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Abstract

Let spex(n, F') be the maximum spectral radius over all F-free graphs of order
n, and SPEX(n, F') be the family of F-free graphs of order n with spectral radius
equal to spex(n, F'). Given integers n,k,p withn >k >0and 0 <p < [(n—k)/2],
let Sgk be the graph obtained from KV (n — k)K; by embedding p independent
edges within its independent set, where ‘V’ means the join product. For n > £ >
4, let G,y = 527(£_2)/2 it £ is even, and G, = Srlz,(z—3)/2 if £ is odd. Cioaba,
Desai and Tait [SIAM J. Discrete Math. 37 (3) (2023) 2228-2239] showed that
for ¢ > 6 and sufficiently large n, if p(G) > p(G, ), then G contains all trees of
order ¢ unless G = G y. They further posed a problem to study spex(n,F’) for
various specific trees F'. Fix a tree F' of order £ > 6, let A and B be two partite
sets of F' with |A| < |B|, and set ¢ = |A] — 1. We first show that any graph
in SPEX(n, F') contains a spanning subgraph K, , for ¢ > 1 and sufficiently
large n. Consequently, p(Kqn—q) < spex(n, F) < p(Gr ), we further respectively
characterize all trees F' with these two equalities holding. Secondly, we characterize
the spectral extremal graphs for some specific trees and provide asymptotic spectral
extremal values of the remaining trees. In particular, we characterize the spectral
extremal graphs for all spiders, surprisingly, the extremal graphs are not always the
spanning subgraph of G, .
Mathematics Subject Classifications: 05C05; 05C35; 05C50

1 Introduction

Given a graph G, let A(G) be its adjacency matrix, and p(G) or p(A(G)) be its spectral
radius (i.e., the largest eigenvalue of A(G)). Given a graph family F, a graph is said to
be F-free if it does not contain any copy of F' € F. For convenience, we write F-free
instead of F-free if F = {F}. In 2010, Nikiforov [20] proposed the following Brualdi-
Soheid-Turan type problem: What is the maximum spectral radius in any F-free graph of
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order n? The aforementioned value is called the spectral extremal value of F' and denoted
by spex(n, F)). An F-free graph G is said to be extremal with respect to spex(n, F'), if
|[V(G)| = n and p(G) = spex(n, F'). Denote by SPEX(n, F') the family of extremal graphs
with respect to spex(n, F'). In the past decades, the Brualdi-Soheid-Turén type problem
has been studied by many researchers for many specific graphs, such as complete graphs
[18, 24], odd cycles [19], even cycles [2, 18, 26, 27|, paths [20] and wheels [3, 28]. For more
information, we refer the reader to [4, 9, 12, 13, 14, 15, 21, 22, 23|.

Fix a tree F' of order ¢ > 4, let A and B be two partite sets of ' with |A| < |B]|, and
set ¢ = |A] — 1. If ¢ = 0, then we can see that F' is a star, and the spectral extremal
result is trivial. It remains the case ¢ > 1. Obviously, K, ,_, is F-free. Then it is natural
to consider the following result, which will be frequently used in the following.

Theorem 1. For g > 1 and sufficiently large n, any graph in SPEX(n, F') contains a
spanning subgraph K, ,_,.

Given integers n, k,p withn > k> 0 and p € {0,1,..., [(n — k)/2]}, let S}, be the
graph obtained from K;V(n — k)K; by embedding p independent edges into (n — k) K7,
where ‘V’ means the join product. For n > ¢ > 4, set G,y = 527(4_2)/2 if ¢ is even
and G, s = 5711,(@—3) /2 otherwise. Nikiforov [20] posed the following conjecture, which is a
spectral version of the well-known Erdds-Sés conjecture that any graph of average degree
larger than ¢ — 2 contains all trees of order £.

Conjecture 2. ([20]) Let ¢ > 6 and G be a graph of sufficiently large order n. If
p(G) = p(G,4), then G contains all trees of order ¢ unless G = G, 4.

The validity of Conjecture 2 for P, was proved by Nikiforov [20], for all brooms was
proved by Liu, Broersma and Wang [16], for the family of all {-vertex trees with diame-
ter at most 4 was proved by Hou, Liu, Wang, Gao and Lv [10] when ¢ is even and Liu,
Broersma and Wang [17] when ¢ is odd. Very recently, Cioaba, Desai and Tait [1] com-
pletely solved Conjecture 2. Thus, Conjecture 2 for the family of all ¢-vertex trees with
given diameter is true. Now we give a slightly stronger result.

Theorem 3. Let £ > 6 and d € {4,5,...,0—1}, and let G be a graph of sufficiently large
order n.

(i) If at least one of ¢ and d is even, then there exists a tree F' of order { and diameter d
such that SPEX(n, F') = {Gn}.

(ii) If both ¢ and d are odd and p(G) > ,0(527(@73)/2), then G contains all trees of order ¢
and diameter d unless G = 5’27“_3)/2.

It is interesting to find all trees F' satisfying SPEX(n, F') = {G,¢}.

Question 4. For sufficiently large n, which tree F' of order ¢ > 6 can satisfy SPEX(n, F') =
{Gni}?

