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Abstract

For many well-known families of triple systems M, there are perhaps many
near-extremal M-free configurations that are far from each other in edit-distance.
Such a property is called non-stable and is a fundamental barrier to determining
the Turdn number of M. Liu and Mubayi gave the first finite example that is
non-stable. In this paper, we construct another finite family of triple systems M
such that there are two near-extremal M-free configurations that are far from each
other in edit-distance. We also prove its Andréasfai-Erd6s-Sds type stability theorem:
Every M-free triple system whose minimum degree is close to the average degree
of the extremal configurations is a subgraph of one of these two near-extremal
configurations. As a corollary, our main result shows that the boundary of the
feasible region of M has exactly two global maxima.

Mathematics Subject Classifications: 05C35, 05C65, 05D05

1 Introduction

1.1 Turan number and stability

For r > 2 an r-uniform hypergraph (henceforth r-graph) H is a collection of r-subsets of
some finite set V. Given a family F of r-graphs we say H is F-free if it does not contain
any member of F as a subgraph. The Turdn number ex(n,F) of F is the maximum
number of edges in an F-free r-graph on n vertices. The Turdn density w(F) of F is
defined as 7(F) = lim,_, ex(n, F)/("). A family F is called nondegenerate if 7(F) > 0.

The study of ex(n,F) is perhaps the central topic in extremal combinatorics. Much
is known about ex(n, F) when r = 2, and one of the most famous results in this regard is
Turdn’s theorem, which states that for every integer ¢ > 2 the Turdan number ex(n, K1)
is uniquely achieved by the balanced (-partite graph on n vertices, which is called the
Turdn graph T'(n, ?).

For r > 3 determining 7(F) for a family F of r-graphs is known to be notoriously
hard in general. Indeed, the problem of determining 7 (K7) raised by Turan [32], where
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K is the complete r-graph on ¢ vertices, is still wide open for all £ > r > 3. Erdds offered
$500 for the determination of any 7(K) with £ > r > 3 and $1000 for the determination
of all m(K}) with £ > r > 3.

Conjecture 1 (Turdn [32]). For every integer ¢ > 3 we have (K}, ;) =1 —4/(*.

The case ¢ = 3 above, which states that 7(K3) = 5/9 has generated a lot of interest
and activity over the years [4, 8, 17]. The best bound that 7(K3) < 0.561666 was given
by Razborov [30] using the Flag Algebra machinery.

For a family F of r-graphs, it is natural to ask for the “continuity” of the discrete
F-free r-graphs whose size is close to ex(n, F). The seminal result in this regard is the
Simonovits stability theorem, proved independently by Erdés and Simonovits [31].

Theorem 2 (Erdds, Simonovits [31]). Fiz £ > 2. For every § > 0, there exists € and
Ny = No(€) such that the following holds for every n > Ny: if G is an n-vertex graph
containing no copy of K1 with at least (1 —€)|T(n,l)| edges, then G can be transformed
to T'(n,l) by adding and deleting at most dn? edges.

The stability phenomenon plays an important role in determining Turan number ex-
actly. It was first used by Simonovits [31] for graphs, and by several authors [3, 10,
11, 13, 16, 27, 28] for r-graphs. More precisely, one can determine ex(n,F) exactly by
first determining the asymptotic value, then using a stability theorem to prove that any
r-graph with the extremal number of edges is the unique extremal r-graph. This is espe-
cially valuable in extremal hypergraph theory, where exact results are rare, and any new
approach gives insight to the governing phenomenon of the problems.

However, there are many Turdn problems for hypergraphs that (perhaps) do not have
the stability property. For example, Kostochka [17] showed that there are at least 272
nonisomorphic extremal Kj-free constructions on 3n vertices (assuming Turén’s Tetrahe-
dron conjecture is true). The absence of stability seems to be a fundamental barrier in
determining Turdn numbers of some families. This motivates Mubayi [26] to make the
following definition.

Definition 3 (¢-stable). Let » > 2 and ¢t > 1 be integers. A family F of r-graphs is
t-stable if for every m € N there exist r-graphs Gi(m), ..., G;(m) on m vertices such that
the following holds. For every d > 0 there exist € > 0 and Ny such that for all n > Ny if H
is an F-free r-graph on n vertices with |H| > (1 — €)ex(n, F) then H can be transformed
to some G;(n) by adding and removing at most on” edges. Say F is stable if it is 1-stable.

Denote by &(F) the minimum integer ¢ such that F is t-stable, and set £(F) = oo if
there is no such t. Call £(F) the stability number of F.

The classical Erdds-Stone-Simonovits theorem [7, 6] and Erdés—Simonovits stability
theorem [31] imply that every nondegenerate family of graphs is stable. Families that
are non-stable and whose Turan densities can be determined were constructed only very
recently. In [21], Liu and Mubayi constructed the first finite 2-stable family of 3-graphs.
Later in [22], Liu, Mubayi and Reiher constructed the first finite ¢-stable family of triple
systems (3-graphs) for every integer ¢ > 3. Recently, together with Liu and Mubayi, the
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authors [12] gave the first exact and stability results for a hypergraph Turdn problem
with infinitely many extremal constructions that are far from each other in edit-distance.
Liu and Pikhurko [24] used another method to construct finite families with an infinite
stability number.

In this paper, we give another finite family M of 3-graphs with £(M) = 2 and give
its Andrasfai-Erd6s—Sés type [1] stability theorem. Note that an r-graph H is a blowup
of an r-graph G if there exists a map ¢: V(H) — V(G) so that Y/(E) € G iff £ € H.
We say H is G-colorable if there exists a map ¢: V(H) — V(G) so that ¢(F) € G for all
E € H, and we call such a map ¢ a homomorphism from H to G. In other words, H is
G-colorable if and only if H occurs as a subgraph in some blowup of G. An r-graph H is
called bipartite if V() has a partition A U B such that H[A] = H[B] = 0. Let G, be
a 3-graph on 12 vertices whose complement is a perfect matching. The following is our
main result.

