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Abstract

Given a graph G and a partition P of its vertex set, an independent transver-
sal (IT) is an independent set of G that contains one vertex from each block in
P. Various sufficient conditions for the existence of an IT have been established,
and a common theme for many of them is that the block sizes are sufficiently large
compared to the maximum degree of G. Consequently, there has been interest in
constructing graphs with no I'T which demonstrate that these bounds on the block
sizes are best possible. We describe a simple systematic method for constructing
vertex-partitioned graphs with large block sizes and no IT. Unifying previous con-
structions, we use our method to derive classical extremal constructions due to Jin
(1992), Yuster (1997), and Szab6 and Tardos (2006) in streamlined fashion. For
our new results, we describe extremal constructions of minimal graphs with max-
imum degree two and no IT, generalizing a result of Aharoni, Holzman, Howard,
and Spriissel (2015). We construct a family of locally sparse graphs with no IT,
complementing an asymptotic result of Loh and Sudakov (2007). We describe new
and smaller counterexamples to a list coloring conjecture of Reed (1999), which was
originally disproved by Bohman and Holzman (2002). We disprove a conjecture of
Aharoni, Alon, and Berger (2016) about IT’s in graphs without large induced stars.
We answer negatively a question of Aharoni, Holzman, Howard, and Spriissel (2015)
about extremal graphs with no IT, but we also prove that a useful variation of their
question does hold.

Mathematics Subject Classifications: 05C07, 05C15, 05C35, 05C69, 05D15

1 Introduction

Let G be a graph and let P = {Vi,...,V,} be a partition of its vertex set V(G) into
blocks (partition classes) V;. An independent transversal (IT) of G with respect to P is
an independent set {vy,...,v.} of G such that v; € V; for every ¢ € [r]. Independent
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transversals have many combinatorial applications, such as to SAT [29], linear arboricity
8, 9], hypergraph matchings [6], list coloring [28], circular coloring [36], linear groups [15],
resource allocation [11, 32], and many others (see e.g. [25] and the references therein). It
is NP-complete to decide whether a given vertex-partitioned graph has an IT, but due
to the above applications there has been great interest in sufficient conditions for the

existence of an IT. One frequently applied sufficient condition is the following theorem
from [27, 28].

Theorem 1 ([27, 28]). Let G be a graph with mazimum degree d, and let P = {Vi,...,V,}
be a partition of its vertex set V(G). If |V;| = 2d for every i, then G has an IT with respect
to P.

Theorem 1 was an improvement over Alon’s earlier result [9] that an IT exists whenever
|Vi| = 2ed for every i. There is a close connection between IT’s of graphs and the
topological connectedness of their independence complexes. Theorem 1 and variants of
it have been proven using these fruitful topological ideas [1, 2, 5, 6, 28, 40, 41], but the
original proof of Theorem 1 was combinatorial, and this combinatorial approach has also
been used for various other related settings [6, 12, 27, 28, 29]. For more on the topological
point of view, we refer to the survey [30].

Szabé and Tardos [45] proved that the condition |V;| > 2d in Theorem 1 is best possible
for every integer d > 1, in the sense that there exist graphs G with maximum degree d
and vertex partitions P = {V1,...,V,} of V(G) such that we cannot relax the condition
|Vi] = 2d to |V;| = 2d — 1 for every ¢ while still guaranteeing that G has an IT.

Theorem 2 ([45]). Let d > 1 and let G be the disjoint union of 2d — 1 copies of the
complete bipartite graph Kqq. There exists a partition P = {Vi,...,Vaa} of V(G) such
that |V;| = 2d — 1 for every i and G has no IT.

This theorem was previously proven by Jin [35] and Yuster [48] independently when d
is a power of 2, but their partitions P were different from those of Szabé and Tardos [45].
Actually, Szabé and Tardos [45] proved a more general version of Theorem 2 where the
block sizes |V;| depend on the number of blocks r in addition to the maximum degree d (see
Corollary 22). Together with a refinement of Theorem 1 proven in [31], this more general
construction of Szabé and Tardos [45] solved a problem of Bollobas, Erdés, and Szemerédi
[14], who were interested in the complementary, Turdn-type problem of minimum degree
conditions for the existence of a clique K, in a balanced r-partite graph. In addition to the
above mentioned constructions [35, 45, 48], many other non-trivial constructions of graphs
with no IT have been described with different applications [7, 10, 13, 26]. However, there
has not been an explicit systematic procedure for constructing such examples of graphs
with no IT.

In this paper, we describe a simple iterative method that can be used to derive essen-
tially all of the constructions cited above. Our construction method centers around the
following simple lemma, which was also used in [34, 16].

Lemma 3. Let G and H be disjoint graphs, and let P ={Vy,...,V,.} and Q = {W1,...,
Wy} be partitions of V(G) and V(H), respectively. Let R = {V{,..., V., Whq,...,Ws_1},
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where V! 2 Vi, ..., V! DV, are obtained by distributing each of the vertices of Wy into
one of Vi,..., V. arbitrarily. If G has no IT with respect to P and H has no IT with
respect to Q, then G U H has no IT with respect to R.

Proof. Assume for contradiction that G U H has an IT {vy,... v, wy,...,ws_1} with
respect to R, where v; € V/ for 1 <i<randw; € W for 1 <j<s—1. Ifv; €V for

every 1 < i < r, then {vy,...,v,.} is an IT of G with respect to P, a contradiction. So
suppose instead that v; € VN W, for some 1 < j < r. Then {wy,...,ws_1,v;} is an IT
of H with respect to Q, again a contradiction. O

Notice that the complete bipartite graph K, has no I'T with respect to its standard
bipartition (the vertex partition into two independent sets of size d). We will show that
we can reconstruct the partitions of Jin [35], Yuster [48], and Szab6 and Tardos [45] for
Theorem 2 effectively by applying Lemma 3 iteratively on K, 4 in different ways. Later,
we will show that in fact every construction for Theorem 2 can be derived by applying
Lemma 3 iteratively on K4 (Corollary 20). Besides reproving Theorem 2, we will use
Lemma 3 to find many new constructions of graphs with no IT that answer some open
questions.

Let G be a graph and let P = {Vi,...,V.} be a partition of V(G). Using topological
methods, Aharoni, Holzman, Howard, and Spriissel [7| proved that if G has maximum
degree d > 2, |V;| > 2d — 1 for every i, and G has no IT, then G necessarily contains the
disjoint union of 2d — 1 copies of K;4. Therefore, Theorem 2 verifies that the disjoint
union of 2d — 1 copies of K, 4 is the unique minimal obstruction to the existence of an
IT when the graph has maximum degree d > 2 and the block sizes satisfy |V;| > 2d — 1.
On the other hand, for the case of maximum degree d = 2 and |V;| > 3, the same authors
proved that G necessarily contains the disjoint union of three cycles of lengths 1 modulo
3. This result is related to the cycle-plus-triangles problem [4, 17, 22, 44]. One of our new
results is verifying that, indeed, all disjoint unions of three cycles of lengths 1 modulo 3
are minimal obstructions to the existence of an I'T (when d = 2 and |V;| > 3 for every ).

Theorem 4. Let G = Cy, U Cy, U Cy, be the disjoint union of three cycles with lengths
(; =1 (mod 3), ¢; >4 for 1 < j < 3. There exists a partition P = {V1,...,V,} of V(G)
such that |V;| = 3 for every i and G has no IT.

For comparison, Aharoni, Holzman, Howard, and Spriissel [7] showed that for any
¢ =1 (mod 3), £ > 4, there exist k£ > 1 and a partition P = {V3,...,V,} of the vertex
set of the graph G = CyU---UCy (k cycles of length ¢) such that |V;| = 3 for every i and
G has no IT. They showed that one can take k = g +1if lis even, and k = ¢+ 2 if ( is
odd. Our result says that in fact one can always take £ = 3, and the cycle lengths do not
have to be the same.

Although the block size lower bound 2d in Theorem 1 is best possible, there has been
interest in decreasing it in some contexts. These decrements are achieved by restricting
either the graphs G or the types of vertex partitions P under consideration, so as to
avoid structures present in the known constructions for Theorem 2 [35, 45, 48]. For
example, one approach has been to forbid the graph G from containing large induced
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complete bipartite subgraphs such as K4 or even Ky [1, 4, 7, 34]. In this direction,
we will disprove a conjecture of Aharoni, Alon, and Berger [1] and answer negatively a
question of Aharoni, Holzman, Howard, and Spriissel [7] (see below). Another approach
for decreasing the block size lower bound 2d has been to restrict the structure of the
partition P around the graph G. This latter approach will be our next focus.