A covering of a graph is a set of vertices which meets all edges of the graph. Let 5(G)
denote the minimum number of vertices in a covering of G. Set ¢ := min{dp(z) : x € A}.
Inspired by the work of Cioaba, Desai and Tait, we provide an answer to Question 4.
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Theorem 5. Let n be sufficiently large, and F be a tree of order { > 4.
(i) For even (, SPEX(n, F) = {S}) , 4 o} if and only if B(F) = (/2.
(ii) For odd ¢, SPEX(n, F) = {3711,(4—3)/2} if and only if B(F) = ({—1)/2 and 6 > 2

In [1], Cioaba, Desai and Tait also proposed the following question.

Question 6. ([1]) For sufficiently large n, what is the exact value of spex(n, F') for a tree
F of order ¢ > 67

Now we give partial answers to Question 6 in Theorems 7 and 8.

Theorem 7. If g > 1 and 6 > 2, then S%,q 1s F'-free. Moreover, for sufficiently large n,

qg+90—2

—1 3 +2¢—1
qT+\/CI % < spex(n, F') < p(J) = /qn + 5 + O(—=),

il

_lg—1 n—gq
whereJ—[ ¢ 6—1}

Obviously, B(F) < |A| = ¢+ 1. If B(F) = q+ 1, then let A= {K,;} and otherwise,
A ={F[S] | S is a covering of F with |S| < ¢}.

Denote by ex(n,.A) the maximum size in any A-free graph of order n, and EX(n,.A) the
family of n-vertex A-free graphs with ex(n,.4) edges. Now we give the characterization
of the spectral extremal graphs with respect to spex(n, F') when § = 1.

Theorem 8. For ¢ > 1 and sufficiently large n, SPEX(n, F') C H(n,q,.A) if and only if
d =1, where H(n,q, A) = {QaV(n — q)K; | Q4 € EX(q,.A)}. Furthermore,

(i) SPEX(n, F) = {Kyn—q} if and only if 6 =1 and EX(q, A) = {¢K1};

(1) SPEX(n, F) = {S} } if and only if 6 = 1 and B(F) = q + 1.

Particularly, we shall show that SPEX(n, Se415+1) = {Kan—a} for sufficiently large n,
where 1 < a < b and S,4141 is obtained from K, and K by joining the centers with
anew edge. If F' = S,111, then ¢ =a, § =1 and S(F) = 2. By the definition of A, we
can see that EX(a, A) = {aK;}. By Theorem 8 (i), SPEX(n, F') = {Kusn—a}

However, it seems difficult to determine SPEX(n, F') when § > 2, and so we leave this
as a problem. In the following, we provide asymptotic spectral extremal values of all trees.

Note that p(Kyn—q) = v/q(n —q). From [20] we know p(S5 ) = 4% + /qn — Sg*+2-1
Combining these with Theorems 7 and 8, we have

spex(n, F) = \/qn + O(1). (1)

A tree of order ¢ > 4 is said to be a spider if it contains at most one vertex of
degree at least 3. The vertex of degree at least 3 is called the center of the spider (if
any vertex is of degree 1 or 2, then the spider is a path and any vertex of degree two
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can be taken to be the center). A leg of a spider is a path from the center to a leaf,
and the length of a leg is the number of its edges. Let k£ > 2 and let F' be a spider of
order 2k 4+ 3 with r legs of odd length and s legs of length 1. If r > 3 and s > 1, then
q=1A—1=3((2k+3) = (r+s)—1) <k —1. By (1), we get

spex(n, F) = /qn + O(1) < Vkn + O(1) = p(S2 )

for sufficiently large n. This means that every graph G of order n with p(G) > p(Sy ;)
contains F' as a subgraph. Then we can derive the following result on spiders, which was

originally proved by Liu, Broersma and Wang [16].

Corollary 9. ([16]) Let k > 2 and let F be a spz'der of order 2k + 3 with r legs of odd
length and s legs of length 1. If r > 3, 2s — r > 2 and n is sufficiently large, then every
graph G of order n with p(G) = p(SY, ) contains F' as a subgraph.

The Erdés-Sés conjecture has been confirmed for some special families of spiders (see
[5, 6, 7, 25]). Recently, Fan, Hong and Liu [8] has resolved this conjecture for all spiders.
The spectral Erdds-Sés conjecture has also been confirmed for several classes of spiders
(see [16]). In this paper, we completely characterize SPEX(n, F') for all spiders F' with
q=1

Theorem 10. Let ry,ry, 73,7, 5 and £ be non-negative integers with r = r1 + ro + r3 and
(>4, and let F' be a spider of order ¢ with ry legs of odd length at least 5, ro legs of length
3, r3 legs of length 1 and s legs of even length. Let n be sufficiently large. Then

( {527@_7”_1)/2} ifs>1andr >1,
{Srll,(e—g)/z} ifs=>1andr =0,
SPEX(n, F) = {Si,(efrq)/z} ifs=0andr >1
{5’7% ) ifs=0,11=0,1>1andrs € {0,1},

>
| {520 r”f?;)/‘”} ifs=0,r=0,r>1andr;>?2.