Theorem 4. There exists a finite family M of 3-graphs such that the following statements
hold.

(a) ex(n, M) < n3/8 for all positive integers n, and equality holds if and only if 12 | n.

(b) There ezist constants € > 0 and Ny such that the following holds for every integer
n > Ny. Every n-vertex M-free 3-graph with minimum degree at least (3/8 — ¢) n?
is either bipartite or GZ,-colorable. In other words, E(M) = 2.

1.2 Feasible region

Our result has an application on feasible region function which was introduced by Liu and
Mubayi [20] to understand the extremal properties of F-free hypergraphs beyond just the
determination of 7(F). Given an r-graph H on n vertices, the shadow of H is defined as

OH = {A S (V(Hl)) : there is B € ‘H such that A C B} )

r —

The edge density of H is defined as p(H) = |7-[|/(v(f‘)), and the shadow density of H is

defined as p(OH) = |8H|/(1ﬁ?) For a family F the feasible region Q(F) of F is the set
of points (x,y) € [0, 1]? such that there exists a sequence of F-free r-graphs (Hy,),., with

lim v(Hi) =00, lim p(OHi) =2, and lim p(Hi) =y.
k—ro0 k—ro0

k—o00

The feasible region unifies and generalizes many classical problems such as the Kruskal—
Katona theorem [14, 18] and the Turdn problem. For some constant ¢(F) € [0, 1] the
projection to the first coordinate,

proj$2(F) = {z: there is y € [0, 1] such that (x,y) € Q(F)},

is the interval [0, ¢(F)] . Moreover, there is a left-continuous almost everywhere differen-
tiable function g(F): projQ2(F) — [0, 1] such that

AUF) = {(z,y) € [0,c(F)] x [0,1]: 0 <y < g(F)(x)}-
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Let us call g(F) the feasible region function of F. It was shown in [20] that g(F) is not
necessarily continuous, and in [19], it was shown that g(F) can have infinitely many local
maxima even for some simple and natural families F.

Using Theorem 4, we have the following result.

Theorem 5. The set projQQ(M) = [0, 1], and g(M)(x) < 3/4 for all x € [0,1]. Moreover,
g(M)(z) = 3/4 if and only if x = 11/12 or 1.

(1,1)

o
-
8

Figure 1: The function g(M) has exactly two global maxima.

This paper is organized as follows. The following section gives the construction of
M. In Section 3 we determine the Turan number of M and prove Theorem 4 (a). In
Section 4, we study the stability of M and prove Theorem 4 (b). The proof of Theorem 5
is presented in Section 5. Section 6 contains some concluding remarks.

2 Construction of M

In this section, we will construct a finite family M of 3-graphs with ex(n, M) < n?/8 and
&(M) = 2. At first, we give some definitions and notations. For positive integers n; and
ng with ny < no, let [n1]: = {1,...,n1} and [n1,ns]: = [no) \ [n1 — 1]. We identify an
r-graph H with its edge set, use V() to denote its vertex set, and denote by v(H) the
size of V(). For a vertex v € V(H), the link Ly(v) of v in H is

Ly(v)={AcoH: AU{v} e H}.

The degree of v in H is dy(v) = |Ly(v)|. Denote by 6(H) and A(H) the minimum degree
and maximum degree of #H, respectively. The neighborhood N3;(v) of v is defined as

Ny(w) ={u e V(H)\ {v}: there exists e € H such that {u,v} C e}.
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For a set A C V(H) denote by H[A] the induced subgraph of H with A. We will omit
the subscript H from our notations if it is clear from the context. For a graph G and two
disjoint sets X,Y C V(@) denote by G[X,Y] the induced bipartite subgraph of G with
two parts X and Y.

Let £ > r > 2 and Kj,; be the collection of all r-graphs F' with at most (%1) edges
such that for some (£ + 1)-set S, which will be called the core of F, every pair {u,v} C S
is covered by an edge in F. We notice that K}, is a finite family. The Fano plane,
hereafter denoted by Fano, is the unique hypergraph with 7 triples on 7 vertices in which
every pair of vertices is contained in a unique triple, i.e., the 3-graph on the vertex set [7]
with the edge set

{123, 345,561, 174,275, 376,246}

The Turdn density of a Fano was determined by De Caen and Firedi in [5]. Later
Keevash and Sudakov [16] and, independently, Fiiredi and Simonovits [10] proved the
stability theorem of a Fano by showing

Theorem 6 (Fiiredi and Simonovits [10]). There exist v > 0 and Ny such that the
following holds. If H is a Fano-free 3-graph on n > Ny vertices with 6(H) > (3/8 — )n?,
then H s bipartite.

Using Theorem 6, the Turdan number of a Fano was determined for large n [10]. The
complete determination of its Turdn number was obtained by Bellmann and Reiher [2].

Theorem 7 (Bellmann and Reiher [2]). For every integer n > 7, we have

-9 2
ex(n, Fano) = n 5 {%J :

Recall that GZ, is the 3-graph on 12 vertices whose complement is a perfect matching.
The following two 3-graphs play a key role in our proof.

Definition 8. Let G! be a 3-graph on n vertices whose vertex set is partitioned into two
parts of size |[n/2| and [n/2], and whose edges consist of all triples intersecting both
parts. For n > 12, let G be a 3-graph on n vertices which is a blowup of G%, with the
maximum number of edges.

Remarks.
e Simple calculation shows that each part in G> has size either |n/12] or [n/12].
e Fori=1,2 let gi(n) = |G.|. Then lim,_, gi(n)/n* =1/8.

e Transforming G} to G2 requires us to delete and add Q(n?) edges. Indeed, G} is a
complete graph, whereas the clique number of dG? is 12. By Turan’s theorem, one
must delete at least (1 — 7(K13))(5) = Q(n?) edges from dG} to obtain a copy of
dG?2. Since every edge in 9G! is covered by Q(n) edges in G}, we need to remove at
least Q(n?) edges from G! before getting G2.
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[n/2] [n/2]

Figure 2: The 3-graph G! and the complement of GZ,.