First we look at the setting of locally sparse graphs. The local degree of G is the
maximum, over all v € V(G) and V; € P not containing v, of the number of edges
between v and V;. The multiplicity of G is the maximum, over all connected components
C of G and V; € P, of the number of vertices in C' N V;. Notice that the local degree
of G is always at most the multiplicity of G. Loh and Sudakov [39] proved that if G
has maximum degree d, local degree m = o(d), and |V;| > d + o(d) for every i, then G
has an IT. We call such vertex-partitioned graphs, whose local degree grows much more
slowly than the maximum degree, locally sparse. Thus the 2d lower bound in Theorem
1 decreases significantly when we assume that the vertex-partitioned graph G is locally
sparse. More recently, Glock and Sudakov [24] and Kang and Kelly [37] independently
strengthened Loh and Sudakov’s [39] result to a mazimum block average degree setting
instead of a maximum degree setting. Towards the effort of finding the optimal block sizes
for locally sparse graphs that guarantee an I'T, we apply Lemma 3 to prove the following.

Theorem 5. For all integers d = m > 1 where d is a multiple of m, there exists a graph G
and partition P of V(G) such that G has maximum degree d, local degree and multiplicity

m, |Vi| > d+2m — [%-‘ for every V; € P, and there is no IT.

In particular, when d > 2m?, we can take the block sizes to satisfy |V;| > d+2m—1 for
every V; € P in Theorem 5. Theorem 5 was previously proven when m = 1 by Bohman
and Holzman [13], with a slightly simplified construction described in [7]. On the other
hand, even in the case of local degree m = 1, Loh and Sudakov [39] only showed that
there exists some € > 0 such that for all sufficiently large d, if |V;| > d + d'~¢ for every i
then there exists an IT. Thus, there is still a large gap between Loh and Sudakov’s upper
bound and our lower bound on the optimal block sizes that guarantee the existence of an
IT in graphs with a given maximum degree d and local degree m.

Work on locally sparse graphs was inspired by a list coloring conjecture of Reed [42]
about mazimum color degree (see Section 3.2 for definitions). The construction of Bohman
and Holzman [13] mentioned above was actually a counterexample to Reed’s conjecture.
Given a graph H and list assignment L for V(H), the problem of finding a proper L-
coloring of H can easily be turned into the problem of finding an IT in an auxiliary graph
G with vertex partition P (see Section 3.2 for details). The vertex-partitioned graphs
G, P arising in this fashion are characterized by the property of having multiplicity one
(in particular, they are locally sparse), together with a consistent adjacency property
across all connected components (see Lemma 11). Reed [42] conjectured that if H, L has
maximum color degree d and |L(z)| > d + 1 for every x € V(H), then H has a proper
L-coloring. Reed and Sudakov [43] proved that there exists a proper L-coloring under the
assumption that |L(z)| > d+ o(d) for every x € V(H). The asymptotic result of Loh and
Sudakov [39] for locally sparse graphs mentioned above is a generalization of this result
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of Reed and Sudakov. Aharoni, Berger, and Ziv [3] proved Reed’s conjecture for chordal
graphs. On the other hand, Bohman and Holzman [13] disproved Reed’s conjecture for
every d > 2, by constructing an example where |L(x)| = d 4+ 1 for every x € V(H) and
there is no proper L-coloring. They describe their example by exhibiting an appropriate
vertex-partitioned graph with no IT (see Theorem 12). We will use Lemma 3 to produce
new and smaller counterexamples to the conjecture of Reed, which involve 4(d+1)? blocks
compared to the 2(d + 1)(d? + 1) blocks employed by Bohman and Holzman [13].

Our next topics of interest are a conjecture of Aharoni, Alon, and Berger [1] and a
question of Aharoni, Holzman, Howard, and Spriissel [7]. Aharoni, Alon, and Berger [1]
were interested in the existence of I'T’s in K j-free graphs, meaning graphs that do not
contain the star K as an induced subgraph. They conjectured that for every K ;-
free graph G and partition P = {Vi,...,V,} of V(G), if |V;| > d+ k — 1 for every
7, then G has an IT. This would improve on the 2d bound in Theorem 1, where the
extremal constructions contain many induced complete bipartite graphs and thus many
large induced stars. Aharoni, Alon, and Berger [1] proved that an IT exists if |V;| >
% for every ¢, and they proved their conjecture when G is the line graph of a
(k — 1)-uniform linear hypergraph. We will construct counterexamples to their conjecture
for all £ > 3. Next, recall that Aharoni, Holzman, Howard, and Spriissel [7] proved that if
G has maximum degree d > 2, |V;| > 2d—1 for every i, and there is no IT, then G contains
the disjoint union of 2d — 1 copies of the complete bipartite graph Ky4. These authors
asked whether, additionally, there always exists a copy of K4 in G that is contained in
the union of two blocks V;, V;. We give a construction showing that the answer is negative.

Despite the negative answer to the question of Aharoni, Holzman, Howard, and
Spriissel [7], we prove that a variation of their question does hold, namely when the
graph G is exactly the disjoint union of 2d — 1 copies of K44, as in Theorem 2 (Corollary
17). In fact, this variation is relevant for proving one of our other results mentioned above,
that all possible constructions G, P for Theorem 2 can be derived by iteratively applying
Lemma 3 on K4 (Corollary 20). We discuss these latter two results in the more general
settings of Theorem 16 and Theorem 19, in Sections 5.1 and 5.2 respectively. The proof
of Theorem 16 is slightly technical and deferred to Section 6.

Our emphasis in this paper is on simple constructions with short and elementary proofs
(with the only possible exception being Section 6). However, our methods can be used
to prove a wide variety of further theorems and generalizations of known results in other
contexts. We describe some of these in Section 5. In addition to Theorem 16 and Theorem
19 mentioned above, in Section 5 we also note how Lemma 3 and our construction method
easily generalize to all simplicial complexes (Lemma 24), thus significantly increasing their
scope. We will briefly discuss what this generalized method yields for some simplicial
complexes of interest, specifically independent transversals in hypergraphs and H-free
transversals in graphs for a fixed regular graph H. Details of these topics plus more are
given in [47].

The rest of this paper is organized as follows. In each section except for the last one,
we will be applying Lemma 3 iteratively in some way to construct graphs with no IT.
In Section 2.1 we will explain how to derive constructions for Theorem 2, and in Section

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(2) (2024), #P2.39 5



2.2 we will prove Theorem 4. Section 3.1 is devoted to the proof of Theorem 5, and in
Section 3.2 we will derive new counterexamples to the list coloring conjecture of Reed [42].
In Section 4, we will construct counterexamples to the conjecture of Aharoni, Alon, and
Berger [1] and to the question of Aharoni, Holzman, Howard, and Spriissel [7]. In Section
5, we will discuss how Theorem 16 does verify an alternate version of their question,
while also implying Theorem 19. We will also discuss how our method generalizes to all
simplicial complexes. In Section 6, we will prove Theorem 16.

2 Independent transversals in bounded degree graphs

In this section, we will demonstrate the usefulness of Lemma 3 by (re)proving Theorem 2
and by proving Theorem 4. Together with Theorem 6 and Theorem 7 below (both proved
in [7]), these two theorems solve the following extremal problem: Find all the minimal
graphs G’ with maximum degree at most d which have no IT with respect to some vertex
partition P into blocks of size at least 2d — 1. These graphs G are the disjoint union of
2d — 1 copies of K44 when d # 2, and every disjoint union of three cycles of lengths 1
modulo 3 when d = 2.

2.1 Disjoint unions of the complete bipartite graph K4

First we show how to prove Theorem 2. We will first show how to derive the vertex
partitions of Szabd and Tardos [45], then those of Jin [35] and Yuster [48].

Let Gy = K44 and let Py = {Vi,V5} be the standard bipartition of Gy. Note that
|Vi| = |Va| = d and that K,4 has no IT with respect to P. Our goal is to enlarge both
Vi and V5 into blocks of size 2d — 1 while preserving the property of the graph having
no I'T. We only show how to enlarge V;, since enlarging V5 can be done symmetrically
afterwards. Throughout this procedure, we will have a distinguished “small” vertex block
Uy, starting with Uy = Vj, that continually increases in size as we add copies of K g4,
while all other vertex blocks (apart from V5) always have size 2d — 1. Eventually Uy, will
also have size 2d — 1, which finishes the required construction.

Let k > 1, and let G_; be the disjoint union of k copies of K;4. Assume we have a
partition Pj_y of V(Gk_1) such that: there exists a block Uy_1 € Py_y of size |Uy_1| =
d+k—1,and |U| =2d — 1 for every U € Py_1 \ {Va, U—1}. Let G, = Gj—1 U Ky 4, and
let P' = {V/, V4 } be the standard bipartition of this newly added copy of K44. We let Py
be the partition of V(Gy) obtained by first taking the union of the partitions Py_; and
P’, and then distributing the vertices of Uy_; into the blocks V] and Vj. Specifically, we
distribute d — 1 vertices of Uy_1 into Vi to make this modified block have size 2d — 1, and
we distribute the remaining k vertices of Ui_; into V/ to make this modified block, which
we now call Uy, have size d + k. Then Gy has no IT with respect to P, by Lemma 3, so
the procedure may continue. Eventually when & = d — 1, we have that all blocks of P;_;
(apart from V) have size 2d — 1, so we may stop. Enlarging V5 in symmetric fashion, by
adding another d — 1 copies of K4, leads to a partition P satisfying Theorem 2.

