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Abstract

For graphs G< and H< with linearly ordered vertex sets, the ordered Ramsey
number r<(G

<, H<) is the smallest positive integer N such that any red-blue coloring
of the edges of the complete ordered graph K<

N on N vertices contains either a blue
copy of G< or a red copy of H<. Motivated by a problem of Conlon, Fox, Lee,
and Sudakov (2017), we study the numbers r<(M

<,K<
3 ) where M< is an ordered

matching on n vertices.
We prove that almost all n-vertex ordered matchings M< with interval chro-

matic number 2 satisfy r<(M
<,K<

3 ) ∈ Ω((n/ log n)5/4) and r<(M
<,K<

3 ) ∈ O(n7/4),
improving a recent result by Rohatgi (2019). We also show that there are n-
vertex ordered matchings M< with interval chromatic number at least 3 satisfying
r<(M

<,K<
3 ) ∈ Ω((n/ log n)4/3), which asymptotically matches the best known lower

bound on these off-diagonal ordered Ramsey numbers for general n-vertex ordered
matchings.

Mathematics Subject Classifications: 05D10, 05C55

1 Introduction

For graphs G and H, their Ramsey number r(G,H) is the smallest positive integer N
such that any coloring of the edges of KN with colors red and blue contains either G as
a subgraph with all edges colored red or H as a subgraph with all edges colored blue.
The existence of these numbers was proved by Ramsey [14] and later independently by
Erdős and Szekeres [9]. The study of the growth rate of these numbers with respect to the
number of vertices of G and H is a classical part of combinatorics and plays a central role
in Ramsey theory.

Motivated by several applications from discrete geometry and extremal combinatorics,
various researchers [2, 3, 4, 7, 12, 15] started investigating an ordered variant of Ramsey
numbers. An ordered graph G< is a graph G together with a linear ordering of its vertex
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set. An ordered graph G< is an ordered subgraph of another ordered graph H< if G is a
subgraph of H and the vertex ordering of G is a suborder of the vertex ordering of H.
The ordered Ramsey number r<(G

<, H<) of ordered graphs G< and H< is the smallest
positive integer N such that any coloring of the edges of the complete ordered graph K<

N

on N vertices with colors red and blue contains either G< as an ordered subgraph with all
edges red or H< as an ordered subgraph with all edges blue.

It is known that the ordered Ramsey numbers always exist and that they can behave
very differently from the unordered Ramsey numbers. For example, there are ordered
matchings M< (that is, 1-regular ordered graphs) on n vertices for which r<(M

<,M<)
grows superpolynomially in n, in particular, we have r<(M

<,M<) ∈ 2Ω(log2 n/ log logn) [2,
7] while r(G,G) is linear for all graphs G with bounded maximum degrees [5]. The
superpolynomial bound obtained for ordered matchings is almost tight for sparse graphs
as, for every fixed d ∈ N, every d-degenerate ordered graph G< on n vertices satisfies
r<(G

<, G<) ∈ 2O(log2 n) [7].
One of the most interesting cases for ordered Ramsey numbers is the study of the

growth rate of r<(M
<, K<

3 ) where M< is an ordered matching on n vertices as this is one
of the first non-trivial cases where the exact asymptotics is not known. Conlon, Fox, Lee,
and Sudakov [7] observed that the classical bound r(Kn, K3) ∈ O(n2/ log n) immediately
gives r<(M

<, K<
3 ) ∈ O(n2/ log n). On the other hand, they showed that there exists a

positive constant c such that, for all even positive integers n, there is an ordered matching
M< on n vertices with

r<(M
<, K<

3 ) ⩾ c

(
n

log n

)4/3

. (1)

Conlon, Fox, Lee, and Sudakov expect that the upper bound r<(M
<, K<

3 ) ⩽ O(n2/ log n)
is far from optimal and posed the following open problem [7], which is also mentioned in a
survey on recent developments in graph Ramsey theory [8].

Problem 1 ([7]). Does there exist an ϵ > 0 such that for any ordered matching M< on n
vertices r<(M

<, K<
3 ) ∈ O(n2−ε)?

Problem 1 is one of the most important questions in the theory of ordered Ramsey
numbers as in order to get a subquadratic upper bound on r<(M

<, K<
3 ) one has to be able

to employ the sparsity of M< since the bound r(Kn, K3) ∈ O(n2/ log n) is asymptotically
tight by a famous result of Kim [11]. Being able to use the sparsity of M< and thus
distinguish M< from K<

n could help in numerous problems on ordered Ramsey numbers.
However, this is difficult as some ordered matchings M< can be used to approximate the
behavior of complete graphs, which is the reason why the numbers r<(M

<,M<) can grow
superpolynomially.

Some partial progress on Problem 1 was recently made by Rohatgi [15] who considered
ordered matchings with bounded interval chromatic number. The interval chromatic
number χ<(G

<) of an ordered graph G< is the minimum number of intervals the vertex
set of G< can be partitioned into so that there is no edge of G< with both vertices in
the same interval. The interval chromatic number can be understood as an analogue
of the chromatic number for ordered graphs as, for example, there is a variant of the
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Erdős–Stone–Simonovits theorem for ordered graphs [13] that is expressed in terms of the
interval chromatic number.