2 Proof of Theorem 1

Before beginning our proof, we first give some notations not defined previously. Let G be a
simple graph. We use V(G) to denote the vertex set, E(G) the edge set, |V (G)| the number
of vertices, e(G) the number of edges, v(G) the maximum number of independent edges,
respectively. Given a vertex v € V(G) and two disjoint subsets S, 7" C V(G). Denote by
N¢(v) the set of neighbors of v in G, and let Ng(v) = Ng(v)NS, ds(v) = |[Ng(v)|. Let G[5]
(resp. G —S) be the subgraph of G induced by S (resp. V(G)\S). Denote by G[S, T the
bipartite subgraph of G with vertex set SUT that consists of all edges with one endpoint
in S and the other endpoint in 7', and let e(S) = |E(G[S])| and e(S,T) = |E(G[S,T))|.
Since |A| + |B| = ¢ and |A| < |B|, we have |A| < ¢/2. Moreover,

BF) <A <

N~

(2)
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By the definition of ¢, we obtain
FZKynqand FC Ky (3)

A standard graph theory exercise shows that for any tree F' with ¢ > 2 vertices,
1
F(=2)n <ex(n, F) < (L= 2)n. (4)

In this section, we always assume that n is sufficiently large and G* is an extremal
graph with respect to spex(n, F'), and let p* denote its spectral radius. By the Perron-
Frobenius theorem, there exists a non-negative eigenvector X = (x1,...,,)T correspond-
ing to p*. Choose a vertex u* € V(G*) with z,» = max{z; | i =1,2,...,n} = 1. We also
choose a positive constant € and a positive integer ¢ satisfying

1 3 i 3
€< 20) and 20 <m1n{q5,@}, (5)

which will be frequently used later. First, we give a rough estimation on p*.
Lemma 11. For sufficiently large n, we have p* > \/q(n — q).

Proof. By (3), Kyn—q is F-free. Hence, p* > p(K,,—q) = \/q(n — q) as G* is an extremal
graph with respect to spex(n, F'), as desired. O

Set L" = {u € V(G*) | z, = (2¢)~"} for some positive integer 7. We shall constantly

give an upper bound of |L"| and a lower bound for degrees of vertices in L7 (see Lemmas
12-14).

Lemma 12. For every positive integer pi, we have |L*| < (20)#+2.

Proof. By Lemma 11, for some positive integer n, we get

Q(n - Q) *
W < P Ty = Z Ty X dG’* )
vENGx (u)

for each v € L". Summing this inequality over all vertices in L", we obtain

IL"|\/q(n — q) < ) do(u) < 2ex(n, F) < 2(0—2)n.

uGV(G*

Consequently, |L"| < n® for sufficiently large n.

Given an arbitrary vertex u € V(G*) and a positive integer ¢, let N;(u) denote the set
of vertices at distance i from u in G*. For simplicity, we use N;, L and L_? instead of
N;(u), Ni(u) M L" and N;(u) \ L", respectively. By Lemma 11, we have

q(n — q)r, < (p*)*wy = dg- (W), + Z Z Ly (6)

vEN1 weN (v)\{u}
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~ Since Ni(v)\{u} € N1UNy, we get (N1(v)\{u})NL" C L{UL; and (Nl(v)\{u})_ﬂﬁ_g
LTUL3. Now we didee D vt DweN: (0)\fuy Tw IO two cases w € LU L] or w € L{ULs.
Clearly, Ny = L7 U L]. In the case w € L] U L],

Z Z Ty < (2¢(LY) + e(L], L3)) + Z Z Ty (7)

veN1 we(LTULY) veL"u&ﬂLnUL"

By |L" < n°% and (4), we have

2e(L]) + e(L], L) < 2e(L") < 20| L"| < 2(n°*. (8)
Now we deal with the case w € LTU L. Recall that z,, < (%)n for w € LTU LY. Then
1 n
n T T T 7
Yy a< ( e(LT, ZTULY) + 2¢(L7) + e(L1, I )) 5o < @ 9)

vGleEL"ULn

where e(L}, LT U L]) 4+ 2e(L7) + e(L7, L) < 2¢(G*) < 2ex(n, F) < 20n by (4).
Combining (6)-(9), we obtain

gz, < ¢y + dg(u) + 2000 + Z Z o

veL" we(L”uL”)

< de+(u) + Z Z Qg (201" (10)

veL” we(LYULY)

Now we show that dg«(u) > @t for any u € L*. By (4), we have

n

@0 )

e(L], LT U Lg) < L(|L7| + |LT U LY|) < ldge (u) +

where the last inequality holds as |L7| < dgs(u), |L"] < n°6 and n is sufficiently large
Combining (10) and (11), we obtain gnx, < (¢ + 1)dg(u) + (% . Clearly, z, > (%)H as
u € L*. Combining these with n = 1 + 2 we obtain

(£ +4)n qn 3n
<2£)M+1 < (20# < (ﬁ—l— 1)dg*(u) + W,

where the first inequality holds as ¢ > 1 and ¢ > 4. Consequently, dg«(u) > (2@%.
Summing this inequality over all vertices in L*, we obtain

|L“|(%)% < ) do-(u) < 2¢(G*) < 2ex(n, F) < 20n,

u€e LM

which leads to |L¥| < (2¢)*2, completing the proof. O
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Lemma 13. For every positive integer pn and every u € L*, we have dg«(u) = (z, —€)n

Proof. Let L_?/ be the subset of L7 in which each vertex has at least ¢ neighbors in LU L.
—/ 7 —
We first claim that |L7] | < E(‘L%Lg) If |[L7U L] < ¢—1, then LT is empty7 as desired.

Now we deal with the case |L] U Lj| > q. Suppose to the contrary that |L" | > é('LnULn‘).