The partition of Szab6 and Tardos [45] can be obtained exactly from this procedure
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Figure 1: Deriving the Szabd-Tardos construction for d = 3 by repeatedly applying
Lemma 3. We start with K33 and the standard bipartition {Vi,V2}. In the first step,
we add a new copy of K33 and its standard bipartition {Vj5,V,}, and then we distribute
one vertex of V; into V3 and the other two vertices of V; into V4. In the second step, we
add a new copy of K33 with its standard bipartition {V3, V5}, and then we distribute two
vertices of V3 into V5 and the other two vertices of V3 into Vg as shown. The remaining
two steps are analogous.

by choosing, at each step k, the k vertices of Uy_; that get distributed into V| to include
one vertex from each of the k copies of K4 in Gj_1. See Figure 1 for an illustration of
this procedure when d = 3. Eventually when k£ = d — 1, the distinguished block U;_
forms a special “leftover” block in the construction Szabé and Tardos (which they label
as Vy41). We get their additional leftover block (which they label as Va,i9) after doing
the symmetric procedure on V5.

For d > 4, the partition of Szabd and Tardos is not the only possible result of the above
procedure. Indeed, Szab6 and Tardos themselves observed that when d > 4 is a power of
2, their partitions P for Theorem 2 differ from those of Jin [35] and Yuster [48], despite all
of them being on the same graph G (namely the disjoint union of 2d — 1 copies of K 4).
Due to the somewhat arbitrary nature in which we can distribute vertices according to
Lemma 3, the fact that there exist such different partitions of the same graph G with no
IT is not surprising.

When d is a power of 2, the partitions of Yuster [48] can be derived using the following
slight modification of the above procedure. Instead of distributing vertices so as to always

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(2) (2024), #P2.39 7



have one distinguished “small” block, at each step we distribute the vertices into V/ and
V3 in equitable fashion, with half of them going to V/ and half of them going to V. The
block of G that we choose to distribute to V] and VJ at each step is any of the current
smallest ones. The partitions of Jin [35] are special cases of those of Yuster. Specifically,
one performs this described procedure in such a way as to eventually make one copy of
K4 “colorful”, containing one vertex from each of the 2d blocks. Thus we can also derive
Jin’s partitions using Lemma 3. One could come up with many other schemes that result
in partitions P satisfying Theorem 2. In fact, we will prove all possible constructions for
Theorem 2 can be derived in this kind of fashion of applying Lemma 3 iteratively on K 4
with the standard bipartition (Corollary 20).

We remark that we do not have to stop at 2d — 1 copies of K;4. Indeed, we may
continually add further copies of K, 4, and there will by necessity be some blocks of size
greater than 2d — 1 after this. However, if the number of K, components is £, then the
resulting graph has 2dk vertices partitioned into &£ + 1 blocks, so in particular there will
always be a block of size at most 2d — 1, in accordance with Theorem 1.

2.2 The case d = 2: Disjoint unions of cycles of lengths 1 modulo 3

Next, we prove Theorem 4. Recall that Aharoni, Holzman, Howard, and Spriissel [7]
proved the following Brooks-type theorem.

Theorem 6 ([7]). Let G be a graph with mazimum degree d > 2, and let P = {Vi,...,V,}
be a partition of V(G). If |V;| = 2d — 1 for every i but G has no IT, then G contains the
disjoint union of 2d — 1 copies of Kgg4.

Thus, it is not a coincidence that for all previous constructions achieving block sizes
|Vi| = 2d — 1 and no IT [35, 45, 48], the underlying graph G is the disjoint union of 2d — 1
copies of Kgq. This is despite different authors sometimes describing different vertex
partitions P. As with Brooks’ theorem, the case of maximum degree d = 2 is slightly
more complicated and interesting than the case d > 2. When G is one cycle and |V;| = 3
for every i, the existence of an IT was a conjecture of Du, Hsu, and Hwang [17]. Erdds [21]
popularized a stronger 3-colorability version of the conjecture, and this became known as
the “cycle-plus-triangles problem”. The conjecture was proven by Fleischner and Stiebitz
[22] and by Sachs [44]. For more general graphs with maximum degree 2, Theorem 2
shows that when G contains the disjoint union of three 4-cycles Cy, the condition |V;| > 3
does not guarantee the existence of an I'T. But in contrast with Theorem 6, three disjoint
4-cycles is not the only obstruction to the existence of an IT when d = 2. Aharoni,
Holzman, Howard, and Spriissel [7] also proved the following result suggesting that other
cycle lengths are possible obstructions to the existence of an IT.

Theorem 7 ([7]). Let G be a graph with mazimum degree d = 2, and let P = {V4,...,V,}
be a partition of V(G). If |V;| = 3 for everyi but G has no IT, then G contains the disjoint
union of three cycles of lengths 1 (mod 3).

We now prove Theorem 4 which shows that, indeed, all disjoint unions of three cycles
of lengths 1 (mod 3) are minimal obstructions to existence of an IT in the context of
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graphs with maximum degree d = 2 and block sizes |V;| > 3. To prove the theorem,
we employ the following lemma that was also proven and utilized by Aharoni, Holzman,
Howard, and Spriissel [7] in their constructions.

Lemma 8 ([7]). Let { = 3r + 1 with r > 1. There exists a partition P ={Vy,...,V,y1}
of the vertices of the (-cycle Cy such that |V;| = 3 for 1 <i < r—1, |V,| = |Viy1| = 2,
and Cy has no IT.

Proof of Theorem 4. Let Py, P,, P be partitions of the vertices of Cy,, Cy,, Cp, given by
Lemma 8. Let {X1, Xo} C Py, {Y1,Y2} C Ps, {Z1,Z2} C Ps3 be the blocks of size 2 in
each partition. Now let P’ be the partition of the vertices of G' = Cy, U Cy, obtained by
taking the union of P; and P, while distributing one vertex of X into Y; and the other
vertex of X7 into Y3. By Lemma 3, G’ has no I'T with respect to P’. Finally, let P be the
partition of the vertices of G = G’ U Cy, obtained by taking the union of P" and P3 while
distributing one vertex of X5 into Z; and the other vertex of X5 into Z5. By Lemma 3,
G has no IT with respect to P, and we have |V;| = 3 for every V; € P. O

Aharoni, Holzman, Howard, and Spriissel [7] proved Lemma 8 by describing the parti-
tion P explicitly. Here we give an alternative proof of Lemma 8 via an iterative approach
similar to applications of Lemma 3. One could use this method to find a larger class of
partitions P satisfying Lemma 8 than those described by the said authors. Our main tool
is the following simple lemma.

Lemma 9. Let G be a graph and let P = {Vi,...,V,.} be a partition of V(G). Suppose
that G has no IT with respect to P. Let uv € E(G) be an edge with uw € V;, v € V},
and i # j. Let k € {1,...,7}\{i,7}, and let F be a set of edges (possibly some in G)
connecting every vertex in Vj, to either u or v. Then the graph H = G — uv U F has no
I'T with respect to P.

Proof. Assume for contradiction that H has an IT {vy,...,v,.} with respect to P, where
ve € Vyfor 1 < € < r. Since G has no IT, we must have that v; = v and v; = v. But
either uvy or vuy lies in F', which implies that {vy,...,v,} is not independent in H, a
contradiction. O

Proof of Lemma 8. We use induction on r. For r = 1, we take P to be the standard
bipartition of the 4-cycle Cy, which satisfies the requirements. Let r > 2, and let P’ =
{Vi,...,V,} be a partition for the cycle Cs,_5 given by the induction hypothesis. Let
Q = {U = {w1},Viy1 = {v1,v2}} be the standard bipartition of the path K. Let
G = C3T_2 L KLQ, and let P = {‘/1, ey ‘/;_2, ‘/7,_1 U {Ul}, V;, ‘/r—l—l}- By Lemma 3, G has
no IT with respect to P. Let e = uv be any edge of Cs,_o, and let F' = {uv;,vvy}. Then
G —wv U F is the (3r 4+ 1)-cycle C5,41, and by Lemma 9 Cs,.,1 has no IT with respect to
P. See Figure 2 for illustration when r = 2. The blocks in P have the required sizes, so
this finishes the proof. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(2) (2024), #P2.39 9



2
3 1 T3
3 2 -3

-

Figure 2: The disjoint union of a 4-cycle Cy and a K5 (with no IT) being transformed
into a 7-cycle C; (with no IT). The label i next to each vertex indicates which block V;
the vertex lies in.
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3 Locally sparse graphs and list coloring

In this section, we prove Theorem 5 on locally sparse graphs, and then we construct new
counterexamples to Reed’s list coloring conjecture [42], which was originally disproved by
Bohman and Holzman [13].