Rohatgi [15] showed that the subquadratic bound on r<(M
<, K<

3 ) holds for almost all
ordered matchings with interval chromatic number 2 by proving the following result. Here,
an ordered matching M< with interval chromatic number 2 is picked uniformly at random
if it is sampled uniformly at random over all ordered matchings with interval chromatic
number 2. Alternatively, such an ordered matching M< corresponds to a random uniformly
sampled permutation π on [n] as each edge {i, j} of M< satisfies i ∈ [n] and j − n ∈ [n]
and can be represented as π(i) = j − n.

Theorem 2 ([15]). There is a constant c such that for every even positive integer n, if an
ordered matching M< on n vertices with χ<(M

<) = 2 is picked uniformly at random, then
with high probability

r<(M
<, K<

3 ) ⩽ cn24/13.

Motivated by Problem 1, we study the numbers r<(M
<, K<

3 ) for ordered matchings
with bounded interval chromatic number. We strengthen some bounds by Rohatgi [15]
and by Conlon, Fox, Lee, and Sudakov [7], obtaining a new partial progress on Problem 1.

From now on, we omit floor and ceiling signs whenever they are not essential. For a
positive integer n, we use [n] to denote the set {1, . . . , n}. All logarithms in this paper are
base 2.

2 Our results

We try to tackle the first non-trivial instance of Problem 1 by considering the typical
behavior of the numbers r<(M

<, K<
3 ) for ordered matchings with interval chromatic

number 2. As far as we know, there is no non-trivial lower bound in this case. In his paper,
Rohatgi [15] mentions the problem of obtaining lower bounds that would come closer to
the upper bound from Theorem 2. As our first result, we prove the first superlinear lower
bound for this case.

Theorem 3. There exists a positive constant c such that, for all even positive integers n,
if an ordered matching M< on n vertices with χ<(M

<) = 2 is picked uniformly at random,
then with high probability

r<(M
<, K<

3 ) ⩾ c

(
n

log n

)5/4

.

We also show that this lower bound can be improved for ordered matchings M< with
χ<(M

<) > 2.

Theorem 4. There exists a positive constant c such that for every integer k ⩾ 3 and
for all even positive integers n, there exists an ordered matching M< on n vertices with
χ<(M

<) = k satisfying

r<(M
<, K<

3 ) ⩾ c

(
n

log n

)4/3

.
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Note that the lower bound from Theorem 4 asymptotically matches the bound (1) by
Conlon, Fox, Lee, and Sudakov [7]. Thus, the best known lower bound on r<(M

<, K<
3 ) for

general ordered matchings M< can be obtained also for ordered matchings with bounded
interval chromatic number as long as this number is at least 3. The proofs of Theorems 3
and 4 are probabilistic and are based on ideas used by Conlon, Fox, Lee, and Sudakov [7].

Rohatgi [15] was also interested in determining how far from the truth the exponent
24/13 from Theorem 2 is. We narrow the gap there by providing the following upper
bound that strengthens Theorem 2.

Theorem 5. There is a constant c such that for every even positive integer n, if an ordered
matching M< on n vertices with χ<(M

<) = 2 is picked uniformly at random, then with
high probability

r<(M
<, K<

3 ) ⩽ cn7/4.

Note that the difference between the exponent in the lower bound from Theorem 3
and the exponent in the upper bound from Theorem 5 is exactly 1/2.

3 Open problems

Problem 1 still remains wide open, but there are many interesting intermediate questions
that one could try to tackle. The following interesting conjecture was posed by Rohatgi [15].

Conjecture 6 ([15]). For every integer k ⩾ 2, there is a constant ε = ε(k) > 0 such that

r<(M
<, K<

3 ) ∈ O(n2−ε)

for almost every ordered matching M< on n vertices with χ<(M
<) = k.

It follows from Theorem 5 that ε(2) ⩾ 1/4. The conjecture is open for all cases with
k ⩾ 3. Our results suggest that ε(2) > ε(3) might hold.

Concerning the ordered matchings M< with interval chromatic number 2, even in this
case the growth rate of r<(M

<, K<
3 ) is not understood, so we pose the following weaker

version of Problem 1.

Conjecture 7. There exists an ϵ > 0 such that for any ordered matching M< on n vertices
with χ<(M

<) = 2 we have r<(M
<, K<

3 ) ∈ O(n2−ε).

In this paper, we considered the variant of this problem for random ordered matchings
with interval chromatic number 2, but there is still a gap between our bounds. It would
be very interesting to close it.

Problem 8. What is the growth rate of r<(M
<, K<

3 ) for uniform random ordered match-
ings M< on n vertices with χ<(M

<) = 2?

It follows from our results that the answer to Problem 8 lies somewhere between
Ω((n/ log n)5/4) and O(n7/4). We do not know which of these bounds is closer to the truth.
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4 Proof of Theorem 3

Here, we show that for all positive integers n, if an ordered matching M< on 2n vertices
with χ<(M

<) = 2 is picked uniformly at random, then with high probability r<(M
<, K<

3 ) ∈

Ω
(

n
logn

)5/4

. The proof is carried out using a similar probabilistic argument used by Conlon,

Fox, Lee, and Sudakov [7] and is based on the Lovász local lemma.
We use the following result about the edge-density between disjoint intervals in a

random ordered matching with interval chromatic number 2.

Lemma 9. Let M< be a uniform random ordered matching on [2n] satisfying χ<(M
<) = 2.