For every vertex v € L_?/, we can select a g-subset L, such that L, C (L7 U LJ) N Ng«(v).
—
Clearly, there are exactly ('LTL;L;]‘) g-subsets in L7 U L3. By [|L] |/(|L25Lg‘)j > ( and the
—=/
pigeonhole principle, there exist £ vertices vq,vg, ..., vp in L] such that L,, = L,, = -+ =
L,,. It is not hard to check that G*[{u} U Ly, ,{v1,...,v}] = K41, Hence, G* contains

a copy of K i1, and so contains a copy of F’ by (3)7 which gives a contradiction. The
claim holds. Thus,

n

e(LY, LTU LY) < (¢ = VL] \ LT | + [L{ U LY||ZT ] < (q—l)da*(U)JrW,

(12)

where the last inequality holds because both |L] U Lj| < |L"| and |ﬁl| < 6(‘L¥UL3|) are
constants. Combining (10) and (12), we have gnz, < ¢dg+(u) + 52— (% . Setting n = ¢, by
(5) we get dg«(u) = (x, — €)n. O

Lemma 14. For every u € L', z, > 1 — ¢ and |Ny(u)| = (1 — 2¢)n. Moreover, |L'| = q.

Proof. We first show the lower bounds of z, and |N;(u)| for any u € L'. Suppose to the
contrary that there exists a vertex uy € L' with z,, < 1 —e. Since uy € L', we have
Ty = % By Lemma 13, we get

M) > (1—¢)n and |N1(u0)|><%—6>

For convenience, we set L? = N;(u*) N L? and L_f’ = N;(u*) \ L?. By Lemma 12, |L?| <
(20)9*2. Hence, |L{| = |Ni(u*)| — [L?] > (1 — 2¢)n. Consequently, by (5)

1
L 0 Niuo) | > [L9] + [ Na(uo) | = n > (55 = 3¢)n > 1. (13)

From (13) we can see that uy has a neighbor in L 1, which is also a neighbor of u*.
Thus, uy € Ny (u*)UNy(u*). Note that ug € L' € L?. Thus, ug € L ULS. Now, applying
u=u* and 7 = ¢ to (10) gives

N (u)| + = (%)n - +e(LY, (L8 UL\ {uo}) + (L, {uo}) 2,
‘Nl( )‘ + (25)7:; 1 +6(L_f> L(f UL?) +6(L_<f7 {UO}) ('Tuo - 1)a

where x,, — 1 < —¢ by the previous assumption. Combining this with (12) and setting

1n = ¢, we have
N n ~%
n < q| Ny (u*)| + 2051~ ee(L{, {uo}),
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which yields that |L‘f NN (uo)| = e(Lf, {uo}) < % by (5), contradicting (13). Therefore,
2y = 1 — ¢ for each u € L'. Furthermore, it follows from Lemma 13 that for each v € L*,
|INy(u)| = (1 —2¢e)n.

Finally, we prove that |L'| = q. We first suppose |L'| > ¢+ 1. Note that every vertex
u € L' has at most 2en non-neighbors. By (5), we can see that any ¢ + 1 vertices in L'
have at least n —2(q+1)en > § common neighbors. Hence, G* contains a copy of Kq41,,
and so contains a copy of F' by (3), which gives a contradiction. Thus, |L'| < ¢.

Next, suppose that |L'] < ¢ — 1. Choose an arbitrary integer > 2. Since u* €
L'\ (L7U L)), we have |(L] U L1) N LY < ¢ — 2. We can further obtain that

e(L{, (LTU L) N L') < [LY]- (LU L3) N LY < (g — 2)n.

By (4), we have e(L_717, (LTUL))\ L') < e(G*) < {n. Furthermore, by the definition of L',
we know that x,, < 55 for each w € (L] U L”) \ L'. Applying u = u* to (10) gives

g < de()+> > @ %nl

UEL" we(LTULY)

. 2n — _ 1
< (M@ g+ U N LY ) e (T UL\ 1)
2n 1
< Y —2 Y]
<n+2€> (g—2)n+In- 57
1
< (q—z)n (as £ > 4),
which gives a contradiction. Therefore, |L'| = q. O

For convenience, we use L, L; and L; instead of L', N;(u) N L' and N;(u) \ L*,
respectively. Now, let R; be the subset of V(G*) \ L in which every vertex is a non-
neighbor of some vertex in L and R = V(G*) \ (L U Ry). Thus, |Ry| < 2en|L| < T

by (5), and so |R| = n — |L| — |Ri| > 4. Now, we prove that the eigenvector entries of
vertices in R U R; are small.

Lemma 15. Let u e RUR;. Then z, < ﬁ

Proof. For any vertex u € RU Ry, we can see that
dr(u) < € —1. (14)

Indeed, if dg(u) > ¢, then G*[Ng(u)U {u} U L] contains a copy of K1, and so contains
a copy of F' by (3), a contradiction. By Lemma 14 and (2), |L| = ¢ < (£ — 2)/2. Then,

3
dG* ('U,) = dL(U) + dR(U) + de (U) < §‘€ + de (U)
Note that |R;| < ans and e(Ry) < (|Ry| by (4). Thus,

R 3 3 7 n
PY e <Y da(u) <Y <§€+d31(u)) < SUR|+2¢(Ry) < SR < o5

uER uER uER
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which yields ) Combining |L| < (¢ —2)/2 and (14), we obtain

u€R; Lu < 16€2 *

3 7
Z xv\ Z Ty + Z Ty + Z xv\§ 16@721,0*

’UGNG* ) 'UENL ’UENR(U) UENRl

Note that p* > \/q(n — q) > v/n — 1. Dividing both sides by p*, we get

3¢ ™ 3¢ ™ 1

Ty <55+

<
20 1602(p*)2 2«/—n— 1602(n — 1) = 202’

where the last inequality holds as n is sufficiently large, as desired. O

Now we complete the proof of Theorem 1.