3.1 Locally sparse graphs
Let G be a graph and let P = {V;,...,V,} be a partition of V(G). Recall that the local

degree of G is the maximum, over all v € V(G) and V; € P not containing v, of the
number of edges between v and V;. Also, the multiplicity of G is the maximum, over all
connected components C' of G and V; € P, of the number of vertices in C'NV;. Loh and
Sudakov [39] proved that for a graph G and partition P = {Vi,...,V,} of V(G), if G has
maximum degree d, local degree m = o(d), and |V;| = d + o(d) for every i, then G has
an IT. We now prove Theorem 5, which complements this asymptotic result by giving a
lower bound on the optimal error term o(d) in |V;| depending on the local degree m.

Before proving Theorem 5, we note one obvious construction which will be used in
the proof. Fix m > 1 and r > 2, and let K,.(m) denote the complete r-partite graph
with m vertices in each part. Let Gy be the disjoint union of r — 1 copies of K,.(m), and
define the partition Py = {Vi,...,V,} to be a standard r-partition of Gy, consisting of r
independent sets of size (r — 1)m. Letting d = (r — 1)m denote the maximum degree of
G, we have that |V;| = (r — 1)m = d for every i, the local degree and multiplicity of Gy
are both m, and there is no I'T with respect to P.

Proof of Theorem 5. Assume that d = (r — 1)m, where r > 2. We start with any graph
H and partition Q coming from Theorem 2, say the Szabdé-Tardos construction, in which
H is the disjoint union of 2d — 1 copies of K;4. Then |U| = 2d — 1 for every U € Q and
there is no IT. This graph has local degree and multiplicity d, which may be larger than
m. We fix this by applying Lemma 3 again. Fix a block U € Q. We add a copy of the
vertex-partitioned graph Gy, Py above, and then distribute vertices of U into the r blocks
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of Py. We do this equitably so that each of the r blocks of Py gets enlarged by at least

2d —1 2d —1 2m(d+m) — 2m?* —m 2m* +m
=|— = =2m—- | —— .
r d/m+1 d+m d+m

Moreover, we do this in such a way that at most m vertices of any connected component
of H get distributed to any block of Py. This is possible by a greedy distribution process,
since at most d vertices of U lie in any connected component of H, and Hﬂ = [@W <
m. After doing this procedure iteratively for every U € Q, we get a graph G and partition
P with local degree and multiplicity m, |Vi| > d + 2m — [2’"2*’"1 for every V; € P, and

d+m
no IT.

Note that the number of blocks in the graph constructed in the previous proof is
b(H)-r, where b(H) denotes the number of blocks of the starting graph H. Slightly smaller
constructions for Theorem 5 are possible. Instead of the Szabdé-Tardos construction, we
could have started with any vertex-partitioned graph H with no IT where every block

has size at least L@J r = (Qm — [%‘ijnm—‘) (% + 1), and where every component has

at most d + 1 vertices from any block. Following the argument in Section 2.1, one could
form a smaller such graph H by taking the disjoint union of possibly fewer than 2d — 1
copies of K44, and also possibly deleting some vertices. For example, when m = 1 we
only need blocks of size at least d + 1, and we can achieve these block sizes on the graph
H = Ky, U Ky4U Kqq with 4 blocks. Following the proof of Theorem 5 on this latter
graph H yields a locally sparse graph constructed in [7].

Problem 10. What is the optimal bound M = M (d, m) such that whenever G is a graph
with maximum degree d and P = {Vj,...,V,} is a partition of V(G) with local degree m
and |V;| > M for every i, there exists an I'T?

3.2 List coloring

Now we discuss list colorings and relate them to IT’s in locally sparse graphs. Given a
graph H and a list assignment L = (L(z) : € V(H)) for V(H), where each L(z) is a
set of colors, an L-coloring is a map ¢ on V(H) such that ¢(x) € L(z) for every vertex
x € V(H). The L-coloring ¢ is proper if $~!(c) is an independent set of H for every color
¢ € Uyevn L(z). As observed in [28], the problem of finding a proper L-coloring of H
can be turned into a problem of finding an IT in an auxiliary graph G with respect to
some vertex partition P. Specifically, G has vertex set {(x,c) : x € V(H),c € L(x)},
and the pairs (z,c¢) and (y, ) form an edge in G whenever zy € E(H) and ¢ = ¢. The
partition P of V(G) is {V, : x € V(H)} where V, = {(x,¢) : ¢ € L(z)}. Then every
proper L-coloring ¢ of H corresponds to a unique IT {(x,¢(z)) : x € V(H)} of G with
respect to P. We say that the graph G with vertex partition P is the list cover graph
arising from graph H and list assignment L.

The following characterization of list cover graphs is implicit in Bohman and Holzman
[13]. We give a short proof for completeness.
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Lemma 11 ([13]). A graph G with partition P of V(G) is a list cover graph if and only
if
(a) for every connected component C' of G, every block of P contains at most one vertex
of C (that is, G has multiplicity 1); and

(b) for every two connected components C,C" of G, two blocks V;,V; of P, and vertices
velCNV,weCnNV;, v el NV, w e€C'NVj, v and w are adjacent in C if and
only if v/ and w' are adjacent in C'.

Proof. Suppose that G with vertex partition P is a list-cover graph arising from graph H
and list assignment L. Then every connected component C' of G has vertex set {(x,¢) : x €
U} for some color ¢ and vertex subset U C V(H). Then for V, = {(z,¢) : ¢ € L(z)} € P,
we have V, N C = {(z,¢)} if z € L(v), and V, N C' = ) otherwise, so that condition (a)
holds. Moreover, for every two connected components C, C’ of G, two blocks V;, V, of P,
and vertices (z,¢) € CNV,, (y,c) € CNVy, (z,d) € C"NV,, (y,d) € C"NV, we have
that (z,c¢) and (y, ¢) are adjacent in C' if and only if xy € F(H), which is the case if and
only if (z,¢) and (y, ¢') are adjacent in C’. Thus condition (b) also holds.

Suppose conversely that (a) and (b) hold. Let H be the graph with vertex set P,
where V;, V; € P form an edge if and only if there exist vertices v € V;, w € V; adjacent in
G. Associate every connected component C' of G with a distinct color ¢, and let L be the
list assignment for V(H) where L(V;) is the set of colors ¢ associated with components
C where C NV; # (). Then one can easily verify that G, P is the list-cover graph arising
from H, L. O

Given a vertex x € V(H) and color ¢ € L(x), the pair (x,c) has color degree equal
to [{(y,c) : xy € E(H),c € L(y)}|. The mazimum color degree of H, L is the maximum
of the color degrees over all vertex-color pairs (z,c¢). In other words, it is the maximum
degree d of the list cover graph G. Thus by Theorem 1, if H has maximum color degree d
and |L(z)| > 2d for every vertex x € V(H), then H has a proper L-coloring (a result noted
in [28]). Actually, because every list cover graph has local degree one, Loh and Sudakov’s
asymptotic theorem [39] implies that H has a proper L-coloring whenever |L(x)| > d+o(d)
for every x € V(H) (a result proven before in [43]). Recall that Reed [42] conjectured
that a proper L-coloring exists whenever |L(x)| > d + 1 for every x € V(H). This lower
bound of d + 1 is necessary, since for example there is no proper L-coloring if H is the
complete graph Ky and L is the uniform list assignment L(z) = {1,...,d} for every
x € V(H). Bohman and Holzman [13] surprisingly found an example of a graph H and
list assignment L for V(H) such that H, L has maximum color degree d, |L(z)| = d + 1
for every x € V(H), and H has no proper L-coloring. This disproved Reed’s conjecture.
More directly, they proved the following.

Theorem 12. For every d > 2, there exists a graph G and a partition P = {Vi,..., V,.}
of V(G) such that G has mazimum degree d, |V;| = d+ 1 for every i, conditions (a) and
(b) of Lemma 11 hold, and there is no IT.
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The construction of Bohman and Holzman [13] for Theorem 12 involved 2(d+1)(d*+1)
blocks. We describe a perhaps more intuitive proof of Theorem 12 with only 4(d + 1)?
blocks.

Proof. Fix d > 2. We start with any construction for Theorem 5 for the case m = 1,
so that each block has size at least d + 1. For convenience, we delete some vertices to
make all the blocks have size exactly d + 1. Call the constructed graph H and partition
Q. We have that |U| = d + 1 for every U € Q, and we satisfy condition (a) of Lemma
11 with H and Q, but not condition (b). To fix this, we again apply Lemma 3, adding
additional collections of complete graphs. Let Gy be the disjoint union of d copies of the
complete graph K,.1, and let Py be a standard (d + 1)-partition of Gy. For every block
U € Q in succession, we add a copy of GGy while distributing the d + 1 vertices of U into
the d + 1 blocks of Py, with each block of Py receiving exactly one vertex. Doing this for
each U € Q, we derive a graph GG and vertex partition P with no IT, and every block of
P has size d + 1.