Then, asymptotically almost surely, M< contains an edge between any two intervals I ⊆ [n]
and J ⊆ {n + 1, . . . , 2n}, each of length at least 2

√
n log n, and at most 12s

√
log n/n

edges between any two disjoint intervals of lengths at most 2
√
n log n and s ⩾ 2

√
n log n,

respectively.

Proof. For sets A ⊆ [n] and B ⊆ {n+ 1, . . . , 2n} with |A| = t = |B|, the probability that
M< has no edge between A and B is at most(

n− t

n

)(
n− t− 1

n− 1

)
· · ·

(
n− 2t+ 1

n− t+ 1

)
⩽

(
n− t

n

)t

⩽ e−t2/n

where we used the inequalities n−t−i
n−i

< n−t
n

for every i > 0 and 1 − x ⩽ e−x for every
x ∈ R. There are at most n2 pairs of intervals I ⊆ [n] and J ⊆ {n+ 1, . . . , 2n}, each of
size t, and thus the probability that there there are two such intervals with no edge of
M< between them is at most n2e−t2/n. This probability goes to 0 with increasing n for
t ⩾ 3

2

√
n log n. Thus, it suffices to take t as an integer between 3

2

√
n log n and 2

√
n log n.

Now, consider disjoint subsets C and D of [2n] with |C| = 2
√
n log n and |D| = s ⩾

2
√
n log n. Set r = 12s

√
log n/n. We show that asymptotically almost surely there are at

most r edges of M< between C and D. This is trivial for r > 2
√
n log n as there are always

at most |C| = 2
√
n log n edges of M< between C and D. Thus, we assume r ⩽ 2

√
n log n.

Then, the probability that there are r edges of M< between C and D is at most(
2
√
n log n

r

)( s

n

)(
s− 1

n− 1

)
· · ·

(
s− r + 1

n− r + 1

)
⩽

(
2es

√
n log n

rn

)r

⩽

(
6s
√
log n

r
√
n

)r

as the ith edge of such r edges has the other vertex in D with probability
(
s−i+1
n−i+1

)
. The

remaining edges can be assigned arbitrarily. There are at most n2 pairs of disjoint intervals
I and J with |I| = 2

√
n log n and |J | = s and thus the probability that there there are two

such intervals with at least r edges of M< between them is at most n2
(

6s
√
logn

r
√
n

)r

. Since

s ⩾ 2
√
n log n we then have r ⩾ 24 log n. Thus, since also 6s

√
logn

r
√
n

⩽ 1/2 by the choice of
r, the upper bound goes to zero with increasing n.
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We note that there is an explicit construction of an ordered matching M<
t on 2t2

vertices that satisfies a similar statement with intervals of size only t; see Section 5.
The key ingredient in our probabilistic argument is the famous Lovász local lemma,

see [1] for example. We now recall its statement.

Lemma 10 (The Lovász local lemma). Let {A1, . . . , An} be a finite set of events in a
probability space. A directed graph D = (V,E) is the dependency graph of A1, . . . , An

if each event Ai is mutually independent of all the events from {Aj : (i, j) /∈ E}. Let
x1, . . . , xn be real numbers such that 0 ⩽ xi < 1 and Pr[Ai] ⩽ xi

∏
(i,j)∈E(1− xj) for every

i ∈ [n]. Then,

Pr
[
A1 ∩ · · · ∩ An

]
⩾

n∏
i=1

(1− xi).

In particular, the probability that none of the events A1, . . . , An hold is positive.

We apply the Lovász local lemma to prove the following auxiliary result, which is
also used in the proof of Theorem 4. For positive integers r, s, we use K<

r,s to denote the
ordered complete bipartite graph where the color classes of sizes r and s form consecutive
intervals in this order.

Lemma 11. Let α, β, γ > 0 and δ ⩾ 0 be real numbers satisfying the following three
inequalities: α + β + γ − δ ⩽ 3

2
, β ⩽ 2γ, and α + γ ⩽ 1. For a sufficiently large integer

n, let G be a family of ordered graphs, each on nβ vertices and with 40n
3
2
−α+δ log n edges,

and assume that |G| ⩽ en
β logn. Then, there is a red-blue coloring χ of the edges of K<

nβ

such that the following three conditions are satisfied:

(a) there is no blue triangle in χ,

(b) there is no red copy of any ordered graph from G in χ, and

(c) there is no red copy of K<
10n1−α logn,10n1−α logn in χ.

Proof. We color each edge of K<
nβ independently at random blue with probability 1

2nγ and
red with probability 1− 1

2nγ . Let Pi be the events corresponding to blue triangles in our
random coloring, let Qi be the events corresponding to red ordered graphs from G, and Ri

the events corresponding to the red ordered complete bipartite graphs as in the statement
of the lemma. We denote the index sets of the events Pi, Qi, and Ri by IP , IQ, and IR,

respectively. Clearly, we have |IP | ⩽
(
nβ

3

)
⩽ n3β and |IQ| = |G| ⩽ en

β logn. Since n is
sufficiently large, we obtain

|IR| ⩽
(

nβ

20n1−α log n

)
⩽

(
enβ

20n1−α log n

)20n1−α logn

⩽ (nα+β−1)20n
1−α logn

⩽ e20n
1−α log2 n

as α + β − 1 ⩽ 1 follows from our assumptions β ⩽ 2γ and α + γ ⩽ 1.
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We apply the Lovász local lemma (Lemma 10) with the events Pi, Qi, and Ri. It
suffices to verify the conditions of the lemma as then it follows that the probability that
none of these events hold is positive. That is, there is a coloring χ satisfying the statement
of Lemma 11.