Proof of Theorem 1 . From (4) we know that e(R;) < ¢|R;|. Then there exists a
vertex v; € Ry with dg, (v;) < QT;RF) < 20. We modify the graph G* by deleting all
edges incident to v; and joining v; to all vertices in L to obtain the graph G**. We
first claim that G** is F-free. Suppose to the contrary, then G** contains a subgraph F’
isomorphic to F. From the modification, we can see that v; € V(F’). Since |R| > 7,
we have |R\ V(F")| > |R| — ¢ > (. Then there exists a vertex w; € R\ V(F’). Clearly,
Ngws(v1) = L € Ngws (wy). This indicates that a copy of F is already present in G*, which
gives a contradiction. Hence, G** is F-free.

Now we claim that p(G**) > p*. By (14) and Lemma 15, we have

Y a<@-D+ Y mt Y me<@-1)+30 22, (15)

wWENLURUR, (V1) wENR(v1) wWENR, (v1)

By Lemma 14, > > ¢(1 — ¢). Combining this with (15) and (5), we have

weL
p(G™) = p" XTX Az > w20
welL wENLURUR, (V1)

If p(G*) = p*, then z,,, = 0 and X is also a non-negative eigenvector of G** corresponding
to p*. This implies that p(G**)zy, = >, c; Tw = ¢(1—¢), and so x,, > 0, a contradiction.
Thus, p(G**) > p*, contradicting that G* is an extremal graph with respect to spex(n, F').
Therefore, R; is empty, and thus G* contains a spanning subgraph K,,_,, completing
the proof. n

3 Proofs of the remaining theorems

In this section, we first record several technique lemmas that we will use.
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Lemma 16. ([21]) Let Hy be a graph on ng vertices with mazimum degree d and Hs be a
graph on n — ngy vertices with mazximum degree d'. Hy and Hy may have loops or multiple
edges, where loops add 1 to the degree. Let H = H{V H,. Define

Jr— {d TL—TL():|'

no d
Then p(H) < p(J*).
The well-known Konig-Egervary theorem is as follows.
Lemma 17. ([11]) For any bipartite graph G, we have 5(G) = v(G).

By the proof of Theorem 1, we can see that G* = G*[L]VG*|R]. We then give three
lemmas to characterize G*[L] and G*[R], which help us to present an approach to prove
the remaining theorems.

Lemma 18. Let n be sufficiently large and H be a graph of order q. Then HV (n — q)K;
is F-free if and only if H is A-free. Furthermore, if G*[L] = K, then S(F) = q+ 1.

Proof. Suppose first that H is A-free. Then we show that HV(n — q)K; is F-free. Oth-
erwise, embed F into HV(n — ¢)K; and set S = V(F)NV(H). Then S is a covering set
of F. By the definition of A, F[S] € A. However, F[S] C H[S], which contradicts that
H is A-free. Hence, HV(n — q)K; is F-free. Suppose then that H is not A-free. By the
definition of A, there exists a covering set S of F' such that |S| < ¢ and F[S] C H. We
can further find that HV(n — ¢)K; contains a copy of F'. Therefore, HV(n — ¢)K; is
F-free if and only if H is A-free.

By Theorem 1, G*[L]V(n —q¢)K; C G*. Since G* is F-free, so does G*[L]V(n —q) K.
Thus, G*[L] is A-free. Assume that G*[L] = K,. Now we prove that S(F) > ¢+ 1. If
not, then there exists a covering set S of F' with |S| = B(F') < ¢. Clearly, F[S] C K,
and F[S] € A. It follows that G*[L] contains a member of A, contradicting that G*[L]
is A-free. Hence, S(F) > ¢ + 1. This, together with S(F) < |A| = ¢ + 1, gives that
B(F) = q+ 1. This completes the proof. O

Given a non-nagative integer p < b/2, let K 571) be the graph obtained from aK;VbK;
by embedding p independent edges into the partite set of size b.

Lemma 19. Let n be sufficiently large and § = 1. Then e(G*[R]) = 0 and G*[L] €
EX(g, A).

Proof. Since § = 1, there exists a vertex v € A of degree 1 in F. Let A = A\ {v}
and B’ = B U {v}. Obviously, |A’'| = ¢ and F[B’] consists of an edge and some isolated
vertices, which implies that FF C K, .. If e(G*[R]) > 1, then G* must contain a copy of

1 . : : * —
K, _,» and so contains a copy of F, a contradiction. Thus, e(G*[R]) = 0.
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By Lemma 18, G*[L] is A-free, which implies that e(G*[L]) < ex(¢,.A). Now we
prove that e(G*[L]) = ex(q,.A). Suppose to the contrary, then e(G*[L]) < e(Q4), where
Qa € EX(q, A). Clearly, e(Qa) < e(K,) = ({). By Lemma 14 and (5), we have

Y may— Y wamy > e(Qu)(1 - ) — e(GH[L)

weEE(QA) w€E(G*[L])
> e(Qa) — 2ee(Qa) — e(G*[L])
q
> _
>1—2¢ (2>
> 0.
Consequently,
1
PQAV (10— ) K1) = p(G*) > < X (AQUV (n — q) 1) — A(G)X
2
> m Z LyLy — Z Ly Ly

weEE(QA) w€E(G*[L])

> 0.