Observe that G and P still satisfy condition (a) of Lemma 11. We claim that G and
P also satisfy condition (b). To see this, let C' and C’ be distinct components of G. If
C and C’ both lie in an added copy of Gy, then C' and C" are cliques whose intersecting
blocks are either the same or disjoint, so condition (b) holds for C' and C". Next, suppose
that the component C' lies in H and component C” lies in some added copy of Gy. Let
U be the block of @ whose vertices were distributed into the blocks intersecting ¢’ when
we added a copy of Gy. Since H has multiplicity 1, there is at most one vertex in U N C,
and thus there is at most one block of P intersecting both C' and C’. Hence condition
(b) holds in this case as well. Finally, suppose that C' and C” both lie in H. In this case,
there are no blocks of P that intersect both C' and C”: If there were such a block, then it
would have been constructed by taking a block U of Q intersecting both C and C’, and
distributing its vertices into the blocks of P; in such a way that the vertex in U N C' and
the vertex in U NC" end up in the same block of P. But this is impossible because every
block of Py receives a unique vertex of U by construction. Therefore, condition (b) holds
for all C and C"'. O

The construction we described is similar in structure to that of Bohman and Holzman
[13]. If we use the Szabd-Tardos construction as the starting point in the proof of Theorem
5, then the output of our proof of Theorem 5 has 2d(d + 1) blocks, and the output of our
proof of Theorem 12 has 2d(d + 1)? blocks. The 4(d + 1)? blocks claimed above can be
achieved by following the proof of Theorem 5, but using the graph K; o U Ky 4 K4 with
4 blocks of size d + 1 as the starting point instead of the Szabdé-Tardos construction. Our
efforts were unsuccessful in achieving constructions where all the blocks have size at least
d + 2, a problem posed in [13, 43].

Problem 13. Does there exist a universal constant £ > 1 such that whenever H, L has
maximum color degree d and |L(x)| > d + k for every x € V(H), there exists a proper
L-coloring of H? In particular, can we take k = 27
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We comment on what occurs when we relax condition (a) or (b) in Lemma 11. In the
case where we are only required to satisfy condition (a), this is the setting for m = 1 in
Theorem 5. Even in this relaxed setting, we are unable to surpass the known lower bound
d + 2 (by Bohman and Holzman [13]) on the block sizes required to guarantee an IT in
a graph with multiplicity one (a problem that was posed in [7]). On the other hand, if
we are only required to satisfy condition (b), then the situation is quite different. For
example, in [16] it is shown that there exist graphs G and partitions P of V(&) such that
condition (b) holds, |V;| = 2d — 1 for every V; € P, and there is no IT. Thus, much of the
difference between list cover graphs and general graphs lies in condition (a). However, if
we require that condition (b) hold and we relax the local degree or multiplicity to being
a fixed number m > 1, then the best we can currently achieve in general are block sizes
|Vi| = d+ m whenever d is a multiple of m and d > m, obtained for example by “blowing
up” any construction for Theorem 12, replacing every vertex by m independent vertices
and replacing every edge by the complete bipartite graph K, ,,.

Finally, we remark that there are variations of list coloring for which independent
transversals are even more relevant. Ordinary list colorings correspond to I'T’s in quite
specific types of cover graphs (as described in Lemma 11), but a variation of list coloring
known as conflict list coloring corresponds to I'T’s in general graphs. For the definition and
a broad overview of conflict (list) coloring, see [18, 19, 23]. One can phrase many famous
variations of list coloring into the language of conflict list colorings and thus into I'T’s
of certain classes of vertex-partitioned graphs. These variations include correspondence
colorings (also called DP-colorings) [20], adaptable list colorings [38], and cooperative list
colorings [7]. Each of these list coloring variations give rise to locally sparse cover graphs,
and Theorem 5 is relevant for each of them.

4 Counterexamples

In this section, we give counterexamples to two statements on IT’s in graphs. One is
a conjecture of Aharoni, Alon, and Berger [1] on IT’s in K y-free graphs. The other is
a question of Aharoni, Holzman, Howard, and Spriissel [1] on the structure of extremal
vertex-partitioned graphs with no IT.

4.1 A conjecture of Aharoni, Alon, and Berger

Aharoni, Alon, and Berger [1] conjectured that for every K j-free graph G with maximum
degree d and partition P = {V},...,V.} of V(G), if |V;| = d+ k — 1 for every i then there
exists an I'T. We give a construction disproving their conjecture for k > 3. We start with
the Szabd-Tardos construction Gg, P for Theorem 2, consisting of 2m — 1 copies of K,
where m is a multiple of K — 1. To both parts of each complete bipartite component of

Gy, we add k — 1 pairwise disjoint clique edge sets of size ;™; on the vertex sets. The

resulting graph G is Kjj-free with maximum degree d = m + "7 — 1 = % — 1, each

block of P has size |V;| =2m — 1 = w, and G has no IT with respect to P. For
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k>3andd>Fk+ ﬁ, these block sizes |V;| are greater than d + k — 1, which disproves
the conjecture.
On the other hand, Aharoni, Alon, and Berger [1] did prove that for a K j-free

2%k—3)+k—1 ,
% for every i guarantee

graph with maximum degree d, blocks of size |V;| > -

the existence of an IT. We believe that the lower bound from our construction above
is closer to being the optimal bound for the existence of IT’s. We remark that the
original conjecture of Aharoni, Alon, and Berger (Conjecture 2.8 in [1]) was actually
about the topological connectedness of the independence complexes of K j-free graphs,
but this original conjecture implies the above conjecture about I'T’s. We can disprove
their connectedness conjecture more directly. Let m be a multiple of £ — 1, and let G
be the complete bipartite graph K, ,, together with k — 1 cliques of size ; added to
both parts of K,,,,. (This example was described in [1] but for a different problem.)
Then the independence complex of G is disconnected, but the number of vertices of G is
2m = w, which for £ > 3 and d > k& — 1 is greater than the at most d + k — 1

vertices predicted by the connectedness conjecture.

Problem 14. What is the optimal bound N = N(k, d) such that whenever G is a K ;-
free graph with maximum degree d, and P = {Vi,...,V,} is a partition of V(G) with
|Vi] = N for every i, there exists an IT?

4.2 A question of Aharoni, Holzman, Howard, and Spriissel

Aharoni, Holzman, Howard, and Spriissel [7] asked whether, for every graph G with
maximum degree d and partition P = {V;,...,V,} of V(G) such that |V;| > 2d — 1 for
every ¢ and there is no IT, there exists a K4 component contained in the union of two
blocks V;, V;. In this section, we give a construction that demonstrates a negative answer
to this question. On the other hand, Theorem 16 in Section 5.1 implies that their question
does hold when the graph G is exactly the disjoint union of 2d — 1 copies of K, g4, as in
Theorem 2 (Corollary 17). In addition, Theorem 16 will also let us show that all possible
constructions G, P for Theorem 2 can be derived using the construction method described
in this paper (Corollary 20).

Using Lemma 3, it is straightforward to produce counterexamples to the question of
Aharoni, Holzman, Howard, and Spriissel [7]. For example, again start with the Szabd-
Tardos [45] construction Gy, Py for Theorem 2, which has 2d — 1 copies of K,4. Fix any
block U € Py, and note that there is exactly one component K of G that intersects U
at d vertices. We add a copy of the complete bipartite graph K,,4_; with the standard
bipartition {A, B}, where |A| = d and |B| = d — 1. We distribute d — 1 vertices of U N K
into A, and distribute the remaining d vertices of U into B. We do this for each of the 2d
blocks of Py successively. Let G, P be the final vertex-partitioned graph. Then G has no
IT with respect to P by Lemma 3, every block V; € P has size |V;| = 2d — 1, and there is
no K;4 component of G contained in the union of two blocks: every K, component in
G lies in Gg, and each of them is now separated into at least four blocks.

In the described counterexample, although there is no K4 component contained in
the union of two blocks, there are many K, 41 components contained in the union of two
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blocks. Indeed, it is a feature of our construction method that whenever we apply Lemma
3 by adding a complete bipartite component with the standard bipartition, this added
complete bipartite component will still be contained in the union of two blocks. We could
artificially break this property in our example by adding a new block U of size 2d, and
attaching each vertex of U to a unique K41 component to make it a Ky 4 component. In
this new example, every block has size at least 2d — 1, there is no I'T, and no component
of the graph is contained in the union of two blocks. Of course, by adding the block U
we violate the block-minimality condition (a) required to apply Theorem 16. See Section
5.1. The following problem is also still open.

Problem 15. Let G be a graph with maximum degree d sufficiently large, and let P =
{Vi,...,V;} be a partition of V(G). If |V;| = 2d — 1 for every i and there is no IT, does
G necessarily contain a large complete bipartite subgraph contained in the union of two
blocks (large meaning the parts have size €2(d))?