We choose x = 1
4n3γ , y = e−2nβ logn, and z = e−21n1−α log2 n. It follows from the choice of

y and z and our estimates on IQ and IR that y|IQ| ∈ o(1) and z|IR| ∈ o(1). We now verify
the conditions of Lemma 10.

(i) Events Pi:

Each event Pi depends on exactly 3nβ events Pj and on at most |IQ| events Qj and
on at most |IR| events Rj. Thus,

x
∏

j∈IP ,j∼i

(1− x)
∏

j∈IQ,j∼i

(1− y)
∏

j∈IR,j∼i

(1− z)

= (1− o(1)) · xe−3xnβ

e−y|IQ|e−z|IR| = (1− o(1)) · 1

4n3γ
e−

3
4
nβ−3γ

⩾
1

8n3γ
= Pr[Pi].

The last inequality holds for a sufficiently large n if and only if β < 3γ, which follows
from our stronger assumption β ⩽ 2γ.

(ii) Events Qi:

Every ordered graph corresponding to the event Qi contains 40n
3
2
−α+δ log n edges

and thus Qi depends on at most 40n
3
2
−α+β+δ log n events Pj. It then follows that

y
∏

j∈IP ,j∼i

(1− x)
∏

j∈IQ,j∼i

(1− y)
∏

j∈IR,j∼i

(1− z)

= (1− o(1)) · ye−x(40n
3
2−α+β+δ logn)e−y|IQ|e−z|IR|

= (1− o(1)) · e−2nβ logne−10n
3
2−α+β−3γ+δ logn.

We want the last expression to be at least Pr[Qi] = (1− 1
2nγ )

40n
3
2−α+δ logn which is at

most e−20n
3
2−α−γ+δ logn. Therefore, it suffices to show that

(1− o(1)) · e−2nβ logne−10n
3
2−α+β−3γ+δ logn ⩾ e−20n

3
2−α−γ+δ logn.

This is true if
2nβ + 10n

3
2
−α+β−3γ+δ ⩽ 20n

3
2
−α−γ+δ

and the right hand side grows faster than the left one to beat the (1− o(1))-term
above. This follows from our assumptions α + β + γ − δ ⩽ 3

2
and β ⩽ 2γ as then

nβ ⩽ n
3
2
−α−γ+δ and also n

3
2
−α+β−3γ+δ ⩽ n

3
2
−α−γ+δ.
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(iii) Events Ri:

Every ordered complete bipartite graph corresponding to the event Ri contains
(10n1−α log n)2 = 100n2−2α log2 n edges and thus the event Ri depends on at most
100n2−2α+β log2 n events Pi. It follows that

z
∏

j∈IP ,j∼i

(1− x)
∏

j∈IQ,j∼i

(1− y)
∏

j∈IR,j∼i

(1− z)

= (1− o(1)) · ze−x(100n2−2α+β log2 n)e−y|IQ|e−z|IR|

= (1− o(1)) · e−21n1−α log2 ne−25n2−2α+β−3γ log2 n.

We want the last expression to be at least Pr[Ri] = (1− 1
2nγ )

100n2−2α log2 n, which is

at most e−50n2−2α−γ log2 n. That is, it suffices to check that

(1− o(1)) · e−21n1−α log2 ne−25n2−2α+β−3γ log2 n ⩾ e−50n2−2α−γ log2 n.

This is true if
21n1−α + 25n2−2α+β−3γ ⩽ 50n2−2α−γ

and the right hand side grows faster than the left one to beat the (1−o(1))-term above.
This follows from our assumptions α + γ ⩽ 1 and β ⩽ 2γ as then n1−α ⩽ n2−2α−γ

and n2−2α+β−3γ ⩽ n2−2α−γ.

Altogether, all conditions of Lemma 10 are satisfied and we obtain the desired coloring χ.

We now proceed with the proof of Theorem 3. The approach is similar to the one used
by Conlon, Fox, Lee, and Sudakov [7].

Proof of Theorem 3. Let M< be a random ordered matching with χ<(M
<) = 2 on m =

800n log n vertices. We will prove that n5/4 ⩽ r<(M
<, K<

3 ) for n sufficiently large. We
choose α = 3

4
, β = 1

2
, and γ = 1

4
. Note that this choice of parameters satisfies the

conditions in the statement of Lemma 11 with δ = 0.
We set N = nα+β = n5/4 and we partition [N ] into consecutive intervals V1, . . . , Vnβ ,

each of length nα. Let Φ be the set of injective embeddings of M< into [N ] that respect
the vertex ordering of M<. For ϕ ∈ Φ, let G<(ϕ) be the ordered graph on the vertex set
[nβ] with an edge between i and j if and only if there is an edge of M< between ϕ−1(Vi)
and ϕ−1(Vj). Let

H = {G<(ϕ) : ϕ ∈ Φ, |E(G<(ϕ))| ⩾ 40n
3
2
−α log n}.