By Lemma 18, Q4V(n —q)K; is F-free. However, this contradicts that G* is an extremal
graph with respect to spex(n, F'). Hence, e(G*[L]) = ex(g,.A). From the proof in Lemma
18 we know that G*[L] is A-free. Therefore, G*[L] € EX(q, A). O

Lemma 20. Let n be sufficiently large and 6 > 2. Then S} is F-free and e(G*[R]) > 1.

n,q

Proof. We ﬁrst prove that S,  is F-free, where Y} is the set of dominating vertices of S,
and Y, = V(S, ) \ V1. Otherw1se embed F into S, ,. Set A; = ANY; for each i € {1, 2}
Then A = A;UA,. Since |[A| =q¢+1=1|Y1|+1> |A1| we have Ay # @. In the graph F,
let B; be the set of vertices in Y; adjacent to at least one vertex in A;. Then, By C B,
and thus A; C Y; \ By as A1 € A. Obviously, S}hq[Yg] contains exactly one edge, say
e. Since F[Ay U By] is a forest, we have e(F[Ay U By]) < |As| + |Bi| — 1. On the other
hand, since § > 2, we can see that e(F[As U By]) > 2|As| — 1 if there exists a vertex in
A, incident to e, and e(F[Ay U By]) > 2| A, if there exists no vertex in A, incident to e.
In both situations,

which yields that |As| < |B;|. Combining A; CY; \ By, we obtain
g+ 1=[Al = |Ai] + [A <Y1\ Bi| + |Bi] = [Yi| = q,

a contradiction. Hence, S}  is F-free. It follows that p(G*) > p(S} ).

Now we prove that e(G* [R]) > 1. Otherwise, e(G*[R]) = 0, which implies that G* is
a proper subgraph of S} .. Then, p(G*) < p(S,ll’q), contradicting p(G*) > p(S, ). Hence,
e(G*[R]) = 1. This completes the proof. O
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Combining Lemmas 19 and 20, we can directly get Theorem 8. Having Lemmas 16-20,
we are ready to complete the proofs of the remaining theorems.

Proof of Theorem 5. (i) Recall that G* is an extremal graph with respect to spex(n, F
and G* = G*[LJVG*[R]. Suppose that SPEX(n, F) = {327(6_2)/2}. Then, G*[L] =
K(i—9)/2 and e(G*[R]) = 0. Since e(G*[R]) = 0, we have 6 = 1 by Lemma 20. Since
G*[L] =2 K(—2)/2, by Lemma 18, we have (F) =q+ 1 ={/2.

Conversely, if S(F) = ¢/2, then S(F) = |A| = |B| by (2). Then, 6 = 1 as F' is a
tree. Since B(F) = |A| = ¢ + 1, by the definition of A we obtain A = {K, .}, and
hence EX(q, A) = {K(¢—2)/2}. By Lemma 19, G*[L] = K(;_5)/» and e(G*[R]) = 0, that is,
SPEX(n, F) = {S} ;_g)/2}, as desired.

(ii) Suppose SPEX(n, ') = {S}, , 3o}, that is, G*[L] = K_3)/2 and e(G*[R]) = 1.
Since e(G*[R]) = 1, we have § > 2 by Lemma 19. Since G*[L] = K(;_3)/2, by Lemma 18,
we have f(F)=q+ 1= ({ —1)/2.

Conversely, suppose f(F) = (¢ —1)/2 and 6 > 2. Combining (2) gives |A| = ¢+ 1 =
(0—1)/2. We first claim that G*[R] is 2K,-free. Otherwise, G* contains a copy of K7, _ ¢
Let vy, v9 be two endpoints of a longest path P in F'. Since F' is not a star, the path P is
of length at least 3, which implies that vy, v9 have no common neighbors. Since § > 2, we
have vy,v9 € B. Set A’ = B\ {v1,v2} and B’ = AU {v1,v3}. Then A’ is an independent
set of F' with |A'| = (¢ — 3)/2 = ¢, and F[B’] consists of two independent edges and some
isolated vertices. This indicates that F' C K¢, 2 _,- However, G* contains a copy of K, gn "
and so contains a copy of F', a contradlctlon Hence G*[R] is 2Ky-free.

We then claim that G*[R] is Ps-free. Since ¢ > 2, we have

(—1=e(F ZdA >0 1.

vEA

This indicates that all vertices in A are of degree 2. Choose an arbitrary vertex vy € A.
Set A” = A\ {w} and B” = B U {vy}. Then A” is an independent set of F with
|A"| = (£ —3)/2, and F[B"] consists of a path of length 2 with center vy and some
isolated vertices. This implies that G*|R] is Ps-free.