5 Further constructions

In this section, we describe various further applications of our construction method. We
begin with a continuation of the topic of the previous section.

5.1 Components contained in the union of two blocks

Let G be a graph and let P = {V4,...,V,} be a partition of V(G). We say that G is
block-minimal with no IT if G has no I'T with respect to P but G — V; has an IT with
respect to P\ {V;}, for every i € [r]. The following variation of the question of Aharoni,
Holzman, Howard, and Spriissel [7] does hold.

Theorem 16. Let G be a graph and let P = {Vy,...,V.} be a partition of V(G), where
r > 2. Suppose that

(a) G is block-minimal with no IT,
(b) G is the disjoint union of complete bipartite graphs, and
(¢) the number of components of G is r — 1.

Then there exist a component Kap of G and blocks V;,V; in P such that A C V; and
B CV;.

The proof of Theorem 16 is slightly technical and deferred to Section 6. Here, we
observe that Theorem 16 implies a positive answer for the question of Aharoni, Holzman,
Howard, and Spriissel [7] when the graph G is exactly the disjoint union of 2d — 1 copies
of K44, as in Theorem 2.

Corollary 17. For every construction G, P for Theorem 2, there exists a component K4
of G that is contained in the union of two blocks of P.
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Proof. Conditions (b) and (c) of Theorem 16 are satisfied by definition with r = 2d.
Condition (a) is satisfied by Theorem 6 when d # 2, and is satisfied by Theorem 7 when
d=2. O

5.2 Characterizing disjoint unions of complete bipartite graphs with no IT

In this subsection, we describe a further consequence of Theorem 16 of interest, namely
Theorem 19, which tells us that all possible vertex-partitioned graphs G, P satisfying
conditions (a), (b), (c) of Theorem 16 can be derived by iteratively applying Lemma 3.
In particular, all possible constructions G, P for Theorem 2 can be derived by iteratively
applying Lemma 3 (Corollary 20).

Graphs that are block-minimal with no IT were used in [12, 29] to give combinatorial
proofs of Theorem 1 and to obtain information about dominating sets in such graphs. In
the lemma below, we observe that Lemma 3 preserves the minimality properties of the
vertex-partitioned graphs G' and H involved.

Lemma 18. Let graphs G, H,GUH and vertez partitions P, Q, R be as in Lemma 3 (not
assuming they have no IT’s). Then with respect to the appropriate partitions,

(i) if G and H are both block-minimal with no IT, then so is G U H;
(i1) if GUH and H are both block-minimal with no IT, then so is G; and
(iii) if GUH and G are both block-minimal with no IT, then so is H.

Proof. We only prove (iii), as the proofs of (i) and (ii) are similar. Recall that P =
{Vi,..., Vi), @ = {Wy,..., W}, and R = {V/,..., V., Wy,...,Ws_1}. Suppose for
contradiction that H has an IT {wy,...,w} with respect to Q, where w; € W; for
every 1 < j < s. Suppose that ws € V!, where 1 < ¢ < r. Since G is block-
minimal with no IT, there exists an IT {vy,...,v;_1,0i41,...,0.} of G — V; with re-
Spect to P \ {V;} Then {Ul, ey Vi1, Wy, Vi1, - 05 Upy, W1y - e ,ws_l} is an IT of GU H
with respect to R, a contradiction. To prove the block-minimality of H, first note
that by the block-minimality of G U H, for every 1 < j < s—1, (GUH) - W;
has an IT {vy,..., v, wy, ..., wj—1,Wjt1, ..., ws_1} with respect to R \ {W;}. Since G
has no IT with respect to P, we have that v; € W, for some 1 < ¢ < r. Then
{wy, ..., wj—1,wjt1,. .., ws_1,v;} is an IT of H — W; with respect to Q \ {W,}, as re-
quired. To check W, note again by the block-minimality of GU H, (GU H) — V/ has an
IT {vg,...,vp,wy,...,ws_1} with respect to R\ {V/}. Then {wy,...,ws_1} is an IT of
H — W, with respect to Q \ {W;}. Therefore, H is block-minimal with no IT. O

Since K44 with its standard bipartition P is block-minimal with no IT, Lemma 18
implies that all the constructions we presented for Theorem 2 are block-minimal with no
IT. (This fact also follows from Theorem 6.) All of the other constructions in the proofs
in this paper are also block-minimal with no I'T. Now we use Theorem 16 to prove the
main result of this subsection.
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Theorem 19. Let G be a graph and let P = {V4,...,V,} be a partition of V(G), where
r > 2. Suppose that

(a) G is block-minimal with no IT,
(b) G is the disjoint union of complete bipartite graphs, and
(c) the number of components of G isr — 1.

Then G, P can be constructed via Lemma 3, by iteratively adding complete bipartite graphs
with the standard bipartition.

Proof. We use induction on r. The case r = 2 is just our assumed starting point: G is
a complete bipartite graph and P is its standard bipartition. Suppose that r > 3. By
Theorem 16, there exist a component K4 g of G and blocks V,_1, V. € P (after relabeling)
such that ACV,_y and BCV,. Let G' =G —(AUB) and let P’ = {Vi,...,V, 2, V! |},
where V!, = (V,_;UV,) — (AU B).

Note that V_; # 0, as otherwise A = V,_; and B = V,, and because K4 p has no
IT with respect to {V,_1,V;}, this contradicts the assumption that G is block-minimal
with no IT. Thus, P’ is a partition of V(G’). Observe that G = G’ U K4 g, and that P
is obtained from P’ and {A, B} by distributing every vertex of V,_; into either A or B.
That is, G can be constructed from G’ and K4 p by applying Lemma 3. Since G' and
K 4 p are both block-minimal with no IT, by Lemma 18(iii) G’ is also block-minimal with
no IT. Moreover, G’ is the disjoint union of » —2 complete bipartite graphs. By induction,
it follows that G’ and P’ can be constructed via Lemma 3, by iteratively adding complete
bipartite graphs with the standard bipartition. We conclude that the same is true for G
and P. O

We remark that the converse of Theorem 19 also holds: If G,P is constructed via
Lemma 3 by iteratively adding complete bipartite graphs with the standard bipartition,
then conditions (a), (b), (c) are satisfied. This is observed by applying Lemma 18(i)
iteratively.

We note that condition (c¢) in Theorem 16 and Theorem 19 is necessary. Figure 3
shows an example of a vertex-partitioned graph where conditions (a) and (b) are satisfied
but not (c), and the graph does not satisfy the conclusion of either theorem. Conditions
(a) and (b) are more easily seen to be necessary.

Corollary 20. All possible constructions G, P for Theorem 2 can be derived via Lemma
3, by iteratively adding Kqq with the standard bipartition.

Proof. Conditions (b) and (c¢) of Theorem 19 are satisfied by definition with r = 2d.
Condition (a) is satisfied by Theorem 6 when d # 2, and is satisfied by Theorem 7 when
d=2. O
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Figure 3: An example of a vertex-partitioned graph satisfying conditions (a) and (b) of
Theorem 16 and Theorem 19 but not satisfying (c¢) or the conclusion of either theorem.

5.3 Disjoint unions of general graphs

Here we state a general theorem about what happens when we successively apply Lemma
3 to one graph GG and partition P with no I'T. This result is motivated by the fact that
many of our constructions are disjoint unions of the same graph, most notably K 4.

Theorem 21. Let G be a graph and let P = {Vi,...,V,.} be a partition of V(G), such
that G has no IT with respect to P. Suppose that the mteger n > 1 satisfies

Z|V;| >n(|I|-1)+1  forevery I CIr].

el

Then there exist an integer k> 1 and a partition R = {Uy, ..., Uk(r_l)ﬂ} of the vertices
of the graph G¥ = G U --- UG (where G appears k times), such that |U;| = n for every i
and there is no IT. Speczﬁcally, if J={i:|Vi| <n}#0 and G; = G [U,o, V3], then we

can take any
n— |Vil
> 1
> el

We sketch a proof of Theorem 21. We start with the graph G and partition P. Let
J={i:|Vij| <n}. If J=0,then G and P satisfy the conclusion of the theorem with
k =1, and we are done. Otherwise, assume for convenience that j € J minimizes |V}|.
We will successively enlarge each block of P of size less than n into a block of size at least
n, by iteratively adding new copies of G,P and applying Lemma 3. At a given step, we
fix any block U of size less than n. We assume by induction that |U| > |V;|. We proceed
by adding a copy of G, P to the current graph and distributing the vertices of U into the
copy of the blocks {V; : i € J} in this added copy of P. We distribute n — |V;| vertices
of U to V; for each i € J\ {j} to create blocks of size n, and we distribute the remaining
vertices of U to V; to create one block U’ of size at least |U|+ 1. It is possible to distribute
vertices this way because by the inequality |U| > |V;| and our assumption on n, we have
that [U] = Xie 5y (n = [ViD) > 1 and [Vj] + (JU] = Eieppgpy(n = ViD)) > |U] + 1. Thus,
at each step we create at most one new block U’ of size less than n, and the size of U’ is
at least one more than the size of the block U from the previous step. Therefore, after
adding sufficiently many copies of GG, P, all the blocks will have size at least n, and there
will be no IT by Lemma 3. A careful analysis shows that the number of copies k of G
involved is given by the lower bound in the theorem statement, and we may similarly add
further copies of G, P to have the number of copies of G be any k as claimed.
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Now we describe a few applications of Theorem 21. When G = Ky4 and P is the
standard bipartition, we can take n = 2d — 1 and £ = 2d — 1 in Theorem 21. This
means that the disjoint union of & = 2d — 1 copies of K4 has a partition into blocks of
size n = 2d — 1 with no IT. Thus, Theorem 21 generalizes Theorem 2. In fact, for any
1 <n < 2d—1, Theorem 21 says that we can achieve blocks of size at least n with no I'T

on the disjoint union of k = 2 [2 dd_J — 1 copies of Ky4. We can restate this as follows.