Since the mappings in Φ respect the order of the vertices of M<, any ordered graph
G<(ϕ) is determined by the last vertex in ϕ−1(Vi) for every i ∈ [nβ]. Therefore, for n
sufficiently large, we obtain

|H| ⩽
(
m+ nβ

nβ

)
⩽

(
e(m+ nβ)

nβ

)nβ

=
(
e(800n1−β log n+ 1)

)nβ

⩽ en
β logn.
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Let G be the class of ordered graphs such that for every H< ∈ H there is G< ∈ G with
exactly 40n

3
2
−α log n edges such that G< is an ordered subgraph of H<. Note that we can

choose G so that |G| ⩽ |H|.
Applying Lemma 11 to G with our choice of α, β, γ, and δ, we obtain a red-blue

coloring χ′ of the edges of K<
nβ that avoids a blue triangle, a red copy of any ordered graph

from G, and a red copy of K<
10n1−α logn,10n1−α logn.

Let χ be the red-blue coloring of the edges of the ordered complete graph on [N ] where
we color all edges between Vi and Vj with color χ′(i, j) for all i, j ∈ [nβ]. We color all edges
within the sets Vi red. Note that χ contains no blue triangle, since χ′ does not contain a
blue triangle.

Suppose for contradiction that for some ϕ ∈ Φ, the ordered matching ϕ(M<) is a red
copy of M< in χ. We use P1 and P2 to denote the left and the right independent sets of
ϕ(M<), respectively, each of size m/2 = 400n log n. Let Wi = V (ϕ(M<)) ∩ Vi for each i
and let S ⊆ [nβ] be the set of indices i for which |Wi| ⩽ 2

√
m logm. We set L = [nβ] \ S.

By Lemma 9, for any pair of indices i, j ∈ L with Wi ⊆ P1 and Wj ⊆ P2, there is an
edge of ϕ(M<) between Wi and Wj since |Wi|, |Wj| > 2

√
m logm and M< is a random

ordered matching with χ<(M
<) = 2. Then, χ′(i, j) is red as all edges of ϕ(M<) are red

in χ. Thus, if there are at least 10n1−α log n sets Wi with i ∈ L inside each of the two
independent sets P1 and P2 of ϕ(M<), then we have a red copy of K<

10n1−α logn,10n1−α logn

in χ′. This is impossible by the choice of χ′.
Hence, one of the independent sets of ϕ(M<) contains less than 10n1−α log n sets Wi

with i ∈ L. By symmetry, we can assume that it is the independent set P1. Since the
size of any set Wi is at most |Vi| = nα, each set Wi is incident to at most nα edges of the
ordered matching ϕ(M<). Overall, all sets Wi ⊆ P1 with i ∈ L are incident to at most
10n log n edges of ϕ(M<). Therefore, there are at least 390n log n edges of ϕ(M<) incident
to sets Wi ⊆ P1 with i ∈ S.

Consider Wi ⊆ P1 and Wj ⊆ P2 such that i ∈ S. We recall that |Wi| ⩽ 2
√
m logm

and |Wj| ⩽ nα. By Lemma 9, there are at most 12nα
√

logm/m ⩽ nα−1/2 edges of ϕ(M<)
between Wi and Wj for n sufficiently large. Since there are at least 390n log n edges of
ϕ(M<) incident to sets Wi ⊆ P1 with i ∈ S, there are at least

390n log n

nα−1/2
= 390n

3
2
−α log n > 40n

3
2
−α log n

red edges in the coloring χ′. This implies that G<(ϕ) ∈ H. However, G<(ϕ) has all edges
red in the coloring χ′ which contradicts the choice of χ′.

Altogether, there is no red copy of M< and no blue copy of K<
3 in χ and thus

r<(M
<, K<

3 ) > N = n5/4.

5 Proof of Theorem 4

We show that, for every integer k ⩾ 3 and for all positive integers n, there exists an ordered

matching M< on 2n vertices with χ<(M
<) = k satisfying r<(M

<, K<
3 ) ∈ Ω

(
n

logn

)4/3

.
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First, we construct the following auxiliary ordered matchingM<
t with interval chromatic

number 2. For a positive integer t, let [2t2] be the vertex set of M<
t . We partition the set

[t2] into t consecutive intervals I1, . . . , It, each of size t and, similarly, let J1, . . . , Jt be the
partition of the set {t2 + 1, . . . , 2t2} into t consecutive intervals, each of size t. Then, for
all distinct integers i and j with 1 ⩽ i, j ⩽ t we put an edge between the jth vertex of Ii
and the ith vertex of Jj. Note that there is exactly one edge between each Ii and Jj. The
ordered matching M<

t then satisfies the following properties.

Observation 12. There is at least one edge of M<
t between any two intervals I ⊆ ∪t

i=1Ii
and J ⊆ ∪t

j=1Jj, each of length at least 2t.

Proof. The interval I contains some interval Ii and J contains some interval Jj, so there
is an edge of M< between I and J .

For positive integers k ⩾ 3 and t, we now construct the ordered matching M<
k,t on

m = k(k− 1)t2 vertices that is used in the proof of Theorem 4. The main idea is to define
M<

k,t as an intertwined union of the ordered matchings M<
t ; see Figure 1 for an illustration

with k = 3 and t = 3.
The vertex set [m] of M<

k,t is partitioned into consecutive intervals P1, . . . , Pk, each of
size m/k = (k − 1)t2. For every i ∈ [k], the interval Pi is partitioned into consecutive
intervals Bi,1, . . . , Bi,(k−1)t, each of size t. We call each interval Bi,j a block of M<

k,t. For
every i ∈ [k] and j ∈ {0, 1, . . . , k − 2}, let aj be the (j + 1)st smallest element of [k] \ {i}
and let Ci,aj be the set of vertices that is the union of the blocks Bi,ℓ where ℓ is congruent
to j modulo k − 1; see Figure 1. We call each set Ci,aj a superblock of M<

k,t. Note that
the size of each superblock is t2. We now place the edges so that any pair Ci,j and Cj,i of
superblocks induces a copy M<(i, j) of the ordered matching M<

t .