Combining the above two claims, we can see that e(G*[R]) < 1, and hence G* C
Spe—sy2 38 ¢ = (£ =3)/2. By ¢ > 2 and Lemma 20, S , 4, is F-free. Therefore,
G* = 87117(4_3) Jo- The result follows, O

Proof of Theorem 3. For non-negative integers a,b,c with a > b+ 1 and ¢ > 1, let
S(a,b,c) be the spider with a — b — 1 legs of length 1, b legs of length 2 and one leg of
length c. Clearly,

V(S(a,b,c))=(a—b—1)+2b+c+1=a+b+c

We can find integers a and ~ such that 0 < v < 1 and / —d—1 = 2a + v. Then
S(a+v+2,a+1,d—2) is a spider of order ¢ and diameter d.

(i) Suppose first that ¢ is even. Whether d is even or not, we always obtain that
B(S(a+ v+ 2,a+1,d—2)) = ¢/2. By Theorem 5 (i), SPEX(n,S(a + v + 2, +
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1,d —2)) = {G,s}. Suppose now that ¢ is odd and d is even. It is not hard to check
that v =0, 0 = 2 and S(S(a+7v+ 2,0+ 1,d —2)) = ({ — 1)/2. By Theorem 5 (ii),
SPEX(n,S(a+~v+2,a+1,d —2)) = {G,}, as desired.

(ii) Suppose that both ¢ and d are odd. Let F' be a graph of order ¢ and diameter d.
Then two endpoints of a longest path in F' belong to different partite sets, which implies
that 6 = 1. On the one hand, f(S(a+v+2,a+1,d—-2)) =¢+1=({—-1)/2. By
9 = 1 and Theorem 8, SPEX(n,S(a +v+2,a+ 1,d — 2)) = {52’(573)/2}. This means
that 52,(6—3)/2 does not contain a copy of S(a+ v+ 2, + 1,d — 2). On the other hand,
By 0 = 1 and Lemma 19, e(G*[R]) = 0. Then, any graph in SPEX(n, F') is a subgraph
of S) ;» and consequently, it is also a subgraph of S} , 4, as ¢ +1 = |A] < (£ - 1)/2.
This means that spex(n, F') < p(Sg,(g_?))/Q), with equality if and only if G* = 527(4_3)/2.
Therefore, if p(G) > p(Sg(éfg) /o), then G contains all trees of order ¢ and diameter d
unless G = Sgy(é_?)) /9, as desired. O

Proof of Theorem 7. We first consider the lower bound. From [20] we know p(S; ) =

q—1

q—1 _ 3¢°4+2¢-1
5 T\ an 1

. This, together with Lemma 20, gives that

. qg—1 32 +2q—1
p(C) 2 p(Sh,) > p(S0,) = 1o+ + J P B

It remains the upper bound. We shall prove that A < § — 1, where A is the maximum
degree of G*[R]. Suppose to the contrary that there exists a vertex u € R with dg(u) > 4.
Choose a vertex uy € A with dp(ug) = 6. Then we can embed F' into G* by embedding
A\ {up} into L, and embedding B U {uy} into R such that @ = ug. This contradicts that
G* is F-free. The claim holds. Applying d = ¢ — 1, ng = ¢ and d' = A with Lemma 16,
we have p* < p(J*). By direct computation, we have

g+ A-1

o) =T SVt A1 (g DA gn— 9),

and

o) = 0 2 527 Al 10— D)~ qln— )

Since n is sufficiently large and A < 6 — 1, we obtain that

+06—2
Pt < p(J7) < p(d) = Vam + o

This completes the proof. n

Proof of Theorem 10. Let v* be the center of the spider F', and let C' denote the set
of vertices at odd distance from v* in F. Then C' € {A, B}. Combining Lemma 17, we
can observe that

1 > >
(5:{1 ifr>1ands>1, (16)

2 otherwise,
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and

B(F)=v(F)=|A| = { Ei B 71")721)/2 i 77: i (1)f (17)

We first give the following claim.
Claim 21. G*[R] is Ps-free.

Proof. Since F' is not a star, we can select a leg of length k > 2, say v*vy - - - vg. Clearly,
v; € A for some i € {1,2}. Set A" = A\ {v;} and B' = BU {v;}. Then, A’ is an
independent set of F' with |A'| = |A| — 1 = |L|, and F[B’] consists of a path of length 2
with center v; and some isolated vertices. Thus, G*[R] is Ps-free. O]

Now we distinguish two cases to complete the proof.
Case 1. s > 1.

Suppose first that » > 1. By (16) and (17), we have 6 = 1 and B(F) = ¢+ 1 =
(¢ —r +1)/2. Combining Theorem 8, we have SPEX(n, F') = {52,(5471)/2}, as desired.
Suppose then that r = 0. By (17), |L| = ¢ = (¢ — 3)/2. Since s = dp(v*) > 2,
we can select two legs of even length, say v*v1vs - - - Vog, —109k, and v wiws - - - Wag, 1 Wk, -
Obviously, vk, , wer, € B. Set A" = B\ {vog,, wop, } and B" = A U {va,, wax, }. Then,
A" is an independent set of F' with |A'| = |B| —2 = (¢ — 3)/2, and F[B’| consists of
two independent edges and some isolated vertices. This implies that G*[R] is 2K-free.
Combining Claim 21, we have e(G*[R]) < 1, and thus G* C S} (t—3)/2- On the other hand,
from (16) we get 6 = 2. By Lemma 20, Sn,(e—3)/2 is F-free. Thus Gr=S! (6—3)/20 BS
desired.
Case 2. s =0.