Both G! and G2 has at most n3/8 edges. Now we find a finite family M of 3-graphs
such that both G! and G2 are M-free and the extremal constructions of M is close to
either G} or G2. For i = 1,2, let Fo(G) be the (infinite) family of all r-graphs F' such
that G is F-free for all positive integers n, i.e.,

Foo(G) = {r—graph F: G is F-free for all positive integers n} )

For every positive integer m, let F,,(G’) consist of all members of F,(G’) with at most
m vertices, i.e.,

FunlGr) = {F € FoulGy): 0(F) <m}.
We set
M = Fo(G,) N Fou(Gr)- (1)
Remarks.

e Each member J of K3, is not contained in any blow up of G3,. As v(J) < 91, that
is why we choice m = 91 in (1).

e G! is Fano-free. So, if we can find J € K3%; such that J contains a copy of Fano,

then J € M.

3 Turan number of M

In this section we prove Theorem 4 (a) using a idea given by Liu, Mubayi and Reiher
[23]. First we present some definitions and lemmas which will be used later. Let H be an
r-graph with V(#H) = [n]. For © = (21, ..., z,) define the multilinear polynomial of H as

pu(x): = Z sz

EcH ek
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Denote by A,_; the standard (n — 1)-dimensional simplex, i.e.,

An—l = {IE [071]71 il’l: 1}

i=1
The Lagrangian of H is
AMH): = max{py(z): z € A,_1}.

Note that A,_; is compact in [0, 1]” and py(z) is continuous, so A(#H) is well-defined.

The following lemma is about the relationship between A\(#H) and the maximum num-
ber of edges in a blowup of ‘H (e.g. see Frankl and Fiiredi [9] or Keevash’s survey [15,
Section 3]).

Lemma 9 ( Frankl and Fiiredi [9]). Let r > 2 and G and H be two r-graphs. Suppose
that G is a blowup of H with v(G) =n. Then |G| < A\(H)n".

The following lemmas give Lagrangians of two hypergraphs by an easy calculation.
Lemma 10. Let H be a complete bipartite 3-graph on n vertices. Then A\(H) < 1/8.

Proof. Suppose that H is partitioned into two parts A; and A, with V(A;) = [s] and
V(Asz) = [s + 1,n] such that H[A;] = 0 for i = 1,2. For x € A,_q, let Y, 2; = a and
S x; = 1 — a. Then, by the Maclaurin’s inequality, we have

i=s+1
pu@) = wi | D wm |+ Y w| Y, mm

i=1 {j,k}<]s,n] i=s+1 {j,k}<[s]

< n—s 1—a 2+(1 ) S <a>2

<a —a -

2 n—s 2 S

< Za(l— P+ 2(1 - a)a?
—a(l —a —(1—a)a
2 2
1

= éa(l — CL)
1

< )
8

which implies that A\(H) < 1/8. O

Lemma 11. \(G%,) = 1/8.
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Proof. For x € Ayq, let x3;_9 + 3,1 + x3; = a; for i € [4]. Then, we have

Pz, (x) = Z TxTy — (T102%3 + T4T5Te + T7TT9 + T10T11T12)
{i.5,k}C[12]
4
= Z H a; + (T3i_03i_1 + T3;_1T3; + T3i_2T3;) Z ak
i=1 \ je[4\{i} ke[4\{i}
4 a2
(1) 3w
i=1 \je[4\{i} ke[4\{i}
1
3 > a
{5.k}C[4]
1 2
<2 (Zi:l ai)
4
B 1
=3

where the first and second inequalities both follow from the Maclaurin’s inequality. More-
over, equality holds only if a; = ay = ag = a4 = 1/4 and x; = 1/12 for ¢ € [12]. O

For two r-graphs F' and H, recall that we say f: V(F) — V(H) is a homomorphism if
f(E) € Hforall E € F. We say H is F'-hom-free if there is no homomorphism from F' to
‘H. This is equivalent to say that every blowup of H is F-free. For a family F of r-graphs
we say H is F-hom-free if it is F-hom-free for all F' € F. An r-graph F is 2-covered if
every {u,v} C V(F) is contained in some E € F, and a family F is 2-covered if all F € F
are 2-covered. An easy observation is that if an r-graph F' is 2-covered, then H is F-free
if and only if it is F-hom-free.

Definition 12 (Blowup-invariant). A family F of r-graphs is blowup-invariant if every
F-free r-graph is also F-hom-free.

The following simple lemma is a special case of Lemma 15 [24], which is also an
extension of Lemma 8 [29].

Lemma 13 (see Liu and Pikhurko [24]). The family M = Fo1(G}) N Fo1(G?) is blowup-

mvariant.

Let ‘H be an r-graph and {u,v} C V(#H) be two non-adjacent vertices (i.e., no edge
contains both u and v). We say u and v are equivalent if Ly (u) = Ly(v). Otherwise
we say they are non-equivalent. An equivalence class of H is a maximal vertex set in
which every pair of vertices are equivalent. We say H is symmetrized if for any two non-
equivalent vertices u, v € V(H) there is an edge of H containing both of them. In [23],
Liu, Mubayi and Reiher summarized the well known method of Zykov [33] symmetrization
for solving Turdan problems into the following statement.
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Theorem 14 (Liu, Mubayi and Reiher [23]). Suppose that F is a blowup-invariant family
of r-graphs. If $) denotes the class of all symmetrized F-free r-graphs, then ex(n,F) =
h(n) holds for every n € Nt where h(n) = max{|H|: H € H and v(H) = n}.

Now prove Theorem 4 (a) by showing

Theorem 15. Let M = Fo(Gl) N Fo1(G2). Then ex(n, M) < n?®/8 for all positive
integers n, and equality holds if and only if 12 | n.

Proof. Let $ be the collection of all symmetrized M-free r-graphs. Define
h(n) = max{|H|: H € $ and v(H) = n}.

Combining Lemma 13 and Theorem 14, it suffices to prove that h(n) < n3/8, and equality
holds if and only if 12 | n.