C1,2 C2,1 C3,2

C1,3 C2,3 C3,1

M<(1, 2) M<(2, 3)

M<(1, 3)

P1

P2 P3

Figure 1: An illustration of the ordered matching M<
k,t for k = 3 and t = 3.

Observe that χ<(M
<
k,t) = k as the sets P1, . . . , Pk form the independent sets of M<

k,t.
We now state the key properties of the ordered matching M<

k,t.

Lemma 13. Let i, j ∈ [k] be two distinct integers. For any pair of intervals I ⊆ Pi and
J ⊆ Pj, each of length at least 2kt, there is an edge of M<

k,t between I and J . Moreover,
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there are at most (2k + 1)2 edges between any two disjoint intervals I ′ ⊆ Pi and J ′ ⊆ Pj,
each of size at most 2kt.

Proof. First, let I and J be the two intervals from the first part of the statement. Since
|I| ⩾ 2kt, the interval I intersects each superblock Ci,j′ , j

′ ∈ [k] \ {i}, in at least 2t
vertices which form an interval in M<(i, j). Analogously, J intersects each superblock
Cj,i′ , i

′ ∈ [k] \ {j}, in an interval of length at least 2t. Then, by Observation 12, there is
an edge of M<(i, j) ⊆ M<

k,t between the sets I ∩ Ci,j and J ∩ Cj,i.
Let I ′ and J ′ be the intervals from the second part of the statement. Since |I ′| ⩽ 2kt

and since the size of each block of M<
k,t is t, the interval I ′ can intersect at most 2k + 1

blocks. An analogous claim is true for the interval J ′. Since there is at most one edge
between any pair of blocks, it follows that there can be at most (2k + 1)2 edges of M<

k,t

between I ′ and J ′.

We now proceed with the proof of Theorem 4. The proof is similar to the proof of
Theorem 3.

Proof of Theorem 4. For a given integer k ⩾ 3, we choose t sufficiently large and express
the number m = k(k − 1)t2 of vertices of M<

k,t as m = 500k3n log n for some positive

integer n. We will prove that n4/3 ⩽ r<(M
<
k,t, K

<
3 ). We set α = 2

3
, β = 2

3
, and γ = 1

3
. Note

that this choice of parameters satisfies the conditions in the statement of Lemma 11 with
δ = α− 1/2 = 1/6.

We set N = nα+β = n4/3 and we partition [N ] into consecutive intervals V1, . . . , Vnβ ,
each of length nα. Similarly as before, we let Φ be the set of injective embeddings of M<

k,t

into [N ] that respect the vertex ordering of M<
k,t. For ϕ ∈ Φ, let G<(ϕ) be the ordered

graph on the vertex set [nβ] with an edge between i and j if and only if there is an edge of
M<

k,t between ϕ−1(Vi) and ϕ−1(Vj). We also set

H = {G<(ϕ) : ϕ ∈ Φ, |E(G<(ϕ))| ⩾ 40n log n}.

Analogously as in the proof of Theorem 3, we obtain |H| ⩽ en
β logn. Let G be the class of

ordered graphs such that for every H< ∈ H there is G< ∈ G with exactly 40n log n edges
such that G< is an ordered subgraph of H<. Note that we can choose G so that |G| ⩽ |H|.

Applying Lemma 11 to G with our choice of α, β, γ, and δ, we get a red-blue coloring
χ′ of the edges of K<

nβ that avoids a blue triangle, a red copy of any ordered graph from G,
and a red copy of K<

10n1−α logn,10n1−α logn.
Let χ be the red-blue coloring of the edges of the ordered complete graph on [N ] where

we color all edges between Vi and Vj with color χ′(i, j) for all i, j ∈ [nβ]. We color all edges
within the sets Vi red. Note that χ contains no blue triangle, since χ′ does not contain a
blue triangle.

Suppose for contradiction that for some ϕ ∈ Φ, the ordered matching ϕ(M<
k,t) is a

red copy of M< in χ. We use ϕ(P1), . . . , ϕ(Pk) to denote the independent sets of ϕ(M<
k,t).

Let Wi = V (ϕ(M<)) ∩ Vi for each i and let S ⊆ [nβ] be the set of indices i for which
|Wi| ⩽ 2kt. We set L = [nβ] \ S.
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By Lemma 13, for any pair of indices i, j ∈ L with Wi and Wj that are contained in
different independent sets of ϕ(M<

k,t), there is an edge of ϕ(M<
k,t) between Wi and Wj since

|Wi|, |Wj| > 2kt. Then, χ′(i, j) is red as all edges of ϕ(M<) are red in χ. Thus, if there
are two independent sets ϕ(Pa) and ϕ(Pb), each with at least 10n1−α log n sets Wi with
i ∈ L, then we have a red copy of K<

10n1−α logn,10n1−α logn in χ′. This is impossible by the
choice of χ′.

