A)

Remark 27. Putting ¢ = 1 and @Q; = ¢*, Theorem 24 enables us to obtain the following
super-symmetric function identity

Piei) = 3 (Z() Wt“(T)‘éi) Sx(@/y)

and a character formula

X1 (wy) Z wt,,

Testd(A) Ql_g

for complex reflection group W,,,. Note that Cantrell et. al. [5, Remark 3.5] give a
character formula for W, ,,.

Remark 28. For X € &, ,, we denote by dx the number of standard A-tableaux, that is,
dy is the dimension of the irreducible representation of H or W,,, corresponding to A.
As a special case of the RSK superinsertion, we can restrict to sequences z = z(j .. zz-(Z")
where i1, ..., 1, is a permutation of n and 1 < j. < m, thatis, k;+¢; =nfori=1,... m.
There are n!m" such sequences. Further, when we insert these special sequences, we get a
pair (S, T)-standard tableaux (the (k, £)-semistandard tableau S is standard because its

entries are different). Thus the RSK superinsertion algorithm gives the following equality

nlm" = Z ds,

AE€H (k|€;m,n)

where k, £ satisfies k; + ¢; =nfori=1,...,m

We remark in closing that if ¢ = 0, i.e. £ = 0, then sstdge(A) is the set of row-
semistandard tableaux of shape A € &, ,,, the RSK superinsertion is the RSK insertion
in [5, §5]. Thus Corollary 26 is Cantrell, Halverson and Miller’s combinatorial formula [5,
Corollary 3.4]. Both formulas compute the irreducible characters of H via the weights of
standard tableaux, while the definitions of weights are different.
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