For each H € $, let T C V(H) be the set that contains exactly one vertex from
each equivalence class of H and let 7 = H[T]. Then H is a blowup of 7. To prove
|H| < n?/8, we divide our remaining argument into the following two cases according to
the cardinality of T

Case 1: |T| < 12.

By Lemma 9, it suffices to show that A(7) < 1/8. Since H does not contain any
member of M as a subgraph, either 7 C G} or T C G2 for some positive integer m. If it
is the former case, then A(7T) < A(G}) < 1/8 by Lemma 10. Otherwise, due to the fact
that 7 is 2-covered, T C G%,. Tt follows from Lemma 11 that A\(7) < A(G%,) = 1/8, and
the equality holds if and only if 7 is a copy of G3,.

Case 2: |T| > 13.

If |[H| > n?/8, then H contains a copy of a Fano by Theorem 7. Since the Fano is 2-
covered, T also contains a copy of a Fano. Thus, we can find a subgraph F' C T such that
F € K3, and F contains a copy of a Fano, a contradiction to the fact that F € M. O

4 Stability of M

In this section we always suppose that M = Fo1(G) N Fo1(G2), and prove Theorem 4 (b)
using a ingenious machinery provided in [23]. The following two definitions play a key
role in our proof.

Definition 16 (Symmetrized-stability). Let F be a family of r-graphs and let $ be a
class of F-free r-graphs. We say that F is symmetrized-stable with respect to $ if there
exist € > 0 and N, such that every symmetrized F-free r-graphs H on n > Ny vertices

with (%) > (7(F)/(r — 1)! — €)n""! is a subgraph of a member of .

Definition 17 (Vertex-extendibility). Let F be a family of r-graphs and let §) be a class
of F-free r-graphs. We say that F is verter-extendable with respect to § if there exist
¢ > 0 and Ny € N such that for every F-free r-graph H on n > Ny vertices satisfying
6(H) = (7(F)/(r —1)! = {)n""" the following holds: if H — v is a subgraph of a member
of $) for some vertex v € V(H), then H is a subgraph of a member of § as well.
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In [23], Liu, Mubayi and Reiher developed a machinery that reduces the proof of sta-
bility of certain families F to the simpler question of checking that an F-free hypergraph
‘H with large minimum degree is vertex-extendable.

Theorem 18 (Liu, Mubayi and Reiher [23]). Suppose that F is a blowup-invariant non-
degenerate family of r-graphs and that §) is a hereditary class of F-free r-graphs. If F is
symmetrized-stable and vertex-extendable with respect to $), then the following statement
holds. There exist € > 0 and Ny such that every F-free r-graph on n = Ny vertices with
minimum degree at least (m(F)/(r —1)! —e)n"~1 is contained in $).

Let
$ = {3-graph H : H is either bipartite or G;,-colorable}. (2)
We prove that M is symmetrized-stable with respect to .

Lemma 19. There exist € > 0 and Ny such that every symmetrized M-free 3-graphs H
on n > Ny vertices with minimum degree §(H) > (3/8 — e)n2 belongs to ).

Proof. We choose ¢, N satisfying the condition of Theorem 6 and let H be a symmetrized
M-free 3-graphs H on n > Ny vertices with 6(H) > (3/8 — €)n®. Let T C V(H) be
a set that contains exactly one vertex from each equivalence class of H and T = H[T].
Then H is a blowup of 7. If |T| < 12, then either 7 C G} or T C G2 for some positive
integer m as H does not contain any member of M as a subgraph. This means H € $.
Now let |T'| > 13. If H is Fano-free. Then # is bipartite by Theorem 6 and we are done.
Otherwise, T also contains a copy of a Fano as the Fano is 2-covered. This means we can
find a subgraph F' C T such that F' € K3, and F contains a copy of a Fano. However,
F € M by the construction of M, a contradiction. O

We prove Theorem 4 (b) briefly. The details can be found in Subsections 4.1 and 4.2.

Proof of Theorem 4 (b). Let € > 0 be a sufficiently small constant and Ny be a sufficiently
large integer. Suppose that H is an M-free 3-graph on n > Ny vertices with 6(H) >
(3/8 — €) n?. It follows from Lemma 13 that M is blowup-invariant. By Theorem 18 and
Lemma 19, it suffices to show that M is vertex-extendable with respect to $. If there is
a vertex v such that H — v is bipartite, then H is also bipartite by Lemma 20. Otherwise,
if H — v is Giy-colorable, then H is also Gi,-colorable by Lemma 26. t

4.1 Bipartite

In this subsection, we prove the following lemma.

Lemma 20. There exist ( > 0 and Ny such that every M-free 3-graph H on n > N
vertices which has minimum degree 6(H) > (3/8 — () n® and possesses a vertex v such
that H' := H — v is bipartite is bipartite itself.
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Proof. Let € > 0 be a sufficiently small constant and Ny be a sufficiently large integer.
Let ¢ = min{~, €/2}, where 7 is the constant in Theorem 6. Suppose that H is an M-free
3-graph on n > Ny vertices with 6(H) > (3/8 — ()n?, and there exists exists a vertex
v € V(H) such that the 3-graph H' = H — v is bipartite. Then H' can be partitioned into
two parts A; and Ay such that H'[A;] is empty for ¢ = 1,2, and

S(H) = 6(H) —n > (3/8 —e)n’.
Claim 21. We have ||A;| —n/2| < 2en fori=1,2.

Proof of Claim 21. Let aw = |A;]. Since H’ is bipartite, for every vertex y € Ay, we have

d(y) < aln —a) + (g‘)

On the other hand, d(y) > 6(H') > (3/8 — €) n®. Therefore,

<g—e)n2<a(n—a)+(g),

where implies that v > n/2—2en. Similarly, we have |As| > n/2—2en. Since |A;|+|As| =
n — 1, we have ||4;| — n/2| < 2en for i = 1,2. O

Denote H by the complete bipartite 3-graph on V(') with two parts A; and As. For
w e V(H')let M, = Ly(w)\ Ly (w). Members in M,, are called missing edges of Ly (w).
Claim 22. For each w € V(H'), |M,| < 10en? .