Thus, at most one independent set of ϕ(M<
k,t) contains at least 10n

1−α log n sets Wi

with i ∈ L. Since k ⩾ 3, there are two independent sets of ϕ(M<
k,t), without loss of

generality ϕ(P1) and ϕ(P2), such that each one of them contains less than 10n1−α log n
sets Wi with i ∈ L. Note that |ϕ(P1)| = |ϕ(P2)| = m/k = 500k2n log n. Since the size of
any set Wi is at most |Vi| = nα, each set Wi is incident to at most nα edges of the ordered
matching ϕ(M<

k,t). Overall, all sets Wi ⊆ ϕ(P1) ∪ ϕ(P2) with i ∈ L are incident to at most
20n log n edges of ϕ(M<). Therefore, there are at least (500k2 − 20)n log n ⩾ 480k2n log n
edges of ϕ(M<) incident to sets Wi ⊆ ϕ(P1) ∪ ϕ(P2) with i ∈ S.

Consider Wi ⊆ ϕ(P1) and Wj ⊆ ϕ(P2) such that i, j ∈ S. We recall that |Wi|, |Wj| ⩽
2kt. By Lemma 13, there are at most (2k + 1)2 < 10k2 edges of ϕ(M<

k,t) between Wi and
Wj. Since there are at least 480k2n log n edges of ϕ(M<

k,t) incident to sets Wi ⊆ ϕ(P1)
with i ∈ S, there are at least

480k2n log n

10k2
> 40n log n

red edges in the coloring χ′. This implies that G<(ϕ) ∈ H. However, G<(ϕ) has all edges
red in the coloring χ′ which contradicts the choice of χ′.

Altogether, there is no red copy of M< nor a blue copy of K<
3 in χ and thus

r<(M
<, K<

3 ) > N = n4/3.
Note that the best lower bound in terms of m is achieved for k = 3, so we can use M<

3,t

with few added vertices and edges to artificially inflate the interval chromatic number to a
given number k and obtain a lower bound which is independent on k.

6 Proof of Theorem 5

In this section, we prove the upper bound r<(M
<, K<

3 ) ∈ O(n7/4) for uniform random
ordered matchings M< on 2n vertices with χ<(M

<) = 2. The proof is carried out using
a multi-thread scanning procedure whose variants were recently used by Cibulka and
Kynčl [6], He and Kwan [10], and Rohatgi [15].

First, note that the set of ordered matchings on 2n vertices with interval chromatic
number 2 is in one-to-one correspondence with the set of permutations on [n]. Since it is
often convenient to work with the permutation corresponding to a given ordered matching
M< on [2n] with χ<(M

<) = 2, we define the permutation πM< as the permutation on [n]
that maps i to j − n for every edge {i, j} of M<. A uniform random ordered matching on
[2n] then corresponds to a uniform permutation on [n] selected uniformly at random.

Let χ be a red-blue coloring of the edges of K<
2N for some positive integer N . Let A be

an N ×N matrix where an entry on position (j, i) ∈ [N ]× [N ] contains the color of the
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edge {i, N + j} in χ. Note that a red copy of M< with one independent set in [N ] and
the other one in {N + 1, . . . , 2N} corresponds to an n× n submatrix of A with red entries
on positions (πM<(i), i) for i = 1, . . . , n.

We now describe a procedure that we use to find a red copy of M< in χ; see Figure 2
for an illustration. Let T be a positive integer. We try to find a red copy of M< in rows
t+ 1, . . . , t+ n for every t ∈ {0, 1, . . . , T − 1}. First, we scan through the row πM<(1) + t
of A from left to right until we find a red entry in some position (πM<(1)+ t, j1). For every
i ∈ {2, . . . , n}, after we have finished scanning through rows πM<(1)+ t, . . . , πM<(i−1)+ t,
we scan through the row πM<(i) + t of A, starting from column ji−1 + 1, until we find a
red entry in some position (πM<(i) + t, ji).

We call this multi-thread scanning for M< and we call the set Th(t) of entries of A
that are revealed in step t a thread. Note that a thread Th(t) successfully finds a red copy
of M< if and only if some red copy of M< lies in the rows t+ 1, . . . , t+ n of A. Moreover,
if the thread Th(t) does not find a red copy of M<, then it reveals at least N − n blue
entries of A.

(a) (b)

Figure 2: An illustration of the multi-thread scanning procedure for the ordered matching
M< with the corresponding permutation π(M<) = 132. (a) Thread Th(0) did not find
a red copy of M<. (b) Thread Th(1) successfully found a red copy of M<. The entries
whose color was previously revealed by thread Th(0) are denoted by light blue and light
red.

For a permutation π on [n], we say that a subset C ⊆ [n] with |C| = k is a shift of
another subset D ⊆ [n] in π if there is a positive integer ∆ such that π (ci) = π (di) + ∆
for each i ∈ [k] where c1 < · · · < ck and d1 < · · · < dk are the elements of C and D,
respectively. Let L(π) be the largest positive integer k for which there are sets C,D ⊆ [n],
each of size k, such that C is a shift of D. This notion captures the maximum size of a
pattern that a permutation can share with its translation.

We now state the following upper bound on ordered Ramsey numbers of ordered
matchings M< with restricted L(πM<) versus triangles, which is used later to derive
Theorem 5. A similar result was proved by Rohatgi [15], but it yields asymptotically
weaker bounds.