2(r—1)
disjoint union of r — 1 copies of Kyq4. There exists a partition P = {Vy,...,V,.} of V(G)
such that |V;| = n for every i and there is no IT.

Corollary 22. For integers n > 1 and r > 2 even, let d = [L—‘ and let G be the

Corollary 22 represents the more general version of Theorem 2 proven by Szabé and
Tardos [45]. It is the result they used to solve one direction of an extremal problem of
Bollobés, Erdds, and Szemerédi [14] mentioned in the Introduction (the other direction
being solved in [31]). In terms of d > 1 and r > 2, the block size lower bound n in

Corollary 22 is equal to LM .

For another application of Theorem 21, recall that K,(m) denotes the complete 7-
partite graph with m vertices in each part. The disjoint union of r — 1 copies of K,.(m)
has no IT with respect to a standard r-partition. Applying Theorem 21 to this graph
gives the following.

Corollary 23. Let v > 2,m > 1. Let G be the disjoint union of (r — 1) (1 +r [T__ﬂ)

copies of K,.(m), which has mazimum degree d = (r — 1)m. There ezists a partition
P ={W,...,Vi} of V(G) such that |V;| = rm —1=d+m — 1 for every i and there is
no IT.

5.4 Generalization to simplicial complexes

In this subsection, we note how to generalize Lemma 3 and our construction method to
all simplicial complexes, and outline a few applications.

A simplicial complex (or a complezx for short) C on finite ground set V = V(C) is a
collection of subsets of V' such that if A € C and B C A, then B € C. The sets in C are
usually called simplices. For example, the collection Z(G) of independent sets of a graph
G is a complex, called the independence complex of G. Given two complexes C and D on
disjoint ground sets, their join is the simplicial complex C+D = {AUB: A€ C and B €
D}. For example, if G, H are disjoint graphs and Z(G),Z(H) are their independence
complexes, then Z(GU H) = Z(G) * Z(H).

Given a simplicial complex C and a partition P = {V;,...,V,.} of V(C), we wish to
decide whether C contains a transversal of P, which we call a multicolored simplex. This
generalizes the concept of an independent transversal, which is the special case where C
is the independence complex of a graph. We can easily generalize Lemma 3 and Theorem
21 as follows, using the same proofs.
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Lemma 24. Let C and D be complezxes on disjoint ground sets, and let P = {Vi,...,V,.}
and Q@ = {Wy,..., W} be partitions of V(C) and V(D) respectively. Let R = {V{,..., V!
Wi, ..., Ws_1}, where V{ 2 Vi,..., V! DV, are obtained by distributing each of the ver-
tices of Wy into one of Vi, ..., V, arbitrarily. If C has no multicolored simplex with respect
to P and if D has no multicolored simplex with respect to Q, then CxD has no multicolored

simplex with respect to R.

Theorem 25. Let C be a complex and let P = {V1,...,V,.} be a partition of V(C), such
that C has no multicolored simplex with respect to P. Suppose that integer n > 1 satisfies

Z|V| n(|[I|—=1)+1  for every I C [r].

i€l

Then there exist an integer k > 1 and a partition R = {Us, ..., Ukp—1)+1} of the ground
set of the complex C* = C*---xC (where C appears k times), such that |U;| > n for every i
and C* has no multicolored simplex with respect to R. Specifically, if J = {i : |[Vi| <n} # ()
and C; =C [UiEJ Vi}, then we can take any

”Z“v cJT——mﬂ—lﬂ

ieJ

One simplicial complex which can be studied using these ideas is that of independent
transversals (I'T’s) in uniform hypergraphs. Given a hypergraph H and a partition P
of V(H), we wish to find a transversal of P that is an independent set of H (does not
contain an edge). Let Hy = K] (m) be the complete r-partite r-uniform hypergraph with
m vertices in each part, and let Py be the standard r-partition of V/(Hy). Note that Hy has
no I'T with respect to Py. Applying Theorem 25 with C being the independence complex of
H,, we derive an example of a hypergraph H and partition P such that |V;| > n = L”;”%llj
for every V; € P and there is no IT. Letting d = m"~! be the maximum degree of H, we

r—1
find that d > (%) . We leave the following as an open problem.

Problem 26. For an r-uniform hypergraph G with maximum degree d and partition
P ={V1,....V,} of V(G), do the conditions |V;| > n for every i and d < (1 — %)T_l n"!

guarantee the existence of an I'T?

For context, a hypergraph generalization of a Lovasz local lemma argument by Alon
9] shows that d < £n"~! implies the existence of an IT. This result is slightly improved
by Wanless and Wood [46], who showed that d < 1(1 — 1)"~'n"~! implies the existence
of an IT. They proved this result more strongly when d represents the maximum block
average degree of the vertex-partitioned graph, and moreover they showed that there exist
exponentially many I'T’s in this case. Groenland, Kaiser, Treffers, and Wales [26] later
showed that in terms of the maximum block average degree, the bound of Wanless and
Wood is asymptotically best possible. For the case of graphs r = 2, it was shown in [34]
that we can effectively interpolate between the optimal maximum degree and maximum
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block average degree bounds on the block sizes. But for hypergraphs, we still do not know
the optimal bound in terms of just the maximum degree.

A special case of the hypergraph IT problem is that of J-free transversals of graphs,
where J is a fixed k-regular graph. This problem was originally studied by Szab6 and
Tardos [45]. Given a vertex-partitioned graph G, we seek a transversal T" of the blocks
such that the induced subgraph G[T] does not contain a subgraph isomorphic to J. This
time the parameter of interest is the maximum degree d of the graph . Independent
transversals correspond to the case J = K5, and the general case is the hypergraph IT
problem in which r = |V(J)| and the edges of the r-uniform hypergraph H are those
r-subsets of V(G) that induce a subgraph containing an isomorphic copy of J. Here the
r-uniform hypergraph Hy = K (m) can be associated with the graph J(m), the m-fold
blow-up of J, which is the graph obtained from J by replacing every vertex of J by an
independent set of size m and replacing every edge by a copy of the complete bipartite
graph K, . When d is a multiple of k, the above argument applied with J(d/k) gives a

graph G with maximum degree d and partition P such that |V;| > {%d—‘ — 1 for
every V; € P and there is no J-free transversal. This lower bound on the block sizes was

also derived by Szab6 and Tardos [45], and the following problem is still open.

Problem 27. For a graph G with maximum degree d, partition P = {V;,...,V,} of

V(G), and regular graph J, does the condition |V;| > [( V()

mdw for every i guarantee

the existence of a J-free transversal?

The case where J is a clique may be of particular interest. Several further settings in
which these arguments apply, including rainbow matchings, are explored in detail in [47].

6 Proof of Theorem 16

In this section, we prove Theorem 16. Our proof adapts combinatorial methods from
[31, 33]. We will follow the same argument and terminology as [31] for the construction
of feasible pairs, but the series of claims after Claim 1 are more specific to our setting.

Let graph G and vertex partition P = {Vi,...,V,} satisfy conditions (a), (b), (c) of
Theorem 16. A partial independent transversal is an independent set of G containing at
most one vertex from each block V;. Let 7 be the set of all partial independent transversals
of G. For a partial independent transversal 7' € T and a vertex w € V(G)\T, let C(w, T)
denote the vertex set of the component of G[{w} UT] containing w. Then G[C(w,T)] is
a star with center w. A block V; is active for a subset I C V(G) if V;N I # (). Let S(I)
denote the set of active blocks for I. The block graph G; of I is obtained from G[I] by
contracting, for each V; € S(I), the vertices of V; NI into a single vertex. Thus the vertex
set of Gr is S(I). A non-trivial star is a star with at least two vertices. We say that a
pair (I,7T) is feasible if

(i) I CV(G) and T € T is a partial independent transversal of maximum size;
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(ii) G[I] is a forest whose components are the |W| non-trivial vertex-disjoint stars
C(w,T), forwe W =1\T; and

(iii) the block graph Gy is a tree on vertex set S(I).