Proof of Claim 22. For w € A;, Lz(w) is a complete graph on A3_; and added a complete
bipartite graph with two parts A; and Ay except w. By Claim 21, we have

242 1 > /3
| M| < (n/ ;_ en> + (§n+26n> — (g — e> n? < 10en?.

Claim 23. For each w € V(H'), |[Ny(w) N Az| > |Az| — n/100.

Proof of Claim 23. 1t suffices to prove | Ny (w) N Ag| > |Az| —n/100. Let S C Ay denote
the set of isolated vertices of Ly (w). Then Ny (w)N Ay = Ay — S. Note that each vertex
u € S is incident with |A;|+|As| (or |Az|) missing edges of Ly (w) if w € Ay (or w € Ay).
On the other hand, there are at most 10en? missing edges by Claim 22. Thus, if w € A,
then |S] < 2 x 10en?/(|Ay| + |As|) < n/100; if w € Ay, then |S| < 10en?/|A;| < n/100 by
Claim 21. O

Claim 24. Fori € [2], |[Ny(v) N Al = (V3 —1)/2 — Te/2)n.
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Proof of Claim 24. Note that

() 2 ) = a0 > (- 5) o

This implies that [Ny (v)| > (v/3/2 — 3¢/2)n, which together with Claim 21 yields
V3 3 1 V3-1 7
N A= X2 Ze)n—(2+2)n= Ll
| Ny (v) N A <2 €| (2—1- e)n 5 5€ | ™

If H is Fano-free, then we are done by Theorem 6. Suppose that S C V(H) is a
set of size 7 such that H[S] is a Fano. Then v € S as H' is Fano-free. Let S\ {v} =
{wy, wa, w3, Wy, w5, we} and define

0

Then Claims 23 and 24 imply that |A}| > ((vV/3 —1)/2 — 7¢/2)n — 6 x n/100 > n/5. Fix
a vertex u; € Ay (it is possible that u; € {wy, wq, w3, wy, ws, we}). There exists an edge
wrws € Ly (ug)[AS] by Claim 22. Let E; C H be a set of edges that cover all pairs in
S x {wr,ws}, and let Fy = H[S|U{ujwrwg} UE,. Then Fy C H, Fy € K3 and F} contains
a copy of the Fano. Repeating this process twice, we can get a subgraph F3 C H such
that Fy € K3, contains a copy of a Fano. However, F3 € M by the construction of M, a
contradiction. O

4.2 G2 -colorable

In this subsection, we consider the case that H' is GZ-colorable. We need the following
lemma given by Liu, Mubayi and Reiher [22] (also see [25] Lemma 3.2).

Lemma 25 ([22, 25]). Fiz a realn € (0,1) and integers m,n > 1. Let G be a 3-graph with
vertez set [m] and let H be a further 3-graph with v(H) = n. Consider a vertex partition
V(H) = Uiepm Vi and the associated blow-up G = G[V1, ..., V| of G. If two sets T' C [m]
and S C V' have the properties

(a) [Vj| = (IS| + D|TIn"/*n for all j €T,

(b) |,H[V}1> ‘/}27 ‘/}3” > ’3[‘/}17‘/]'2’ V}s” - 77n3 fOT’ all {jlaj2>j3} € (§)7 and

(¢) |Lu(0)[Vj, Visll 2 |Lg(0)[Viy, Vip]| = 1m® for allv € S and {j1, j2} € (3),

then there exists a selection of vertices u; € V;\S for all j € [T] such thatU = {u;: j € T'}
satisfies GIU] C H[U] and Lg(v)[U] C Ly (v)[U] for all v € S. In particular, if H C G,
then G[U] = H[U] and Lg(v)[U] = Ly(v)[U] for allv € S.
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Lemma 26. There exist ( > 0 and Ny such that every M-free 3-graph H on n > Ny
vertices satisfying the minimum degree §(H) > (3/8 — () n? and possessing a vertex v
such that H' := H — v is G%-colorable is Gi-colorable itself.

Proof. Let € > 0 be a sufficiently small constant and Ny be a sufficiently large integer.
Let H be an M-free 3-graph on n > Ny vertices with §(H) > (3/8 — {)n?, where ¢ = ¢/2.
Suppose that there exists a vertex v € V(#) such that H' = H — v is Gi,-colorable. Then
we have

S(H') = 6(H) —n > (3/8 —e)n’. (3)
Since H' is G%,-colorable, let
P={Vi,....Via}

be the partition of V(H') such that every edge in H' intersects at most one vertex in
V; for every j € [12], and there is no edges between Vi; Vs _1Vs; for i € [4]. Define
G2 = G%[V4,...,Via] to be the associated blowup of G%,. We say edges in G2, \ H' are
missing edges of H'. For u € V(H'), edges in Lg,, (u) \ Ly (u) are also called missing
edges of Ly (u).

Claim 27. We have the following hold:
(a) ||Vi| —n/12| < 4€'/?n for everyi € [12].
(b) Ifi € [12] and u € V(H') \ Vi, then |Vi \ Ny (u)| < 1000¢/2n,
(c) For every u € V(H') the number of missing edges of Lyy(u) is at most 100e*/?n?,

Proof of Claim 27. Let x; = |V;|/(n — 1) for i € [12] and x = (21, ..., x12). By symmetry
it suffices to prove |z, — 1/12] < 4¢'/2. Notice that |H'| < pgz,(z)(n — 1)° and [H'| >
(1/8 — e)n*(n — 1) by (3). Thus,

pgfz(x) >1/8 —e. (4)

On the other hand, let x3; o + 23,1 + x3; = a; for i € [4] and recall from the proof of
Lemma 11 that

pg2, () = Z 0T — (T122%3 + T4T5T6 + T7TsTg + T10T11012)
{i,5,k}C[12]
4
a; 2
<' .HAaj+3<§) ZAak (5)
i=1 \ je[4\{i} kel4)\ {4}
1
= = a;arg.
3 )
{3,k}C[4]

Thus, by (4), we have
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which together with ., a; = 1 yields that

3-8 Z ajap =3 Zaz -8 Z ajay = Z (ai—aj)2<24e.