Theorem 14. For a positive integer n, let M< be an ordered matching on 2n vertices
with χ<(M

<) = 2 and L(πM<) ⩽ ℓ. If N ⩾ 4n(
√
nℓ+ 1), then every red-blue coloring χ

of the edges of K<
2N on [2N ] satisfies at least one of the following three claims:
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(a) χ contains a blue copy of K<
3 ,

(b) χ contains a red copy of K<
2n, or

(c) χ contains a red copy of M< between [N ] and {N + 1, . . . , 2N}.

Proof. Let χ be a red blue coloring of the edges of K<
2N on [2N ]. Suppose for contradiction

that χ satisfies none of the three claims from the statement of the theorem.
Let A be the N ×N matrix where an entry on position (j, i) ∈ [N ]× [N ] contains the

color of the edge {i, N + j} in χ. We set T =
√

n/ℓ and we run the multi-thread scanning
for M< in A with T threads. For every t ∈ {0, 1, . . . , T − 1}, the blue entries from the
thread Th(t) intersect each row of A in a set that we call segment. Let S(t) be the set of
segments obtained from Th(t).

Observe that each segment forms an interval of blue entries in a row of A. Moreover,
each segment has length less than 2n as otherwise there is a vertex of K<

2N incident to at
least 2n blue edges in χ and, since there is no blue triangle in χ, the neighborhood of such
a vertex induces a red copy of K<

2n. This is impossible by our assumptions on χ.

Claim 15. Fix t and t′ with 0 ⩽ t′ < t ⩽ T . Assume that k segments in S(t) intersect
with some segments from S(t′). Then, L(πM<) ⩾ k.

Each segment from S(t) intersects at most one segment from S(t′) as no two segments
from S(t) lie in the same row of A and the same claim is true for segments from S(t′).
Moreover, if two segments intersect, then they are contained in the same row of A. Let
st1 and st2 be two segments from S(t) and let st

′
1 and st

′
2 be two segments from S(t′) and

assume st1 ∩ st
′
1 ≠ ∅ and st2 ∩ st

′
2 ≠ ∅. Then, the columns of A intersected by st1 are to the

left of the columns intersected by st2 if and only if the columns of A intersected by st
′
1 are

to the left of the columns intersected by st
′
2 . This is because no two segments from S(t)

intersect the same column from A and the same claim is true for segments from S(t′).
Altogether, the k segments from S(t) intersect exactly k segments in S(t′) and indices of
their rows decreased by t and t− t′, respectively, form a shift in πM< of size k. The claim
follows.

Consider some t ∈ {0, 1, . . . , T − 1}. Since no thread succeeds in χ, the thread Th(t)
reveals at least N − n blue entries of A. The claim and our assumption L(πM<) ⩽ ℓ imply
that the segments from S(t) intersect at most ℓ segments from S(t′) for every t′ < t. Since
each segment has length at most 2n, the thread Th(t) reveals at least N − 2n− 2tnℓ new
blue entries of A. This is at least N/2 by our assumption N ⩾ 4n(

√
nℓ+ 1) and by the

choice of T since

N − 2n− 2tnℓ ⩾ N − 2n(Tℓ+ 1) = N − 2n(
√
nℓ+ 1) ⩾ N/2.

Thus, the total number of blue entries in A is at least TN/2. Since the multi-thread
scanning visited n + T rows of A, there is a vertex v of K<

2N incident to at least TN
2(T+n)

blue edges in χ. Now, our assumption N ⩾ 4n(
√
nℓ+ 1) and the choice of T implies

TN

2(T + n)
⩾

√
n
ℓ
4n(

√
nℓ+ 1)

2
(√

n
ℓ
+ n

) = 2n.
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Thus, the blue neighborhood of the vertex v creates either a blue triangle or a red copy of
K<

2n. This contradicts our assumptions on χ.

Theorem 14 immediately implies the following corollary.

Corollary 16. For every ε > 0, every ordered matching with χ<(M
<) = 2 and L(πM<) ⩽

n1−2ε satisfies r<(M
<, K<

3 ) ∈ O(n2−ε).

We show that this is the case for uniform random ordered matchings with interval
chromatic number 2 by using the following result by He and Kwan [10] about the maximum
length of a shift in a uniform random permutation on [2n].

Lemma 17 ([10]). A uniform random permutation π on [n] satisfies L (π) ⩽ 3
√
n with

high probability.

Now, it suffices to show that Theorem 14 together with Lemma 17 implies Theorem 5.

Proof of Theorem 5. Let M< be the uniform random ordered matching on [2n]. By
Lemma 17, we have L (π) ⩽ 3

√
n with high probability. Thus, applying Theorem 14 with

ℓ = 3
√
n, we obtain

r<(M
<, K<

3 ) ⩽ 4n(
√
3n3/2 + 1) ∈ O(n7/4)

with high probability.
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(GAČR) and by the Center for Foundations of Modern Computer Science (Charles
University project UNCE/SCI/004). This article is part of a project that has received
funding from the European Research Council (ERC) under the European Union’s Horizon
2020 research and innovation programme (grant agreement No. 810115).

References

[1] N. Alon and J. H. Spencer. The probabilistic method. Wiley Series in Discrete
Mathematics and Optimization. John Wiley & Sons, Inc., Hoboken, NJ, fourth
edition, 2016.

[2] M. Balko, J. Cibulka, K. Král, and J. Kynčl. Ramsey numbers of ordered graphs.
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