Obviously, r > 2. Since F' is not a star, we have r; +1r5 > 1. Now, we divide the proof
into the followmg three subcases.
Subcase 2.1. r; > 1.

Then, there exists a leg of length 2k+1 > 5, say v*v; ... v 1. Clearly, v*,vq, ..., v9 €
A. Set A" = (A\{ve,v4})U{v3} and B' = V(F)\ A’. Then, A’ is an independent set of F’
with [A'| = |A]—1=({ —r —1)/2 by (17), and F[B’] consists of two independent edges
v1v9, V405 and some isolated vertices. This indicates that G*[R] is 2Ks-free. Combining
Claim 21, we have e(G*[R]) < 1, and thus G* C Si,(e—r—l)/r On the other hand, since
§ = 2 by (16), by Lemma 20, S}L,(Z#flw is F-free. Thus, G* = Srlz,(ffrfl)/? as desired.
Subcase 2.2. r; =0, 7, > 1 and r3 € {0,1}.

By (17), |A| = ({ —r 4+ 1)/2 and |B| = (¢ +r — 1)/2. Moreover, there are exactly
r leaves in F'| say vy, %s,...,v,, which contains no common neighbors as r3 € {0, 1}.
Obviously, vy, vq,...,v, € B. Set A" = B\ {v1,vq,...,v,} and B' = AU {vy,va,...,0,.}.
Then A’ is an independent set of F', and F'[B’] consists of r independent edges and some
isolated vertices. Since |L| = [A|, we can observe that G*[R] is rKy-free, and S} , ;)5
contains a copy of F. Combining Claim 21, we can see that G*[R] consists of at most

r — 1 independent edges and some isolated vertices, and thus G* C S” t} r_1)/2°
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Note that S:L,(é—r—l)/2 contains a copy of F. Then " < r, where r’ is the minimum
integer such that SIL:(E_T_W? contains a copy of F'. By (16), 6 > 2. Then, from Lemma 20
we know that Si’(g_r_l) Jo 18 F-free, which implies that " > 2. Now we shall prove ' = r.
Otherwise, r’ < r. Embed F into S;i(z_r_l) /2 where Y] is the set of dominating vertices of
St tnryp and Yo = V(ST (1) )\ V1. Set V(F)NV(Y;) = A" and V(F) NV (Y2) = B'.
By the definition of v/, F[B’] contains exactly ' independent edges, say ey, es, ..., €y,
and some isolated vertices. Contracting e; as a vertex for each ¢ € {1,...,7'} in F' and
S:Li(é_T_l) /2 We obtain a corresponding spider F’ and a corresponding graph Sg—r',(e—r—l) /2
Then, F' C ngr/,(éfrfl)/2 as F C S:L/,(efrq)/z- Now we shall prove that ngr’,(éfrfl)/Q is
F'-free, which gives a contradiction. By Claim 21, any leg of F' has at most one of these
independent edges. If r3 = 0, then F” has exactly » — " > 1 legs of length 3 and »’ legs of
length 2. If r3 = 1, then either F” has exactly r — 1 — 7’ legs of length 3, r’ legs of length
2 and one leg of length 1, or F’ has exactly r — ' > 1 legs of length 3 and ' — 1 legs of
length 2. Let A’ and B’ be two partite sets of F’ with |A’| < |B’|. In all situations, we
can see that |V (F')| = ¢ — 1, F’ has exactly r — 1’ > 1 legs of odd length and at least
" —1>1 legs of length 2. Hence, min{dp (z) : x € A’} =1 and

BF)=v(F)=]Al=((l—-7)=(r—r)+1)/2=(L—-r+1)/2.

By Theorem 8 (ii), we know that SY_ (t—r—1)/2 18 F'-free, a contradiction. Hence, 1" = 7.
By the definition of 7/, S” z} r—1)/2 18 F free. Recall that G* C S” (; 1)/ . Then by the

definition of G*, we have G* =5 (} r—1)/2°

Subcase 2.3. 11 =0, > 1 and 7"3 = 2.
Clearly, { = 1+ 3ry + 13 = 1+ r + 21y, and consequently 7, = ({ —r —1)/2. By
Claim 21, G*[R] is Ps-free. By (17), ¢ = (¢ —r — 1)/2. Combining these with Theorem

1, G+ c sl (2; THS/FQI /4 1t suffices to show that S\ (2; THS/FQI /4 is F_free. Suppose to the
[(2n—t+r+1)/4]

contrary that S L 2; TZJT)J/F;)/ 4 contains a copy of F'. Then embed F' into SU l—r—1)/2 >

where Y] is the set of dominating vertices of S LCn=trrt /4] and Yy = V(S; L 24” r“fﬁ 4Ny,

as desired.

,(l—r—1)/2
Set V(F)NY; = A and V(F)NY, = B'. Clearly, F —{v*} consists of 1y paths of length 2,
say P!, P? ... P, and r;3 isolated vertices, say wy,ws, ..., w,,. Since Su 2; THSE)/M (V2]
is Ps-free, at least one vertex of P’ belongs to A’ for each i € {1,2,. 7“2} and at least

one vertex of {v*,wy,ws} belongs to A’. It follows that |A'| > 7 —|— 1 ={l—-r+1)/2,
which contradicts that [A| < |Y;| = (¢ —r — 1)/2. Hence, SX Qen T€+17“)?21)/4J is F-free.
This completes the proof of Theorem 10. O]
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