{i:k}rC4) icf4] {5:k}C4] 1Si<jsd

This means |a; — a;| < 5¢/2 for 4,5 € [4]. By the triangle inequality,

ay — —

1
’S Zai—l +13a; —as —az — ay| < Z |a1—ai|<1661/2.

i€[4] 1€(2,4]

Therefore, |a; — 1/4| < 4€*/? and then ay + a3 + a4 > 1/2. By (5), we have

4
pge, () < Z H aj + (T3i-2T3i-1 + T3i-1T3; + T3i—2T3;) Z ay
=1 \je[]\{i} kel4)\{:}

W~

= H a; + (3—0%3i-1 + T3;_1%3; + T3i—2T3;) E ag

i=1 \je[4]\{i} ke[4]\{d}
4
B3I (10N SRRRTCI NS S
i=1 ke[4)\{i} ke[d]\{i}
4
< Z a;ay, + 2 ($3z 9T3i—1 + T3i—1T3; + T3i—2T3; — 3 ( ) ) g
{] k}C[4] ke[4)\{i}
1 4 @\ 2
<§ + Z (Zﬂsi—2$3i—1 + T3i—1T3; + T3i—2T3; — 3 (é) > Z | Ak
i=1 ke[4]\{:}

This together with (4) shows that

4
a; 2
Z (3 (3) — T3;—2%3i—1 + T3;—1T3; + 5133i—29€3i> Z ap | < e

i=1 kel4)\{i}

Since
a; 2
3 3 ) T Tsi-2Tsio + T3i—1T3; + T3i—273; = 0

for each i € [4], we have

a 2
(3 (é) — T1T9 + Tox3 + 1’1»’53) (a2 + a3+ a4) < e
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Thus,

6e
2a° — 6 <— <12 6
CLl (ZL’lIQ + ToX3 + ZE1$3> s T s i " € ( )

Note that
207 — 6(x109 + Tox3 + 113) = (11 — 2)* + (22 — 23)* + (71 — 23)%

We have |z; — x;] < 4¢'/2 for i, j € [3] by (6) and then |z, — 1/12| < 4€%/2 by the triangle
inequality again. This completes the proof of (a).

Before proving (b) and (c), we claim that A(H') < A(GZ) < (3/8+450€"/2)n2. Indeed,
by symmetry let v € V;. Then

12
o (v) < dgy, () = (Val + GD S Wi+ 52 Vil

i=4 4<i<5<12

< (el + ) 3 Vil + (%) (5) @

Set x = |Va| + |V5|. Then |z — n/6| < 8¢/2n and

12 1
Vil <n—Vi| — 2 < —=n+4e’n —z.
2| i

=4

by (a). Treating = as a new variable, by (7), we have

11 12 Ln+4ePn—x * /9
dy(v) <z En+4€ n—x)|+ 5 5

< (3/8 + 50€'/?)n?. (8)

Now we prove (b). If there exists some i € [12] and a vertex u € V(H’') \ V;, such that
Vi \ Ny (u)] > 1000€'/%n. By (8), we have

dyy (u) < A(H') — 1000Y%n(n/12 — 4€*n) < (3/8 — 10€'/%)n?,

a contradiction to (3).
For (c), the number of missing edges of Ly (u) for each v € V/(H') is at most

A(GZ) — 8(H') < 50€*n? + 2en? < 100€/%n?
by (3) and (8). O

Recall that H' is 12-partite with the vertex partition P. The following claim shows
that H does not contain an edge F with v € E and |E N V;| = 2 for some i € [12].
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Claim 28. |[ENV;| <1 for all E € H and i € [12].

Proof of Claim 28. By symmetry it suffices to show |ENVi| < 1 for every E € H con-
taining vertex v. Assume for the sake of contradiction that there exist distinct vertices
up,uy € Vi such that E = {v,uy,u)}. By Claim 27 (a) and (b) for every i € [2,12]
the set V! = (Nyy(u1) N Ny (uy)) N'V; has size at least n/24. Applying Lemma 25
with S = {ug,uj}, T = [2,12] and n = 50¢/* we can obtain u; € V/ for j € [2,12]
such that H[U U {u1}] = H[U U {u}}] = Gi,, where U = {u; : j € [2,12]}. This
implies that H[U U {u;} U {u}} U {v}] is a copy of a member of K3, with 14 vertices.
On the other hand, G, is K?;-hom-free and not bipartite hypergraph. This means
H[U U{u} U{u)} U{v}] € M, a contradiction. O

Claim 29. There are no two distinct index i,j € [12] such that both |Ny(v) N'V;| and
|Ny(v) NV are at most n/36.

Proof of Claim 29. Let V' = Ny(v) NV, for ¢ € [12]. By Claim 28, Ly(v) is a 12-partite
graph with the vertex partition P’ = {V/,..., V{,}. Suppose to the contrary that there
are at least two sets in P’ that have size at most n/36. Then, by Claim 27 (a),

muwl < (10) (& +a) s (B) r2xi0x 2 (Lrad)uc (Bod)
H\V)| X 9 19 € n 36 36 \ 12 € n 3 €| n”,

a contradiction. O

Claim 30. There is no index i € [12] such that Ny (v) N V; # 0 and |[Ny(v) NV;| = n/36
for all j € [12] \ {i}.