See Figure 2 in [31] for an illustration of a feasible pair. Note that (), T) is a feasible pair
for any T € T. Our goal is to construct a feasible pair (I, T') that is an induced matching
configuration (IMC), meaning that G[I] is a perfect matching and G; is a tree on r vertices
(meaning that every block of P is active). See Figure 1 in [31] for an illustration of an
IMC (though unlike there, we will still distinguish between T" and I \ T'). IMC’s are the
main structures that allow us to prove Theorem 16.

To construct an IMC, we follow the same algorithm as in [31], Section 2. Start by
fixing a block V; € P. By condition (a) of Theorem 16, there exists a maximum partial
independent transversal Ty € T that intersects every block of P except V;. Our initial
pair is (0, 7y). Suppose that we currently have the pair (I,7T). If I = (), we let w be
any vertex in V;. Otherwise, suppose there exists a vertex w € Uvj es(n) V; (in one of the
active blocks) that is not in / and is not adjacent to any vertex in I. Let 77 € T be a
maximum partial independent transversal that, subject to the conditions that 7" agrees
with 7 inside S(I) and also satisfies (7" \ I) N Ng(I) = 0, minimizes the degree deg, (w)
of w into 7. Then we update the pair (1,7 to (/ UC(w,T"),T"). We iterate until there
are no more choices of vertices w as above. Note that I grows by at least one vertex at
each iteration, so the procedure terminates.

Claim 1. A feasible pair (I,T) is maintained throughout the above procedure.

See [31] for a proof of Claim 1. Let (I,7) be the feasible pair once the procedure
terminates. Now we prove a series of claims showing that (/,7") is an IMC. Let U(I) =
Uvj es(n Vi be the set of vertices that lie in an active block for .

Claim 2. Ewvery vertex in U(I) lies in a component of G intersecting I.

Proof. If v € U(I) and v is in a component not intersecting I, then v ¢ I and v is inde-
pendent of I, so we could have continued our procedure with the vertex v, contradicting
that (I,T) is the feasible pair once the procedure terminated. O

Claim 3. Ewvery vertex in T \ I lies in a component of G not intersecting I.

Proof. Suppose that vertex v € T \ I is in a component of G intersecting /. Because
every component of G is a complete bipartite graph (condition (b) of Theorem 16), v is
adjacent to a vertex in either / N7 or I \ T (using condition (ii) of feasible pairs), so in
particular v is adjacent to a vertex in I. Then (T'\ I) N Ng(I) # 0, which contradicts our
assumption on how 7" € T was chosen. O

Claim 4. G[U(I)] has no IT with respect to S(I).

Proof. Suppose that G[U(I)] has an IT 7" with respect to S(I). Then T"U (T'\ I) is a
transversal of P, and it is independent in G' by Claim 2 and Claim 3. Thus 7" U (T"\ I)
is an IT of G with respect to P, contradicting condition (a) of Theorem 16. O
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Claim 5. We have S(I) =P, and thus U(I) =V (G) and T C I.

Proof. Because G is block-minimal with no IT by condition (a), Claim 4 implies that

S(I)="P. O
Claim 6. Every vertez w € I\ T has degree degy(w) =1 into T.

Proof. By Claim 2 and Claim 5, every component of GG intersects I, and by construction
every such component contains exactly one vertex from I \ 7. Therefore,

r—1=|T|= Z degp(w) > Z 1 =|I\T|=# components of G =1 — 1,
wel\T wel\T

where deg,(w) > 1 by condition (ii) of feasible pairs, and the last equality is by condition
(c) of Theorem 16. Hence, deg,(w) =1 for every w € I\ T. O

Claim 7. (I,T) is an IMC.

Proof. By condition (ii) of feasible pairs and Claim 6, every component of G[I] is a 2-
vertex star, i.e., a single edge, meaning that G[I] is a perfect matching. By Claim 5, every
block of P is active and thus Gy is a tree on vertex set P. O

We have shown that we can construct an IMC (I,7T) with V; N'T = () for any initial
block V; € P. Now we observe additional facts that we will utilize in our proof of Theorem
16.

Claim 8. Fvery vertex of G has exactly one neighbor in I.

Proof. By Claim 2 and Claim 5, every vertex v € V(G) lies in a component intersecting
I. Since G[I] is a perfect matching (by Claim 7) and every component of G is a complete
bipartite graph (by condition (b) of Theorem 16), it follows that v is adjacent to exactly
one vertex in /. 0

For the remaining part of the proof, we need some additional terminology. Let (I,7)
be an IMC with V; N T = (). We view the block graph G; as a rooted tree whose root
is V; with respect to T', and every other block is a descendant of V;. For a block V;
and vertex w € V; N (I \ T), the w-child of V; in G; is the block Vj, containing the
unique neighbor of w in T. We say that a block Vj, is a w-descendant of V; if there is
a sequence of blocks V; = U;,Us,...,U;—1,U, = Vj, together with a sequence of vertices
W = Wy, Vg, Wa, ..., V1, W1,V such that w, € U, N (I\T), v, € U, NT, and v, is the
unique neighbor of w,_; in T, for every n. In particular, each U, is the w,_;-child of
Un-1. The sequence of blocks Us, ..., U, is the unique path from V; to Vj in the block
graph Gr.

When V; =V; is the root of G; with respect to T, the set 77 =T U {wy, ..., we—1} —
{va, ..., v} is another maximum partial independent transversal. This is an application
of the fact that G[I] is a perfect matching. Moreover, (I,7") is an IMC with root Vj, (as
Vi, N T" = ). We say that T" is obtained from T by switching along the path from V; to
Vk in QI.
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Claim 9. For every vertex w € I \T, say w € V;, every neighbor of w in G lies in a
block that is a w-descendant of V; in Gy.

Proof. Suppose for contradiction that w has a neighbor z in a block Vj that is not a w-
descendant of V; in G;. Let 7" be the maximum partial independent transversal obtained
from T by switching along the path from V; to V; in Gr, so that T NV}, = (). Because V,
is not a w-descendant of V;, we have that w € I\ 7’. Then 7" U {z} is independent in
G because w € I \ T" and w is the unique neighbor of x in I (applying Claim 8). Since
x € Vj, it follows that 77U {x} is an IT of G, a contradiction. O

We now prove the following lemma, from which we easily derive Theorem 16.

Lemma 28. Let graph G and partition P = {Vi,...,V,.} satisfy conditions (a), (b), (c)
of Theorem 16. Then for every block V;, there exists a component K4 p of G such that
ACV,.

Proof. Let V; be any block of P. We wish to find a vertex v € V(G) such that Ng(v) C V.
If we succeed, then because every component of G is a complete bipartite graph (by
condition (b)), it follows that Ng(v) is a part A of some complete bipartite component
K pof G, and A CV; as required.

Applying conditions (a), (b), (¢) as we have done, let (I,7) be an IMC such that
ViNT = 0, i.e., Vj; is a root of the block graph G; with respect to T'. First suppose that V;
is a leaf of G; (allowing the root to be considered a leaf). Let V; be the unique neighbor
of Vi in G;. Let T" = T'U{w} — {v} be obtained from T by switching along the path
from V; to V;, where w € V;N (I \T) and v € V; NT. Now G; has root V; with respect to
T'. Then the block V; is the unique v-descendant of V; in Gy, so by Claim 9 we have that
Ng(v) CV;, as we wanted.

Now suppose that V; is not a leaf of G;. Let w € V; N (L \ T'), let V; be the w-child
of V;, and let v € V; N'T be the neighbor of w in T. If Ng(v) C V;, then we are done.
Otherwise, let x € Ng(v) \ Vi. Note that = ¢ V;, as otherwise T'— {v} U {w, z} is an IT
of G with respect to P (using condition (b)), which contradicts condition (a) that there
isno IT. Let I’ = I — {w} U {z}. We claim that (I’,T") is another IMC. To see this, first
observe that v is the unique neighbor of z in I by Claim 8, which implies that G[I'] is still
a perfect matching. Also, let T” be obtained from 7" by switching along the single-edge
path from V; to V; in G;. Then in the IMC (I,T"), the vertex x lies in a block that is a
v-descendant of V;, by Claim 9. From this we can conclude that the new block graph G
is still a tree on r vertices, rather than the disjoint union of a unicyclic component and a
tree. We deduce that (I, T) is still an IMC.

Now, V; has degree one less in G than it had in G;. Therefore, applying the above
procedure iteratively, we produce a sequence of IMC’s where the degree of V; decreases
by one at each step. Thus before or at the base case where V; is a leaf, we will find a
desired vertex v € V(G) such that Ng(v) C V;. O

Proof of Theorem 16. By Lemma 28, each of the r blocks in P covers one side of one out
of r—1 complete bipartite components of G. Therefore, by the pigeonhole principle, there
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exist two distinct blocks V; and V; and a single component K4 g such that A C V; and
B CV;. O
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