Proof of Claim 30. By symmetry, assume for the sake of contradiction that there exists
a vertex u; € Ny(v)N'Vi and [Ny (v) NV;| = n/36 for all j € [2,12]. By Claim 27 (b) the
set V) = (Ny(v) N Ny (u1)) N'V; has at least the size [V/| = n/36 — 1000e"/2n > n/50 for
j €[2,12] . Applying Lemma 25 with S = {u,}, T = [2,12] and 1 = 50€'/4, we can get a
set U = {u; : j € [2,12]} with u; € V] such that H[U U{u,}] = G7,. For every j € [12] let
e; € H be an edge containing both u; and v. We have H[U U{u;}]U{e; : j € [12]} € K34
with at most 25 vertices. On the other hand, G%, is K?;-hom-free and not bipartite
hypergraph. This means H[U U {u;}] U {e; : j € [12]} € M, a contradiction. O

Combining Claims 29 and 30, we may assume that Ny (v) NVi = 0. Recall that G2, is
a blowup of G3,. We have Lgn, (x) = Lg,, (y) for z,y € V; with ¢ € [12]. Choose a vertex
ueVy,let B, = LH(7J)\L§%2 (u) be the set of bad edges in Ly (v) and M, = L, (u)\ Ly (v)
be the set of missing edges in Ly(v). The aim is to show B, = (). First, we show |B,| is
small.

Claim 31. |B,| < 100e'/2n2.
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Proof of Claim 31. By contradiction, |B,| > 100¢!/12n%. Notice that each edge in B,
has one vertex in V5 and the other vertex in V3. Combining Claim 27 (a) and an easy
averaging argument show that there exists a vertex us € V5 such that

|B,|  100€'/12p?

A o710 > 500e' /12,
2

[N, (ug) O Vs| >

Let Vi = V1, V3 = Np,(ug) N V3, and V] = Ny(v) NVj for j € [4,12]. Then |V]| > n/36
for j € [4,12] by Claim 29. Applying Lemma 25 with S = {us}, T = [12] \ {2}, and
n = 50e"/* we can obtain u; € Vi for j € [12] \ {2} such that the induced subgraph of
H[{u1,...,u12}] = G3,. For j € [4,12] let e; be an edge containing both v and u;. Let F' =
H[{u1,...,u}]U{e; : j € [4,12]}U{vugus}. Then F € K}, with the core {v, ug, ..., u2}.
Note that F is G#,-colorable, as F is not bipartite. We can find a map ¢ : V(F) — V(G3,)
such that 1(e) € G%, for all e € F. Since both {uy,...,u2} and {v,ug, ..., up} are 2-
covered in F, the restrictions of ¥ on {uy,...,u;2} and {v,us, ..., up} are both injective
for all e € F, and ¢ (v) = ¥ (uy). Notice that Lg(uy)[{us,...,ui2}] has exactly 54 edges
and {uguz} ¢ Lp(ui)[{us,...,u12}]. This means the degree of 1)(v) in G, should be at
least 54 + 1 = 55, which contradicts the fact that the maximum degree of G3, is 54. [

A consequence of Claim 31 is that the size of M, satisfies
M| = L (u)\ Lyu(0)] = |Egy, ()] — | Lgs, (w) N L (o)
— |Lgs, ()] = (1L ()] — |Bu])
< 54 x (n/12 4 4€?n)? — ((3/8 — €)n® — |By|)
< 2006122, (9)
Claim 32. B, = .

Proof of Claim 32. By contradiction, there is an edge usus € B, with us € V5 and uz € V3.
Let V} =V} for j € [3] and V] = V; N Ny (v) N Ny (ug) N Nyy(us3) for j € [4,12]. By (9) and
Claim 27, we have |V]| > |V;|/2 > n/25. Applying Lemma 25 with S = {v,uy, uz}, T =
[12] and 7 = 200€"/*® we can obtain w; € V/ for j € [12] such that

(a) H[{wr, ..., wia}] = G,
(b) Ly(v){wa, ..., wiz}] = Lga (wi)[{ws, ..., win}],

(C) L';.[(U,Q)[{wl, w3, . . . ,wlg}] = L§%2(w2)[{w1, w3, . . . ,wlg}], and
(d) L’,L[(U:),)[{wl, W, Wy, . . . ,wlg}] = Lé‘%2 (w3)[{w1, W, Wy, . . . ,’wlg}].
Clearly, H[{v, us, us, wy, ..., wiz}] € K3, with the core {v,us,us,wy, ..., wy2}. Let

F = H[{v,ug, uz,w;,wy, ..., wi2}]. We can find a map ¢ : V(F) — V(G%) such that
Y(e) € G2, for all e € F. Notice that both H[{w, ..., wi2}] and H[{v, ug, uz, wy, ..., wi2}]
are 2-covered in F, so the restrictions of ¢ on sets {wy, . .., wia} and {v, ug, ug, wy, ..., w12}
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are both injective, and moreover, ¥ (v) = 1 (w;) (due to (b), v is adjacent to all vertices

in {ws,...,wia}, so (v) is distinct from {1 (ws), ..., ¥(wi2)}), ¥(uz) = ¥(wy) (due to
(c) and a similar reason), and ¥ (u3) = 1 (ws) (due to (d) and a similar reason). Let
w = Y (v) = 1p(wq). Notice that the induced subgraph of |Lg(wy)[{ws,...,w2}]| has size
54 and uguz € Lp(v) \ Lr(w;). The degree of w in G3, is at least 54 + 1 = 55, which
contradicts the fact that the maximum degree of G%, is 54. O

Define

v Viu{v}, ifj=1,

T, otherwise.

Then P* = {V*,...,V5} is a vertex partition of ‘H. By Claim 32, Ly(v) C LQ?Q(:J:)

for z € V;. Therefore, H is G?,-colorable with P*. This completes the proof of Lemma
26. O

5 Feasible Region of M

In this section we consider the feasible region Q(M) of M and prove Theorem 5. First,
from Lemma 4.2 in [22], we have the following simple corollary of Theorem 4.

Corollary 33. There exist constants €y € (0,1) and Ny such that the following statement
holds for all e < €y and n = Ny. Suppose that H is an M-free 3-graph on n vertices with
at least (1/8 — e)n edges. Then there exists a set Z. C V(H) of size at most €/>n such
that the subgraph H = H — Z, is either bipartite or G2 -colorable, (1) > (3/8 — 3¢!/2)n?
and [H| = (1/8 — 26/2)n3

Using Corollary 33, we prove
Lemma 34. Let € > 0 be sufficiently small and Ny be sufficiently large. Suppose that H
is an M-free 3-graph on n > Ny vertices with at least (1/8 — €)n> edges. Then,

either

11 ,

1
< 100€'/4n? or §n2 — 126202 < |0H| < <2)

Proof. Let H be an M-free 3-graph on n > N vertices with at least (1/8 —¢)n?® edges. By
Corollary 33, there exists a set Z. C V(H) of size at most ¢'/?n such that the subgraph
H = H — Z. is cither bipartite or Gf,-colorable, §(H) > (3/8 — 3¢¥/2)n? and [H| >
(1/8 — 2e1/2)n3. Let 7t = |V(H)|. Then

1/2

n=n-—|Z|>=n—e’*n. (10)

Suppose that H is bipartite with two parts A; and A,. Note from Claim 21 that for
i=1,2,

—6e%n < |A] < g+ 6¢'/%n. (11)
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First we prove a lower bound for [0H|. Let a (or (b)) denote the number of edges of
‘H which intersect A; (or Ay) exactly two vertices. Since H is bipartite, the following
inequalities hold:

a+b=|H| > (1/8 —2¢/*)n?
|Aa[[(OH)[A4]| > a
| A |[(OH)[As]] > b
|A1|[(0H)[A1, Ao]| = 2a
|As||(OH)[ AL, Aq]| > 2b.

This together with (11) yields
OH] = [(OH)[Ax]| + | (0H) [Ao]] + [(9H)[ A1, o]

S a n b n 2a + 2b
T As] ALl AL+ | Ay
a b 2a + 2b

=
n/2+661/2n+n/2+661/2n+ n
(1/8 —26V%)n3  2(1/8 — 2¢/2)n?
n/2 + 6e'/2n n

1
> (5 — 1261/2) n?.

1 -
5712 — 126202 < |OH| < |OH| < (g)

Therefore,

Suppose that H is G2,-colorable and let P = {V4, ..., Vio} be the vertex partition of
‘H such that there is no edge between V3; V3, 1V3; for i € [4]. Notice from Claim 27 that
for every i € [12],

n
| — —| < 8€'*n. 12
(IV;\ | S8n (12)

First we prove a lower bound for |0#|. Note that OH is 12-partite with the vertex partition
P. Let G denote the blow up of G%, with P. By (12), for each e € G \ OH, there are at
least 9(n/12 — 8eY/4n) sets E € G\ H such that e C E. Thus,

3G\ H| __ 3x2

< < 20622,
(/12 — 8e'/An) ~ 9(n/12 — 8et/an) ~ ¢ "

mg\aﬁ|<9

and it follows that

o 12 2 11
|0H] > |0G| — 20¢'/*n® > <2) (% —~ 8e1/4n) — 206"/%n? > STk 100€¢'/4n?.
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Therefore,
0| > |0H| > 11n? /24 — 100¢"/*n?. (13)

Next, we give an upper bound for |[0H|. As in the proof of Claim 28, we can show
Ly (v)[Vi] = 0 for i € [12] and every v € Z,. Thus,

12\ (7)) - Z\ 11, .
< _ € /4 2'
|OH| < (2) (12) +n|Z€|+( 5 ) < g + 1006 (14)

Combining (13) and (14), if H is G2,-colorable, then

11
’\am - ﬂyﬁ < 100€"/4n?

This completes the proof of Lemma 34. 0
Now we are ready to prove Theorem 5.

Proof of Theorem 5. Since G, is M-free and |0G}| = (), it follows from Observation 1.5
in [20] that projQ(M) = [0, 1]. Recall that g(M)(x) is the feasible region function of M.
Theorem 4 shows that g(M)(z) < 3/4 for all x € [0,1] and g(M)(11/12) = g(M)(1) =
3/4. Now suppose that (H)32; is a sequence of M-free 3-graphs with limy_,, v(Hy) = oo,
limy o0 p(OHE) = o, and limy o p(Hy) = 3/4. For any sufficiently small ¢ > 0 and
sufficiently large Ny, there exists kg such that v(Hz) > Ny and |Hi| > (1/8 — €)(v(Hy))?
for all k£ > ky. Therefore, by Lemma 34, for every k > kg either

1]_ 1/4 |8Hk| ].]_ 1/4
T 200e/" < (v(Hk)) < 2 + 200€
2
or
0
1—24¢"? < |U(fk’“)’ <1
(")
Letting ¢ — 0 we obtain either xy = % or o = 1, and this completes the proof. O

6 Concluding remarks

In this paper, we construct a finite family of triple systems M, determine its Turdn
number, and prove that there are two near-extremal M-free constructions that are far
from each other in edit-distance. We believe that families of hypergraphs having the
stability number large than one is an universal phenomenon in extremal combinatorics.
The forbidden family M is a suitably chosen family based on G! and G2. Now we
generalize Gl and G2. A 3-graph H is called weak-C-partite if V(H) has a partition
ViU...UV such that H[Vj] = 0 for every i € [¢]. For an integer t > 2, let F},. be the
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3-graph with vertex set [3t?] whose complement is a perfect matching. For n > 3t2, let
H! be the complete balanced weak-t-partite 3-graph on n vertices and F! be a 3-graph
on n vertices which is a blowup of Ff, with the maximum number of edges. It is easy to
see that H2 = G} and F2? = G2. An obvious calculation shows

n 2
¢ n n t—13
= —t ~
= (5) - 1(3) = e
3t2 n\3 t*—-1
t) o~ 2 ~ 3
m~((5)-#) G ~

It is natural to ask the following problem.

and

Problem 35. Let ¢ > 2 be an integer. Does there exist a finite family of triple systems
M such that there are exactly two near-extremal M-free constructions H!, and F}.?

This paper only addresses the problem when ¢t = 2. After the submission of this paper,
Liu and Pikhurko [24] gave a more general result, which implies Theorem 5 and a weaker
form of Theorem 4 and answers Problem 35. We refer the reader to [24] for more details.
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